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Abstract 
 
This paper raises questions about the consistency of the Z-score, which is the most applied 
accounting-based measure of bank risk. In spite of its main advantage, namely the concept of 
risk on which it relies, the traditional formula is precisely inconsistent with this concept. The 
Z-score is deduced from the probability that bank’s losses exceed its capital, but under the 
very unrealistic assumption of normally distributed returns on assets. Consequently, we 
propose a structural approach to determine this bank risk measure. It consists to define the 
default event when banks’ profit is lower than a default threshold level, which is based on the 
balance-sheet structure of banks and on new prudential regulation requirements. 
 
 
 
JEL classification: G21 
 
Keywords: Z-score; Bank risk; Banking. 
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1. Introduction 
A major challenge in the empirical banking literature is to conceive accurate measures of 

bank risk based on accounting data. This issue is of a particular importance and interest, 
because many banks are not listed, especially in emerging and developing countries, and there 
is no really a consistent accounting-based measure to gauge their risk. The most used and 
conceptually very interesting measure is the Z-score, but it undergoes many important 
shortcomings. Computed as the ratio of a bank’s leverage (capital on assets) and the mean of 
its returns on assets ratio, ROA, on the volatility of this ratio, this risk measure was conceived 
from the concept of a bank’s default probability (Hannan and Hanweck, 1988; Boyd and 
Runkle, 1993; Boyd et al., 1993).  

However, this latter feature is a misinterpretation of the Z-score, because it can reflect the 
inverse probability of insolvency of a bank only if the returns on assets, as a random variable, 
are normally distributed. The main strength of the Z-score lies in its foundation of the risk 
concept, which completely vanishes if the normal distribution assumption is not respected. 
Moreover, the default definition is also very binding since banks can go bankrupt with losses 
lower than the level of their capital, even with small profits.  

In this paper, we propose a fundamentally very different concept of the Z-score based on 
the balance-sheet structure of banks. The next section mentions the principal shortcomings of 
the traditional Z-score. Section 3 presents our structural approach of this accounting-based 
risk measure, and Section 4 concludes. 

 
2. Inconsistency of the traditional Z-score 

The traditional approach to compute this accounting-based bank risk measure is 
 

𝑍𝑍𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅)

𝜎𝜎(𝑅𝑅𝑅𝑅𝑅𝑅) ,                                                                                                                      (1) 

 
where ROA and CAR are returns on assets and capital on assets ratios, respectively, and the 
former is also a random variable, which precisely participates to define the default event and 
to compute the probability of default. 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅) is the expected value of ROA and 𝜎𝜎(𝑅𝑅𝑅𝑅𝑅𝑅) its 
standard deviation. A bank defaults when its current losses exceed its capital and the 
probability of default is, in consequence, Pr[−𝛱𝛱 > 𝐶𝐶], where Π and C are its profit and 
capital, respectively. Normalising by the bank’s size, expressed by its assets’ level A, the 
probability of default becomes Pr[𝑅𝑅𝑅𝑅𝑅𝑅 ≤ −𝐶𝐶𝐶𝐶𝐶𝐶]. Within the traditional approach, according 
to Boyd and Runkle, (1993), Hannan and Hanweck (1988), and Boyd et al. (1993), one 
assumes that 𝑅𝑅𝑅𝑅𝑅𝑅 is normally distributed and the probability of default is therefore given by 
 

Pr[𝑅𝑅𝑅𝑅𝑅𝑅 ≤ −𝐶𝐶𝐶𝐶𝐶𝐶] = Pr �
𝑅𝑅𝑅𝑅𝑅𝑅 − 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅)

𝜎𝜎(𝑅𝑅𝑅𝑅𝑅𝑅) ≤ −
𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅)

𝜎𝜎(𝑅𝑅𝑅𝑅𝑅𝑅) � = 𝑁𝑁(−𝑍𝑍) = 1 − 𝑁𝑁(𝑍𝑍), (2) 

 
where N(.) is the normal cumulative distribution function.  

The assumption of normally distributed ROA allows the derivation of a simple but 
inconsistent formula for the Z-score. Indeed, the distribution of the ROA is asymmetric 
(skewed) and has an excess of kurtosis. According to Boyd and Runkle (1993), Hannan and 
Hanweck (1988), and Boyd et al. (1993), even if the ROA is not normally distributed, using 
the Bienaymé–Tchebycheff inequality, the Z-score remains still a good measure of bank risk 
and becomes the inverse measure of the upper bound of the default probability: 
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Pr[𝑅𝑅𝑅𝑅𝑅𝑅 ≤ −𝐶𝐶𝐶𝐶𝐶𝐶] = 𝑃𝑃𝑃𝑃�𝑅𝑅𝑅𝑅𝑅𝑅 − 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅) ≤ −�𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅)�� ≤
𝜎𝜎2(𝑅𝑅𝑅𝑅𝑅𝑅)

2�𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅)�2
=

1
2𝑍𝑍2

 . 

 
Nevertheless, the upper bound of the default probability provides no information about its 

true value, or at least its expected value. For this reason, the Z-score, without the normal 
distribution assumption, cannot ensure the comparability of bank risk data. 

The traditional formula of the Z-score (eq. 1) has been applied in very different ways. 
Some authors computed empirical mean and standard deviation of the ROA random variable 
on the whole period sample (Demirgüç-Kunt and Huizinga, 2010), others estimate 𝐸𝐸(𝑅𝑅𝑅𝑅𝑅𝑅) 
and 𝜎𝜎(𝑅𝑅𝑅𝑅𝑅𝑅) only on a part of the time sample (2, 3, 4 or 5 years) and roll these calculus on 
this time window on the rest of the sample (Anginer et al., 2014; Williams, 2014; among 
others). Many papers in banking literature treat the risk of banks using a Z-score with ROA in 
level instead of average in the numerator (Lee and Hsieh, 2014; Chortareas et al., 2012; Niu, 
2012), suppressing thus the random feature of the ROA variable, which is at the heart of the 
concept of this bank risk measure. The probability of default, Pr[𝑅𝑅𝑅𝑅𝑅𝑅 ≤ −𝐶𝐶𝐶𝐶𝐶𝐶], has no more 
sense since it does no longer participate to the determination of the Z-score formula. 

All these computation methods either neglect the default concept behind the Z-score or 
do not free this measure from the unrealistic constraint of normal distribution for the ROA 
variable. Laeven and Levine (2009) and Demirgüç-Kunt et al. (2008), for instance, propose to 
use the natural logarithm of the Z-score and that of one plus Z-score, respectively. However, 
Lapteacru (2016) shows that the logarithmic transformation does not mitigate the skewness of 
ROA distributions. He also proposes new statistical adjustments that consist to estimate the 
real distribution of the ROA variable in order to apply the default probability formula instead 
of the traditional Z-score. The author applies the skew normal and stable distributions that 
both deal with the skewness of ROA data. However, the original and traditional concept of the 
Z-score does not consider the structure of banks’ balance-sheet and defines the default event 
as an extreme case because current losses can be lower than the capital of an insolvent 
banking institution. For example, many Central and Eastern European banks had a profit 
when defaulting.  

 
3. A new Z-score measure: a structural approach 

In this section we propose a structural version of the most applied accounting-based bank 
risk measure. Let us suppose that a bank’s profit 𝛱𝛱𝑡𝑡 follows the geometric Brownian motion 

 
𝑑𝑑𝛱𝛱𝑡𝑡
𝛱𝛱𝑡𝑡

= 𝜇𝜇𝛱𝛱𝑑𝑑𝑑𝑑 + 𝜎𝜎𝛱𝛱𝑑𝑑𝑊𝑊𝑡𝑡, 

 
where 𝜇𝜇𝛱𝛱 and 𝜎𝜎𝛱𝛱 are the expected return and return volatility of the bank’s profit, 
respectively, and 𝑊𝑊𝑡𝑡 is a Wiener process, 𝑑𝑑𝑊𝑊𝑡𝑡 ∼ 𝑁𝑁(0,𝑑𝑑𝑑𝑑). The solution of this stochastic 
differential equation is 𝛱𝛱𝑇𝑇 = 𝛱𝛱𝑡𝑡𝑒𝑒�𝜇𝜇𝛱𝛱−0.5𝜎𝜎𝛱𝛱

2�(𝑇𝑇−𝑡𝑡)+𝜎𝜎𝛱𝛱√𝑇𝑇−𝑡𝑡𝑈𝑈𝑡𝑡 , where 𝑈𝑈𝑡𝑡 ∼ 𝑁𝑁(0,1). For 
examining whether the bank does not default next year, we consider the following form of the 
profit evolution:  
 
𝛱𝛱𝑡𝑡+1 = 𝛱𝛱𝑡𝑡𝑒𝑒�𝜇𝜇𝛱𝛱−0.5𝜎𝜎𝛱𝛱

2�+𝜎𝜎𝛱𝛱𝑈𝑈𝑡𝑡 .                                                                                                                 (3) 
 

The next year, if the profit of the bank is lower than a default threshold 𝛱𝛱𝑑𝑑,𝑡𝑡+1, then the 
bank goes bankrupt. Thus, according to the default event, 𝛱𝛱𝑡𝑡+1 ≤ 𝛱𝛱𝑑𝑑,𝑡𝑡+1 and 
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𝑈𝑈𝑡𝑡 ≤ −
Ln�𝛱𝛱𝑡𝑡 𝛱𝛱𝑑𝑑,𝑡𝑡+1⁄ � + (𝜇𝜇𝛱𝛱 − 0.5𝜎𝜎𝛱𝛱2)

𝜎𝜎𝛱𝛱
. 

 
Therefore, the probability of default is given by 
 

𝑃𝑃𝑑𝑑,𝑡𝑡 = Pr�𝛱𝛱𝑡𝑡+1 ≤ 𝛱𝛱𝑑𝑑,𝑡𝑡+1� = Pr�𝑈𝑈𝑡𝑡 ≤ −
Ln�𝛱𝛱𝑡𝑡 𝛱𝛱𝑑𝑑,𝑡𝑡+1⁄ � + (𝜇𝜇𝛱𝛱 − 0.5𝜎𝜎𝛱𝛱2)

𝜎𝜎𝛱𝛱
� = 𝑁𝑁(−𝑍𝑍𝑡𝑡).      (4) 

 
In contrast with eq. (2), the main advantages of our structural Z-score, 
 

𝑍𝑍𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑡𝑡 =
Ln�𝛱𝛱𝑡𝑡 𝛱𝛱𝑑𝑑,𝑡𝑡+1⁄ � + (𝜇𝜇𝛱𝛱 − 0.5𝜎𝜎𝛱𝛱2)

𝜎𝜎𝛱𝛱
,                                                                                    (5) 

 
are as follows. First, it is based on a different event of default: the bank goes bankrupt if its 
profit is lower than a default threshold instead than -C which is a very seldom case. Second, 
the random feature of the profit variable is explicitly considered through the Brownian 
geometric motion. Finally, the default threshold level of profits is based on the leverage 
principle required by the Basel 3 regulation and on the balance-sheet structure of the bank.  

According to the new prudential regulation, a bank is considered insolvent if its leverage 
ratio is lower that the leverage limit1: 
 

𝐾𝐾𝑡𝑡+1
𝐷𝐷𝑡𝑡+1 + 𝐾𝐾𝑡𝑡+1

≤ 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿, 

 
where K and D are, respectively, the bank’s capital and debt. Let us consider the extreme case 
when the bank retains all its profit into its capital, that is 𝐾𝐾𝑡𝑡+1 = 𝐾𝐾𝑡𝑡 + 𝛱𝛱𝑡𝑡+1. The previous 
leverage constraint is then transformed into default constraint for profits: 
 

𝛱𝛱𝑡𝑡+1 ≤ 𝐷𝐷𝑡𝑡+1
𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿

1 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
− 𝐾𝐾𝑡𝑡 .                                                                                                      (6) 

 
From our defined default event, that is 𝛱𝛱𝑡𝑡+1 ≤ 𝛱𝛱𝑑𝑑,𝑡𝑡+1, we obtain  

 

𝛱𝛱𝑑𝑑,𝑡𝑡+1 = 𝐷𝐷�𝑡𝑡+1
𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿

1 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
− 𝐾𝐾𝑡𝑡,                                                                                                    (7) 

 
where 𝐷𝐷�𝑡𝑡+1 is the expected value of the bank’s debt in t +1. The expected value is computed 
for values of the bank’s debt ranging from 𝐷𝐷𝑡𝑡 − 𝜎𝜎𝐷𝐷,𝑡𝑡 to 𝐷𝐷𝑡𝑡 + 𝜎𝜎𝐷𝐷,𝑡𝑡, where 𝜎𝜎𝐷𝐷,𝑡𝑡 is the standard 
deviation of the debt distribution: 
 

𝐷𝐷�𝑡𝑡+1 = Ε�𝐷𝐷𝑡𝑡+1�𝐷𝐷𝑡𝑡 − 𝜎𝜎𝐷𝐷,𝑡𝑡 ≤ 𝐷𝐷𝑡𝑡+1 ≤ 𝐷𝐷𝑡𝑡 + 𝜎𝜎𝐷𝐷,𝑡𝑡� =
∫ 𝑑𝑑𝐹𝐹𝐷𝐷(𝑥𝑥)𝐷𝐷𝑡𝑡+𝜎𝜎𝐷𝐷,𝑡𝑡
𝐷𝐷𝑡𝑡−𝜎𝜎𝐷𝐷,𝑡𝑡

𝐹𝐹𝐷𝐷�𝐷𝐷𝑡𝑡 + 𝜎𝜎𝐷𝐷,𝑡𝑡� − 𝐹𝐹𝐷𝐷�𝐷𝐷𝑡𝑡 − 𝜎𝜎𝐷𝐷,𝑡𝑡�
 .             (8) 

 
The cumulative distribution function of the debt, 𝐹𝐹𝐷𝐷(𝑥𝑥), is obtained with the skew normal 
distribution, which allows the consideration of the skewness with the Owen (1956) function 
 
                                                 
1 Leverage=0.03 within Basel 3 requirements (BIS, 2014). 
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𝑇𝑇(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) =
1

2𝜋𝜋
�

𝑒𝑒𝑒𝑒𝑒𝑒 �−1
2 �
𝑥𝑥 − 𝜇𝜇
𝜎𝜎 �

2
(1 + 𝑡𝑡2)�

1 + 𝑡𝑡2
𝑑𝑑𝑑𝑑

𝛼𝛼

0
 . 

 
Consequently, the cumulative distribution function is 
 
𝐹𝐹SkND(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) = 𝑁𝑁(𝑥𝑥; 𝜇𝜇,𝜎𝜎) − 2T(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼),                                                                              (9) 
 
where 𝛼𝛼 is the skewness parameter. For α = 0, 𝐹𝐹SkND(𝑥𝑥; 𝜇𝜇,𝜎𝜎, 0) = 𝑁𝑁(𝑥𝑥; 𝜇𝜇,𝜎𝜎) and the 
distribution is symmetric. Otherwise, if α < 0, then 𝑇𝑇(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) < 0 and 𝐹𝐹SkND(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) >
𝑁𝑁(𝑥𝑥; 𝜇𝜇,𝜎𝜎), and the distribution is left-skewed. For α > 0, we obtain 𝑇𝑇(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) > 0, 
𝐹𝐹SkND(𝑥𝑥; 𝜇𝜇,𝜎𝜎,𝛼𝛼) < 𝑁𝑁(𝑥𝑥; 𝜇𝜇,𝜎𝜎) and a right-skewed distribution. 

To determine the parameters 𝜇𝜇, 𝜎𝜎 and 𝛼𝛼 we follow Lapteacru (2016) and apply the 
distance minimisation algorithm. The parameters are estimated to minimise the distance 
between the skew normal probability density function and that of the smooth kernel 
distribution given by a linearly interpolated version of 1

𝑛𝑛ℎ
∑ 𝑘𝑘 �𝑥𝑥−𝑥𝑥𝑖𝑖

ℎ
�𝑛𝑛

𝑖𝑖=1 . 𝑘𝑘(𝑥𝑥) is the smoothing 
kernel, ℎ the bandwidth parameter and 𝑛𝑛 the number of observations of the sample consisting 
of 𝑥𝑥𝑖𝑖 values. The distribution parameters are estimated only for banks with a chosen minimum 

number of observations and are also used to compute 𝜎𝜎𝐷𝐷,𝑡𝑡, 𝜎𝜎𝐷𝐷,𝑡𝑡 = 𝜎𝜎𝑡𝑡�1 − 2𝛼𝛼2

𝜋𝜋(1+𝛼𝛼2). To keep 

the coherence of the estimation approach, the same procedure can be applied in the 
determination of the expected return, 𝜇𝜇𝛱𝛱, and the return volatility, 𝜎𝜎𝛱𝛱, of the bank’s profit, but 
with normal distribution of the ∆𝛱𝛱𝑡𝑡 𝛱𝛱𝑡𝑡−1⁄  variable. 
 
4. Conclusion 

This study firstly shows the inconsistency of the traditional Z-score and then proposes 
another approach to measure bank risk with banks’ accounting data. The main advantages of 
our structural approach are the consideration of a more realistic default event, the modelling 
of the evolution path of the random variable, and, which is the most important, the 
determination of the default threshold level of profits from the balance-sheet structure of 
banks and from new prudential regulation requirements.  
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