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GENERALIZED KDV EQUATION SUBJECT TO A STOCHASTIC
PERTURBATION

ANNIE MILLET AND SVETLANA ROUDENKO

ABSTRACT. We prove global well-posedness of the subcritical generalized Korteweg-de Vries
equation (the mKdV and the gKdV with quartic power of nonlinearity) subject to an additive
random perturbation. More precisely, we prove that if the driving noise is a cylindrical
Wiener process on L? (R) and the covariance operator is Hilbert-Schmidt in an appropriate
Sobolev space, then the solutions with H'(R) data are globally wellposed in H*(R). This
extends results obtained by A. de Bouard and A. Debussche for the stochastic KAV equation.

Dedication: In the memory of Igor Chueshov.

Keywords: Generalized Korteweg de Vries (gKdV) equation, initial value problem, well-
posedness, stochastic additive noise

Mathematics Subject Classification 2000: Primary 60H15, 35R60, 35Q53; Secondary
35L75, 37TK10

1. INTRODUCTION

In this paper we study a subcritical generalization of the Korteweg-de Vries (gKdV) equa-
tion subject to some additive random perturbation f(¢), that is,

yu(t) + A3u(t) + u()*pu(t) = f(t), (z,t) e Rx R, u(0,.) = ug, (1.1)

with k£ = 2 (the mKdV case), or k = 3 (referred as the gKdV).

The well-known KdV equation (k = 1) describes the propagation of long waves in a channel.
Its generalizations (k > 1) appear in several physical systems; a large class of hyperbolic
models can be reduced to these equations. The well-posedness in the KAV equation has
been extensively studied by many authors in the deterministic setting without any forcing
term (f = 0) and goes back to works of Kato [9], Kenig-Ponce-Vega [11] to name a few;
there is an abundant literature available on that. The question about the minimal regularity
assumptions on initial data needed for well-posedness has been also investigated intensively in
recent years; two important methods should be mentioned: the so-called I-method (e.g., [3])
and the probabilistic approach of randomizing the initial data and showing the invariance of
Gibbs measures (e.g., [2], [15]). In this paper we also take a probabilistic approach, however,
in a completely different setting, where the equation itself has a random term. We do not
aim to obtain the lowest possible regularity for such an equation, but simply show how to
combine the deterministic and probabilistic approaches in this case to study well-posedness
for the initial data with finite energy.

In [11], C. Kenig, G. Ponce and L. Vega showed that for k = 1,2,3, if ug € H*(R), the
subcritical gKdV equation has a global solution in L>([0,00); H'(R)). In the critical case
k = 4 (resp. supercritical case k > 4), there is local existence in H*(R) with s > 0 (resp. in
H#*(R) for s, = (k —4)/(2k)) when ug belongs to this Sobolev space. Global well-posedness
holds if the L?(R) norm of ug (resp. the L?(R)-norm of D*Fug) is small.

Here, we study the subcritical case of the generalized KdV equation,

duy + (D3u(t) +u(t)*o,u(t))dt = d f(t) = AW (1), (1.2)
1



2 A. MILLET AND S. ROUDENKO

where an external random forcing f is driven by a cylindrical Brownian motion W on L?(R)
and multiplied by some smoothing covariance operator ®.The driving Wiener process W
describes a noise in the environment, that is, a sum of little independent shocks properly
renormalized. The smoothing operator describes spatial correlation of the noise, but the
time increments of ®W are independent, that is, the noise is white in time. The stochastic
KdV equation (k = 1) on R has been studied in a series of papers by A. de Bouard and
A. Debussche (see e.g. [4], [6], [5]). In [4] they proved that if ug € H'(R) and if ® is a Hilbert-
Schmidt operator from L?(R) to H'(R), then there is a global solution to the stochastic KAV
equation which belongs a.s. to C([0,T]; H'(R)). Using Bourgain spaces, when ug € L?(R)
and the covariance operator @ is Hilbert-Schmidt both from L?(R) to L*(R) and to H~%/8(R),
they have shown in [6] the existence and uniqueness of the solution in L?(€; C([0,T]; L*(R)))
for any T' > 0. In reference [5] they have proven the global well-posedness of the stochastic
KdV equation in L?(R) (resp. H'(R)) when the noise is homogeneous, that is, of the form
u(s)pdW (s) for a convolution operator ¢ defined in terms of an L?(R)N LY (R) (resp. H'(R)N
L'(R)) kernel.

We do not give a full reference for the stochastic KdV and related equations in the periodic
setting. However, to guide the reader in the proper direction, we mention a few results. T. Oh
[12] studied a stochastic KAV equation on the torus 7 = [0,27). For specific assumptions
on the covariance operator ®, he proved that there is local well-posedness in some Bourgain
space if the initial condition belongs to that functional space. Other KdV-type models can
also be considered with variations of the additive noise, such as adding a derivative to the
noise (e.g., see the work of G. Richards [13]).

The main goal of this paper is to obtain the global well-posedness of solutions of the
mKdV (or gKdV, k = 3) in H'(R); global solutions with finite energy are important for
physical applications, i.e., in study of solitary waves. To study well-posedness we need to set
up a specific functional framework that provides the necessary flexibility to use smoothing
properties of the Airy group while considering the stochastic term. We note that we consider
a driving cylindrical Wiener process, which is quite usual in nonlinear dispersive hyperbolic
models, such as the stochastic nonlinear Schrédinger (NLS) equation, this, in its turn, requires
the use of non-Hilbert Sobolev spaces. We now state the main result and refer the reader to
the next section for all notations.

Theorem 1.1. Let ug be Gyo-measurable and belong to H; a.s.

(i) Let k = 2 and ® € Lg’He for some € > 0. Then given any positive time T, there
exists a unique solution to (2.1) which belongs a.s. to X N C([0,T), HL). Furthermore, if
ug € L2(HL) N LE(L2), then u € LE(L®(HL)).

(ii) Let k = 3 and ® € Lg’l. Then given any positive time T, there exists a unique solution
to (2.1) which belongs a.s. to X{ N C([0,T], H}). PFurthermore, if ug € L2 (HLY) N LLA(L2),
then u € L2 (L (HY)).

The paper is organized as follows. In section 2, we prove some technical lemmas on
functional properties of the stochastic integral fg S(t — s)®dW(s). Using the functional
framework introduced in [11] and a contraction principle in an appropriate function space,
we prove local well-posedness of the solution in section 3. When k = 2 (resp. k = 3),
uy € HY4R) (resp. up € HY/2(R)) and @ is Hilbert-Schmidt from L?*(R) to H'*¢(R)
for some € > 0 (resp. ® is Hilbert-Schmidt from L?*(R) to H°/12(R)), we prove that there
exists a unique solution until some stopping time T}. The hypothesis on ® with some “larger
derivative” in the case k = 2 is due to the functional space L3 (L®). A similar space L2 (L)
appears for the fixed point argument of the KdV equation; technical problems arise going
from L2 to L. In section 4, we prove that if the initial condition belongs to H'(R) and ® is
Hilbert-Schmidt from L?(R) to HT¢(R) when k = 2 ( and to H(R) when k = 3), the solution
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can be extended to any given time interval [0, T]. Then it belongs to L?(Q; L>=(0,T; H'(R))),
and takes a.s. its values in the set of continuous trajectories from [0, T] to H*(R). The proof
uses the time invariance of the mass and of a Hamiltonian for the solution to the deterministic
gKdV equation. In order to use these invariant quantities, we need a more regular solution.
This is achieved approximating the solution u by a sequence {uy}, of solutions defined in
terms of smoother initial conditions ug, and of more regularizing operators ®,,.

The first named author collaborated with Igor Chueshov on general 2D hydrodynamical
models related with the Navier-Stokes equations. In this paper, we try to further develop the
intertwining between deterministic and stochastic approaches in PDEs. Such interplay was
one of the fundamental contributions of Igor Chueshov’s scientific work.

2. LOCAL EXISTENCE OF THE SOLUTION

In this section we study the stochastic generalized KdV equation with additive noise defined
forr e Randt >0

Opu(t) + (2u(t) + u()*ou(t))dt = @AW (1), k= 2,3, (2.1)

with the initial condition u(x,0) = ug(x). The case k = 1, which is that of the stochastic
KdV equation, has been studied in [4] and [6]. Here, W is a cylindrical Wiener process
on L?(R) adapted to a filtration (G;,t > 0), that is, W (t)p = > jen(es, ¢) B;(t) for any
¢ € L*(R), where the processes 3;(t), 7 > 0 are independent one-dimensional Brownian
motions adapted to (G;) and {e;};>0 is an orthonormal basis of L?(R), often referred to as
a CONS (complete orthonormal system). Note that the process W (t) is not L?(R)-valued,
but W (t)e is a centered Gaussian random variable with variance [[¢[|7, = > i>0(€js ©)?. We
suppose that ® is a linear map which is Hilbert-Schmidt from L? into H?(R) for some non
negative o, that is
1] 00 = I®llrg(r2m) o)) < o0 (2.2)
We suppose that ug is Go-measurable and H'-valued.
As in [4] using Duhamel’s formula we write this equation using its mild formulation, that
is,
u(t) uo—/St—s ) Ou(s) ds+/St—s)<I>dW() (2.3)
where o
S(tyu = F¢ (™ a(9)),

and F(u) = @ denotes the Fourier transform of u. Note that

/St—s(I)dW Z/St—s<1>e]d6]()

j>0

is a centered H?(R) - valued Gaussian variable. Since S(t — s) is an H?(R) isometry for all
o > 0, the variance of this stochastic integral is fg >2i>0 ||(I)6j||%{gd8 = tH(I)Hig""
the approach in [11] (and [4] for the case k = 1) we introduce the following functional spaces
of functions u : R x [0, 7T7:

A = {ueC(0.7:HVR) N LA(LY) : Dou e L2(LY?),

Following

DY e L3(L}®), DY*9,u e LT (L})}, (2.4)
for the mKdV equation (k = 2), and
xl = {uec(o,T); HV2(R)) n L2/ (L3 0 L83 (L) n L3 (L)

DYy € LB (L) g e L2(12), DY R0, € L2(12)), (2:5)
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for the gKdV equation (k = 3). Here, LY (resp. L) denotes LI(R) (resp. LP(0,T)).
In order to prove that the process v, defined by the stochastic integral

v(t) = /OtS(t —$)®dW (s), te€]0,T], (2.6)

belongs a.s. to the spaces Xg for k = 2,3 under proper assumptions on the operator ®, we
first prove some technical lemmas. In each result we state the minimal regularity assumption
on the operator ® and the corresponding power of T" obtained in the upper estimate, in order
to deal with the Xg—norm of v.

The following lemma is a generalization of Proposition 3.1 in [4].

Lemma 2.1. Let 0 > 0 and q € [1,00). Then for every T > 0 we have
B( zup 101 ) < €T 1213
teo,T ’ 2
Proof. The proof is quite classical; it is sketched for the sake of completeness. The upper
estimate is proved for ¢ € [2,00) and deduced for g € [1,00) by Hélder’s inequality. Let
Jou=F~1 <(1 + |§|2)%ﬂ(£)), where F(u) = @ denotes the Fourier transform of w. First note
that since S(t) is a group and an HJ-isometry, we have ||v(t)|ge = ||0(t)||zg, where v(t) =
fo —s)®dW (s). For fixed ¢t € [0,T] the random variable v(t) is an HZ - valued, Gaussian
. t .

with mean zero and variance [; 35 HJUS(—S)CbejH%% ds = tHfbHig,(,, where {e;};>0 is the

CONS of L?(R) in the definition of W. It6’s formula implies

||z7(t)\|§{g:2/o (Jy0(s), Jy S(—s) @V (s) /ZHJS 5)Des |12, ds

7>0

for every t € [0,T]. Using once more the It6 formula, we deduce that for ¢ € [2,00), we have

_ 2 3
[5(8)I3, = S22, Ti(t), where

Ty(t) = 2 / (Jo0(s), T S(—s)AW (s) [[o(s)]20,

2 1
—q/ 9120 022

T (1) —2qq—1/2 (o S(=5)@e; , Jou(s))? [o(s)]250

jEN
The Cauchy-Schwarz inequality implies
T
B( sup (To(0) + (1)) < Cyll@ly B [ o) Vds) < 77 |02,
t€[0,T] 0 2

The Davies inequality for martingales, Young’s inequality and Fubini’s theorem imply
1

E( sup Tl(t)) < 6qE<{ /OTHU(S)H‘}{(?” Z(Jgﬁ(s),JOS(—3)<I>ej)2dS}§)
j=0

te[0,7)

2g—1 1 2
<60 VT [@llgo B( sup Iv)3E") < 52( sup I ) + CaT 1914,

s€[0,T] s€[0,T]

This concludes the proof. O

The following result will be used to upper estimate one of the norms in the definition of
[oll xg-
2
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Lemma 2.2. Let p,q satisfy 2 <p < q < oo and o > 0. Then for some positive constant C
we have:

1
DS 0| oo (g zpy) < C T 12l 0.0 (2.7)

Proof. Since ¢ > p, Holder’s inequality with respect to dt, Fubini’s theorem and moments of
the stochastic integral yield for the CONS {e;};>0 of L*(R) in the definition of W

T t
supE‘/ ‘Dg“/ S(t — s)PdW (s)
zeR 0 0

a_y T t
<T» supE< / |DgH! / S(t—s)(I)dW(s){th>
0 0

rzeR
17 T ! o+1 2 %
<C,Tr» " sup ‘ Z |DITS(t — s)@ej{ ds|”dt
z€R JO §>0 0
<C, 77! Y " pott 25|
<C,T» sup Z |D? S(t—s)@ej| ds|”dt
0 =z€R >0 0
T t q
<y Tr ! / ‘Z sup/ |DIHS(t — S)<I>ej‘2ds * dt
0 >0 z€R JO

The local smoothing property (see Lemma 2.1 in [10]) implies that for every j € N and
t e [0,T]

t
sup/ |Dg+15(s)<1>ej{2ds <C |Dg<I>ej|%2(R) < C’|<I>ej|%{g.

zeR JO
Therefore,
o [
1D 0% oy < CTH T (X foe i) < o @),
Jj=0
This completes the proof of (2.7). O

Lemma 2.3. Let p,q be such that 2 < p < q < oco; for v > L= leta—fy 5 > 1. There
exists a positive constant C such that

1

E(IID3vll7q1r)) < crrt 117 0.5-1- (2.8)
Proof. Lemma 2.2 applied with 0 = ¢ — 1 yields

~ 1
D70l e (rg iy < CT7 (|®] g1
The proof of (2.8) relies on the above inequality and on the upper estimate
1,1
[vll 2 (zg )y < CTP2 ||| o0 (2.9)

Indeed suppose that (2.9) has been proved. Since y € [O ], an interpolation argument (see [4]
Proposition A1) proves that for p(vy) defined by (1 y = 3(1—2) we have D7v € Al (LL(LY)).
)-

Note that 2 = 1— %; hence, p(y) = g and the Fubini theorem implies that D7v € L, (LL(LY)
Furthermore,

1-2
1DV oy < Cllvll

Y 1,1
HL%(Lg(LP HDU <CTr"a H‘bHLg,&—l.

UHLoo(Lq (LP))
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Thus, in order to complete the proof of the lemma, we have to check that (2.9) holds. Since
q > p, Holder’s inequality applied with respect to dt and moments of the stochastic integral
imply that for the CONS {e;};>0 of L?(R) in the definition of W (t), we have:

q

W22 uapy) :/R‘E<{ /OT‘/Ot (e~ s)eaw(s)|"dt }7)
<763 /R(E /OT|/OtS(t—s)<I>dW(s)|th
<C,Tr /R[/OT(Z/Ot|5(t_s)q>ej|2ds)gdtﬁdx

j=0
<C,Tr s /R(‘Z;/Ot|5(s)q>ej\2ds(

where in the last step we change variable s to ¢t — s. The Minskowski inequality implies that

t
ol maopy < CaTv s /RZH/O S(s)e; ds

Jj=0
2 2 T 2. |34
<C,Tr /R;{/O ‘/O [S(s) e, [*ds| " at } " do
2 T 2 24
schpZ/ (/1S<8)<I>ej\ de)ds < CT7 37 [ o7,
0 R :

>0 >0

2
q
dx

2
q
dx

qdm',
2

L

q dx
L?

This completes the proof of (2.9). O

The following lemma extends Proposition 3.3 in [4] to the case o < %. The notation a \V b
means max(a, b) while a A b means min(a,b).

Lemma 2.4. Let 0 > 0 and € € (0,2) N (0,0]. Then there exists a positive constant C' such
that

B(ID7 Ol uz)) < OT* @) (2.10)

0.(5—§)Vo"
2
Furthermore,
B(10:017 2 1)) < CT* 1, 5. (2.11)
2

Proof. We first prove (2.10) and let ¢ = %. Holder’s inequality with respect to the expectation
shows that (2.10) is a consequence of the following estimate

T a2
[B({suw [ 10z 00Pat}" )] = 107 DBy iy < CTH IO g gy (212)
zeR Jo w b g L, 274

Lemma 2.2 applied with p = 2 implies
- 1
D30l e 12,22)) < C T2 1l .-
We next prove that

Indeed, the two previous estimates imply by interpolation (see [4] Proposition A1) that since
q= %, we have % = %(1 — (1 — %)), which yields

o+1-—% 4 1-¢
HDI 22}HL?C(LZ,(Lf)) < C||ng||z§(LZ(Lf)) HDalc—i_OvHLgoQ(Lg(L%))-
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Thus, using the Fubini theorem, we deduce that

o+1—

107 ol g auey < CTHE @] o (2.14)

To prove (2.13) using Holder’s inequality with respect to dt, Fubini’s theorem and moments
of the stochastic integral, we deduce that for any CONS {ex}r>o of L*(R) we have

ID2luniny = [ (B[ |22 [ s@-opawiofa}?)] a
gT(g_l)iA{E(/OT‘Dg/OtS(t—s)édW(s) th)]id:c
< [ (| /tsg_s)@dW(S)r)dt]?dx
gchl/ / (Z/ DIS(t — 5)De, 2ds
<c T /‘Z/ DzS(be,as| ] da

<C TZ/ /]D(’S )Pej| dx)ds < G2 | @ey 3

j>0 7>0

dt} da

this completes the proof of (2.13), and thus, of (2.14).
We next compute an upper estimate of [|v|[za (za(z2)). Using Fubini’s theorem, Holder’s
inequality with respect to dt and moments of the stochastic integral, we obtain

[ETra— /[R 5({ /O i /O S(t - syeaw(s)| ar} ) do
< i /RE</OT‘/OtS(t—s)fde(s)‘th) dz
<C,T% /R[/OT(Z/Ot]S(t—s)fbej]zds)%dt}dx
gch%/ Z/ (5)Pe;| ds)%

j>0

The Sobolev embedding theorem implies that for & = & — %, we have H C L. Therefore,

Minkowski’s inequality yields

[\

2

HUH%ZIJ(LZ(Lf)) < CqT / Z/ (I)6J| ds) }q
<C,T Z/

; 0

<C TZ/ |5(5)®es|74 ds

7>0

<C,T? Z sup ||S(s <I>ejHH(r =CT? H<I>H2
]>OSE[OT}

(2.15)

»ka
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The inequalities (2.15) and (2.14) imply that

Since ¢§ = 2, the Sobolev embedding theorem yields Wé’q(L%) C L(L?); thus, Do~y €
L&L(LP(L?)) and

< € .
(L%)) — CT ||(PHL(2),(%71)\/0'

Ul o=t

1Dzl g 1gen2y) < C T[] OG- (2.16)

2 4

Finally,
DI Opv = / DI €0, S(t — 5)BdW (s / DTSt — s)YHDAW (s),

where H denotes the Hilbert transform. Thus, we obtain
1Dz~ Ea:z:UHLq oo (L?)) < CT[H®| o(2 Vo < CTH‘I)||L2,(%—§)W-

This completes the proof of (2.12), and therefore, of (2.10).

To prove (2.11), let ¢ = e = 2. Then § — § = o and (2.16) completes the proof. O

Lemma 2.5. Let p,q be such that 2 < q < p < oo and v > 0. There exists a positive constant
C such that

E|| Do s < CTrt? e (2.17)
2
Proof. Fubini’s theorem and Hoélder’s inequality with respect to dt prove that
EIDz0l g gy = 1P2v g g oy < IP7lesanery = 1P 0zs oy sy
Hence, (2.17) can be deduced from the following estimate:
120l rpuzy < CTPHE NI,y - (2.18)

2
Moments of the stochastic integral, a change of variables and Hélder’s inequality with respect
to ds imply that for the CONS {e;};>o of L%(R) in the definition of W, we have

10700 p 1 /(/ (|pz [ ste-speawis))
¢, /R /O (z_% /O D1S(t - s)be,Pas| at) da
<o ( /OT(Z /OT,D;S<S>@ej,2dS i) o
SCP/RT%</ 3 1D (s)es 2ds)* da

7>0
T q
<o, TE - / </ S 1D ()2, ds) e
r\Jo 155

Using the Fubini theorem and then the Minkowski inequality, we deduce

[ 1mmstrma w)ae= [T | pistomeity o
/ (1028 (E)es ) Q)gdSZ/O (3 IDs(o)esl3y) s

7>0 7>0

q
p
dx




STOCHASTIC GKDV EQUATION 9

)

<C D) S(s)®Pe;||5y0 ds-CTCDq
]H

_7>0

41
+3

Q=

where in the last line we use the Sobolev embedding HY C L% for o = % — %. This completes
the proof. O

Finally, in the case of the stochastic mKdV equation, we have to prove a result similar
to Proposition 3.2 in [4]. However, we have to estimate the L2(L$°) norm instead of the

L2(L$°); this requires a stronger condition on the operator ® which has to be in Lg’H6 for
some positive e.

Lemma 2.6. Let ¢ € Lg’HE for some positive €. Then v € L (L(L°)) and there exists a
positive constant C' such that

E</ sup ‘/ S(t — s)®dW (s )‘ dz) < C(T+T*) @] 1. (2.19)
R tEOT 2

Proof. The proof is based on results from the proof of Proposition 3.2 in [4]. We send to this
reference for some intermediate results. Let {e;};>0 be the CONS of L*(R) in the definition
of W. Let {4 }r>0 denote a partition of unity such that

supp v € [~1,+1], supp v C 22,2, (€)= v (o ) for €20,k > 1.

Let 9y, € C§°(R) satisfy U > 0, 1, = 1 on the support of 1y, and supp ¢, C [2F73, 2k+1],
For k € N let Si(t) and @}, be defined by

Sk(t)u(€) = vr(€]) S(u(€) = e vy (€]) ale),
Brej (€) = Dr(€]) Bej(€), jeN.

Then Si(t)® = Sk(t)Px, k € N and S()® = > ;5 Sk(t)®x. We prove that for every k € N
and € € (0,1),

t
E(/Rts%pT (/0 sk(t—s)<1>kdvv(s)(4dm) SC(T+T4)2€k<ZH‘Dk€jHi{i+§)2- (2.20)
E[ ) ] jEN

Suppose that (2.20) holds. Then using the Minkowski and Cauchy-Schwarz inequalities, we
deduce that
1
daz) } ‘

{E</Rt§%pT ‘/ S(t — 5)BdW ()
— {E(/Rtes[%pT kEN/ Sk(t — 8)PrdW (s)

<y {E(/R sup / Si(t — 5)®dW (s)

L))
K

keN tEOT
<C@+191 3 2% (2 I1uesl? 105 )
keN jEN

1
C(T+TYi (Zz )(Zzﬁk{ZH%eszH% })2
keN jEN v

<O (T + Tl g
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the last inequality is obtained from the upper estimate >, 2°%(|®x¢||? w5 =C H(I>k<pH§{1+€
H, @
for every ¢ € L2.
We next prove (2.20). Let o > 0 to be chosen later, and p > 4 such that ap > 1. The

Sobolev embedding implies that W;*” C L$°; hence, using Fubini’s theorem we deduce that

E(/Rtes%pT /skt—s)cbde()

dx) <O + I), (2.21)

where

:/ / /T | [LSi(t — 5)DdW (s) — [1 Si(t — 5)DpdW (s)[” dtdt,}§>dx
m ;

t/|1+ap

IQ:/RE /O /()Sk(t—s)fbde(s)‘ dt}5>dx.

To upper estimate I, we use Holder’s inequality with respect to the expected value, Fubini’s
theorem, moments of Gaussian variables and Minkowsk’s inequality with respect to dt and

dx; this yields
I < /R{E(/T /t Sk(t—s)éde(s)‘pdt>}%dm

<G, /{/ ‘Z/ |Sk(t — 5)®ye;| ds dt} da
gcp/R{EZN[/O (/0 |Sk(5)®ye;| *ds Edt]g} dz

<CTP/ Z(/ Sk (s <I>k6J|d8} da

4 2
<G {3 sup [I1Se()@ees Pz
jeNSE[OvT]
4 2
ngTHP{Z sup HSk(S)‘I)kejH%g}
jeNSE[OvT]
2
<3 sup [Sks) el )
jens€l0.T ’

where the last inequality can be deduced from the inclusion HZ C L2 for o > % to be chosen
later. This is the place where the significant difference with the stochastic KAV case in [4]
arises. Indeed, to deal with the higher non-linearity, the functional space here is L%(L°)
instead of L2(Lg°).

Using Theorem 2.7 in [10], we consider first homogeneous part of the HZ-norm (denoted

by HS). For 7 > 3,if o =7 — 1, we obtain
2 2 o 2 2 4
{3 swp ISe()0uesl, b < C{ Y ID50kes s | < ClOlfoasr  (2:22)
jeN s€[0,T] x jeN 2

The L2 part of the HZ-norm obviously satisfies the same final upper bound.
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To upper estimate I, we use Holder’s inequality with respect to the expected value and
Fubini’s theorem:

/ / /TE | J5 Sk(t — s)DpdW (s) fo Skt — 8)PrpdW (s)[") dtdt,}gdx

‘t _ t/‘l—i—ap

Since the stochastic integral is Gaussian, for t < ¢’ we have

/ Si(t — 8)PydW (s) / St — 8)®ydW (s )( )
=C ‘Z/ |Sk t—s)Pre; — St —s)@ke]|2d5 +C, ‘/ Z‘Skt — 5)Dpe;| ds

JEN
In the double time integral first consider the case |t — #/|27% < 1 for v > 0 to be chosen later
on. Using parts of the proof of Proposition 3.1 pages 228-229 in [4] based on computations
from [10], we deduce that for k,j € N we have for 0 <t <t/ <T:

t
/ |Sk(t — s)Prej — Si(t' — s)Ppe;|ds < C(|t — /2% + |t — t'|225k)2(HkT * |<I>kej|)2,
0

t/
/ 1St — $)Bye; 2ds < Clt! — t|(HT * |Bre;])?,
t

where for k£ > 1 (resp. k= 0) we let

k 1

HI (x) = 281 for 2] < CL(T +1), HE (z) = for C1(T +1) < |z| < Co(T + 1)22¢=1),

|:c|%

1
Hl (z) = 522 for |z| > Co(T 4 1)22(—1),

HY (z) =1for |z| < C{(T + 1), HE(x)= for |z| > Oy (T + 1).

1+ a2
Hence, we deduce that for k € Nand 0 <t <t < T, we get

2
Te(t, ) = / St — 8)BydW (s) / St — 8)®ydW (s )( )
<Ot =t + [t — #2255 + [t = ¢/[121%) N7 (HT * | De ).
jEN

Fix € € (0,1); choose v > § and a < & such that ay < §. Note that for € € (0,1) we have
a < %; thus, p > 36. Then for |t — /|27% < 1, we obtain
JEN
< Ot — /" 2038 37 (H] x| @)
JEN
A direct computation shows that for k,j € N and 0 < ¢t < ¢ < T such that [t —¢/|27% > 1,
we get

t’
t t < 22 |:/ |Sk(t — 8)®k€j’2d8 +/ ‘Sk(t/ — s)@kedeS
0

JEN

< 4|t — t|4a22k2/ | Sy (5)Pre | *ds.

jeN
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The above upper estimates and Minkowski’s inequality with respect to dx imply

I < 02k 276k o L g} HE + |@ye;)?) d
1 <0272 R{ o 1{\t7t/|2”/’“§1}m t t} (Z( i * | Prejl) > xr
"‘ngk/ / / Ljevjores1y i —m=ap ’t_t/‘l ap dtdt Z/ ‘Sk J@xe] ds) de

< ook [2_6"“T<Z||H,F;F*|<I>kej|“i%)2+T2(Z s Sk (s) @keJHH)Q].

JjeN jeENS 0,77
Young’s inequality yields
T T
1E* 1@keslll g < CUHE 4 I @reslles-

Furthermore, using the explicit definition of Hg, we deduce
|2E H <C(1+T)23"

which implies

2
(Z || |q>kej||yL4) < C(14+T°) 2% 0.
jEN
The upper estimate (2.22) implies that for 7 > % and o =7 — % > i, we have

I < Cock [(T + T4 275|200 + T2Hq>k|yig,a+f} <C@+TH 2% |0 fpir  (2:23)

Since p > 36, choosing o and 7 such that o +7 < 14§, the inequalities (2.21)-(2.23) conclude

the proof of (2.20) and of the lemma. O
In order to prove the existence of a local solution to (2. 3), we first estimate moments of
functional norms H’UHXT of the stochastic integral v( fo (t — s)®dW(s), k = 2,3. Let

u € XT'; following the notations in [10], we set
fullag = mas uFu) (resp. fullg = mox 7 (), (229

where for some positive number p, we define

1 1
T _ 1 T _ T _ 1
pl ) = swp [DSu@lrz, wd ) = Dl g i) = I uligia)

1
M4T(U):HD£13xUHL°o(L2 Hs (U) HUHL4 L)
vi(u) = sup [lu@®)] 1, v3(y)=1+T)" ”IIUH . vs (u) = ||ul] B 15y’
t

tE[O,T] x12 L; (Lt4 )’ L:cla L15)
T -1 T T i
vi(w) =T ollull g s v (u) = v (De*u),

vg (u) = |00l o (), v7 (w) = v (DFu).

The following proposition gathers the information from the previous lemmas.

Proposition 2.7. Fort € [0,T] let v(t fo (t—s)PdW (s).
(i) Suppose that ® € Lg Ite for some € > 0. Then for some positive constant C, we have

B(loldy) < € VT +T2) @2 (2.25)
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5

(ii) Suppose that ® € L 12 Then for some positive constant C', we obtain
E([[vll%r) < C(T+T2)H‘1>|lig,l%- (2.26)

Proof. (i) Consider k =2 (mKdV).
Lemma 2.1 applied with ¢ = 1 and ¢ = } implies that E(|pf ( v){z) <CT H<I>||2

Using Lemma 2.3 with p = 5 < 20 = ¢ and v = 1, we obtain E(|u] (v ‘ ) < CT9 H<I>H2
Lemma 2.5 applied with v = 1, 2 < ¢ =5 < p = 10 yields E(mg( )‘ )<CT? H<1>||50 u-
2

Lemma 2.4 applied with 0 = 5 and € = 1 yields E(|pf (v | )| <CcT?|o)?, ..
L2’20

Finally, Lemma 2.6 implies E({Mg(?})‘ ) <C(T+TY H@Hio’lﬁ for any € > 0.
2

These estimates and Hélder’s inequality conclude the proof of (i).
(ii) Consider k = 3 (gKdV).
Lemma 2.1 applied with ¢ =1 and o = % implies that E |V1 ‘ ) <CT H<I>H2O N
.12

2
Apply Lemma 2.5 to upper estimate moments of v; F(v) for k = 2,---,5. Take v = 0, and

either 2< g =2 <p=2 for v]'(v) or 2< ¢ = < p =15 for vl (v). Thisyields

42
w+3) ot , <oTh H<I>H

E(\ug(v){%) <COA+T) BT
L ' 2

i 9
»21

,_.
wowl‘b

8
E(jvf @)|%) < T || 104

2

Take 2 < g = 10 <p—7,andelther’y—0f0ry4( v) or v = & for v¥ (v). Thlsylelds

= 41 =
B(piw)|?) <cTh ||‘I>HL30%, B/ w)|¥) < 0T |2, ol
2
Furthermore, the inequality (2.11) from Lemma 2.4 gives exactly E(|v{ (v)| ) <CT?|®?, ..
Ly®

Finally, the inequality (2.10) from Lemma 2.4 applied with o = % and ¢ = % yields

E(‘V?(U){Q) <CT? H‘I>||io% These upper estimates and Hoélder’s inequality complete the
2

proof. O

3. LOCAL WELL-POSEDNESS

In this section, we prove the existence of a unique local solution u € X,;‘F ©) to (2.1) for
some random terminal time 7'(w) which is positive for almost every w.

1

Proposiltion 3.1. Let k= 2,5u0 € H} a.s. and ® € Lg’H6 for some positive € (resp. k =3,
= 0, . . .

ug € HY? a.s. and ® € L, ™). Almost surely there exists a positive random time T*(w),

k = 2,3 such that there exists a unique solution to (2.1) in Xg’“(w).

Proof. Set o(2) = % and o(3) = % Suppose that a.s. ug € Hg(k) for k = 2,3. Using the
inequalities (3.6)-(3.7), (3.9), (3.11) and (3.35) (resp. (3.6)-(3.7), (3.48), (3.52)-(3.53)) in
[11], we obtain that for almost every w, S(t)up(w) € X for up(w) € 7™ Furthermore,
S() (uo(w)) € C([0,T]; HI™) and

15 (uo (@)l vz < erlluo(@)ll yow
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for some constant ¢y, which does not depend on T or w (see [11] pages 584 and 586).
Proposition 2.7 implies that, if the operator ® is regular enough (that is, ® € L0 e for

some positive € when k =2 or ® € L, 013 when k£ = 3), then the random process v, defined
fo (t — s) @ dW (s), belongs a.s. to X. Furthermore, the map v(.) belongs a.s. to

C([O,T], Ho* )) for any 7> 0. For k = 2,3 and R > 0 set
VT = {ue C(0,7, H{®) n &l : Jullyr < R}.
Let Fj denote the map defined by

(Fru) (t) = S(t) uo + vt /St—s (uF0pu) (s)ds.

1
Let k = 2; using inequalities proved in [11] page 584-585, we deduce that for uy € H; a.s.
and ¢ € Lg’HE for some positive € given u,u1,us € XJ, we have

[Faullxp < C2HD4UOHL2 +olly +Co T2 ez
|1 Faur — Foupy < Co T2 (e + lluallZr) llur = 2l -
For almost every w choose
Ra(w) = 2(ealluo(@)| g + 0@y ). (3.1)
and let Th(w) > 0 satisfy

20, Th(w)? Ro(w)2 <1 and 4CyTh(w)? Ro(w)? < 1. (3.2)
[

In a similar way, when k = 3, the inequalities proved in
5

1
L 0,3 .
up € H7? a.s. and ® € L, "?, given w,up,us € XgT, we have for some p > 0

11] page 590 imply that for

L = Ll
IFsullayr < esllDduollzz + [[vll g + Cs T8 (14 T)° [lul3y,
= L
1Fsur = Fsuallyp < C3 T (14T [luall3r + llualfer] lur — vzl -
For almost every w choose
Rs(w) = 2(cslluo@)ll g, + Ivllag ). (3.3)
and let T5(w) > 0 be such that

205 Ty(w)™ (14 T5(w))” Ry(w)® <1 and 4C5Ty(w)™ (1 + Ta(w))’ Re(w)? < 1. (3.4)
Ry (w), T (w)
(@), T ()

These choices imply that for & = 2,3, Fy, maps y
kaul —]:kUQHXT < 5 ||u1 —'LLQHXT for ui,us € y

into itself. Furthermore, since
, the map F}, is a strict contraction
on that set. Hence, F;, has a unique fixed point in y,fk (@), Tk (w)
o (2.1) in XkT’“(w), k = 2,3, thus, concluding the proof. O

, which is the unique solution

4. GLOBAL WELL-POSEDNESS

We now prove global existence when the initial condition ug is in H) a.s. The argument
relies on a regularization of ug and ® and on the following conservation laws. When k = 2,3
and zj, is the (deterministic) solution to the gKdV equation

Btzk(t) + (822%(15) + Zk(t)kaa;zk(t)) =0, Zk(O) =29 € H;,
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then the following quantities are time invariant (see [9], Theorem 4.2), k = 2,3,

the mass: ||z (¢)[|%2, (4.1)

the Hamitonian: Hy(2x(t)) = %/R|szk(t)|2dx - m[&zk(t)k+2dx. (4.2)

In this section we prove Theorem 1.1.

Proof. We suppose that ug € L2(HL) N L2(L2) for some ¢ € [2,00) to be chosen later.

The proof is based on an approximation of ® and uy and contains several steps. Indeed,
we want to obtain moments of the H!-norm of u,, uniformly in #. The mild formulation does
not allow us to use martingale estimates for the stochastic integral appearing when the It
formula is applied to the mass and to the Hamiltonian. Thus we have to use a sequence of
strong solutions {u,} of (2.1), where ®,, is a “smoother” Hilbert-Schmidt operator and ug ,

is a “smoother” initial condition. Let ®,, € Lg’4 and ug ., € H;z be such that
®, > P in Lg’HE, € >0 (resp. in Lg’l) for k =2 (resp. k =3), (4.3)

U — up in L2(HL) N L2(L2) and in Hy as.

Step 1 Proposition 2.7 proves that the sequence vy, (t) := fé S(t — s)®,dW (s) converges
to the stochastic integral v in LEJ(XE ). Hence, there exists a subsequence, still denoted {v,, },
which converges to v a.s. Furthermore, for any n and k& = 2, 3, there exists a unique solution
Uy TO

Ay (t) + (Dun(t) + un(t)kaxun(t))dt =0, up(0) =ugn,
and u, belongs a.s. to L{°(H2). Indeed, following the argument in [4], Lemma 3.2, if we set
v (t) = fot S(t — s)®,dW (s) and let z, = u, — v,, then z, has to solve a.s. the deterministic
equation

Opzn(t) + [Qizn(t) + (zn(t) + vn(t))k&,; (zn(t) +vn(t))]dt =0,  2,(0) = ugp.

To ease notations we do not specify the value of £ = 2,3 when dealing with the solution
up,. Standard arguments such as the parabolic regularization described in [14] yield that the
above equation has a unique local solution. Finally, an argument similar to that in [7] proves
that the invariant quantities in (4.1) and (4.2) allow us to extend this solution to any time
interval [0,T]. Note that u, € L¥*(H3) N AL as.

Step 2 We next prove that the sequence (uy) is bounded in L2(L°(L2)). The proof is
based on It6’s formula for the mass and the time invariance of the L2-norm for the solution
to the deterministic generalized KdV equation.

Using the time invariance of the mass for the solution to the deterministic gKdV equation,
we deduce fg (un(s), O3un(s) + un(s)*0pun(s))ds = 0. Note that this requires u,(s) € H3

a.s., which holds by Step 1, and u,(s) € L2+ a.s., which holds true since H. C L2,
It0’s formula applied to [[uy, (¢)[|%, and the identity >i>0 [®re;l|2, = ||(I)Hio,0 yield
x — x 2

t
Jun (8)22 = lluoal22 +2 /0 (n(s), @V (s)) + @0 g0

Using once more It6’s formula with the map y — y, ¢ € [2,00), and the process |lun(t)|/2,
we obtain

t
[l (I17% = [lo.n[ 7 + 2 /O lun (175 (un(s), @udW (s)) + R(2), (4.5)



16 A. MILLET AND S. ROUDENKO

where
t
2(g—1 2(q—2 2
0 =0 [ lun) 3 Nlguds + 2000 = 1) [ T Y (uns), By .
0 e :
JjeN
The Cauchy-Schwarz inequality applied to the last term gives
t
2(g—1) 1
|R(1)] < H‘Pn\lio,o/ (2¢° = )[un(s)|7s (q Jds < 1 Sup lun(s)[7% + C(T)[|®n]|* Lo (46)
2 Jo 5€[0,T @

for some C'(T") > 0 which is an increasing function of T', where the last inequality is obtained

using Young’s inequality with the conjugate exponents ¢ and — q . Furthermore, the Davies
inequality for stochastic integrals, the Cauchy Schwarz and then the Young inequality applied
with the conjugate exponents 2¢ and 575 imply
! 4(q—1) 1
sup Hun HL (un(s),fbndW(s)) < 3E({ llwn (8)Il 2 Z (un(s), Prne;) ds} >
tE (0,77 0 z §>0
1
<35({ / ()15 [@al200ds} ) <3B( sup fun(s)35 VT l|@all00)
0 2 s€[0,T]
1 2
< 25( sup Jun(s)]24 ) +CT) 0,2, (47)
s€[0,7] ¢

for some positive number C(T") which is an increasing function of 7. The inequalities (4.5)-
(4.7) yield the existence of a positive constant C'(T") such that

B( sup [lun()]74) < 2B(|[uonl34) + CT)|@allh0. (48)
s€[0,7) v g
Step 3 We now prove that (u,) is bounded in L2 (L{°(HL)).
To upper estimate the H! norm of u,, we use the Hamiltonian H;, defined in (4.2). Once
more the time invariance of the Hamiltonian for the solution to the deterministic generalized
KdV equation yields

/0 Hy(un(s)) [8§’un(s) + un(s)kaxun(s)]ds =0,

where for ¢,v € H2, we have

’Hk /DmgoDm¢dx —/gpk+1wdx——/ [ngp—i— k+1]¢dm.
R k:—i—l

Note that this integral makes sense for u,(s). Indeed, the Gagliardo-Nirenberg inequality
implies Hl C L% for any ¢ € [2,00) and, since u, € H? a.s., we have u,(s) € L% for any
p € [2,00). Hence, u,(s)**! € L2 as.

Integration by parts implies that for ¢ € H2, the bilinear form H}(¢) can be described as
follows

Hi(p)(v1,v9) = ((9;);111, amvg) — /Rgok v vodT, V1,V € Hg’ (4.9)

Since ®,, € L2 , the vectors ®,,e; € H3. Thus, the It6 formula applied to Hy(u,) yields

Hie(un(t)) :Hk(uo)—/o [(3§“n(8)7@"dw(3)) + k:41-1

(un(s)k“, @ndW(s))}

/ Z?-lk un(s))(Pnej, Prej)ds. (4.10)

7>0
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Using the explicit form of (4.9), we obtain

S HY (1 (5)) (e, Brc) Z/ 100 (Bne)? — ()" (Pney)’] da

7>0 JjeN
k
<2y +Z/ 1®ne; 12 [ () [Fdz
JjeN
S®nllpon nllp91 Un{S)lILk>
<BalPor + C [ @n 2o un(s)]

where we used the Sobolev embedding H} C L2° to obtain the last upper estimate.
For k = 2 the last expression simplifies to

D Hy (un(9))(@nej, Puey) < |82 01 +C H‘IMHig,l ()12 (4.11)
7>0

for some positive constant C'.
For k = 3, the Gagliardo-Niremberg inequality implies [lun|/zs < Cllun||%: HunHlL;a for

a= % — % = %. Therefore, using Young’s inequality with the conjugate exponents 4 and 4/3,

8 10
2%3 n(8))(Pnej, Pnej) < €llun(s)|7 + C(e) ||<I>nllzg,1 [un(s)ll +H‘1>n\|ig,1, (4.12)

for any small constant € > 0 to be chosen later, and some positive constant C'(e).
As in (4.7), using once more the Davies inequality for the stochastic integral, integration
by parts and the Cauchy-Schwarz inequality, we obtain

E< sup /t—(ﬁgun(S)%- ! Un(S)kJrl,(I)ndW(S)))

te[0,7] k+1
< 3E / ]go azun . 1un(5)k+1, neg> ds}i)
< 3\/_E({ /OT [Z (Opun(s), 0, Ppe; —|—Z <k‘—|— 1un( e+ @ e]> }ds}%>
=0

< OV @all 01 [E( sup Nlun(s)llm ) + E( sup_llua(s)IEE ).

s€[0,T z€[0,T
where the last inequality follows from the Sobolev embedding H. C LS°.

The Gagliardo-Nirenberg inequality implies ||up||r+1 < HunH 1 lwn|ts L2 , where 5 s —
= 3 (k T Using Holder’s and Young'’s inequalities with the conjugate exponents k T and
=7, We obtain

t
. a2 1 k41
E teﬁ[%PT}/o {((%un,@ndW(s)) + k+1(u"(5) ,@ndW(s))D
<5 E( s Jun(s)lif ) + COT |2l

s€[0,T]

ko1 B43
OVl 1B sup i sup an(s)1i5 )

s€[0,T s€[0,T

4 2(k+3)
<eB( sup [un(s)Ey ) + COTII@alZos + Cle. D 1@all 755 B sup [lun(s)ll,5" )
s€[0,77] e 2 s€[0,T] ‘

(4.13)
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for some positive number C (e T), which is again an increasing function of T' for fixed € > 0.
Note that for k = 2, k+3 3 < 2, and for £ = 3 we have % =3.

Collecting the 1nformat10n from the estimates (4.10)-(4.13) and choosing € = 7=,
for ¢(2) = 2 (resp. ¢(3) = 3) the existence of a positive constant C'(T") such that

1
E( sup Hp(un(t))) <E(Hi(uon)) + 2E( sup [fun(s)|l7n ) +CT [[@nll20
(s Halun) <E(u(0,0) + 52( sup i (9)) +CT 190 s

8
+C(T) (1 + ”q)nH201) {1 + E( sup ||un(s )”2q(k ﬂ
2 s€[0,T7]

we obtain

Finally, the Gagliardo-Nirenberg inequality implies that [|¢]| x+2 < CHSD‘B{_I% e |1Lg“f for v =

1 1 _ k . ) . . . . 4
2T T T 3 Thus, using Young’s inequality with the conjugate exponents + 4 and e
we deduce

2(k+4) 2(k-+4)

1 3 s
llun () = Cllun (3™ < Ha(un(9)) < Zllun () + Cllun(s)] 27

for some constant C' > 0. Let ¢(k) = (k+4) ; then ¢(2) = 3 > ¢(2), ¢(3) =7 > ¢(3). For

ug € Liq(k)(Li) we have for some positlve constant C(T)

1 1 3 2G(k
2B sup Jua(@)lf) < SE( sup llun(s)lF ) + TE(luoalFy) + CE(luonl75")
te[0,7) te[0,7] z

3 2q(k , 2q(k)
+O)(1+ [ @all ) [1 *E(sé’}é% o)1 )] +CE(82[%PT a7 ).

Furthermore, if ug € Lffj(k) (L2), choosing the exponent ¢ = §(k) > 2 used for the approxima-
tion ug,, of ug, we deduce from (4.8) that ||u,||r2 (zse(m1)) is bounded in terms of H<I>nHL(2),1 and
[luon | 12000 (13 Since these norms are bounded by a constant independent of n, by virtue of
the convergence we have required in Step 1, we can now deduce that the sequence {u,} is
bounded in L2 (L (HY)).

Step 4 The bound of {u,} proved in Step 3 implies the existence of a random variable
@ € L2 (L (H})) and of a subsequence (still denoted {u,,}) such that

U, — 4 in L2(L°(HL)) weak star.
Note that u € L°(H}) a.s. Recall Ry(w) and R3(w) from (3.1) and (3.3), respectively. Let
Ry (w) be defined by
Ry(w) := 2[ex(lluollmy + 1@l Lo aap)) + I0ll ] = Riw),  k=2.3,

where v(t fo (t — s)®@dW(s). Next recall To(w) and T5(w) from (3.2) and (3.4), re-
spectively. Choose~Tk( w) > 0, k = 2,3, such that inequalities similar to (3.2) and (3.4)
are satisfied with T} (w) and Ri(w) instead of Ti(w) and Ry (w), respectively. Note that

T(w) € (0, Tj,(w)]. Let Fn» kE=2,3, n € N be defined on XT’“(“’) by
(Frenz)(t) = S(t)uon + vn(t / S(t—s) 8 2(s)ds,

where v, (t fo (t — 5)DpdW (s).
From Step 1 we know that a.s. up,(w) € ng(w), and that a.s. un(w) is the unique fixed

point of the map Fj, on the ball of radius Rk( ) of X w(@) Indeed, on that ball 73, is a
contraction, since by construction we know that kamzl Fren22ll Tk(“’) e — zZHXT’f(“)'
k
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The convergences from (4.3) and (4.4) prove that ||S(t)ug — S(t)uomHXg and [jv — Un”XkT
converge to 0 as n — oo for every T > 0. Furthermore, we have

1
|V@ﬂmﬂﬁM%@mSH%m—uﬂﬁym+Wm—ﬂkyw+§mm—ﬁgym-

Hence, u,, converges to u a.s. in XkT '“(w), where u is the unique fixed point of Fj on the ball
of radius Ry (w) of Xka(w).

This implies that u(w) = @(w) a.s. on the time interval [0, Ty(w)]. Since @ € L{°(H)) a.s.,
given o € (0,1), we may choose 7,(w) € [T} (w), Tx(w)] such that u(ri@D iz < N8l Lo (-
Replacing the initial condition ug by u(7;(w)), this enables us to define a solution on the time
interval [7;(w), (T(w) + n (w)) AT]. Thus, we can inductively define a solution on any fixed
time interval [0, 7] a.s. Indeed, Tj(w) > 0 a.s. and at each step we increase the length of the
time interval by at least aT}(w).

Finally, as in [11] we obtain that S(¢)ug is a.s. continuous from [0, 7] to H.. The stochastic
integral v(t) = S(t) f(f S(—s)®dW (s) also belongs to C([0,T], H}) a.s. Hence, as in the
deterministic framework of [11], we deduce that v € C([0,T], H.) a.s. This concludes the
proof. O
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