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Abstract

Let Q be a smooth bounded (simply connected) domain in R” and let
u be a complex-valued measurable function on Q such that |u(x)| =1
a.e. Assume that u belongs to a Besov space Bj, ,(€2;C). We investigate
whether there exists a real-valued function ¢ € Bj, ,({;R) such that u =
e'. This complements the corresponding study in Sobolev spaces due to
Bourgain, Brezis and the first author. The microscopic parameter q turns
out to play an important role in some limiting situations. The analysis
of this lifting problem relies on some interesting new properties of Besov
spaces, in particular a non-restriction property when g > p.

1 Introduction

Let Q c R" be a simply connected domain and let u : Q — S! be a contin-
uous (resp. C*, k = 1) function; we identify u with a complex-valued function
such that |u(x)| = 1, Vx. It is a well-known fact that there exists a continuous
(resp. C*) real-valued function ¢ such that u = e!”. In other words, u has a
continuous (resp. C*) lifting. Moreover, ¢ is unique mod 27.
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The analogous problem when (2 is a smooth bounded (simply connected)
domain and u belongs to the integer or fractional order Sobolev space

WSP(Q; SY) = {u € WSP(Q;0); |u(x) = 1 a.e.},

with s >0 and 1 < p < co was addressed by Bourgain, Brezis and the first
author and received a complete answer in [4]. Further developments in the
Sobolev context can be found in [1, 30, 25, 27].

In the present paper, we address the corresponding questions (existence
and uniqueness mod 27) in the framework of Besov spaces Bj, ,. Our main
interest concerns the influence of the “microscopic” parameter ¢ on the exis-
tence and uniqueness issues. Loosely speaking, the main features of By, , are
given by s and p and one could expect that the answers to the above questions
are the same for Bf,,q as for W5 P, This is true “most of the time”, but not
always. The analysis in Besov spaces is partly similar to the one in Sobolev
spaces, as far as the results and the techniques are concerned, but some strik-
ing differences can occur and some cases remain open. Here is an example of
strong influence on the lifting problem of the value of the microscopic param-
eter g. Assume that the space dimension is one and let Q =(0,1), 1 < p <oco
and s = 1/p. Then maps in WYP-2((0,1);S!) have a lifting in WYP-((0,1);R)
and this lifting is unique mod 27 [4]. We will see below that the same holds in
B;,/Z((O, 1);SY) provided 1 < g < co. However, in B;,/’f;o((o, 1);S1) we have both
non-existence for a general u and, in case of existence for some specific u,
non-uniqueness.

Let us now be more specific about the functional setting we consider. Given
$s>0,1<p<ooandl<=<qg<oo, we ask whether a map u in the space

ely _ P _
B}, ,(Q;8)={ueB] (Q;0);lulx)|=1ael,

can be lifted as u = e'?, with ¢ € B}, ,((Q;R). We say that Bj, , has the lifting
property if and only if the answer is positive for any u in this space.

A comment about the range of parameters s, p and q. We discard the case
s <0, since we want to have spaces of “genuine” maps and thus we require
B4 Llloc; this does not hold when s < 0 and in general it does not hold when
s =0. (However, we will discuss an appropriate version of the lifting problem
when s =0.) We also discard the uninteresting case where p =oco and s > 0. In
this case, maps are continuous and easy arguments lead to the existence and
uniqueness mod 27 of a lifting in BZ, . The restriction g = 1 is not essential:
it allows us to work in a Banach spaces framework, but an inspection of our
arguments shows that the case where 0 < g <1 could be treated using similar
lines.

More is to be said about the condition 1 < p < co. It is mainly motivated by
our main interest, which is to compare the existence and uniqueness proper-
ties of W*P versus Bj, ;. This excludes from our discussion the relevant range
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O<p<lands>n (— —1]. In this case, we do have B}, , — Llloc and the lifting

questions are meaningful. We don’t know the answers to the existence and
uniqueness of lifting questions in this range; they do not seem to follow com-
pletely by a straightforward adaptation of our techniques and it would be of
interest to know them.

Let us now state our main results and compare them to the Sobolev spaces
results established in [4]. For the convenience of the reader, we present them
separately forn=1,n=2 and n = 3.

Casen=1

Sobolev spaces setting. In W*?((0,1);S1):
1. We have the lifting property for every s and p.

2. We have uniqueness of lifting if and only if sp = 1.

Besov spaces setting. In BS, ((0,1);S):

1. We have the lifting property for every s, p and q except when 1 < p < oo,
s=1/p and q = co.

2. We have uniqueness of lifting if and only if: either sp > 1 or [sp =1 and
q < ool.

When n =1, it is possible to adapt the Sobolev spaces techniques to Besov
spaces when sp <1 or sp > 1. New approaches are required in the limiting
case where sp = 1.

To start with, assume that sp = 1 and g = co. This is a new situation
compared to the one in the Sobolev setting, in the sense that we have both
non-existence and non-uniqueness. In this case, our strategy consists of con-
structing some smooth u € B;,/f;o such that no lifting of u is in B},/f;o. While
for this u we will check by a direct calculation that its smooth liftings do not

belong to B;,/ﬁo, the heart of the proof consists of proving that no other lifting

of u belongs to B;,/ﬁo.

We now turn to the case where sp =1 and ¢ < co. In the Sobolev spaces
setting, a typical argument for the existence of lifting goes as follows. Assume
eg. that p=3 andlet u € W13:3((0,1);$1). Let v e W233((0,1)2;C) be an ex-
tension of u; its regularity is given by the standard trace theory. A key fact
is that we may construct such a v which is, in addition, S'-valued. We next
repeat the argument and construct some extension of v, w € W13((0,1)3;S1).
It turns out that, by an argument going back to Bethuel and Zheng [2], w has
a lifting ¥ in W13((0,1)3);R). By taking the trace of v first on (0, 1)2, next on
(0,1), we obtain the existence of a lifting ¢ of u in W33,



A similar argument does not work in B}, ., since the standard trace theory
shows that only the space B}, , is the trace of some Besov space. In place of
the above type of argument, we present an approach based on the trace theory
of weighted Sobolev spaces and using a single extension. This approach, in
the spirit of the recent work [28] of the first two authors, is new even in the
Sobolev spaces setting.

Before proceeding further, let us note that the range where uniqueness
mod 27 holds, i.e., sp >1or[sp =1 and q < o0o], is the same in any dimension,
and will not be mentioned in our discussion when n = 2.

Casen=2

Sobolev spaces setting. In W52 (Q;S1):
1. We have the lifting property when sp <1 or sp = 2;

2. We don’t have the lifting property when 1 <sp < 2.

Besov spaces setting. In B;,q(Q;§1):

1. We have the lifting property when sp <lorsp >2or[sp =2 and q < c0];

2. We don’t have the lifting property when 1 <sp <2 or [sp =2 and q = oo].

Compared to the Sobolev spaces setting, the arguments of a new type rely
on the trace theory of weighted Sobolev spaces (as for n = 1) and on the exten-
sion to higher dimensions of the counter-example obtained in B},/f;o((o, 1);Sh).

Things become more involved in dimension n = 3. There, unlike in the
Sobolev spaces setting, we have only partial results.

Casen =3

Sobolev spaces setting. In W52 (Q;S1):
1. We have the lifting property when sp <1lor[s>1and sp =2]or sp =n;

2. We don’t have the lifting property when 1 <sp <2 or [0 <s <1 and
2<sp<nl.

Besov spaces setting. In B;,q(Q;§1):

1. We have the lifting property when sp <lor[s>1and sp >2]or[s>1
and lsg<p<ooandsp=2]orsp>nor[sp=nandq <ool;

2. We don’t have the lifting property when 1 <sp <2 or [sp =2 and ¢ = 0o]
or[0<s<land2<sp<nl



Three main new features are unveiled by the analysis of the case n = 3.

A first one is related to the strategy of solving the equation u = e¢'¥ by
differentiating it. Formally, we have

u=e'Y = Vu=1wuVyp = V(p:%:—zEVu::F. (1.1)
Let u € B}, ,. Assuming that F' has the expected regularity, i.e., that F' €
B;’,j(}, we may hopefully find some ¢ € Bj, , solving Vg = F, and then ¢ is a
good candidate for a lifting of u. In addition to the regularity issues on F,
this strategy requires that curl ¥ = 0 (in order to have F' = V¢ for some ¢).
The necessary condition curl ¥ = 0 holds indeed if u € WP with s = 1 and
sp = 2 [4]; this can be proved using a simple argument. In our case, we are
not aware of a similar proof covering the limiting case sp = 2. Instead, we
have devised a proof relying on a new result, the disintegration of Jacobians
of S'-valued maps (Lemma 3.11). This result is interesting in its own right.
It will be straightforward from its proof that the disintegration formula can
be extended to more general target manifolds, making it potentially useful
in other situations. In the setting of S'-valued maps, it allows us to prove,
in dimension n = 3, that curl /' = 0 provided either sp > 2 or [1 < ¢ < p and
sp = 2]. This holds even when 0 < s < 1, although F does not even seem to be
defined in this range.

A second new feature is related to the seemingly strange condition 1 < ¢ <
p that appears above. We don’t know whether this condition is relevant for
the existence of lifting in the Besov spaces setting, but we do know that it is
related to a limitation of our methods. To be more specific, when 1 < p < q <o
and s > 0, there exists some f € Bz,q([RS) such that for a.e. x € [0,1] we have
f(x,) & B;,q(le). [We will come back to this striking “non-restriction” phe-
nomenon at the end of the introduction.] Since we are unable to bypass this
non-restriction property, we don’t know whether, when N = 3, sp = 2 and
1 < p < q <00, the vector field F' defined above satisfies curl ¥ = 0. As a con-
sequence, we are unaware whether the Besov spaces B;,q(Q;Sl) with n = 3,
s>1,sp=2and 1< p <q <oodo have the lifting property.

A third new feature is related to product estimates. To start with, let us
assume that u € WSP(Q;S1), with s = 1. Then the vector-field F defined in (1.1)
satisfies F € W~LP [4]. This is straightforward e.g. when s = 1, since in that
case we clearly have F € L*°-L?P = L?. However, when s =1 a similar property
is wrong, in general, for Besov spaces. Indeed, in [29] the first author and Van
Schaftingen construct an example of smooth map u : Q — S! (with Q a smooth
bounded domain in R2) such that u € Bil but © has no phase in B},l. One can
prove that for this u the corresponding F' does not belong to B(l),l. Again, we
could not overcome the difficulties arising from this pathological property of
Besov spaces and we don’t know whether the Besov spaces B}),q(Q;Sl) with
n=3,[2<p<nand1<qg<oo]or[2<p<=<nand g =o0] do have the lifting
property.



After this dimension-dependent discussion, let us gather, for the conve-
nience of the reader, the existence results presented above in a “positive” and
a “negative” statement.

Theorem 1.1. Let s >0, 1 < p <00, 1 <q <oo. The lifting problem has a
positive answer in the following cases:

1. s>0,1<g<ooandsp >n.

2. 0<s<l,l<sg<ooandsp<l1.
3. 0<s=<l,l<g<ooandsp=n.
4. s>1,1<g<oo,n=2and sp =2.
5. s>1,1<q<p,n=3and sp =2.
6. s>1,1<g<oo,n=2andsp>2.

Theorem 1.2. Let s >0, 1 < p <oo, 1 <q <oo. The lifting problem has a
negative answer in the following cases:

1. 0<s<1l,1<sg<oo,n=2and 1<sp<n.
2. 0<s<l,g=00,n=2and 1<sp <n.
3.8>0,1<g<oo,n=2and 1<sp <2.

4. s>0,g=o00,n=2and 1<sp <2.

5. 0<s<1l,g=occand sp=1.

As already mentioned, Theorems 1.1 and 1.2 do not cover the full range of
n, s, p and q. We will come back to the open cases at the end of introduction,
and also in Section 6.

Outline of the proofs and organization of the paper. For the convenience
of the reader, we regroup the proofs of our results and discussions on lifting in
three sections, 4 to 6, containing respectively the analysis of “positive” cases
(where we have existence of lifting), of “negative” cases (non-existence of lift-
ing) and of “open” (at least to us) cases. These “cases” correspond to ranges of
n, s, p and ¢ where the same arguments apply.

Let us now describe more precisely our methods. When sp > n, functions
in B}, . are continuous, which readily implies that Bj, , has the lifting property
(Case 1).

In the case where sp < 1, we rely on a characterization of Bz,q in terms
of the Haar basis [3, Théoreme 5] in order to prove that B}, , has the lifting
property (Case 2).



Assume now that [0 <s <1, sp=nand q <oo]. Let u € B;,q(Q;§1) and
let F(x,€) :=u * p,, where p is a standard mollifier. Since B}, , — VMO, for all
¢ sufficiently small and all x € Q with dist(x,0Q) > ¢ we have 1/2 < |F(x,¢)| <
1. Writing F(x,e)/|F(x,¢)| = e'¥¢, where v, is C*, and relying on a slight
modification of the trace theory for weighted Sobolev spaces as revisited in
[28], we conclude, letting ¢ tend to 0, that u = ¢'¥°, where v = lim._qvy, €

B3, 4> and therefore Bj, , has the lifting property (Cases 3 and 4).

Consider now the range [s > 1 and sp = 2]. Arguing as in [4, Section 3], it
is easily seen that the lifting property for B}, , will follow from the following
property: given u € B;,q(Q;Sl), if F:= —iuVu € LP(QQ;R"), then (*) curl F = 0.
The proof of (%) is much more involved than the corresponding one for W*:?
spaces [4, Section 3]. It relies on a disintegration argument for the Jacobians,
more generally applicable in WYP?_ In order to conclude, we combine disinte-
gration with the fact that curl ¥ = 0 when [u € VMO and n = 2] and a slicing
argument. The slicing argument is not needed when n =2 and is trivial when
sp > 2. In the limiting case sp = 2, it relies on a restriction property for Besov
spaces, namely the fact that, for [s>0and 1<g¢ < p <oo], for all f € B}, , the
partial maps of f belong a.e. to B}, , (Lemma 3.1). All this leads to the fol-
lowing: when [s >1 and 1 < p < oc], B;’q does have the lifting property when
[I=sg<oo,n=2,andsp=2],or[l1<qg<p,n=3,and sp =2], or [1<q < o0,
n =2, and sp > 2] (Case 5).

One can improve the conclusion of Lemma 3.1 as follows. For [s > 0,
l<p<ooand1l=gq=<pl], forall feBj,, the partial maps of f belong a.e.
to B, , (Proposition 3.4). This is reminiscent of the well-known fact that, if
f € WSP(R?), then for a.e. x € R we have f(x,-) € WS2(R). It turns out that
a similar conclusion holds in B;,q([ﬂiz) precisely under the assumption q < p.
The sufficiency of the condition g < p follows from Proposition 3.4. In the op-
posite direction, when g > p and s > 0, we construct a compactly supported
function f € B;,Q(RZ) such that, for almost every x € [0,1], f(x,-) ¢ B;,OO(IR), and
in particular f(x,-) ¢ Bz,q([}%) (Proposition 3.5). [It is quite easy to adapt this
construction to higher dimensions n and to a.e. x € R*~1.] This phenomenon,
which has not been noticed before, shows a picture strikingly different not
only from the one for WP but more generally for the one in the scale of
Triebel-Lizorkin spaces.

Following a suggestion of the first author, Brasseur investigated in higher
generality this “non-restriction” property. In [10] (which is independent of the
present work), he obtains the same result in the full range 0 < p < g < o00; his
construction is somewhat similar to ours. [10] also contains an interesting
positive result: it exhibits function spaces X intermediate between B;’q(IR)
and | B} 7 (R) such that, if f € B;yq(l]%?), then for a.e. x € R we have f(x,-) € X.

e>0

Let us return to the case where [0 <s <1, 1< p <oo and n =2]. This
time, we assume that 1 <g<ooand 1<sp<nor[g=00and 1<sp <nl.
In this case, we show that Bj, , does not have the lifting property (Case 6).

7



The argument uses embedding theorems and the following fact, for which we
provide a proof: let [s; >0, 1 < p; <oo], and [sjp; =1 and 1 < g; < o] or
[sjpj>1and 1<gq;<ool, i =1,2. If f; € By ,, i =1,2, and the function
f = f1+ f2 assumes only integer values, then f is constant (Lemma 7.14).
Assume next that [0 <s<oo, 1<p<oo,n=2],and[1<g<ooand 1<
sp<2]or[g=o0ccand1l<sp<2]. In this case, B‘;’q does not have the lifting
property either. We provide a counterexample of topological nature, inspired
(x1,22)
(o +43)"

by [4, Section 4]: namely, the function u(x) = belongs to B, , but

has no lifting in B},  (Case 7).

In the case where [q = 0o and sp = 1], we show that Bj, , does not have the
lifting property (Case 8). More specifically, we first construct a function v €

C°°(R) which does not belong to B},/’go such that u := e'¥ does belong to B},/’I;o,

and prove that thereisno ¢ € Bll,/,f;o such that u = e'?. This relies, in particular,
on the fact that integer-valued functions in B},/,’;O([RZ) are step functions. We

next use this ¥ to prove that the lifting property does not hold in B;,{f,o([Ri”)
with n = 2 neither.

As already mentioned, our arguments do not cover all possible situations,
and we are unaware of the answer to the existence of lifting problem in some
cases.

A first such case occurs when [s > 1, 1< p <oo, p < g <00, n =3, and
sp = 2] (Case 9). In this situation, since the restriction property for B, , does
not hold, the argument given in the proof of Case 5 before does not work any
longer and we don’t know if Bj, , has the lifting property.

The case where [s=1,1<p<oo,n=3],and[1<g<ocoand 2<p <n]or
[ =oco and 2 < p <n] (Case 10) is also open (except when s =1 and p = ¢ =2,
since in this case, B%’2 = W2 has the lifting property). In a related direction,
it is not known whether the map ¢ — e'¥ maps B}),q into itself.

The case where [n =3, n < p <00, s =n/p and q = oo] is also open. Indeed,
B;,q is not embedded into VMO in this case, and the arguments we use in
Cases 3 and 4 are not applicable anymore.

The paper is organized as follows. In Section 2, we briefly recall the stan-
dard definition of Besov spaces and some classical characterizations of these
spaces (by Littlewood-Paley theory and wavelets). Section 3 gathers state-
ments and proofs of some new results about Besov spaces, which play a key
role in our analysis (characterization by extensions, disintegration of the Jaco-
bians) or are directly related to open cases (non-restriction properties) and are
interesting in their own right. In Section 4 we establish Theorem 1.1, namely
the cases where Bj, , does have the lifting property, while Section 5 is devoted
to negative cases (Theorem 1.2). In Section 6, we discuss the remaining cases,
which are widely open. Finally, Section 7 contains statements and proofs of

8



other various results on Besov spaces (some of them being well-known) needed
in the proofs of Theorems 1.1 and 1.2. For the convenience of the reader, we
also provide detailed arguments for classical properties (some embeddings,
Poincaré inequalities) for which were unable to find a precise reference in the
existent literature.
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Notation, framework

1. Most of our positive results are stated in a smooth bounded domain Q) c
R™. Additional properties of {2 may be required (or not).

(a) When sp < 1, the topology of Q) plays no role. Indeed, in this range
one can “glue” Bj , functions in adjacent Lipschitz domains and
still obtain a B, functlon Therefore, one obtains global existence

of a lifting prov1ded we have local existence.

(b) However, when sp > 1, or when [sp = 1 and q < co], we must require
that Q2 has a “simple topology” in order to have existence of lifting
(even for smooth u). The typical sufficient assumption is that Q
is simply connected.! In this range, local existence of lifting (i.e.,

1 The assumption that Q is simply connected can be (optimally) relaxed as follows. Let
G be the commutator subgroup of the first homotopy group 71(Q) of Q. The necessary and
sufficient for the existence of a smooth lifting for every smooth S'-valued u is

(H) the quotient 71(Q)/G is finite

(see e.g. [20, Theorem 6.1, p. 45 and Theorem 7.1, p. 49]). In particular, this assumption is
satisfied if Q is simply connected, and more generally if 71(Q) is perfect. We may prove the
following. Assume that sp > 1 or [sp =1 and g < oco]. Assume that n, s, p, q are such that for
a ball B cR" the space B;q(B;Sl) has the lifting property. Let Q < R” be a smooth bounded
domain. Then B;,q(Q;Sl) has the lifting property if and only if (H) holds.



existence on balls or cubes) combined with uniqueness of lifting
(mod 2m) implies, by a standard argument, existence of lifting in
all smooth simply connected domains.

(c) In view of the above, in all positive cases it suffices to investi-
gate only “local” existence, i.e., existence in model domains like
Q=(0,1)".

2. On the other hand, it will be clear from the constructions that the non-
existence results we exhibit (for specific values of n, s, p and ¢) are of
local nature and therefore valid in all domains (with given n). Therefore,
in the negative cases the topology of Q is irrelevant.

3. In few positive cases, proofs are simpler if we consider (272)"-periodic
maps u : (0,27)" — S!. [However, this assumption is made just for
the sake of the simplicity of the proofs. It will be clear that the tech-
niques we present can be adapted to smooth simply connected domains.]
In this case, we denote the corresponding function spaces B;,Q(T”;Sl),

and the question is whether a map u € B;’q(T”;Sl) has a lifting ¢ €
By, 4((0,2m)";R). Note that we do not look for a (2nZ)"-periodic phase.
Clearly, such a periodic phase need not exist, already in the smooth case.

4. Partial derivatives are denoted d;, 00, and so on, or 6%.

5. A denotes the vector product of complex numbers: a Ab:=a1bs—asbi =
Im(ab). Similarly, u A Vv :=u1Vve —ugVus.

6. Ifu:Q — C and if @ is a k-form on Q (with % € [0,n — 1], & integer), then
® A (u A Vu) denotes the (& + 1)-form @ A (w1dugs —usduq).

7. We let R* denote the open set R"~! x (0,00).
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2 Crash course on Besov spaces

We briefly recall here the basic properties of the Besov spaces in R”, with
special focus on the properties which will be instrumental for our purposes.
For a complete treatment of these spaces, see [36, 18, 37, 32].

2.1 Preliminaries

In the sequel, #(R") is the usual Schwartz space of rapidly decreasing C*™
functions. Let Z(R"™) denote the subspace of .#(R") consisting of functions
@ € L(R™) such that %¢(0) = 0 for every multi-index a € N". Let Z'(R") stand
for the topological dual of Z(R™). It is well-known [36, Section 5.1.2] that
Z'(R™) can be identified with the quotient space .#'(R")/Z2?(R"), where Z2(R")
denotes the space of all polynomials in R”.

We denote by & the Fourier transform.

For all sequences (f;);>0 of measurable functions on R", we set

alp\ 4
||<f,~>||lq(m::(z(/ il s ) |
=0 \Umn

with the usual modification when p = co and/or g = co. If (f;) is labelled by Z,
then ||( f j)|| 1A is defined analogously with } ;- replaced by }_jc7.
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Finally, we fix some notation for translation and finite order differences.
Let Q cR" be a domain and let f : Q — R. For all integers M =0, all ¢ > 0 and
all x,h e R", set

M (M
(~DM-Lf(x+1h), ifx,x+h,...,x+MheQ
AY F(x) = Eo(z) ! . @D
0, otherwise

Define also 75, f(x) := f(x + h) whenever x,x + h € Q.

2.2 Definitions of Besov spaces

We first focus on inhomogeneous Besov spaces. Fix a sequence of functions
(@;)j=0 € L (R") such that:

1. supp ¢o < B(0,2) and supp ¢; < B(0,2/*1)\ B(0,2/7!) for all j > 1.

2. For all multi-indices a € N", there exists ¢, > 0 such that |D“(p j(x)| <
ce27/1¥ for all x e R" and all j = 0.

3. For all x e R", it holds }_ ;¢ ¢;(x) = 1.

Definition 2.1 (Definition of inhomogeneous Besov spaces). Let s e R, 1 <
p <ocoand 1< g <oo. Define B}, ,(R") as the space of tempered distributions
f € #'(R") such that

1£llgs @) = 0 (25137‘1 (‘Pjgf(')))

< o0
l9(LP)

Recall [36, Section 2.3.2, Proposition 1, p. 46] that B;,q(lR”) is a Banach
space which does not depend on the choice of the sequence (¢;);>0, in the
sense that two different choices for the sequence (¢;);>o give rise to equiva-
lent norms. Once the ¢;’s are fixed, we refer to the equality f =3 ; f; in .#' as
the Littlewood-Paley decomposition of f.

Let us now turn to the definition of homogeneous Besov spaces. Let (¢;)cz
be a sequence of functions satisfying:

1. supp ¢, < B(0,2"1)\ B(0,2771) for all je Z.

2. For all multi-indices a € N", there exists ¢, > 0 such that|D%p;(x)| <
ca27/1% for all x e R" and all j € Z.

3. For all x e R" \ {0}, it holds } ;7 ¢;(x) = 1.

Definition 2.2 (Definition of homogeneous Besov spaces). Let seR, 1 < p <oo
and 1 < g <oo. Define B;,q(ﬂ%n) as the space of f € Z'(R") such that

If 1B, @) = H (2Sjg_1 ((Pjgf(')))

<00
19(LP)
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Note that this definition makes sense since, for all polynomials P and all f €
F'(R"), we have IfIB;’q(Rn) =|f +P|B;,q(Rn).

Again, B;’q(R”) is a Banach space which does not depend on the choice of
the sequence (¢;)jcz [36, Section 5.1.5, Theorem, p. 240].
Foralls>0andall1<p <oo,1=<gq <00, wehave[37, Section 2.3.3, Theorem],
[32, Section 2.6.2, Proposition 3]

B, ,(R") ZLp(Rn)ﬂBZ,q(Rn) and ||f||B;7q(qun) ~ N fllLp ey + |f|B;,q(Rn). (2.2)
Besov spaces on domains of R” are defined as follows.

Definition 2.3 (Besov spaces on domains). Let 2 < R"” be an open set. Then

1. B ,(Q):={f € 2'(Q); there exists g € B}, ,(R") such that f = gla},
equipped with the norm

I1£ 135, :=inf{lglp; @3 gla=F}.

2. B;,q(Q) :={f € 2'(Q); there exists g EB;,Q(R”) such that f = gla},
equipped with the semi-norm

£z (= inf{lglz @ny3glo=r}.

Local Besov spaces are defined in the usual way: f € B} , near a point x
if for some cutoff ¢ which equals 1 near x we have ¢f € Bz,q. If £ belongs to
B;’q near each point, then we write f € (B;,q)loc.

The following is straightforward.

Lemma 2.4. Let f: Q — R. If, for each x € Q, fe Bfo,q(B(x,r) N Q) for some
r=r(x)>0, then f € B}, ..

2.3 Besov spaceson T"

Let ¢o € 2(R") be such that

3
@o(x) =1 for all |x| <1 and ¢o(x)=0 for all |x| = 3

For all £ =1 and all x € R”?, define

Pr(x) = o (27 x) — (27 k).
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Definition 2.5. Let s€ R, 1 = p <oo and 1 < ¢ < oo. Define Bj, ,(T") as the
space of distributions f € 2'(T") whose Fourier coefficients (a,),czn satisfy

00 q 1/q
||f||B; LT = (Z 2759 || 5 — Z am(pj(2n-m)e2mm~x ) <oo
B _]:0 meZn Lp(‘ﬂ'n)

(with the usual modification when ¢ = co). Again, the choice of the system
2imm-x

(p;)j=0isirrelevant, and the equality f =Y f;, with f; := Y, an@j(2nm)e ,
is the Littlewood-Paley decomposition of f.

Alternatively, we have f € B} (T") if and only if / can be identified with a
Z™-periodic distribution in R", still denoted f, which belongs to (Bf,’q)loc(lR”)
[33, Section 3.5.4, pp. 167-169].

2.4 Characterization by differences

Among the various characterizations of Besov spaces, we recall here the
ones involving differences [36, Section 5.2.3], [32, Theorem, p. 41], [38, Section
1.11.9, Theorem 1.118, p. 74].

Proposition 2.6. Let s>0,1<p<ooand 1<q <oco. Let M > s be an integer.
Then, with the usual modification when g = oco:

1. In the space Bj,,q([Rn) we have the equivalence of semi-norms

1/q
- —sq M q dh
1 .
~i(/|h|—sq ¥ f| @) '
A1l hei” llLr@ny ||

2. The full B;’q norm satisfies, for all § > 0,

N F

q dh Ve
LrR™) Ihl")

”f”B;’q(Rn) ~ ||f||Lp(|Rn)+ (/ |h|~%¢

|h|<b6

2.5 Lizorkin type characterizations

Such characterizations involve restrictions of the Fourier transform on
cubes or corridors; see e.g. [36, Section 2.5.4, pp. 85-86] or [33, Section 3.5.3,
pp. 166-167]. The following special case [33, Section 3.5.3, Theorem, p. 167]
will be useful later.
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Proposition 2.7. Let seR, 1 <p <ooand 1<qg <oo. Set Ky :={0} < Z" and,
for j>1,let K;:={m € Z2";2/71 <|m| <2/}.2 Let f € 2'(T") have the Fourier
series expansion f = Y ,czn @me2"™*. We set fi= Ymek; ame?™* Then we
have the norm equivalence

o 1/q
IF 1y o~ (zo g ||fj||zpm))

(with the usual modification when g = c0).

2.6 Characterization by the Haar system

Besov spaces can also be described via the size of their wavelet coefficients.
To illustrate this, we start with low smoothness Besov spaces, which can be de-
scribed using the Haar basis. (The next section is devoted to smoother spaces
and bases.) For the results of this section, see e.g. [17, Corollary 5.3], [3,
Section 7], [38, Theorem 1.58], [39, Theorem 2.21].
Let

1, if0o<sx<1/2
yux):=3 -1, if1/2<x<1, and yp(x):=|ymu(x)|. (2.4)
0, ifx¢[0,1]

When jeN, we let

- {F,M}", if j=0
J.— S (2.5)
{F,M}*\{(F,F,...,F)}, ifj>0
For all m e 7™, all x e R" and all G € {F,M}", define
n
P (x):= [ we, (xr —m,). (2.6)
r=1
Finally, for all m € Z", all jeN, all G € G’ and all x € R”, let
PO (1) = 272 PG (2. 2.7)

Recall that the family (\I’{,’LG), called the Haar system, is an orthonormal basis
of L2(R™) [38, Proposition 1.53]. Moreover, we have the following result [39,
Theorem 2.21].

2 Here, |m| :=max?:1 |myl.
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Proposition 2.8. Let s >0, 1 < p <oo, and 1 < g < oo be such that sp <
1. Let f € #(R"). Then f € Bj, ,(R") if and only if there exists a sequence

(u{,’,G) . A such that
Jj=0, GeGJ, mez"

. . alp
DY (Z e p) <00 2.8)

j=0 GeGJ \mezn

(obvious modification when g = co) and

=Y Y Y lieienpgniteglC (2.9)
Jj=0 GeGJmezZ"

Here, the series in (2.9) converges unconditionally in B}, ,(R") when g < oo.

Moreover,
q/p l/q
i G|P
G ) ) (2.10)

(obvious modification when q = 00).

If g5, @) ~ (f > ( >

J=0 GeGJ \mezZ"

Equivalently, Proposition 2.8 can be reformulated as follows. Consider the
partition of R” into standard dyadic cubes @ of side 277. 2 For all x € R*, denote
by & ;(x) the unique dyadic cube of side 27/ containing x. If f € Llloc(lR”), define
Ei(f)(x):= JEQ,»(x)f for all j =0. We also set E_1(f):=0. We have the following
results (see [3, Theorem 5 with m = 0] in R”; see also [4, Appendix A] in the
framework of Sobolev spaces on T").

Proposition 2.9. Let s>0,1<p <00, and 1 <q <oo be such that sp < 1. Let
f €L, (R"). Then

1F 15y @y~ 2 27 NE () = Eja(OIE,
: j=0
(obvious modification when g = c0).

Similar results hold when R” is replaced by (0,1)" or T"; it suffices to
consider only dyadic cubes contained in [0,1)".

Corollary 2.10. Let s >0, 1< p <o0, and 1 < q <oo be such that sp < 1. Let
feLl (R"). Then

loc

110G @y~ 2 2790 ~EAPI,

Jj=0

(obvious modification when g = c0).
Similar results hold when R” is replaced by (0,1)" or T".

3 Thus the @’s are of the form @ =277 [T;_,[mg,mp + 1), with mj, € Z.
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Corollary 2.11. Let s >0, 1< p <o0o, and 1 < q <oo be such that sp < 1. Let
(¢;)j=0 be a sequence of functions on (0,1)" such that: for any j, ¢; is constant
on each dyadic cube @ of side-length 27/. Assume that}_;>1 2% ¢;—¢;-1 II?J, <

oco. Then (¢;) converges in L? to some ¢ € B}, ., and we have
1/q

sjq
B ,(0,1M S '202 g —@j-1ll},
J>

o]

(with the convention ¢_; := 0 and with the usual modification when g = c0).

In the framework of Sobolev spaces, Corollaries 2.10 and 2.11 are easy
consequences of Proposition 2.9; see [4, Appendix A, Theorem A.1] and [4,
Appendix A, Corollary A.1]. The arguments in [4] apply with no changes to
Besov spaces. Details are left to the reader.

2.7 Characterization via smooth wavelets

Proposition 2.8 has a counterpart when sp > 1; this requires smoother “mother
wavelet” ulM and “father wavelet” yr. Given yr and yjs two real functions,
define w]m as in (2.5)—(2.7). Then [23, Chapter 6], [38, Section 1.7.3] for every
integer & > 0 we may find some wr € C¥(R) and vy € C*(R) such that the
following result holds.

Proposition 2.12. Let s >0, 1< p <oo, and 1 = g < oo be such that s <
k. Let f € #'(R"). Then f € B;, ,(R") if and only if there exists a sequence

(um )jzo, GeGl. mezn such that

q/p
o0
> X (Z Gp) <00 (2.11)
7j=0 GeGJ \mezn
(obvious modification when q = co) and
o0 . .
Z Y Y wpferienipgmnitgl G, (2.12)
Jj=0 GeGJmezZ"

Here, the series in (2.9) converges unconditionally in Bz,q([R{”) when g < oo.

Moreover,
a/p\ Ve
Gp) ) (2.13)

If lss, @) ~ (f > ( >

Jj=0 GeGJ \mezZ"

(obvious modification when q = 00).
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For further use, let us note that, if f € B;,q(R”) for some s >0, 1 <p <oo
and 1 < g < oo, then we have

whC = (py=27mp D | Wi () . (2.14)
[Rn

This immediately leads to the following consequence of Proposition 2.12,
the proof of which is left to the reader.

Corollary 2.13. Let s >0, 1 < p <ooand 1 =< q <oobe such that s <k. Assume
that f € LP(R") is such that the coefficients ,u{,’lG given by (2.14) satisfy

oo . a/p
Y Y[ X e =00 2.15)
j=0 GeGJ \mezn

(obvious modification when g =co). Then f ¢ B}, /(R").

2.8 Nikolskii type decompositions

In practice, we often do not know the Littlewood-Paley decomposition of
some given [, but only a Nikolskii representation (or decomposition) of f.
More specifically, set € := B(0,2/*2), with j e N. Let f/ € &' satisfy

suppFf/ c6;, VjeN, and f =) f/in #; (2.16)
J

the decomposition f =3 ; f J is a Nikolskii decomposition of f. Note that the
Littlewood-Paley decomposition is a special Nikolskii decomposition.
We have the following result.

Proposition 2.14. Let s>0,1<p <oo, 1 <q <oo. Assume that (2.16) holds.
Then we have

S

s
Bpaq

1/q
Zzs‘”llffll}fp) , (2.17)

J

|z
J

with the usual modification when g = co.

The above was proved in [13, Lemma 1] (see also [41]) in the framework of
Triebel-Lizorkin spaces F}, .; the proof applies with no change to Besov spaces
and will be omitted here. For related results in the framework of Besov spaces,

see [36, Section 2.5.2, pp. 79-80] and [33, Section 2.3.2, Theorem, p. 105].
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3 Analysis in Besov spaces

3.1 Restrictions

Captatio benevolentiz. Let f € L1(R2?). Then, for a.e., y € R, the restriction
f(, ) of f to the line R x {y} belongs to L!. In this section and the next one, we
examine some analogues of this property in the framework of Besov spaces.

For this purpose, we first introduce some notation for partial functions.
Let a c {1,...,n} and set a :={1,...,n}\a. If x = (x1,...,x,) € R", then we
identify x with the couple (x4,x7), where x4 := (x;)jeq and xgz := (x;) jcz. Given
a function f = f(x1,...,x,), we let fo = fa(xy) denote the partial function xz —
f(x). Another useful notation: given an integer m such that 1 <m <n, set

Iln—-m,n):={ac{l,...,nl;#a=n—m}.

Thus, when a € I(n —m,n), fo(x,) is a function of m variables.
When g = p, we have the following result.

Lemma 3.1. Let 1<=m <n. Let s>0and 1< p <oo. Let f € B}, ,(R").

1. Let a € I(n —m,n). Then, for a.e. x, € R”™™, we have f,(x,) (—:B;,p(lRm).

2. We have

p ~
1Flzs @y~ 2 Ifalxallps gnyd

acl(n-m,n)J/R*™™

Proof. For the case where m =1, see [36, Section 2.5.13, Theorem, (i), p. 115].
The general case is obtained by a straightforward induction on m. O

Lemma 3.2. Let s>0,1<p<ocoand 1<q <p. Let 1 <m <n be an integer.
Assume that sp = m and let f € B}, ,(T"). Then, for every a € I(n —m,n) and
for a.e. xo € T"™™, the partial map fa(xa) belongs to VMO(T™).
Same conclusion ifs>0,1<p<ooand1<q <oo, and we have sp > m.
Similar conclusions when Q = R" or (0,1)".

Proof. In view of the Besov embeddings (Lemma 7.1), we may assume that
sp=m and q = p. By Lemma 3.1 and Lemma 7.5, for a.e. x, we have fu(x,) €
B, ,(T™) = VMO(T™). O

Lemma 3.3. Let s >0, 1<p<ocoand 1 <gq <oo. Let M > s be an integer.
Let f €Bj, ,. Forx'€ T%~ 1 consider the partial map v(x,) = vy (x,) 1= F(x',x5),
with x,, € T. Then there exists a sequence (¢;) < (0,00) such that ¢; — 0 and for
a.e. ¥ € T 1, we have

“ tlen

l—»oo

Dy 3.1)
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More generally, given a finite number of functions f; € B;’}yqj, with s; > 0,

1<p;<ooandl=gq;<oo,and given an integer M > max;s;, we may choose a
common set A of full measure in T”"! and a sequence (¢;) of positive numbers
converging to 0 such that the analog of (3.1), i.e.,

A, fic'

lim 5
l—o0 tl
holds simultaneously for all j and all x’ € A.

LM _ g (3.2)

Proof. We treat the case of a single function; the general case is similar.
Set g; := HA%anLp. By (2.3), we have fol t_sq_lg? dt < oo, which is equiv-

alent to f11/2 Y m=02"%9g3 1, do < oco. Therefore, there exists some o € (1/2,1)
such that

Zozmsqgg,ma < 0. (3.3)
By (3.3) , we find that
lim 22" _ . (3.4)

m—oo (2 M g)s

Using (3.4) we find that, along a subsequence (m;), we have

No-m
lim 1857m50lLe =0 forae x'eT" L
l—o0 (2_””0')S
This implies (3.1) with ¢; := 27" 0. O

3.2 (Non-)restrictions

We now address the question whether, given f € B;,q(Rz), we have f(x,-) €
B, ,R) for a.e. x €R. This kind of questions can also be asked in higher
dimensions. The answer crucially depends on the sign of q — p.

We start with a simple result.

Proposition 3.4. Let s>0and 1<g<p<oo. Let f € B;’,,q(Rz). Then for a.e.
x € R we have f(x,-) € B}, /(R).

Proof. Let f € B;,q(l]%z). Using (2.3) (part 2) and Holder’s inequality, we find
that for every finite interval [a,b] <R and M > s we have

k q b 1 M 9/
. - D
q/p

1
<(b—q)P VP / —( / A fe,IPdxdy|  dh
R [a,b]xR

|h|sq+1
< q < 00
~Y |f|B;’q(R2)

whence the conclusion. O
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When q > p, a striking phenomenon occurs.

Proposition 3.5. Let s >0 and 1 < p < q <oco. Then there exists some com-
pactly supported f € B;’q(ﬂ%z) such that for a.e. x € (0,1) we have f(x,-) ¢
B, R

In particular, for any 1 <r <oo and a.e. x €(0,1) we have f(x,-) € B}, .(R).

Before proceeding to the proof, let us note that if f € B;,q([Rz) then f €
LP(R?), and thus the partial function f(x,-) is a well-defined element of LP(R)
for a.e. x.

Proof. Since Bfo,q([l%z) c BZ,OO(IRZ), VY q, we may assume that g < oco. We rely on
the characterization of Besov spaces in terms of smooth wavelets, as in Section
2.7.

We start by explaining the construction of f. Let wr and vy be as in
Section 2.7. With no loss of generality, we may assume that suppwjys <[0,a]
with a € N. Consider (a, ) = (0,a) and y > 0 such that vy = v in [«, B].

Set 6 := f—a > 0 and consider some integer N such that [0,1]c[a—-N 6, B+
N 6]. We look for an f of the form

N N
=3 Y &= f (3.5)
¢=—N j=jo ¢=-N
——
fé

with each g§ of the form

ghx,y) = ;277 N (2 —my - 06)
m1€Ij (36)
x Y2y —mi -2 0a—106).

Here, the set I; satisfying
I;<{0,1,...,2'}, (3.7)

the integer jo and the coefficients p; > 0 will be defined later.
We consider the partial sums f 5 = Z}]: Jo gf. Clearly, we have f 5 € C* and,
provided jj is sufficiently large,

supf5 cK;:=[-N6&,5/4] x[20a—1/4,(2¢ + 1)a + 1/4].

We next note that (K, )Z;: _y 1s a fixed family of mutually disjoint compacts.
Combining this with Proposition 2.6 item 2, we easily find that

N

q
> f5

(=N

(3.8)

N
- 3|1

B;’Q(Rz) ¢{=—N

q
B4 (®)
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On the other hand, if v and yr are wavelets such that Proposition 2.12
holds, then so are yr(-— A1) and yp(-— 1), VA € R [38, Theorem 1.61 (ii), Theo-
rem 1.64]. Combining this fact with (3.8), we find that

N 9 J y
S £ ~ ) (#I(u)P) . (3.9)
¢(==N_1iBs ,(R2) J=Jo

We now make the size assumption

o0

Y (#(u)P) 7P < oo (3.10)

J=Jo

By (3.9) and (3.10), we see that the formal series in (3.5) defines a com-
pactly supported f € B;,q(Rz), with ZZX:_N ff — fin Bfo,q([l%z) (and therefore in
LP(R?)) as J — oo.

We next investigate the Bj, ., norm of the restrictions f f(x, -). As in (3.8),
we have

N
~ Y 5 )lss - (3.11)
B ® (=N

N
DA LED)
(=—-N

Rewriting (3.6) as

g?(x,y) = 9-J(s=1/p) 9jlp Z WM(zjx —m1-106)
m1€l; (3.12)
x Y2y —mq1 -2 0a—106),

we obtain

||f§(x,-)||p;oo®~ sup 2/ (uj)? Y lym(2x—mi—C5)P. (3.13)

Josjsd m1€IJ'
We next make the size assumption

N . .
Y sup2/ ()P Y lym(@ x—mq—€8)IP = oo, Yx€[0,1]. (3.14)
¢=—NJjzJo mi€el;

Then we claim that for a.e. x €(0,1) we have
f(x,) € B}, o(R). (3.15)

Indeed, since ZZ;:_N ff — f in LP(R?), for a.e. x € R we have

¢
Y fix,) = f(x,) in LP(R). (3.16)
¢{=—-N
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We claim that for every x € [0,1] such that (3.16) holds, we have f(x,-) ¢
B}, «(R). Indeed, on the one hand (3.14) implies that for some ¢ we have

limy_ollf f(x, By . @ = co. We assume e.g. that this holds when ¢ = 0. Thus

sup2’ ()" Y lwm(2 x—m)P = oco. (3.17)
J=Jo mi€l;

On the other hand, assume by contradiction that f(x,-) € B}, . (R). As in
(3.8), we have f°(x,-) € B,  (R). Then we may write /°(x,") as in (2.12), with
coefficients as in (2.14). In particular, taking into account the explicit formula
of g} and the fact that fj(x,") — f(x,") in LP(R), we find that for & > jo and
m1 € I; we have

J
e 0y ) = M ( > g, -)) = 1M (g(x, )
J=Jo
= Zk/ppkwM(zkx—ml), VJ=Ek.
We obtain a contradiction combining (3.17), (3.18) and Corollary 2.13.
It remains to construct I; and p; satisfying (3.7), (3.10) and (3.14). We
will let I; = [sj,¢;], with 0 <s; < ¢; < 2/ integers to be determined later. Set
t:=q/pe(l,00) and

(3.18)

1 l/p

R\ —s;+ DV ny
Clearly, (3.7) and (3.10) hold. It remains to define I in order to have (3.14).
Consider the dyadic segment L ; :=[s;/2/,t;/2’]. We claim that

N .
Z Z lym@ x—mq1—-08)P 2yP, VxeL;. (3.19)
[=—leelj

Indeed, let m1 € [s},¢;] be the integer part of 2/ x. By the deﬁnition of 6 and
by choice of N, there exists some ¢ € [-N,N] such that a <2/x—m;1-¢6 <,

whence the conclusion.
By the above, (3.14) holds provided we have

sup2’ ()P 11, () =00, Vx €[0,1]. (3.20)
J=Jo
We next note that
. 1 u;
27 ()P ~ J (3.21)

L1V g LI
where u := 1/(jV* Inj) satisfies

Y uj=oo. (3.22)

Jzjo
In view of (3.21) and (3.22), existence of I; satisfying (3.20) is a conse-
quence of Lemma 3.6 below. The proof of Proposition 3.5 is complete. O
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Lemma 3.6. Consider a sequence (u) of positive numbers such that } >, u; =
co. Then there exists a sequence (L) of dyadic intervals L; = [s;/2/,¢;/2/],
such that:

1. sj,t;eN,0<s;<2/.
2. |Ljl=o(uj)as j— oo.

3. Every x €[0,1] belongs to infinitely many L ’s.

Proof. Consider a sequence (v;) of positive numbers such that }_ ;- vju; =00
and v; — 0. Let L;, be the largest dyadic interval of the form [0, ;,/2/°] of
length <vj,u ,. This defines s;, =0 and ¢},.

Assuming L; =[s j/21 ,t J-/2j 1=1la,,b;] constructed for some j = jo, one of the
following two occurs. Either b; <1 and then we let L, be the largest dyadic
interval of the form [2tj/2j+1,tj+1/2j+1] such that |[L; 1l <vjs1u 1. Orb; =1,
and then we let L;.1 be the largest dyadic interval of the form [0,? j+1/2‘j +1
such that |Lj+1| SUj+1Uj+1

Using the assumption } ;- ; vju; = oo and the fact that |L ;| = v; uj—2'j, we
easily find that for every j = j there exists some & > j such that L;, =[ap,b;]
satisfies b}, = 1, and thus the intervals L ; cover each point x € [0, 1] infinitely
many times. O

3.3 Characterization of B;’q via extensions

The type of results we present in this section are classical for functions
defined on the whole R” and for the harmonic extension. Such results were
obtained by Uspenskii in the early sixties [40]. For further developments,
see [36, Section 2.12.2, Theorem, p. 184]. When the harmonic extension is
replaced by other extensions by regularization, the kind of results we present
below were known to experts at least for maps defined on R"; see [22, Section
10.1.1, Theorem 1, p. 512] and also [28] for a systematic treatment of ex-
tensions by smoothing. The local variants (involving extensions by averages
in domains) we present below could be obtained by adapting the arguments
we developed in a more general setting in [28], and which are quite involved.
However, we present here a more elementary approach, inspired by [22], suf-
ficient to our purpose. In what follows, we let | | denote the || || norm in
R™.

For simplicity, we state our results when Q) = T", but they can be easily
adapted to arbitrary Q.

Lemma 3.7. Let 0<s<1, 1<p<oo, 1<qg<o00, and § € (0,1]. Set Vs :=
T" x(0,0).
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1. Let F € C*(Vy). If

1/q

0/2 de
( / eq‘sqn(VF)(-,e)llZP?) =0 (3.23)
0

(with the obvious modification when ¢ = c0), then F has a trace f €
B;,q('ﬂ'”), satisfying

1/q

5/2 de
Iflgs .S /ﬁ NVl —] . (3.24)
p.q, 0 &

2. Conversely, let f € B}, (T"). Let p € C* be a mollifier supported in {|x| <
1} and set F(x,¢) := f x pg(x) xe€T" 0<e<d. Then

1/q

g d
( / eq‘squ(VF)(-,s)anf) SIfles (3.25)
0

p,q,0

A word about the existence of the trace in item 1 above. We will prove
below that for every 0 < A < /4 we have

1/q

6/2 ¢ ¢ de
B S TNVl — | - (3.26)
p,q 0 £

By Lemma 7.7 and a standard argument, this leads to the existence, in
B;,q, of the limit lim,_.o F(-,&). This limit is the trace of F on T"” and clearly
satisfies (3.24).

Proof. For simplicity, we treat only the case where g < co; the case where
q = oo is somewhat simpler and is left to the reader.

We claim that in item 1 we may assume that F € C®°(Vj). Indeed, as-
sume that (3. 24) holds (with tr F = F'(-,0)) for such F. By Lemma 7.7, we have
S I(F), where I(F) is the integral in
(3.23). Then, by a standard approx1mat10n argument, we find that (3.24) holds
for every F.

So let F € C®(Vy), and set f(x) := F(x,0), Vx € T". Denote by I(F) the
quantity in (3.23). We have to prove that f satisfies

IFlsy, ST, (3.27)
If |h| <6, then
IALf@) <|f(x+h)—F(x+h/2,|h|/2)|+|f(x)—F(x+h/2,|h|/2)|. (3.28)

By symmetry and (3.28), the estimate (3.27) will follow from

1/q
<I(F). (3.29)

(/ \RI75Nf = F(+h/2,1M2)1 , —
|h|<6 Ihl
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In order to prove (3.29), we start from

1
|[F'(x+ h/2,|h1/2) - f(x)| = / (VF)(x +th/2,t|h|/2)-(R/2,|h|/2)dt
0

L (3.30)
Slhl/ IVF (x +th/2,t|h|/2)|dt.
0

Let J(F') denote the left-hand side of (3.29). Using (3.30) and setting r := |h|/2,
we obtain

dh

1 q
[J(F)]? S/ |h|9757 / IVE(-+th/2,t|\h1/2)|pdt| ——
h|<6 0 |h|™

1 q
dh
:/ |h|97%9 / IVF(,¢t|h|/2)Lr dt -
|h|<§ 0 |h]

8/2 1 q
~ / rg—sq-1 / IIVF(-,tr)IILpdt) dr
0 0

5/2 r q
~/ rosa-l (/ ||VF(',0)||LPdU) dr SUE)N.
0 0

(3.31)

The last inequality is a special case of Hardy’s inequality [34, Chapter 5,
Lemma 3.14], that we recall here when § =c0.* Let 1< ¢ <oco and 1< p < oo.
If G € W51(10,00)), then

00 _ q q oo ! 7
[rlem-eor,, (g ) Feor, @52
0 0

rP p-1 re=q

We obtain (3.31) by applying (3.32) with G'(r) := |[VF(-,r)|lL» and p :=sq + 1.
The proof of item 1 is complete.
We next turn to item 2. We have

VF(x,€) = %f * e (x), (3.33)

where V stands for (01,...,0,,0;). Here, n = (n%,...,n""1) € C®(T";R**1) is
supported in {|x| < 1} and is given in coordinates by

7’ =00, Vje[1,n], n"* = —div(xp). (3.34)

Noting that [ =0, we find that

1
IVF(x,€)| = —

/ (flx=y)=f@n:(y)dy
lyl=e (3.35)

1
N n+1/ If(x+h)-fx)|dh.
€ |hl<e

4 But the argument adapts to a finite J; see e.g. [9, Proof of Corollary 7.2].
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Integrating (3.35) and using Minkowski’s inequality, we obtain

1
VPOl S <o / 18R fliLs dh. (3.36)
|h|<e

Let L(F') be the quantity in the left-hand side of (3.25). Combining (3.36) with
Holder’s inequality, we find that

0
1 q
q << -
[L(F)] N/O ngrsg il (/|h|5,g”Ahf”Lpdh) de
° 1 (q-1)
n(qg— q
S /0 e /Ih 18I, dhde (3.37)
dh
S IR ALY =1f1%,
/|h|56 hf Ly |h|™ f D40
i.e, (3.25) holds. O

In the same vein, we have the following result, involving the semi-norm
appearing in Proposition 2.6, more specifically the quantity

Cau A2 dh \Ve
Iflgr = (/ A qIIAhfIIZp AT (3.38)
|h|<6 |h]

p,q,0

when g < co, with the obvious modification when ¢ = co. We first introduce
a notation. Given F € C%(Vy), we let DﬁF denote the collection of the second
order derivatives of F' which are either completely horizontal (that is of the
form 00, F, with j,k € [1,n]), or completely vertical (that is 0,,+10,+1F).

Lemma 3.8. Let 1 <p <ooand 1 <q <oo. Let F € C*®(Vjs) and set

g de Va
M(F):= (/ EqII(VF)(',E)Higp _)
0 €

and
5 d 1/q
N(F):= (/ e?||(DFF), 0|3, f)
0

(with the obvious modification when g = o).

1. If M(F) < oo and N(F) < co, then F has a trace f € B}, ,(T"), satisfying
-1

Flg SN, (3.40)

< M(F)? (3.39)

Lp

and
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2. Conversely, let f € B},,q(T”;Sl). Let p € C* be an even mollifier sup-
ported in {|x| < 1} and set F(x,¢e) := f * p(x), x € T*, 0 < e <. Then

M(F)+N(F)§|f|B;q6. (3.41)

The above result is inspired by the proof of [22, Section 10.1.1, Theorem
1, p. 512]. The arguments we present also lead to a (slightly different) proof
of Lemma 3.7.

We start by establishing some preliminary estimates. We call H € R” x R
“pure” if H is either horizontal, or vertical, i.e., either H € R" x{0} or H € {0} xR.
For further use, let us note the following fact, valid for X € V5 and H € R**!

H pure = |D?F(X)-(H,H)| < |D2F(X)||H|?. (3.42)

Lemma 3.9. Let X, H be such that [X,X + 2H] c V;. Let F € C2(Vy). Then
2
IAZF(X)| < / 7|ID*F(X +7H)-(H,H)|d7. (3.43)
0
In particular, if H is pure and we write H = |[H|K, then

2|H|
A2 F(X)| < / tIDFF(X +tK)|dt. (3.44)
0

Proof. Set
G(s):=FX+(1-s)H)+F(X +(1+s)H), s€[0,1],
so that G € C? and in addition we have
G'(0)=0, G"(s)=[D?F(X +(1-s)H) + D’F(X + (1+s)H)]-(H,H), (3.45)

and
1
/ 1-35)G"(s)ds =G1)-G0)-G'(0) = AIZLIF(X). (3.46)
0

Estimate (3.43) is a consequence of (3.45) and (3.46) (using the changes of
variable 7 :=1+s). In the special case where H is pure, we rely on (3.42) and
(3.43) and obtain (3.44) via the change of variable ¢ := 7|H|. O
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If we combine (3.44) (applied first with H = (h,0), h € R"”, next with H =

(0,2), t €[0,6/2]) with Minkowski’s inequality, we obtain the two following con-

sequences5

[heR", 0<e<d] = |AZFC,e)lLe SIRIEIDEFC,o)lLe, (3.47)

and®

2t
[t,e=0, e+2t<6] = A2, F(,e)lp» g/ rID2F (e + 7)o dr. (3.48)
0

ten+1

Proof of Lemma 3.8. We start by proving (3.39). By Lemma 3.7 (applied with
s = 1/2 and with 2p (respectively 2¢q) instead of p (respectively q)), F' has, on
T", a trace trF € BY2_ . By Lemma 3.7, item 1, and Lemma 7.8, we have

2p,2q
trF — ][trF

trF — ][ trF
i.e., (3.39) holds.

We next establish (3.40). Arguing as at the beginning of the proof of
Lemma 3.7, one concludes that it suffices to prove (3.40) when F € C®(Vy).

So let us consider some F € C®(Vy). We set f(x) = F(x,0), Vx € T". Then
(3.40) is equivalent to

S
LP

< M(F)]./z
L

IfIB;qﬁ SNE). (3.49)

We treat only the case where g < co; the case where g = co is slightly simpler
and is left to the reader.

The starting point is the following identity, valid when |2| < § and with
t:=|h|

A%f :A?enﬂ/ZF(' +2h,0) - 2A?€n+1/2F(. +h,0)+ A?enﬂ/ZF(" 0)

9 9 (3.50)
+2A2F(-,t/2) - A2F(-,1).
By (3.47), (3.48) and (3.50), we find that
||
IAZ FliLe S / FID2F(,P)Le dr + |hI2ID2F (-, |h1/2)IIL»
0 (3.51)

+|APIDFFC, D Le.
Finally, (3.51) combined with Hardy’s inequality (3.32) (applied to the integral
f05 and with G'(r) := 7'||.D§F(',7')”Lp and p:=q +1) yields

. (M, ! dn
< —_— DLF (- d — +[N(F))?
1151 N/lhlsé |h|2 (/0 r||DFC, 0|, dr Ak +[N(F)] (3.52)

p,q,0

SINE.

°In (3.47), we let A2ZF(-,£) := F(-+2h,£) - 2F (- + h,&) + F(-,¢).
6 With the slight abuse of notation A2, F(-,€):=F(-,e +2t)—2F(-,e +t) + F(-,¢).

ten+1
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This implies (3.49) and completes the proof of item 1.
We now turn to item 2. We claim that

< 1/2
Flge, SR . (3.53)

P,q,0

Indeed, it suffices to note the fact that IA% f|2P < IA% f1? (since |f| =1). By
combining (3.53) with Lemma 3.7, we find that

0 de le
M(F)z( / NV, =] Siflg (3.54)
0 &€ P

0

Thus, in order to complete the proof of (3.41), it suffices to combine (3.54) with
the following estimate

NE) S g s (3.55)

that we now establish. The key argument for proving (3.55) is the following
second order analog of (3.35):

ID2F (x,€)| <

/ |A7 f(x—h)|dh. (3.56)
|h|<e

€n+2

The proof of (3.56) appears in [22, p. 514]. For the sake of completeness, we
reproduce below the argument. First, differentiating the expression defining
F, we have

1 .
0,04 F (x,6) = = [ *(0;04p)e, ¥, k€ [L,n]. (3.57)

Using (3.57) and the fact that d;0;p is even and has zero average, we obtain
the identity

ajakF(x,é‘) =

2
9ent2 /|h|sgajakp(h/£)Ahf(x —h)dh,

and thus (3.56) holds for the derivatives 0;0;F, with j, k € [1,n].
We next note the identity

F(x,e) = % / p(h/e)A2 f(x — h)dh + f(x), (3.58)

which follows from the fact that p is even and [p =1.

By differentiating twice (3.58) with respect to €, we obtain that (3.56) holds
when j =%k =n+ 1. The proof of (3.56) is complete.

Using (3.56) and Minkowski’s inequality, we obtain

1
IDZFC,e)lLe < 2 /|h|<£ IAZ fliLe dh, (3.59)

which is a second order analog of (3.36). Once (3.36) is obtained, we repeat
the calculation leading to (3.37) and obtain (3.55). The details are left to the
reader.

The proof of Lemma 3.8 is complete. O
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Remark 3.10. One may put Lemmas 3.7 and 3.8 in the perspective of the
theory of weighted Sobolev spaces. Let us start by recalling one of the strik-
ing achievements of this theory. As it is well-known, we have tr W11(R?) =
LY(R" 1), and, when n = 2, the trace operator has no linear continuous right-
inverse T : LI(®"1) — WL1(R?) [19], [31]. The expected analogs of these
facts for W>1(R?) are both wrong. More specifically, we have tr W>1(R?) =
Bil([l%”_l) (which is a strict subspace of W-1(R?"1)), and the trace operator

has a linear continuous right inverse from Bi 1([R”'l) into W21(R?). These
results are special cases of the trace theory for weighted Sobolev spaces de-
veloped by Uspenskii [40]. For a modern treatment of this theory, see e.g.
[28].

3.4 Disintegration of the Jacobians

The purpose of this section is to prove and generalize the following result,
used in the analysis of Case 5.

Lemma 3.11. Let s> 1, 1<p <00, 1<q <p and n = 3, and assume that
sp=2. Let u € B, (Q;S') and set F := u A Vu. Then curl F = 0.

Same conclusion if s> 1, 1< p <oo, 1<qg <oo and n =2, and we have
sp>2.

Same conclusion if s> 1, 1< p <00, 1<q <oo and n =2, and we have
sp =2.

In view of the conclusion, we may assume that Q =(0,1)".

Note that in the above we have n = 2; for n = 1 there is nothing to prove.

Since the results we present in this section are of independent interest, we
go beyond what is actually needed in Case 5.

The conclusion of (the generalization of) Lemma 3.11 relies on three in-
gredients. The first one is that it is possible to define, as a distribution, the
product F' := u A Vu for u in a low regularity Besov space; this goes back to
[7] when n = 2, and the case where n = 3 is treated in [9]. The second one
is a Fubini (disintegration) type result for the distribution curlF. Again,
this result holds even in Besov spaces with lower regularity than the ones
in Lemma 3.11; see Lemma 3.12 below. The final ingredient is the fact that
when u € VMO((0,1)?;S!) we have curlF = 0; see Lemma 3.13. Lemma 3.11
is obtained by combining Lemmas 3.12 and 3.13 via a dimensional reduction
(slicing) based on Lemma 3.2; a more general result is presented in Lemma
3.14.

Now let us proceed. First, following [7] and [9], we explain how to define
the Jacobian Ju := 1/2curl F' of low regularity unimodular maps

ue WYPP((0,1)";S1),
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with 1< p <oc0.” Assume first that n = 2 and that u is smooth. Then, in the
distributions sense, we have

1 1
(Ju,{):—/ curlF(:——/ V{A(uAVu)
2 Jo,12 2 Jo,12

1

= —/ [(w Ad1u)02¢ — (u A O2u)01(] (3.60)
2 (0’1)2
1

= —/ (w1Vug AVE—ugVuq1 AV(), VCECSO((O,I)z).
2 J(0,12

In higher dimensions, it is better to identify Ju with the 2-form (or rather a
2-current) Ju = 1/2d(u A du).® With this identification and modulo the action
of the Hodge *-operator, Ju acts either or (n — 2)-forms, or on 2-forms. The
former point of view is usually adopted, and is expressed by the formula

_1\yn—1
(Ju,():( L / d{A(uAVu)

~ (_l)n—l
2

(3.61)

/ di{A(uidus —ugduy), Y{eCP(A"20,1)").°
o,n"

The starting point in extending the above formula to lower regularity maps u

is provided by the identity (3.62) below; when u is smooth, (3.62) is obtained
by a simple integration by parts. More specifically, consider any smooth ex-
tension U :(0,1)" x [0,00) — C, respectively ¢ € C‘C’O(An'2((0, 1)* x[0,00))) of u,
respectively of {.1° Then we have the identity [9, Lemma 5.5]

(Ju,(y = (—1)”-1/ dc A dU;p AdUs. (3.62)
(0,1)" x(0,00)

For a low regularity u and for a well-chosen U, we take the right-hand side
of (3.62) as the definition of Ju. More specifically, let ® € C*®(R%;R2) be such
that ®(z) = z/|z| when |z| = 1/2, and let v be a standard extension of u by
averages, i.e., v(x,€) = u * p.(x), x € (0,1)*, € > 0, with p a standard mollifier.
Set U := ®(v). With this choice of U, the right-hand side of (3.62) does not
depend on ¢ (once ( is fixed) [9, Lemma 5.4] and the map u — Ju is continuous
from WYP:2((0,1)";S!) into the set of 2- (or (n — 2)-)currents. When p=1,
continuity is straightforward. For the continuity when p > 1, see [9, Theorem
1.1 item 2]. In addition, when u is sufficiently smooth (for example when u €

7 In [7] and [9], maps are from S" (instead of (0,1)") into S', but this is not relevant for
the validity of the results we present here.

8 We recover the two-dimensional formula (3.60) via the usual identification of 2-forms on
(0,1)? with scalar functions (with the help of the Hodge *-operator).

9 Here, C°(A"2(0,1)") denotes the space of smooth compactly supported (n — 2)-forms on
(0,1)™.

10 We do not claim that U is S!-valued. When u is not smooth, existence of Sl-valued

extensions is a delicate matter [26].
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Wb1((0,1)";SY), Ju coincides!'! with curl F [9, Theorem 1.1 item 1]. Finally,
we have the estimate [9, Theorem 1.1 item 3]

(Tu, Ol Sl ldl e, ¥ e CRA"3(0,1)™). (3.63)

wlp.p

We are now in position to explain disintegration along two-planes. We
use the notation in Section 3.1. Let u € WYP-2((0,1)*;S'), with n = 3. Let
a € I(n—2,n). Then for a.e. x4 € (0,1)* 2, the partial map u,(x,) belongs to
Wwlr-r((0,1)%;S!) (Lemma 3.1), and therefore Ju,(x,) makes sense and acts
on functions.'? Let now ¢ € C°(A""2(0,1)"). Then we may write

(=), (Mdx*= ) (¢9),Gxap)dx"

acl(n-2,n) acl(n-2,n)

Here, dx® is the canonical (n — 2)-form induced by the coordinates x;, j € a,
and ((Y)q(xgz) = (*(xq,x7) belongs to C°((0, 1)?) (for fixed xg).

We next note the following formal calculation. Fix a € I(n —2,n), and let
a={j,k}, with j <k. Then

2(—1)”—1<Ju,c“dx“>:/ d(*dx®) A (u A Vu)
0,1)"

:/ (0;¢“dxj+ 0" dxr) Ndx* Nun(@judx;+0pudxy)
0,1
:/ 0;¢"unoru—0rl undju)dx; Adx® Adxp,
0,1
that is,

1
<Ju7{> == Z E(a) <Jua>(ca)a(xa)> dxa; (364)
acl(n-2,n) (0,172

where e(a) € {-1,1} depends on a.

When u € WH1((0,1)";S1), it is easy to see that (3.64) is true (by Fubini’s
theorem). The validity of (3.64) under weaker regularity assumptions is the
content of our next result.

Lemma 3.12. Let 1<p<ooandn=3. Let u € WiP.2((0,1)";S1). Then (3.64)
holds.

Proof. The case p = 1 being clear, we may assume that 1 < p < co. We may
also assume that { = (*dx® for some fixed a € I(n —2,n). A first ingredient
of the proof of (3.64) is the density of W1-1((0,1)*;S!) n WVP-P((0,1)*;S') into
WVpr((0,1)*;S1) [6, Lemma 23], [7, Lemma A.1]. Next, we note that the left-
hand side of (3.64) is continuous with respect to the WYP-? convergence of

I Up to the action of the * operator.
12 Or rather on 2-forms, in order to be consistent with our construction in dimension = 3.
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unimodular maps [9, Theorem 1.1 item 2]. In addition, as we noted, (3.64)
holds when u € W51((0,1)";S'). Therefore, it suffices to prove that the right-
hand side of (3.64) is continuous with respect to WYPP convergence of S!-
valued maps. This is proved as follows. Let u;,u € wvlrr((0,1)";S1) be such
uj—uin WwVp.p, By a standard argument, since the right-hand side of (3.64)
is uniformly bounded with respect to j by (3.63), it suffices to prove that the
right-hand side of (3.64) corresponding to u; tends to the one corresponding to
u possibly along a subsequence.

In turn, convergence up to a subsequence is proved as follows. Recall
the following vector-valued version of the “converse” to the dominated con-
vergence theorem [11, Theorem 4.9, p. 94]. If X is a Banach space, w a mea-
sured space and f; — f in L?(w,X), then (possibly along a subsequence) for
a.e. ® € w we have f;(®) — f(®) in X, and in addition there exists some non-
negative function g € L?(w) such that ||f;(®)llx < g(®) for a.e. ® € w.

Using the above and Lemma 3.1 item 2 (applied with s = 1/p), we find that,
up to a subsequence, we have

(1 )a(2q) — ualxg) in WYPP((0,1)%S?) for a.e. x4 €(0,1)" 2, (3.65)
and in addition we have, for some g € L?((0,1)*"2),
||(uj)a(xa)||Wl/p,p((o’l)z) < g(xy) for a.e. x4 €(0,1)" 2. (3.66)

The continuity of the right-hand side of (3.64) (along some subsequence) is
obtained by combining (3.65) and (3.66) with (3.63) (applied with n =2).12 O

Lemma 3.13. Let 1 < p <oo. Let u € WYP-» A VMO((0,1)%;S1). Then Ju = 0.

Proof. Assume first that in addition we have u € C*°. Then u = ¢'? for some
@ € C™, and thus Ju = 1/2curl(u AVu) =1/2curl Vg = 0.

We now turn to the general case. Let F(x,¢) := u * p.(x), with p a standard
mollifier. Since u € VMO((0,1)?;S1), there exists some & > 0 such that 1/2 <
|[F(x,e)] <1 when 0 < £ <9 (see (4.2) and the discussion in Case 3). Let ® €
C*®(R2;R?) be such that ®(z2) := z/|z| when |z| = 1/2, and define F,(x) := F(x,¢)
and u, :=®oF,, V0<e<6. Then F; — u in WYP-P and (by Lemma 7.12 when
p > 1, respectively by a straightforward argument when p = 1) we have u, =
O(F,) — O(u) = u in WYP-P((0,1)%;S?) as € — 0. Since (by the beginning of the
proof) we have Ju, = 0, we conclude via the continuity of J in W?2-2((0,1)%;S1)
[9, Theorem 1.1 item 2]. O

We may now state and prove the following generalization of Lemma 3.11.

131n order to be complete, we should also check that the right-hand side of (3.64) is measur-
able with respect to x,. This is clear when u € W51((0,1)*;S!). The general case follows by
density and (3.65).
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Lemma 3.14. Let s>0,1<p <o0,1<q <p, n=3, and assume that sp = 2.
Let u € BS, (Q;S"). Then Ju =0.
Same conclusion if s >0,1<p <o00,1<q <00, n =2, and we have sp > 2.
Same conclusionif s >0, 1<p <00, 1<q <oo, n=2, and we have sp = 2.

Proof. We may assume that Q = (0,1)". By the Sobolev embeddings (Lemma
7.1), it suffices to consider the limiting case where:

1. s>0,1<p<oo,l<g<oo,n=2,and sp =2.
Or

2.8>0,1<p<oo,g=p,n=3,and sp =2.

In view of Lemmas 7.1 and 7.5, the case where n = 2 is covered by Lemma
3.13. Assume that n = 3. Then the desired conclusion is obtained by combining
Lemmas 3.1, 3.2, 3.12 and 3.13. O

Remark 3.15. Arguments similar to the one developed in this section lead to
the conclusion that the Jacobians of maps u € W52((0,1)";S*), defined when
sp = k [7], [9], disintegrate over (k + 1)-planes. When s =1 and p = k, this
assertion is implicit in [21, Proof of Proposition 2.2, pp. 701-704].

3.5 Integer-valued functions in B}? +C'

Lemma 3.16. Let p € [1,00). For all intervals I = (a,b) R and all functions
f EB;/’Z;O(I;[R), g € C1(I;R) such that n:=f+g:1—7Z,thereexistk>1,a=x¢ <
x1 < ... <xp = b and integers a1,...,a; such that a; # a1 for all j € [1,k—1],
and

n(x) = aj for x € (xj_1,x;). (3.67)

In addition, we have

k=1 lTnf - fFI7
Y lajin - ajf < lim ————~ (3.68)
j=0 h—0 h

when 1 < p < 0o, respectively
k-1 1 —27hf +
S Jaji—a] = & lim 1720 S 220 T (3.69)
=0 2h=0 h

when p = 1.

In (3.67) and in the proof that follows, equality of functions is understood
a.e. Note the estimates (3.68) and (3.69): the right-hand side depends only on
f, not on 7 as one might expect.
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Proof. Let us first consider the case where 1 < p < co. Since 7 is integer-
valued, we have

P VYh>0,Vxe(a,b-h). (3.70)

|zan —m@)| < |(zan—m)(x)

Combining (3.70) with the fact that g is C! and thus locally we have |7,g —
gl = Ch, we obtain, for every compact interval J c I:

h—0 h h—0 h h—0 h

Therefore, the (a priori possibly infinite) total variation |17’ | (I) of n on I satis-
fies

|n'| (1) = sup{|n| (J); Jcompact interval, J < I}

TN —
< sup { lim %; Jcompact interval, J c I }

h—0 (3.71)

p
1T f = FILb -y -

<lim ,
h—0 h

which entails that n € BV(I;Z). Moreover, n has the form (3.67) and (3.68)
holds.

Assume now that p = 1. Consider first the case where

ITonf —2Thf + FllLi(a,b-2n))
lim <

2. (8.72)
h—0 h

Let £ € Z be such that |17_1({k})| > (0. Without loss of generality, we can
assume that £ =0. Set A := n_1(2Z) and define 77:= 14. Observe that |A| > 0.
One has, for all x €I and all A > 0 such that (x,x+2h) 1,

|Tonn(x) — 27,1(x) + ()| = |T287(x) = 77(x)| . (3.73)
Arguing as in (3.71), we find that

|| (1) = sup {|7'| (J); Jcompact interval, J < I}

Topl = 1)
< sup{li_m ” o7 ||L1(J); Jcompact interval, J c I}
h—0

|lT2nn = 2700 + 1|11,
< sup- lim ; Jcompact interval, J < I
P { P 2h P (3.74)
T =2t + £
= sup { lim 2nf nf * i) ; Jcompact interval, J c }
h—0 2h
1 ITonf —2Tnf + £l _
i onf = 2Tnf + FllLi(a,b-2n) <1
2,20 h
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the next-to-the-last line follows from the fact that g € C! and thus we locally
have |t9pg — 21,8 + gl < O(h)h, with 6(h) — 0 as h — 0. (3.74) implies that 7 is
constant, and thus equal to 1 (since it equals 1 on a set of positive measure).

1
This shows that n only takes even values. Setting 11 := én, arguing with n;

as with ) and iterating, we conclude that = 0.1

Let us now prove, by induction on j = 1, that if

ITenf —2Tnf + fllLi(a -
lim — L@b2m) _o; (3.75)

h—0 h

then n has the form (3.67) and we have the estimate (3.69). The case where
J =1 was already settled. Assume now that (3.69) holds whenever (3.75) is
satisfied for 1,...,j— 1 for some j =2 and let f : I — Z satisfy (3.75) for this j.
We may and do assume again that 17_1({0}) has positive measure and define
A, 11 and n; as above. Note that, by (3.73) and (3.75), we have € BV (I), and
therefore 77 only has a finite number of jumps.

If n =1, then n takes only even values. The induction hypothesis applied
to n1 shows that (3.69) holds.

Assume now that 77 # 1. Without loss of generality, we may assume that
for some c € (a,b) we have

lim7n(c+t)=1 and lim7n(c —¢) =0.
AN £\.0

For sufficiently small € >0, one has =1 on (¢c,c+¢) and =0 on (c —¢,c).
This shows that, if . :=(c — €,¢ + €), then

727 =71 11, 9
h—0 h

Indeed, for all & € (0,&/2) and all x € (c—2h, c), we have |ﬁ(x +2h) —ﬁ(x)| =1.
Therefore, we also have

ITonf —2Thf + fliLig,) . lTenn—2tpn+n| 110,

1m
h—0 h h—0 h
> lim ”T%ﬁ_ﬁ”Ll(QE) >2.
h—0 h

This entails that, with P, := (a,c —¢€), we have

T =2t + 1|
Jim onf nf le(Pg)<2(j_1).

h—0 h

14We will consider a similar approach in the proof of Lemma 7.15.
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By the induction hypothesis, n has a finite (and independent of small ¢)
number of jumps on P.. Moreover, it follows that 7 satisfies (3.67) on (a,c), for
some integers k1 and ay,...,ar, satisfying

ki1 1. l7wenf —=2taf + fliLia.c-2n)
Z |aj+1—(xj|5§hm 7 .
j=0 h—0

(3.76)

Arguing similarly, one has the analogous conclusion on (c¢,b), with integers
@k +1,---, Ak, such that

ko1 1. ltonf =20af + Fllpies-
jek1+1 2h—0 h
On the other hand, since for sufficiently small 2 > 0 we have
ALy, on (c—2h,c)
nx) = ;
ar,+1, on(c,c+2h)
we find that
1. lronf —2Taf + fllLic—-2h.0))
|ak1+1_ak1| = 5}1152) h . (378)
Finally, gathering (3.76), (3.77) and (3.78) shows that (3.69) holds. O

1/p

Lemma 3.17. Let n =2 and p € [1,00). Let fE B, ((0,1)";R)and g € C1((0,1)™;R)

be such that 77 := f + :(0,1)* — Z. Then 7j € BV((0,1)").

Proof. Let first 1 < p <oco. Arguing as in the proof of (3.74), we find that for
every compact K  (0,1)" we have

lim ||Thﬁ_ﬁ||L1(K) < lim ”Thf— f”iﬁ(}{) -

h—0 h h—0 h

C,

for some constant C > 0 independent of K. This entails that 77 € BV},.((0,1)")
with |D'17| (K)<C. Thus, 7€ BV((0,1)").

Consider now the case where p = 1. For all j € [1,n] and all x € (0,1)", set
Xj= (X1, Xj-1,%j51, ..., %n) € (0, 1)*~1. Pick up a sequence (hp),>1 of positive
numbers converging to 0 and define, forall £ > 1, all x € (0,1)" and all j € [1,r],

H (T2hkejf_27hkejf+f)(xl,---,xj—l,':xj+1,---7xn)

hi

- L1((0,1-2hp))
Jio . , k
Fk(xj) = .
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One has

0‘[2hkejf _2Thkejf + f

hy

Ll _ / Fl(&)d&)=<C,
(0,1)n71

where C > 0 is independent of £ and j. By Fatou’s lemma, if we set G(x;) :=

lim F}Je (%), then we have
k—o0

/ G(&,)dz;<C. (3.79)
(0,1)"‘1

By Lemma 3.16, whenever G(X;) < co (which holds for almost every x; €
(0,1 1), we have

ﬁ(xl,...,xj_l,-,xj+1, ..,Xn)€BV((0,1))

and
~ 1.,
||n(x1""7xj—1a '7xj+17"'7xn)||BV((0,1)) = §G(x_])7

which, in conjunction with (3.79), yields that 77 € BV ((0,1)"). O

4 Positive cases

We start with the trivial case.

Case 1. Range. s>0,1<p<o00,1<q <00, and sp >n.
Conclusion. Bz,q(Q;§1) does have the lifting property.

Proof. Since Bj, ,(Q) — C%Q) (Lemma 7.2), we may write u = e'?, with ¢
continuous. Locally, we have ¢ = —i1Inu, for some smooth determination In of
the complex logarithm. Then ¢ belongs to Bj, , locally in Q (Lemma 7.13), and
thus globally (Lemma 2.4). O

Case 2. Range. 0<s<1,1<p<oo,1<qg<o00,and sp <1.
Conclusion. B;q(Q;Sl) does have the lifting property.

Proof. The argument being essentially the one in [4, Section 1], we will be
sketchy. Assume for simplicity that Q = (0,1)". Let u € Bz,q(Q;Sl). For all
J €N, consider the function U; defined by

Ej(w)@)/E j(u)x)|, if Ej(u)(x)#0

Uj(x):= .
S {1, if E j(1)(x) = 0
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Since E j(u) — u a.e., we find that Uj — u a.e. on Q. By induction on j, for all
J € N we construct a phase ¢; of U, constant on each dyadic cube of size 27/,
and satisfying the inequality

lpj—@j1l=nU;-Uj;-1] onQ,Vj=11° (4.1)
As in [4], (4.1) implies
lpj—@ji1l Slu—Ejw)l+u-E;j 1(u)l,

and thus, e.g. when g < oo, we have

Y 25, - @1l S ) 2% |u ~E @)},
jZl JZO

Applying Corollaries 2.10 and 2.11, we obtain that ¢; — ¢ in L? to some ¢ €
Bj, ,(€;R). Since ¢ is a phase of U; and U; — u a.e., we find that ¢ is a phase
of u. In addition, we have the control [|¢|| B, < llul B, O

Case 3. Range. 0<s<1,1<p<oo,1<qg<o0,and sp =n.
Conclusion. Bz,q(Q;Sl) does have the lifting property.

Proof. Here, it will be convenient to work with 2 = T". Let | | denote the sup
norm in R"”. Let p € C* be a mollifier supported in {|x| < 1} and set F(x,¢) :=
u*pe(x), x€T", € >0. Since sp = n, we have u € VMO(T"), by Lemma 7.5.
Let us recall that, if u € VMO(T"?;S') then, for some 6§ > 0 (depending on u) we
have [14, Remark 3, p. 207]

1
3 < |F(x,e)| <1 for all x € T" and all € € (0,5).16 (4.2)
Define
F
wze) = L) o all xe T and all £ € (0,5).

 |F(x,¢)l

Pick up a function ¥ € C*((0,27)" x (0,6);R) such that w = e””.f \_Ne note
that we have Vy = —1wVw, and, for all j € [1,n], 8,|F| = |[F|"X(F0,;F + Fd;F)/2.
Therefore, (4.2) yields

|Vy| = Vw| SIVFI. (4.3)

In view of (4.3) and estimate (3.25) in Lemma 3.7, we find that

q > ° q—sq VF q d£> ° q—sq \V/ q de 4.4
|u|B§,’q(T”)N . € II( )(',€)||Lp?,\, ; eV, P (4.4)

15 Thus ¢; is the phase of U; closest to ¢;_1.
16 For an explicit calculation leading to (4.2), see e.g. [24, p. 415].
17 We do not claim that v is (27Z)"-periodic in x.
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Combining (4.4) with the conclusion of Lemma 3.7, we obtain that the phase

y has, on T", a trace ¢ € B} ., in the sense that the limit ¢ := lim,_oy(-,€)
exists in B}, . In particular (using Lemma 7.4), we have that y(-,e;) — ¢ a.e.
along some sequence ¢; — 0; this leads to w(-,&;) = eWCED) s 01 g e. Since, on
the other hand, we have lim,_.qw(:,€) = u a.e., we find that ¢ is a Bz,q phase

of u. O

The next case is somewhat similar to Case 3, so that our argument is less
detailed.

Case 4. Range. s=1,p=n,1<q <oo.
Conclusion. B}L,q(Q;Sl) does have the lifting property.

Proof. We consider 6, w and v as in Case 3. The analog of (4.3) is the estimate

10,0k + |Vy|* < 10,0, F| + IVF|?, (4.5)
which is a straightforward consequence of the identities
Vy = —1iwVw and 0,0,y = —1wd ;0w + szajwakw.

Combining (4.5) with the second part of Lemma 3.8, we obtain

0 n d
ul?, z/ sq( > 18,0 C, 0| L0 + 00w, O L + IV, 124, ?‘g (4.6)
we )0 Jjk=1

By (4.6) and the first part of Lemma 3.8, we find that ¥ has a trace ¢ :=try €
B,ll’q(T"). Clearly, ¢ is a B,lL,q phase of u. O

Case 5. Range. s>1,1<p<o00,1<qg<oo,n=2,and sp =2.
Ors>1,1<p<oo,l<qg<p,n=3,and sp =2.
Or:s>1,1<=p<oo,1<g<oo,n=2,and sp > 2.

Conclusion. B;q(Q;Sl) does have the lifting property.

Note that, in the critical case where sp = 2, our result is weaker in dimen-
sion n = 3 (when we ask 1 < q < p) than in dimension 2 (when we merely ask
1<qg<o00).

Proof. The general strategy is the same as in [4, Section 3, Proof of Theorem
31,8 but the key argument (validity of (4.9) below) is much more involved in
our case.

It will be convenient to work in Q =T". Let u € B;,q(T”;Sl). Assume first
that we may write u = e'¢, with ¢ € Bz,q((O, D™;R). Then u,p € WLP (Lemma
7.4).

18 See also [15].
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We are thus in position to apply chain’s rule and infer that Vu = 1u Ve, and
therefore
1
Vo=—Vu=F, with F:=u AVu e LP(T";R"). 4.7
1
The assumptions on s, p, ¢ imply that F' € B;qu (Lemma 7.11). We may now
argue as follows. If ¢ solves (4.7), then Vg € B;qu, and thus ¢ € B}, | (Lemma
7.9). Next, since u,e *? € W2 0 L™, we find that

Viwe ™ )=Vue ™ —ue Vo =1ue *(uAVu-Ve)=0.

Thus ue™? is constant, and therefore ¢ is, up to an appropriate additive con-
stant, a B}, | phase of u.
There is a flaw in the above. Indeed, (4.7) need not have a solution. In T",

the necessary and sufficient conditions for the solvability of (4.7) are'®

][n F=F@0)=0 (4.8)
and

curlF =0. (4.9)

By Lemma 3.11, (4.9) holds in the relevant range of s, p, ¢ and n. On the
hand, even if (4.8) need not hold, the auxiliary field G = F — F(0) satisfies both
(4.8) and (4.9). If v is a global solution of Vi = G, then ¢(x) = w(x) + F(0) - x
is, up to an additive constant, a phase of u in the space B;,q((O, 1)™*;R). This
completes Case 5. O

Remark 4.1. We briefly discuss the lifting problem when s < 0. For such s,
distributions in B}, , need not be integrable functions, and thus the meaning of
the equality u = e'? is unclear. We therefore address the following reasonable
version of the lifting problem: let u : Q — S! be a measurable function such
that u € B, (Q). Is there any ¢ € L] N B3, (Q;R) such that u = e'¥?

Let us just note here that the answer is trivially positive when s <0, 1 <
p<oo,1<qg<oo.

Indeed, let ¢ be any bounded measurable lifting of «. Then ¢ € B
L*> — Bj, , when s <0 (see Lemma 7.3).

S

D.q° since

5 Negative cases

Case 6. Range. 0<s<1,1<p<oo,l1<g<oo,n=2,and 1<sp<n.
Or0<s<l,1=p<oo,gq=00,n=2,and 1<sp<n.

Conclusion. BZ’Q(Q;SI) does not have the lifting property.

19 This is easily seen by an inspection of the Fourier coefficients.
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Proof. We want to show that there exists a function u € B}, , such that u #e'?
for any p € B}, .

For sufficiently small € >0, set s :=s/(1—¢) and p1:=(1-¢)p. By Lemma
7.1, we have B;,ll,ql Ve B;’q (for any q1). We will use later this fact for q; :=
(1-¢)q.

Let w € B} ,,
and thus u € B}, | (Lemma 7.6).

We claim that there is no ¢ € Bj, , such that u = e'?. Argue by contradic-

\B;, , and set u := e'¥. Then u € B!

P11 NL*®° (Lemma 7.12)

tion. Since u = e'? = 'V, the function (¢ —v)/27 belongs to (B, , +B3Y 4,0 2).
By Lemma 7.14, this implies that ¢ — v is constant, and thus v € B}, ,, which
is a contradiction. m

Case 7. Range. 0<s<o0,1<p<oo,l1<g<oo,n=2,and 1<sp<2.
Or0<s<oo,1=sp<oo,g=oco,n=2,and 1<sp<2.

Conclusion. B;q(Q;Sl) does not have the lifting property.

Proof. The proof is based on the example of a topological obstruction consid-
X
ering the case n = 2. Consider the map u(x) = —, Vx € R2.

|oc]
We first prove that u € B},  (Q) for any smooth bounded domain R2.

We distinguish two cases: firstly, ¢ < oo and sp < 2 and secondly, ¢ = co and
sp=2.

In the first case, let s1 > s such that s1 is not an integer and 1 <si1p < 2,
which implies W*? = B}! ), — Bj, . Since u € WP [4, Section 4], we find that
ue B;,q.

The second case is slightly more involved. By the Gagliardo-Nirenberg
inequality (Lemma 7.6 below), it suffices to prove that u € B%’OO(Q). Using
Proposition 2.6, a sufficient condition for this to hold is

la;

u”Ll(RZ),§,|h|2, VheRZ- (51)

Since u is radially symmetric and 0-homogeneous, this amounts to check-
ing that
123 ullp1ge) < co. (5.2)
However, by the mean-value theorem, for all |x| =1 we have

A3 u()| < Vlxl?, (5.3)

while A2 u is bounded in B(0,1) since u is S'-valued. Using this fact and
estimate (5.3), we obtain (5.2).

We next claim that u has no B, , lifting in Q provided Q c R? is a smooth
bounded domain containing the origin. Argue by contradiction, and assume
that u = e'? for some ¢ € B;’q(Q). Let, as in [4, p. 501, 6 € C®(R2\ ([0, 00) x {0}))
be such that ¥ = u.
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Note that 6 € B}, ,(w) for every smooth bounded open set w such that
W cR2\ ([0,00) x {0})). Since (¢ —0)/(27) is Z-valued, Lemma 7.14 yields that
¢ — 0 is constant a.e. in Q\([0,00) x {0}). Thus, 0 € Bz,q(Q). Similarly, 0 e
B;,q(Q), where 6 € C®(R2 \ ((—o0, 0] x {0})) is such that e = . We find that
(6 -0)/(27) € By, (). However, this is a non-constant integer-valued function.

This contradicts Lemma 7.14 and proves non-existence of lifting in B, .

When n = 3, the above arguments lead to the following. Let u(x) = szl’xzil ,
X1,X2

and let Q < R” be a smooth bounded domain. Then u € B;’q(Q; Sl)and, if0 € Q,

then u has no B}, , lifting. O

Case 8. Range. 0<s<1,1<p<oo,sp=1,qg=00,n=1.

Conclusion. B;,/f;o((O, 1)*;S') does not have the lifting property.

Proof. The general scheme of the proof is the following. We first construct

a function v € C*°((0,1)";R) such that v does not belong to B},/ﬁo((o, 1)), but
u := e'"¥ belongs to B},/ﬁo((O, 1)*;S'). We next establish that, for any such v,
there exists no function ¢ € B},{ﬁo((o, 1)") such that u = e*?.

The main effort is devoted to the construction of ¥ in one dimension. The
higher dimensional case will follow via a dimensional reduction procedure.
The proof being rather long, we split it, for the convenience of the reader, into
several separate statements and steps.

Lemma 5.1. Let 1 < p <oo. Then the lifting problem in B},/f;o((O, 1);SY) has a
negative answer.

Proof. Step 1. Construction of v
Fix a function v € C*°(R) such that

(t) = 0, ift=<0
Vol=1 95 ift=1"

Pick up two sequences (a;);>1 < (0,1) and (b;);=0 < [0,1) such that, for a
suitable constant ¢ > 0 (determined by the conditions 1-5 below),
1. bp =0,
2.aj<bj<ajiiforall j=1,

c .
3. bj—ajzgforalljzl,
4 aj-bj1=~forall j=1,

5. lima;=1limb;=1.
Jj—oo Jj—oo

For all j =1, define I;:=(aj,b;), Lj:=(bj_1,a;) and ¢; := |Ij| = ;—J For all
xe€Randall j=1,let

v (%) == (x —% ) and y(x):= ) y;(x). (5.4)

€j j=1
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Note that, for all J =1 and all x€[0,ay),

p)= Y wo(x;aj),

1<j<d i

J

which entails that y € C*°([0,1)). Define finally u :=e'V.

Step 2. We have u € B;,/ﬁo((O, 1))
For all j =1, define u;:=e'¥i — 1. Note that u; is supported in [a;,b;]. As a
consequence, the supports of ©; and uj are disjoint whenever j # k. We also
note the identity u =1+ ;-1 u;.

Let 2 > 0. Since ug € C°(R), we have

IThuo— uoll‘zp(R) ShP AL
Since, for all j =1, we have u j(x) = uo((x —a;)/e;), we find that
p
lrnus—uilzom < R
J

For h € (0,¢/2), consider the (unique) integer JJ = 1 such that # <h< 2%
Then

Ithu —ullpr@ < ) ||Tau;—u; ”LP(IR) + ) lenuy—u; ”LP(IRZ)
Jj>dJ jsd

: (5.5)
S (c/2f)1/p + h < 1 +270-Vp)p < plp,

7 j=7 (c/2) 1P~ 27P
It follows from (5.5) that, when p € (1,00),

lThu — u”Lp([Rg)

el ,up Sllullzeo,1)) + sup
Bp,o((0,1)) 7 h<e2 hlp

When p =1, we argue similarly, using the fact that
ITonuo —21pu0 + uollL1w) S hZA1

and thus

2

||Tghuj—21huj+uj||L1(R)§ g—j/\gj.20

Step 3. We have v ¢ B},{go((O,l)). More generally, we have v ¢ B;,/go((a,l)),

Yae(0,1)
Indeed, define, for all sufficiently small 2 > 0,
2¢

. C
A(h).—{le, 21 <h<(j+1)2}.

20 Alternatively, we could have established first the fact that u € Bioo and then use the

Gagliardo-Nirenberg type embedding B% oNL® — Bll,/féo, 1< p <oo, to derive that u € Bll,/f;o.
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For all j =1, we have

. . c 2c
JEAh) <= je log2z+1, 7—1 ,

which shows that

1
tA(h) 2 — (5.6)
N
Observe that, for all j € A(h),
h
aj—bj_1: c ¢ (5.7)

_— > >,
j2 (j+]_)2 2
Let je A(h) and x€ M := (aj—h/2,a;). Then, by (5.7), b;_1 <x <aj, so that

0, ifkzj
"”k(x)‘{zn, ifh<j-1° 68

Indeed, if £ = j, then x <a; <aj, while, if k < j -1,
XxX—ap >bj_1—ak >bk—ak =E&p.

Similarly, we have b; <x+h <x+2h <aj,1, and this implies that

Wi+ h) = wy(x+2h) = { g;r’ g: if 1 (5.9)
It follows from (5.8) and (5.9) that, for all x € M, we have

ly(x+h)—y(x)| =27 (5.10)
and

|y (x +2h) - 2y(x + h) + y(x)| = 2. (5.11)

Thus, when 1 < p < 00, (5.10) yields, for sufficiently small A > 0,

ltnw v Zo01-n0 2 ,Z(h)IMJI _#A(h)> vh

which shows that v ¢ Bl/p The same conclusion holds when p =1 thanks to
(5.11).
Finally, since ¥ is smooth on [0,1) and does not belong to B}, 1/p ((0,1)), we

find that for every a € (0,1) we have ¢ ¢Bl/p ((a,1)).

Step 4. u has no phase in B

Assume by contradiction that u = e'? for some @ € Bl/p ((0,1)). Set n:= u,
T

which is an integer-valued function. Lemma 3.16 ensures that n has a finite
set _# of jump points in (0,1). If @ = max_¢, then 7 is constant on (a,1), and
thus up to a constant ¢ = ¢ on that interval. This is a contradiction, since by
construction for every a € (0,1) we have v ¢ Bl/p ((a,1)). O
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Let us now turn to the n-dimensional situation.

Lemma 5.2. Let n > 2 and 1 < p < co. Then the lifting problem in B;,{Iéo((O, 1)7;Sh)
has a negative answer.

Proof. Let v be as in the proof of Lemma 5.1. Define, for all x € (0,1)",
W(x) = w(xy) and @ := e'V.

We will prove that # € B;,/,go((O, 1)") and that # has no B;,/f;o((O, 1)*) phase.
To start with, we claim that @ € B},/ﬁo((o,l)”). Indeed, if u := e'¥, then

one has u € B},{ﬁo((o, 1)). Since u(x) = u(xq) for all x € (0,1)", for all A >0 and

all x € (0,1-h)x(0,1)»" L, (The,u — u)(x) = (Tpu —u)(x1), while (Thejﬁ —-u) =
0 for all j € [2,n]. This implies the claim when 1 < p < co. When p =1,
we argue similarly, using (Tope, U — 2Tpe, U + u)(x) = (T2pu — 275u + u)(x1) and
(T2he, U —2The, U+ 1) =0,V j€[2,n].

Argue by contradiction and assume that & = '? for some @ € Bll,/f;o((O, 1)").

Set 17:= ;‘V’ which is an integer-valued function. By Lemma 3.17, we have
T
1€ BV((0,1)"). This leads to a contradiction as explained below.
Let 6 €(0,1/2) and € > 0 such that

||ﬁ||BV((l—e,l)x(O,l)"‘l) <9. (5.12)
Define

A= {o' € 00" [ py1-e.y <20

The Fubini theorem and (5.12) yield |A’ | > 1/2. Since 7] is integer-valued, we
find that 7j(-,x’) is constant on (1 —¢,1), for all x' € A’. It follows that

— ”The@_¢”§p((1—e,1)xA/) . ”Thelfp_{pnil’((l—e,l)xA/)
lim =lim

= 00; 5.13
h—0 h h—0 h o0;  (5.13)
the latter equality follows from the fact that v ¢ B;,{’;o((l —¢,1)). (5.13) implies
that ¢ ¢ B;,/f;o((o, 1)"). The case where p =1 is similar. O

6 Open cases

Case 9. Range. s>1,1<p<oo,p<qg<oo,n=3,and sp =2.

Discussion. This case is complementary to Case 5. In the above range, we con-
jecture that the conclusion of Case 5 still holds, i.e., that the space Bfo’ q(Q;Sl)
does have the lifting property. The non-restriction property (Proposition 3.5)
prevents us from extending the argument used in Case 5 to Case 9.
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Case 10. Range. s=1,1<p<oo,l<g<oo,n=3,and 2<p<n.
Or:s=1,1<p<oo,g=o00,n=3,and 2<p <n.

Discussion. When p = q =2, B% 2(Q;Sl) = H'(Q;S!) does have the lifting prop-

erty [2, Lemma 1]. The remaining cases are open. The major difficulty arises

from the extension of Lemma 7.11 to the range considered in Case 10.

Case 11. Range. 0<s<1,1<p<o0,q=00,n=3,and sp =n.

Discussion. We do not know whether B} (€; S1) does have the lifting property.
The major difficulty stems in the fact that in this range we have B}, ,, # VMO,
and thus we are unable to rely on the strategy used in Cases 3 and 4.

Case 12. Range. s=0,1<p <00, 1 < g <oo (and arbitrary n).
Discussion. As explained in Remark 4.1, we consider only measurable func-
tions u: Q — St. We let Bqu(Q;Sl) :={u:Q—S!;u measurable and u € Bqu},
and for u in this space we are looking for a phase ¢ € Llloc mBg’q.

Note that Bg’oo(Q;Sl) does have the lifting property. Indeed, in this case
we have L™ c Bg,oo (Lemma 7.3) and then it suffices to argue as in the proof of
Remark 4.1. More generally, Bg’q(Q;Sl) has the lifting property when L —

Bg q.21 The remaining cases are open.

7 Other results for Besov spaces

The results we state here are valid when () is a smooth bounded domain in
R”, or (0,1)" or T". However, in the proofs we will consider only one of these
sets, the most convenient for the proof.

7.1 Embeddings

Lemma 7.1. Let 0 <s; <sg<oo, 1<pg<oo, 1 <p;<oo,1=<qp<ooand
1< g1 <o0. Then the following hold.

1. If g9 < g1, then Bfo,qo ‘—>B§,,q1.

2. If so—n/po=s1—n/pi, then B;%,qo - B;JILQO'

3. If so—n/po>s1—n/p1, then By, .. — B} 4.

2L A special case of this is p = ¢ = 2, since Bg 9= L2. Another special caseis 1<p<2<q.

Indeed, in that case we have L™ — LP = Fg 9= Bg’q [36, Section 2.3.5, p. 51], [36, Section
2.3.2, Proposition 2, p. 47].
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4. If By, ,, — B}. q,» then so—n/po = s1—n/p1.

Consequently, when g < ¢q1,

n n
S0 S1 " _

By g0 — B 41 <50 > 51 . (7.1)
Po P1i

Proof. For item 1, see [36, Section 3.2.4]. For items 2 and 3, see [36, Section
3.3.1] or [32, Theorem 1, p. 82]. Item 4 follows from a scaling argument. And
(7.1) is an immediate consequence of items 1-4. O

For the next result, see e.g. [36, Section 2.7.1, Remark 2, pp. 130-131].

Lemma 7.2. Let s >0, 1 <= p <oo, 1 <gq < oo be such that sp > n. Then
BS (Q)— C%Q).

Lemma 7.3. Let s<0,1<p<ooand 1=<gq <oco. Then L* — Bj .
Similarly, if 1 < p < oo, then L™ — BY .

Proof. We present the argument when QO = T". Let f € L>, with Fourier coef-
ficients (@ ,,)mezn. Consider, as in Definition 2.5, the functions

fi(x):= Z am(pj(27tm)e2mm'x, VjeN.

mezZn

By the (periodic version of) the multiplier theorem [36, Section 9.2.2, Theorem,
p. 267] we have

I£ille SN fllLe, V1<p<oo, VjEN. (7.2)

We find that [|f;lz» S 1 llz» < [Ifllz~, and thus (by Definition 2.5, and with the
usual modification when g = co)

1/q
Ifls, < (Z 2%) < 0.
7=0

The second part of the lemma follows from a similar argument. The proof is
left to the reader. O

An analogous proof leads to the following result. Details are left to the
reader.

Lemma 7.4. Let s>0,1<p <ooand 1=<q <co. Then B} , — LF.

More generally, if keN, s>k, 1< p <oo,and 1< q <oo, then Bfo,q — WkP,

Lemma 7.5. Let 0 <s<o00,1<p <ooand1<q <oobe such that sp =n. Then
B;,q — VMO.
Same conclusion if 0 < s <00, 1 < p <oo and g = oo are such that sp > n.

49



Proof. Assume first that g < oco. Let p; > max{n,p,q} and set s; :=n/p1. By
Lemma 7.1 and the fact that s; is not an integer, we have

s S1 s1 S1,P1
BP Bp1 q Bpl ,P1 =W :

It then suffices to invoke the embedding
W?3LP1 — VMO when s1p1 = n [14, Example 2, p. 210].

The case where q = co is obtained via the first part of the proof. Indeed, it
suffices to choose 0 < sy <00, 1< pi<ooand 0< g1 <oo such that s;p;1=n

and Bf, B;ll g:- Such s1, p1 and g3 do exist, by Lemma 7.1. O

For the following special case of the Gagliardo-Nirenberg embeddings, see
e.g. [32, Remark 1, pp. 39-40].

Lemma 7.6. Let 0 <s<oo,1<p<oo,1=g=<00,and 0<60<1. Then B} N

Os
L*—B p/0,q/0°

7.2 Poincaré type inequalities

The next Poincaré type inequality for Besov spaces is certainly well-known,
but we were unable to find a reference in the literature.

Lemma 7.7. Let 0<s<1,1<p<oo,and 1<q <oo. Let | Bs, be as in (2.3).
Then we have

-1

Proof. By (2.2), we have ||f]| B, ~Wfllee +1f] B, . Recall that the embedding
B}, , — L? is compact [35, Theorem 3.8.3, p. 296] From this we infer that
(7.3) holds for every function f € Bj, .. Indeed, assume by contradiction that
this is not the case. Then there ex1sts a sequence of functions (f;)j=1 < Bj, ,
such that, for every j,

_][fj
LP

Set g;:=f;— ffj. Then, up to a subsequence, we have g; — g in L?, where
lgllr =1 and fg = 0. We claim that g is constant in Q (and thus g = 0).
Indeed, by the Fatou lemma, for every h € R” we have

S |f|B;’q , V[ :Q— R measurable function. (7.3)

Lp

2j|ff|B§,,q

IArglliLr <liminf(|ApgjllLr = iminf||Ayfjllze. (7.4)
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By (2.3), (7.4) and the Fatou lemma, we have
Ingz,q =< limiangJ-IB;q = liminﬂfle;q =0;

thus g =0, as claimed. This contradicts the fact that | g|z» = 1.

Let us now establish (7.3) only assuming that |f| B, <oo. We start by
reducing the case where q = oo to the case where g < co. This reduction relies
on the straightforward estimate

|f1Bg, < IflBy ., Y0<0<s, VO<r<oo.

So let us assume that ¢ < co. For every integer £ = 1, let ®;, : R — R be
given by

t, if |t|<k
DOp(t):=<X -k, ift<-k.
k, ift>k

Clearly, ®@;, is 1-Lipschitz, so that Proposition 2.6 leads to

|‘Dk(f)|B;’q = |f|B;’q (7.5)
and (by dominated convergence, using q < oo and (2.3))

kli_glolq)k(f)— fIB;,q =0. (7.6)

Since @, (f) € L*°(Q) < LP (L), one has ®y(f) € B;,q for every k. Therefore, (7.3)
and (7.5) imply

19k(f) = crllze SIPk(Plps, <Iflps, (7.7)

with ¢, := f ®;(f). Thanks to (7.6), we may pick up an increasing sequence of
integers (1)r>1 such that, for every &, |(D,1k+1(f) -, (f) B, <27k Applying
(7.3) to @y, ,(f) — Dy, (f), one therefore has ’

” (q)/lkﬂ(f) - clk+1) - (chk(f) - cflk) ”LP S |®Ak+1(f) —D4,(f)

-k
<2
Bhq ’

which entails that @, (f)—cy, — g in L? as £ — co. Up to a subsequence, one
can also assume that @), (f)(x)—c,, — g(x) for a.e. x € ). Take any x € Q2 such
that @, (f)(x) —cy, — g(x). Since ®,,(f)(x) — f(x) as k — oo, one obtains

lim ¢y, =ceC. (7.8)

k—oo0

Finally, (7.7), (7.8) and the Fatou lemma yield ||f —cll;» < IfIB; i’ from which
(7.3) easily follows. O

We next state and prove a generalization of Lemma 7.7.
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Lemma 7.8. Let 0<s<1,1<p<oo,1<q <00, and § €(0,1]. Define

1/q

_ dh
flge = ( / RIS AL I, (7.9)
o |hi<6 |h |

b.q,

when g < oo, with the obvious modifications when g = co or R” is replaced by
Q. Then we have

f—][f

Proof. Recall that || f]| BS, ~ flle +1f] B (Proposition 2.6). We continue as
in the proof of Lemma 7.7. - O

< IfIB; Vs’ VY f : Q — R measurable function. (7.10)

Lp

We end with an estimate involving derivatives.

Lemma 7.9. Let s >0, 1<p <ooand 1<qg <oo. Let f € 2'(QQ) be such that
Vf € B3 Q). Then f € BS (Q) and

lr-f1

The above result is well-known, but we were unable to find it in the liter-
ature; for the convenience of the reader, we present the short argument when
Q=T".

SIVF s (7.11)

s
BP;‘I

Proof. We use the notation in Proposition 2.7 and the following result [16,
Lemma 2.1.1, p. 16]: we have

Ifile ~277IVfilLe, ¥Y1<p<oo, Vj=1. (7.12)

By combining (7.12) with Proposition 2.7, we obtain, e.g. when g < oco:

q
IF-aoll, =| T i~ X200,
]21 B;,q _]21 (713)
< Y2992V, ~ IVFIL, .
Jj=1 P4

In particular, f € L' (Lemma 7.4), and thus ag = f f. Therefore, (7.13) is
equivalent to (7.11). O

Remark 7.10. With more work, Lemma 7.9 can be extended to the case where
p = 1. Although this will not be needed here, we sketch below the argument.
With the notation in Section 2.3, consider the Littlewood-Paley decomposi-
tion f =3 f;, with f;:=Y ane j(2nm)e2’”m'x. Note that the Littlewood-Paley
decomposition of Vf is simply given by
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In the spirit of [16, Lemma 2.1.1, p. 16] (see also [5, Proof of Lemma 1]), one
may prove that we have the following analog of (7.12):

Ifile ~277IIVFile, ¥Y1<p<oo, Vj=1. (7.15)

Using Definition 2.5, (7.14) and (7.15), we obtain (7.13). We conclude as in the
proof of Lemma 7.9.

7.3 Product estimates

Lemma 7.11 below is a variant of [4, Lemma D.2]. Here, Q is either smooth
bounded, or (0,1)", or T".

Lemma 7.11. Let s>1,1<p<occand 1<q <oco. Ifu,v EBZ’q NL*°(Q), then
uVvu €B‘;;}.

Proof. After extension to R" and cutoff, we may assume that u,v € B} , n
L>(R™). It thus suffices to prove that u,v € B, ., NL™(R") = uVve B;TJ(R’L).

In order to prove the above, we argue as follows. Let u =} ujand v =} v;
be the Littlewood-Paley decompositions of u and v. Set

fj = Z upVu; + Z u;jVuy.
k<j k<j
Since supp % (u,Vv;) < B(0,2max%./142) we find that uVv = Y. f/ is a Nikolskii
decomposition of uVv; see Section 2.8. Assume e.g. that ¢ < co. (The argument

for ¢ = oo is similar.) In view of Proposition 2.14, the conclusion of Lemma 7.11
follows if we prove that

Zz(s—l)jq ”f,]llzp < 00. (716)

In order to prove (7.16), we rely on the elementary estimates [16, Lemma
2.1.1, p. 16], [4, formulas (D.8), (D.9), p. 71]

Y our|  Sllulpe, Vjiz0, (7.17)
k<j L,00
Y Vor|| <20vllpe, Vjz0, (7.18)
k<j L>®
and
IVoile <S20vile, Yj=0. (7.19)
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By combining (7.17)-(7.19), we obtain

q q
b o
Y2y pryd <% ol ”q( Sour|  IVuilL+] Y Vor ||u,-||zp)
k<j Lo k<j Lo
Slulfe Y 29I, +vllfe Y. 279 uj1d,
Sluliolvld, +lvllioluld,
Slhulflolg, +lvlfxlulg,
and thus (7.16) holds. d

7.4 Superposition operators

In this section, we examine the mapping properties of the operator
Tq)) L4 & ®o v.

We work in Q) smooth bounded, or (0,1)", or T".
The next result is classical and straightforward; see e.g. [32, Section 5.3.6,
Theorem 1].

Lemma 7.12. Let 0<s<1,1<p<oo,and 1< ¢ <oo. Let ®:R* — R be a
Lipschitz function . Then T¢ maps BZ’Q(Q;IR"") into B;,q(Q;[Rl).

Special case: ¥ — e'¥ maps Bj, ,(€;R) into B;,q(Q;Sl).

In addition, when g < co, T¢ is continuous.

For the next result, see [32, Section 5.3.4, Theorem 2, p. 325].

Lemma 7.13. Let s >0, 1< p <oo and 1< g <oo. Let ® € C®(R*;R"). Then
T maps (BS , N L®)(Q;R*) into (BS , N L)(Q;R)).
Special case: ¥ — e'¥ maps (Bz,q N L*®)(Q;R) into (B;,q NL®)(Q;Sh).

7.5 Integer-valued functions in sums of Besov spaces

The next result is a cousin of [4, Appendix B],?? but the argument in [4]
does not seem to apply in our situation. Lemma 7.14 can be obtained from the
results in [8], but we present below a simpler direct argument.

Lemma 7.14. Let s >0, 1< p <oo and 1 < ¢ <oo be such that sp = 1. Then
the functions in B;yq(Q;Z) are constant.

Same result when s >0, 1< p <oo, g =co and sp > 1.

The same conclusion holds for functions in Z?Zlejj,qJ(Q;Z), provided we
have for all j € [1,k]: either s;pj=1and 1<qg; <oo,ors;jpj>landl1<gq;<
Q.

22 The context there is the one of the Sobolev spaces.
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Proof. The case where n =1 is simple. Indeed, by Lemma 7.5 we have B, , —

VMO (and similarly Z?le;jj,qJ — VMO). The conclusion follows from the fact
that VMO((0, 1); Z) functions are constant [14, Step 5, p. 229].

We next turn to the general case. Let f = Z?Zl fj, with f; € B;jj’qj(Q;Z),
Vj€[1,k]. In view of the conclusion, we may assume that Q =(0,1)". By the
Sobolev embeddings, we may assume that for all j we have s;p; =1 (and thus
either 1< pj<ooands;j=1/pj,or p;j=1ands;=1)and 1=<q; <oco. Let, as
in Lemma 3.3, A < (0,1)""! be a set of full measure such that (3.2) holds with
M = 2. The proof of the lemma relies on the following key implication:

[x1+ - +x, €Z, 1< p1,...,pp <00l = |x1+-+xp| S|ag[P1+---+]xp [Pk, (7.20)

This leads to the following consequence: if g := g1 +---+ g1, is integer-valued,
then

A7 gl SIALg1ITs, +-+ AT gr P, . (7.21)

By combining (3.2) with (7.21), we find that

5
lim
l—00 t;

L1
@) _0, V€A, for some sequence t; — 0. (7.22)

By Lemma 7.15 below, we find that f(x’,-) is constant, for every x' € A. By a
permutation of the coordinates, we find that for every i € [1,n], the function

t— f(x1,...,%-1,¢,%i+1,...,%,) 1S constant, Vi € [1,n], a.e. X; € (0, 1)1 (7.23)

here, x; := (x1,...,%i-1,%i 11, ...,%n) € (0, 1)L
We next invoke the fact that every measurable function satisfying (7.23) is
constant [12, Lemma 2]. O

Lemma 7.15. Let g € L((0,1);Z) be such that, for some sequence #; — 0, we
have

2
||

l—o0 t]

1
LD _ g, (7.24)

Then g is constant.

Proof. In order to explain the main idea, let us first assume that g = 1p for
some measurable set B < (0,1). Let A €(0,1). If x € B and x +2h ¢ B, then
Alzlg(x) is odd, and thus IAlzlg(x)l > 1. The same holds if x ¢ B and x + 2k € B.
On the other hand, we have |Ag,g(x)| < 1, with equality only when either
xeB and x+2h ¢ B, or x ¢ B and x + 2h € B. By the preceding, we obtain the
inequality

A7 ()| = |Aopg(®)l, Vi, Vh. (7.25)
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Using (7.24) and (7.25), we obtain

BET A2t1g 23
g = llir?oTifl =0. (7.26)
Thus either g =0, or g =1.

We next turn to the general case. Consider some k € Z such that the mea-
sure of the set g 1({k}) is positive. We may assume that & = 0, and we will
prove that g = 0. For this purpose, we set B := g"1(2Z), and we let g := 15. Ar-
guing as above, we have IA%g(x)I > |Agpg(x)|, Vx, VA, and thus g =0. We find
that g takes only even values. We next consider the integer-valued map g/2.
By the above, g/2 takes only even values, and so on. We find that g =0. O
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