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ERGODICITY OF A GENERALIZED JACOBI EQUATION AND
APPLICATIONS

NICOLAS MARIE

AssTrRACT. Consider a 1-dimensional centered Gaussian process W with a-
Holder continuous paths on the compact intervals of R4 («a €]0,1[) and Wy =
0, and X the local solution in rough paths sense of Jacobi’s equation driven
by the signal W.

The global existence and the uniqueness of the solution are proved via a change
of variable taking into account the singularities of the vector field, because it
doesn’t satisfy the non-explosion condition. The regularity of the associated
It6 map is studied.

By using these deterministic results, Jacobi’s equation is studied on proba-
bilistic side : an ergodic theorem in L. Arnold’s random dynamical systems
framework, and the existence of an explicit density with respect to Lebesgue’s
measure for each X, t > 0 are proved.

The paper concludes on a generalization of Morris-Lecar’s neuron model, where
the normalized conductance of the Kt current is the solution of a generalized
Jacobi’s equation.
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1. INTRODUCTION

Let W be a 1-dimensional centered Gaussian process with a-Hdolder continuous
paths on the compact intervals of Ry (a €]0,1]) and Wy = 0.

Consider the Jacobi(-type) stochastic differential equation :

1) Xi—ao- / 0, (X, — ps) ds + / 7 [0 (X0 (1= X)) aw,

where, xg €]0, 1] is a deterministic initial condition, and the two following assump-
tions are satisfied :

Assumption 1.1. 3 is a deterministic exponent satisfying 8 €]1 — a, 1].

Assumption 1.2. 0, u and v are three continuously differentiable functions on R
such that 0; > 0, p: €]0,1[ and v+ € R for every t € R.

If the driving signal is a standard Brownian motion, (1) taken in the sense of It
with 8 = 1/2 is the classical Jacobi equation. In that case, the Markov property of
the solution is crucial to bypass the difficulties related to the vector field’s singu-
larities (cf. S. Karlin and H.M. Taylor [9]).

In this paper, deterministic and probabilistic properties of (1) are studied by taking
it in the sense of rough paths (cf. T. Lyons and Z. Qian [11] and P. Friz and N.
Victoir [7]). Doss-Sussman’s method could also be used since (1) is a 1-dimensional
equation (cf. H. Doss [6] and H.J. Sussman [19]), but the rough paths theory al-
lows to provide estimates for the a-Hdolder semi-norm which is more precise than
the uniform norm. A priori, even in these frameworks, equation (1) admits only a
local solution because its vector field is not Lipschitz continuous on neighbourhoods
of 0 and 1.

Section 2 is devoted to the global existence and the uniqueness of the solution
of Jacobi’s equation, the regularity of the associated It6 map, and a converging
approximation scheme with a rate of convergence. Section 3 provides some proba-
bilistic consequences of these deterministic results : the convergence of the approx-
imation scheme mentioned above in LP(;P) for each p > 1, an ergodic theorem in
L. Arnold’s random dynamical systems framework, and the existence of an explicit
density for X; with respect to Lebesgue’s measure on (R, B(R)) for each t € R¥.
The case of fractional Brownian signals is developed.

Jacobi’s equation is tailor-made to model dynamical proportions. For instance, the
classical Jacobi equation, taken in the sense of Ito for 5 = 1/2 models the normal-
ized conductance of the K™ current in Morris-Lecar’s neuron model provided in S.
Ditlevsen and P. Greenwood [5]. Section 5 suggests an extension of that neuron
model by replacing the classical Jacobi equation by the pathwise generalization
studied in this paper.

Some useful results and notations on random dynamical systems (cf. L. Arnold
[2]) and Malliavin calculus (cf. D. Nualart [17]) are stated in Appendix A.

Notations. Consider ¢t > s > 0 and an interval 7 C R :

e The space C°([s,t]; I) of continuous functions from [s,t] into I is equipped
with the uniform norm ||.||cc:s,¢ :

vz e C° ([, 5 1), l|zlloo;s,e = Sl[lpt] |Zul.
uels,

If s = 0, that norm is denoted by ||.||co;t-
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e The space C°(R; ) of continuous functions from R, into I is equipped
with the compact-open topology. When I is bounded, C°(R;I) is some-
times equipped with the uniform norm ||.||~ :

Ve € CY (R 1), ||2]joo = sup |@l.

u€ER

e The space C*([s,t]; I) of a-Holder continuous functions x from [s, ¢] into I,
such that x5 = 0, is equipped with the a-Hélder norm ||.||qs.¢ :

‘xv — qu‘

Vo € C“([s,t]; 1), ||x]

a;s,t = sup 0o ot
s<u<u<lt |’U - u|

If s = 0, that norm is denoted by ||.||a:t-

o The space C*(Ry;I) of I-valued and a-Hélder continuous functions on the
compact intervals of R, such that wg = 0, is equipped with the topology
of the convergence on [0, 7] for ||.||o;r and each T" > 0.

2. DETERMINISTIC PROPERTIES OF JACOBI’S EQUATION

Under assumptions 1.1 and 1.2, the first subsection is devoted to show it admits a
unique global solution in the deterministic rough differential equations framework.
The regularity of the It6 map is studied at the second subsection, and a converging
approximation scheme is provided at the third one, with a rate of convergence.

Let w : [0,T] — R be a function satisfying the following assumption :
Assumption 2.1. The function w is a-Hélder continuous (a €]0,1]) and wg = 0.

Consider the following deterministic analog of equation (1) :

(2) T =1z — /0 0, (x5 — s) ds +/0 Ve [0s [z (1 = 2)])° dws.

The map A +— [A(1—A)]? is C°° and bounded with bounded derivatives on [g,1—¢]
for every € > 0. Then, equation (2) admits a unique solution in the sense of rough
paths (cf. [7], Definition 10.17) by applying [7], Exercice 10.56 up to the time

Ten—e :=inf{t € [0,T]: xzy =c or &z, =1 —¢} ; Ve €]0, x¢]

with the convention inf(f)) = oo.

Remark. The underlying, canonical, geometric rough path W over w is defined
by :

t
Wy = 17/ dwr,/ dwy, dw,.,, . . .,/ dw,, ...dwr[l/a]
s s<ri<re<t s<ry <<y /a) <t

(wy — wy)? (wy — w) /e
= (1 — Wy, N
( T [1/al!

) s VE > s> 0.

The purpose of the following subsection is to prove that 791 ¢ [0, 7] under assump-
tions 1.1 and 1.2, where 79,; > 0 is defined by 71— T 70,1 when ¢ — 0.

Remark. Note that 7. ;_. is equal to 7. A 71— where,

Ta:=inf{t € [0,T] : xy = A} ; VA > 0.
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2.1. Existence and uniqueness of the solution. As in N.M. [12], the vector
field of equation (2) suggests a change of variable which provides a differential equa-
tion with additive noise. Under assumptions 1.1 and 1.2, that new equation allows
to show that 701 ¢ [0, 7.

Consider the domain
D ={(u,y) €[0,1] x Ry :uy < 1}
and the map F' defined on D by

F(u,y) := /Oy[v(l — )] Pdv.

Proposition 2.2. Under Assumption 1.1, the map F satisfies the following prop-
erties :

(1) For every u € [0,1], the map F(u,.) is strictly increasing on [0,1/u].

(2) For everyu €]0,1], the map F(u,.) is bijective from [0,1/u] into [0, F(u, 1/u)],
and its reciprocal map F, 1 is continuously derivable on [0, F(u,1/u)].
Moreover, F(0,.) is bijective from [0, 00 into [0, 00[, and its reciprocal map
Fyt is continuously derivable on [0, 00].

(3) For every y € Ry, the map F(.,y) is strictly increasing on [0,1/y].

(4) For every u €]0,1] and z € [0, F(u, 1/u)|, the map F~1(z2) is decreasing on
[0, u].

(5) For every u €]0,1] and z € [0, F(u, 1/u)],

0-F (o) < (1= B)°°

with 8 := /(1 - f).
(6) Let G :]0,1[— R be the map defined by

G(y) = 0(p = y)yF(1,y) 5 Yy €]0,1]
with 8 >0, p €]0,1] and v € R. There exists | > 0 such that :
(GoF7YY(2) < —1; V2 €]0, F(1,1)].
So, Go F; ! is strictly decreasing on 0, F(1,1)].
Proof.
(1) Let u € [0,1] be arbitrarily chosen. For every y €]0,1/u|,
Oy F (u,y) = [y(1 —uy)] ™" > 0.

So, F(u,.) is strictly increasing on [0, 1/u].
(2) On the one hand, let u €]0, 1] be arbitrarily chosen. By Proposition 2.2.(1),
the map F'(u,.) is bijective from [0, 1/u[ into [0, F'(u, 1/u)[, with

1
F(u,1/u) = u= =5 /O [v(1 — )] Pdv.

The function F; ! is continuously derivable on [0, F'(u, 1/u)[ because F(u,.)
is continuously derivable on ]0,1/u[, and

0.F () = [F (=)L — uFy ()] — 0.

z—0

On the other hand,

I
F(O,y)=my1 75 vy € 10,00

and
Fil(z) = (1 - p)YA=AY0=H) vz e [0,00].



ERGODICITY OF A GENERALIZED JACOBI EQUATION AND APPLICATIONS 5

(3)

Let y € Ry be arbitrarily chosen. For every u €]0,1/y],
OuF(u,y) ﬁ/ v(1 — uwv)] ~B+ gy > 0.

So, F(.,y) is strictly increasing on [0,1/y].

Let u €]0,1], z € [0, F(u,1/u)[ and uy,us € [0,u] be arbitrarily chosen. As-
sume that w3 > ug. Since F(uq,.) (resp. F(ug,.)) is bijective from [0,1/uq]
into [0, F'(u1,1/u1)[D [0, F(u,1/u)|[ (resp. [0,1/us[ into [0, F'(ug,1/uz)[D
0, F(u, 1/u)]) -

A(y1,y2) € [0,1/ur[x[0,1/usl: F(u1,y1) = F(uz,y2) = 2
So, F;'(z) = y1 and F'(z) = ya. Suppose that y; > yo. Since F(.,y2)
and F'(uy,.) are strictly increasing on [0,1/y2[ and [0, 1/u;[ respectively :
z = F(ug,y2) < F(u1,y2) < F(uy,y1) = 2.
There is a contradiction, so y1 = F,'(z) < F,'(z) = y2. Therefore,

F~1(2) is decreasing on [0, u].
Let u €]0,1] be arbitrarily chosen. As shown previously :

0:F, ' (2) = [F, ' (2)[1 — uF ()] 5 V2 € [0, Fu, 1/u)].
Let 2 € [0, F(u,1/u)[ be arbitrarily chosen. On the one hand, since F~!(z)
is decreasing on [0, u] by Proposition 2.2.(4) :
0< Fol () < By l(2) = [(1 - B)2)/0-9),

u

On the other hand, since (u, F,;1(2)) € D :
0<1—uF (2)< 1.
Therefore,
0-F7 (=) < (1= )77
Let Fy be the function defined by Fy(y) := F(1,y) for every y € [0,1]. On
10, Fa(1)[ :
! F—l
(GoFly = Goi_
F{ o F|

Since Fy ' is a |0, 1[-valued map on ]0, F;(1)[, it is sufficient to show that
—G'/F] is R* -valued on ]0, 1] in order to show that (Go F; ')’ is R* -valued
on |0, Fy(1)[. For every y €]0,1],
G'y) _ ol —y( —2y)
2 9B
Fi(y) y(1-y)
Then, —G'(y)/F}(y) > 0 if and only if P(y) > 0, where
P(y) = (28— 1)y* + (1= B = 2uB)y + p
B 1-8—2uB]"  (1-B—2up)?
- @0 o+ | - S

On the one hand, P(0) = uf > 0 and P(1) = B(1 — p) > 0. Then, for
B <1/2, P(y) > P(0) A P(1) > 0 for every y €]0,1].

+1].

+ up.

On the other hand, assume that 8 > 1/2 and consider

_ A _ _ A _ 2
O P L ) et L 4(55 _2?5)

2026 — 1) 1.
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If y*(B, 1) €]0,1[, then P(y) > P(0) A P(1) > 0.

If y* (8, 1) €0, 1], then
(1-p-2uB)? _1-5
BV TCT ) i e

So, P(y) > Ply*(B, )] = ¢(B,1) > (1= B)/2> 0.

In conclusion, there exists I > 0 such that (G o F; ') (z) < —I for every
z €0, F1(1)[, because G'(y)/Fi(y) < 0 for every y €]0, 1] and

G'ly) _ . G

i = —
y—0t F{(y) y—1- F{(y)

O

On the two following figures, F, F(u,.) and F, ! are plotted for several values of
u € [0,1], y €]0,1] and S €]0, 1[. It is sufficient in order to illustrate the properties
of F stated at Proposition 2.2 :

FIGURE 1. Plots of F' on [0, 1]x]0, 1] for 5 = 0.25,0.5,0.75

1.8 4

1.6 4

1.4 4

1.2

0.8

0.6 4

0.4

0.2 4

FIGURE 2. Plots of F(u,.) and F; ! for u € [0,1] and 3 = 0.5
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By using the change of variable
t
Ty :=F (efet,eetzt) with 6, ::/ fsds ; ¥Vt € [0, 79,1],
0

the following theorem shows that 791 ¢ [0,7] :

Theorem 2.3. Under assumptions 1.1, 1.2 and 2.1, with initial condition xy €
10,1, equation (2) admits a unique solution 7(0,xq;w) on [0,T].

Proof. For xq €]0,1[ and ¢ €]0, z¢], let z be the solution of equation (2) on [0, 7 1—¢]
with initial condition xg. Then, (e=®¢,e®tx;) € D for every t € [0,7.1_.]. By

applying the change of variable formula (cf. [11], Theorem 5.4.1) to (e~®,e®2) and
to the map F between 0 and ¢ € [0, 7. 1_(] :
t t
Ty —Tg = O F (679576651'3) de ®s + Oy F (6—6576@5%) d (eex)s

0

0
‘ £, @) )
—6/ e O: / ° v? [v (1 — e*@Sv)} (5+1) dvds +
0 0

t
/ Oy F (e_es,e@ms) d (e@x)s
0

with Zg := F(1,z0). Moreover,

t t
/ oy F (e*GS,e@st) d (e@x)s = / Oy F (e*@S,e@st) (F)Se@msds + e@Sd:cs)
0 0

t
w? +/ 0y F (e_es,eesacs) useseesds
0

t o,
9 psbse

= w; + ———ds
o 0,F s, (7)

where,
t
w? ::/ Oydwy with 9, = 07~,e(1=5)0¢
0

Then,  is the solution of the following differential equation with additive noise w? :

t Flo, (%) B
) -39 = —5/ e ¢ / v [ (1 — e )] P duds +
0 0

t o,
Hs0se®

— = —ds +w)

0 8yFe*1@s ('ré) !

for every ¢t € [0,7c1—¢]. When e — 0 :
o If 791 =79, for t € [0,70] :

To

,U'sese@S
¢ Oy F T, ()

7o Fe_J@S (535) —
w) — wfo + B/ fse s / v [v(1— 6765’0)} F* quds.
¢ 0

(4) Ty + ds =

Since w” : [0,T] — R is a-Hélder continuous, the right-hand side of (4) is
less or equal than C(rg — ¢)* with

1
C e (07w + B8] oo T / 2lo(1 - v)]" v,
0
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The two terms of the sum of the left-hand side in equation (4) are positive,
then z; < C(19 — s)* for every s € [0, 79[, and by Proposition 2.2.(5) :

O,F o, (&) < 9,Fy ' (2) = (1 - )]
< (1-8)°C0(ro — ).
Therefore,
(1- 5)_30—3 ( min u595> / (10 — S)_O‘Bds < C(r — 1)°.
s€[0,T] ¢

Under Assumption 1.1, the previous inequality gives 7o & [0, T].
o If 791 = 7, consider &, := 1—u, for each ¢ € [0, 71[. The function & satisfies

dit = —Gt(irt - [Lt)dt + 'Ayt[ﬁt[it(l - i"t)]]ﬁdwt
with fi := 1 — p and 4 := —;.

In other words,  is the solution of equation (2) with these new coefficients,
also satisfying Assumption 1.2. Then, under Assumption 1.1 :

T =inf{t €[0,7]:3: =0} €[0,7T].

The solution  doesn’t hit 0 or 1 on [0, 7] because 79,1 ¢ [0,T]. Therefore, equation
(2) admits a unique ]0, 1[-valued solution 7 (0, zo;w) on [0, T]. O

Let w : Ry — R be a function satisfying the following assumption :

Assumption 2.4. The function w is a-Holder continuous on the compact intervals
of Ry (a €]0,1]) and wo = 0.

Corollary 2.5. Under assumptions 1.1, 1.2 and 2.4, equation (2) admits a unique
solution, a-Hdlder continuous on the compact intervals of Ry, and still denoted by
(0, xo; w).

Proof. By Theorem 2.3, equation (2) admits a unique solution on R, by putting
7(0, z0;w)|j0,7) := 7(0, To; w|j0,77)

for each T' > 0. Since 7 (0, xo; wlj, 1)) is a-Holder continuous on [0, T for every 7' >

0, (0, zo; w) is a-Holder continuous on the compact intervals of R, by construction.
O

2.2. Regularity of the Itd map. In a first part, propositions 2.7 and 2.8 extend
the existing regularity results for the Itd6 map (cf. [7], chapters 10 and 11) to equa-
tion (2), which has a singular vector field. Moreover, at Proposition 2.7, it is proved
that (0, zo;.) is (globally) Lipschitz continuous.

In a second part, still by using the particular form of the vector field of equation
(2), corollaries 2.9, 2.10 and 2.11 provide some properties of 7(0,.;w) that will be
essential to study the ergodicity of the process X at Subsection 3.1.

In the sequel, the parameters 6, p and ~ are constant, and satisfy the following
assumption :

Assumption 2.6. 0, u and v are three deterministic constants such that 6 > 0,
w€]0,1[ and v € R.

In this subsection, the results on equation (2) are obtained via the simple change
of variable y; := F(x:), where F(z) := F(1,z) for every x € [0,1].

By applying the change of variable formula (cf. [11], Theorem 5.4.1) to the function
x and to the map F between 0 and ¢t € R :

t
(5) ye = yo + / (G o F~)(y,)ds + 6w,
0
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with G(z) := 0(pu — z)F'(x) for every z €]0,1].
Proposition 2.7. Under assumptions 1.1, 2.4 and 2.6, the Ité map (0,.) is con-
tinuous from
10,1[xC* (R_;R) into C° (R4;]0,1[).

Moreover, for every T >0, 0 < 2§ < 22 <1 and w',w? € C*([0,T];R),

170, 23 w") — (0, 25; w*)|locyr < Cr(wg, 23) (|2 — 25| + lw! — w?|lar)
with Cr(ad, 43) i= [ (F~Y oo ) [ s ) V (2T%709)].
Proof. For i = 1,2, consider x} €]0,1[ and w® : Ry — R a function satisfying
Assumption 2.4. Under assumptions 1.1 and 2.6, let 2° be the solution of equation
(2) with initial condition z} and signal w’, and put y* := F(z?).

The first step shows that the It6 map associated to y' and 2 is Lipschitz con-
tinuous from

0, F(1)[xC® ([0, T R) into C° ([0, T7;]0, F(1)]).

At the second step, the expected results on 7(0,.) are deduced from the first one.
Let T' > 0 be arbitrarily chosen.

Step 1. On the one hand, consider ¢ € [0, Teyoss] Where
Teross = 1nf {s € [0,T] 1 ys =42},
and suppose that yi > y3.

Since y* and y? are continuous on [0,7] by construction, for every s € [0, Teross)
yl > y? and then,

(GoF(ys) = (GoF~)(y) <0
because G o F~1 is a decreasing map (cf. Proposition 2.2.(6)). Therefore,

i —vil =yl —vi
t
=y —y§+/ [(GoF 1) (yl) = (Go F 1) (y2)ds + 76" (w; — wy)
0

<y — ol + 707 lw' — w?| et

Symmetrically, one can show that this inequality is still true when y§ < y2.

On the other hand, consider ¢ € [Tcross, T,
Tcross(t) ‘= sup {3 € [TCI‘OSS? t] : y; = y?}
and suppose that y} > y2.

Since y! and y? are continuous on [0, T'] by construction, for every s € [Teross(t), 1],
yl > y? and then,
(GoF ) (ys) = (GoF1)(y2) <0

because G o F~! is a decreasing map. Therefore,
v —vil = v — i
t
= [ (Gl - (GoF s +
Tcross(t)
107 (wi —wi) = 107wy ) = w3 o)

< 2907 |w" — w?[|ooyr-
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Symmetrically, one can show that this inequality is still true when y;} < y?.

By putting these cases together and since the obtained upper-bounds are not de-
pending on ¢ :

(6) " = 92 lloeir < lyp — 3| + 2T%78%|[w! — w?|lasr.
Then, the It6 map associated to y* and y? is Lipschitz continuous from

10, F(1)[xC* ([0, T];R) into C° ([0, T7];]0, F(1)[).
Step 2. Since z° = F~!(y%), F~! is continuously differentiable from [0, F'(1)] into
[0,1], and F is continuously differentiable from 0, 1[ into ]0, F(1)[, by inequality
(6) :

I17(0, g3 w") = (0, 25 w?) oo < IN(EF ™) [locsfo, (1)) X
[|F(25) — F(a)| + 2776 |w" — w®|ar]
< Cr(wg,25) (|2 — | + " — w?|lair).
So, 7(0,.) is locally Lipschitz continuous from
10,1[xC* ([0, T); R) into C* ([0, T});]0,1[).

Consider w € C*(Ry;R) and a sequence (w™,n € N) of elements of C*(R;R)
such that :

VT >0, Tim w7 = wlom o p =0

For each T > 0 and every xy €]0, 1],

Jimn_[[7(0, 2030 o1y = 70, 205 0o 11| =

lim H7r(0,:c0;w
n—oo

because 7(0,.) is continuous from ]0, 1[x C*([0, T]; R) into C°([0,T7];]0, 1]).

n|[0,T]) - 7r(07$05w|[0,T])H00;T =0

That achieves the proof. O

Let us now show that the continuous differentiability of the It6 map established at
[7], Theorem 11.3 extends to equation (1) :

Proposition 2.8. Under assumptions 1.1, 2.4 and 2.6, the Ité map (0,.) is con-
tinuously differentiable from

10, 1[xC= ([0, T} R) into C° ([0, T}; 10, 1)
for each T > 0.
Proof. For the sake of readability, the space ]0, 1[xC*([0,T];R) is denoted by E.

Consider (z9,w°) € E, 2° := 7(0, 2J; w°),
mo 6]0, < min x?) A (1 max x(t)) [
te[0,T] te[0,T]

€0 = (—mo + tér[l()i% x?) A (1 —mg — tg?(zi)}] x?) .
Since 7(0,.) is continuous from E into C°([0,7];R) by Proposition 2.7 :
Ve €]0,e0], In >0 : V(zg,w) € E,
(7) (zo,w) € Br((zd,w°);n) = ||7(0,z0;w) — 2% oy < € < e0.

and

In particular, for every (zo, w) € Br((z§,w);n), the function 7 (0, zo; w) is [mg, 1 —
mo|-valued and [mq, 1 — mg] CJO, 1[.
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In [7], the continuous differentiability of the It6 map with respect to the initial
condition and the driving signal is established at theorems 11.3 and 11.6. In order
to derive the Ité map with respect to the driving signal at point w® in the direction
h € C*([0,T];R?), k €]0, 1] has to satisfy the condition o + x > 1 to ensure the
existence of the geometric 1/a-rough path over w® + eh (¢ > 0) provided at [7],
Theorem 9.34 when d > 1. That condition can be dropped when d = 1, because
the canonical geometric 1/a-rough path over w® + eh is

(wf + eho)l/e!
[1/a]! )

Therefore, since the map A + [A(1— A)]? is C> on [mg, M), 7(0,.) is continuously
differentiable from Bg((z,w");n) into C°([0,T]; R).

(8) te[0,T] — (1,w?+5ht,...,

In conclusion, since (x,w") has been arbitrarily chosen, m(0,.) is continuously
differentiable from R} x C*([0,T];R) into C°([0,T]; R). O
In the sequel, the solution of equation (5) with initial condition yg := F(z) for
xo €]0, 1] is denoted by y(yo) or y(yo, w).

Let us conclude with the three following corollaries of Proposition 2.8, using the
particular form of the vector field of equation (2) :

Corollary 2.9. Under assumptions 1.1, 2.4 and 2.6, the map 7(0, .;w); is strictly
increasing on 0, 1] for every t € Ry.

Proof. By Proposition 2.8, for every ¢t € R*. and every yo €]0, F/(1)],

Dyoyt(Yo) = /Ot exp {[st(GOF_l)' [y (y0)] du| ds > 0.

Then, yo €]0, F(1)[— v:(yo) is strictly increasing on |0, F'(1)[ for every t € R..

Since F and F~! are respectively strictly increasing on ]0,1[ and 0, F(1)[, the
map 7(0, ;w); = F~ 1y [F(.)]] is strictly increasing on 0, 1] for every t e R;. O
Corollary 2.10. Under assumptions 1.1, 2.4 and 2.6, there exists two continuous
functions y(0) and y[F(1)] (resp. x(0) and z(1)) from Ry into [0, F(1)] (resp.
[0,1]) such that :

M@O\Iy(yo) Y(0)|| .7 = 0 an m ly(yo) — y[F' (D]l

li
Yo—

(resp. lim ||7(0,z0;w) — 2(0)| . = 0 and lim_||7(0,z0; w) — x(1)|| .., =0)
xo—0 ’ xo—1 ’

for each T > 0. Moreover, y:(0) and y:[F(1)] (resp. x(0) and (1)) belong to
10, F(1)[ (resp. 10,1[) for every t > 0.

Proof. Ouly the case yo — 0 (resp. xo — 0) is detailed. The case yo — F(1) (resp.
xg — 1) is obtained similarly.
On the one hand, as shown at Proposition 2.7 ; for every 38,42 €]0, F(1)],
(o) =yl < lyo — vil-
So, yo €]0, F(1)[— y(yo) is uniformly continuous from
(10, F)[, ) into (C°(Ry5 [0, F(L)]), [|-lloc),

and since C°(R; [0, F(1)]) equipped with ||.||~ is a Banach space, yo €]0, F(1)[—
y(yo) has a unique continuous extension to [0, F(1)].
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On the other hand, for yo €]0, F(1)[ and ¢t > s > 0 arbitrarily chosen,
t
(o)~ a(o0) =10 wr = w) = [ (GoF) fyulon)] d

> (t—s)(GoF™Y)

sup yu(yo)] :
u€ls,t]

because G o F~1 is decreasing on ]0, F(1)[ (cf. Proposition 2.2.(6)). Since

lim sup |yu(yo) — yu(0)] =0
ywoue[s,ﬂ‘ (40) = yu(0)]

by construction, if y,,(0) = 0 for every u € [s, ] :
t

lim [ (GoF Y [yu(yo)]du = (t—s) lim (Go F™1)

Yo —0 s Yo —0

sup yu(yo)]
wE[s,t]
= 00
and
lim v (yo) — ys(yo) — ¥0° (wy — wg) = —v0° (ws — wy) < oco.
y0—>0

Therefore, there exists u € [s,¢] such that y,(0) > 0.
Similarly, since
t
Y (o) = Ys(yo) — 70 (wy — wy) = / (G o F7Y) [yu(yo)l du
< (t—s) %

(GoF™1) |F(1) — sup [F(1) —yu(yo)l|

uE[s,t]

there exists u € [s, ] such that y,(0) < F(1).

In particular, there exists a Ri-valued sequence (¢, n € N) such that ¢{ | 0 when
n — oo, and

yig (0) €00, F(1)] ; ¥n € N.
Let n € N be arbitrarily chosen. Since y(0) is continuous on R by construction,
y:(0) €]0, F(1)] for every t € [t§; 7o, p(1)(t7)[ where,

70,71 (tg) := inf {t > 7 : 4,(0) = 0 or y,(0) = F(1)}.

For € €]0, F(1)[ arbitrarily chosen, by Corollary 2.9 together with the continuity
of y(yo) on Ry for every yo € [0,¢] ; for every t € [tg;7o,p(1)(t5)], there exists
tn. Lt € [th, t] such that for every yo € [0,¢] and every s € [t7,¢],

0 <wir,, (0) <ws(yo) < v, () < F(1)
and, by Proposition 2.2.(6),
(GoF Ny, ()] < (G o F ) [ys(yo)] < (G o F [y, (0)]-
Then, by Lebesgue’s theorem :

ot

Yertp (0) = ez (0) + yloigo (Go F_l) [ys(yo)] ds + 795(wt3+t — wp )
tn

(9) — i (0) + / (G0 F™) [yreg (0)] ds +~6° (B w)e
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for every t € [0; 7, p(1)(tg) — t5 [ where, Oinw = wip . — wen. By (9) and Theorem
2.3:

70,71 (tg) = inf{t > 0 : y[yen (0), Opw] = 0 or y¢[y;z (0),0nw] = F(1)}
= 0.

Therefore, y(0) is a ]0, F(1)[-valued function on [tf}, co[ for every n € N. Since
¢ 4 0 when n — oo, y(0) is a ]0, F(1)[-valued function on R .

By putting z(0) := F~1[y.(0)], since 7(0,z0;w) = F~y (yo)] and F~! is con-
tinuously differentiable from [0, F'(1)] into [0, 1], that achieves the proof. O
In the sequel, for every zq € [0, 1],

lim. o7 (0,6;w), if 20 =0
x(xg) = 7 (0,z0;w), if o €]0,1[ ; Vt € Ry
lim. o7 (0,1 —g;w), if 29 =1

and for every yo € [0, F(1)],

lime 0 y¢(e) if yo =0
Yi(vo) = Ye(yo) if yo €]0, F(1)[ ; Vt € Ry
lim. o y:[F(1) — €] if yo = F(1)

Corollary 2.11. Under assumptions 1.1, 2.4 and 2.6, there exists two constants
C >0 andl >0, only depending on F' and G, such that :

lye (o) — ve(W)| < lyo —wgle™ ; Vi € Ry
for every yb,y2 € [0, F(1)], and
|21 (2g) — w4(23)| < C|F(xg) — F(ag)le™ ; Vi € Ry
for every x§, 2% € [0,1].

Proof. For i = 1,2, consider the solution z° of equation (2) with initial condition
z§ €]0,1[, and y* := F(2?).
Moreover, assume that z{ # x3. By Corollary 2.9, yi # y? for every t € R.

For every t € Ry,

Lt ) = (@0 P — (@ o F D)
Then,
Lt~ ) = 20t —u?) [(Go F ) — (@ o P (7))
o g G F T~ (@oF i
Yt —Yi

By Proposition 2.2.(6), there exists a constant [ > 0 such that :
vz €]0, F(1)[, (Go F71)(2) < —L.

So, by the mean value theorem, there exists ¢; €]y A y2,yf V y2[C]0, F(1)[ such
that :
(GoF () — (GoFY)(yi)

yi — i

=(GoF () < —L.

Therefore,

d 2 2
- (=) <20 (i =)
By integrating that inequality :

i —y2| < |y — vl e ™.
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Since z' = F~1(y") and F~! is continuously differentiable from [0, F'(1)] into [0,1] :
w1 (20) — @1 (25)| < C|F (w5) = F (ag) ] ™"
where, C' > 0 denotes the Lipschitz constant of F'~*.

That inequality holds true when z} or x3 goes to 0 or 1, because F is continu-
ous on [0, 1]. O

2.3. Approximation scheme. In order to provide a converging approximation
scheme for equation (2), the convergence of the implicit Euler scheme for equation
(5) is studied first under assumptions 1.1, 2.4 and 2.6.

Consider the recurrence equation
(10) Yo = yo €]0, F(1)]
Yip1 = Ui + E(G o F_l)(yI?Jrl) + ’796(wt7g+1 - wtk)
where, for n € N* and T' > 0, t := kT'/n and k < n while y}', , €]0, F(1)[.
The following proposition shows that the step-n implicit Euler approximation y™ is

defined on {0,...,n} :

Proposition 2.12. Under assumptions 1.1, 2.4 and 2.6, equation (10) admits a
unique solution (y™,n € N*). Moreover,

Vne N*, Vk=0,...,n, y; €]0,F(1)].
Proof. Let ¢ be the function defined on |0, F(1)[xR x R* by :

¢ (y,A,B) ==y — B(GoF)(y) - A.
On the one hand, for every A € Rand B > 0, ¢(., 4, B) € C*=(]0, F'(1)[;R) and by
Proposition 2.2.(6), for every y €]0, F(1)],

Oyp (y. A, B) = 1—B(Go F~)'(y)
P (y)]
FIIF=(y)]
Then, ¢(., A, B) is increasing on |0, F'(1)[. Moreover,

=1—-B > 0.

li A B) = — d i A, B) = oo.
yggy(% , B) = —00 an wlFrg)fw(y, , B) = o0

Therefore, since ¢ is continuous on ]0, F(1)[xR x R :
VA eR,VB >0, 3y €0, F(1)[: ¢ (y,A,B) =0.

On the other hand, for every n € N*, equation (10) can be rewritten as follow :

n n T
(11) ¥ |:yk+17yk + Vgﬁ(wtz_'_l - wtz)a ’Il:| =0 ; ke {07 s 7n}'
In conclusion, by recurrence, equation (11) admits a unique solution y;, ; €]0, F'(1)[.

Necessarily, y; €]0, F(1)[ for k= 0,...,n. That achieves the proof. O
For each n € N*, consider the function y™ : [0,7] —]0, F'(1)[ such that

n—1

Y = Z Yg + P (=t | Lpgep,,((0)
k=0 k+1 k

for every ¢ € [0,T].
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With the ideas of A. Lejay [10], Proposition 5, let us prove that (y™,n € N*)
converges to the solution of equation (5) with initial condition yo €]0, F'(1)].

Theorem 2.13. Under assumptions 1.1, 2.4 and 2.6, (y™,n € N*) is uniformly
converging with rate n=% to the solution y of equation (5), with initial condition
Yo, up to the time T.

Proof. The proof follows the same pattern as in [10], Proposition 5.

Consider n € N*, t € [0,7] and y the solution of equation (5) with initial con-
dition yo €]0, F(1)[. Since (t};k =0,...,n) is a subdivision of [0, 7], there exists
an integer k € {0,...,n — 1} such that ¢ € [t}, ] [.

First of all, note that
(12) i = el <y — il + ik — 2]+ |2 — wel

where, 2j' := y;n for i = 0,...,n. Since y is the solution of equation (5), 2}/ and
2p, 1 satisfy

n n T — n n
Zpy1 = 2 + g(G oF 1)(Zk+1) + VGB(th+1 —wn) + €
where,
i [ lGo P~ (G0 P s

In order to conclude, let us show that |y} — 27| is bounded by a quantity not de-
pending on k£ and converging to 0 when n goes to infinity.

On the one hand, consider

« 1= mi >0 and y* := < F(1).

yo = min g >0 and y* = max y; (1)

Since G o F~1 is C* on 0, F(1)], it is Cp-Lipschitz continuous on [y.,y*] with
Cr > 0. Then, for i =0, ...k,

ti
k?sé/ (G o FY)(gs) = (G o F~ )y, lds
t

n
i

<Cﬂmm¢/
tn
To+1 1
13 < Cr—— o —_—
(13) ]

n
tiyq
[t — s|%ds

On the other hand, let i € {0,...,k — 1} be arbitrarily chosen.

Assume that yj%, ; > 2 ;. Then, by Proposition 2.2.(6) :
(GoF N (yh) — (GoF ) (274) <0.
Therefore,
lyi'yr — 2l = with — 2%
T
=y =5+ = [(GoF ) (yihy) — (GoF ()] —&f
< lyit =2+ 1.
Similarly, if 27, ; > %, |, then

|Z'ZI+1 - yf+1| = ZF+1 - y?-u
<yt =2+ e
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By putting these cases together :
(14) Vi=0,....k—=1 [z —yilnl <l =o'l + el

By applying (14) recursively from k& — 1 down to O :

k—1
lye — 26| < [yo — 20 +Z|€?|
i=0

o Tot+1 1
15 < Cr——|ylag— — 0
( ) Ta 1 ||y|| T

n® n—oo

because yo = 7o and by inequality (13).

Moreover, by (15), there exists N € N* such that for every integer n > N,

i = 2l < masx = 2 <my = T
and
Vi1 — 2yl < 11151ax lyi = 2| < My == My —y"
for any M, €]y*, F(1)].
In particular,
my < Y, —my < ypp <y, + My < M,

Since G o F~1 is a decreasing map by Proposition 2.2.(6) :
(GoFH)(My) < (G o F7Y)(yisy) < (Go F7H)(my).

Then, by putting M := |(G o F~1)(m,)| V [(G o F~1)(M,)] :

n n n n t— t?lz

|yt _yk| = |yk+1 _yk|W

k+1 — Uk

1
< (TM +40°T* |wl|a;r) — =0

n—oo

In conclusion, by inequality (12) :

n o 1
(16) Wi = yel < (TM +40°T [ wllacr + [[yllasr) — +

T+t 1

Tagilere 500

That achieves the proof because the right hand side of inequality (16) is not de-
pending on k or t. O

Finally, for every n € N* and ¢ € [0, T, consider z}" := F~!(y").

Corollary 2.14. Under assumptions 1.1, 2.4 and 2.6, (z"™,n € N*) is uniformly
converging with rate n=% to

x = 7(0,x0;w)| 0,7 = 7(0, o3 w|[0,77)
with zo €]0,1].

Proof. For a given initial condition x¢p > 0, it has been shown that z := F~1(y)
is the solution of equation (2) where, y is the solution of equation (5) with initial
condition yo := F ().
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By Theorem 2.13 :
lz — 2" |co;r < Clly = y"|loos
1
< C(TM +90°T* [wlar + [yllair) — +

Ta+1 1
CCr——||y/la;T— —— 0
T g vler

n® n—oo
where, C' is the Lipschitz constant of F~1 on [0, F(1)], since it is continuously dif-

ferentiable on that interval.

Then, (z™,n € N*) is uniformly converging to = with rate n=<. O

3. PROBABILISTIC PROPERTIES OF JACOBI’S EQUATION

Consider a stochastic process W defined on R} and satisfying the following as-
sumption :

Assumption 3.1. W is a 1-dimensional centered Gaussian process with a-Hdlder
continuous paths on the compact intervals of Ry (o €]0,1]) and Wy = 0.

For instance, the fractional Brownian motion of Hurst parameter H €]0, 1] satisfies
that assumption for a €]0, H|[.

The canonical probability space of W is denoted by (Q2, A, P) with Q := C°(R,;R).
Under assumptions 1.1 and 2.6, the solution 7(0, zo; W) of equation (1) with initial
condition zy €]0, 1] is defined as the following random variable :

(0, 20; W) := {m [0, 20; W(w)] ;w € Q} .

The regularity of 7(0,.) studied at propositions 2.7 and 2.8, and corollaries 2.9,
2.10 and 2.11, allows to show two probabilistic results on X := 7(0,zo; W) under
various additional conditions on W : an ergodic theorem in L. Arnold’s random
dynamical systems framework with some ideas of M.J. Garrido-Atienza et al. [8]
and B. Schmalfuss [18], and the existence of an explicit density with respect to
Lebesgue’s measure on (R, B(R)) for each X;, ¢ > 0 via I. Nourdin and F. Viens
[16]. All used results and notations on random dynamical systems and Malliavin
calculus are stated in Appendix A.1 and Appendix A.2 respectively.

First of all, without other assumptions on W, let us show the probabilistic con-
vergence of approximation schemes studied on the deterministic side at Section 2 :

Proposition 3.2. Under assumptions 1.1, 2.6 and 3.1,
lim E (||Y” - Y||§0;T) =0 and lim E (HX” - X||§o;T) =0

for everyp > 1 and T > 0, where Y™ denotes the step-n implicit Euler approrima-
tion scheme of Y := F(X ) on [0,T], and X" := F~Y(Y™) for each n € N*.

Proof. By Proposition 2.13 and Corollary 2.14 :
YY"~ Y| p —= 0 and | X" — X|| .p —— 0.
’ n—oo ’ n—oo

Moreover, for every ¢t € [0,7], n € N* and w € Q, ¥}*(w),Y:(w) €]0,F(1)] and
X' (w), Xt(w) €]0,1[. Therefore, Lebesgue’s theorem allows to conclude. O
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3.1. An ergodic theorem. This subsection is devoted to an ergodic theorem for
Y := F(X)) and then X, for fractional Brownian signals.

Consider a two-sided fractional Brownian motion B of Hurst parameter H €]0, 1],
and (©, A, P) its canonical probability space with Q := CO(R;R). Let ¢ := (6,,t €
R) be the family of maps from the measurable space (£2,.4) into itself, called Wiener
shift, such that :

YVwe Q,Vt e R, Oyw = wy. — wy.
By B. Maslowski and B. Schmalfuss [13], (22, 4,P,¥) is an ergodic metric DS.

Theorem 3.3. Under assumptions 1.1 and 2.6, let' Y be the solution of the follow-

ing stochastic differential equation :
¢

(17) Y, :Y0+/ (Go F~Y)(Y,)ds +v0°BFf ; t c Ry
0

where, Yy : Q =)0, F(1)[ is an (integrable) random variable.

(1) There exists an (integrable) random variable Y : Q —]0, F(1)[ such that

Jim Yy (w) =Y (6iw0) = 0

for almost every w € Q.
(2) For any Lipschitz continuous function f : [0, F(1)] = R,

T
Jim = [ ()it = ELFO) Pas

Proof. In a first step, the existence of a (generalized) random fixed point is estab-
lished for the continuous random dynamical system naturally defined by equation
(17) on the metric space 0, F(1)[ over the ergodic metric DS (2, 4, P,9). The
second step is devoted to the ergodic theorem for Y stated at point 2.

Step 1. Let ¢ : Ry x 2x]0, F(1)[—]0, F(1)[ be the map defined by :
t

pltw)z :=a+ / (G o FY)[ip(s,w)a]ds +~0° Bl (w).
0

It is a continuous random dynamical system on ]0, F'(1)[ over the metric DS (£2, 4, P, ).
Indeed, for every s,t € Ry, w € Q and z €]0, F(1)[ ; ¢(0,w)x = = and

s+t
o(s+tw)r = J:—!—/O (GOFfl)[go(u,w)a:]du—&—vﬁﬁBﬂt(w)
s+t
— st [ (GoF Hlp(uwlaldu+16°(BE @) - BI(w)

= p(s,w)x + /o (G o F~Y[p(s + u,w)z]du + v0° B (6,w).

Then, p(s+1t,w) = p(t,0sw) o p(s,w). In other words, ¢ satisfies the cocycle prop-
erty. Proposition 2.7 allows to conclude. That RDS has two additional properties :
e Additional property 1. By Corollary 2.10, for every t € Ry and w € £,

the limits

o(t,w)0:= lim p(t,w)z and p(t,w)F(1) := lm o(t,w)z
o0 e F(1)

exist, and belong to |0, F/(1)[ if and only if ¢ > 0.
e Additional property 2. By Corollary 2.11, there exists [ > 0 such that
for every t € Ry, w € Q and z,y €]0, F(1)],

lp(t,w)z — o(t,w)y| < ez —yl.
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Let us now show that there exists a random variable ¥ : Q —]0, F(1)[ such that
pl(t,w)Y (W) = Y (6w)

for every t € Ry and w € Q.

On the one hand, by the cocycle property of ¢ together with additional property 2,
for every n € N, w € Q and z €]0, F(1)],

|Q0(TL, Q,nw)x - Qp(n +1, 0_(n+1)W)l'| = |<,0(TL7 anw)x -
[Sp(nv e_n(U) © 30(1a 97(n+1)(U)]$‘

Then, {¢(n,0_,w)z;n € N} is a Cauchy sequence, and its limit ¥ (w) is not de-
pending on z, because for any other y €]0, F(1)],

lp(n, 0_pw)x — p(n, 0_,w)y| < e*l”|x —yl ——0.
n—oo
Moreover, for every t € Ry,

lp(t, 0_w)z — V()] < lp(t, 0w} — (1], 6_gw)z| + (1], 6_w)z — V()|

/

< le([t], 0-pw) o @(t = [t], 0—pw)]z — @([t], O yw)z| +
l([t], 0—gw)z — Y ()|
< e Mot —[1),0-w)x — x| + [¢([t], 0_gw)z — Y (w)|
< F(e M 4 |o([t], - yw)z — Y (w)| =0
Therefore,
(18) Jim [ (t, 0—w)z — Y (w)| = 0.

On the other hand, by the cocycle property of ¢, for every t € Ry, n € N, w € Q
and z €]0, F(1)],

(19) [p(t, w) o p(n, 0_,w)]z = @t +n,0_,w)z
= (p[t +n, (97(t+n) © (9,5)&1]1‘.

The continuity of the random dynamical system ¢, additional property 1 and (18)
imply that :

e When n — oo in equality (19) :
o(t,w)Y (w) = Y(0w).
e By replacing w by 6_;w in equality (19) for ¢ > 0, when n — oo :
o(t,0_1w)Y (0_jw) = Y (w) €]0, F(1)].

Since (2, A,P,9) is an ergodic metric DS and Y is a (generalized) random fixed
point of the continuous RDS ¢, (Y 06;,t € R, ) is a stationary solution of equation
(17). Therefore, for almost every w € Q,

Jim [Y;(w) ~ Y (Bw)] = 0

because all solutions of equation (17) converge pathwise forward to each other in
time by additional property 2.
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Step 2. Let f : [0, F(1)] — R be Lipschitz continuous. For every T' > 0 and
w € Q,

T
% /0 f[Yi(w)]dt = Ap(w) + Br(w)
where,

1

T T
Ap(w) = %/0 fIY (Buw))dt and Br(w) := T/o [f[Ye(w)] = F[Y (Brw)]]dt.

On the one hand, since (2, A,P,;¢) is an ergodic metric DS, by the Birkhoff-
Chintchin’s theorem (Theorem A.3) :
lim Ap = E[f(Y)] P-a.s.

T—o0

On the other hand, since f is Lipschitz continuous on [0, F/(1)], the first step of the
proof implies that for almost every w € €2 and € > 0 arbitrarily chosen, there exists
To > 0 such that :

Ve > T, | f[Yi(w)] = SV (0] < 5
Then, for every T > T,
To R T .
B < 7 [ W) - S+ 5 [ 1) - V0w

1 [T - €
<7 | 1) - sV e+ 5.

Moreover, there exists T7 > Ty such that :

1 T - €
V1> T, 1 [ 1) - S Gl < 5.
0
Therefore,
Th_r}réo Br =0 P-a.s.
That achieves the proof. O

Remarks : With notations of Theorem 3.3 :

(1) Consider p; and fi; the respective probability distributions of Y; and Yo 0,
under P for every t € R,. Since (}Af of;,t € Ry) is a stationary process
by construction, iy = ji for each ¢t € R, where i denotes the probability
distribution of ¥ under P.

By Kantorovich-Rubinstein’s dual representation of the Wasserstein metric
Wy (cf. [21], Theorem 5.10), Theorem 3.3.(1) and Lebesgue’s theorem :

Wipe, i) = Wi (g, i)
= sup {/_ F) (s — fir)(dy); f : S — R Lipschitz with constant 1}
5
< E(Y— ¥ o)) — 0
t—o0
where, S :=]0, F(1)[. In particular,

YtLY.

(2) By Corollary 2.10, the map ¢ : Ry x Q x S — S defined by
p(t,w)0 if =0
Pt w)x = p(t,w)z if z €]0, F(1)[
o(t,w)F(1) it x = F(1)
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is a continuous RDS on S over the metric DS (€2, A, P, ¥). Since S is a com-
pact metric space, by Theorem A.8, there exists at least one ¢-invariant
probability measure (cf. Definition A.6).

Theorem 3.3 allows to get an explicit ¢-invariant probability measure and
its factorization with respect to P :

Consider O the skew product of the metric DS (£2, 4, P,9) and the RDS ¢
on S, and the measure p € Pp(Q2 x S) defined by

pdw, dx) = b5 () (do)P(dw).

Since S is a Polish space, (2, A4,P,9) is an ergodic metric DS and Y is
a (generalized) random fixed point of the continuous RDS ¢ ; for every
continuous and bounded map f: Q2 x S — R and every t € R,

(©p)(f) = f1O(w, z)|p(dw, dx)
QxS

= flbrw, o(t, w)a]d 5 (), (do)P(dw)
QxS

- /Q FlBuw, o(t,0)¥ (@)]P(dw)
_ / Fl0u, ¥ (0,0)]P(dw)
Q
_ / Flw, ¥ (@)P(dw)
Q
= flw, m)é{y(w)}(dm)P(dw) = M(f)

QxS

Therefore, i is a @-invariant probability measure.
Corollary 3.4. Under assumptions 1.1 and 2.6, consider
X:i=x (O,XO;BH)
where, Xo : 2 —]0,1[ is an (integrable) random variable.

(1) There exists an (integrable) random variable X : Q —]0, 1] such that
Qi | X (w) = X (6w)] = 0

for almost every w € Q.
(2) For any Lipschitz continuous function f :[0,1] = R,

T

Jim l/ F(Xy)dt = E[f(X)] P-a.s.
T—oo T 0

Proof. For every t € Ry, X; = F~(Y;) where Y is the solution of equation (17)

with initial condition Yy := F(Xp). Since F~! is continuously differentiable from

[0, F(1)] into [0,1], by putting X := F~(Y), Corollary 3.4 is a straightforward

application of Theorem 3.3. (]

This subsection concludes on numerical illustrations of points 1 and 2 of Corollary
3.4. WaveLab802 (Scilab package) is used to get wavelet-based simulations of the
fractional Brownian motion (cf. [4], Section 2.2.5).

(1) The converging approximations provided at Theorem 2.13 and Corollary
2.14 are computed with the following values of the parameters :
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’ Parameters Values

T 10
H 0.6
B, 1 0.5
0, ~ 1

n 250

For one sample path BH (w) (w € Q) of the fractional Brownian motion
B of Hurst parameter H, the solution [0, zo; B¥ (w)] is approximated on
[0,T] for xo = 0.01,0.28,0.89 :

FIGURE 3. t € [0,T] — 7[0, z0; B (w)]; for zo = 0.01,0.28,0.89

(2) The converging approximations provided at Theorem 2.13 and Corollary
2.14 are computed with the following values of the parameters :

’Parameters Values ‘

T 120

H 0.6

B, 1 0.5

0, ~ 1

i) F_1(15)
n 850

Consider
t
Sy = 7/ m (O,CC();BH)SdS sVt e [O,T]
0

Approximations of four sample paths of the process S on [0,7] :
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FIGURE 4. Sample paths of the process S on [0, 7]

Remark. Note that for 8 = 0.5 ; F, F~! and b can be computed faster because
they have explicit expressions :

F(z) = g + arcsin(2z — 1) ; Vo € [0, 1],
Fl(y) = % {sin (y - g) + 1} ; Yy € [0, 7] and
(Gor )y = 2Ty, o 7).

cos (y — m/2)

3.2. Explicit density with respect to Lebesgue’s measure. Consider T > 0,
t €]0, 7] and, under assumptions 1.1 and 2.6, Y; := F(X,;) satisfying

t
(20) Yi—wo+ [ G(X)ds+0°W,
0

where, yo := F(x0) and W is a stochastic process satisfying the following assump-
tion :

Assumption 3.5. W is a 1-dimensional centered Gaussian process defined on
[0,T], with a-Hélder continuous paths and Wy = 0, such that :
(1) The covariance function R of W satisfies R(t,t) > 0 for every t €]0,T].
(2) (1, ¥1)u = (2, 2)u for every o1, p2,91,¢92 € H such that
P1(t) = @2(t) 2 0 and ¢1(t) = ¥2(t) = 05 VE € [0, T].

Example. A fractional Brownian motion B of Hurst parameter H €]0, 1] satisfies
Assumption 3.5 for every a €]0, H[ (cf. D. Nualart [17], Section 5.1.3).

Precisely, BY satisfies Assumption 3.5 because of the expression of the scalar prod-
uct (.,.)% on the reproducing kernel Hilbert space H of B recalled in Appendix
A2

Lemma 3.6. Under assumptions 1.1, 2.6 and 3.5, the random variable Y; belongs

to D2 and .
G’ (Xw)
DY, = 70ﬁ1[07t](.) exp [/ 7 (Xu)du]
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Proof. Since W (w+h) = W (w)+h for every (w, h) € QxH! and H! — C*([0,T];R)
(a €]0,H]) ; by Proposition 2.8, Y; is continuously H!-differentiable for every
s €]0,¢t]. Then, by Proposition A.13,Y; € ]D)llo’i. Moreover, for every h € H!,

t G/ (Xs)
o F'(Xs)

(cf. the remark following Proposition A.13 for the notation).

DY, = +0°h, + DyYyds.

Let (h™, n € N) be an orthonormal basis of the reproducing kernel Hilbert space H :

DY, = Y (DY, h")uh" =Y [DygmYe] B
neN neN
t G/(X )
= 0°1,(h" 5 Dy Yaeds | B
,;N[” )+ [ P v

= 70" " [DyumyWi] h" +/0 g:g; lZ(DYS,h”)Hh”] ds

neN neN

t /
:fyaﬁD.Wﬁ/ G(XS)D_YSds.

o F'(X5)
Since D, Y is the solution of a linear differential equation for every v € [0, 7] :

DY, = 7951[07t](.)exp {/t g:g§2§ du} .

So, since G'(y)/F'(y) < 0 for every y €]0, 1[ (cf. Proposition 2.2.(6)) :

(21) 7971 10,1)(s) exp

T i
G'(Xu)
< D.Y; < ~0°1
/OF’(Xu)du] ? <707 104(s)

for every s € [0,T]. Put v, := ||DY;||%,. By Assumption 3.5 together with inequality
(21) :

(22) 0 < (v6°)2R(t,t) exp F(X.)

2/T Gl(Xu)dU;| <y < (79‘3)2R(t,t).
0

By inequality (22), v € LP(Q,P) for every p > 0. So, Y; € D2 by Proposition
A.13. d

Even if the pathwise properties of Y are sufficient to show the existence of a density
for Y; via Bouleau-Hirsch’s criterion (cf. [17], Theorem 2.1.2), several probabilistic
integrability properties are required in order to provide an expression of the density.
If the random variable is derivable in Malliavin’s sense and the inverse of the Malli-
avin matrix belongs to L?(Q;P) for each p > 1 ; D. Nualart [17], Proposition 2.1.1
provides an explicit density. However, even if Y, € D2 by the previous lemma,
it seems difficult to show that 1/, belongs to L?(Q;P) too (1 = |DY;[|3,). L
Nourdin and F. Viens [16], Theorem 3.1 provides an expression of the density, in
which the Ornstein-Uhlenbeck operator L (cf. Definition A.14) involves, but not
the inverse of the Malliavin matrix and the divergence operator. The following
proposition shows that Y; satisfies assumptions of [16], Theorem 3.1 :

Proposition 3.7. Under assumptions 1.1, 2.6 and 3.5, the following function f;
is a density of Yy with respect to Lebesgue’s measure on (R, B(R)) :

() I Y A X O
ft(y)_Qth(y)ep[ /JEm) 9v.(2) d]
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where, Yy := Y; — E(Y;) and gy,(y) = E((DY;,~DL™'Y})|Y; = y) for every
y €)0, F(1)[.

Proof. Let s € [0,T] be arbitrarily chosen. As shown in the proof of [16], Proposi-
tion 3.7 :

—DSL‘lYt:/ e T, (D,Y;)du.
0

So, by inequality (21) and the remark following Definition A.14 :
T v
G'(Xy)
dv| | du.
==
Then, by Assumption 3.5 together with inequality (21) :

(DY, ~DL Wiy > (10%)2R(1,) exp /O : ggi;dv] ‘
R T G'(Xy)
/0 e “T, /0 F/(Xv)dUHdu>0'

g5, (V) = E((DY;, ~DL™'¥)y[V)
= E((DY;, =DL7'Y,)»|Y;) > 0.
Therefore, by [16], Theorem 3.1 :

E(|Y:]) vz
Py (dy) = ———= exp —/ ——dz| dy.
Ve 29¢.(y) 0 9y,(2)
Together with a straightforward application of the transfer theorem, that achieves
the proof. O

-D, L7, > 79ﬁ1[0,t](5)/ e T, |exp
0

exp

So,

Corollary 3.8. Under assumptions 1.1, 2.6 and 3.5, for every x €]0,1],

' ¢ F(x) _
B, )« POEQD [ "0 coBEG),
dx 29r(x,)[F(2)] EF(x)]  9F(x)(2)
where, X, := F(X;) — E[F(X,)].
Proof. Straightforward application of the transfer theorem which gives
dP
(@) = [F@)F (2) 5 x €]0,1]

dx
and of Proposition 3.7. (]

4. A GENERALIZED MORRIS-LECAR NEURON MODEL

Let X; be a neuron’s proportion of opened ion channels at time ¢t > 0. In Itd’s
calculus framework, as in Morris-Lecar’s neuron model studied by S. Ditlevsen and
P. Greenwood [5], if X := (X, ¢ > 0) is the solution of a Jacobi equation driven by
a standard Brownian motion, it has ag-Ho6lder continuous paths on the compact
intervals of Ry with ap < 1/2. In particular, at time ¢ > 0, there exists ho €]0,1]
such that :
Vh € [O,ho], |Xt+h — th < Ct,hohao < 1.

In other words, the increment of the proportion of opened ion channels between the
times ¢ and ¢ + h is controlled by wq, (k) := Cg p,h*.

Because of their various functions in the nervous system, there is an important
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morphological variability between neurons classes that implies an important vari-
ability of the number of ion channels, potentially opened, between two neurons
belonging to different classes. For instance, Purkinje cells of the cerebellum receive
10° synaptic inputs, and cortical pyramidal cells receive only 100 synaptic inputs
(cf. L.F. Abbott and P. Dayan [1] p. 2-3). Therefore, to control the increment of
X between t and t + h by wq,(h) could be too large for neurons having high total
number of ion channels, and too small in the opposite case. For instance, in that
second case ; on a very small time interval [¢,¢ + h], the increment of X could be
contained in Jwa, (7), 1[. Then, one should replace wa, (h) by wa (h) := Cy noh® with
a < ap. It means to assume that the process X has a-Holder (but not ap-Hoélder)
continuous paths on the compact intervals of R;. For instance, the pathwise gen-
eralization of the Jacobi equation studied throughout this paper with a fractional
Brownian signal BY of Hurst parameter H €]0,1[ works (with 3 €]1 — a, 1] and
a< H).

On the deterministic Morris-Lecar model, the reader can refer to C. Morris and
H. Lecar [14]. The random dynamic of Morris-Lecar’s model has been studied in
T. Tateno and K. Pakdaman [20]. On the stochastic Morris-Lecar model taken in
the sense of Ito for a standard Brownian signal and 8 := 1/2, please refer to S.
Ditlevsen and P. Greenwood |[5].

Let us now define a generalized Morris-Lecar neuron model :
Consider V; the membrane potential of the neuron and X; the normalized con-

ductance of the K current (i.e. the probability that a K* ion channel is open) at
time t > 0, and assume they satisfy the following equations in rough paths sense :

(23) Vi = vo + /t by (Vs, Xs) ds and
. ¢
— H
(24) X = xo—l—/o bx (V;,Xs)ds—l—/o ox (Vs, Xs) dB;
where, (vg, o) € Ix]0, 1[is a deterministic initial condition with I := [-70mV, 30mV],
by (v,2) == —C™" [geamos (Vi) (Vi — Vea) + gx Xt (Vi = V) + gL (Vi — VL) — 1],
bx(v,z) := a(v)(1 —z) — b(v)z,
ox(v,2) = o [2h(v)z(1 — 2)]°,
Moo (v) := 1/2[1 4 tanh [(v — V1) /V]],
a(v) = 1/2¢ cosh[(v — V3) / (2V4)] [1 + tanh [(v — V3) /V4]],
b(v) = 1/2¢cosh[(v —V5) / (2Va)] [1 — tanh [(v — V5) /V4]],
(

v) = a(v)b(v)/[a(v) +b(v)],

Vi, Vo, V3 and Vj are scaling parameters, gc, and gk are the maximal conductances
associated to Ca?" and KT, g1, is the conductance associated to the leak current,
Vea, Vic and Vi, are the reversal potentials of Ca?t, K™ and leak currents respec-
tively, C is the membrane capacitance, ¢ is a rate scaling parameter, I is the input
current, o* €]0,1[ and S satisfies Assumption 1.1.

Equation (24) can be rewritten as a generalized Jacobi equation :

t t
Xt :xO_/ 98 (Xs_ﬂs)d5+/ Vs [20$Xs (1_Xs)}ﬁstH ; t>o
0 0
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where,

o a (V) . 1/8 . (1
u,__m,a._aw)jtb(v‘) and v'/7 = (0*)'/P

satisfy Assumption 1.2.
By Corollary 2.5, the system (23)-(24) admits a unique bounded solution.

APPENDIX A. PROBABILISTIC PRELIMINARIES

This appendix is devoted to state some results and notations, used throughout the
paper, on random dynamical systems (cf. L. Arnold [2]) and Malliavin calculus (cf.
D. Nualart [17]).

A.1. Random dynamical systems. Inspired by L. Arnold [2], this subsection
provides some definitions and results on random dynamical systems.

Definition A.1. A family 9 := (0;,t € R) of maps from a measurable space (2,.A)
into itself is a (measurable) dynamical system (DS) if and only if :

(1) (t,w) = bw is B(R) ® A, A-measurable.

(2) 6y = Idq.

(3) For every s,t € R, 0544 = 0500, ((semi-)flow property).
A measure p on (2, A) is 9-invariant if and only if O = p for every t € R, where
Ht,u = ,u(ﬂt S )
Definition A.2. Consider a probability space (Q, A,P) and a DS ¢ on (Q,A). A
set A € A is invariant mod P with respect to 9 if and only if,

Vit e R, P(AA{f; € A}) =0
where, EAF := (E°NF)U(ENF°) ;VE, F € A.

Notations :

(1) Ip is the o-algebra of sets invariant mod P.
(2) In the sequel, E denotes the expectation for the probability measure P.

Theorem A.3. (Birkhoff-Chintchin) Consider a probability space (2, A,P) and a
DS 9 on (Q,A). If P is 9-invariant, for every f € L'(Q;P),

o1
lim —
t—oo t

/0 F(600)ds = E(f|Ip) Poa.s.

Remark. The metric dynamical system (metric DS) (2,4, P, 9) is ergodic if and
only if every sets belonging to Ip have probability 0 or 1. In that case, with notations
of Theorem A.3, E(f|Ip) = E(f).

Definition A.4. Consider a metric space X and a metric DS (Q, A,P,9). A ran-
dom dynamical system (RDS) on the measurable space (X,B(X)) over the metric
DS (2, A,P,¥) is a map ¢ : Ry x Q@ x X — X such that :
(1) v is B(Ry) ® A® B(X), B(X)-measurable (measurability).
(2) For every s,t € Ry andw € Q,
(a) (P(Oaw) = ldx,
(b) @(s+1t,w) = p(t,0.w) o (s, w)
(cocycle property).
If for every w € Q, (t,x) — p(t,w)x is continuous from Ry x X into X, then ¢ is
a continuous random dynamical system.
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Proposition A.5. Consider a metric space X, a metric DS (Q, A,P,9), a ran-
dom dynamical system ¢ on the measurable space (X,B(X)) over the metric DS
(Q, AP, 9), and the family © := (04,t € Ry) of maps from Q x X into itself such
that :

Ot(w, z) := (Orw, p(t,w)z) ; VEER,, Vw € Q, Vz € X.

Then © defines a dynamical system, called skew product of the metric DS (Q, A, P, ¥)
and the RDS ¢ on X.

Notation. Consider a metric space X, a metric DS (Q, A,P,4¥) and the map
pa Q2 x X — Q defined by :

po(w,z) =w; V(w,z) € O x X.

For every probability measure p on (Q x X, A ® B(X)), pau := u(pq € .).

With the notations of Proposition A.5, since © is a dynamical system depend-
ing on the metric DS (2, A, P,¥) which is "given" to us from outside and cannot
be manipulated in L. Arnold’s philosophy, and on the RDS ¢, it is natural to as-
sume that a @-invariant probability measure is a ©-invariant measure such that its
marginal pou on (£, .4) coincides with P.

Definition A.6. Consider a metric space X, a metric DS (Q, A,P,¥), a ran-
dom dynamical system ¢ on the measurable space (X,B(X)) over the metric DS
(Q, AP, 9), and O the skew product of the metric DS (Q, A, P,¥) and the RDS ¢
on X. A probability measure p on (Q x X, A® B(X)) is p-invariant if and only if
W satisfies the two following properties :

(1) p is ©-invariant.

(2) pop =P.

Notations :

o Pp(2 x X) := {u probability measure on (2 x X, A® B(X)) : pou = P}.
e Tp(p) denotes the set of p-invariant probability measures.

Proposition A.7. Consider a metric space X, a metric DS (Q, A, P,9), a ran-
dom dynamical system @ on the measurable space (X,B(X)) over the metric DS
(Q, A P, 9), and © the skew product of the metric DS (Q, A,P,9) and the RDS ¢ on
X. For each p € Pp(2 x X), there exists a unique family (p,,w € Q) of measures
on (X, B(X)) such that

wldw, dx) = p, (dz)P(dw) P-a.s.

where,

(1) For every B € B(X), w € Q> u,(B) is A-measurable.
(2) For P-almost every w € 8, i, is a probability measure on (X, B(X)).

That family is the factorization of u with respect to P.
For a proof, please refer to [2], Proposition 1.4.3.

Theorem A.8. Consider a compact metric space X, a metric DS (Q, A, P,9), a
continuous random dynamical system ¢ on the measurable space (X, B(X)) over the
metric DS (2, A,P, ), and © the skew product of the metric DS (Q, A,P,¥) and
the RDS ¢ on X. Then, the convex compact set of p-invariant probability measures
Ip(p) is non-void.

For a proof, please refer to [2], Theorem 1.5.10.
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A.2. Malliavin calculus. Essentially inspired by D. Nualart [17], this subsection
provides some definitions and results on Malliavin calculus. Moreover, basics on
the Ornstein-Uhlenbeck semi-group and operator are stated in the last part.

Let W be a 1-dimensional centered Gaussian process with continuous paths on
[0,T] (T > 0). Its canonical probability space is denoted by (€2, .4, P). First, let us
introduce two Hilbert spaces associated to that process :

On the one hand, the Cameron-Martin’s space of W is given by
H' :={heC°([0,T|;R): 3Z e Ws.t. Vt € [0,T], hy = E(W,Z)}
with

2

L
W = span {W,,t € [0,T]}
Let (.,.)3;1 be the map defined on H! x H! by
(h,hYyr :=E(ZZ)
where,
Vit € [O,T], ht = ]E(WtZ) and ht = E(WtZ)
for every Z,Z € W.

That map is a scalar product on H! and, equipped with it, H! is a Hilbert space.

On the other hand, consider the set £ of functions defined on [0,T] by

Zakl[o,sk] ;n €N (s1,...,8,) €[0,7T]", (a1,...,a,) € R,
k=1

and H the closure of € for the scalar product (.,.)3 defined by

O a3 bl =Y > arbE (W, W)
k=1 =1

for every n,m € N*, (s1,...,8,) € [0,T]", (t1,...,tm) € [0,T]™, (a1,...,a,) € R"
and (b1,...,b,) € R™. Equipped with the scalar product (.,.)3, H is a separable
Hilbert space called reproducing kernel Hilbert space of W (cf. J. Neuveu [15]).

Let W be the map defined on &€ by

\%\% <Z ak1[075k]> = ZakWSk
k=1 k=1

for every n € N*, (s1,...,8,) € [0,T)" and (a4, ...,a,) € R™. It extends to H as a
map called Wiener integral with respect to W, and {W(h), h € H} is an iso-normal
Gaussian process (cf. [17], Definition 1.1.1).

Let I be the map from # into H' defined by

I(h) :=E[W(R)W] € H*
for every h € H. It is an isometry from H into H!.

Example (fractional Brownian motion). A centered Gaussian process B is a
fractional Brownian motion of Hurst parameter H €]0, 1] if its covariance function
is defined by :

1
Ru(t,s) = 5(82H + 2 |t — 5|27 ; Vs, t € [0,T).
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The scalar product (.,.)3 is explicit (cf. L. Decreusefond and A.S. Ustiinel [3] and
D. Nualart [17], Subsection 5.1.3) :

o If H=1/2,H = L?([0,T]) and (., .)3 is the usual scalar product on L?([0,T7).
o If H>1/2,

sow—aH// — SPH2(s)(t)dsdt ; Vi, € H

with oy = H(2H —1).
o If H<1/2,let Ky be the function defined on At by

Ku(t,s) == cu [(t)H/ (t—s)H-1/2 _

t

where, cg > 0 denotes a deterministic constant only depending on H. Let
also K} : H — L?([0,T]) be the map defined by

0Ky

5 (t,s)dt ; Vs € [0,T], Vo € H.

(K30)(s) = K(T, s)p(s) + / lo(t) — o(s)) 228
Then,

T
(0, )a = / (K3y0)(5) (K3) (s)ds ; Yo, b € M.

Now, let us provide basics on Malliavin calculus for the isonormal Gaussian process
W defined above.

Notation. The set of all continuously differentiable functions f : R™ — R such that
F and all its partial derivatives have polynomial growth is denoted by C¥ (R™;R).

Definition A.9. The Malliavin derivative of a smooth functional

wheren € N*, f € C®(R™;R) and hq, ..., hy, € H is the following H-valued random
variable :

DF ::Zn:é)kf[W(hl),...,W(hn)] hi.

Proposition A.10. The map D is closable from LP(Q;P) into LP(Q,H;P) for
every p = 1. The domain of D in LP(Q;P) is denoted by DYP. It is the closure of
the smooth functionals space for the norm ||.||1,, such that

11T, == E(IFP) + E(IDF|3,) < oo
for every F € LP(Q;P)
For a proof, refer to [17], Proposition 1.2.1.

Definition A.11. A random variable F is locally derivable in the sense of Malliavin
if and only if there exists a sequence ((, Fp);n € N*) of elements of A x D2
such that ., T Q whenn — oo and, F' = F,, on ), for everyn € N*. Such random

variables define a vector space denoted by ]D)loc, and containing D2,

Definition A.12. A random variable F : Q — R is continuously H'-differentiable
if and only if, for almost every w € Q, h — F(w + h) is continuously differentiable
from H! into R.
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Proposition A.13. A continuously H!-differentiable random variable F :  —

R is locally derivable in the sense of Malliavin. Moreover, if E(F?) < oo and

E(|DF|3,) < oo, then F € DY? and, for almost every w € Q and every h € H*,
(DF(w), I (h))5 = DnF(0)

with F* = F(w + .).

For proofs, refer to [17], Proposition 4.1.3 and Lemma 4.1.2.
Remark. For the sake of simplicity, Dy F"(0) is denoted by DpF.

The last part of this subsection is devoted to the Ornstein-Uhlenbeck semi-group
and operator :

Definition A.14. The Ornstein-Uhlenbeck semi-group (T, u € Ry) is the family
of operators defined on L*(%;P) by

T,F:=> e ™J,F;YucRy
n=0

and its generator, the Ornstein-Uhlenbeck operator L, satisfies
oo
LF = — Z nJ, F
n=0

or any F € L2(Q:;P), of chaos expansion
f Y ;P), P

(e ]
F = Z J F.
n=0

Remarks :

(1) About the chaos expansion of square integrable random variables, see [17],
Section 1.1. About the Ornstein-Uhlenbeck semi-group and operator, see
[17], Section 1.4.

(2) The operator T,, is nonnegative for every u € Ry :

VF € L*(;P), F > 0= T,F > 0.

(3) The operator L is invertible on the subspace of centered random variables
belonging to L?(Q;P), and

— 1
L'F=-) —J,F
If E(F) # 0, L=1F still exists, and LL™'F = F — E(F).
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