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TEMPERED DISTRIBUTIONS AND FOURIER TRANSFORM ON THE
HEISENBERG GROUP

HAJER BAHOURI, JEAN-YVES CHEMIN, AND RAPHAEL DANCHIN

ABSTRACT. The final goal of the present work is to extend the Fourier transform on the
Heisenberg group H¢, to tempered distributions. As in the Euclidean setting, the strategy
is to first show that the Fourier transform is an isomorphism on the Schwartz space, then to
define the extension by duality. The difficulty that is here encountered is that the Fourier
transform of an integrable function on H? is no longer a function on H? : according to
the standard definition, it is a family of bounded operators on L*(R?). Following our new
approach in [1], we here define the Fourier transform of an integrable function to be a

mapping on the set H® = N? x N¢ xR \ {0} endowed with a suitable distance d. This
viewpoint turns out to provide a user friendly description of the range of the Schwartz space
on H? by the Fourier transform, which makes the extension to the whole set of tempered
distributions straightforward. As a first application, we give an explicit formula for the
Fourier transform of smooth functions on H¢ that are independent of the vertical variable.
We also provide other examples.

Keywords: Fourier transform, Heisenberg group, frequency space, tempered distributions,
Schwartz space.

AMS Subject Classification (2000): 43A30, 43A80.

1. INTRODUCTION

The present work aims at extending Fourier analysis on the Heisenberg group from inte-
grable functions to tempered distributions. It is by now very classical that in the case of a
commutative group, the Fourier transform is a function on the group of characters. In the
Euclidean space R" the group of characters may be identified to the dual space (R")* of R"
through the map & — €& where (&, -) designate the value of the one-form & when applied
to elements of R™, and the Fourier transform of an integrable function f may be seen as a
function on (R™)*, defined by the formula

(11) FNEO = FO [ e ) a.

A fundamental fact of the distribution theory on R" is that the Fourier transform is a
bi-continuous isomorphism on the Schwartz space S(R™) — the set of smooth functions whose
derivatives decay at infinity faster than any power. Hence, one can define the transposed
Fourier transform ‘F on the so-called set of tempered distributions S’'(R™), that is the topo-
logical dual of S(R™) (see e.g. [2, 3] for a self-contained presentation). Now, as the whole
distribution theory on R" is based on identifying locally integrable functions with linear
forms by means of the Lebesgue integral, it is natural to look for a more direct relationship
between ‘F and F, by considering the following bilinear form on S(R™) x S(R")

def

(12 Be(f. o)™ [ p@)e o6 dode,

Date: May 3, 2017.



2 H. BAHOURI, J.-Y. CHEMIN, AND R. DANCHIN

where the cotangent bundle 7*R"™ of R™ is identified to R™ x (R™)*. The above bilinear form
allows to identify t.7-"| S((R™)*) t0 Fis(rn), and still makes sense if f and ¢ are in L'(R™), because
the function f ® ¢ is integrable on T*R"™. It is thus natural to define the extension of F on
S'(R™) to be YF. In other words,

L3 VT.9) € SR x SR, (T, dhsmnxs@n) = (1D nxsn:

We aim at implementing that procedure on the Heisenberg group H?. As in the Euclidean
case, to achieve our goal, it is fundamental to have a handy characterization of the range of
the Schwartz space on H? by the Fourier transform. The first attempt in that direction goes
back to the pioneering works by Geller in [4, 5] (see also [6, 7, 8] and the references therein),
where asymptotic series are used. Whether the description of F(S(H?)) given therein allows
to extend the Fourier transform to tempered distribution is unclear, though.

Before presenting our main results, we have to recall the definitions of the Heisenberg
group H? and of the Fourier transform on H?. Throughout this paper we shall see H? as the
set T*R? x R equipped with the product law

f
- (Y+Y' s+8+20Y,Y")) = (y+v.n+n,s+5+2ny)—20,y)

where w = (Y, s) = (y,m,s) and w' = (Y’,s') = (¢/,1/,s") are generic elements of H?. In
the above definition, the notation (-,-) designates the duality bracket between (R?)* and R?
and o is the canonical symplectic form on R?? seen as T*R?. This gives on H? a structure
of a non commutative group for which w=! = —w. We refer for instance to the books
[9, 10, 11, 12, 13, 14, 15, 16] and the references therein for further details.

In accordance with the above product formula, one can define the set of the dilations on
the Heisenberg group to be the family of operators (d4)q>0 given by

(1.4) Sa(w) = 0a(Y, 5) X (aY, a2s).
Note that dilations commute with the product law on HY, that is 6, (w - w’) = 64(w) - da(w').

Furthermore, as the determinant of J, (seen as an automorphism of R2d+1) is a?¥t2 it is

natural to define the homogeneous dimension of H? to be N def 2d + 2.

The Heisenberg group is endowed with a smooth left invariant Haar measure, which, in
the coordinate system (y,n,s) is just the Lebesgue measure on R?¥*1 The corresponding
Lebesgue spaces LP(HY) are thus the sets of measurable functions f : H¢ — C such that

1
def P .
gy ([ P dw)” < o0, it 1<p <o

with the standard modification if p = oc.

The convolution product of any two integrable functions f and g is given by

(15) frg) [ pw- v gwdo= [ o)l w)d

As in the Euclidean case, the convolution product is an associative binary operation on the
set of integrable functions. Even though it is no longer commutative, the following Young
inequalities hold true:

1 1 1
If* gl < Uflzeligllze, - whenever 1<p,q,r < oo and =4~ 1.
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The Schwartz space S(H?) corresponds to the Schwartz space S(R2*1) (an equivalent
definition involving the Heisenberg structure will be provided in Appendix A.3).

As the Heisenberg group is noncommutative, it is unfortunately not possible to define the
Fourier transform of integrable functions on H¢, by a formula similar to (1.1), just resorting
to the characters of H%. Actually, the group of characters on H? is isometric to the group
of characters on T*R¢ and, if one defines the Fourier transform according to Formula (1.1)
then the information pertaining to the vertical variable s is lost. One has to use a more
elaborate family of irreducible representations. As explained for instance in [15] Chapter 2,
all irreducible representations of H? are unitary equivalent to the Schrédinger representa-
tion (U) Ack\{0} Which is the family of group homomorphisms w U2 between H? and the

unitary group L[(Lz(Rd)) of LQ(Rd) defined for all w = (y,7, s) in H? and u in L2(Rd) by
Udu(x) def e AEHZMmT=Y) (2 — 2y)).

The standard definition of the Fourier transform reads as follows.

Definition 1.1. For f in L'(H?) and X in R \ {0}, we define

def fF(w)U dw.
Hd

FAHN)
The function FU(f) which takes values in the space of bounded operators on L*(R%), is by
definition the Fourier transform of f.

As the map w — U} is a homomorphism between H? and the unitary group U(L?(R%))
of L2(R%), it is clear that for any couple (f, g) of integrable functions, we have

(1.6) FHf+9)(N) = FHHN) o FHg) (V).

An obvious drawback of Definition 1.1 is that FUf is not a complex valued function
on some ‘frequency space’, but a much more complicated object. Consequently, with this
viewpoint, one can hardly expect to have a characterization of the range of the Schwartz
space by F, allowing for our extending the Fourier transform to tempered distributions.

To overcome that difficulty, we proposed in our recent paper [1] an alternative (equivalent)
definition that makes the Fourier transform of any integrable function on H¢, a continuous

~d ~
function on another (explicit and simple) set H endowed with some distance d.
Before giving our definition, we need to introduce some notation. Let us first recall that

the Lie algebra of left invariant vector fields, that is vector fields commuting with any left

. f .
translation 7, (w’) et , is spanned by the vector fields

s, %0, +op0, and 2,0, —2,0,, 1<j<d

The Laplacian associated to the vector fields (X;)1<j<q and (Z;)1<;<q is defined by

(17) Ar SO (@2 1 22),

and may be alternately rewritten in terms of the usual derivatives as follows:

d
(1.8)  Auf(Y,s) = Ay f(Y,s) +4) (0;0y; — y;0n,)0sf(Y, ) + 4]V PO f (Y, 5).

j=1
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The Laplacian plays a fundamental role in the Heisenberg group and in particular in the
Fourier transform theory. The starting point is the following relation that holds true for
functions on the Schwartz space (see e.g. [17, 18]):

(1L9)  FHARSN) = 4FH(N) (N 0 Ak, with Adou(e) €S 0%u(x) - Naf?u(x).

osc J
j=1
In order to take advantage of the spectral structure of the harmonic oscillator, it is natural to
introduce the corresponding eigenvectors, that is the family of Hermite functions (Hn)neNd
defined by

1 1 d ) 22
(1.10) H, def ( )QC’"HO with Cm % H C;L’ and Hy(z) def S

2Inlpn!

)
j=1
where C} def —0; + M stands for the creation operator with respect to the j-th variable
and M; is the multiplication operator defined by Mju(x) def xju(z). As usual, n! def ny!- - ng!
and |n| d:efnl + -+ ng.
Recall that (H,,), ¢y is an orthonormal basis of L?*(R%), and that we have

(1.11) (—6]2» + M]2)Hn = (2n; + 1)H,, and thus — Al H, = (2|n| + d)H,.

osc

For X in R\ {0}, we finally introduce the rescaled Hermite function H,, \(z) def

It is obvious that (H, ), cya 18 still an orthonormal basis of L?(R?) and that
(112) (02 + XM Hyy = (205 + DA Hos and thus — AN Hy y = (2fn] + d)|AHy .

Remark 1.1. The vector fields

~ def =~ def
Xj = ayj - 277]'65 and =j = 8771' +2yjas

A5 Hy (A2 ).

are right invariant and we have

FEARL)A) = 400 o FE(f)(N).

0osc

Our alternative definition of the Fourier transform on HY reads as follows:

~d ~d
Definition 1.2. Let H' %/ N2d xR \ {0}. We denote by w = (n,m,\) a generic point of H .

For f in L'(H?), we define the map Fuf (also denoted by ]/”\H) to be

~d
Fuf {}Hi — C
@ — (FUONHpalHnp) -

To underline the similarity between that definition and the classical one in R"™, one may
further compute (.FH( FYN)Hun x| Hn 2) 72~ One can observe that, after an obvious change of
variable, the Fourier transform recasts in terms of the mean value of f modulated by some
oscillatory functions which are closely related to Wigner transforms of Hermite functions,
namely

(1.13) Fuf (@) :/

MW@, Y) f(Y,5)dY ds  with
Hd

(1.14) W, y) & / ) N2\ (y + 2)Hpx(—y + 2) dz.
R
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Let us emphasize that with this new point of view, Formula (1.9) recasts as follows:
(1.15) Fir(Auf)(@) = —4|\(2fm] + d) fra(@).

~d o .
Furthermore, if we endow the set H with the measure dw defined by the relation

(1.16) /ﬁde(@)dwief 3 /Ra(n,m,)\)\)\\dd)\,

(n,m)eN?d

then the classical inversion formula and Fourier-Plancherel theorem recast as follows:

Theorem 1.1. Let f be a function in S(H?). Then we have the inversion formula
9d—1 ] N - )
(1.17) fw) = g /ﬁd EW(D,Y) fr(0) div for any w in H.

Moreover, the Fourier transform JFy can be extended into a bicontinuous isomorphism be-

~d
tween L?(H?) and L*(H ), which satisfies

. d+1
(1.18) 1Fil?, ~a = 11 ey
L2(H ) 2d—1 L (H )

Finally, for any couple (f,g) of integrable functions, the following convolution identity holds
true:

Fu(f *g)(n,m,\) = (fH -gu)(n,m,\) with

(1.19) (Fir - Gi)(nom, \) E0S7 Fan, €, M), m, ).
¢eNd

For the reader’s convenience, we present a proof of Theorem 1.1 in the appendix.

2. MAIN RESULTS

As already mentioned, our main goal is to extend the Fourier transform to tempered
distributions on H?. If we follow the standard approach of the Euclidean setting, that is
described by (1.2) and (1.3), then we need a handy description of the range of S(H?) by
the Fourier transform JFp in order to guess what could be the appropriate bilinear form By
allowing for identifying Y7y with Fy. To characterize F(S(H?)), we shall just keep in mind
the most obvious properties we expect the Fourier transform to have. The first one is that
it should change regularity of functions on H to decay of the Fourier transform. This is
achieved in the following lemma (see the proof in [1]).

Lemma 2.1. For any integer p, there exist an integer N, and a positive constant C), such
. od .
that for all @ in H and all f in S(H?), we have

(2.1) (L + A[(In] + [m] + d) + [n = m])"| fia(n,m, M| < Cpll fllv,.5-
where || - || s denotes the classical family of semi-norms of S(R?**1), namely
def

sup [|(1+ Y2+ sHN2 08 f]| -
lal<N

[fllvs =

~d ~
The decay inequality (2.1) prompts us to endow the set H with the following distance d:
PPN f
22)  d@,@) N0+ m) = N0 +m)|, + |(n—m) = (0 —m)1 + A= N,

where | - |; denotes the ¢! norm on R%.
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The second basic property we expect for the Fourier transform is that it changes decay
properties into regularity. This is closely related to how it acts on suitable weight functions.
As in the Euclidean case, we expect Fy to transform multiplication by weight functions into
a combination of derivatives, so we need a definition of differentiation for functions defined on

~d
H that could fit the scope. This is the aim of the following definition (see also Proposition
A.2 in Appendix):

~d
Definition 2.1. For any function 8 : H — C we define

def
(2.3) AH( w) = 2w(|n+m|+d)( w)

o Z(\/ (n + 1)(m; + 1) 0(@) + y/agin; 6(@])
and, if in addition 6 is differentiable with respect to A,

d
(2.4)  Dyo(a) ;li( 5) + %9(@) +%j21<w/—njmja(@j) = /1) +1) (@)

where w]i def (n£6;,m=£6;,\) and 6; denotes the element of N¢ with all components equal

to 0 except the j-th which has value 1.

The notation in the above definition is justified by the following lemma that will be proved
in Subsection 3.2.

Lemma 2.2. Let M? and M, be the multiplication operators defined on S(Hd) by

def

(2.5) (M21) (V) EIYPF(Y,s) and Mof(Yys) & —isf (v, s).

Then for all f in S(Hd), the following two relations hold true on Iﬁld:
FaM?f = —AFuf and Fu(Mof) = DrFuf.

The third important aspect of regularity for functions in Fy(S(H?)) is the link between
their values for positive A and negative A. That property, that has no equivalent in the
Euclidean setting, is described by the following lemma:

Lemma 2.3. Let us consider on S(H?) the operator P defined by
def 1

(2.6) P((Y,s) = 5 / (V) — (Y, —8))ds.

~d
Then P maps continuously S(H?) to S(H?) and we have for any f in S(HY) and @ in H |
def 0(n,m, A) — (=1)""+™1g(m, n, —\)
A

The above weird relation is just a consequence of the following property of the Wigner

transform W:
~d

(2.8) Y(n,m,\,Y) e H x T*R?, W(n,m,\,Y) = (—=1)" ™ W(m,n, -\, Y).

In the case m = n, it means that the left and right limits at A = 0 of functions in F(S(H?))
must be the same.

2.7)  2Fu(Pf) = So(Fuf) with (0)(@) =

Definition 2.2. We define S(Iﬁld) to be the set of functions 8 on H” such that:
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e for any (n,m) in N>?, the map X\ — 0(n,m, \) is smooth on R\ {0},
e for any non negative integer N, the functions AN9, DY6 and %Dy 6 decay faster
than any power of do (@) d:ef])\](]n +mly +d) + |m — nl;.
~d
We equip S(H ) with the family of semi-norms
def N\ XN p/~ SN f7 o~ S AN g/~
161 sty = sup (14 do(@) ™ (1AY0(@)| + DY 0(@)| + S0DY 6(@)])-
wel

Let us first point out that an integer K exists such that

(2.9) 161, 5%, < CUOl 0

The main motivation of this deﬁmtlon is the following isomorphism theorem.
Theorem 2.1. The Fourier transform Fy is a bicontinuous isomorphism between S(H?)
~d
and S(H ), and the inverse map is given by

= def 2d-1 isA ~ g~
(2.10) Fub(w) = v ﬁde W(w,Y)d(w) dw.

~d
The definition of S(H ) encodes a number of nontrivial hidden informations that are partly

~d
consequences of the sub-ellipticity of Ap. For instance, the stability of S(H ) by the multipli-
cation law defined in (1.19) is an obvious consequence of the stability of S(H?) by convolution

and of Theorem 2.1. Another hidden information is the behavior of functions of S (ﬁ ) when A

~d ~
tends to 0. In fact, Achille’s heel of the metric space (H ,d) is that it is not complete. It
turns out however that the Fourier transform of any integrable function on H? is uniformly

~d ~d ~d
continuous on H . Therefore, it is natural to extend it to the completion H of H . This is
explained in greater details in the following statement that has been proved in [1].

~d =~ ~d ~
Theorem 2.2. The completion of (H ,d) is the metric space (H ,d) defined by

~d d =d
A YA OH) with Hy RE xz? and REET(R_)U(R,)

Moreover, on i’ , the extended distance (still denoted by c/l\) is given for all w = (n,m,\)
n’,m’ )\’) in ﬁd, and for all (&,k) and (&',k') in I/E\]Ig by

(w, {)\ n+m)—\N(n'+ m')‘1 + {(m —n)—(m' —n)1 +X=N|,

( k) = d((&, k), @) EAn+m) — &1+ [m - n — K1+ A,

o~

d((:c, k:), (@& K)) = & — &)y + [k — K1

and W' =

&.)"‘

The Fourier transform fH of any integrable function on H* may be extended continuously to
~d ~ -
the whole set H . Still denoting by fu (or Fu f) that extension, the linear map Fy : f + fu is
PN ~d
continuous from the space L'(H) to the space Co(H ) of continuous functions on H  tending
to 0 at infinity.

_q
It is now natural to introduce the space S(H ).

~d ~d
Definition 2.3. We denote by S(H ) the space of functions on H which are continuous

~d
extensions of elements of S(H ).
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~d
As an elementary exercise of functional analysis, the reader can prove that S(H ) endowed

with the semi-norms || - HNN,S (i) is a Fréchet space. Those semi-norms will be denoted
by || - \|N’N/7S(ﬁd) in all that follows.
~d
Note also that for any function  in S(H ), having w tend to (#, k) in (2.7) yields
(2.11) 0(i, k) = (—1)*¥o(—i, —k).

As regards convolution, we obtain, after passing to the limit in (1.19), the following note-
worthy formula, valid for any two functions f and ¢ in L*(H?):

~d
Ho .
Fu(f*g)ga = Fuflge -~ (Fug)ge with

(2.12) o

(01 02)(, k) 37 01(d, k) O,k — K).

k'ezd

Remark 2.1. Let us emphasize that the above product law (2.12) is commutative even
though convolution of functions on the Heisenberg group is not (see (1.19)).

. =d
A natural question then is how to extend the measure dw to H . In fact, we have for any
positive real numbers R and e,

£
~ d
/ﬁd L\ fn-tml+m—nl <R} A< AW = /E(E:1{A|n+m+|m—n|3R})W dA

€
< CR* / d\

—€&

< CR%e.

~ ~d . . .
Therefore, one can extend the measure dw on H simply by defining, for any continuous

~d
compactly supported function 6 on H
~ g~ def ~ g~
L 0(w)dw = /~d O(w) dw.
i H

~d

At this stage of the paper, pointing out nontrivial examples of functions of S(H ) is highly
informative. To this end, we introduce the set S:[ of smooth functions f on [0, co[?x 7% xR
such that for any integer p, we have

(2.13) sup (L 21+ 4 g+ [B)|0% 0 f (@1, 7ar by N)| < 00,
(x1,,zq,k,\)€[0,00[%x Z% xR
la|<p

As may be easily checked by the reader, the space S;lr is stable by derivation and multiplication
by polynomial functions of (z, k).

Theorem 2.3. Let f be a function oij. Let us define for w = (n,m,\) in H ,

@f(@) d:eff(\)\\R(n,m),m —n, )\) with R(n,m) d:ef(nj +mj+ 1)i1<j<d-

Then O belongs to S(H/i\ld) if
e cither f is supported in [0, 00[?x {0} x R,
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e or f is supported in [rg, 0o[?x 7% xR for some positive real number ro, and satisfies
(2.14) Flx, =k, A) = (=DF 2,k N).

An obvious consequence of Theorem 2.3 is that the fundamental solution of the heat
equation in H? belongs to S(H?) (a highly nontrivial result that is usually deduced from the
explicit formula established by B. Gaveau in [19]). Indeed, applying the Fourier transform
with respect to the Heisenberg variable gives that if w is the solution of the heat equation
with integrable initial data wugy then

(2.15) ug(t,m,m, \) = e_4t|/\‘(2‘m‘+d)ﬁo(n,m, A).

At the same time, we have

Yy f)
Vit Vet

Hence combining the convolution formula (1.19) and Identity (2.15), we gather that

. 1
u(t) =uo*hy with he(y,n,s) = Wh(

hu(@) = e*4|/\\(2\n|+d)1{n:m}'

Then applying Theorem 2.3 to the function 6*4(11*“*“)1{;9:0} ensures that hm belongs
_
to S(H ), and the inversion theorem 2.1 thus implies that h is in S(H?).

Along the same lines, we recover Hulanicki’s theorem [20] in the case of the Heisenberg
group, namely if a belongs to S(R), then there exists a function hg in S(HY) such that

(2.16) Ve SHY), a(—An)f = f * hq.

As already explained in the introduction, our final aim is to extend the Fourier transform
to tempered distributions by adapting the Euclidean procedure described in (1.2)—(1.3). The

purpose of the following definition is to specify what a tempered distribution on H is.

~d ~d
Definition 2.4. Tempered distributions on H are elements of the set S'(H ) of continuous
~d
linear forms on the Fréchet space S(H ).

~d
We say that a sequence (Ty)nen of tempered distributions on H  converges to a tempered
distribution T if

vo € S(E"), lim (T, 0)

00 s/(@EYxs(H ¢

4 =T 0) @ty ws@?y

~d
Let us now give some examples of elements of S’(H ) and present the most basic properties
of this space. As a start, let us specify what are functions with moderate growth.

~d ~d
Definition 2.5. Let us denote by L},;(H") the space of locally integrable functions f on H
such that there exists an integer p satisfying

/ﬁdu + N+ m| +d) + [0 — m]) P f(@)]dd < oo.
As in the Euclidean setting, functions of L}V[(]ﬁld) may be identified to tempered distribu-
tions:
Theorem 2.4. Let us consider ¢ be the map defined by
L) — @
v ) [oe [ e@e) dal.
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Then ¢ is a one-to-one linear map.
Moreover, if p is an integer such that the map
(n,m,\) — (L+|A[(n+m|+d)+|n—m|)"Pf(n,m,N\)
belongs to Ll(ﬁd), then we have

@17) 16 < [+ NG+ ]+ )+ o= P g 161 g

~d
The following proposition provides examples of functions in L}\/I (H).

~d
Proposition 2.1. For any v < d + 1 the function f., defined on H by

£y (nm, ) (A I@Im] + ) Y G

~d
belongs to L}, (H ).

Remark 2.2. The above proposition is no longer true for v = d 4+ 1. If we look at the
~d
quantity |\|(2|n|+d) inH  as an equivalent of |¢|?> for R, then it means that the homogeneous
~d
dimension of H' is 2d + 2, as for H (and as expected).

~d
It is obvious that any Dirac mass on H is a tempered distribution. Let us also note that
because

0(n, 7, V)| < (14 [A|@In] + )~ 7)10]

d+3,0,5(H")’
the linear form
SE) — C
(2.18) T:4 ¢ Z/H(n,n,)\)])\]dd)\
R

neNd
. N . ~d
is a tempered distribution on H .

~d
We now want to exhibit tempered distributions on H which are not measures. The
~d
following proposition states that the analogue on H of finite part distributions on R", are
~d
indeed in S'(H ).
Proposition 2.2. Let v be in the interval |d+1,d+3/2[ and denote by 0 the element (0, 0)
~d ~d ~d
of Hy. Then for any function § in S(H ), the function defined a.e. on H by
0(n,n,\) + 0(n,n, —\) — 29(6)>
I+ ) ’
is integrable. Furthermore, the linear form defined by

e f(n,n, O(n,n,—A) — 0(0 N
P (ramrrar) ) d:f%/w< : Ar)ATwz(ran)Av) : (O)>5’“mdw

(n,m, A) — dp.m <

~d ~d
is in 8’(H ), and its restriction to H is the function
1

A On,m T 7T T T e
) O S ol
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~d
in the sense that for any 6 in S(H ) such that 6(n,n,\) = 0 for small enough |A|(2|n| + d),

we have 9( )
1 W

Pi—— )o)\= [ — 7 45

Pt (ramear) ) L ]+

~d
Another interesting example of tempered distribution on H is the measure fhgze defined in
0
Lemma 3.1 of [1] which, in our setting, recasts as follows:

Proposition 2.3. Let the measure Hgze be defined by
0

(219) {uga,9) :/ﬁoa(x k) dyiga(i, k) def - deZ:d</ (& k)d:’c+/(R+)d9(x',k)d:b>

for all functions 6 in S(]ﬁld).

~d
Then figgd is a tempered distribution on H and for any function v in S(R) with integral 1
0
we have

lim 1/1( ):,uﬁg in S/(I/E\I[d).

e—0¢€

Let us finally explain how the Fourier transform may be extended to tempered distributions
on H?, using an analog of Formulas (1.2) and (1.3). Let us define

S x S@E) — C
(2.20) Bg: (f,0) N (Y, 8) e MW@, Y) 0(0) dwdd and

SEY — sm@E?)

o /ﬁ TW(@,Y) 0(3) d.

(2.21)  "Fy

~d
Let us notice that for any 6 in S(H ) and w = (y,7, s) in HY, we have

,n.d-i-l
(2.22) (“Fud) (v, 1, 8) = 5 (Fir 0)(y, =1, —5).

~d
Hence, Theorem 2.1 implies that Yy is a continuous isomorphism between S(H ) and S(HY).
~d
Now, we observe that for any f in S(H?) and 6 in S(H ), we have

(223) Ba(1.0) = [ Fw)(Fat)w) dw = [ (Fi)(@)0(0) do
This prompts us to extend Fg on S’(H?) as follows:
Definition 2.6. We define
5 L sw) — S'(H")
T — |0 <T,t.7-“H0>S,(Hd)XS(Hd) .
As a direct consequence of this definition, we have the following statement:

Proposition 2.4. The map Fy defined just above is continuous and one-to-one from S’(Hd)

)
onto S'(H). Furthermore, its restriction to L*(H?) coincides with Definition 1.2.
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Just to compare with the Euclidean case, let us give some examples of simple computations
of Fourier transform of tempered distributions on H¢.

Proposition 2.5. We have

7.(.d+1

55

where T is defined by (2.18) and 0 is the element of Iﬁlg corresponding to & = 0 and k = 0.

One question that comes up naturally is to compute the Fourier transform of a function
independent of the vertical variable. The answer to that question is given just below.

Theorem 2.5. We have for any integrable function g on T*RY,
Falg©1) = (Guag)igy

where Gug is defined by

}ﬁlg — C
: — ith
omg (@, k) — Ka(i k,Y)g(Y)dy
T*R?
d
Ka(@ kYY) = @QK(@j,k;,Y;) and
j=1

IC(m, k,y, 77) d:ef %/ﬂ— ez<2\x\% (y sin z+n sgn(z) cos z)+k:z> dz.

As we shall see, this result is just an interpretation of Theorem 1.4 of [1] in terms of
tempered distributions.

The rest of the paper unfolds as follows. In Section 3, we prove Lemmas 2.2 and 2.3,
and then Theorem 2.1. In Section 4, we establish Theorem 2.3. In Section 5, we study in

-~ d
full details the examples of tempered distributions on H given in Propositions 2.1-2.2, and
Theorem 2.4. In Section 6, we prove Proposition 2.5 and Theorem 2.5. Further remarks as
well as proofs (within our setting) of known results are postponed in the appendix.

3. THE RANGE OF THE SCHWARTZ CLASS BY THE FOURIER TRANSFORM

The present section aims at giving a handy characterization of the range of & (Hd) by the
Fourier transform. Our Ariadne thread throughout will be that we expect that, for the action
of Fu, regularity implies decay and decay implies reqularity. The answer to the first issue has
been given in Lemma 2.1 (proved in [1]). Here we shall concentrate on the second issue, in

~d
connection with the definition of differentiation for functions on H , given in (2.3) and (2.4).
To complete our analysis of the space Fi(S(H?)), we will have to get some information on
the behavior of elements of F(S(H?)) for A going to 0 (that is in the neighborhood of the

~d
set Hj). This is Lemma 2.3 that points out an extra and fundamental relationship between
positive and negative \'s.

A great deal of our program will be achieved by describing the action of the weight function
M? and of the differentiation operator dy on W. This is the goal of the next paragraph.



FOURIER TRANSFORM ON THE HEISENBERG GROUP 13

3.1. Some properties for Wigner transform of Hermite functions. The following
lemma describes the action of the weight function M? on W.

Lemma 3.1. For all @ in ]ﬁld and Y in T*R?, we have
YPW(@,Y) = ~AW(.Y)(@)
where Operator A has been defined in (2.3).

Proof. From the definition of YW and integrations by parts, we get
YPW(@,Y) = 2——A 2n2)) g Hypn(— d
YW@ Y) = | (v = 5a8:) () Hualy & 2) Hnp(—y + 2) de
= / XM | N2 T(B, y, 2) dz
Rd

. . def 1 1 1
with Z(y.2) 2 (o~ 5gs) (Ha(AF @+ ) HnlA -y + ).
From Leibniz formula, the chain rule and the following identity:
Ay =y + 21 + |y — 2> +2(y + 2) - (y - 2),

we get

I(,9,2) = g3 ((As = Nly+ DN+ 2) HnlAF (- + 2))

(A = Xy — P H (M -y + ) HaAE + )

d
j=1

50 (2= Y HAA () Hn (M (- + 2))
Using (1.12), we end up with
T(@.9.2) = gyplintml+ DN -+ (N -y + )
1 & 1 1
~ 3 ;{wjﬂn)(wa(y + 2)) (05 Hn)(AF (—y + 2)

1 1
+ (M; Hp)(|A2 (y + 2)) (M Hip ) ([A]> (—y + Z))}'
Then, taking advantage of (A.4), we get Identity (2.3). O

The purpose of the following lemma is to investigate the action of 9y on W.

Lemma 3.2. We have, for all @ in }ﬁld, the following formula:

d

2)
1 N —

+ 5 Z{\/ (n + Dm; + )VW(@],Y) — gy W(@; ,Y) }-

Jj=1

OW(B,Y) = ——W(B,Y)

[\

(3.1)
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Proof. Let us write that
W@ ) = [ (WSO H (A 2D il -y + 2))) ds
d ~ .
= ﬁW(w Y)+Wi(0,Y) +Wa(w,Y) with
Wi(@,Y) < / 20, 2)e N2 N5 Hy (N3 (y + 2) Hin (N2 (= + 2)) d= and
R

. ; 4d 1 1
Wa(@,Y) & [ NS (H (N + 2) Hn M -y + ) de
R

As we have

2i(n, z) 2M(777 — %Zd: 21 1,2)
an integration by parts gives "
(3.2) Wi(@,Y) = —§W(m, Y)
LS A, (LM + A 4 )
h\ 2 §0z; ({1n m
Now let us compute
I(@,9,2) & (5~ sz 0s, ) (HalAF (4 + 2) Hin(1AF (=g + 2).

From the chain rule we get

d
@y = L 2o 9 A + D+ 2)

+ (=5 + 25) Ha(IN3 (y + 2)) (0 Hin) (A2 (—y + 2))
— 22 Hyn (A1 (—y + 2)) (0 Ha) (A2 (y + 2)
— 22 Ha (M2 (9 + 2) (0 H) (A3 (—y + 2)) |-
This gives

d
J(@,y,2) = - Z{(ajﬂnxw%(y +2))AZ (= + 2) Ha (M2 (—y + 2))

1
2\
+ A2 (yj + 25) Ho (A2 (y + 2)) (0 Him ) (A2 (—y + Z))}

which writes

d
T(@,9.2) = 55 S { @ H) A+ 2) (M ) (N (- + 2)

+ (M H) (A5 (9 + 2) 0 Hin) (N (= + 2)) }-

Using Relations (A.4) completes the proof of the Lemma.
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3.2. Decay provides regularity. Granted with Lemmas 3.1 and 3.2, it is now easy to
establish Lemma 2.2. Indeed, according to (1.13), we have

(FaM?f) () = / BN (Y, 8) Y PW(@,Y) dY ds.
Hd
Therefore, Lemma 3.1 implies that

(FaM?f)(w) = (\n+my+d/ (Y, 8)e " W(@,Y) dY ds

2|

—ﬁ ]2{\/(n] +1)(m; +1) /Hd f(y, s)e_iSAW(@;r, Y)dY ds

+W/ F(Y,8)e ™ W(@;, Y)des}

By the definition of the Fourier transform and of A, this gives FyM?2f = —AFu I

To establish (2.4), we start from (1.13) and get

FalMof)(@) = [ | S S W@, ) aY ds

d —zs)\ d ~— ~
= o (Fuf) (@) - /Hd F(Y.5) =% (W(®,Y)) dY ds.
Rewriting the last term according to Formula (3.1), we discover that

(FaMo)(@) = Z(Fal) @) + 57 [ SV W@, )y ds

d
—% {\/(n]—{—l)(m]—{—l/ F(Y,8)e W (@, Y) dY ds
j=1

L iSATAS ~—
—/Tjm; /Hd fY,s)e ™ W(w;,Y) des}-
By the definition of the Fourier transform, this concludes the proof of Lemma 2.2 . O

On the one hand, Lemmas 2.1 and 2.2 guarantee that decay in the physical space provides
regularity in the Fourier space, and that regularity gives decay. On the other hand, the rela-
tions we established so far do not give much insight on the behavior of the Fourier transform

~d
near H, even though we know from Theorem 2.2 that in the case of an integrable function,
it has to be uniformly continuous up to A = 0. Getting more information on the behavior of

~d
the Fourier transform of functions in S(H) in a neighborhood of Hj is what we want to do
now with the proof of Lemma 2.3.

Proof of Lemma 2.3. Fix some function f in S(Hd), and observe that
1
OsPf(Y,s) = §(f(Y, s)— f(Y,—s)) with P defined in (2.6).
Taking the Fourier transform with respect to the variable s gives

(3'3) 1)\]3'8(’]3]")(}/, )‘) = %(]:sf(yv )‘) - ]:Sf(Ya _)‘))
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Let us consider a function y in D(R) with value 1 near 0 and let us write

1—x(\)
o

It is obvious that the two terms in the right-hand side belong to & (R2d+1). Thus the operator

(b(Yv )‘) — ¢(Y7 _)‘)
¢ — 2\

maps continuously S(R?41) to S(R%¥*1). Hence P maps continuously S(HY) to S(HY).

1
iFs(PfY,A) = Fof(Y,N) = Fo f(Y, = X)) + X()\)/O (ONFs )Y, =X+ 2tA)dt.

Note that in the case of a function g in S(H¢), Formula (1.13) may be alternately written:
~d
(3.4) Frg(w / Fsg(Y, OW(@,Y)dY for all @ = (n,m,\) in
T*R¢
Relations (2.8) and (3.3) guarantee that

2iNFia (P f) (@) = /T L ENEPOYVN(@,Y) Y

_ /T L Fd OO = Ff (V=) W(@, ) dY

= Fof (Y, I)NV(@,Y)dY
T*Re

T*R4

= fo(n7m7 )‘) - (_1)|n+m|fo(m’n7 _)‘)7
which completes the proof of Lemma 2.3. U

3.3. Proof of the inversion theorem in the Schwartz space. The aim of this section is
to prove Theorem 2.1. To this end, let us first note that from Inequality (2.1) and Lemmas 2.2

and 2.3, we gather that Fi maps S(H?) to S(}ﬁld). In addition, (2.9) guarantees that all
elements of S(]ﬁld) are in Ll(ﬂd) N LQ(}ﬁId).

Hence Theorem 1.1 ensures that Fg : S HY) - S (Iﬁld) is one-to-one, and that the inverse
map has to be the functional Fy defined in (2.10). Therefore, there only remains to prove

~ ~d
that Fi maps S(H ) to S(H?). To this end, it is convenient to introduce the following semi-
norms:

def

(35) | fHKS]HId) -

which are equivalent to the classical ones defined in Lemma 2.1 (see Prop. A.1).

def
I oy IV STy + K FIP gy with Mg 02 40,

Let us compute M2Fg6(Y,s). According to Lemma 3.1, we have for all @ = (n,m,\)
~d
in H ,

Y 0@IYPW@,Y) = ﬁ > <(|n +m|+ dW(®,Y)0(D)

(n,m)eN?d (n,m)eN2d

d d
=N g (@)W (@5, Y) Z\/nj+1 )(mj +1) 6(w )W(@j,Y)>-
j=1 j=1
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Changing variable (n,m) = (n+d;,m+0;) and (n,m) = (n — d;, m — §;), respectively, gives

> 9(@)|Y|2W(@,Y):ﬁ > <(|n+m|+d)9(@)W(@,Y)

(n,m)eN24 (n,m)eN24
—Z<\/ (nj+1)(m;+1)6 (@I)Jr\/me(@j)))vv(@,xf)
=— > AN@W(@,Y)

(n,m)eN2d

where A is the operator introduced in (2.3).

Multiplying by 2¢~1z—d=1¢gisA

end up with

, integrating with respect to A and remembering (2.10), we

(3.6) (M2 Fub)(Y,s) = —Fu(A0)(Y, s).

~ ~d
Understanding how My acts on F(S(H )) is more delicate. It requires our using the con-
~d
tinuity property of Definition 2.2. Now, if € is in S(H ) then it is integrable. As obviously
|W| < 1, one may thus write for all w = (Y, s) in H¢, denoting R, def R\ [—e,¢],

. 2d71 )
(MoFub)(w) = g ilg(l) Z V. (n,m,w) with
(n,m)eN2d
d .
V. (n,m,w) & _/ <—em)a(n,m,A)W(n,m,A,Y)yAyddA.
&, \dA

Integrating by parts yields

. (n,m,w) =¥ (n,m,w) — ¥ (n,mw) with
o d
W (n,m, w) d:ef/ e’S)‘d)\ (W(n,m, A Y)H(n,m,)\)\)\\d)d)\ and
\119 (n,m,w) def d (emW(n, m,e,Y)0(n,m,e) — e W(n,m, —¢,Y)0(n,m, —e)).
Let us compute

def d

(3.7) Ow,Y) = a(W(n,m, A, Y)0(n,m, M)A?).

Leibniz formula gives
_ _ _ . d
O(w,Y) = (D, Y)O(D)| AL + W(w, )—A(wde( @)).

Hence, remembering Identity (3.1), we discover that

O(@,Y) = Zi(w)l/\/(@, VYA + %H(Q)W(@, YA

RS

2\

0(@) (/7 W@y A Y) - V(o + 1) (m; + W@}, Y)),
j=1
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From the changes of variable (n/,m’) = (n — d;,m — ;) and (n,m) = (n + d;,m + 9;), we
infer that

S 0@)(yvag W@, Y) =\ (ng+1)(my+ 1) W@}, Y))

(n,m)eN?d

= 3 W@, ) (v 6@;) — [ (n+ 1) +1) 0@ ).

(n,m)eN2d

Therefore, using the operator YSA introduced in Lemma 2.2, we get

(3.8) Yoo vWnmuw) = > /eis’\(ﬁw)(n,m,A)W(n,m,)\,Y)|)\|dd)\.

(n,m)eN2d (n,m)eN2d

Now let us study the term \11£2) (n,m,w). We have
e EW(n,m, e, Y)0(n,m,e) — e “*W(n,m, —¢,Y)0(n, m, —)
= (ei‘95 - e_iSE)W(n, m,e,Y)(n,m,e)
+ e (W(n, m,e,Y)0(n,m,e) — W(n,m,—e,Y)0(n,m, —5)).
Hence, thanks to (2.8)
Z U (n,m, w) = 2 sin(se) Z W(n,m,e,Y)0(n,m,e)
(n,m)eN?d (n,m)eN?d
—l—sde*ise( Z W(n,m,e, Y)0(n,m,e) — Z (=)™ IW(m, n, e, Y)0(n, m, —5))-
(n,m)eN2d (n,m)eN2d
Swapping indices n and m in the last sum gives
Z U@ (n, m, w) = 2ie sin(se) Z W(n,m,e,Y)0(n,m,e)
(n,m)eN?d (n,m)eN?d
+ettlemi = N Wn,m,e,Y)(Z00)(n,m, e).
(n,m)EN2d
Remembering that |W| < 1, we thus get
(3.9) ' > q’§2)(n,m,w)' <t (2\8\ Yo Bme)l+ Y \@09)(%”&78)\)-
(n,m)eN2d (n,m)eN?d (n,m)eN2d
Now, let us use the fact that we have
Y. lome)l <Ol o s@y 2o (T+e(n+ml+d)+[n—m])
(n,m)eN2d (n,m)eN2d
We observe that
ST (te(nam| +d) +n—ml) 27 < 3T (1re(le + )TN (14 k)T
(n,m)eN2d £eN? kez?
< Ce

—2d—2

Hence the first term of the right-hand side of (3.9) tends to 0 when £ goes to 0.
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Employing the same argument with ioﬁ guarantees that the last term of (3.9) tends to 0
when € goes to 0. Therefore, we do have

i 2 -
gg% Z v (n,m,w) = 0.

(n,m)eN2d

Using that Dx6 belongs to S (}ﬁld) and is thus integrable, we deduce from (3.8) that
im S W (0, m,w) = / ¢ (D 0)(@)W(@, V) dib.
e—0 f?
(n,m)EN2d
Thus this gives
(3.10) MoFub = FuDb.
Together with (3.6), this implies that

(3.11) MyuFud = Fa(-A +Dy)(0)) with My % M2 + M.

Hence we can conclude that for any integer K, there exist an integer Nx and a constant C'i
so that

(3.12) ||MH§~%9||L2(H‘1) < CKHQHNK,NK,S(Jﬁd)'

~ . ~d
Finally, to study the action of the Laplacian on Fg(S(H ), we write that by definition of X
and of W, we have

X (e W(@,Y)) = /d X; (eiS)‘+2i>‘<"’Z>Hn7A(y + 2)Hp\(—y + 2))dz
R

= /]Rd ! z) (2iAn; + 0y, ) (Hua(y + 2) Hi A (—y + 2)) dz.

As 2i)\77j62i)‘<7773> = 0. (e*M72)) integrating by parts yields

J

(3.13) X (eW(w@,Y)) = / LBy~ 0.) (Hua(y + 2) Hinp (—y + 2)) dz.
R

The action of Z; is simply described by
SEW@ YY) = [ (IO Hyrly o+ ) oy +2) d
R

= /]Rd eiS)‘+2i>‘<"’Z>2i)\(zj —yj) Ho \(y + 2)Hiy A (—y + 2) dz.
Together with (3.13) and the definition of Ay in (1.7), this gives
Bl W(@Y)) =4 [ IO, (4 2 (A H) -y +2) d
= —4\|(2lm| 4+ d)ePIW(@,Y).
This implies that for all integer K, we have

(—Ap)S (Fgb) = Fud50  with  MO(n,m, \) S 4)\|(2)m| + d)0(n, m, \),

whence there exist an integer N and a constant C'x so that

(3.14) (= 2m) " (Fu)l 2y < Culllly, - sty
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Putting (3.12) and (3.14) together and remembering the definition of the semi-norms on S(H%)
given in (3.5), we conclude that for all integer K, there exist an integer N and a constant C'x
so that

1Fabl sy < Cxllélly v, @by

This completes the proof of Theorem 2.1.

4. EXAMPLES OF FUNCTIONS IN THE RANGE OF THE SCHWARTZ CLASS

The purpose of this section is to prove Theorem 2.3. Let us recall the notation

O (@) X F(AR(.m).m —n.3) with  R(n.m) < (n; +m; + D1jea

For any function f in S, which is either supported in [0, 00[¢x {0} x R or in [r, oo[¢ xZ4 xR

for some positive real number 7y and satisfies (2.14), the fact that H@fHNo S is finite for

all integer N is obvious. We next have to study the action of A and DA on ©y. To this end,
we shall establish a Taylor type expansion of A®; and DO near A = 0. To explain what

kind of convergence we are looking for, we need the following definition.

~d
Definition 4.1. Let M be an integer. We say that two continuous functions 6 and 6’ on H

are M-equivalent (denoted by 0 z ¢') if for all positive integer N, a constant C a exists
such that

~ _ —d ~ ~ _
v e H | |0(@) — 0" ()] < Cn MM (1 + A0 +m| +d) + |m —n|)~V
Let us first observe that, if M > 1 then

(4.1) 0=0— 1161l ~a. < oo for all integer N.

N,0,S(H")
Furthermore, whenever 0 < My < M, we have
(4.2) 0= 0 = |\ Moo I\~ Moy,

and it is obvious that if P is a function bounded by a polynomial in (n,m) with total
degree My, then

M — My

M — My

(4.3) 020 = Pn,m)0 " =" P(n,m)¥.
Finally, note that the definition of A in (2.3) implies that
(4.4) 0Z ¢ = Ao "= Ag.
We have the following lemma.
Lemma 4.1. For any positive integer M, we have

. ~d iy M1 (£2|A)¢

Vo eH , G)f(wj.:) = Z T@az (W).
{=0

Proof. Performing a Taylor expansion at order M + 1, we get

FOAR(n£8;,m £6;),m — Z i2|)\| SO UAR(n,m),m — n,\)
=0

1 1— M
F (AP / %(a;zf“fwm;t(n,m,w,m ) di
O .
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with Rji(n,m,t) def (m +mi+ 1, nj+my+1E£2t- ng+mg+ 1). The fact that f
belongs to SJ implies that for any positive integer N, we have

1 1—tM N
/O %(8%“]”)(\)\\Rj(n,m,t),m—n,)\)dt < CON(L+|A[(In+m|+d) + |m —n])

This gives the lemma. O

One can now tackle the proof of Theorem 2.3. Let us first investigate the (easier) case
when the support of f is included in [0,00[*x {0} x R. The first step consists in computing
an equivalent (in the sense of Definition 4.1) of A©; at an order which will be chosen later

on. For notational simplicity, we here set R(n) def R(n,n) and omit the second variable of f.
Now, by definition of the operator A, we have

45 (—A68))(n, ) = ST

ﬁj(n, A) def (nj + 1) f (N R(n + 26;), ) +n; f(]A|R(n — 26;), ).

L (o] @y (ARG, )~ 3 A ) it

]:

[y

Lemma 4.1, and Assertions (4.2) and (4.3) imply that

1 2M — 1 nj+12M (2|\))*
ISR o Wi LIRS

QWZ 2D ot (AR (), )

-1 2m5+ 1 e (202,
M-1

2’)\’ 20+1
o 223 T L@ )R, ).

Let us define

dof < 2201
fae(z, N) = E @0)1 z N2 282Zf(3: A) and
J=1
(4.6) o
fapr(w,0) Y —— % I N [ (a, N).

J=1

Clearly, all functions f; are supported in [0, 00[?x{0} x R and belong to S¢, and the above
equality rewrites

2M
(4.7) A6y(n,3) "= =37 fi(IMR (), A).
/=1

Arguing by induction, it is easy to establish that for any function f in Sj supported

in [0,00[x{0} x R and any integers N and p, the quantity HAp@fHNO S is finite. Indeed,
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this is obvious for p = 0. Now, if the property holds true for some non negative integer p
then, thanks to (4.7) and (4.4),

2M
At (N =TT ST Are, (0, N).

=1
From (4.1), (4.7) and the induction hypothesis, it is clear that if we choose M greater than p
then we get that HAp@fH @ is finite for all integer N.

H)

Let us next study the action of Operator YSA. From its definition in Lemma 2.2, we
gather that

d

d
(Dr0)(@) = %(f(|)\|R(n),)\)) FIMR(n) iA Z with
def

Dj(n,A) = n;f (IA(R(n) = 255), A) = (nj + D f (M(R(n) +20;), A).
Lemma 4.1, and Assertions (4.2) and (4.3) imply that

o1 nj 1 s (2A)

255 ) 2O DARG). )
2M ¢
FRR D L DR,
=0
M
oM —1 (20)2-1
(4.5) S R CAINLTEY

2n; + 1K @ADL o
~TH X ey AT DINE® ).

Applying the chain rule yields

d
(19) S (F(NRM).A)) = @rf) (ARG, ) + s A S (2ng +1)(@s, /) (AR (), ).
j=1
Defining for ¢ > 1 the functions

o 22€ 1
fao(z,N) = Z o) A2 1825]”(35 A) and
=1

o
—n

.

d 92¢
f2£+1 z, )\ lel Z 2£+1 ' J)\QK 182€+1f(x )\)
:1

(oW
-

.

we get, using (4.8) and (4.9),
(Dr0s)(@) "= (Onf) (AR (n ng AR (n

From that relation, mimicking the induction proof for A we easily conclude that for any func-

tion f in S;lL supported in [0, 00[*x{0} x R, and any integer p, the quantity HDP@f”NOS i)

is finite for all integer N. This completes the proof Theorem 2.3 in that particular case.
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Next, let us investigate the case when the function f of SJ is supported in [rg, co[?x 7% xR
for some positive ry and satisfies (2.14). Then, by definition of the operator A, we have for

~d
all w = (n,m, ) in H , denoting k def o — n,

d
—Re (@) 2|1A| (14 ml + D F (N R m), k,X) = 30 As(@))  with
7j=1
Ri@) €+ Dy + 1) F(N (R, m) +285), K, )

+ ALz f(|)\|(R(’I’L, m) - 25j)a k‘, )\) .
Compared to (4.5), the computations get wilder, owing to the square roots in the above for-
mula. Let M be an integer (to be suitably chosen later on). Lemma 4.1, and Assertions (4.2)
and (4.3) imply that

1~ em—1+/(nj+1)(m; +1) M 2AD)¢ .,
A =
21 (W) 2N Z; (9%, D (IA[R(n,m), k, )
nm 2|>\|
+ LT Z (ARG, m). ).
Defining
def
(4.10) a*(p,q) = Vp+1)(g+1) + Vg,
for nonnegative integers p and ¢, we get
1 ~ 2M —1 ~
(4.11) S A(@) =AY @) + Aj(@)
2[Al
ot (ng,m;) w
with A%(a@) & 2’&” s) Z aﬂf Y(IA[R(n,m), k, A)
=0

M-1 0+
and 51(@) difa (nj7m]) (2‘)“)2
J 2|\l = (2¢+1)!
Now let us compute an expansion of ozji(n, m) with respect to n;+m;+1 and nj —m;. Let p

and g be two integers and let us write

(p+1)(¢+1) = pg+p+qg+1 and

(32“1 HNR(n,m), k, A).

pg = i((l)+q+1)2—2(p+q+1)+1_(p_q)2)_
We get that
1 2 2
prnel = §(p+q+1)\/1+ +Q+1+( (2+ ;2
2 1—(p—q)?

+
ptqg+1 (p+q+1)?

1
and /pq = §(p+q+1)\/1_

Let us introduce the notation f(p,q) = Op(p,q) to mean that for some constant C, there

holds OM4+2
1 lp —ql )
, <(C + :
’f(p Q)’ > <(p+q+1)M (p+q+1)2M+1
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Using the following Taylor expansion with K = 2M:

K 1
Vidu=1+ Z agu 4+ (K + 1)aK+1uK+1/ (1+ tu)_K_%(l — ) at,
6=1 0

we gather that

Bl (e q>> >+02M(p,Q)

2M

1
+D(g+)=s(p+q+ D1+ a
(p+1)(g+1) 2(19 q )( pa p+q+1 FEwEEE

1

oM (20
and \/]T:%(Nﬁl)(“rhz: <p+q+1 2p+(§+(£2)€>+ow(p’q)'

Now we can compute the expansion of a®(p,q). Newton’s formula gives

01—24o
0\ 4201 - -9)?)
+ 1
at(pg)=p+ag+1+ ), a( > + Oanr(p, q)
2% 20, —205—1
<t Tom 2) (p+q+1)2a—2k
205<4y
(4.12) . 12t
a(pg)=2 > a < h >42(1_<p_q>) + O2m(p, q)
) = G \op, 41 201 —205—2 2 4)
1<6,<2M 2+ (p+q+1)%0—=0
200+1<l;

In the above expansion, some terms that turn out to be Os2p/(p, q) are kept for notational
simplicity. Now, one may check that for all functions 6 and 6’ supported in [rg, co[¢x 7% xR
and any integers My and My, we have for all j € {1,--- ,d},

My + Mo —~
="" f(nj,m;)0'(w).

Then Assertion (4.12) implies that for any function g in S:lr supported in [rg, co[*x Z¢ xR,
and any j in {1,--- ,d}, we have

(4.13) (f =0, and 6 Z6) = f(n;,m;)0(d)

L 2M —1
o (nj,m;)0,(0) = (nj+mj+1

4.14 (1 — (ns —m.)2 01 =202
— + Z g, <€1>4 (= (o ) >®g(@) and

. . 201 —205—1
<o 205)  (n; +m;+1)20—2
202<ty
l1—205—1
B L 2M —1 121 4t (1 — (n; _mj)Q) -~
(4.15) o~ (nj,m;)0,(®) " = 2< > %< > L Oy ().
<t 205+1 (nj+mj+1)201—26
200+1<l;

Using (4.11), this gives

20, ~ 2M 1 (nj+m;+1 . M —~ .
AP 7S (Mg )er@) + 30 (@) i
=

0 —20 )\2([1 —l2—1)

def 4y
fio@ kN = > an <2e )2% =K gy f (@ k)

]
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and, if 1 </ < M,

def 1 / B 01 _op, N2 —t2—1)
Fioe(z, k,\) = @ Z a, ( 1)2%2 121 _ 2) =2

20
0<t<2M 262 g2 201 OryF (1 A)-
J
20220
Similarly,
oA M—1
A(l = @fj,2€+1 with
(=0
def 1 fl lo4-t o1 —202—1
fj,2€+1($aka)\) = W Z 0 <2€2+1>42 (1—/<:j)
1<6:<2M
2f2+1<f1

)\2(5+Z1 —l>—1)

20+1
X —snman Oz f(@ k).
J

n [ro,ood

From the definition of Operator 3, we thus infer that there exist functions fy of S;' supported
i [¥x 7% x R and satisfying (2.14), such that for all M > 0, we have

~

AO 21\/[71 Z@f{

At this stage, one may prove by induction, as in the previous case, that || AP© f”
finite for all integers N and p.

Let us finally study the action of ZSA. From its definition, setting k = m — n, we get
~ R d d
(B207)(@) = - (F(AIR(n,m), k. X)) +

d
(|)\|R(n m), k, ) %Z with

D;(@) & g f (MR, m) ~ 25j>,m)—¢<nj+1><mj+1>f(rAr<R<n,m>+25j>,k,x>.
The chain rule implies that
SN m). k. 2)) = @3 (AR G, m). k. )

d

+ sgn)\Z(nj + my 4 1)(0x, ) (|A|R(n,m), k, A).
=1

(4.16)

Combining Lemma 4.1, and Assertions (4.2) and (4.3) yields

1 oM -1 _ M (21)%1
D0 S ) 3 C ARG )

M—-1

22 20
+a(nj,m;)sgn A Z 2(67—1—)1)(82“1 YA R(n,m), k, ).
(=0
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Therefore, we have

(DAO) (@) "= " (0xf) ((A|R(n,m), k, A) < Za (nj, m; )f(|>\|R(n,m),k,)\)
d
+sgn)\2(nj +mj+1—at(nj,m;)) (0, f)(INR(n,m), k,A)
j=1

M
2)\ 20—1
—a~ (nj,m;) Z (@2 FYUMR(n, m), k, A)
/=1

M-1 (2>\)2g
_a+(nj7mj)sgn)‘ Z m(3§f+1f)(\)\\]%(n,m),k,)\)
(=1 '

Hence, using (4.14) and (4.15) and noticing that the coefficient ay, involved in the expansion
of ai(nj,mj) is equal to 1/2, we conclude that there exist some functions f;, f]b and f}ig
of Sj, supported in [rg, co[?xZ? x R and satisfying (2.14) so that

d d
ME ®5Af —{—Z Z ZZ fuz w

Jj=1

(DAOf) (D)

.
I
A
H
H

where

€=202—1 4920, 20,3
= def o\ 42(1-K) AT
fj(xak’ >‘) = Z 51 <2£2 + 1> szgI,QgQ,Q f(x,k, >‘) )

2<l1<2M J
200+1<ty

9 2\01—202y 20, 20,1
) def A )
fi(z, k,\) = g ag, <2£2> e Oz, f(x, kA,
1<, <2M J
205<ty

200426 (1 _ .2\ —262=1 (9pyop —9p,—3
f def 6 2 (1—&) A 2
fjgg(x,k, )\) = < Z azl <2£2+1> x§€1_2£2_2 (2€)| (axjf)(x7ka)\)

1<0,<2M
205+1<ly
and
l2(1 _ kz)fr%)\zzrzzg
i def ' 4 4 ( J
fjgzﬂ(ﬂﬁaka)\) = 2<9CJ + Z ey (252 p20—20—1
1<t <2M J
205<ty
(2)\)2271 ’
X m(agjﬂf)(%k,)\)-
At this stage, one can complete the proof as in the previous cases. ]

It will be useful to give the following asymptotic description of the operators A and YSA
when A tends to O:
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Proposition 4.1. For any function f in ;" supported in [rg, oo[x Z xR for some positive ro,
Y ~ ~d
the extension to A©y and D)\O; to H,, is given by

(AO)) (i, k) = &0%, f (i, k, 0) + 93 f (i, k, 0) — %f@, k,0) and

(ﬁ)\ef)('%"7 k) - ({9)\.]0(1.', k, 0)'

Proof. For expository purpose, we omit the dependency on &, for f. Then we have by definition
-~ ~d
of O and A, for all (n,n + k,\) in H with positive A,

—222A0(n,n+k,A) = A2n+ k+ 1) f(M2n + k + 1), \)
M+ D+ E+1D) N2 +E+3),0) = Mnn+k) fA2n+k—1),)).

Denoting & = 2An, the above equality rewrites

—2X2A0;(0) = AN (@) — AX (@) — A% (@)  with

AV @) € (& + Ak + 1) £(3 + Ak + 1)),

(4.17) A%(@) d:ef\/(g +>\) (g + Ak + 1)) £+ Ak +3)),
A3(g) & g(g + )\k) F@+ Ak —1)).

In what follows, we shall use repeatedly the following asymptotic expansion for y > 0 and 7
in]—y,yl:

(4.18) W:@Jr%_%h@@((g)?’),

Let us compute the second order expansions of A (@), A2(@) and A3(@) with respect to A,
for fixed (and positive) value of An. We have

(419) AN@) = & (2,0) + ((k + 1)(f(&,0) + 3031 (i,0)) + 50 (i,0) ) A
(k+1)2
2

+ (%1‘8;)\]0(.%',0) + <1‘8§$f(1'70) + Qaabf('%"70))

4 ) (00 (0.0) + 802, (0,0)) ) ¥ + 009

In order to find out the second order expansions of A2(@) and A®(@), we shall use the fact
that, denoting § = #/2 and using (4.18),

Koy (A A - (B DA (B+1)2
A(“))_(J%M 8@@><ﬂ+ NG S9v7 )
x (f(fn, 0) + (B f(d,0) + (k + 3)0 (&, 0)) A

(k+3)2
2

F(38 .0 + (3108 £(.0) + B2, (2 0) V) L o).
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Hence, we get at the end, replacing ¢ by its value,

kE+3

(4.20) A2(@) = %f@,@) 4 ((1 4 g)f(a'c,O) + (F2)i0r(5,0) + %9’03ﬁ(3’c,0)>)\

) .
+ <7(’“Z3) 202, f(i,0) + <k - 3):'66%Af(9b,0) + 300 (@,0)

2

+(1+ g) ((k +3)0; f (&,0) + Ox f(i:,0)) — %f(¢7 0)> A +0().

Similarly, we have

N3 - _ ﬁ k2)\2 ; B s
A (w)—\/§<\/§+2\/§ 8yf>< (2,0) + (Orf(#,0) + (k — 1)0: f(&,0)) A

(30007600 + (6 - 104 (6.0) + L2102, 1(6.0) ) + 009,
whence,
(4.21) A%(w) = %f(a’c,o) + (gf(a'c,O) + (l€ - 1)¢a¢f(¢,o) + %9’0(%]”(9’5,0)))\
_1)2 T
+ <<k 41) 2 f + ( >x82)\f(:b,0) + Zai)\f(j:,o)
2
+ g((k: —1)9; f(#,0) + Oxf(4,0)) — %f(ﬁc, 0)> MO,

Inserting the above relations in (4.17), we discover that the zeroth and first order terms in
the expansion cancel, and that

—2)2A0 () = <gf(j:, 0) — 20; f(#,0) — 2897, f (4, 0)> M40\,

which ensures that

k2
lim A0 (@) = 20, f (i,0) + 0 f(&,0) = =1 (,0).

The proof for Operator DA is quite similar: from the definition of YSA and the chain rule, we
~d
discover that for all (n,n + k,\) in H with A > 0,

Dy (@) = 2n 4k + 1) fOA2n+k +1),A) + O f(A2n + k +1),\)
FO@n+E+1), )+ n(n+k) f(A2n+k—1), \)—/(n + 1) (n+k+1) f(A2n+k+3),\)).

1
+5(

Therefore, assuming that & def 2 n > 0, we get

%(@ + (k+ DN f (@ + (k+ 1A N)

- 212 <Af(w + (k+ DA + A%(@) - 32(13))'

(4.22) DAO (@) = Orf(& + (k+ DX A) +

Because

f@E+ (k+ 1A A) = f(£,0) + ((k+1)0:.f(&,0) + Orf(&,0)) A + O(N?)
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and
(@+(k+1)N)0:f(&+ (K + 1A A) = 205 f(,0)
+((k +1)(9:.f(#,0) + 203, f (#,0)) + £03, f (£,0)) A + O(A?),
we get at the end, taking advantage of (4.20) and (4.21),
DO #() = Orf (i, 0) + O(N),
which completes the proof. O

5. EXAMPLES OF TEMPERED DISTRIBUTIONS
~d
A first class of examples will be given by the functions belonging to the space L}, (H)
of Definition 2.5. This is exactly what states Theorem 2.4 that we are going to prove now.
~d
Inequality (2.17) just follows from the definition of the semi-norms on H . So let us focus on

~d
the proof of the first part of the statement. Let f be a function of L},(H ) such that ¢(f) = 0.
We claim that f = 0 a.e. Clearly, it is enough to prove for all K > 0 and b > a > 0, we have

| ir@lda=o

Cab, K
~ ~d
where C, 4 i def {(n,m,A) eH : |\|(ln+m|+d) <K, |n—m|<K and a < || < b}
To this end, we introduce the bounded function :

def f
g = m 1f750 léa,b,K

and smooth it out with respect to A by setting

def
Je = Xe*\ 9

where . def e~ tx(e7 1) and x stands for some smooth even function on R, supported in the
interval [—1, 1] and with integral 1.

Note that by definition, g is supported in the set (?a,b, - Therefore, if € < a then g, is

supported in (?a,e,b%, k- This readily ensures that || gEHN0 S@Y) is finite for all integer N (as

regards the action of operator 3, note that g-(n,m,\) = 0 whenever || < a — ¢).

~d
In order to prove that g. belongs to S(H ), it suffices to use the following lemma the proof
of which is left to the reader:

~d
Lemma 5.1. Let h be a smooth function on H with support in {(n,m,\) : |A| > a} for
some a > 0. If h and all derivatives with respect to A have fast decay, that is have finite

~a. for all integer N, then the same properties hold true for ﬁ)\h and Ah.

semi-norm || - HN,O,S(H )

~d
Because ¢g. is in S(H ) for all 0 < a < ¢, our assumption on f ensures that we have
def ~ PPN
L [ 5@ (@) da = o
i
~d
Now, we notice that whenever 0 < ¢ < a/2, we have for all (n,m,\) € H and \ € R,

(AT Jatrmov) ) = 2x(FT om0, Hlm)

Ca/2,b+a/2,K
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which guarantees that

/ﬁd X Xe(A = X)[g(n,m, X)[[f (n,m, \)| dw dX' < [[x]| 111, fllpr < oo.
X

Ca/2,b4a/2,K

Therefore applying Fubini theorem, remembering that x is an even function and exchanging
the notation A and X in the second line below,

o= [smn( [ et - Xgtnm v av) o
= [atmn( [0 -x0g,,, ., Homx)ax )aa
=[x, ) @)9(@) do.

The standard density theorem for convolution in R ensures that for all (n,m) in N*¢, we have

hm / |X€ a/2 bta/2, Kf)(n’ m,A) = (léa/2,b+a/2,Kf)(n’ m, )‘)| dA = 0.
Hence, because the supremum of g is bounded by 1, we get
0 = liml;
e—0
- /ﬁd 15a/2’b+a/27Kf(w) g(w) dw
- [ i@l
Ca,b,K
which completes the proof of Theorem 2.4. O

Let us prove Proposition 2.1 which claims that the functions

£y (nm, \) (N @m) + d) 7 Sm

are in L}\/[ in the case when 7 is less than d 4 1. As f, is continuous and bounded away from
any neighborhood of 0, it suffices to prove that

(5.1) 3 /A (IAI2in] + ) A < oc.

e eIl +a)<

Now, performing the change of variables ' = \(2|n| + d), we find out that

Z/ (Il + ) A = Z(2|n|+d)d1/ V|97
A( [N]<1

nend ? M @In[+d)< neNd

Because 7 < d+ 1, this implies that the last integral is finite. As Z (2|n| +d)~9 is finite,
neNd
one may conclude that f is in L]lw. O

In order to give an example of tempered distribution on the Heisenberg group that is not
a function, let us finally prove Proposition 2.2. We start with the obvious observation that

[ d <9(n,n, A) +0(n,n, —A) — 29(6)) o i

< T e
: N[ 2[n] + d) shth
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with | 3 ‘
et 0(n,n, A) +0(n,n,—X) —20(0)]
T, = 1 n On,m d
1 /ﬁd {IAl(2In|+d)>1}On, AP (2|n] + d) Y
B(n,n,\) +6(n,n, —X) — 26(0)]

dw.

def
and Ty = /@d 1{|>\\(2\n|+d)<1}5n,m|

On the one hand, we have

1 d
I, < 4||9HL<X,(Ad Z / Lo 2\n|+d)>1}m [A[%dA.
neN®

A (2[n| + d)7

Changing variable X' = \(2|n| + d) gives
2 > 11 d— /
T <410l o) S g | VIS X
neN?

As v is greater than d + 1, the integral in )\’ is finite and we get

(5'2) 7, < CHHHLoo(]ﬁId)

On the other hand, changing again variable A’ = A|(2|n| + d), we see that

9 1 N =\ P
7 :E = - 7 Y_9 nd=7 g\’
2 = (2|n| + d)d+1/0 <0<n,n, 2|n| + d> * H(n,n, 2|n| + d> 6(0)> N7
ne

At this stage, we need a suitable bound of the integrand just above. This will be achieved
thanks to the following lemma.

~d
Lemma 5.2. There exists an integer k such that for any function 6 in S(H ), we have

V(n,n,\) € B, 8(n,n,A) — 0(0)] < C|j6)] X 2ln] + d).

k,k,S(HY)

Proof. Theorem 2.1 guarantees that @ is the Fourier transform of a function f of S(H?) (with
control of semi-norms). Hence it suffices to prove that

‘fH( nm/ flw dw‘ < CN(f (\/|)\|(|n +m| + d) + |A|6n, m) with

(5.3) ot

N [ Y1+ s+ 20 ) (Y2) d

According to (1.13), we have

- n m/ f dw
- / f(w) (e”@“mvy” [ e 0 s+ 20 a2 ds = [ o)) dz) dw.
He R? R?
The right-hand side may be decomposed into I1 + Is + I3 with

I = / e—ik<s+2<"vy>>f<w)( / (e—w’m—1)Hm<z+2y>Hm,A<z>dz)dw,
HY R

. /d e~ A2 )) £ (3p) </d(Hn,)\(z +2y) — Hy\(2)) Hi\(2) dz> dw and
H R

1—3 _ /Hd (e—i)\(8+2(7]7y>) _ 1) f(w) </Rd Hn,)\(Z)Hm,)\(z) dZ) dw.
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To bound Iy, it suffices to use that

d
<23 Pl [ Hoa o+ 2] 2y Hma2) d,

/d <e_2i’\<”’z> — 1) Hy (2 + 2y)Hp A (2) dz
R ;
J=1

whence, combining Cauchy-Schwarz inequality and (A.4),

d
<Y Inily/ 1Al (dmy +2).
j=1

/d <e’2“<mz> - 1) Hp\(z + 2y) Hyp 2 (2) dz
R

This gives

(5.4) 10 < /I 2d) [ 1ol )] dy s

To handle the term Iy, we use the following mean value formula:

1
Hya\(z+2y) — Hya(2) =2y - / VH, \(z + 2ty) dt,
0

which implies, still using (A.4),

d
<> lyily/IA (4n; + 2),

J=1

/]Rd (Hn,)\(z +2y) — Hn,A(Z))HmQ\(Z) d

and thus
(55) ol < /NG +2) | 1ol £ (0.5 dy .

Finally, it is clear that the mean value theorem (for the exponential function) and the fact
that (Hy),cna is an orthonormal family imply that

(56) 1] < N |15+ 200,001 £ 09| doy s,
Putting (5.4), (5.5) and (5.6) together ends the proof of the lemma. O
)\/
It is now easy to complete the proof of Proposition 2.2. Indeed, taking A = :|:2| T d in
n

Lemma 5.2, we discover that

N N ~
—— = ) -2 < ~a V.
‘6<n’n’ 2In| + d> + 0(“’”’ 2|n| 4+ d) 0(0)‘ - CHHHk,k,S(Hd) A

This implies that

Iy

IN

1 ! /d—l—l—'y /
neN?

1
/d+l—'y !
mwuhk’aﬁd)/o V| gy

IN

As v < d+ 3/2, combining with (5.2) completes the proof of the proposition. O
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6. EXAMPLES OF COMPUTATIONS OF FOURIER TRANSFORMS

The present section aims at pointing out a few examples of computations of Fourier trans-
form that may be easily achieved within our approach.

Let us start with Proposition 2.5. The first identity is easy to prove. Indeed, according
to (1.14), we have

(Fa(d0),6) (00, "Fr1(0)) 5 (1) s 12

= /Ad(Hm,A‘Hn,A)m@(@)dﬁ)\.
H

S(HEYxsEY

As (H"7)‘)neN is an orthonormal basis of L?(R%), we get

— d
(sl O)g gty = 3 Ol A AN
neNd
which is exactly the first identity.

For proving the second identity, we start again from the definition of the Fourier transform
on S'(H%), and get
_ ¢
(6.1) (1.0 g st = [, (Fi)(w)

Let us underline that because !Fyf belongs to S (Hd), the above integral makes sense. Be-
sides, (2.22) implies that
o+ B

By Theorem 2.2 and Lemma 5.2 we have, for any integrable function f on H¢,

fH(ﬁ) = » f(w) dw.

Thus we get
ad+1 ) o opd+l
<fH(1)70>S’(ﬁd)><S(]ﬁld) - FFH(‘FH (0))(0) - 2d—1 6(0)
This concludes the proof of the proposition. O

In order to prove Theorem 2.5, we need to establish the following continuity property of
the Fourier transform.
Proposition 6.1. Let (T,,),en be a sequence of tempered distribution on H? which converges
~d
to T in S'(H?). Then the sequence (FuT})nen converges to FuT in S'(H ).

Proof. By definition of the Fourier transform on H?, we have
~d t
V@ S S(H ) 5 <fHTn70>S’(ﬁd)XS(ﬁd) - <Tn, fH0>$/(Hd)XS(Hd)
Since (T}, )nen converges to T in S'(H?), we have

~d
V@ S S(H ) 5 <Tn, t’FH0>S’(Hd)><S(Hd) - <T7 t‘FH6>S’(Hd)XS(Hd)'

lim
n—oo
Therefore, putting the above two relations together eventually yields

~d ] _ . _
Ve S(H ), nh_>H;o<fHTn’0>S’(H?]Id)><S(H?Hd) = (T, fH9>S,(Hd)X3(Hd) = (FuT, 0>Sl(ﬁd)xs(ﬁd).
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This concludes the proof of the proposition. O

Now, proving Theorem 2.5 just amounts to recast Theorem 1.4 of [1] (and its proof) in
terms of tempered distributions. We recall it here for the reader convenience.

Theorem 6.1. Let x be a function of S(R) with value 1 at 0, and compactly supported
Fourier transform. Then for any function g in Ll(T*Rd) and any sequence (e)nen tending
to 0, we have

(6.2) Aim Frlg ® x(en)) = 2m(Gng)puga

. ~d
in the sense of measures on H .

Because g ® x(ep-) tends to ¢ ® 1 in S’'(H?), Proposition 6.1 guarantees that
(6.3) Fu(g®1) = lim Fu(g @ x(en'))-
n—oo

~d
Moreover, according to Theorem 1.4 of [1], we have, for any 6 in S(H ),

T..(9,0) = / diy<i)0(@)e(@)d@ with G@) < [ W(@,Y)g(Y)dY.

]ﬁl En En T*RY

As g is integrable on T*R¢, Proposition 2.1 of [1] implies that the (numerical) product G is
a continuous function that satisfies

|G(@)0(w)] < C(1+ [A(jn+m|+d)+|n—m])
This matches the hypothesis of Lemma 3.1 in [1], and thus

im [ =5 (2)e@)m) do = /@ 00, 1)(Gang) (i R)dag i K).

—2d+1

Together with (6.3), this proves the theorem. O

APPENDIX A. USEFUL TOOLS AND MORE RESULTS

For the reader convenience, we here recall (and sometimes prove) some results that have
been used repeatedly in the paper. We also provide one more result concerning the action of
the Fourier transform on derivatives.

A.l. Hermite functions. In addition to the creation operator Cj def —0j + M, already
defined in the introduction, we used the following annihilation operator:

def

(A1) A; = 05+ M;.

It is very classical (see e.g. [18]) that

(A.2) AjH, = \/2njH,_5, and CjH, = \/2n;+2Hps,.
As, obviously,

(A.3) 2M; =C;+A; and 20; = A; —Cj,

we discover that
1
A 5( 2nj Hy_s, ++/2n; + 2 Hy45,) and
’ 1
5( 2nj Hy_s, — \/2n; + 2 Hpys,).
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A.2. The inversion theorem. We here present the proof of Theorem 1.1. In order to
establish the inversion formula, consider a function f in S(H?). Then we observe that if we
make the change of variable 2’ =  — 2y in the integral defining (F(f)(\)(u))(z) (for any u
in L?(R%)) and use the definition of the Fourier transform with respect to the variable s in R,
then we get

FEON@)@) = [ | Flosje 20 ua - 2) dydnds

—— . /
(A.5) _ 2d/ (F.f) (x _ T . )\> e~ IAmzt )u(m/) da' dn.
T*RY
This can be written
(A.6) fH(f)()\)(u)(x) =/ Ky(x, 2 Nu(z') da’,
R

.’E—CE

with K j(z,2',)) & 2~ /
(R)*

o
= 2_d(.7:n,sf)<¥, Mz +2), )\).

This identity enables us to decompose Fy into the product of three very simple operations,
namely

(F.s f)( 1, )\> efi)\<77,:v+m’>dn

Fu=2"%Pyodo Fn,s  with
/
(A7) (0)(w,a',0) Co(“ T Mw+47),))  and
def
(Prrp) (n,m, A) = (4 M) Hop @ Hinp) o o)
Let us point out that for all A in R\ {0}, the map

is an automorphism of L?(R??) such that

_d
(A.8) 1D(D) (5 Ml g2 maey = A2 6C; Al 2 (m2ey,
and that the inverse of ® is explicitly given by
A. o1 — 2oy 2.
(A.9) (y,2,7) w(y+2)\7 y+2)\,/\>

Next, Operator Py just associates to any vector of L? (]RQd) its coordinates with respect to
the orthonormal basis (Hn A® H,y,, A) (n,m) N It is by definition an isometric isomorphism

from L?(R2?) to (2(N?9), with inverse
(A.10) (P 0)(@,2',\) = Y 0(n,m, \)HpA(x)Hp A (7).
(n,m)eN2d
Obviously, arguing by density, Formula (A.7) may be extended to L?(H?). Therefore,
according to Identities (A.8)—(A.10), and thanks to the classical Fourier-Plancherel theorem

in R4!, the Fourier transform Fy may be seen as the composition of three invertible and
bounded operators on L?, and we have

Fat=2'F oo™ o Pyl

This gives (1.17) and (1.18). For the proof of (1.19), we refer for instance to [1]. This
concludes the proof of Theorem 1.1. O
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A.3. Properties related to the sub-ellipticity of Ay. Let k be a nonnegative integer.
Then setting

def
e 2 S I,
ae{l,-,2d}k

we have the following well-known result (see the proof in e.g. [21, 22]):
Theorem A.l. For any positive integer ¢, we have for some constant Cy > 0,
l 14
HAHUHH(Hd) < HUHH%(HUZ) < CZHAHUHB(Hd)-

This will enable us to establish the following proposition which states that the usual semi-
norms on the Schwartz class and the semi-norms using the structure of H? are equivalent.

Proposition A.1. Let us introduce the notation

def .
(Mif)(X,5) = (X —is) f(X,5).
Next, for all & = (ag, oy, ,aq) in N'*24 we define
def ~ | def
w® L g0y .ygdn?d 773% and o 1c 200+ a1 -+ Qag .

Then the two families of semi-norms defined on S(HY) by

def
13 sqmey = T2 + IMEFI + | A 7. a

I SN [ S
Tal+18I1<p

are equivalent to the classical family of semi-norms on S(R%+1).

Proof. As obviously [|f|[, smdy < Nop(f), showing that the two families of semi-norms are
equivalent reduces to proving that

(A11) VpeN, 3(Cp, M,) / Vf € S(HY), Ny(f) < Coll Fllas, s sy -

Now, integrating by parts yields
/ w® XP f(w) w* X F(w) dw = (1) [ fw)X? (w?* X7 F(w)) dw
H¢ e

Observe that X 7w’ is either null or an homogeneous polynomial (with respect to the dilations
(1.4)) of degree 7/ —~, and equal to 0 if the length of v is greater than the length of 4/. Thus,
thanks to Leibniz’ rule, we have

(A.12) A2 W f(w) = Y agassw” X7 f(w).
To'|<2]a|-1
8/[<I81-1

Hence we get that

F)XP (@2 XF ) dw = S anar s / w® F(w) X XFF(w) duw
Hd

|a’\<2\a|

118
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Thanks to Cauchy-Schwarz inequality and by definition of My, we get, applying Theorem A.1
and taking p large enough,

S towrss / w® ()X XPF(w) dw < C(|IF]2 + | MELI2 + |ALFI2.)-
o/ |<2]a
181<18]

This proves that the two families of semi-norms in the above statement are equivalent.

In order to establish that they are also equivalent to the classical family, one can observe
that for all j in {1,--- ,d},

N = — - Yj — =
S = —[HJ,XJ], 6yj = Xj - (:ij — Xj:j) and an ==y + 2L (.:ij — Xj‘:‘j)7

2 2
from which we easily infer that
it . 0t def
11l sezirty < ONop(f) - with TFIE gigaeny & 30 10 F 2o
lor|+|8l<p
This ends the proof of the proposition. O

A 4. Derivations and multiplication in the space S(ﬁd). In Section 2, we only con-
sidered the effect of the Laplacian Apy or of the derivation ds on Fourier transform. Those
operations led to multiplication by —4|\|(2|m| + d) or i\, respectively, of the Fourier trans-
form. We also studied the effect of the multiplication by |Y|> or —is, and found out that

they correspond to the ‘derivation operators’ A and DA for functions on H
Our purpose here is to study the effect of left invariant differentiations & and Z; and

multiplication by M ji def y; £in; on the Fourier transform. This is described by the following
proposition.

Proposition A.2. For any function f in S(H?), we have, for A different from 0,
FeX;f = —-Mifu and (FeZ;f)=-M;fa with
Mo@) N2 (y2m + 26(n,m + 65, 7) — /2m; 0(n,m — 6;,\))  and
M; 6(@) d:ef A (W& (n,m + 65, ) + /2m; 0(n,m — 6;, ).

We also have FrM;" f = Di fu with

. 1
(Dro)(w) L 0 («/ 0(n 5j,m,A)—w/zmj+20(n,m+5j,>\)>

2072

1
{i/\<0} (w/2n] 20(n+9d;,m,\) —+/2m;0(n,m — 5J,)\>

T

Proof. The main point is to compute

OyW(W,Y), 0p, W(w,Y), yyW(w,Y) and nW(@,Y).
By the definition of YW and Leibniz formula, we have, using the notation fy(x) def FUAY22),

8ij(ﬁ77 Y)= /d eZiMz,n)‘)\‘% ((0an)>\(y+z)Hm7>\(—y+z)—Hn,)\(y—i—z)(0me)>\(—y—|—z))dz.
R
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From (A.4), we infer that

MIH

(A13) 9, W(®,Y

(\/2n]W —8;,m,\,Y)) —/2n; +2W(n+6;,m,\,Y)
—+/2m jWn,m—éj,)\,Y)—i—\/2mj+2W(n,m+5j,)\,Y)).
Let us observe that

OpW(W,Y) = /Rd 2iAz; ¥ 2 H, o\ (y + 2) Hya(—y + 2)dz

= i) / ) X M12) (yi 2V Hy A(y + 2) Hop \(—y + 2)
R

+ Hop(y + 2)(=yj + 2) Hma(—y + 2)) dz
Z)‘ 7 z
= 7 L O+ -y +
+ Ho\(y + 2)(MjHp)A(—y + 2)) dz.

Now, using again (A.4)7 we get

(A.14) O, W(w, 2IA| (\/2n]W — 85, m A\ Y)) 4+ /20 +2W(n+6;,m,\,Y)

+/2m; W(n,m — 6, \,Y) 4+ \/2m; + 2W(n,m + 6;, A, Y)).

For multiplication by y;, we proceed along the same lines. By definition of W, we have

ij(@\7 Y)= e%M"’Z)((Man)A(y—l—z)Hm,)\(—y—l—z)—Hn)\(y—l—z)(Mme))\(—y—l—z))dz.

2(\|2 Jre
Still using (A.4), we deduce that

1
(A15) yW(w,Y) = W(\/an W(n —38;,m,\,Y)) ++/2n; +2W(n+d;,m,\,Y)
2
—V2m; W(n,m —6;,\,Y) — /2m; + 2W(n,m + 6;,\,Y)).

For the multiplication by 7;, let us observe that, performing an integration by parts, we

can write
N 1 i
W(@,Y) = 5~ [ 0, (X2 Hyy \(y + 2) Hyp A (—y + 2) dz
7

2i\(n,z
_ ﬁ/Rd 20, (Hyr(y + 2)Hpr(—y + 2)) dz.

Leibniz formula implies that
i

/d N2) (9 Ho )\ (y + 2)Hyn (= + 2)
R

+ Hn A (y + 2)(0; Hm)a(—y + 2)) d2.
Using (A.4), we deduce that

=N o Al2
nW(iw, ’ ’

(\/Qn W(n 5j,m,)\,Y))—\/an—i—QW(n—l—(Sj,m,)\,Y)
+/2m; W(n,m — 6;,\,Y) — \/2m; + 2W(n,m + 6;, A, Y)).

(A.16)
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As we have e "X, (e"*'W(@,Y)) = 2in; W(@,Y) + 9, W(@,Y), we infer from (A.13)
and (A.16) that
e Y, (ei‘S}‘W(&F, Y)) = ])\]% (=v/2mj W(n,m —§;,\,Y)
(A.17) +/2m; +2W(n,m+6;,\,Y))
= MIW(w,Y).
As we have ‘ '
e E (W@, Y)) = —2iy;, AW(@,Y) + 0, W(D,Y),
we infer from (A.14) and (A.15) that
i

e—isAEj (eiS)‘W(@, Y)) — ‘)\‘% ( 2mW(n,m —6;,\,Y)
(A.18) +/2m; + 2W(n,m + 6;,\,Y))
= M;W(w,Y).

It is obvious that (A.15) and (A.16) give

4|i|; (V2 W = 85,0, 7) + /20, 2W (0 + jm, A Y)

—/2m; W(n,m —6;, \,Y) —/2m; + 2W(n,m +§;,\,Y)
isgn()\)(\/an W(n —9;,m,\Y)—/2n; +2W(n+6d;,m,\,Y)
+/2m; W(n,m —6;,\,Y) —\/2m; +2W(n,m + 5j,)\,Y)))-

By definition of Fy, this gives the result. O

(y; £in)W(w,Y) =
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