N
N

N

HAL

open science

A New Approach to Nonstandard Analysis
Abdeljalil Saghe

» To cite this version:

Abdeljalil Saghe. A New Approach to Nonstandard Analysis. Sahand Communications in Mathemat-
ical Analysis, 2017, 12, pp.195 - 254. 10.22130/scma.2018.63978.244 . hal-01516131v2

HAL Id: hal-01516131
https://hal.science/hal-01516131v2
Submitted on 13 Oct 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01516131v2
https://hal.archives-ouvertes.fr

Sahand Communications in Mathematical Analysis (SCMA) Vol. 12 No. 1 (2018), 195-254
http://scma.maragheh.ac.iy

DOI: 10.22130/scma.2018.63978.244

A New Approach to Nonstandard Analysis

Abdeljalil Saghe

ABSTRACT. In this paper, we propose a new approach to nonstan-
dard analysis without using the ultrafilters. This method is very
simple in practice. Moreover, we construct explicitly the total order
relation in the new field of the infinitesimal numbers. To illustrate
the importance of this work, we suggest comparing a few applica-
tions of this approach with the former methods.

1. INTRODUCTION

In 1961 Abraham Robinson [14] showed how infinitely large and in-
finitesimal numbers can be rigorously defined and used to develop the
field of non-standard analysis. To better understand his theory, noncon-
structively, it is necessary to use the essential proprieties deduced from
the model theory and mathematical logic.

After the birth of this theory, more mathematicians have discovered
the importance of its applications [, @] in physics [3, 2, 9], numerical
analysis and variational methods.

In 1977 a new axiomatic representation of hyperreals put forward by
Edward Nelson [I3], in an attempt to simplify Robinson’s method. He
proposed to add three axioms on the set theory and obtained a new
theory called Internal Set Theory [I3, &].

Another axiomatic method, Alpha-Theory [4], was published in 2003.
This theory is more simple compared to that of Nelson. However, it
raises a few questions concerning its effectiveness in practice as an ax-
iomatic approach.

According to Robinson’s construction, we can see every hyperreal as
an element of RY modulo a maximal ideal M. The ideal M is defined with
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a non-principal ultrafilter U, whose existence is proved by the axiom of
choice. By using the ultrafilter U/, we define the order relation in the
field of hyperreals. Unfortunately, we cannot determine exactly this
order relation because the ultrafilter is unknown.

Our aim, in this article, is to give a new field which contains the
infinite and infinitesimal numbers without using the properties of the
model theory as well as the ultrafilters, and without adding the new
axioms to ZFC (Zermelo-Frankel4+Axiom of choice). To understand this
theory, it does not require to be a mathematical logic specialist. Only the
classical results of analysis and the properties of the analytic functions
are sufficient in construction. The new approach is very simple in the
sense that we can determine precisely the order relation defined in the
new field.

The suggested outline for the current article, therefore, is the follow-
ing:

Firstly, we shall provide some definitions of the infinite and infinitesimal
numbers. Then, we shall present the preceding approaches (Robinson’s
approach, Internal Set Theory and Alpha-Theory), all of which shall be
discussed in Section B through studying some concrete examples of each
one of them. The purpose of this study is to prove that the choice of
the ring RY in construction of the hyperreal numbers is too broad to be
effective in practice. For instance, we will try to show that in spite of the
fact that a hyperreal can be equal to zero, it is impossible to predicate
its value. In the subsequent section, we will study the proposed method
through presenting the construction of a proper subset A(RY) of RN,
This set is a unitary ring of RY. By using a maximal ideal of a new ring
denoted by A, we obtain a new field called the field of Omicran-reals
which is a totally ordered field and an extension of the set of real num-
bers R.

To illustrate the importance of the new approach, we suggest the fol-
lowing applications:

e For the logarithmic function: We prove the following equalities
for every real = > 0:

(0%
-1
In(z) = lim z
a—0 o
while x # 1, we obtain:
r—1 182 &

In(z) notoon
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e Prime numbers: Let P be the set of prime numbers.
As z — 400, we get

1

77(1:) ~ )
zz —1
where 7(z) = #{p <z :p € P}.
In addition, we prove that:

P~ n%(Yn — 1), while n — 400,

where (py,) is the sequence of prime numbers.

e The length of a curve: We define the length of the arc AB
and we determine the conditions of rectifiability from the new
approach. We calculate easily the length, and we obtain:

- b
I(AB) = / NS ZImr

where [(AB) is the length of the arc defined by the curve of the
function f between A(a, f(a)) and B(b, f(b)).

e We calculate the limit by using a new notion called the exact
limit.

e We show that it is possible to obtain the finite sum by using
the exact limit of a series.

e To calculate the exact limit of a series, we define a new ma-
trix called the black magic matrix, this beautiful matrix admits
twelve magical properties and we can determine the Bernoulli
numbers by using it.

e We can obtain the standard Euler-Maclaurin formula applied
to the zeta function ((s) by using the coefficients of the above
matrix.

Finally, we determine in the last section of this paper the relationship
between the hyperreal numbers and the Omicran-reals, and we prove
that any property which is true for every hyperreal number is also true
for every Omicran.

2. PRELIMINARY RESULTS

In this section, we find a few definitions and results that are applied
in this work.

(i) The binomial coefficient is defined as:

(1) = o
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(ii) The Bernoulli numbers are given below:

By =1,

By +2B; =0,

By +3B1 +3By =0,

By + 4B+ 6By +4B3 =0,

Bo+ (1)Bi+-+(,")Bn1=0.

We can verify that Bogi1 = 0, for every natural £ > 1.
(iii) Stirling’s formula:

n
n! ~v2mn <ﬁ> .
e

(iv) An important result of the Stirling’s formula is given by:

2n
| By |~ 4v/7n0 <ﬁ> .
e

(v) The standard Euler-Maclaurin formula [6] applied to z — x~*

is given by:
=1 N X
()= R +) Tin(s) + E(M,N,s),
n=1 k=1
where

By 2%—2

2 e .

Tk,N(s): (zk)'Nl 2 H(3+]),
j=0

¢ is the Riemann zeta function defined as
400 1
C(S) - Z Ea
k=1
and s € C.
If o = R(s) > —2M — 1, the error is bounded [G] as:

s+2M +1
oc+2M +1

(vi) Let H(D(0,¢€)) be the set of the holomorphic functions on the
disk D(0,¢).

We can prove the following theorems [I5]:

‘E(MaN7S)| < M+1,N(S)

Theorem 2.1. If h is a holomorphic function on the disk D(0,¢), and
h(0) = 0 then: h(z) = 2¥g(z) on a neighborhood of 0, where k is a
non-zero integer, and g € H(D(0,¢)) and g(0) # 0.
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Theorem 2.2. The zeros of a monconstant analytic function are iso-
lated.

3. THE INFINITE AND INFINITESIMAL NUMBERS

Definition 3.1. We define the following assertions:
(i) A totally ordered set (E, <) is called an ordered R—extension if
R C E;
r=y & z<y Y(z,y)cR2
(ii) In addition if (E,+) is a commutative group, we define
|a| = max(a, —«)
_J oa when —a <X a,
| —«a, when a=—a.
(iii) We write z < y while x <y and x # y.
(iv) Let Ig be the set defined as follows:
Ip={a€E/ 0<|a|<eVe e R™}
Ig is a set of infinitesimal numbers.

Remark 3.2. If it has not the ambiguity, we replace the symbol =< by
<,and < by <.

To construct the new extension of R which contains the infinite and
infinitesimal numbers, it is sufficient to prove the following theorem:

Theorem 3.3. There exists an extension field (E,+,.) of (R,+,.), and
partial order < such that: (E, <) is an order R—extension and Iy # ().

Remark 3.4. An element § of Ip # () is called infinitesimal.
Notation 1. N={1,2,3,...}.

4. PREVIOUS METHODS

4.1. Robinson’s Approach. From the works of Abraham Robinson,
we know that the heuristic idea of infinite and infinitesimal numbers has
obtained a formal rigor. He proved that the field of real numbers R can
be considered as a proper subset of a new field, *R, which is called the
field of hyperreal [14] numbers and contains the infinite and infinitesi-
mal numbers. From the approach of Robinson, we can represent every
hyperreal by a sequence of RY modulo a maximal ideal Z. This ideal is
defined by using an ultrafilter . Unfortunately, the Ultrafilter I and
the order relation defined on *R are unknown. Only the existence can
be proved by the axiom of choice.
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4.2. Nelson’s Approach. In 1977, Edward Nelson expands the lan-
guage of set theory by adding a new basic predicate st(x). We obtain a
new axiomatic representation of the nonstandard analysis by using the
above predicate. To explain the behavior of this unary predicate symbol
st(x), Nelson proposes to add three axioms [I3]:

(a) Idealization. (I)
(b) Standardization. (S)
(c¢) Transfer principle. (T)

4.3. Alpha-Theory. This axiomatic approach published in 2003 is based
on the existence of a new element namely a. In this method, we need
five axioms to justify the behavior of this new mathematical object.

In the following section, we begin with the construction of the hy-
perreals by Robinson. After, we pass to the study of the axiomatic
approaches.

5. CONSTRUCTION OF THE HYPERREAL NUMBERS
Let I be a nonempty set, and P(I) the power set of I.

Definition 5.1. An ultrafilter U is a proper subset of P(I), such that:

(i) Intersections: if A, B € U, then ANB € U.
(ii) Supersets: if A C B C I, then B € U.
(iii) For any A C I, either A € U or A € U.

Example 5.2. (i) F! = {A C 1 :1i € A} is an ultrafilter, called
the principal ultrafilter generated by 1.
(ii) F°={A C1I:I— Ais finite} is the cofinite (or Frechet), filter
on I. F° is not an ultrafilter.

To construct the field of hyperreal numbers, we use the unitary ring
RN as follow:

(a) R C RY: We can identify every sequence v = (I,1,...,l,...) by
the real number /.
(b) We define in RY the total order relation < by:

u=(up,ug, ..., Up,...) <v=(v1,02,...,0n,...) < {i:u; <v;} €U,

where U is a nonprincipal ultrafilter of N.
To show the existence of the above ultrafilter, we use the axiom
of choice.

(c) (RN, 4+,.) is a commutative ring with unity (1,1,...,1,...), but
it is not a field, since

(1,0,1,0,...)(0,1,0,1,...) = Ogs.
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We construct the field of hyperreal numbers by using the fol-
lowing maximal ideal [I4, IT] of RY:

I:{uERN:{i:ui:()}EU}.

Finally, we deduce that the new field of the hyperreal numbers
is given by: *R = RY/I.

Remark 5.3. For every hyperreal u defined by the sequence
(u;), we set

U= (UL, U2, ..., Upy...), OF U= (u;).

(d) We can verify that the hyperreal § = (1, %, %, ...) is an infini-
tesimal number.

6. INTERNAL SET THEORY

Edward Nelson developed a new theory, Internal Set Theory, which is
different from that of Robinson. According to Nelson’s view, we can find
both the infinite and infinitesimal numbers in the set of real numbers
denoted by *R. In addition, the classical families of real numbers R =
{st(z), z € *R} and natural numbers N = {st(z), z € *N} are not seen
as sets in IST. To clarify this point, we propose to study the properties of
a set A by using the axioms added by Nelson. We start by the following
abbreviations:

(i) V*¢x¢(z) to mean Vz(z standard = ¢(x)).
(i) Fz¢(z) to mean Jz(z standard A ¢(z)).

We call a formula of IST internal in case it does not involve the new
predicate “standard”, otherwise we call it external.

A set z is finite if there is no bijection of z with a proper subset of
itself.

In IST, the three axioms of Nelson are defined as:

(i) Transfer: If ¢(x,u1,...,u,) is an internal formula with no
other free variables than those indicated, then:
Volug, . Yy, (VStx¢(x, ULy ey Up) = Vao(x,ug, ... ,un)) .

(ii) Idealization: For any internal formula B whose free variables
include = and y

V52 (2 is finite — 3yVe € 2B(x,y)) « IV 2 B(z, y).

(iii) Standardization: For every standard formula F'(z) (internal
or external), we have:

Vit ey oz € A F(2)).
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Suppose that there exists a unique z such that A(x) is true, where
A(z) is an internal formula whose only its free variable is . Then that x
must be standard, since by transfer 3z A(z) = Iz A(x). For example,
the set *N of all natural numbers, the set *R of all real numbers, the
empty set (), and the real number 0, 1, /7, ... are all standard sets.

Theorem 6.1. Let X be a set. Then every element of X is standard if
and only if X is a standard finite set.

Proof. We can apply the idealization principle for B(z,y) = [y € X A
x # y| (see [I3, B] for more details). O

Corollary 6.2. FEvery infinite set has a nonstandard element.

Remark 6.3. From the Corollary 62, we deduce that there exists a
nonstandard natural number w.

Theorem 6.4. There is a finite set F' such that for any standard x we
have x € F.

Proof. Just apply (I) to the formula [(z € y) A (y is finite)] (see [T

2).

Theorem 6.5. Let X be a nonempty set. If X is a standard set, then
it admits o standard element.

3,
U

Proof. Another version of the transfer principle is giving by:
Jwp(z) — F'ad(z),
where ¢ is an internal formula. We apply this version for z € X. O

Definition 6.6. (i) Elements of the ultrapower [I0] of P(R) are
the equivalence classes of sequences (4;) € P(R)YN, where the

sequences (A;) and (B;) are defined to be equivalent if and only
if we have {i e N: A; = B;} e U.

(ii) We denote by (A;) the equivalence class of (A;). We define the
relation * € between z = (z;) €* R and (A;) by:
.%'*E<AZ> = {Z .iL'iEAZ'}GU.

(iii) With each equivalence class (A;) in the ultrapower of P(R) we
associate a subset A of *R as follows:

reAd & z'e(d).

(iv) The subset A of *R associated with the equivalence class (A;)
is called an internal set.
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(v) The collection of all internal subsets of *R is denoted by *P(R).
We denote by A the internal set defined by the equivalence class (A;).

Remark 6.7. A standard set *B is given by the equivalence class
(B,B,...,B,...),
where B € P(R).

Example 6.8. (i) *[0,1] = ([0,1],...,[0,1],...), "R = (R, R,...)
and *N are all standard sets, and then are internal sets.

(ii) Let w be the infinite number defined as w = (1,2,3,...). The
set {w} = ({i}) is internal but it is not standard.

(iii) For every integer i > 1 we put X; = [i—i-f % [ and X = (X;).
The above set is internal and infinite, but we cannot find any
standard element in X (because there does not exist a real num-
ber x such that {i : = = z;} € U for z; € X;). From the
Corollary B2, we deduce that X is a nonstandard element.

On the other hand, the set X is bounded from above by 1,
we can check that X has a supremum in *R, and we have
sup X = <%>

Remark 6.9. e In the collection of the internal sets [I3, K], we
find the standard and the nonstandard sets.

e Every nonempty internal set of hyperreals bounded from above
has a supremum in *R. In fact, since the internal set A = (A;)
is bounded from above, then there exists M € R such that
J ={i: A; is bounded from above by M} € U.

We define s = (s;) such that s; = sup(4;) fori € J and s; = 1
else. We can check easily that s = sup(A).

e We can prove the above result for every element of *P(R) by
using the transfer principle, but this property is not true for
every family of hyperreals (for example, the set R is bounded
from above by every positive infinitely large number L, but
it does not have a least upper bound), then we deduce that
the set *P(R) is a proper subset of P(*R). The elements of
P(*R)\*P(R) are called the external sets. For example, the
sets R, N, the infinite numbers and the infinitesimal numbers
are all external sets.

7. ALPHA-THEORY

This approach is based on the existence of a new mathematical object,
namely «. Intuitively, this new element, added to N, is considered as a
“very large” natural number.

The use of « is governed by the following five axioms [d].
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e ;. Extension Axiom. For every sequence, ¢, there exists a
unique element ¢[a], called the “ideal value of ¢” or the “value
of ¢ at infinity”.

e ap. Composition Axiom. If ¢ and 3 be two sequences and
if f is any function such that compositions f oy and f o make
sense, then

pla] =vla] = (fop)la] = (fo)a]

e a3. Number Axiom. Let ¢, : n — r be the constant sequence
with value r € R, then ¢, [a] = 7. If 1y : n — n is the identity
sequence on N, then 1y[a] = o ¢ N.

e 4. Pair Axiom. For all sequences ¢, ¥ and :

O(n) = {p(n), ¢(n)} for alln = d0a] = {plal,¥[al}.

e a5. Internal Set Axiom. Let 9 be a sequence of atoms, and
¢p be the sequence defined as ¢y : n — (), then v[a] is an atom,
and cp[a] = 0. If 9 is a sequence of nonempty sets, then

Yla) = {¢la] / ¢ln] € ¢[n] for all n}.

Proposition 7.1. (i) If o(n) = ¥(n) eventually (i.e. for all but
finitely many n), then pla] = ¥[a].
(ii) If p(n) # ¥(n) eventually, then pla] # ¥|a].

Definition 7.2. Let A be a nonempty set. The star-transform of A is
giving by:
A* ={gla] /¢ : N — A}.

In the following proposition, we verify that the star-operator preserves
all basic operations of sets (except the power set).

Proposition 7.3. For all A, B, we have [4]
(i) A= B < A* = B*;
(ii) A€ B A" € B*;
(iii) AC B« A* C B*;
(i) {A, B}* = {A*, B"};
(v) (AUB)* = (A*UB*);
(vi) (AN B)* = (A* N B*);
(vii) (A\ B)* = (A" \ B");
(viii) (A x B)* = (A* x B¥).

Definition 7.4. (i) The set of hyperreal numbers is the star-transform
R* of the set of real numbers:

R*={¢la] /¢ : N — R}
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(ii) The set of hypernatural numbers is the star-trasform of the set
of natural numbers:

N*={¢la] /¢ : N — N}.
(iii) We define in R* the following binary relation:

§<Ce (&0 e{(ry) eRxR/z <y}

Theorem 7.5. The hyperreal number system (R*,+,.,0,1, <) is an or-
dered field.

Remark 7.6. e An example of an infinitesimal is given by é, the
1

ideal value of the sequence (E)n>1' Other examples of infinites-

imals are the following:

. 1 o 1 1 1
—s ~— ], ——,lo —=.
RS T34 a2’ & a

e For the infinite numbers, we propose the following examples:

o® 41, 3+ Va, log(7a — 3).

8. A FEw REMARKS ABOUT THE PREVIOUS APPROACHES

In this section, we shall study some examples to see clearly the dif-
ficulties that can be encountered in practice while using the classical
approaches of the non-standard analysis. Firstly, we begin with the
study of Robinson’s approach, afterwards, we proceed to the study of
axiomatic approaches. Finally, we conclude with a small discussion as
an introduction to the new approach.

To explain our point of view about Robinson’s approach, we propose
some examples in the following subsection.

8.1. Robinson’s Approach.

(1) For the infinitesimal number § = <1, %, %, .. .>, we can not imag-
ine intuitively its nature, because it is defined by the sequence
(%)n>1 modulo the unknown ideal 1.

(2) Let u be a hyperreal number defined as v = (—1,1,—1,1,...).
Despite that the field (*R, <) is a totally ordered set, but we
cannot determine the sign of u. On the other hand, we have
two cases:

(i) If w > 0, then there exists an element F' € U such that:
F={i:u;>0}={i:u; =1}.
In this case, we deduce that F© C 2N € I/, and we find
u=1.

(ii) If w <0, we find 2N+ 1 € U, and u = —1.
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Now, to complicate this problem, we put the following question:
where is the sign of the hyperreal number defined as

¢ = (sin(1),sin(2),sin(3),...)?

Since the total ordering in the hyperreal numbers is not explic-
itly defined, then we deduce that the Robinson’s approach is
very complicated to give us a simple property as the sign of an
element of *R. Moreover, the sign of the hyperreal u, which is
defined by the sequence (u;), is not sufficient to know the sign
of this sequence at infinity which can be invariant (is not stable
from a certain rank).
Let v be the hyperreal defined as:

v = <1,101,1,10102,1,10103,...,1_,10101,...>.

2 3 l

Where is the nature of this number? Is it infinite or infinitesi-
mal?

If 2N € U, then v is infinite and otherwise it is infinitesimal.
The determination of the nature of an hyperreal is not easy
and evident in cases which are general, and we can find other
cases which are very complicated than the above example. In
addition, if we put (v;) the sequence which defines the hyperreal
v, and w the hyperreal defined by the sequence (v;11), then:

w= <101, Ly Loggoe g >
2 3 1
If 2N € U then v is infinite, and w is infinitesimal. Thus, we
can find two hyperreals do not have the same nature; the first
is defined by a sequence (v;), the second by its subsequence
(Uqb(i))' In the above example, the translation of the indices of
the sequence (u;) which defines the infinitesimal number (u;), is
sufficient to transform it to an infinite number. This is not well
to be effective in practice, for example, if (u;) = 1, (in general)
we can not know anything about the value of the hyperreal
v = (us;+1), v can be zero, infinite, infinitesimal number, etc..
Next, we propose an example of an hyperreal number (u;) which
can be zero or an integer 1 < ¢ < 9, but it is impossible to
determine its value.
For every real number z, let (z;) be the sequence defined by the
decimal representation of = as:

T = X1, T2T3T4T5LE - - - -
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Let = be the hyperreal defined as = (z;). For the number T,
we get:

m = 3.1415926535897932385 . . ..

Then, 7 = (3,1,4,1,5,9,2,6,5,3,...). We attempt to deter-
mine the value of this hyperreal, for that, we propose to prove
the following lemma.

Lemma 8.1. Let A be a finite subset of R. For every element u = (u;)
of AN, the hyperreal number (u;) is an element of A.

Proof. We put A = {aj,a2,...,a,}, and F, = {i : u; = x} for every
x € A. Let U be the ultrafilter defined in Robinson’s approach. If there
exists 1 < ig < n—1 such that Fo,, €U, then, (u;) = a;,, and otherwise
F¢ FS,...,FS_ €U. Then F& NFSN...NFS €U, and we
deduce that (F,, UF,, U...UF, ,)¢=F,, €U, which implies that
(ui) = an. O

From the Lemma B, we deduce that 7 € {0,1,2,...,9} (then can be
non invertible). Unfortunately, we do not have any way to determine its
value. Let = be the natural number in {0,1,2,...,9} such that 7 = z.
Consider the hyperreal & = («;) defined as:

1 when r = 7;,
oy =

1)
101", otherwise.

The nature of the number & is not compatible with the behavior of
the sequence used to define it. In fact, the values taken by the sequence
(c;) are very “large” in an infinity of indices. In addition, we can predict
the following plausible conjecture:

“The cardinal of the set {z Doy = %} N{1,2,...,n} is very small com-

pared to the cardinal of {2 Dy = 1010i} N{1,2,...,n}, from a certain

rank ng.”

However, this number & is infinitesimal. Then, we have an incom-
patibility between the nature of the hyperreal (o;) as an infinitesimal
number and the value taken by the sequence («;). In addition, we do
not have any rule to determine in general the set of indices ¢ that gives
us the nature of an hyperreal (u;) defined by the sequence (u;).

8.2. Nelson’s Approach and Alpha-Theory. The axiomatic meth-
ods allow us to give and explain rigorously the behavior of any new
defined notion. Yet, they are not effective enough in practice, especially
if the notions of the proposed theory are not explicitly defined. For in-
stance, according to Alpha-Theory, we should define a new mathematical
object a. By using the Extension Axiom we justify the existence of the
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new object. In the same way, the ideal value of every sequence ¢ de-
noted by ¢|a] is defined by the above axiom. Intuitively, p[a| represents
the value of ¢ at infinity. Like Robinson’s approach, this ideal value is
not explicitly determined in general. Vieri Benci and Mauro Di Nasso
confirmed (see [4], p.359):

“Suppose ¢ is a two-valued sequence, say ¢ : N — {—1,1}. Then its
ideal value makes no surprise, i.e. either p[a] = —1 or pla] =1 (but in
general it cannot be decided which is the case).”

In order to find an acceptable solution to this problem, the authors
proposed to take (—1)* = 1. They justified this choice as the following
(see [4], p.367):

“...For instance, we could consistently postulate that the infinite
hypernatural « is even. In this case, the alternating sequence ((—1)")p>1
takes the value (—1)* =1 at infinity”.

Unfortunately, this choice is not convincing and is not sufficient to
determine the ideal value in general. If we choose another sequence
1 defined as 1,2,3,1,2,3,1,2,3,1,2,3,.... from the solution proposed by
the authors, we need a new postulate for taking ¢[a] = 2. On the
other hand, the same problem could be raised by Internal Set Theory.
To determine the value of a sequence ¢ at infinity, we are obliged to
find an explicit approach to nonstandard analysis. Historically, Inter-
nal Set Theory was introduced by Edward Nelson in order to simplify
Robinson’s approach. However, this approach is not accessible for those
mathematicians who lack enough knowledge in logic. For example, if
we study the transfer principle in general, it can not be easily and cor-
rectly applied without checking some particular conditions. To clarify
this point, we propose the following example.

Recall the following property of N: “Every nonempty subset of N has
a least element”.

By applying the transfer principle to this formulation, we would get
that “Every nonempty subset of *N has a least element”. But this is
clearly false (the collection *N \ N has no least element). Here, the
transfer principle can not be applied, because the above sentence is not
elementary (see [6]). For that, we think that the Nelson’s approach is
inaccessible for the non-specialist in mathematical logic.

In this paper, we propose a constructive approach to nonstandard
analysis without adding any axiom. Only the properties of the classical
analysis are sufficient to construct the new field. In addition, we define
an explicit total order relation in the new set called the field of Omicran-
reals.

8.3. Discussion. Abraham Robinson succeeded to show the existence
of a total order relation on RY, but the explicit determination of this



A NEW APPROACH TO NONSTANDARD ANALYSIS 209

relation is very difficult. The judgment of the scientific work of Robin-
son begins with the study of the choice of RN. To find or not to find
an explicit total order is another question that can be asked after the
determination of the initial set in construction. Now, the question we
might ask is the following: why we need the ring RY to define the field
of nonstandard analysis? According to the incompatibility between its
nature and the behavior of the sequence which defined it, the hyperreals
like a, 7, (1,—1,1,...), or (sin(1),sin(2),...) do not matter in practice.
Then, the choice of the ring RY is too broad to be effective. In the fol-
lowing section, we attempt to give the answer of the following question:
can we construct the field of the infinitesimal numbers by using a proper
subset of RY with an explicit total order?

9. THE PROPOSED METHOD

9.1. The Metalic Map. Let D(0,1) (resp. D’(0,1)) be the open (resp.
closed) disk of radius 1 and center 0.

Definition 9.1. Let u be a map from ]0, 1] to R, such that:

(i) There exists a map u defined on D’(0,1), and holomorphic in a
neighborhood of 0.
(ii) There exists € > 0, such that Vx €]0, ] we have u(z) = u(z).

The map u is called a metalic map, and u is a metalic extension of u.

Example 9.2. If f is defined in the interval ]0, 1] as:

@) = 2x +1, when z €]e, 1],
YVT 1 - 322 when z €]0, €],

then a metalic extension f is given by: f(z) = 1—322 in the disk D' (0, 1).

Remark 9.3. If u is metalic, then the two metalic extensions u and u
of u are identic in a disk D(0,¢) by Theorem P72

Definition 9.4. We set A; = { u,u is a metalic map}, and we have the
following definitions:
(1). A(RY) = { (u (%))n>1 ,u is a metalic map}.
(2). Hy = the set of maps u defined on the disk D’(0,1) and holo-
morphic in a neighborhood of 0.
(3). Let (Oo,+) be a subgroup of (Hy,+) containing the maps de-
fined on the disk D’(0,1) which vanish in a neighborhood of
0.
(4). Let 6y be a map defined as

0o : A(RY) —  Ho/O,
(u(%))ng — C(u),



210 A. SAGHE

which C(u) is the equivalence class of u modulo Op. The map
0o is well-defined from the unicity of C(u).
(5). We consider the surjective map 6; defined as:

91 : Al(RN) — 00(~AI(RN));
(u (%))721 — C(u),
and the set A(RY) = {671(C(1)), C(u) € (A1 (RY)) }.
(6). We define on the set Aj(RY) the following equivalence relation

~;

(@)~ (G = oz (G) =0 ()

(7). (u (%))n>1 is the equivalence class of (u (%))n>1 modulo ~.

Remark 9.5. (a) We can check the equality (u (%))n>1 =0, (C ().
Then : -

m:{((l))eA}

(b) The sets Ay and Ap(RY) are commutative groups.
(c) The map defined as:

071: Al(RN) — E1 = 90 (Al (RN)) R
(G — C@),
is an isomorphism between two groups.

Definition 9.6. Consider the following definitions:
1 1
. AQZ{U,UGAl Va €]0,1] u(z) #0and lim u<> =0 }

n—-+4oo n

° AQ = {U :]0, 1] — R ’ V/10,e] = (%)/]O,E}

o Mo(RY) = { ( <;>)21 ve A }

9.2. Construction of a Unitary Ring.

for%EAg and€>0}.

Lemma 9.7. Let A = Ay UAy. Then (A,+,.) is a unitary ring.

Proof. e The stability of the sum: the set A is a non-empty set,
because Ay # ) and R C Ay (we identify the constant functions
by the real numbers). We show that for all g € A, and h € A,
we have g+ h € A.
First case: 1f (g,h) = (u,v) € A}, we verify easily that the
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function s = f + ¢ is a matalic map, in addition, we have
S=u+7v.

Second case: If (g,h) € A3, there exists a strictly positive
real number ¢ and (u,v) € A? such that u(x)v(z) # 0 for ev-

ery z €]0,¢], lim wu <1> = lim v <1> =0, and we have
n—-+o0o n n—-+oo n

90,6 = %/}0,5] and hjjoq = %/]o,e]‘ Since u and v are holo-
morphic functions on a neighborhood of 0, then there exists
(m,n,l) € N3 such that u(z) = 2"b1(z2), v(2) = 2™be(z) and
(2) + 0(2) = 2'b3(2), where by, by, b3 are three holomorphic
functions on a neighborhood of 0 and b;(0)b2(0)bs(0) # 0.

Let

u(@)v(z)
u(z) +o(z)
The map g + h is defined in the interval ]0,1]. We can choose

the small enough real € such that by (2)b2(z)bs(z) # 0 in the disk
D(0,€). Then we have

h(x) =

g(x) + h(x) = +

for every x €]0, ¢].

\/Ifl—m—nZO,themap(Zdeﬁnedas

—m—n__b3(z) 3
Zl m, m D(O,E),
1, if not,

is a metalic extension of g + h, then g + h is an element of Aj.
VIfl —m —n <0, the map defined as

b3(z)

N Zm+n—lw7 in D(07€>7
1’ if n0t7

is a metalic extension of v, in addition lim < > =0, we

n——+0o
deduce that g + h is an element of A,.
Third case: If (g,h) € Ay x Ay, there exists (u,v) € A? such



212

A. SAGHE

1
— 1 ; —
that g = u, hjjo = v /10.] and lim v <n> = 0. Let

n—+o0
u(2)

u(z)v(z) + 1

Since v(0) = 0, we have k(0) = 0, and k is a holomorphic

function in a disk D(0,¢), for a small enough £ > 0. Since the

map k is nonzero, then we can choose the € so that k(z) # 0
for every x €]0,¢]. Let ¢ be the function defined on ]0, 1] as:

[ K@), e e,
¢(z) = { 1, if not.
1
We can verify that g+ h /10 = (=) /j0,e, ¢ € A1 then g+ h €

¢
Ay C A
Finally, we deduce that (A, +) is a commutative group.

k(z) =

Now, we can show the stability of the law (.) in A, for that, we
distinguish three cases:

(i) We can easily verify that the product of two metalic func-
tions is a metalic function (if ¢ € Ay and h € A; then
ghe Ay C A).

(ii) In this case, we assume that g € Ay and h € Ay, we can
show that gh € A, in fact, there exists (u,v) € A2, such

] 1
that g = u, h/]Oa = v/]O,z—:}’ ngrfoov <n> =0

(a) lim u< > # 0, then % is holomorphic in the
n—H—oo
disk D(0,¢), which implies that = E Ay C AL

1
(b) If lim u< )z(),then lim ﬁ()z()andwe
n

n—-+oo n—-+00
obtain u(0) = 0. We deduce that u(z) = 2*b1(2) in
D(0,¢), and 0(2) = 2F'by(2), where b;(2) € H(D(0,¢)),
for : € {0,1} and b;(0) # 0. We get

u(z) i bi(2)

3(z) ° balz)

i

bl. First case: if k = k then the function % is holo-
morphic in D(0,¢), which implies that % € Aj.
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b2. Second case: if k > k', then lir%%(z) =0, and
z—
% is a holomorphic function in the disk D(0, ¢).

Then ¢ € A;.

b3. Third case: if k < k', then lim g(z) = 0, which
z—=0u
implies that ! € As.

In the case of g € Ay and h € Ay, we verify easily the
stability of the law (.).
Finally, we deduce that (A, +,.) is a commutative and uni-
tary ring, where the constant function 14 is a multiplica-
tive identity of A.

O

9.3. Construction of the New Field. Let Z; be the set defined as:

Iy = {u/](],l] /u € Oy and ’LL(]O, 1]) C R} .

Then, it is a set of maps defined on ]0,1] which vanish on ]0,&] (for

0<e<l).

Now, we can deduce the following proposition.

Proposition 9.8. Zj is a maximal ideal of A.

Proof.
A.

e We can prove easily that Zy is an additive subgroup of

e 7y is an ideal of A. In fact, if 6 is an element of Zy, then 09 . =
0 for some ¢ > 0. For every u € A, we have (6u) 0. = 0, then
Ou € Ty.

e Let I be an ideal of A such that Zg C I. We assume that this
inclusion is strict, then there exists u € I \ Zy. Since u is an
element of A, we can distinguish the following two cases:

(i)

(i)

First case: w € A;. If u admits infinitely many zeros in
10,¢[ for every ¢ > 0, then w = 0 and we deduce that
u € Zp, which is absurd. Then there exists € > 0 such that
u(z) # 0 for every x €]0,e[. Let v be a function defined
in ]0,1] by v(z) = ﬁ in ]0, e[ and v(z) = 1 while € [e, 1].
We have u(x)v(x) =11in |0,¢[, then 1 —uv € Zy. Consider
i € Ip C I such that 1 — uv = 1.

Then 1 = ¢ 4+ uv and we deduce that 1 € I which implies
that I = A.

Second case: u € As. In this case there exist ¢ > 0 and
v € Ay such that u(x) = % in |0,e[. Then 1 —uv € Iy

(z)
and we deduce that I = A.

Finally, we deduce that the ideal Zy is a maximal ideal of A. O
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Theorem 9.9. The ring (A/Zy,+,.) is a field.

Proof. From the Proposition B8, the ideal Zy is maximal, so we deduce
that the ring (A/Zy, +,.) is a field. O

9.4. The Field of Omicran-reals. Consider the set defined as

A(RY) = {(h (;))@ ‘he A}.

Let ~ be the equivalence relation defined on the set A(RY) as:

(G~ 0 = oz (§)=0(5)

The equivalence class is given by:

<g<1>> —{(h(1>> :hGAandnoeNVnZno,h(1>—g<1
n n>1 n n>1 n n

The map

0 : (A(RN)> =+, ) — (A/I(Ja =+, ')a
(9 ;)1 — Clg) =7,
is well-defined, and in addition, we have:
(i) (A(RN),+,.) is a field.
(ii) @ is an isomorphism.
Lemma 9.10. Let g be an element of A. There exists a positive real
number € such that

1 X
Vx €]0,¢[ we have : g(x) = — Zaiwz,
i=0

x
+oo .
where m is a naturel number, and s = Y a;z" is a power series with a
non zero radius of convergence. =
Proof. e If g € Aq then g is holomorphic in a neighborhood of 0,

and we have §(z) = Y a;2% in D(0,¢).

+oo .
Since g0.c[ = 9/10,e» then g(z) = >~ a;2* for every z in 0, el.
i=0
e If g is an element of Ao, then there exist an element » in Ay, and

a real number ¢ > 0 such that g(z) = ﬁ for every z in ]0, £[.

We can find ¢ > 0 and a holomorphic function b in D(0,¢&’)
such that u(z) = 2™b(z) and b(0) # 0. Since b is holomorphic
and b(0) # 0, then there exists e > 0 such that b(z) # 0 in
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D(0,e1), we deduce that the map % is a holomorphic function

400 .
in D(0,e1). Then there exists a power series ) a;z’ such that
i=0
1 R
02) = Zaizl in D(0,¢1).
=0

Finally, we deduce that

1 1

u(z)  2mb(2)

1 X,
:—Zaiz’, in D(0,e1),
i=0

Zm

for an small enough &1 (we choose g1 < £’). Now, for an small
enough ¢ we have gjo.| = (%)/]0,5[7 and U = Usoe- We
choose €2 = min(e,e1), and we obtain g(z) = % for every
x €]0, e2[, which implies that

1 X
g(x) = > aia',
=0
+oo .
in ]0, e2[. On the other hand, since z — > a;z" is a holomorphic
i=0

function on a neighborhood of zero, then the power series s =
+o0 .
>~ a;z" has a non zero radius of convergence.
i=0
O

Definition 9.11. Consider the following definitions:

dl. The set of formal power series[I6] in the indeterminate X with

coefficients in R is denoted by R[[X]], and is defined as follows.
The elements of R[[X]] are infinite expressions of the form

+o0o
ZaiXi:a0+a1X+a2X2+---+anX”+-~,
=0

where a; € R for every ¢ € N.
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d2. To obtain the structure of a ring, we define in R[[X]] the addi-
tion and the multiplication as follows:

—+o0 —+o0 —+o0

D aiX +> hiXT = (a;+b) X,

=0 =0 1=0
—+o00 —+o00 “+o0 7

(Z aiX’) (Z biXi> = Z ( akbi_k> X,
=0 =0 =0 k=0

d3. The field of fractions of R[[X]] is denoted by R((X)) and called
the field of formal Laurent series[I6].

Example 9.12. For the elements of R[[X]], we propose the following
examples:

+o00
(i) f(X)=>_ kXx*.
k=0

1 400
. _ k
(ii) T—x% = E X"
k=0
+00 &
X
(iii) exp(X) =

N k!
k=0

Theorem 9.13. The elements of the field of formal Laurent series
R((X)) are infinite expressions of the form

1 X
Q(X):ﬁzain,
i=0

where m is a naturel number, and a; € R.
Proof. See [I6]. O

Let g be an element of A, from the Lemma 10 and the Theorem B3
there exist a real number € > 0 and an element g* of the field of formal
Laurent series R((X)) such that

1 &=
g :ﬁzaiXZ,
i=0

and we have

for every x €]0, €.
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Notation 2. Let € be a strictly positive real number, for every element

1 =,
9 =5 DX’
i=0
of R((X)), we denote by g7, | the real function defined in ]0, e[ as:

1= .
o0 — —w D _ai'.
1=0

We can prove that g* is unique for every element g of A. For that,
consider two elements of R((X)) as

1 = A 1 &= .

* . (2 o __ . (2

9 =xm anlX, 9 =xn EObZX,
1= 1=

such that 97]0 o = g7]0 o = 9/0el- Assume that m > n. For every
x €]0, e[ we have

1 1 i
'@ =g"@) = 5> aa'= 3> b
i=0 =0
1 X
_ itm—n
= 2 b
=0

Then
“+o00 “+o00
Z a;xt = Z bzt T,
=0 =0

From the properties of analytic functions, we deduce that:

a; =0, when i <m — n,
a; = bj_myn, else.
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Then

1 &<
9 = 5 DX’
=0

1 1R
=57 2 bimenX

i=m—n
—+00
1

— ﬁ ; biXierfn

= — Y px?
X =0

= gO.
We set 6 = X and ¢(d) = ¢* and define the following map:
v (A+,) — (R((9)),+,.),
g — 9(0),
which satisfies the following properties:

(i) ¥ is a ring homomorphism: let f and g be two elements of
A. Then we have ¥(f + g) = (f + g)*. Since f* + ¢* is an
element of R((6)), and (f* + g%) joc[ = (f + 9)/j0,[ then (f +
9)" = f*+ g from the uniqueness of (f + ¢)* in R((d)) which
satisfies (f + 9))/j0.] = (f + 9)j0[- Then, we deduce that
Hf+g) =3f)+ Y g). In the same way, one can prove that
J(f.9) = 9(f)d(g).
(ii) ker(¥) = Zy: if ¢g* = 0, then there exists a real number ¢ > 0
such that g0 = 0, we deduce that g € Z.
From the properties of ¥, we deduce that the following ring homomor-
phism
T: (ATo+) — RO+,
g — g(9),

is injective.

Theorem 9.14. There exists a set O and a total order < such that:
(i) (O,+,.) is an extension field of (R,+,.).
(ii) (O, <) is an ordered R—eztension.
(iii) To # 0.
Proof. Let O be the set defined as O = ﬁ(A/IO) = ¥(A). We denote

by R (Z a;z > the radius of convergence of Z a;z* and we can verify
1=0
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easily that:
O ={g(d):9€A}

—+o00 —+o00
1 ) )
= {5m g a;0" :WheremeNandR(g aiz’) 7&0}.

=0 1=0
From what precedes, the map
v (A/I()a -+, ) - (O? =+, ')7
g — 9(9),
is a ring isomorphism. Since (A/Zy,+,.) is a field, then (O,+,.) is a
subfield of R((9)).
The map ¢ = 9" o 0 defined as:

p: (ARN), +,.)

g (%S

5. —
n>1 —> g(d),
is a ring isomorphism.
cl. Let [ be a real number. If ¢ is a constant element of A such
that g = [, then we can identify [ by the image of I = (g (%))nZl

by ¢, and we find ¢(l) = [. Using this identification, we deduce
that R C O.

c2. We can define on O the following relation <:
g(6) < h(0) if and only if there exists a natural number ng, such
that g (%) <h (%) for every n > ng. It is easy to check that <
is reflexive, transitive and antisymmetric. Then it is an partial
order.

3. To show that the set (O, <) is an ordered R-extension, we need
to show that the relation < is total.
Consider g, h € Ag. Assume that these propositions (not g(§) <
h(6)) and (not h(d) < g(d)) are true. To conclude, we need to
find a contradiction. Since the above propositions are true,
then:

for every k € N, there exists ny > k and n;f > k such that

()21 G o) = Gy)

(i) We assume that g,h € A;. From the intermediate value

L | such

theorem we deduce that there exists g € i,
ny,

that (g—h)(Bx) = 0 (we can choose S so that the sequence
(Bg) is strictly decreasing). Then the holomorphic function

g — h has an infinite number of roots in a neighborhood of
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0. From the Theorem 2734, we deduce that the function
g — h is the zero function. Then g = h, which is absurd.

Now, suppose that g,h € Ag. Then, there exists (u,v) €
A%, such that U/0,e] = (%)/]O,s] and V/)0,e] = (%)/]0,5] Since
u and v are two elements of Aq, then, u(d) < v(d) or v(J) <
u(0). Finally, we deduce that g(§) and h(0) are comparable.
In the case of g € Ay and h € Ay, there exists h; € Ay and
e > 0, such that h g = (]%1)/]0,6[‘ Since hp is a metalic
function, then the sequence (hy (%))nZl admits a constant
sign from a certain rank. In fact, if it is not the case, then,
for every k € N there exist ny > k and n}C > k such that
hl(%) > 0 and hl(ni,) < 0. From the intermediate value

k
theorem, there exists [ € ‘nlk, nlJ such that (h1)(Bk) =0

(we can choose fj such that the sequence (f) is strictly
decreasing). From the Theorem 272, h; is the zero func-
tion on a neighborhood of 0, which is absurd. Then, we

deduce that the sequence (h; (%))nzl admits a constant
1
sign. Since lim hy ( — ) =0, then lim ——-< exists
n—+00 n n—+0o fy (ﬁ)
and we have lim —-—~ = oo, which implies that

= ()

lim h <1> = Fo0.
n—-+oo n

1
(a) If we have lim h( — | = +oo, then g(d) < h(J)

n—-+oo n

(because g (2) < h (L) from a certain rank).

1
(b) In other case, we have lim h ( = —o00, then we
n—-4o0o n
find h(6) < g(8) (because h (1) < g (%) from a cer-
tain rank).

c4. Now, it remains to show that Ip # (). For that, it is necessary
to find an element § € O which is infinitesimal. For u : x — x,
we have u € A (more precisely A1) and 6 = u(d). In addition,
we have 0 < § < ¢ for every real strictly positive €, because
there exists p € N such that 0 < u(
n > p. Then ¢ is an infinitesimal number.

%) < ¢ for every integer

g

Conclusions 1. Finally, we deduce that:
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(1) (O,+,.) is an extension field of (R, +,.).

(2) (O, <) is an ordered R—extension, which contains the infinites-
imal element ¢.
The field (O, +,.) is called the field of Omicran-reals and an

element of O is called an Omicran (or an Omicran-real).

10. APPLICATIONS OF THE FIELD OF OMICRAN-REALS
10.1. The Exact Limit.
Proposition 10.1. The map ¢ defined as:

20 (A(RN)v =+, ) — (07 =+, ')7
(9 ()1 +— g(6),
s an isomorphism.

If we want to define a new concept more precise than the limit that

allows to give the value taken by the sequence ( f (l))n>1 at infinity,

n
then this concept (called exact limit) is dependent to the values taken

by ( f (%))721 from a certain rank ng. Intuitively, the equivalence class

( f (%))n>1 is the only concept can give these values independently from
no. On the other hand, if f is an element of A, then we can identify the
equivalence class ( f (%))n>1 by f(6) from the Proposition I, so we

deduce that we can define the new concept as follows.

Definition 10.2. Let f € A. The Omicran f(J§) = ¢ ((f (%))n>1) is
called the exact limit of the sequence ( f (%))n>1
We set )
Jim, f () = /0.

Remark 10.3. We remark that limt = pos, where s is a canonical
exac

surjection defined as:

st (ARY),+,.) — (ARN),+,.),
Gz — (PG usre
Example 10.4. We propose the following examples:

o1
(1) el)ngclt ﬁ =9

(1] .
(2) egggt sin <n> = sin(d).
3) lim d

exact n + 1 :(54-1.
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(4) We can verify that there does not exist an element f € A, such
that f (1) = (—1)" from a certain rank. Then we can not define

the exact limit lim (—1)".
exact

(5) Generally, from the proprieties of the elements of A, we can
show that if (x,)n>1 does not admit a constant sign from a
certain rank, then this sequence does not admit an exact limit,

. . —1)" .
for instance, if x, = ( n) , then lim =z, =0, but we can not
n—-+o00

define the exact limit of (zy,)n>1.
10.2. The Projection of an Element of O.

Definition 10.5. Let f be a metalic function, and z € O such that
x = f(d). If we find an element z* € R such that |z —2* | < |z —y |,
Vy € R, then, the real z* is called the projection of x in R.

Remark 10.6. The distance from x to R is given by

da(@) = inf | & —y| =z~ |.

Example 10.7. For example, we have:
e §*=0.

1 *
<5+1> -

Theorem 10.8. Let f be a metalic function, and x € O such that
x = f(0). The projection x* of x onto R exists and it is unique. In

addition, we have:
1
* 7 -

Proof. Let g = lim f (%) Then: Ve > 03ng | Vn > ng, | f (%)—xo |I<e
& for every n > ng, we have —¢ < f (%) —x9<e¢
1 1
< lim f<> —xz9<e and —e < lim f<> —xg
n

exact exact n
< f(0) —x0<e and — < f(J) — xg
& | f0)—wo[<e
Next, we can show that | f(0) — x| < | f(0) —y | for any y € R.

Assume that there exists y € R such that | f(§) —y | <| f(d) —zo |[< e
for all e € RT. This |y — x| < 2¢ for any e € RT, which implies that
y = xo = x*. Finally, we deduce the existence and uniqueness of z* € R
such that

| f(&) =" <] fO)—y ]|, YyeR.

1
In addition, we have z* = lim f <> O

n—-+oo n
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Theorem 10.9. Let f be a metalic map, and x = f(0). Then we have:
|z —a" |<e, Ve>0,
where ¥ is the unique element of R which verifies this property.

Proof. There exists ng such that

1
f()—:c*g g, Vn > ng.
n

Then
x*—sﬁf(i) < z*+¢e, Vn>ng.
Then, we deduce that
z*—e < f(0) < 27 +e,
|z — 2" |[<e.
To show the uniqueness of x*, we assume that there exists another ele-

ment y € R such that | x —y |[<e. Then: | 2* — y |< 2¢, finally we get
y=ux*. O

1
Theorem 10.10. If f € Ay, then the real lim f <> is the projection
n—-+oo n

1
of lim f <> onto R, so we get:
n

ezact
: Y , 1
(J;zetf <n)> = () -

10.3. Necessary Conditions for the Existence of the Exact Limit.

Definition 10.11. Let (x,,),>1 be a real sequence. We say that (z,,)n>1
has an exact limit, if there exists f € A such that x, = f (%) from a
certain rank ng € N. In this case, we have
lim z, = f(0).
exact
In this subsection, we propose the following remarks concerning the
existence of the exact limit of a real sequence (xy,)n>1:

(1) Let (zn)n>1 be a sequence of real numbers. Assume that the
exact limit of (zy)n>1 exists. Then, there exists a function
f € A such that limt xn = f(0).
exac

If f € Ay, then f is a metalic function. Let f be a metalic
extension of f, then we have f (%) =f (%) = x, from a certain
rank. Since f is holomorphic at 0, then the limit of (zy,)n>1

exists and we have lim =z, = f(0). Finally, we conclude that
n——+00



224 A. SAGHE

the existence of the exact limit ileies the existence of the limit.
In addition, we have lim x, = f(0). Generally, we get
n—-+o0o

lim z, = f(0) = lim =z,

exact n—-+o0o

_ [ f(0), while f € Ay;
| +oo, while f € As.

(2) The reciprocal of the above implication is not true. We can find
a convergent sequence which does not have an exact limit (for
example, z, = #)

(3) If a sequence (zp)n>1 has the exact limit, then (zy,)p>1 admits
a constant sign from a certain rank.

In addition, if z, > 0 from a certain rank, then, we have

lim z, > 0.
exact

(4) If the sequence (xy)n,>1 has the exact limit, from the prop-
erties of the elements of A, we can show that the sequence
(Tn+1 — Tn)n>1 admits a constant sign from a certain rank.

Theorem 10.12. Let (ay)n>1 be a real sequence, and f be a holomorphic
function on D(0,¢e) \ {0} such that

(1) £(j0,e[) SR,
(ii) (1) = an from a certain rank,
(iii) f is bounded on D(0,¢) \ {0}.

Then the sequence (an)n>1 has an exact limit, and we have limt an = f(9).
exac

Proof. 0 is an artificial singularity of f. O

10.4. The Exact Derivative.

Definition 10.13. Let f be a real function that is differentiable at a

point g € R. If the function h — w is metalic, then the

1y_
exact limit of (W) exists. We put
n>1

n

1
Flzo) = lim f(zo + ﬁ;) — f(zo)

exact

_ f(xo+90) — f(=0)
1)

~

The Omicran f(zo) is called the exact derivative of the function f at x.

Example 10.14. Consider the function f defined as f : x — 22. The
exact derivative of f at x is given by f(z¢) = 2x0 + 9.
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Theorem 10.15. Let f be a real function that is differentiable at a point
xg € R. If the function h — M s metalic, then

(f(20))" = f'(0)
Proof. We can apply the Theorem III0. 0

Example 10.16. For f : + — 22, the exact derivative of f at xq is
f(zg) = 2z + d, and the derivative at xq is f'(z¢) = 2x9. We can verify
easily that (2zg + §)* = 2.

Lemma 10.17. Let f be a metalic function such that for every integer
k € N, the function t — f(xo + kt) is metalic. Then

f(@o+N) = f(wo)+(f (wo)+f (wo+8)+F(wo+20)+ - +f (wo+(N=1)3).
Proof. From the definition of f, we have

F(xo+8) = f(x0) + 8 (o),
o +

f(wo+26)=f(wo+5) 0 f (o +9),

f@m+N®:f@@+UV7D®+&ﬂ%+%N—1ﬁ)
By summing these equalities, we find the desired result. O

Application 1. (Calculation of the sum k™)

(1) For n = 1, if f(x) = 22, then f(a?) =2x+0.
From the Lemma T2 in the case of xg = 0, we find

~

N26% = (5(F(0) + F(8) + F(28) + --- + F((N = 1)d)),

N-1
which implies that N2§2 = §.( 3. 2ké + 6). Then
k=0
N-1
N2= (2k+1)
k=0
N-1
=2 k+ N,
k=0
and we deduce that
N2_ N Nl
= k.
2

B
Il
o
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(2) In the case of n = 2, we choose f(r) = z* and we obtain

f( ) = 322 + 320 + 6. By using the Lemma [T for 29 = 0,
we find here

N%3:&(myhﬂ)+f@® ~ o+ F(N = 1)9)),

N-1 N-1
Then N* =3 k2 +3) k+N,
k=0 k=0
N-1
N1 N3-N-3Y k&
h 2 _ k=0
and we deduce that Z k 3
k=0
Nt N(N—-1)(2N-1)
Finally, we get: > k? = —
k=0
N-1
Similarly, we can calculate Y. k3, Z K, .
k=0 k=0

Application 2. (The Riemann sum)

Let f and g be two metalic functions such that: f(d) = g(d). Then
f (l) = g( ) from a certain rank.
Consider the function defined as follows:

fla+ )= f@)

1
n

fa(z) =

From the Lemma T4, we deduce that there exists a natural number
ng such that we have:

f (mo + ZZ> = f(wo) + % (fn(l’o) + fn (wo + i) + fn <1’0 + 721>

N -1
+...+fn(330+ - >>, Vn > ng.

Assume that f is twice differentiable on R, and f” is continuous on R.
By using the Taylor’s formula with Lagrangian Remainder, we obtain:

fn (a + i) =f (a + :z) + %f”(&;,n),
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where &, €]a,a + ﬂ[. Then

(e ) e o)
= f(a)+ % > (f’ (a + i) + ;nf”(fk,n)) :

Assume that b > a. We can choose N = | (b — a)n], and then we get

N 1 = k 1 =
f<a+n>—f(a)=n-kzof<a+n> ka (Ek,n)-

Since N = |[(b—a)n|, then b —a <—<b—a
Let M = sup | f"(z)| < +o0. We have
[a,b]
N—1
1 . MN
— <
5z D 1) <5
k=0
M(b—
gi( a)—>0 (n = +00).
2n

N
In addition, we have hm f ( > = f(b). We pass to the limit

TL-} o0
and we find

‘ 1 [(b—a)n]—1 , k
0= sl = tm S f<a+n>-

For b=1 and a = 0, we get

:/Olf’(t)dt:ngrfooan ( )

10.5. The Logarithmic Function. We know that

T\ "
lim (1 n —) — ¢ Yz €R.
n—+o0o n
Let x be a real number. The function
Fiz—s (1+a2)s =e:n(+a2),
is a holomorphic function on D(0,¢) \ {0}. In addition, we have

22
In(1+ zz) =z — % + o(z2z?), (for |z |<< 1).
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In(1
So we deduce that lim In(1 + z2) =z, and lim f(z) = €”. Then, the
z—0 z z—0

function f can be extended to a holomorphic function on a neigh-
n
borhood of 0, which implies that lim (1 + §> exists and we have
n

exact

lim (1 + §>n =(1+ ;1:(5)% and ((1+ x&)%)* = ¢”. Then, the real num-
n

exact

ber e” is an infinitesimal approximation of (1 + (51‘)%
We put &, (x) = (1—1—0@)%, for every a > 0. If the function x — £, ()
has an inverse, then, we have £;1(z) = =1,
We attempt to prove that the omicran $65_ L exists for every z > 0, and
it represents an infinitesimal approximation of the real number In(z).
Let = be a real number in R**. The map defined as
%7 —1 ezln(gc) -1
g:z—> = ,
z z
is a holomorphic function on D(0,¢) \ {0}, and ;1_1(}% g(z) = In(x). Then

0 is an artificial singularity of g, and we deduce that the exact limit of the

1 . . 1 20— 1
sequence (n (:ﬂ — 1)) N exists and we have lim n (aﬂ — 1) = .
n>1

exact 5

We define the original logarithm by
20 —1
0

The function ¢ is called the function of original exponential. We set

£(x) = exp,(z) = (1 + 62)5,

In, : 2z —

and we deduce that
(Iny(x))* = In(x).
Then

nte) = iy 5

Application 3. From the above results, we can show the following
equality:

(67 (67

R Al A
i) = i, =5,

Remark 10.18. We have

a0 y* — Yy~
Application 4. By using the above results, we can show the following
theorem.
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Theorem 10.19. For all x > 0 and x # 1, we have

Proof. We have

1 nt k
<a:ﬁ —1) (qu) =z—-1
k=0
Then,
e = &) )
n(xn — ) Ean =z —
=0
. . r* —1 . 1
Since lim = lim n(z» — 1) = In(x), then
a—0 (0 n—00
r—1 ' n—1 B
= lim — Tn

g

Application 5. Consider P as the set of prime numbers. We define the
prime-counting function [I7] at real values of x by

m(z) =#{p<z:peP}

Theorem 10.20. (Hadamard and de la Valle Poussin)
As x — +o00, we have

x
(@) ~ In(x)
Proof. See [I2]. O
Theorem 10.21. As x — 400, we have
1
m(x) ~ — .
e —1

Proof. We can verify that % ~ %1 In fact, as * — 400, we have
rT —

1 1 1 x
1 ~ In(z = In(z :
re — 1 ei)—l e§c>—11n(x)
In(z)

. . €
Since, lim ———— =1, then —{— ~ &
T—+00 In(x) -1

—
8
8
—
=}
~
8
N

Finally, we obtain
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g

Application 6. Let (p,) be the sequence of prime numbers. Then we
have the following theorems.

Theorem 10.22. We have
pn ~ nln(n), while n — +oo.

Proof. See [I7].

Theorem 10.23. We have
pn ~n2(Yn —1), while n — +oo.

Yn—1
Proof. We can verify that lim M

n—oo  In(n)
ber greater than 2. We have

Yn—1=enM 1,

»In(n) _
V1= e 1 In(n) .
In(n) n

n

1 w1
On the other hand, we have lim Ln) =0, then lim e o
n—oco 1N n—00 In(n)
n

= 1. Let n be a natural num-

Then

So, we obtain

1
Un—1~ n(n)’ while n — +oc.
n

Then
n?({/n —1) ~ nln(n), while n — +oo.
From the Theorem 22, we deduce that
n?({/n —1) ~ p,, while n — +oo.
Finally, we obtain the desired result. O

10.6. The Omicran-reals in Geometry.

10.6.1. The Geometric Point. Let f be a metalic function, and f(d) be

an infinitesimal number. The sequence ( f (%))n>1 admits a constant

sign from a certain rank. Assume that the above sequence is positive
from a certain rank ng. Since ¢(f(d)) = (f (%))n>1’ then we can repre-

sent f(8) by the family of segments (I,,)n>1, where I,, =]0, f (L)].

1
n
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Definition 10.24. Let x4 be an Omicran of O. An elementary geo-
metric point of O is a segment of the type [x4,x4 + [, where [z, y[=
{z€0, z<z<y}

10.6.2. The Length of a Curve Cy. We define the length of an elementary
geometric point by
[z, 24+ 0]) =6,
where x4 = ¢(6), and g is a metalic function. The real x% represents
the projection of x4 onto R.
Let fbe a holomorphic function on an open set U such that D'(0,1) C

U. Assume that f([0,1]) C R. We set f/ = f. The map f is a
metalic function and f is a metalic extension of f. Assume that z7% is
an element of [0,1]. The map x — f(z% + ) is metalic. Its metalic

extension is given by  — f(z% + x). Consider A(z4, f(z4)) and
A'(xp+ 0, f(xa + 6)) which are two ordered pairs of O2. Let ¢ be the
function defined as

N 1+<f<a<z>+z>—f<a<z>>>2_

The map 0 : z — w is holomorphic on D(0,¢) \ {0}, and
we have

0(z) fg(z) + ZZ) —f@) f@'(Z))Z— f(x*A),

where liné g(z) = g(0) = x4 (the projection of x4 onto R). Then lin% 0(z)
z—r zZ—r
exists, and we have

lim 6(z) = (9'(0) + 1).f"(«%) — §(0)f'(z4) = (=) € R.
So, we deduce that hH(l) #(z) =0, and ¢ is continuously extendable at 0.
2—

Then the function ¢ is holomorphically extendable at 0, which justifies
the existence of the exact limit of the sequence (¢ (1))n21, and we have

tim (6 (1)) = 600 n

2
S (JrE ey o
We define the length of the segment [A, A'[ by

(A, A]) = 5\/1 ¥ <f(“ - f(“>>2.
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We put

2
P(aa) = 5\/1 n (fw + 5; - f(su))

=0\/1+ f(za)2.

Let f be a metalic function defined on [0,1], and let A(0, f(0)) and

B(1, f(1)) be two points of the plane which define with f the arc AB. If
n—1 2
1 ~
the exact limit of the series — Z 1+ f <k> exists, then we define
e n
the exact length of the arc AB by

n—1 2
I(AB) = lim 1+f(fl) .

exact M
k=

The length of the arc AB is the real denoted by l*(;l\é) and is defined
by
n—1 2
— 1 ~(k
I"(AB) = | — 1 —
(4B) (n > |1+ (%) )

1 k
li — 1 | —
n—1>r-iI-1c>o n kz—() + f <’I’L>

fle++)— f(o)
1

*

2
’

where f,,(z) =

. Since f is a metalic function, then it

can be extended to a ﬁ?nction which is twice differentiable at 0.
Assume that the function f is twice differentiable on |0, 1[. Then

() < LI

n 1

n

/ k ]' 1
=f <n> + %f (&k),

where 1 <k <n—1, and &, €]k, kL[,

n’ n

Consider My = supyo((| f/'() |) and My = supjo((| f"(x) |). We

have
25 = (r () + )

k
= f/2 <n> +En,k7
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where
1
n)n

Eng = I <k> (&) + 4%1’"2(&)-

If M7 < 400 and My < 400, we obtain

Then, lim sup|e,k |= 0, and we have
n—+0co ’

\/1+f3 <i> :\/1+f’2 (i) + enk

- 1+f’2<k>+ ok
n 2 5n,k

where 3, € |1+ f’Q(%), 1+ f’2(%) + &nk|. Then

n—1 n—1
LY e (B) = v e L e ()
k=0 k=1

n
+in—1 5n,k
2n — /B,

Since lim sup | e, |=0, then we can verify that £, > % from a
n—+o00 ’ ’

certain rank ng, and we have
n—1

1 Enk

2n k=1 /811,’{)

\/i n—1
< % Z ‘En,k’
k=1

V2(M;Ms + M2)

IN

Then:
1 n—1 k 1 n—1 k
i 2 (MY~ iy o 2
i e () = e ()
k=0 k=0
By using the Riemann sum, we deduce that the length of the arc AB is

- 1
I*(AB) :/0 V14 f2(z)dx.
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n

10.7. The Exact Limit of the Series. Let s, = > ax be a convergent
k=1

series, where (ag)r>1 is a sequence of real numbers. Assume that the

series (Sp)n>1 has the exact limit. Then, there exists a holomorphic

function f on a neighborhood of zero such that lirnt sp = f(9). Then:

n
F0) = lim > o
k=1
n
D ~(1 .
which implies that g ap = f () , from a certain rank ng € N.
n

k=1
Since a,, = $;, — Sp—1, we deduce that

~(1 ~ 1
an = f <> —f () , from a certain rank.
n n—1

If (ay,)n>1 has the exact limit limt ay, then, we can find a holomorphic
- exac

function g on a neighborhood of 0 such that a, = g (%) from a certain
rank. In this case we have limt an = g(0). Since lim a, = 0, then g(0) =
exac n—o0

0 and there exists p such that

o) =7(2) (). wes

Since f and g are holomorphic functions on a neighborhood of 0, then
there exists € > 0 such that

9(2) = f(z) - f(l - Z) . VzeD(0,e).

~ /1 ey
On the other hand, we have f(0) = Erf f () = Z ar. Then, we
n 0o n
k=1

deduce the following theorem.

Theorem 10.25. Let g be a metalic function, and (sp)n>1 be the con-

n

1

vergent series defined as s, = Zg (kz) If the exact limit of (Sp)n>1
k=1

exists, then there exists a function f which is holomorphic at 0 such that

(1
f(9) = lim ;g <k> This function is given by

ezact

+00
f0)=3g (%)
g9(z) = f(z) — f(lfz) , in a neighborhood of 0.
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Remark 10.26. (Calculating of a finite sum)
n n
~ ‘ ~/1
If £(0) = eligclt;ak, then f <

> = E ap from a certain rank nyg.
n

k=1

n
1 1
Example 10.27. We have el)glclt kzl Y =7 3 Then, we deduce

that

- 1 1
= vn > 1.
Zkk+1) 1+ e

10.8. The Calculation of the Exact Limit of > ax. Let (s,) be the
n

series defined as s, = > ¢ (%) Assume that this series is convergent,
k=1

and g is a metalic function. Then g is holomorphic on a neighborhood
of 0. The existence of the exact limit of (s,,) implies that there exists a
holomorphic function f on a neighborhood of 0 and we have

g(z) = f(2) — f( ) , on the disk D(0,e).

1—2
“+o00 ~ —+o00

Let g(z) = > Bnz™ and f(z) = Y anpz”, where (ap)n>0 and (Bn)n>0
n=0 n=0

are real sequences.
We have

f(2) = o+ a1z + a2’ + - - 4+ a2 + o(2").

f(l—zz> = fz+ 224+ 2"+0(z")
=ap+ai(z+--+2"+0(")) + -
+oap(z+ -+ 2"+ 0(2")" + o(2")
=g+ a1z + (a1 + a2)z® + (o1 + 202 + a3)2
+ (a1 4 3az + 3as + o)zt + (a1 + 4o + 603 + day + as)z
+ (a1 + 5 4 103 4 100y + 5as + ag) 28 + - - -

n—1 n—1
+(Oz1+< 1 )042+< 9 )a3+--~

n—1
+ <n _ 2) ap—1+ an> 2"+ o(2").

3

5
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Since g(z) = f(2) — f(lf—z>, we deduce that
{ Bo=p1 =0,

Br = —a1 — (kII)OQ - (kgl)a?, — = (Z:;)ak—l, V2<k<n.

Remark 10.28. Since 8y = $1 = 0, then g(z) = 22g1(z), where g; is a
holomorphic function on a neighborhood of 0.

Now, from the above results, we deduce that

Bo=pB1 =0,
/62 = —01,
B3 = —aq — 2ag,
B4 = —o1 — 3an — 3as,
Bn=—a1—(n—1ag—— (" awsr — -+ = (125) an1.
Then,
-1 0 0
B2 . Qaq
ﬁg -1 —2 . (0%)
: : : : . 0 ’
fn 1 —(n=1) .. e. —(n—1) ) \ 1
Consider the matrix defined as
-1 0 ... ... O
—1 -2
My=1 -1 -3 -3
: 0
-1 —-n ... ... —n

We have det(M,) = (—1)"n!, then M, is invertible and we have:

Ba oy
Bs o)
Bo | =M, | o3
Bn Qp—1
So, the above system admits a unique solution (aq, 2, ..., an—1).
1 ~ oo
If limsup V/| oy | = e 0, then the function f(z) = ) «a,2" is holo-
n=0

morphic on the disk D(0, R).
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exact

n
1
In this case, the exact limit lim Z g (k) exists. In addition, we have
k=1

n n
~ . 1 .
o) =tim >0 (3) = im S
k k=1
and we get
- n * +o00
f(0) = (eliggt Z ak> = Z ag.
k=1
11. THE BLACK MAGIC MATRIX

11.1. The Calculation of the Exact Limit Using the Black Magic
Matrix. Let g be a metalic function and f be a holomorphic function in
n

a neighborhood of 0. Assume that the series > g(+) admits the exact
k=1

limit f(6). Let (an)n>0 and (5,)n>0 be two real sequences such that

400 —+o00
) =00+ oz, glz) =) B
k=1 k=0
We have
o (1) &
eligcltzg <k‘> = £(9).
k=1
Then,
1)) aq
B3 as
Bo | =M, as
Bn Qp—1

Definition 11.1. The black magic matrix of order n is defined as (") =
Mt

We obtain

+oo
~ 1
The real ag is given by ag = f(0) = ZQ (k)
k=1
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Remark 11.2. We can verify that

Ba
m 63
(1) =en i (b e |

Bn

from a certain rank mg.
11.2. The Magical Properties of ™,
Property 11.3. The matrix (™ is given by (" = M1

n 9
where M,[i,j] = { _(jil)’ fl<j-l=<i<m,

0, otherwise.

We deduce that the matrix ¥)(™ is invertible and it is a lower triangular
matrix.

-1

Property 11.4. We have %(7;) = —. Then, the determinant of ()
: i

is given by det(yp() = % and we have tr(y™) = —H(n), where

n
1
(H(n))p>1 is the harmonic series which is defined as H(n) = g -
= i
i=1

Proof. The matrix M, is lower triangular and we have

Sp(M,,) = {—i, for 1 <i<n}.

Then, (™ is lower triangular, and we get

Sp(ip™) = {_1 for 1 <i< n}

7

O
Property 11.5. For every 1 <i¢ < n — 1, we have
) _ 1
Viv1i = 9

Proof. We have

Oit1i = Z My[i + 1, K]y ;.
k=1
Then,
i+1
S Mufi+ 1, ke =o.
k=i
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So, we deduce that

b _M [i +1, z]w( ")

LT M+ 1,04 1)
(n) (H'l)wz(?)
Vit1i =~ )

)

Finally, we obtain

g

Property 11.6. For every (m,p) € N2, such that 2 < m, and 2m+p <
n, we have

In particular, for every 2 < m < Z, we get

¢7(17,Lr)172m+1 =0.
Proof. We can see the demonstration in the following. O

Property 11.7. For every 1 <m < n — 1, we have

1
wm,mlperl,mfl = E

Then,
—m
¢£:J)rl,m—1 TR
Proof. We have (™ M, = I,,. Then,

ZWW [k, 4] = 0i5.

k=1

In particular,

Zwv(g-)&-lk [km_l]*(sm—i-lm 1
k=1

Then,
m+1

Z q,z)mHk wlk,m —1] =0,

k=m—1
which implies that

G M=, m=1]4+ 50 My m,m= 14950 Mo [me, m—1]

m—+1m

=0.
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Then,

1 1
—(m = 1)U~ m(m4 )+m(”2 ) _o.

Finally, we get

O
Property 11.8. For every (i,j) € N? such that 1 <i,j < n, we have
(nt1) _  (n)
iy =
Proof. From the definition of M,, we have

M, 0
Mn—l—l—(X: _n_1>7

where X, = — ((”gl), ("Jfl), ol (”H)) To prove 1/1 (n+1) wl] , it is

n—1
sufficient to show that there exists a row vector Y, such that

() 0
) = < an —1 )

n+1
On the other hand, we have

Mn—l—ﬂb(n—i_l) = Inp+41,

— — In+1,
X, —-n-—1 Y, *

which implies that,

( d(}n—kl) ?)ZI"“'

Finally, we deduce that X,4(™ — (n + 1)Y;, = 0. Then, we can choose
X"
n+1

then,

Y,, as the form Y,, =

, and we get

D) 0

w(nﬂ) _ 1
ann _%_,_1

n+1

Finally, we deduce that wg = ¢Z e for every 1 <i,j <mn.
O

Remark 11.9. From Property TR, we deduce that wfl wl e for
every 1 < 1,7 <n. We set wgz) = ;.
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Property 11.10. For every 1 < ¢ < n, we have

n n
g =0, > tp=-1
k=1 k=1

Then,
-1
n 0
Y Ci=Ci+Cyt- -+ Cy= :
i=1 :
0
where C1,Cy, ..., C, are the column vectors of the matrix 1/1(”).

Proof. We know that 1, M,, = I,,, then an[i, kM, [k, 1] = d;1.
k=1

So, we deduce that

Z ¢1,an[k7 1} - 17
k=1

i Mylk, 1] =0, ifi# 1.
1

NE

£
Il

Then,
n
Z 77bl,l~c = _17
k=1

S k=0, ifi#l
k=1

Property 11.11. For every 1 < i < n, we have
n .
> D i = (-1,

k=1

which implies,
-1

En:(—l)i_lci = (1 —CQ+...+(_1)H—1Cn _ |
(="

i=1

where C1,Cy, ..., C, are the column vectors of the matrix w(").
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Proof. From Example 27, we have

- -1
I = .
eigclt; k(k+1) 146

Then lim Zg = f(6) for g(2)

exact

= Z k2F and we have

fz)= = f(—l)’“*lz’“
14z prd '

By using Property T2, we deduce that

1 -1

-1 1

1 = (™ -1 ’
(_1)n+1 (_1)n

finally, we deduce that

O
“+o0o

Property 11.12. Let g be a metalic function such that g(z) = > 2"
k=0

on a neighborhood of 0. Assume that the series Z g(3) is conver-

gent and admits the exact limit. Then, there exist a holomorphlc func-
tion f on a neighborhood of 0 and a real sequence (a,),>0 such that

n 1 _ _ +o00
lim Zg (k) = f(9) and f(2) = kz 2" on a neighborhood of 0. The
=0

real sequence (ay)n>0 is given by

aq B2
+o0 1 a2 63

oy = Zg (k) ) a3 ==V [ Br |
k=1 : :
Qp—1 ﬁn

and we have By = 81 = 0.
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Example 11.13. We have
_ @_ (-1 0
(n=2) ¢ _<1/2 —1/2)’

-1 0 0
n=3) ¥ =1 1/2 -1/2 0 ,
-1/6  1/2  -1/3

~1 0 0 0 0
1/2 -1/2 0 0 0

(n=5 »® =1 -1/6 1/2 -1/3 0 0 :
0 —1/4 1/2 -1/4 0

1/30 0 -1/3 1/2 -1/5

|
—
\OOOOOOO

~1 0 0 0 0 0 0
/2 -1/2 0 0 0 0 0
-1/6 1/2 —1/3 0 0 0 0
B ® _ 0 —1/4 1/2 -1/4 0 0 0
(n=8) v 1/30 0 -1/3 1/2 -1/5 0 0
0 /12 0 -5/12 1/2 —1/6 0
~1/42 0 1/6 0 -1/2 1/2 -1/7
0 —1/12 0 7/24 0 —7/12 1/2
Finally, for (n = 11), »() is given by
-1 0 0 0 0 0 0 0 0 0 0
1/2 —-1/2 0 0 0 0 0 0 0 0 0
—~1/6 /2 -1/3 0 0 0 0 0 0 0 0
0 —1/4 1/2  -1/4 0 0 0 0 0 0 0
1/30 0 -1/3  1/2  —1/5 0 0 0 0 0 0
0 1/12 0 —5/12  1/2  —1/6 0 0 0 0 0
—1/42 0 1/6 0 —1/2  1/2  -1/7 0 0 0 0
0 —1/12 0 7/24 0 —7/12  1/2  -1/8 0 0 0
1/30 0 —2/9 0 7/15 0 —2/3  1/2 —1/9 0 0
0 3/20 0 —1/2 0 7/10 0 —3/4 1/2 —1/10 0
—5/66 0 1/2 0 -1 0 1 0 -5/6 1/2  -—1/11

Theorem 11.14. (Calculation of the coefficients of (1; ;) by induction)
For every 1 < j < n, we have

P15
X, | %2
Ynt1j = n+1 : ’
Un.j
-1
where X,, = — ((”gl), (", (Zﬂ)), and we have Yp11 pi1 = PR
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Proof. There exists a row vector Y,, = (y1,¥2,---,Yn), such that

(n) 0
o = ( an 1 > :

n+1

On the other hand, Y,, = Xt then

n+l
P15
X X V2,5
Yj = Yn+15 = Yoe; = nflib(")ea’ = nfl |
Pn,j
where (eg, e, ..., ey,) is the canonical base of R"™.

Remark 11.15. For every n > 1, we have
Xy = (O>Xn71) + (anla —TL).

11.3. The Relationship Between ¢; ; and the Bernoulli Num-
bers. The Bernoulli numbers are defined as

By =1,

BO +QBI = 07

By +3B1 +3By =0,

By +4B1 + 6By +4B3 =0,

Bo+ (1)Bi+---+(,"1)Bn1=0.

n—1
Then,
By -1
By 0
Mn . =
B, 0
So, we deduce that
-1 By
Ol I I
0 Bn—l

Finally, we get the following result.
Property 11.16. For every natural number k£ > 1, we have

Y1 = —Br_1.
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Then, the first column of (™ is given by

P11 By
P21 B By
Qbn,l Bn—l

Remark 11.17. We deduce from Property IT8 that o421 = 0 for
every natural number k > 1, because Bagy1 = 0.

Property 11.18. For every k € N and s € N*, we have

k—1
By, .
qpk-‘rs,s = 7? (S + Z)~

=1

Proof. Let | x5 | be the s column of the matrix /(™. To find this

Ty,
column it is sufficient to determine the values of the real numbers (x;)
which verify

0

(@O )o)| = |-

Tn

On the other hand, we know that Bsyy1 = 0 for every natural number
k > 1. To prove ¢siop41,s = 0, it is sufficient to show that the above
column has the following form

0 0
Ts _ as By

Tsy1 as+1B1

Tn o B
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where o, @11, - - .,y are real numbers. Then
0
ANAN Y :
(CRGIERTSN) g B
a?’LBTL—S

If s # j and s > j, then this product is zero. If s < j, we find
asBo(,7,) + ast1Bi(}) + -+ +a;Bj—s(;7,) = 0.
From Property 13, we know that

—s+1 ) —s+1 —s+1
(J ; >Bo+<] X >B1+"'+(jj_8 )Bj_s:o.

To find the sequence of the real numbers («;)i>0, it is sufficient to de-
termine A € R, such that

J J—s+1 :
= <.
a5+kBk<s—|—k—l> A( i )Bk, fors+k<j

Then,
(jfs+1)
Astk = A I; )
(s-i—k—l)
As+k—1I(G—s+1)
O[s_|_]€ = H ]' .

In the case of kK = 0, we get
(s—=DI(j—s+1)!

s = A
Then,
_
(s—DI(j—s+1"
On the other hand, we know that By = 1, then o, = _?1 and we get

A S L
sl —s+ 1)
We replace A by its value, and define the real g as
(st k1)
e
1
= —g(s+1)(s+2)~--(s+k—1).
Finally, we deduce that
By,

¢k+578:_k! (s+1)(s+2)---(s+k—1).
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O
Corollary 11.19. For every (I,m) € N? such that m > 2 and 2m <,

we have

Yij—2m4+1 = 0.
Remark 11.20. From the above results, we deduce that the Prop-
erty A is true, and we can show the following theorem.

Theorem 11.21. The coefficients ™) = (1 ;)1<ij<n are given by
9B . .
¢i,j: { _(J)%a ZfZZ]v

0, otherwise.

11.4. The Black Magic Matrix with the Riemann Zeta Func-
tion.

+00
11.4.1. The Radius of Convergence of Zzpk’s_lzk.
k=1

Lemma 11.22. The radius of convergence of the series

+o0o

k
E wk,s—lz 5
k=1

18 zero.
“+o0o
Proof. The radius of convergence of the series Z wk,s_lzk is given by
k=1
= = timsup {/] dxe |
— = limsup ks—1 |-
R k—+4o0 °
We have,
Yoot =~ (s 4 ) (s +2) (k- 1)
’ (k—s+1)!

Bi_s11 (k—1)!
(k—s+ 1! (s—1)
For k =2m + s — 1, we get

" By (2m+s—2)!
sl L T T I (2m)!
Since 2m! ~ VArm(22)*™ and | Bay, |~ 4y/mm(2£)?™, then

B 1
2w

2m
2m! )7
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2m—+4s—1 | B2m | N i
V. 2m! 27

On the other hand, we have

So, we deduce that

2m + s — 1>2m+sl

(2m+3—1)!~\/27r(2m+s—1)< -

Then,

@m+s—1) 2r2m+s—1) (2m+s—1\>"!
(s —1)! ~ (s —1)! ( > )

So, we deduce that

— 1! —
%H4(%?+iynngm+s_1ym%4<%n+s1)
S — : (&
and
amea |G A S =DV memes (2m A s 1
(s — 1! e '

Finally, we get

1 1 2 -1
2m+sfl/| Voms—1.51 | -~ Tem In(2m+s—1) m—+ S ’
’ ™ e

/ m
2 s—1
mts | w2m+571,371 | ~ .
e
Then mgquw 2=t homts—1,s—1 | = +00, which implies that

limsup {/| ¢ps-1 | = +00.

e

k—+o0
+o0
So, we deduce that the radius of convergence of the series Z Yy, s_12",
. k=1
is zero. Il

11.4.2. The Riemann Zeta Function. This section is concerned the Euler
zeta series, which is the function
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where s is a real number greater than 1.
For s € N\ {0, 1}, consider the real function ¢ : * — z*, and the series

Yo/
SN = Zg <k> .
k=1
Y1
Theorem 11.23. The series sy = Z o does not admit a exact limit.
k=1

Proof. We assume that the series (s,) admits the exact limit, then
there exists a holomorphic function f on a neighborhood of 0 such that
f (%) = sy from a certain rank.

+oo
If f(2) = 3 og2", then

k=0
0
aq .
(%) .
n 1 n
= w( ) 0 = w( )65_1.
o :
Then,
o1 P1,5-1
az || Y2sa
(679 wn,s—l
+oo 1
and ag = Z i ¢(s). Then,
k=1
+o0
F2)=C()+ ) trerz
k=1

N
Since lim Z 1o f(0), then,

exact
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from a certain rank N. Then,

al 1 = ks 1
S)ZZE Z .
k=

n=1

The above result is not true, since the function f is not holomorphic
on a neighborhood of 0 by Lemma IT22. Then, we reached to obtain
a contradiction and we deduce that the series (s,) does not admit an
exact limit.

O

11.5. The Twelfth Property of the Matrix (. From the above
N

results, the formula ((s) = Y. % Z wk 2=+ is false, but we can correct

n=1

this equality by adding a new term E (M N, s) which is defined as

N o 2Mis—l ¢ks 3
E(M,N,s) )= > —+ Z
n=1
In fact, we have
Ny 2Mits—l ¢ks )
() =) — - Z + E(M,N,s),
n=1
which implies that
N o 2Mis—l ﬂlks )
Z — - > + E(M,N,s)

k=s—1

N
_ 1 . ¢571,571 B ¢57571
=2

stl Ns
2M+s—1
'QZJSJrl,sfl wks 1
k=s+2
So, we deduce that
N 2M+s—1
1 1 1 11 wks 1
n=1 k=s+1
N-1 2M+s—1
1 1 11 1/1ks 1
TR T > + E(M, N, s).

n=1 k=s+1
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For r = k — s, we obtain

N-1 2M—1

1 1 1 1 77[)7»+SS 1
E le ATs—1 §ﬁ B Z Nr-l-s (M N S)
n=1
Then,
2t (") B

NZ 1 1 +1 L
= n’ s—lNS 2N°  ~ (r 4 s)Nr+s

+ E(M,N,s).

On the other hand, we have By,11 = 0 for every natural £ > 1, then

iy 1 1 M (2m+9 1)32m
T L +E(M,N,s).
(s) n:1"3+ —1Ns-T 2N5+mzl 2m+5_1N2m+51 (M, N,s)
So, we get
N1 M 2m-—1
! 1 BQm
¢(s) = 2 E"‘ NS ~oit 9 NS ‘|'mz:1 Hj s+1) W +E(M, N, s).

Finally, we find the standard Euler-Maclaurin formula [6] applied to
the zeta function ((s), where s is a natural number and s > 2. Then we
deduce that the matrix of the black magic ¢ has a beautiful twelfth
property which is given as follows.

Property 11.24. By using the black magic matrix, we can represent
the Euler-maclaurin formula as

N
1 ~
=3 — —(Coot, Xatvs ) + B(M. N, 5),

where
e (.,.) is the scalar product (z,y) = > x;y;.
o Cy 1 = ¢pBM+s)e | isthe (s-1)-th column of the matrix ¢ 2M+s),

o X M,N,s is the column vector defined as

XM N;s =

1
N2M+s

Example 11.25. We have
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€(2) ¢(3) ¢(5) €(9) ¢(11)
-1 0 0 0 0 0 0 0 0 0
/2 -1/2 0 0 0 0 0 0 0 0
~-1/6  1/2  -1/3 0 0 0 0 0 0 0
0 —1/4 1/2 —1/4 0 0 0 0 0 0
a0y _ | 1/30 0  -1/3 1/2 -1/5 0 0 0 0 0
v = 0 1/12 0 -5/12 1/2 -1/6 0 0 0 0
~1/42 0 1/6 0 -1/2 1/2 —1)T 0 0 0
0 -1/12 0 7/24 0 -7/12 1/2 -1/8 0 0
1/30 0 -2/9 0 7/15 0 -2/3 1/2 -1/9 0
0 3/20 0 —1/2 0 7/10 0 —3/4 1/2 —1/10
We have
N 2M+s—11/}
k,s—1
C(S):ZE_ i T E(MN,s).
n=1 k=1
The coefficients of the first column of 119 are
-1,1/2,-1/6,0,1/30,0,—1/42,0,1/30,0,
then,
Y9111 011 11 11 11
2) = —_—t 4 --—-———4+—-——-——+F(4,N,2
<) ;n2+N 2N2+6N3 30N5+42N7 30N9+ (4,N,2)

Similarly, we deduce the following formulas

1 11 11 11 11 11 3 1
N=N"_4y- - - - 4y - - - - 2 ° |\ F4N.3
¢(3) Zn3+2]\72 5N3 TINT 12N6 T12NS 20N T (4,1, 3),

12. THE RELATIONSHIP BETWEEN THE HYPERREAL NUMBERS AND
THE OMICRAN-REALS

Let u be an element of A, *R be the field of hyperreal numbers
and u(8) be the Omicran defined by the sequence (u (l))n>1. We use

n

the symbol <u(%)> to represent the hyperreal defined by the sequence

(u G))nsr-
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The map defined as
L: 0O — "R,
u(@) — (u(3)),
is a ring homomorphism. In addition, we have the following results:
e The map ¢ is injective, in fact, if ¢(u(5)) = 0 then (u(})) = 0.
We deduce that {i:u(3) =0} € U. Then u(%) is zero for an
infinity of indices ¢. From the properties of u as an element of
A, we deduce that w = 0. Finally u(d) = 0.
e From the above result, we deduce that the field O is isomorphic
to a subfield of *R. More precisely, we have

O~ 1(0) C* R,

e The total order relation defined on *R extends the total order
relation defined on O. In fact,

(i) if u(0) < v(8) then there exists ng such that u(1) < v(1),
which implies that {i:u(}) <v(})} € U (because, the
finite sets are not elements of ).

Finally, we deduce that <u (%)> < <v (%)>

(i) conversely, if (u (1)) < (v (3)), then {i:u(}) <wv(})} €
U. From the properties of the elements of A, we deduce
that there exists ng such that u (%) < (%) for every i >

ng. Finally, we get

u(d) <v(d) o {zu<1> ng)}eu.

From the above results, we can justify the identification of the field of
Omicran-reals O by a strict subset of the field of hyperreals, and we
deduce that:

“Any property that is true for every hyperreal number is also true for
every Omicran.”

13. CONCLUDING REMARK

According to Robinson’s approach, the construction of the hyperreal
numbers is related to the existence of an ultrafilter with special prop-
erties. Within this ultrafilter we can find the element A such that the
cardinal of the set AN {1,2,...,n} is very small compared to the car-
dinal of A°N{1,2,...,n}, from a certain rank ng. Unfortunately, this
property is not useful enough to obtain an effective approach in practice.
In this work, we have proposed an explicit approach without using the
ultrafilters and without adding any axiom. We have come up with new
notions used to obtain more applications thanks to this new method.
Finally, we believe that the new method becomes more usable for many
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researchers in all fields of mathematics not only for the specialists in
model theory and mathematical logic.
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