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Abstract

We first study an optimal stopping problem in which a player (an agent) uses a
discrete stopping time in order to stop optimally a payoff process whose risk is evaluated
by a (non-linear) g-expectation. We then consider a non-zero-sum game on discrete
stopping times with two agents who aim at minimizing their respective risks. The
payofls of the agents are assessed by g-expectations (with possibly different drivers for
the different players). By using the results of the first part, combined with some ideas
of S. Hamadéne and J. Zhang, we construct a Nash equilibrium point of this game by
a recursive procedure. Our results are obtained in the case of a standard Lipschitz
driver g without any additional assumption on the driver besides that ensuring the
monotonicity of the corresponding g-expectation.

Keywords: optimal stopping, non-zero-sum Dynkin game, g-expectation, dynamic
risk measure, game option, Nash equilibrium

1 Introduction

Initiated by Bismut Bismut (1976), Bismut (1973) (in the linear case), the theory of back-
ward stochastic differential equations (BSDEs for short) has been further developed by
Pardoux and Peng Pardoux and Peng (1990) in their seminal paper. The theory of BSDEs

*(Corresponding Author) Institute for Mathematics, Humboldt University-Berlin
fLaboratoire de Probabilités et Modeéles Aléatoires, Université Paris-Diderot



has found a number of applications in finance, among which pricing and hedging of Euro-
pean options, recursive utilities, risk measurement. BSDEs induce a family of operators,
the so-called g-conditional expectations, which have proved useful in the literature on (non-
linear) dynamic risk measures (cf., e.g., Peng (2004), Rosazza-Gianin (2006)). We recall
that the g-conditional expectation at time ¢t € [0,7] (where T > 0 is a fixed time horizon,
and g is a Lipschitz driver) is the operator which maps a given terminal condition £ (where
¢ is a square-integrable random variable, measurable with respect to the information at
time T') to the position at time ¢ of (the first component of) the solution of the BSDE
with parameters (g,&). This operator is denoted by &/.(-). The operator &£ .(+) is called
g-expectation. 7 7

On the other hand, zero-sum Dynkin games have been introduced by Dynkin in Dynkin
(1969) in the discrete-time framework. Since then, there have been lots of contributions
to zero-sum Dynkin games both in discrete time and in continuous time (cf., e.g., Bismut
(1977), Neveu (1972), Alario-Nazaret et al. (1982), Lepeltier and Maingueneau (1984)). A
prominent financial example is given by the pricing problem of game options (also known as
Israeli options), introduced by Kifer in Kifer (2000). Compared to the zero-sum case, there
have been fewer works on the non-zero-sum case. We can quote Hamadéne and Zhang
(2010), Laraki and Solan (2013), Hamadéne and Hassani (2014) in the continuous-time
setting, and Morimoto (1986), Ohtsubo (1987), Shmaya and Solan (2004), Hamadéne and
Hassani (2014) in the discrete-time setting. For a recent survey on zero-sum and non-zero-
sum Dynkin games the reader is referred to Kifer (2013).

In all the above references the players’ payoffs are assessed by "classical" mathematical ex-
pectations. In the recent years, some authors (cf. Dumitrescu et al. (2013), and Bayraktar
and Yao (2015)) have considered "generalized" Dynkin games in continuous time where the
"classical" expectations are replaced by more general (non-linear) functionals. All these
extensions are limited to the zero-sum case.

In the present paper, we address a game problem with two "stoppers" whose profits (or
payoffs) are assessed by non-linear dynamic risk measures and who aim at minimizing their
risk. More concretely, the following situation is of interest to us: we are given two adapted
processes X and Y with X <Y and X7 = Yr a.s. We consider a game option in discrete
time, that is, a contract between two "stoppers" (a seller and a buyer) who can act only at
given times 0 =ty < t; < ... <t, =T, where n € N. The two agents can thus choose their
strategies only among the discrete stopping times with values in the grid {to,t1,...,tn}.
We denote by TOC’lT this set of stopping times. Recall that the game option gives the buyer
the right to exercise at any (discrete) stopping time 71 € 76% and the seller the right to
cancel at any (discrete) stopping time o € 76‘7[T. In financial terms, we could say that
both the seller’s cancellation strategy and the buyer’s exercise strategy are of Bermudan
type. If the buyer exercises at time 71 before the seller cancels, then the seller pays to the
buyer the amount X, ; otherwise, the buyer receives from the seller the amount Y7, at the



cancellation time 75. The difference Y;, — X;, > 0 is interpreted as a penalty which the
seller pays to the buyer in the case of an early cancellation of the contract. To summarize,
if the seller chooses a cancellation time 75 and the buyer chooses an exercise time 71, the
former pays to the latter the payoff

I(m1,72) = Xnlir <) + Yol cry

at time 71 A 9. The seller’s payoff at time 7 A 75 is equal to —I(1q, 72).

We emphasize that our aim here is not to determine a "fair price" (or a "fair premium")
for the game option, but rather to determine an "equilibrium" for the game problem related
to the risk minimization of both the seller and the buyer.

The seller and the buyer are assumed to evaluate the risk of their payoffs in a (possibly)
different manner.

The dynamic risk measure p/t (resp. p/?) of the buyer (resp. the seller) is induced by
a BSDE with driver f; (resp. f2). Up to a minus sign, p/t (resp. p’?) corresponds to the
family of fi-conditional expectations (resp. fo-conditional expectations).

If, at time 0, the buyer chooses 71 as exercise time and the seller chooses 75 as cancel-
lation time, the buyer’s (resp. seller’s) risk at time 0 is thus given by

Py (L1, 72)) = —EJL 0 (71, 72))
resp. ,onglAT2(—1(ﬁ,T2)) S ({;m(—](ﬁ,m)).

The goal of each of the agents is to minimize his/her risk. We are interested in finding
an "equilibrium" pair of discrete stopping times (71, 75) for this problem, that is, a pair
(11,75) € Ty x T such that the first agent’s risk attains its minimum at 7{ when the
strategy of the second one is fixed at 75, and the second agent’s risk attains its minimum
at 75 when the strategy of the first one is fixed at 7{". In other words, we are looking for a
pair (17,75) € ’76‘?T X 76‘?T satisfying

max EJL L (I(r1,73)) = €L p (L(r1,73))

T1€7Bd,T 0,7'1/\72* 7'1*/\72*
max 8({QTYA72(—I(TT,TQ)) = 5{2;;AT5(—I(TT,T§))-
TQG%VT

In the terminology of game theory, the above game problem is of a non-zero-sum type, and
a pair (71,75) satisfying the above properties corresponds to a Nash equilibrium point of
this non-zero-sum game. This game problem can be seen as a "generalized" non-zero-sum
Dynkin game problem (the term "generalized" refers to the fact that our problem involves
non-linear expectations instead of classical expectations). Note that in the trivial case
where f1 = fo = 0, our game reduces to a classical zero-sum Dynkin game (with classical
expectations). Let us also mention that we can easily incorporate in our framework the
situation where the seller and/or the buyer apply their respective risk measures to their



net gains (that is the payoff minus the initial price of the game option) instead of to their
payoffs. If the initial price of the option is given by x (where z > 0), the buyer’s (resp.
seller’s) net gain at time 71 A 75 is given by I(71,72) —  (resp. = — I(11,72)).

We show that there exists a Nash equilibrium point for the non-zero-sum Dynkin game
problem described above by using a constructive approach similar to that of Hamadéne and
Zhang (2010), Hamadéne and Hassani (2014), and Hamadéne and Hassani (2014).

This approach requires some results on optimal stopping with one agent. We are thus
led to considering first the following family of problems:

V(tg) := ess in§ ,ng;(fr) = —ess sup 5i77(57)’ forall k €0,1,...,n, (1)

T T 7'67?;C T

where 7;Z7T denotes the set of discrete stopping times valued in {tg,...,t,} and where ¢ is a
given square-integrable adapted process. We characterize the sequence of random variables
(V(tx))ken via a backward recursive construction. We also show that the stopping time
7% = 7(t,) = inf{t € {tg,...,tn}, V(t) = &}, which belongs to 7;Z7T’ is optimal for (1)
at time t;. To prove our results, we use a generalization of the martingale approach to
the case of g-conditional expectations in discrete time. Our results are established without
any additional assumption on the driver g besides that ensuring the monotonicity of the
corresponding g-conditional expectations. In particular, we do not make an assumption of
"groundedness" on g (that is, the assumption g(¢,0,0,0) = 0), nor do we make an assump-
tion of concavity /convexity on g, nor an assumption of "independence from y" (that is,
g(t,y, 2, k) = g(t,y, 2, k), for all y,y' € R), which are sometimes made in the literature.
Optimal stopping problems with one agent whose payoff is assessed by a non-linear ex-
pectation have been largely studied. A continuous-time version of Problem (1) has been
considered in El Karoui and Quenez (1997), Quenez and Sulem (2014) and Grigorova et
al. (2015). Related works include, but are not limited to, Bayraktar et al. (2010), Bayrak-
tar and Yao (2011). The discrete-time version of Problem (1) has been introduced by
Kratschmer and Schoenmakers in Kratschmer and Schoenmakers (2010), Example 2.7, who
address the problem under stronger assumptions on the driver g than those made in the
present paper. In particular, the authors of Kratschmer and Schoenmakers (2010) need
the zero-one law for g-expectation, and the property £/,.(€) = &, for all ¢, for all { square-
integrable JFi-measurable. These two properties do not hold for a general Lipschitz driver
g. For this reason, the results from Kréatschmer and Schoenmakers (2010) are not applica-
ble in our framework; thus, we have been led to studying Problem (1) by using different
techniques.

The remainder of the paper is organized as follows: In Section 2, we set the framework
and the notation. Section 3 is dedicated to the optimal stopping problem with one player.
In Subsection 3.1, we define the notion of g-(super)martingales in discrete time and we
give some of their properties; in Subsection 3.2, we characterize the value function of our
optimal stopping problem and we show the existence of optimal stopping times. In Section
4, we formulate our non-zero-sum Dynkin game with two players and we show the existence



of a Nash equilibrium. In Section 5, we briefly comment upon possible extensions of our
results. The Appendix contains a useful property of g-expectations (Prop. A.1), along with
some related remarks, as well as the proof of an easy result from Section 3.

2 The framework

Let T be a fixed positive real number. Let (F,K) be a measurable space equipped with a
o-finite positive measure v. Let (Q, F, P) be a (complete) probability space equipped with
a one-dimensional Brownian motion W and with an independent Poisson random measure
N(dt, de) with compensator dt @ v(de). We denote by N(dt,de) the compensated process,
i.e. N(dt,de) := N(dt,de) — dt ® v(de). Let F = {F;: t € [0,T]} be the (complete) natural
filtration associated with W and N.

We use the following notation:

e L?(Fr) is the set of random variables which are Fr-measurable and square-integrable.

e L2 is the set of K-measurable functions £ : E — R such that [[£]|2 := [, [€(e)[*v(de)
ooF0r€€L2 k € L2, we define (¢, k), = [, {(e v(de).

H?>T is the set of real-valued predictable processes ¢ such that

16120 1= B |(Jy 6e2d1)] < o

H2" is the set of real-valued processes [ : (w,t,€) € Q x [0,T] X E + li(w,e) € R
which are predictable, that is (P ® K)-measurable, and such that

T
W%ﬁ_EU|Mw4<w
0

S2T is the set of real-valued RCLL adapted processes ¢ such that
90‘2g2,T = E(Supte[O,T} |pel?) < o0

We recall the following terminology from BSDE theory.

Definition 2.1 (Lipschitz driver, standard data) A function g is said to be a driver if the
following two conditions hold:

o (measurability) g: Q x [0,T] x R? x L2 - R
(w,t,y,2;:0) = glw,t,y,2,£) is P ® B(R?) @ B(L?)— measurable, where P is the
predictable o-algebra on Q0 x [0,T], B(R?) is the Borel o-algebra on R?, and B(L2) is
the Borel o-algebra on L2.

o (integrability) E [(fOT |g(t,0,0,0)|2dt)] < 00



A driver g is called a Lipschitz driver (or a standard Lipschitz driver) if moreover there
exists a constant K > 0 such that dP ®dt-a.e. , for each (y1,21,01) € R? x L2, (ya, 22,02) €
R? x L2,

lg(w, t,y1,21,41) — g(w, t,y2, 22,02)| < K(Jy1 — y2| + |21 — 22| + |[€1 — C2||1)-

A pair (g,€) such that g is a Lipschitz driver and & € L*(Q, Fr, P) is called a pair of
standard data, or a pair of standard parameters.

Let (&, g) be a pair of standard data. The BSDE associated with Lipschitz driver g, terminal
time 7', and terminal condition &, is formulated as follows:

T T T
Y, =§+/ g(s,YS,Zs,ks)ds—/ stWS—/ /k:s(e)N(ds,de), fort € [0,7]. (2)

t ¢ t JE
We recall that the above BSDE admits a unique solution triplet (Y, Z, k) in the space
S2T 5 H2T x H2T. We denote by EfT(f) the first component of the solution of that BSDE
(i.e. (5gT(€))te[0,T} is the family of g-conditional evaluations of £ in the vocabulary of S.
Peng).
Recall also (cf., e.g., El Karoui et al. El Karoui et al. (1997)) that if the terminal time
is given by a stopping time 7 € 7o 7 and if £ is Fr-measurable, the solution of the BSDE
associated with terminal time 7, terminal condition & and Lipschitz driver ¢ is defined as
the solution of the BSDE with (fixed) terminal time T, terminal condition { and Lipschitz
driver g7 given by

gT(tv Y, z,0) == g(t,y, z, e)]l{tgr} .

The first component of this solution is thus equal to (53;(5 ))iejo,r]- In the sequel it is also
denoted by (£7(€))cjo,r)- We have £7_(€) = € as. on the set {t > 7}.
Recall that T is interpreted as the final time horizon. For each 77 € [0,7] and n €
L2(Fr), we set
P;ZT/(H) = —5§T'(77)7 0<t< Tlv (3)

If T' represents a given maturity and 7 a financial position at time 7", then pf’T, (n) is
interpreted as the risk of n at time ¢. The functional p9 : (n,T") — pgT,(n) thus repre-
sents a dynamic risk measure induced by the BSDE with driver g. In order to ensure the
monotonicity property of pJ, that is, the monotonicity property with respect to the finan-
cial position, which is naturally required for risk measures, we assume from now on that
the driver g satisfies the following assumption (cf. (Quenez and Sulem, 2013, Thm. 4.2,
combined with Prop. 3.2) and the references therein).

Assumption 2.1 Assume that dP ® dt-a.e. for each (y,z,1,02) € R? x (L2)?,

g(t7y7 Z7£1) - g(t7y7 Z7£2) > <0§’Z’51’Z2 ; El - €2>V7



where the mapping
0:10,7) x @ x R? x (L2)? = L2; (w,t,y, 2,01, £) = 072 (w, )

is P @ B(R?) @ B((L2)?)-measurable, and satisfies dP@dt @ dv(e)-a.e. , for each (y, z,41,{2)
€ R% x (L2)?,
o=tta(e) > —1. (1)

Assume, moreover, that 0 is uniformly bounded, in the sense that, dP ® dt-a.e., for each
(y, 2,01, 02), ||9;?’Z’£1’£2H,, < K, where K is a positive constant.

3 Optimal stopping with g-expectations in discrete time

Let (&t)tefo,7) be a given F-adapted square-integrable process modelling an agent’s dynamic
financial position. The agent is allowed to "stop" only at given times 0 = 5 < t; <
... <tn, =T, where n € N. The agent’s risk is assessed through a dynamic risk measure p9
induced by a BSDE with a given Lipschitz driver g; the dynamic risk measure p? corresponds
(up to a minus sign) to the family of g-conditional expectations . The agent’s aim at time
0 is to choose his/her strategy in such a way that the risk of his/her position from "time
0-perspective" be minimal. The minimal risk at time 0 is defined by

V(O) = lng pg,T(gT) = - Sup 5(5]’,7'(£T)‘ (5)
€751 TE%C?T
We have V(0) = —Vj, where
‘/0 = Sup 5(5]’,7'(£T)‘ (6)
TE%‘?T

We are thus facing an optimal stopping problem in discrete time with g-expectation. Our
purpose in this section is to compute or characterize the minimal risk measure V(0) (or
equivalently, Vj) and to study the question of the existence of an optimal stopping time.
In order to simplify the notation, we suppose from now on that the terminal time 7 is in N
and that ¢, = k, for all kK = 1,...,n. In this case, the set ’EZ’T corresponds to the set ’77571
of stopping times whose values are almost surely in the set {k,k + 1,...,7}. We will use
the notation F? for the filtration (Fk)kefo,1,...}-

3.1 Discrete-time g-(super)martingales

We introduce the notion of discrete-time g-(super)martingales, which is to be compared with
the definition of a £9-supermartingale (in continuous time), respectively £9-martingale (in
continuous time).

Definition 3.1 Let (¢x)refo,1,..,7} be a sequence of square-integrable random variables,
adapted to (-Fk)ke{o,l,...,T}- We say that the sequence (¢p) is a g-supermartingale (resp.
g-martingale) in discrete time if ¢ > &7 a1 (Pry1), for all k €{0,1,...,T —1}.

7



Remark 3.1 We note that if (¢1)icpo,1] is a E9-martingale (in continuous time) with respect
to the filtration F, then (ﬁbk)ke{o,l,...,T} 1s a g-martingale in discrete time in the sense of
Definition 3.1.

Remark 3.2 In the case where g = 0 (corresponding to the classical expectation), if
(k) kefo,1,..., 1} 5 a discrete-time martingale with respect to (Fi)re{o,1,..., 1} then (dx)refo,1,... 1}
can be extended into a continuous-time martingale with respect to F (with time parameter t
in [0,T]) by setting ¢y := ¢, for allt € (k,k+1), for all k € {0,...,T—1}. This statement
does not necessarily hold true in the case of a general driver g.

Remark 3.3 Let (¢) be a square-integrable adapted process. We recall that by definition
Sgs(%) = ¢, for all T >t > s> 0.

If ¢1 is Fy-measurable, then Sg;(gbt) = &1(d1) = ¢r.

Theorem 3.1 Let (¢k)ke{0,17...,T} be a g-supermartingale (resp. a g-martingale) in discrete
time. Let T € ’76‘?T. Then, the stopped process (¢kAr)ke{0,1,...,T} is a g" -supermartingale
(resp. a g™ -martingale) in discrete time.

Proof: Let k € {0,1,...,7 — 1}. Since £ (¢@rr1nr) = EL aine (@lhinar); it i
sufficient to prove the following:

<c:/A(f],(/€+1)/\7—((é(k-i-l)/\T) < Dpnr- (7)

We write

Ex (ke (Prnnr) = Lr<imy& par Gmtnar) + Lroe )& ppnr (Grsnr)- (8)

Due to the definition of the solution of a standard BSDE with a stopping time as a terminal
time, we have

Lr<ib €l eriynr Berar) = Lir<iyS+1yar = Lir<iy ér- (9)

For the second term on the right-hand side of equation (8) we have

Lokt 1388 (ks ynr (P 1)ar) < Lk dunr- (10)
Indeed, after noticing that Ig;>, 1y is Fy-measurable, we apply Proposition A.1 to obtain

(k+1)AT

Lok 1€ rynr (Prnar) = Lrsein&ir — (Betyar)

11)
(k+1)/\7']1 - (
= iZ,T T (s b1y Brr1)-



By using the fact that g(k“)MH{TZkH} = ¢**'{;>111y and by applying Proposition A.1
again, we get
(k:+1)/\7']1 - k:+1]1 >k
vr U s iinydra) = Sy T Lrsprny bre) (12)
k+1
= Lok} (k1) = Lrsks 136 i1 (Brtn)-

As ¢ is a g-supermartingale in discrete time, we have H{T2k+1}5ﬁ k+1(¢k+1) < Ispt1y0k =
I{7>k41}Prnr, Which proves the inequality (10). From (9) and (10) we get the desired in-
equality (7). The theorem is thus proved. O

Remark 3.4 We know that a "classical”" (super)martingale in discrete time, stopped at
a stopping time T, is again a (super)martingale. A g-(super)martingale in discrete time,
stopped at a stopping time T € TOdT, is generally not a g-(super)martingale, but a g"-
(super)martingale (in virtue of the p%em'ous Theorem 3.1). This is illustrated by the follow-
ing example. Let g be a driver which does not depend on y, z, and ¢ (i.e. g(w,t,y,l) =
g(w,t)). Recall that in this case the solution Y of the BSDE with driver g and terminal
condition £ is given explicitly by

T
Y = E(/ g(s)ds + &|Fy), for allt € [0,T). (13)
t
Assume that g is positive. Let ¢ be a g-martingale in discrete time and take T = k, where
ke€{0,...,T —1}. By applying (13) with £ := ¢y, we obtain
T

T
5£,T(¢(k+1)Ak) = 5;‘?,T(¢k) = E(/k g(S)ds + (ﬁk‘}—k) = E(/k Q(S)ds‘}—k) + oK > b,

the inequality being due to the positivity of g. Hence, ¢ stopped at k is not a g-martingale
in discrete time.

We now establish an "optional sampling" result for g-supermartingales (resp. for g-
martingales). The result can be obtained as a corollary of the previous theorem.

Corollary 3.1 Let (¢r)refo,1,.., 7} be a g-supermartingale (resp. a g-martingale) in discrete
time. Then, for o, 7 in 7I)dT such that o < 1 a.s., we have

&3 (97) < bo (resp. = ¢o) a.s.

Proof: We prove the result for the case of a g-supermartingale; the case of a g-martingale
can be treated similarly. Let o, 7 in TOdT be such that ¢ < 7 a.s. We notice that it suffices
to prove the following property:

E'I‘Z/\Tj(qu) < ¢ppr, forall k € {0,1,...,T}. (14)

9



Indeed, this property proven, we will have

T
(¢T) - 0/\77— ng ZH{J k}gk/\TT ¢T < ZH{O’:k‘}qbk)/\T = ¢cr/\7— = ¢U,
k=0

k=0

which will conclude the proof. Let us now prove property (14). We proceed by backward
induction. At the final time 7" we have

5%/\7-77(¢7') = 57%7((257) = ¢r = drar-

We suppose that the property (14) holds true for k£ + 1. Then, by using this induction
hypothesis, the time-consistency and the monotonicity of the g-conditional expectation
(the latter property holds under Assumption 2.1), we get

k/\'r r(¢7) k/\—r,(k+1)/\r(g{qk+1)/\r,—r(¢T)) glg/\r (k+1)/\—r(¢(k+1)AT)‘

In order to conclude, it remains to prove

gg/\T,(k+1)/\T(¢(k+1)/\T) < Prnr- (15)

We have

Lo & e (e nyar Bkt yar) = Lrsip€f oy ar (P nr) < Lrs iy Prnrs (16)

where we have used Theorem 3.1 to obtain the inequality.
By Proposition A.1, we have

_ g(k+1)/\TH{T<k}

H{T<k}g]g/\7—,(k+1)/\7—((b(k—l—l)/\ﬂ') - €T7T (¢TH{T<I€}) (17)

According to the convention given in Remark A.2, the "driver" g(k+1)“(s,y,z,€)]l{7<k} is

here equal to g(k“)M(S, Y, 2, K)H{KR}H]T,T](S), which is equal to zero. Hence, we have

9(k+1)ATH{‘r<k}

T (¢TH{T<k}) = 570-,T(¢7—H{—r<k}) = ¢T]I{T<k‘}‘
where the last equality is due to the Fr-measurability of ¢Ir; 4y
From equations (16) and (17) we deduce (15). The proposition is thus proved. O
3.2 Discrete-time g-Snell envelope and optimal stopping times

We now turn to the optimal stopping problem of the beginning of the section. As is usual in
optimal control, we embed the above optimization problem (6) in a larger class of problems
by considering

Vi := ess supTend’ngvT(ﬁT), for k € {0,1,...,T}. (18)

10



The following definition is analogous to the definition of the Snell envelope of a given
process in discrete time, where we have replaced the mathematical expectation of the classi-
cal setting by a g-expectation. We define the process (Uy) kefo,1,...,7} by backward induction
as follows:

UT = §T7

(19)
U = max (§k;€g7k+1(Uk+1)), for k € {0,1,...,T —1}.

From (19) we see by backward induction that (Uy) is a well-defined, (Fj)-adapted sequence
of square integrable random variables. The sequence (Uy) will be called the g-Snell envelope
in discrete time of (&).

We now give a characterization of the g-Snell envelope in discrete time of (&).

Proposition 3.1 The sequence (Uk)kefo,1,...7y defined in equation (19) is the smallest g-
supermartingale in discrete time dominating the sequence (fk)ke{071,,,,7T}.

The proof of the above proposition is similar to the proof in the case of a classical
expectation and is given in the Appendix for reader’s convenience.
Let k € {0,1,...,T} be given. We define the following stopping time:

Vg = inf{l € {k,...,T} U :fl}. (20)
The following propositions hold true.

Proposition 3.2 Let k € {0,1,...,T — 1}. Let vy, be the stopping time defined in (20).
The sequence (Uiny,)ieqk,.... 7} 18 a g”%-martingale in discrete time.

Proof: Let ! € {k,...,T — 1}. We show that Ujs,, = glg(l+1)Auk(U(l+1)/\Vk) We write

& trynm Uasnan) = Lue<n€ iy, Uiy am) + L1141y, Uaaan,) - (21)

As in the proof of Theorem 3.1, we have, by definition of the solution of the BSDE with a
stopping time as a terminal time,

Lo arynn Uaronm) = L Ueran, = Ty Ui (22)

For the second term on the right-hand side of equation (21) we use again the same arguments
as those of the proof of Theorem 3.1 (cf. equations (11) and (12)) to show

L2417 11y (U nn) = L1413 141 (Vi)

From the definition of vy we see that U; > & on the set {vx, > [ + 1}. Combining this
observation with the definition of U gives U; = £/, | (Uy41) on the set {r}, > [+ 1}. Hence,

L1411 4 1ymm Uaanan) = Loy U = Ly, st (23)
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Plugging (22) and (23) in (21) gives the desired result.
O

In the following proposition we show that the stopping time v, defined in (20) is optimal
for the optimization problem (18) at time k and that the value function Vj of the problem
is equal to Uy (the g-Snell envelope in discrete time of (&)).

Theorem 3.2 For k € {0,1,...,T},

Uk = &, (6n) = ess supe; & (&), (24)
where v :=1inf{l € {k,..., T} : Uy = §}.

Proof: In the case where k = T the result is trivially true. Suppose k € {0,1,...,T —1}.
By using Proposition 3.2 and Corollary 3.1 (applied with ¢ = k and 7 = T'), and the fact
that U,, = §,,, we obtain

U = Ubn, = EL 1 (Urnn) = &L, (Un,) = €L, (6,)- (25)

Let v € Ty, 7. By using Proposition 3.1 and Corollary 3.1 (applied with o = k and 7 = v),
as well as the monotonicity of the functional 8871,(-), we get

Uk > 513,,/(Uu) > 5]?,,(51/)' (26)

Combining equations (25) and (26) gives the desired conclusion.
O

Remark 3.5 Families of non-linear operators {&(-) : t € [0,T|} indexed by a single index
(as opposed to doubly-indexed families) are considered in several papers in the literature
on optimal stopping with non-linear functionals (cf., e.g., Kritschmer and Schoenmakers
(2010), and Bayraktar and Yao (2011)). We note that we work here with the doubly-
indexed family of operators {Sgt,(-) : t,t' € [0, T)}. This family of operators reduces to
the family {5ZT(') 1t € (0,7}, indexed by a single index, under the additional assumption
&) =&lr(n), 0 <t <, forallt’ € [0,T], for alln € L3(Fy). By using the consistency
property of g-conditional expectations, it can be shown that this assumption is equivalent to
the assumption (mentioned in the introduction) &/ (n) = n, for all t € [0,T], for all n €

L3(F).

4 A non-zero-sum Dynkin game in discrete time related to
risk minimization

We now consider a game problem which is slightly more general than that of the introduc-

tion. We are given two agents A! and A% whose payoffs/financial positions are defined via

four F-adapted sequences X', X2, Y1 Y?2.
We make the following assumptions:

12



(A1) X' <Y'and X2 <Y? (that is, X} <Y and X7 <Y? Vke{0,...,T})
(A2) X1 =Y} and X2 = Y2

(A3) The processes Y1, Y2, X1 X2 satisfy E(maxke{o,mj \Yk1\2) < 00, E(maxke{owj} \Yk2\2) <
00, E(maxyeo,. 1y | X4?) < oo, E(maxyeqo,.. 1y [ Xj]?) < oo.

The set of strategies of each of the agents at time 0 is %dT' We emphasize that both
agents use discrete stopping times as strategies. If the first agent’s strategy is 71 € ’76‘?T and

the second agent’s strategy is m € 76‘7[T, the payoff of the first (resp. second) agent at time
71 A To is given by:

X‘}1]I{T1§Tz} + Y712H{72<'r1} (resp. XEQI[{7—2<T1} + YT21]I{71§7'2})7

where we have adopted the following convention: when 7 = 7o, it is the first player who is
responsible for stopping the game.

The agents A; and Az evaluate the risk of their respective payoffs in a (possibly) different
manner.

More precisely, we are now given two standard Lipschitz drivers f; and fs.

The dynamic risk measure of the first agent is equal to p/* = —&£/ and the dynamic
risk measure of the second agent is equal to p2 = —£/2.

If the first agent’s strategy is 7 € 76‘?T and the second agent’s strategy is o € ’76‘?T,
the first agent’s (resp. second agent’s) risk at time 0 is thus given by —Ji(71,72) (resp.
—JQ(Tl, Tg)) where

J1(11,72) = gof,lﬁl\'rz (X71'1H{7'1§7'2} + YT12H{72<T1})

(resp. JQ(Tl, Tg) = 5({271/\7_2 (XEZH{7_2<7_1} + Y—r21]1{71§72}))-

The two agents aim at minimizing the risk of their payoffs.

The problem with the game option presented in the introduction can be seen as a
particular case of the game described above, with the first agent A; corresponding to
the buyer of the game option, the second agent Ay corresponding to the seller, and with
X'=-Y?2=Xand Y' = —X2 =Y. Let us emphasize that even in this particular case
where the payoffs of the two agents are equal up to a minus sign, the game is of a non-
zero-sum type due to the non-linearity of the dynamic risk measures. The situation, also
mentioned in the introduction, where the seller and/or the buyer of the option apply their
risk measures to their net gains, also enters in the above general framework. For instance,
if the seller of the option takes into account his/her net gain, while the buyer considers the
payoff of the option only, we set: X! = X, Y =Y, Y2 = —X + 2, and X? = =Y + 2,
where x > 0 is the initial price of the option.

In this section, we investigate the question of the existence of a Nash equilibrium point
for the general game described above.

13



Definition 4.1 (Nash equilibrium point) A pair of stopping times (1{,75) € ’76% X 76% is
called a Nash equilibrium point for the above non-zero-sum Dynkin game if Ji(1§,75) >
Ji(11,75) and Jo(15,75) > Jao(7], 72), for any pair (11,72) of stopping times in 76% X ’76‘?T.

In other words, a pair of strategies is a Nash equilibrium of the game if any unilateral
deviation from that strategy on the part of one of the agents (the other agent’s strategy
remaining fixed) does not reduce his/her risk.

4.1 A preliminary result

We begin by a preliminary proposition in which we show that interchanging the strict and
large inequalities in the expression of the payoff process does not change the corresponding
value functions. This result will be used in the construction of a Nash equilibrium point in
the following sub-section.

Proposition 4.1 Let (X}) and (Y}) be two Fé-adapted sequences of square-integrable ran-
dom variables such that Xy < Yy, for allk € {0,..., T}, Xr = Y7 and E(maxyeqo,.. 1} | X5?) <
0o. Let g be a standard driver and p € 7BdT, For each k € {0,1,...,T}, let

& = Xilgpeyy + Vilguary  and &= Xpllgeey + Ylucny-
For each k € {0,1,...,T}, let

7, g 3 — g
Uy = ess supTemTEk’TM(gT) and Uy = ess SuPreﬁngk,TAu(gf)v

which correspond to the gt-Snell envelope in discrete time of (£;) and (&) respectively.
Then, the following properties hold true:

(i) Uy, =Y, =Uy a.s. on {u<k—1}.
(ii) Uy = Uy, a.s. for all k € {0,...,T}.

Remark 4.1 The result can be seen as an analogue in our framework of a result by Lep-
eltier and Maingueneau (1984)(lemma 5) shown in a continuous-time framework with right-
continuous payoffs and classical expectation.

Proof: Let us prove (7). We proceed by backward induction. A direct computation gives
Ur=¢&r =Y, and UngT:YM on {u<T-1}.

We suppose now that Uk+1 =Y, = Ug41 a.s. on {n < k}.
We show that Uy =Y, = Uy, a.s. on {u <k —1}.
By using the definition of Uy, we have

Urlpuci—1y = max (§lgcro1ys Lpuce-13 0 11 (Ukt)) (27)
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Now, by the definition of &, we get

Eluck—1y = Vilfuc<e—13 (28)
Moreover, by Proposition A.1 and the induction hypothesis, we get

W gtl _ gtl
Lpsk-13 €0 ji1 Un1) = Epoit™ 7 Ui lucn—1y) = Eg it Vulfu<i-1y)
Now, the "driver" gt(w, s,y, 2)lj,w)<k—1} is equal to g(w, s, Y, 2)[s< ) <k—13r,71(5) (ac-
cording to the convention used in Prop. A.1), which is equal to zero. Moreover, Y lu<k—1y

is Fr-measurable. Therefore, 5,? ki’fk 1}(Yuﬂ{u§k—l}) = Y.l <k—1y a.s. By combining this

observation with equations (27) and (28), we get U, =Y, a.s. on {x < k — 1}. By similar
arguments we show that Uy =Y, a.s. on {u < k — 1} (to obtain this claim, it is sufficient
to replace U by U, and £ by £ in equation (27)). Property (i) is thus proven.

Let us prove property (ii). We proceed again by backward induction. At the final time T" we
have Up = & = & = Ur (due to the assumption X7 = Y7). Suppose that Uk+1 Uky1.
Let us prove Uy = Ug. We note that &, = &, on the set {y = k}¢. This observation, the
induction hypothesis, and the definitions of U, and Uy, lead to the equality U, = U}, on the
set {p = k}°. It remains to show that the equality also holds true on the set {4 = k}. By
using the definition of Uy, the definition of &, and Proposition A.1, we get

Ukllf—py = max (fkﬂ{u=k}§ L= k}glg2+1(Uk+1))

- (29)
= max (Ykﬂ{u—k}’ 5k k41 (Uk+1ﬂ{u k}))'
Now, by property (i) which we have just proved, we have

Ply,— Ply,—
Eniti " Unnilumry) = €l Yilumry)-

As the "driver" gFl,_y is equal to 0 and Yily,—y is Fy-measurable,

Bl
En et (Vilmiy) = EQ i Vil gueiy) = Yalguy-

From the previous three expressions, we obtain Ugly,—py = Yilj,—p). Similarly, by using
the definition of Uy, the definition of &, Proposition A.1, and property (7), we get

Unlimpy = max (&lgumpy Im k}glg‘;cﬂ(ﬁkﬂ))
= Imax (Xkﬂ{u k}, 5k k+1 (Uk+1ﬂ{u k}))

= max (Xkl{u K} ‘Sk k+1 (Ykﬂ{u k}))

Moreover, ‘Sk kﬁ{_fk}(YkH{u:k}) = 5}87144_1(_1@1{#:14}) = Yl =1y Hence, Ukl{u:k} = max(Xg; Yi)l—py-
As X <Y} by assumption, we obtain Ukﬂ{u:k} = Ykﬂ{p:k}-
Thus, the equality Uk]l{“:k} = Ukl{,—ry holds, which concludes the proof. O
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4.2 Construction of a Nash equilibrium point

Following ideas of Hamadéne and Zhang (2010), and Hamadéne and Hassani (2014), we
construct a Nash equilibrium point of the game described above by a recursive procedure.
We also rely on the preliminary result of the previous subsection (Prop. 4.1) and on the
results of Section 3.

Theorem 4.1 Our non-zero-sum game with g-expectations in discrete time admits a Nash
equilibrium point.

To prove this theorem, we construct a pair (72,41, Ton+2)nen Of non-increasing sequences
of stopping times and we show that the limit (as n — o0) is a NEP of the game defined in
Section 2.

We set 71 := T and 79 := T. We suppose that the stopping times 79,1 and 79, have been
defined.

We define ff"“(w,t, ) = MWt ) = fi(wt s )<y, ). We note that
f12"+1 is a standard Lipschitz driver, as fi is a standard Lipschitz driver.
We set, for all k € {0,...,T},

g]?:n-i_l = X]i]l{k<7'2n} + Y7'127L]1{7—27L Sk}

1 . _ ot

W = ess Supren‘ngk,lT (£2n+1)
Fons1 = inf{k € {0,..., T} : W2t = ¢ty

Ton+1 1= (T2n+1 A 7_2n—1)H{7-2n+1/\7'2n71<72n} + 7—2"—11{7‘211“/\72717127271}‘

(30)

Due to Theorem 3.2, the stopping time 79,11 is optimal for the above optimization problem
f12n+1

2n+1
(30) at time 0: more precisely, we have W™+t = SUP, 7 Eéi L) =85 (é:ni)

Moreover, thanks to Proposition 4.1 applied with p := 7, and ¢ := f1, we have

W02"+1: sup J1(7, Ton)- (31)
TE%‘%T

We gather some more observations on the objects defined above in the following Remark
4.2 and Proposition 4.2.

Remark 4.2 (i) For alln € N, 19,11 is a stopping time (this observation follows directly
from the definition of Tan41).
(ii) For alln €N, for all T € Tk, €20+1 = 2071

TAT2p *

Moreover, we have the following proposition.

Proposition 4.2 (i) W,f"HH{T%Sk} =Y! Liry,<iy-

T2n
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1) For allm € N, 79,41 = In € 0,..., : = N Ton. In particular,
For all N, fonp1 = inf{k € {0,...,T} : W2 = X} I l
Tont1 < Top, for alln € N.

Proof: Let us prove (7). From the definition of £€2"*! we have

572—”+1]I{72nﬁk} =Y, ]I{TQnSk}? for all 7 € E%T (32)

T2n

Due to the definition of the solution of a standard BSDE with a stopping time as a terminal
time, we have

2n—+1
Lo <t € pry (E27FY) = Iy <y €271, for all 7 € TRy (33)

Thus,

2n+1
2n+1 _ f1 2n+1
L, <ty Wi = Ly, <kyess SupTeﬂngk,mm &)

_ £ oy I+l _ 1
= ess sup,erd, Iim, <y €4, (67777) = Uiy <& = Uy <ty Vo

where we have used equation (33) to obtain the last but one equality, and equation (32) to
obtain the last.
Let us prove (ii). By using the definition of 75,1, and that of £¢2"*! we have

Fonr = inf{k € {0,..., T} : W2 e, v+ W2 <y = Xiligarn) + Yoo Limy <} -
Thanks to this observation and to the previous property (i), we obtain
Fon1 = inf{k € {0,...., T} : W ey = Xiljgary
= inf{k € {0,...,T}: W2"*! = X} A 7o,
O
We define f2""2(w,t,-,--) == f3" M (w,t, ) == falw,t, -, Mi<ranir (@)} Similarly
to the definitions of (30), we set
513"” = XI%H{k<T2n+1} + Y7227L+1H{Tzn+1 <k}
W2rt2 = ess supTengginﬂ (€20+2)
Fonyo == inf{k € {0,..., T} : W2"t? = 2}

T2n+2 = (7_2”4'2 A 7_2”)1{7:2n+2AT2n<T2n+1} + T2nH{7:2n+2/\72n27—2n+1}'

(34)

We note that the objects defined in the previous equation (34) satisfy properties analogous
to those of Remark 4.2 and Proposition 4.2.

Proposition 4.3 For allm > 1, 7o < 7y P-a.s..
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Proof: We suppose, by way of contradiction, that there exists m > 1 such that P(r,, <
Tm+2) > 0, and we set n :=min{m > 1: P(7,, < Tin42) > 0}. We have n > 3.

The definition of n implies 7,41 < 7,—1. This observation, combined with the definition of
Tn+1 and with the inequality of part (iz) of proposition 4.2, gives

Tl = Tnt 11z, <r) + o1z, =n)- (35)

For similar reasons we have

Tn = Tolfz, <71} + Tn—2l{z,=r,_1}- (36)
For the easing of the presentation, we set I' := {7,, < 7,,42}. On the set I', we have:
1. Ty < Tnyo < Tpy1 (the last inequality being again due to property (ii) of Prop. 4.2).
2. Tp+1 = Tn—1. This observation is due to 1, combined with the equality (35).

3. &2 = ¢". This is a direct consequence of 2 and the definitions of £"+2 and £".

4. 1, = 7. We prove that {7, = 7,,—1}NI" = & which, together with the expression (36),
gives the desired statement. Due to (36) we have {7, = 7,—1} = {7, = 1} N {1, =
Tn—2}. Thus, {7, = 7,1} NT = {7, = Tn-1,7Tn = Tn—2 < Tnt2}. Now, we have
Tn < Tp—2 (due to the definition of n). Thus, {7, = -1} NT ={7, =11 < 7, =
Tn—g2 < Tn+2} = &, the last equality being due to 719 < 7—1.

We note that combining properties 1 and 4 gives 7,, < Tp42 on I We will obtain a
contradiction with this property. To this end, let us show that

IpWEH? = Tpglt?, (37)

By definition of 7, we have W7 = &2 . This observation combined with property 3 gives
Wi =& = 57;;2 on I'. Thus, in order to show equality (37) it suffices to show

Ie W22 =Ir W2 (38)

In the following computations ff+2 is equal to ff+2 (resp. 2"+2) if n+21is an odd

(resp. even) number; similarly, f/* is equal to f{* (resp. f&') if n is an odd (resp. even)
number. By using property 4 and Proposition A.1 of the appendix, applied with A := T

n+2
which is F,-measurable, we obtain IpW2*? = IpWr*2 = ess supTeTm’T]Ipé'f;“T (€r+2) =

n+2
ess Supre7. TS;:;,T fr (Ir&"+2). Now, by using the definitions of fl."+2 and f', as well as
property 2, we have:
fin+2(w7 6y, 2, k)HF (O.)) = fi(w7 6y, 2, k)H{tSTn+1(w)}HF(w) = fi(w7 6y, 2, k)H{tSTnfl(w)}HF(w) =

n+2
fMw, t,y, z, k)Ir (w). By using this observation and property 3, we obtain (S'f,i; fr (Ipgr+2) =
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Sfﬁf (Ip&?). By using again Proposition A.1 from the appendix, we get Sfﬁf (Ipgl) =

HFSﬂZT(ff). Combining the previous equalities leads to HFW;;” = esS Super. T]Ipé'ﬂzT(gﬁ) =
tain the last equality. The proof of equality (38), and hence also of equality (37), is thus

completed. From equality (37) and from the definition of 7,412 we deduce 742 < 7, on I,
which is in contradiction with 7,, < 7,42 on I'. The proposition is thus proved. O

Iress sup et TEJZLT(gf) = IrW7 = IpWZ , where we have again used property 4 to ob-

Corollary 4.1 (’L) For alln > 2, Tn+l = 7~'n+1]1{,;n+1<7n} + Tn—ll{f'n+1:7'n}‘
(ii) For alln > 2, Tp41 = Tnt1 A Th.
Proof: The proof of assertion (i) is a direct consequence of the definition of 7,41, combined
with the previous proposition 4.3 and with property (i) of proposition 4.2.
Let us prove (i7). By using the previous assertion (i), we obtain
Tn+1 N\ Tn = (7~—n+1 A TH)H{?n+1<Tn} + (Tn—l A TH)H{%n+1:T7L}
= otz <r) + (Tn-1 A Tt 1) 4 =7}
By using the previous proposition 4.3 and property (ii) of proposition 4.2, we conclude that
Tn+l N\ Tn = 7~'n+1]1{;—n+1<7—n} + 7:”+1H{7~'n+1=7'n} = Tptl. (I
Lemma 4.1 On {7, = 7,—1} we have 7, =T, Vm € {1,...,n}.

Proof: The proof is similar to that of lemma 3.1 in Hamadéne and Zhang (2010) and is
given for reader’s convenience. We proceed by induction. The result is trivially true for
n = 2. Assume that the result holds for n — 1, where n > 3. From the expression of 7,
from the previous Corollary 4.1, part (i), we see that 7, = 7,2 on {7, = 7,—1}, and we
conclude by using the induction hypothesis. O

Proposition 4.4 The following inequalities hold true:
J1(7,7an) < J1(Tans1,Ton), for all 7 € Tg'p.
Jo(Tont1,7) < Jo(Tons1, Tonsa), for all T € Tg'p.

In other words, the strategy 7,41 is optimal for the first agent at time 0 when the second
agent’s strategy is fixed at 79,,. The strategy 79,42 is optimal for the second agent at time
0 when the first agent’s strategy is fixed at mop,41.

Proof: We will prove the first inequality. The second one can be proved by means of
similar arguments. Due to equation (31), we have

Jl(T,TQn) § W02n+1. (39)
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On the other hand,

2n—+1 2n—+1
— 1 1 _ 1 2n+1
Jl (T2n+17 T2n) - 50,T2n+1 NTon (X7'2n+1]1{7'2n+1 STZn} + YTZnI[{TZn <T2n+1}) - 50,T2n+1 /\Tzn( T2n+1 )7

where Lemma 4.1 and Assumption (A2) (that is, the assumption X+ = Y7) have been used
to obtain the last equality. We use Remark 4.2, Corollary 4.1 (part (i7)), and the optimality
of To41 to obtain

12n+1 2n+1 ) 27L+1 2n+1 ) 2 1+1

2n+1y 2n+1
0,72n+1/\7'2n( Ton+1 0 T2n+1/\7'2n (€T2n+1/\7—2n ) - WO .

0 yTon+1 (§T2n+1

Thus, J1(T2n+1, Ton) = I/V2""r1 which, combined with (39), gives the desired result. O

2n+1
Remark 4.3 As a by-product of the above proof we obtain: VV2"+1 5({22%1”2” (gigntll)
We conlude that the stopping time Tan41 is also optimal (at time t = 0) for the optimization

problem (30).

We define 7 and 75 by 7{ := lim,, o Ton+1 and 735 1= limy, o0 T2p.
We note that 7{° and 735 are stopping times in 7I)dT
We now prove that we can pass to the limit in the inequalities of the previous proposition.

Proposition 4.5 (i) ForallT € ’76T, limy, 00 J1 (7, T2n) = Ji(7,75) andlimy, o0 J2(Ton+1,7) =
Jo (1§, 7).

(1) imy, o0 J1(Ton+1,Ton) = J1(75,75) and limy, o0 J2(Ton+t1, Tont2) = Jao(7], 75).

Proof: Let us prove the first assertion of part (i). The other assertions can be proved
by similar arguments; the details are left to the reader. For the easing of the presen-

tation, we set ?"H = thH{tST2n} + YTQH]I{TMQ} (the process £2"F1 corresponds to the
reward process of the first agent when the second agent’s strategy is Ta,). We also set
¢ = X} Lip<ryy + YL +Irz<qy. With this notation, we have .J; (T, 79n) = OTATM (£2n+1h)
and Jy(7,75) = Sng - (#2 ). We note that the sequence (7 A T2,) converges from above to
T A 75. Suppose that we have shown
gntl €7 as. and E(sup(£2")?) < +oo. (40)
n—o0 n

Then, by the continuity property of the solutions of BSDEs with respect to both terminal
time and terminal condition (see proposition A.6 in Quenez and Sulem (2013)), we get
limy, 00 J1(7, T2) = J1(7, 75 ), which is the desired result.

It remains to check (40). Now, the sequence (7 A T9,) converges a.s. and 7 A 7o, is val-
ued in the finite set {0,...,T}. It follows that for almost every w, the sequence of reals
(7(w) A Ton(w)) is stationary, which implies that the sequence (£2"F!(w)) is also stationary
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and converges to 5‘? (w). Finally, we check that E(sup,(£2"71)?) < +oo, which is due to
the inequality [¢2"T1[> < 2|X1|? 4 2|Y,] |2, to the assumption (A3) , and to the square
integrability of X!. The proof is thus complete. O

Conclusion: We deduce from the previous two propositions (Prop. 4.4 and Prop. 4.5)
that Ji(7,75) < Ji(7y,735), for all 7 € 7~chT, and Jao(7],7) < Jo(7y, 75), for all T € 7~0ch; in
other words, (71, 75) is a NEP of our Dynkin game.

Remark 4.4 We note that the proof of Proposition 4.5 relies on the fact that the stopping
times in the framework of our paper are valued in a finite set. Proposition 4.5 (more
specifically, statement (i1)) seems difficult to establish in a continuous time framework.
More precisely, due to the fact that a convergent sequence of reals in [0, T] is not necessarily
stationary, it is not so clear that it is possible to derive statement (ii) of Proposition 4.5
from Proposition 4.4, contrary to the discrete case.

5 Further developments

The results given in the present paper can be generalized to the case of strategies valued in
a finite set of stopping times. More specifically, let us consider the following setting: Let
T be a positive real number. Let K € N. Let 6y, 01, ..., 0 be K + 1 (distinct) F-stopping
times with values in [0,7] such that 0 = 6y < 61 < ... < 0 = T a.s. We consider a
stopper who, in each scenario w € €, can act only at times 6p(w), 61(w), ....0x(w). In
other words, the stopper can choose his/her strategy among the stopping times 7 of the
form 7 = Ziiio 0i1a;, where (A;)icqo,...} 15 a partition of (2 such that A; € Fy,, for all
i € {0,...,K}. We denote by O this set of stopping times. We are also given an F- adapted
square-integrable payoff process (§;)ic[o,7]- In this framework the optimal stopping problem
of Section 3 becomes: Vj := sup,cg Sg,T(fT). A game problem analogous to that of Section
4, where the set of stopping times 7I)dT is replaced by the set ©, can also be formulated.
In the particular case where the stop[;ing times 6y, 01, ..., O are strictly ordered (that is,
0=060y <6 <..<6lg =T as.), the two problems can be addressed by using techniques
similar to those used in the present paper, combined with a change of variables. For the
general case (cf. our ongoing work Grigorova and Quenez (2016)), we need some additional
arguments related to the work of Kobylanski and Quenez (2012),Kobylanski et al. (2011).
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A Appendix

Remark A.1 Let (¢, g) be standard parameters and let Y be the solution of the BSDE with
parameters (C,g). Let T € Tor be a stopping time. Let Y be the solution associated with
driver g1y, 1) and terminal condition (. We have Y, = Y1 1) a.s. Thus, the process Y can
be seen as the restriction of Y on [1,T].

Remark A.2 Let 7 € Tor be a stopping time . By |7,T] we denote the set {(w,t) €
Qx[0,T] : 7(w) <t < T}. Let us recall the following: for A € F, the process Ialj; py is
adapted left-continuous and thus predictable. Thus, if g is a standard Lipschitz driver, then
glaly, 1) is also a standard Lipschitz driver. For notational simplicity, the driver glal), 1)
will be denoted by gla. This makes sense if we consider the BSDE restricted to [T, T], which
will be the case in the sequel.

The following easy proposition is used in the proof of some of the results of the main
part.

Proposition A.1 Let (g,¢) be standard parameters. Let T € Tor be a stopping time and

let A e F,. We have HASE’T(C) = 85}153 ([aC), where we have used the notational convention
of Remark A.2.

Remark A.3 Proposition A.1 is to be compared with the "zero-one law" for g-expectations.
We note that the assumption g(s,0,0,0) = 0, required in the "zero-one law" for g-expectations,
18 not required in the above proposition.

Proof: The proof, which is similar to that of the "zero-one law" for g-expectations (cf., for
instance, (Peng, 2004, page 30)), is given for the convenience of the reader. Let (Y, Z, k) be
the unique solution of the BSDE with standard parameters (g,¢). Thus, (Y, Z, k) satisfies
the equation

T T T
Your = C+/ 9(s,Ys, Zs, ks)ds —/ ZsdW —/ / ks(e)N(ds,de), for all u € [0,T].
uVvT uvT uVT JE
(41)
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We note that Tag(s,Ys, Zs, ks) = 1ag(s,14Ys,14Z5,14ks). By multiplying both sides of the
equation (41) by I4 and by using the previous observation, we obtain: for all u € [0, 77,

T T

]IAg(s,]IAY;,HAZS,HAkS)ds—/ [4ZsdWs

uvT

]IAYUVT = HAC + /

u

VT
T
- / / 1uks(¢)N (ds, de)
uvt JE
T

T
—IaC+ / Lag(s, 14V, LaZs, Lakis )Ty 7y (5)ds — / I4Z,dWV,

uvT uvT
T
—/ /HAkS(e)N(ds,de).
uVT JE

Hence, for a.e. w € Q, for all u such that 7(w) <u < T,

T T

[4Y, = ]IAC+/ Lag(s,1aYs, 14 Zs, Laks) - ) (s)ds —/ [AZsdWs

u u

_LT/EHAkS(e)N(dS,de).

From this and the uniqueness of the solution of the BSDE with standard parameters, we
get that the triple (I4Y,147,14k) is the unique solution on [, T'] of the BSDE with standard
parameters (I4¢, gl Al 7). In terms of g-expectations we can thus write the following:

I Aé'iT(C )= Sf}[:,’i‘ ([a¢), where we have used the notational convention of Remark A.2. O

Proof of Proposition 3.1: From the definition of (Uy), we get Uy > &, for all k €
{0,1,...,T} and Uy > 51?,k+1(5k+1)v for all k € {0,1,...,7 — 1}. Hence, the sequence (Uy)
is a g-supermartingale in discrete time dominating the sequence (). Let (Uk)ke{0717___’T}
be a g-supermartingale in discrete time dominating the sequence (). We show that U, >
Uy, for all k € {0,1,...,T}, by backward induction. At time T we have Up > &p =
Ur. We suppose that Uk+1 > Ugy1. By using the g-supermartingale property of U, the
induction hypothesis and the monotonicity property of the operator 51?,/& +1(-), we get Uy >

€£7k+1(ﬁk+1) > E,g’kH(UkH). On the other hand, U, > & by definition of U. Thus, we

get Uj > max (§k; &l k+1(Uk+1))- We conclude by recalling that the right-hand side of the
previous inequality is equal to Uy.
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