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Nonstandard analysis: New way and criticism of the previous
approaches

Abdeljalil. Saghe*
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Abstract

In this paper we propose a new approach to nonstandard analysis without using the ultrafilters,
this method is very simple in practice. Moreover, we construct explicitly the total order relation in
the new field of the infinitesimal numbers. To illustrate the importance of this work, we suggest a
few applications of the new approach, and we propose to compare it with the previous methods.

1 Introduction

In 1961 Abraham Robinson [1] showed how infinitely large and infinitesimal numbers can be rigorously
defined and used to develop the field of non-standard analysis. To understand his theory nonconstruc-
tively, it’s necessary to use the essential proprieties given by the model theory and mathematical logic.

After the birth of this new theory, more mathematicians have found the important applications [5, 3]
of the nonstandard analysis in physic [2, 4, 6] , numerical analysis and variational methods.

In 1977 a new axiomatic representation of hyperreals is given by Edward Nelson [7], in the sense to
simplify the Robinson’s method, he proposed to add three axioms on the set theory and obtained a new
theory called internal set theory [7, 13].

Another axiomatic method was published in 2003, this method called Alpha-theory [10] is simple
compared to that of Nelson. Despite that, we thinks that we are obliged to answer a few questions about
its effectiveness in practice as an axiomatic approach.

From the construction of Robinson we can see every hyperreal as an element of R modulo a maximal
ideal M, the ideal M is defined with a non principal ultrafilter I/, the existence of I/ is proved by the axiom
of choice, by using the ultrafilter ¢/ we define the order relation in the field of hyperreals. Unfortunately,
we can’t determine exactly this order relation because the ultrafilter is unknown.

Our aims in this article is to give a new field which contains the infinite and infinitesimal numbers
without using the properties of model theory, without using the ultrafilters and without adding the new
axioms to ZFC (Zermelo-Frankel+Axiom of choice). To be or not to be a specialist in mathematical
logic, is not very important to understand this new theory, only the classical results of analysis and the
properties of the analytic functions are sufficient in construction. The new approach is very simple and
we can determine precisely the order relation defined on the new field.

In this article, we propose to present the plan as follow:

Firstly, we begin by some notions to define the infinite and infinitesimal numbers, after we propose to
present the previous approaches (Robinson’s approach, Internal Set Theory and Alpha-Theory). To give
the criticism of the classical approaches, we find in section 8 some examples to prove that the choice of
the ring RY in construction of the hyperreal numbers is too broad to be effective in practice. For example,
we propose the example of an hyperreal which can be equal to zero, but it is impossible to determine his
value. In the section 9, we begin the proposed method by the construction of a proper subset A of RN,
this new set is a unitary ring of RY. By using a maximal ideal of A, we obtain a new field called the field
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of Omicran-reals which is a totally ordered field and a extension of the set of real numbers R.
To illustrate the importance of the new approach, we propose some applications as:

e For the logarithmic function: We prove the following equalities for every real z > 0:

(e}
-1
In(z) = lin%] z ,
a— «

while x # 1, we obtain:

r—1
In(z) :ngr—i{loon an

e Prime numbers: Let P be the set of prime numbers. As x — +00, we get

where m(x) = #{p <z :p € P}.
In addition, we can prove that:

pn ~n2({n —1), while n — +oo,
where (p,,) is the sequence of the prime numbers.

e The length of a curve: We define the length of the arc AB and we determine the conditions of
rectifiability from the new approach. We calculate easily the length, and we obtain:

b
= / V14 f2(z)dx,
a
where [(AB) is the length of the arc defined by the curve of the function f between A(a, f(a))
and B(b, f(b)).
e We calculate the limit by using a new notion called the exact limit.
e We calculate the finite sum by using the exact limit of a series.

e To calculate the exact limit of a series we define a new matrix called the black magic matrix, this
beautiful matrix admits twelve magical properties and we can determine the Bernoulli numbers by
using it.

e We can obtain the standard Euler-Maclaurin formula applied to the zeta function (s) by using the
coefficients of the above matrix.

Finally, we determine in the last section of this paper the relationship between the hyperreal numbers and
the Omicran-reals, and we prove that Any property that is true for every hyperreal number is also true
for every Omicran.

2 Preliminary results

In this section, we find a few definitions and results that are applied in this work.

!
1. The binomial coefficient is defined as: <Z> = m



2. The Bernoulli numbers are given below:

By=1
BQ+2B1:0

By +3B1+3B2 =0
BO+4B1+6B2+4B3:0

Bo+( )Bl+ +( )Bn-1=0
We can verify that By, 1 = 0, for every natural k£ > 1.

3. Stirling’s formula:

n! ~ 27771(2)".
e

4. An important result of the Stirling’s formula is given by :

n
| By, |~ 4\/7Tn(—)2"
Te

5. The standard Euler-Maclaurin formula [9] applied to z — =~ ° is given by:

N-1 1
C(s) = S ToNs T s)+ E(M,N,s),
n=1
where
B 2%k —2
Ten(s) = GV H s+ ),
C is the Riemann zeta function defined as ((s) = > 15 k—ls, and s € C.

If o = R(s) > —2M — 1 the error is bounded [9] as:

s+2M +1

E(M,N <
| ( Y ’S)|—|O,+2M+1

M+1,8(8) | -
6. Let H(D(0,¢€)) be the set of the holomorphic functions on the disk D(0, ¢).
We can prove the following theorems [8]:

Theorem 1. If h is a holomorphic function on the disk D(0, €), and h(0) = 0 then: h(z) =
on a neighborhood of 0, where k is a non-zero integer, and g € H(D(0,¢)) and g(0) # O

Theorem 2. The zeros of a nonconstant analytic function are isolated.

3 The infinite and infinitesimal numbers
Definition 1. We define the following assertions:
(i) A totally ordered set (E, X) is called a ordered R—extension if

RCEFE ;
rye <y VY(ry) €R2

"9(2)



.. e ; . . ) hen — o =X «,
(ii) In addition if (E, +) is a commutative group, we consider || = mazx(a, —a) = { (ia, Xhzz N i ii
(iii) We note x < y while: x <y and x # y.

(iv) Let the set I be defined as follows Ip = {a € E /] 0 <| a |< e Ve € RT*}.
IE is a set of infinitesimals.

Remark 1. If it has not ambiguity we replace the symbol <X by <, and < by <.

To construct the new extension of R which contains the infinite and infinitesimal numbers, it’s suffi-
cient to prove the following theorem:

Theorem 3. There exist a extension field (E,+,.) of (R, +,.), and partial order < such that:
(E, <) is a order R—extension and I, # (.

Remark 2. An element 6 of I # ) is called infinitesimal.

Notation. N = {1,2/3,....}.

4 Previous methods

4.1 Robinson’s approach

From the works of Abraham Robinson, we know that the heuristic idea of infinite and infinitesimal num-
bers has obtained a formal rigor, he proved that the field of real numbers R can be considered as a proper
subset of a new field, *R, which is called field of hyperreal [1] numbers and contains the infinite and
infinitesimal numbers. From the approach of Robinson we can represent every hyperreal by a sequence
of RN modulo a maximal ideal Z, this ideal is defined by using an ultrafilter /. Unfortunately, the Ultra-
filter U and the order relation defined on *R are unknown, only the existence can be proved by the axiom
of choice.

4.2 Nelson’s approach

In 1977, Edward Nelson expands the language of set theory by adding a new basic predicate st(x). We
obtain a new axiomatic representation of the nonstandard analysis by using the above predicate. To
explain the behavior of this unary predicate symbol st(x), Nelson proposes to add three axioms [7]:

(a) Idealization. (I)
(b) Standarization. (S)

(c) Transfer principle.(T)

4.3 Alpha-theory

This axiomatic approach published in 2003 is based on the existence of a new element called «. In this
method, we need five axioms to justify the behavior of this new mathematical object. In the following
section, we restart by the construction of the hyperreals, then, we propose to study the previous axiomatic
approaches.



5 Construction of the hyperreal numbers

Let I be a nonempty set, and P([) the power set of I.
Definition 2. An ultrafilter U is a proper subset of P(I), such that:
(i) Intersections: if A,B € U, then AN B € U.
(ii) Supersets: if AC B C I, then B € U.
(iii) Forany A C I, either A € U or A° € U.
Example 1. 1. F' ={A CI:i¢c A} isan ultrafilter; called the principal ultrafilter generated by 1.
2. F°={AC1I:I- Ais finite} is the cofinite (or Frchet), filter on I. F° is not an ultrafilter.
To construct the field of hyperreal numbers, we use the unitary ring RY as follow:
(a) R C RN: We can identify every sequence u = (1,1, ..,1,...) by the real number /.
(b) We define in RY the total order relation < by:
u= (U, U, ey Upy o) S U= (V1,02 .0y Upy o) <= {i:u; <v} €U,

where U is a nonprincipal ultrafilter of N.
To show the existence of the above ultrafilter, we use the axiom of choice.

(¢) (RN, +,.)is a commutative ring with unity (1,1, ..,1,..), but it is not a field, since
(1,0,1,0,....)(0,1,0,1,...) = Ogn.
We construct the field of hyperreal numbers by using the following maximal ideal [1, 12] of RY:
I={ueRY:{i:u =0} ecU}.

Finally, we deduce that the new field of the hyperreal numbers is given by: *R = R /T

Notation. For every hyperreal u defined by the sequence (u;), we note:
U =< UL, Uy ey Upy ..o >, OT U =< U; > .
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(d) We can verify that the hyperreal 6 =<1, 5, 5, ... > is infinitesimal.

6 Internal Set Theory

From the new theory called Internal Set Theory, Nelson’s view is different from that of Robinson. In fact,
in IST, we can find in the set of real numbers noted *RR the infinite and infinitesimal numbers. In addition,
the classical families of real numbers R = {st(x), € *R} and natural numbers N = {st(x), x € *N}
are not sets in IST. To clarify this point, we propose to study the properties of a set A by using the axioms
added by Nelson. We start by the following abbreviations:

Vo' for Va(zx standard) =,3%x for Jx(x standard) A .

We call a formula of IST internal in case it does not involve the new predicate “’standard”, otherwise
we call it external.

A set z is finite if there is no bijection of x with a proper subset of itself.

In IST, the three axioms of Nelson are defined as:



(i) Transfer: If ¢(z,u,...,u,) is an internal formula with no other free variables than those indi-
cated, then:
V%1 oo, Vo (Y (2, Uy ey U ) — V(2 U1, ey Uy ).

(i1) Idealization: For any internal formula B whose free variables include x and y

V¥'2(z is finite — JyVa € zB(x,y)) < Iz B(z,y).

(iii) Standarization: For every standard formula F'(z) (internal or external), we have:

Vi ItySiz[z €y < 2 €2 A F(2)].

Suppose that there exists a unique x such that A(z), where A(z) is an internal formula whose only
free variable is . Then that z must be standard, since by transfer 3z A(z) = 'z A(x). For example,
the set *N of all natural numbers, the set *R of all real numbers, the empty set (), the real number 0, 1,
\/7, ... are all standard sets.

Theorem 4. Let X be a set. Then every element of X is standard if and only if X is a standard finite set.

Proof. We can apply the idealization principle for B(z,y) = [y € X A x # y] (see [7, 13] for more
details).

Corollary 1. Every infinite set has a nonstandard element.

Remark 3. From the above corollary, we deduce that there exists a nonstandard natural number w.

Theorem 5. There is a finite set F' such that for all standard x we have x € F..

Proof. Just apply (I) to the formula x € y A y is finite (see [7, 13]).

Theorem 6. Let X be a nonempty set. If X is a standard set, then it admits a standard element.
Proof. Another version of the transfer principle is giving by:
Jod(z) = Ixg(w),

where ¢ is an internal formula. We apply this version for x € X.

Definition 3. 1. Elements of the ultrapower [11] of P(R) are the equivalence classes of sequences
(A;) € P(R)Y, where the sequences (A;) and (B;) are defined to be equivalent if and only if we
have {i e N: A; = B;} € U.

2. Wenote < A; > the equivalence class of (A;). We define the relation * € between x =< x; >€* R
and < A; > by:
rre< A > {i: e A} EU.

3. With each equivalence class < A; > in the ultrapower of P(R) we associate a subset A of *R as
follows:
r€A & Fe< A >

4. The subset A of *R associated with the equivalence class < A; > is called an internal set.



5. The collection of all internal subsets of *R is denoted *P(R).
We note: A =< A; > for the internal set A defined by the equivalence class < A; >.

Remark 4. A standard set * B is given by the equivalence class < B, B, ..., B,.. >, where B € P(R).

Example 2. (i) *[0,1] =< [0,1],..,[0,1],.. >, "R =< R, R, ... > and *N are all standard sets, then
internal sets.

(ii) Let w the infinite number defined as w =< 1,2,3,.... >. The set {w} =< {i} > is internal but it
is not standard.

1 1
(iii) For every integer i > 1 we put X; = [?, =[ and X =< X; >.
i 7
The above set is internal and infinite, but we can’t find any standard element in X (because there
does not exists a real number x such that {i : © = x;} € U for x; € X;). From the Corollary I,
we deduce that the X is not standard.
In other hand, the set X is bounded above by 1, we can check that X has a supremum in *R, and

we have sup X =< % >,

Remark 5. o [n the collection of the internal sets [7, 13], we find the standard and the nonstandard
sets.

e FEvery nonempty internal set of hyperreals bounded above has a supremum in *R. In fact, since the
internal set A =< A; > is bounded above, then there exists M € R such that the set J = {i :
A; is bounded above by M} € U.

We define s =< s; > such that s; = sup(A4;) fori € J and s; = 1 else. we can check easily that
the s = sup(A).

e We can prove the above result for every element of *P(R) by using the transfer principle, but this
property is not true for every family of hyperreals (for example, the set R is bounded above by
every positive infinitely large number L, but it does not have a least upper bound), then we deduce
that the set *P(R) is a proper subset of P(*R). The elements of P(*R)\*P(R) are called the
external sets. For example, the sets R, N, the infinite numbers and the infinitesimal numbers are
all external sets.

7 Alpha-theory

This approach is based on the existence of a new mathematical object, namely «. Intuitively, this new
element added to N is considered as a “’very large” natural number.
The use of « is governed by the following five axioms [10].

e «;. Extension Axiom. For every sequence ¢ there is a unique element [a], called the “ideal
value of ¢” or the ”value of ¢ at infinity”.

e 9. Composition Axiom. If ¢ and v are sequences and if f is any function such that compositions
fowand f o make sense, then

pla] = Yla] = (fop)la] = (f o ¢)la].

e «3. Number Axiom. If ¢, : n — r is the constant sequence with value r € R, then ¢, [a] = r. If
1y : m — n is the identity sequence on N, then 1y[a] = o ¢ N.

e «y. Pair Axiom. For all sequences ¢, ¢ and ¥:

d(n) = {o(n),¢(n)} for alln = Ja] = {pla], ]a]}.



e «5. Internal Set Axiom. If ¢ is a sequence of atoms, then [ is an atom. If ¢y : n — 0 is the
sequence with constant value the empty set, then cy[a] = ). If ¢ is a sequence of nonempty sets,
then

Yla] = A{pla] / ¢ln] € Pn] foralln}.
Proposition 1. 1. If o(n) = ¢ (n) eventually (i.e. for all but finitely many n), then p|a] = ]al.
2. If o(n) # 1p(n) eventually, then p[a] # [al].
Definition 4. Let A be a nonempty set. The star-transform of A is giving by:
A" =A{pla] / ¢ : N — A}.

In the following proposition, we verify that the star-operator preserves all basic operations of sets
(except the powerset).

Proposition 2. For all A, B, the following hold [10]:
I. A= B & A* = BY;
2. Ae B A" € BY;

AC B& A* C B*;

{A,BY* = {A*, B*);

(AUB)* = (A*U B*);

S

(AN B)* = (A* N B*);
7. (A\ B)" = (A" \ BY);
8. (A x B)* = (A* x B¥).

Definition 5. (i) The set of hyperreal numbers is the star-transform R* of the set of real numbers:

R* = {¢[a] /¢ : N — R}.
(ii) The set of hypernatural numbers is the star-trasform of the set of natural numbers:
N* = {gla] /¢ : N— N}
(iii) We define in R* the following binary relation:
§<(e (60 e{l@y eRxR/z <y}
Theorem 7. The hyperreal number system (R*,+,.,0,1, <) is an ordered field.

Remark 6. e An example of an infinitesimal is given by é the ideal value of the sequence (%)nZl-
Other examples of infinitesimals are the following:

1
—sin(—), @

1
a’’ 3+ a2’ log(1 — E)

e For the infinite numbers, we propose the following examples:

o +1, 3+ Va, log(7a — 3).



8 Ciriticism of the classical approaches to non-standard analysis

In this section we propose some examples, to see clearly the difficulties that can be encountered in
practice by working on the classical approaches of the non-standard analysis. Firstly, we begin by the
study of the Robinson’s approach, afterwards, we proceed to the study of axiomatic approaches. Finally,
we conclude with a small discussion as an introduction to the new approach.

Next, to explain our point of view about the Robinson’s approach, we propose some examples in the
following subsection:

8.1 For Robinson’s approach

e For the infinitesimal number § =< 1, %, %, ... >, we can’t imagine intuitively his nature, because

it is defined by the sequence (%) >1 modulo the unknown ideal I.

e Let u be a hyperreal number defined as u =< —1,1,—1,1,... >. Despite that the field (*R, <) is
totally ordered set, but we can’t determine the sign of w. In other hand, we have two cases:

1. If u > 0, then there exists an element F' € U such that: F' = {i : u; > 0} = {i : u; = 1}.
In this case, we deduce that the set F' C 2N € U/, and we find u = 1.

2. Ifu<0,wefind2N+1 €U, and u = —1.

Now, to complicate this problem, we put the following question:
Where is the sign of the hyperreal number defined as:

¢ =< sin(1),sin(2),sin(3),.... > .

Since the total order in the hyperreal numbers is not defined explicitly, then we deduce that the
Robinson’s approach is very complicated to give us a simple property as the sign of an element of
*R. Moreover, the sign of the hyperreal « which is defined by the sequence (u;) is not sufficient to
know the sign of this sequence at infinity which can be invariant (is not stable from a certain rank).

o Let v the hyperreal defined as:

1 1 1
v =< 1,10, 5,10102,5,10103,.., ~,1010 >
2

Where is the nature of this number? it is infinite or infinitesimal?

If 2N € U then v is infinite else it is infinitesimal. The determination of the nature of an hyperreal
is not easy and evident in general, we can find other case very complicated than the above example.
In addition, if we put (v;) the sequence which defines the hyperreal v, and w the hyperreal defined
by the sequence (v;41), then:

w =< 10, %,10102, %,10103,.., %,10101,.. > .
If 2N € U then v is infinite, and w is infinitesimal. Thus, we can find two hyperreals do not have
the same nature, the first is defined by a sequence (v; ), the second by its subsequence (%(z’))- In the
above example, the translation of the indices of the sequence (u;) which defines the infinitesimal
number < u; >, is sufficient to transform it to an infinite number. This is not well to be effective
in practice, for example, if < u; >= 1, (in general) we can’t know every thing about the value of
the hyperreal v =< us;41 >, v can be zero, infinite, infinitesimal number...

Next, we propose an example of an hyperreal number < u; > which can be zero or an integer
1 < <9, but it is impossible to determine his value.



e For every real number z, let (z;) the sequence defined by the decimal representation of x, we have:
T = X1, ToT3T4TELE. .
Let z the hyperreal defined as: z =< x; >. For the number 7, we get:
7 = 3.1415926535897932385...

Then, 7 =< 3,1,4,1,5,9,2,6,5,3,.... >. We attempt to determine the value of this hyperreal,
for that, we propose to prove the following lemma:

Lemma 1. Let A be a finite subset of R.
For every element u = (u;) of AN, the hyperreal number < u; > is an element of A.

Proof. We put A = {aq,aq,...,a,}, and F,, = {i : u; = x} for every x € A.
Let U the ultrafilter defined in Robinson’s approach.

If there exists 1 < ig < n — 1 such that Fai0 eu.

Then, < u; >= a;y, else Fy , Fy,, ..., Fy | €U.

Then: Fy NF;, N...NEF;  €U.

We deduce that: (F,, U Fp, U...UF, )¢ =F, €U.

Which implies that < u; >= a,,.

From the above lemma, we deduce that 7 € {0, 1,2, ..,9} (then can be non invertible). Unfortunately,
we haven’t any way to determine his value. Let x be the natural number in {0, 1,2, .., 9} such that 7 = z.
Consider the hyperreal @ =< «; > defined as:

Rl

L when z = 7;;
o = ;
! 1010°  else.

The nature of the number « is not compatible with the behavior of the sequence used to define it. In
fact, the values taken by the sequence (ai)' are very “large” in an infinity of indices. The set {i : «; = %}
is very small compared to {i : «; = 10'°"}. Despite that, this number & is infinitesimal. In addition, we
do not have any rule to determine in general the set of indices ¢ that gives us the nature of an hyperreal
< u; >.

8.2 For Nelson’s approach and Alpha-Theory

Despite the importance of the axiomatic methods, which allows us to give and explain rigorously the
behavior of each new defined notion, but in practice, is not very effective, especially if the notions
of the proposed theory are not defined explicitly. In this paper we propose a constructive approach to
nonstandard analysis without adding any axiom, only the properties of the classical analysis are sufficient
to construct the new field. In addition, we define an explicit total order relation in the new set called the
field of Omicran-reals.

8.3 Discussion

Abraham Robinson succeeded to show the existence of a total order relation on RY, but the explicit
determination of this relation is very difficult. The judgment of the scientific work of Robinson begins
with the study of the choice of the RY. To find or not to find an explicit total order is another question
that can be asked after the determination of the initial set in construction. Now, the question we might
ask is the following: why we need the ring RY to define the field of nonstandard analysis? From the
incompatibility between his nature and the behavior of the sequence which defined it, the hyperreal like

10



a, 7, < 1,—1,1,.. >, or < sin(1),sin(2),... > does not matter in practice, then, the choice of the ring
RY is too broad to be effective. In the following section, we attempt to give the answer of the following
question: can we construct the field of the infinitesimal numbers by using a proper subset of RY with an
explicit total order?

9 The proposed method

9.1 The metalic map

Let D(0,1) (resp.D’(0,1)) the open (resp.closed ) disk of radius 1 and center 0.

Definition 6. Ler u be a map from |0,1] to R, such that:
(i) There exists a map u is defined on D'(0, 1), and holomorphic in a neighborhood of 0.
(ii) There exists € > 0, such that Vx €)0,¢[ we have: u(z) = u(x).

The w is called a metalic map, and u is a metalic extension of u.

20 +1 whenx €le, 1],
1— 322 whenz €]0,¢]
then a metalic extension fis given by: f(z) =1 — 322 in the disk D' (0,1).

Example 3. If f is defined in an interval 10,1] as: f(z) = {

Remark 7. If u is metalic, then the two metalics extension u and u of u are identic in a disk D(0,¢)
from the theorem 2.

Definition 7. We note A1 = { u,wu is a metalic map }, and we have the following definitions:
e Ai(2) ={w)n>1, uisametalic map }.
e H\ = the set of maps u defined on the disk D' (0, 1) and holomorphic in a neighborhood of 0.

e (Hy,+) is a commutative group, let Oy be a subgroup of Hy containing the maps defined on the
disk D'(0, 1) and are zero in a neighborhood of 0.

o Let 0y be a map defined as :

Ar(2) — Hy/Oq

o u(F)n>1 —  C(a)

which C(u) is the equivalence class of w modulo Oy. The map 0y is a well-defined from the unicity

of C(u).

o We consider the surjective map 01 defined as:

and the set: Ay(L) = {071(C (@), C(a) € Op(A1(2)) }.
o We define on the set Al(%) the following equivalence relation ~:

1 1 1 1
u(ﬁ)ng ~ U(E)nzl <= dng, Yn > ng, u(ﬁ) = U(E)

o u(L),>1 is the equivalence class of u(x),>1 modulo ~.

11



Remark 8. 1. We can check the equality: u(L),>1 = 071 (C(@)).
Then :

213) = {uGn, ve da}.

3

2. The sets A1 and Al(%) are commutative groups.

3. The map defined as:

is an isomorphism between two groups.
Definition 8. e Ay={1 we A vze€0,1] u(z)#0and limu(t)=0 }.

o Ay = {v :J0,1] — R, there exists 1/u € Ay and € > 0 such that V/j0,e] = (%)/1078]}‘
1
o Mo(3) = { (U(E))ng, v E Ay }

9.2 Construction of a unitary ring
Lemma 2. Let A = Ay U Ay, (A, +,.) is a unitary ring.
Proof.

e The stability of the sum: The set A is non-empty set, because A; # () and R C A; (we identify
the constant functions by the real numbers ). Show that: Vg € A,and h € Athen g+ h € A.
First case : 1f (g,h) = (u,v) € A2, we verify that the function s = f + g is matalic map, and:

s=u+7.
Second case : If (g,h) € A3, there exists (u,v) € A? such that limu(2) = limov(4 ) =0 and
u(z)v(z) # 0 for every x €]0,¢], for ¢ > 0 small enough, in addition: g, = u/]o . and

_1
hijoel = % 0.

Since @ and ¥ are holomorphic functions on a neighborhood of 0, there exists (m,n,1) € N such
that:

u(z) = 2"b1(2), U(2) = 2Mby(z) and u(z) + 0(2) = 2'bs3(2),

where by, by, bs are 3 holomorphic functions on a neighborhood of 0, such that: b (0)b2(0)bs(0) #

0.
Let: (2)o(x)
u\xr
P(r) = —————=
U(ﬂ?) +o(z)
The map g + h is defined in the interval |0, 1], for € > 0 small enough, and by (2)b2(2)b3(z) # 0
—m—-n b3(z
in the disk D(0,¢), we have : g(x) + h(z) = ﬁ + ﬁ = w(lx) = 7! 1)1(;)7172)(35) for every
x €]0,¢].
~ Ammen Bl iy D(0,e)
VIfl — m —n > 0, The map defined as ¢(z) = ) b1(2)b2(2) . ’ is a met-
if no

alic extension of g + h, then g + h is a element of A7.

_1bi1(2)b .
LmAn l 1(;)(;)(2) in D(O, 8)
1 if not
extension of 1), in addition lim ¢(%) = 0, we deduce that the g + h is an element of As.

VIfm+n —1 < 0, the map defined as: 9(z) = { is a metalic

12



Third case: If (g,h) € Ay x Ay, there exists (u,v) € Af, such that: g = u, hjjgq = %/}0 o

1
hmv(ﬁ) = 0. .
V2
Let k(z) = T 1
Since v(0) = 0, we have k£(0) = 0, and k is a holomorphic function in a disk D(0,¢), fore > 0
small enough.
The map k is nonzero and holomorphic at z = 0, we can choose the ¢ so that k(z) # 0 for every
x €]0,¢].
Let ¢ the function defined in ]0, 1] as:

b(x) = { k(x) if x €]0,¢] .

1 if not

1
We verify that: g + hjj0¢) = (5)/}075}, ¢ € Ajthen g+ h € Ay C A.

Finally, we deduce that (A, +) is a commutative group.
e Now, we can show the stability of the law (.) in A, for that, we distinguish tree cases:

1. We can easily verify that the product of two metalic functions is a metalic function.
(ifge Arandh € Aythengh € A1 CA)

2. In this case, we assume that g € A and h € As, we can show that gh € A, in fact, there

1
exists (u,v) € Af, such that: g = u, h o = , lim U(ﬁ) = 0.

1
v /]0,¢]

-if limu(2) = 0, then lima(2) = 0 and @(0) = 0, we deduce that: u(z) = 2"b1(2) in
D(0,¢), and 9(z) = 2¥'by(2), where b;(z) € H(D(0,¢)), fori € {0,1} and b;(0) # 0.
We get:

-iflimu(2) # 0, then % is holomorphic in the disk D(0, ¢), which implies that: e Ay C AL
v

u(z) _ Sk b1(2)

u(2) by(2)
-First case : if k = k then the function % is holomorphic in D(0,¢), which implies that
% € Aq.
-Second case : if k > & then lim,_,o %(z) =0, and % is a holomorphic function in the disk
D(0,¢).
Then: ¢ € A.
-Third case : if k < k' then lim,_o

IS

(2) = 0, which implies that * € As.
3. Inthe case of g € Ag and h € Ay, we verify easily the stability of the law (.).

Finally, we deduce that (A, +,.) is a commutative and unitary ring, where the constant func-
tion 1A is a multiplicative identity of A.

9.3 Construction of the new field

Let Z the set defined as:
Zo = {uyo,1) / v € Op and u(]0,1]) C R}

13



it is a set of maps defined in ]0, 1], and zero on ]0,&] (for0 <e < 1).

Thus, we have demonstrated the following proposition.
Proposition 3. Z is a maximal ideal of A.

Proof.

e We can prove easily that the Z; is a additive subgroup of A.

® 7y is an ideal of A. In fact, if 0 is an element of Zy, then 6 5o . = 0 for € > 0. For every u € A,
we have (6u) 0 .; = 0 then fu € Ty.

e Let I be an ideal of A such that Zy C I. We assume that this inclusion is strict, then there exists
u € I\ Zp. Since u is an element of A, we can distinguish two cases:

1. First case u € A;: If u admits an infinity of zeros in ]0, ] for every € > 0, then u = 0 and
we deduce that u € Zj, which is absurd. Then there exists ¢ > 0 such that u(z) # 0 for
every x €]0,¢[. Let v be a function defined in |0, 1] by v(z) = ﬁ in]0,e[and v(z) = 1
while € [e,1]. We have u(z)v(z) = 1in 0, ¢, then 1 — uv € Zy. Consider i € Zy C I such
that 1 — uv = 3.

Then 1 = i + uv and we deduce that 1 € I which implies that [ = A.

2. Second case u € Ag: In this case there exists € > 0, v € A; such that u(x) = oy in 10,¢l.
Then 1 — uv € Zy and we deduce that I = A.
From (1) and (2) we deduce that the ideal Z; is an ideal maximal of A.

Theorem 8. The ring (A/Zy,+,.) is a field.

Proof. From the above proposition, the ideal Z; is maximal, so we deduce that the ring (A /Zy, +, .)
is a field.

9.4 The field of Omicran-reals

We consider the set defined as A(L) = { h(1),>1, he A }.
Let ~ the equivalence relation defined on the set A(%) as:

1 1 1 1
g(ﬁ)ngl ~ (E)nzl & dng /V’I’L > ng, h(ﬁ) = g(

).

n
The equivalence class is given by: g(1),>1 = { h(2)p>1, for h € Aand 3 ng € N/ V n >

no, h(z) =9(3) }.
The map

is well defined, in addition we have:

L (AL),+,.) is a field.
2. 6 is an isomorphism.
Theorem 9. There exists a set O and a total order < such that:

(i) (O,+,.) is an extension field of (R, +,.).

14



(ii) (O, <) is a ordered R—extension.
(iit) Io # 0.

Proof. The set A/Z is noted Ay, we replace C'(g) = g by g (if it has not ambiguity ).
From what precedes, we deduce that the map:

0: (AG), +,-) — (Ao, +,.)
9 L)1 — g
is a ring isomorphism.

Let 0 be an indeterminate, and O = Ay(d) = { g(0) , g € Ag }.
If it has not ambiguity, we replace () by g(9).

The map defined as:
o Ay — O
g — 9(9)
is a ring isomorphism.
Then (O, +, .) is a field, in addition, the map ¢ = ¢* o 6 defined as :

is a isomorphim.

e for g = cste = [, we note | = (g(%)),>1, we identify I by the image of [ by ¢, and we find

— n

©(l) = . by using the identification, we deduce that: R C O.

e We can define on O the following relation <:

9(8) < h(6) if and only if there exists an integer ng, such that: g(1) < h(1) for every n > ny.

It is easy to check that < is reflexive, transitive and antisymmetric, then it is a partial order.

e To show that set (O, <) is ordered R-extension, we must show that relation < is total.

For that we consider g, h € A, we assume that these propositions are true ( not g(d) < h(d)) and

(not h(d) < g(9)).
Next, we need to find a contradiction.

If the above propositions are true, then: Yk € N, 3n, > k and In;, > k/ g(-X) > h(n—lk) and

1
ng
g(2) < h(:D).

k k

1. We assume that g, h € A;. From the Intermediate value theorem we deduce that there exists
Bk €| n%c’ ni, | such that (g — h)(8x) = 0, (we can choose the () so that the sequence ()
k

is strictly decreasing), then the holomorphic function g — 1 has an infinite number of roots in
neighborhood of 0, from the theorem2, we deduce that the function g — A is the zero function,
then g = h, which is absurd.

2. Now, we suppose that g, h € Ay. There exists (u,v) € A2, such that:
uog = (5)06) and vy = (3)10,e)
from the above results, we deduce that: u(0) < v(d) or v(d) < u(9).
which implies that: g(d) and h(¢) are comparable.

3. In the case of ¢ € Ay and h € A,. There exists hy € A; and € > 0, such that:

_ (1
hpost = (7o) ol
Since h; is a metalic function, then the sequence (h; (%)) keeps a constant sign from a certain

15



rank, in fact:
if it’s not the case, then Yk € N there exists nj, > k et n, > k such that: hy(->) > 0 and

1
ng
hl( ) < 0.

From the Intermediate value theorem we deduce that there exists [y €| n—lk, L Jand (h1)(B) =
"k

1
!
ny

0, (we can choose the [3; such that the sequence (/) is strictly decreasing), from the theo-
rem?2, h; is the zero function on the neighborhood of 0, which absurd( because we suppose
(h1(%)) does not keep a constant sign from a certain rank)

Finally, we deduce that the sequence (hl(%)) keeps a constant sign, since lim hl(%) =0,

then lim -1~ exists, and lim ——~ = =00, which implies lim (1) = +o0.

hi(d) hi(1)
-if lim h(1) = +o0, then g(6) < h(5) (because g(1) < h(2), from a certain rank ).
-if lim A(2) = —oo, then (8) < g(6) (because h(z) < g(2), from a certain rank ).
e Now, it remains to show that: Iy # .
For that, it is necessary to find a element 6 € O which infinitesimal.
for u : © — x, we have u € A (more precisely A1) and 6 = u(d) = u(%)nZl-
In addition, we have: 0 < § < ¢ for every real strictly positive €, because there exists p € N such
that: 0 < u(L) < &, for every integer n > p. Then § is infinitesimal.
Conclusions 1. Finally, we deduce that:
(i) (O,+,.) is a extension field of (R, +,.).

(ii) (O, <) is a ordered R—extension, which contains the infinitesimal element §.
The field (O, +,.) is called the field of Omicran-reals.
An element of O is called an Omicran (or an Omicran-real).

10 The applications of the field of Omicran-reals

10.1 The exact limit
Proposition 4. The map o defined as :

(A(2),+,.) — (O,+,.)

@)1 — g(0)

is isomorphism.

If we want to define a new concept more precise than the limit that allows to give the value taken
by the sequence (f(1)),>1 on ad infinitum, then this concept (called exact limit) is dependent on the
values taken by (f(1)),>1 from a certain rank ng. Intuitively, the equivalence class (f(1)),>1 is a only
concept can give these values independently ny. On other hand, if f is an element of A, then we can
identify the equivalence class (f (%))nZl by f(9) from the above proposition, so, we deduce that we can
define the new concept as follow:

Definition 9. Let f € A.
The Omicran o(f(L),>1) = f(0) is called the exact limit of the sequence (f

S|=

)n>1-
We note:

lim f(~) = £(6).

exact n
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Remark 9. We remark that limt = @ o s, where s is a canonical surjection defined as:
exac

1
Example 4. e lim — =4.
exact M,

o1 .
. f};g;t sm(;) = sin(9).

1 0

lim = .
exact m, + 1 60+1

)

e lim sin(2mn) = 0, the writing sin(2F) doesn’t make sense, because the function = — sin(%=

exact
is not element of A.

e We can verify that there does not exist an element f € A, such that f() = (—1)" from a certain
rank, then we can’t define the exact limit limt(—l)”.
exrac:

e Generally, from the proprieties of the elements of A, we can show that if (x,,) does not keep a
constant sign from a certain rank, then this sequence not admits a exact limit, for example, if

(=1

n
Tp = ~——, then lim z,, = 0, but we can’t define the exact limit of ().

10.2 The projection of an element of O

Definition 10. Let f be a metalic function, and x € O such that © = f(9).
If we find an element ©* € R such that | © — x* | < | x —y |, Yy € R, then the real x* is called the
projection of x onto R.

Remark 10. The distance from x to R is dr(x) = infyer | —y |=| 2 — 2™ |.

Example 5. e " =0.

1 *
* 52+ 1)
Theorem 10. Let f be a metalic function, and x € O /x = f(0).
1
The projection x* of x onto R exist and unique, in addition, we have: z* = lim f(—).
n——+0o0o n

Proof. Let 7 = lim f(2).
Then: Ve > 03n > ng, | f(1) — g |< e
& for every n > ng, we have: —¢ < f(%) —x9 < e.
< lim f(l) —29<e and —e< lim f(l) — Zo.
exact n exact n
< f(0) —xp<e and —e< f(5)— zp.
1) -0 |<e M)
Next, we can show that: Vy € R we have | f(§) —zo | < | f(6) — vy |.
IfdyeRand| f(6) —y | <|f(6) —x0|<e (Ve e RT)
Then, we deduce that | y — zg | < 2¢ (Ve e RT)
Then y = xg = x*.
Finally, we deduce the existence and the unicity of * € R such that:

VyeR, [f(0) -z [<|f(0) -yl

In addition z* = lim f(2).

17



Theorem 11. Let f be a metalic map, and x = f(0).
Then for every real € > O we have:
|z —2"|<e

x* is a unique element of R which verify this property.

Proof. For every n > ng we have:

f) a5 e

then Vn > ng :
1
.I*—cfgf(_) S CC*+€,
n
which implies:
¥ —e< f(0) < z¥+e.
We deduce that:
|z — % |<e.

To show the unicity of x*, we assume that there exists an other element y € R such that: | z — y |< e.
Then: | z* — y |< 2e, finally we get y = z*.

Theorem 12. (of the exact limit)

1
If f € Ay, then the real lim f (%) is the projection of limt f(=) onto R, so we get:
exrac: n

(lim f(-)* =lim f(>)

exact

10.3 Necessary conditions for the existence of the exact limit

e Let (x,),>1 be a sequence of real numbers, we assume that the exact limit of (x,),>1 exists, then
there exists a function f € A such that 1imt xn = f(0).
EXTAC

If f € Ay, then f is a metalic function, let f be a metalic extension of f, we have f (%) = f(%) =
r;, from a certain rank, since f is holomorphic at 0, then the limit of (z,) exists and we have
limz, = f(0), finally, we deduce that the existence of the exact limit implies the existence of the

limit, and lim z,, = f(0). Generally, we get :

. . ~0) while f € Ay;
1 — 1 — f( )
Jim, o = f(0) = lim 2y { +o0, while f € A

e The reciprocal of the above implication is not true, we can find a convergent sequence which does

not have an exact limit (for example: z,, = #).

e If a sequence (x,,) has an exact limit, then (x,,) keeps a constant sign from a certain rank.
In addition, if z,, > 0 from a certain rank, then limt Ty > 0.
exac
e If a sequence (z,,) has a exact limit, from the properties of the elements of A, we can show that
the sequence (z,+1 — =,,) keeps a constant sign from a certain rank.

Theorem 13. Let (ay,) be a real sequence, and f is a holomorphic function on D(0,¢) \ {0} such that:

e f(]0,e]) C R

18



o f (%) = ay, from a certain rank.
e fisbounded on D(0,¢) \ {0}.

Then the sequence (a,) has an exact limit, and we have: limt an = f(0).
exac

Proof. 0 is an artificial singularity of f.

10.4 The exact derivative

Definition 11. Let f be a function that is differentiable at the point o € R.

1
If the function h — M is metalic, then the exact limit of (w) exist.
We note : . .
~ 1y _ 5) —
Flag) = lim flxo+3) = f(zo) _ flzo+9) f(ao)

exact 1 1)
n

~

The Omicran f(xq) is called the exact derivative of the function f at a point x.

Example 6. Consider the following function defined as: f:x — z2.
The exact derivative of f in xg is given by: f(xg) = 2xg + 0.

Theorem 14. Let f be a function that is differentiable at the point o € R.
If the function h — w is metalic, then:
(f (o))" = f'(zo0)

Proof. We can apply the theorem of the exact limit.

Example 7. For f : x —> %, the exact derivative at xq is f(xo) = 2x¢ + 0, and the derivative at x is

f(@o) = 2z0.
We verify easily that : (2xo + 6)* = 2.

Lemma 3. Let f be a metalic function such that for every integer k € N, the function t — f(xo + kt)
is metalic, then :

-~ o~ o~ ~

f(:C() + N(;) = f(CC()) + 5(f(£60) + f(xo + 5) + f(CC() + 25) + ...+ f(CC() + (N — 1)5)
Proof. From the definition of f, we have:

f(zo+6) = f(=o)

f(xo +20) = f(xo +6)

Summing these equalities, and we find the desired result .
Application 1. (Calculate the sum of k")

o Forn =1, if f(x) = 2% then f(m) =22+ 0.
From the above proposition in the case of x¢o = 0, we find :

N252 = (5(F(0) + F(5) + F(26) + ... + F((N — 1)3)).

Which implies that : N26% = 6.(3 p o' 2k + 6).
Then: N2 = Y N2k +1) =23 N b+ N = 2N _ s> N-1y
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e In the case of n = 2, we choose f(x) = x3, then f(m) = 322 4 328 + 6%, by using the above
proposition for xg = 0, we find:

~ ~ ~

N?§% = 6.(J(0) + F(8) + F(20) + oo + F((N = 1)3))

N—-1 N—
5Z3k252+3k55+52 Z 3k + 3k + 1).
=0 k=0
N—-1 —1
Then: N3—3Zk2+32k+N
L voasr
_ s N3 -N-3
We deduce that: Z ke = 3

k=0
Finally, we get: ZN Lg2 = w
Similarly, we can calculate ZN ! k:3 ZN LR
Application 2. (The Riemann sum)

Let f, g be a two metalic functions, such that: f(8) = g(6), then f(1) = g(L) from a certain rank.
Consider the function defined as follows:

From the above lemma, we deduce that there exists a natural number ng such that Yn > ng, we have:

N-1)

f(:vo+%)=f(:vo)+%(fn(:co)+fn(wo+1)+fn(wo+ =)+ . +fn(a:o+( ).

k k 1
If f is differentiable on R, then f,(a + E) = flla+ E) + o(—).

Then "
N-—1
flat ) Z falat D) = @)+ 2 3 (Flat Dy o))
k=0

We assume that b > a, we can choose N = E[(b — a)n], then we get:

fat ) p@) =23 flat B LY o)
k=0 k=0
1=, N 1
= 2 fla+—=)+ go(g)-

Since N = [(b—a)n], thenb—a— L <X <p—qa
We deduce that lim f(a + %) = f(b), we pass to the limit and we find:

[(b—a)n]—1

CRFCELIPADY Flat ),

Forb=1and a =0, we get:
1 192k
= [ f®)dt=lim="Y» f'(=
| ro P
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10.5 The logarithmic function

We know that: Vo € R, lim (1+ f)" =e".
n—+o0o n
1

Let = be a real number, the function f : z — (1 + z2) ez m(1+z2)

D(0,2)\ {0}. B
In addition, In(1+z2) = 22— 2= +o0(2%2?) (for | z |[<< 1), we deduce that: lim,_,q M = z,and

lim,_, f(2) = €”, then the function f can be extended to a holomorphic function on a neighborhood of
0, which implies that lim (1 + f)" exists and we have: lim (1 + E)" =(1+ xé)%, and ((1+m5)%)* =
n n

exact exact

is a holomorphic function on

er.

From the above results we deduce that e” is an infinitesimal approximate value of (1 4 dx) 5,

Consider the function &(z) = (1 + 535)%, if this function © — £(x) has an inverse function, then the
calculation gives us the function ¢! which is defined as : {71 (z) = :’36(;1 (if it exists !!).

We can justify the existence of this function, for that, we consider the real number x € R*T,

The map defined as g : = — =L = ezm(;)*l is a holomorphic function on D(0,¢) \ {0}, and
lim,_,0 g(z) = In(z), then 0 is an artificial singularity of g, we deduce that there exists the exact limit of

§
—1
the sequence (n(:n% —1)),>1, and his value is equal to limtn(:n% —-1)= a 5
- exrac

We define the the original logarithm by:

20— 1

In, : v —
N, : & 5

The function ¢ is called the function of the the original exponential, we note:

>l

&(z) = expo(z) = (14 0x)3,

and we deduce that:
(Iny(x))* = In(x).
Then:

o
-1
In(x) = lim0 i
a— (0%

Application 3. From the above results, we can show the following equality:

« e

% —x~
| =1
) = =,
Remark 11.
In(z) . 2*-1 . a%—a7¢
= lim —— = lim

In(y) oa=0y*—1 a0 y*—y=
Application 4. By using the above results we can show the following theorem.

Theorem 15. For every 0 < x and x # 1, we have :

r—1 . k
= lim - Tn
In(x) n—=toon &
Proof. We have:
1 n—l k
(zn —1)(Y an)=z-1
k=0



Then:

Application 5. Consider P the set of the prime numbers.
We define the prime-counting function [14] at real values of x by:

m(x) =#{p <z:pe P}
Theorem 16. (Hadamard and de la Valle Poussin). As x — +00,

Proof. See [14].0]

By using the above theorem, and the formula In(x) ~ x65_ L we can show the following theorem:

Theorem 17. As © — 400, )
m(x) ~ — .
rz — 1

Proof. We approach In(x) by x(sé_l, and 6 by % and we deduce that an approximate value of —lng(cm) is
1
:v% -1

; z 1 ; . .
Next, we can verify that W@ ~ Iy in fact: As x — 400, we have:

1 1 1 x
~ In(z = In(z
rz —1 653)—1 e;)— ln(x)
In(x)
x
In(x)
Since, lim “——— 1 _ 1 then: —! z
mee, x—1>I—|I—loo In(z) = & fhen. 1 In(a)
X
Finally, we obtain:
1
m(x) ~ T .
rz — 1

Application 6. Let (p,,) be the sequence of the prime numbers, we have:

Theorem 18.
pn ~ nln(n), while n — +oo

Proof. See [14].0]

By using the above theorem and the approximations In(n) ~ % and § ~ %, we get the following
theorem:

Theorem 19.
pn ~n?(Y/n —1), while n — +oo

Proof. We can verify that lim % 1
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10.6 The Omicran-reals in geometry

10.6.1 The geometric point

If f is a metalic function, and f(J) is an infinitesimal number, the function f is metalic then the sequence
(f (%)) keeps a constant sign from a certain rank. Assume that the above sequence is positive from a

certain rank ng. Since ¢(f(5)) = f(L)n>1, then we can represent f(J) by the the family of segments
(I)n>1, where I, :]O,f(%)],

Definition 12. Let f and g be two metalic functions. Assume that the number f(0) — () is infinitesimal

and f(5) < §(6).
An elementary Geometric point of O is a segment of the type : [x a,x A + 0, where [x,y[={z/ x < z <

y}

10.6.2 The length of a curve C;

We define the length of an elementary geometric point by:
l([xA,xA + 5[) =9,

where x4 = g(d), and g is a metalic function. N

Let f be a function such that: «+ — f(z% + x) is metalic, and f the metalic extension of f on a
neighborhood of %, consider A(z 4, f(z.4)) and A'(x 4 + 0, f(x 4 + 0)) two ordered pairs of 02, let ¢
be a function defined as:

¢:Z_%Z¢1+Cﬂma+zw<ﬂaa5z

z

The map 0 : z — w is holomorphic on D(0,¢) \ {0}, and we have:

o) — 1) +2) = Ja)  JGE) ~ T),

z z

where lim,_, g(z) = «% (the projection of z 4 onto R).
Then the lim,_,( 0(z) exists, and we have:

lim 6(z) = (¢'(0) + 1) f' (%) — g'(0)f' () = f'(z74) € R

z—0

We deduce that lim,_,g¢(z) = 0, and ¢ is continuously extendable over 0, then the function ¢ is
holomorphically extendable over 0, which justify the existence of the exact limit of the sequence (¢( L ))s

and we have "
im (1) = o6) = 8y /1 + L2t DS @)

exact n (5

which is infinitesimal. We define the length of the segment [A, A’[ by:

MAA®:5¢L+gmA+2—fmmy_

w@m=5¢r+ﬁ“A+2_f“”ﬂ=5w1+ﬂmm.

We note :
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If f is a metalic function defined on the interval [0, 1], Let A(0, f(0)) and B(1, f(1

n—1

~—

) two points of the

1 ~k
plane which define with f the arcAB, if the exact limit of the series — Z + f(—)? exists, we note:
n
k 0
1 ~k I =
il Ty 2
elﬁtnz L+ [ =0 1+ f(ko)

We define the exact length of the arc AB by :

va—l

I(AB 1+ fk

The length of the arc AB i the real denoted by [ *(AB) and defined by :

-1
I(AB) = (5 )_\/1+ f(k0)>)" = lim 5 \/1+fn

where f,,(x) =

n
Since f is a metalic function, then it can be extended to a function twice differentiable at 0.
Assume that the function is twice differentiable on |0, 1].
Then:

w
-
—

e
S

_
N~—
|
-
—
S =
SN—

o k 1
f"(ﬁ) = 1 = f,(—n) + —2nf"(§k),
Wherel<k<n—1,and§ke]ﬁ L)

Consider M; = supjq 1(] f'(x)]) and My UP]0,1[(| f(@) ).
We have :
)k k

k
fn(g) = (f( )+ f”(§ ) —f&(ﬁ) + Enyks
where &, = f/(£)L (&) + 222 f"2 (&)

If M7 < 400 and My < 400, we obtain:

Then, lim sup | &,k |= 0, and we have:
n—+oo ’

\/1+f%(fj) \/1+f'2<k)+ank

En,k

k
1+ fIQ(E) + NS

where B, €| 1+ f2(£), 1+ f2(E) +enp |-
Then:

_Z 1+f2 1+ f2(0 1+f’2 il
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Since linn sup | €n % |= 0, then we can verify that the 3, 5, > % from a certain rank ng, and we have:
n—-+0oo k

2n 1/ﬁn = om p mk 1= 2n '

Then: lim — \/1+f2 lim — \/1+f’2
n~>+oon nﬁJFOOn

By using the Riemann sum, we deduce the length of the arc ADB :
- 1
I*(AB) :/ V1+ f?(x)dx.
0

10.7 The exact limit of the series

Let s, = Y _,_, ai, be a convergent series, where (ay,) is a sequence of real numbers.
To calculate the exact limit of (s,,) it’s sufficient to find a holomorphic function f in a neighborhood of
0 such that:

f(n_l())zsnoza1+a2+"'+an0
Ji(n_ll) =Sp; = a1+ a2+ ...+ any +an,
f(G5) = 8ny = a1+ a2+ . + ang + Ay + iy

f( ):Sn:a1+a2—|—a3+ ............................ + ap,

where ng € N. Consider the real a = Y _;° " a, we get:

S|=

) = Sny = Q@+ Gn,
) = Sp, = @+ Gpy + ap,
) = Sny = @+ Gpy + Gy + an,

On other hand lim s, = f(&) we note: f = lim Zak = Zak = Zak

exact exact

The system (S) is equivalent to:

fGg) a 100 . .0 g
) a 110 . Ang+1
. _ n 0 .
- . 0
. . 1 . 1 0 .
f(l) «o 11 11 an
n
Let T" be a matrix defined as:
1 00 0
1 1 0 .
0 .
= .0
1 . 1 0
11 1 1
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Then T is invertible, and we have:

1 0 0 0
-1 1 0
71 0 -1 0 0
0 -1 1 0
0 0 0o -1 1
Then:
(g N (,%Ol o
ng+1 —fGo) + F ) 0
an —fGE) + () 0
We deduce that: )

ap = f(ﬁ) - f(m), from a certain rank ng

We assume that limt an, exists, in addition the sequence (s;,) is convergent, then (a,,) converges to 0. We
exrac

can find a holomorphic function on a neighborhood of 0 such that a,, = g( ) from a certain rank, in this
case we have hmt an = g(0). Then g(0) = 0 and there exists p such that VYn > p, we have:
exac

o(2) = F(5) - F(—

n n n—1

).
Since f and g are a holomorphic functions on a neighborhood of 0, then there exists € > 0 such that:
~ Z
—),Vz € D(0,¢).
z

On other hand, we have f( nlo) =a=>,2 Lag.

The above result is true for every p > ng, then f(0) = S5 ax. Finally, we deduce the following
theorem :

Theorem 20. Let g be a metalic function, and (sy)n>1 the convergent series defined as s, = Z g(=

If the exact limit of (Sy,)n>1 exists, then there exists a function fholomorphic at 0 such that f(é) = lim Z 9(

This function is given by :

{ F0) =S 0(d),
fli=

9(2) = f(z) — =), on aneighborhood of 0.
Remark 12. ( Calculatmg of the ﬁmte sum )
If f hm Z ag, then f Z ay, from a certain rank ny.
k=1
Example 8. We K li i L _
P CIE e Lkt 1) 140

Th deduce ¥n > 1 i ! 1

en we deduce ¥n > 1, = .

T k(k+1) 144
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10.8 The calculation of the exact limit of >

Let (s;,) be a series defined as s, = Y, g(%) we assume that the series is convergent, and g is metalic
function, then holomorphic on a neighborhood of 0. The existence of the exact limit of (s,,) implies that
there exists a holomorphic function f on a neighborhood of 0 which verify :

9(2) = f(z) — f(é), on the disk D(0, ).

Let g(2) = >.1% B,2" and flz) = S0 2™, where () and (3),, are a real sequences.
We have:

f(2) =g+ a1z + a2’ + ... + a2z + o(2").
Then:

f(£)=fz+ 22+ .4 2"+ o(z"))
=aptai(z+..+2"+0(z") 4+ ... +an(z+ ...+ 2"+ 0(z"))" + o(z")
=ap+ a1z + (a1 + a2)z? + (o + 20 + a3)2% + (a1 + 3ag + 3as + ay)2?
+ (o1 + 4 + 6a3 + 4oy + a5)2® + (a1 + bag + 10az + 10a4 + 5as + ag)2°

+oot (1 + ("Il)ag + ("gl)ag + ot (Z:;)an_l + )2 + o(2™).

Since: g(z) = f(z) — f(rzz) we deduce that :
{ Bo=p1=0

B = —aq — (kIl)OéQ — (kgl)ag — . — (i:%)ak,l, V2 <k <n.

Remark 13. Since By = B1 = 0 then g(z) = 2%g1(2), where g1 is a holomorphic function on a
neighborhood of 0.

Now, from the above results, we deduce that:

Bo=pB1=0
B2 = —a1
Bs = —a1 — 20
ﬁ4 = —Q1 — 30[2 — 30[3
Bp=—a1—(n—1)ag — ... — ("gl)ockﬂ — = (Z:;)Oén—l-
Then:
B2 -1 0 0 . 0 aq
53 -1 -2 0 . 0 a9
54 -1 -3 -3 . . Qa3
_ 0
0 .
. . . . . 0 .
Bn -1 —(n-1) . .. . =(n-=-1 1
Consider the matrix defined as:
-1 0 O . 0
-1 =2 0 . 0
-1 -3 -3
M, = 0
0o .
. 0
-1 —n —-n
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We have: det(M,,) = (—1)"n!, then M, is invertible, and we have:

B2 aq

B3 fo%)

Ba ag
- Mn— 1

ﬁn Qp—1

Then, the above system admits a unique solution (av, a9, ..., p—1).

If limsup /| ay, | = = > 0, then the function f(z) = +2° @, 2™ is holomorphic on the disk D(0, R),

and the exact limit lim Z g ) exists, in addition, we have:
exact

n n
~ . 1 .
f0) = lim > g(7) = Jim > ax,
k=1 k=1
we get :
400
J;z%tZak =2

2l = "
We note lim, Z an, Z apd
Then:

+oo
(lim Z an)* = Z Qs
emact

n=1

—+00
(Yo =3 an

n=1

11 The black magic matrix

11.1 The calculation of the exact limit with the black magic matrix

Let g be a metalic function and f a holomorphic function in a neighborhood of 0.
We assume that the series Y_j._; g(3) admits the exact limit f(6).

Let (a,) and (53,) be the real sequences such that f(z) = ag + S2/°5 apzF and g(z) = S, o Bzt

We have:
U
eliﬁritkz_lg(E) = £(0).

And:
165} aq
B3 Qs
B4 ag
= M, 1
/Bn Qp—1
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Definition 13. The black magic matrix of order n is defined as v = M 1.

n

We obtain:
aq B2
Qg B3
as B4
— w(nfl) :
Qp 1 Bn

The real oy is given by ag = f(0) = S g(3).

Remark 14. We can verify that:

65
m 1 53
ZQ(E):QO‘FHETOO( L # # # )¢(n_1) P |,
k=1

B

from a certain rank my.

11.2 The magical properties of 1™

Property 1. The matrix )\"™) is given by )\™) = M1, where M,[i, j] = { 0 ;
, else.

We deduce that the matrix " is invertible and lower triangular:

n!

Property 2. We have 1/12(7;) = _—1 then tr(¢¥™) = —H(n) and det(yp™) = CU" where (H(n))p>1
) /Z/ -

1
is the harmonic series which defined as H(n) = g -
i
i=1

Proof. The matrix M,, is lower triangular and Sp(M,,) = {—i, for 1 <i <n}.
Then : 4™ is lower triangular and we get Sp(¢(™) = {=L, for1<i<n}

Property 3. Forevery1l <i <n — 1, we have:
¢Z 17Z - 5‘

Proof. We have: .
Sisri= > Myli+ 1, KJyp,.

k=1
Then:
i+1
N7 My fi + 1K) =o0.
k=i
We deduce that:
. My[i + 1,407

VirLi = CMuli+1,i+1)
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. ()
1/12(4»)1,7; = _%7

(3

finally, we obtain:

Property 4. For every (m,p) € N2, such that:2 < m, and 2m + p < n, we have:

w2m+p 1+p — =0.
In particular, for every 2 < m < 3, we get:

wg,?mdmﬂ = 0.

Proof. We can see the demonstration in the following pages.

Property 5. For every 1 < m < n — 1, we have:

1
1/} wm-‘,—lm 1 E

Then:

Proof. We have:

Then:

3

W) Mk, ) = 6.
k=1

In particular:

3

P e Malkm = 1] = Sy mot

k=1
Then:
m+1
> zpmﬂk M, [k, m —1] = 0.
k=m—1
Which implies:
Y0 et M — Lm = 1]+ 0 My [mm — 1)+ 4500 My m o+ 1,m — 1] = 0,
Then: ( 0 ( 0
m(m — m(m —
—(m — 1)1”5:11 m—1 " =0.
; 4 6
Finally, we get:
—m

¢m+1m 1 12 .

Property 6. For every (i,j) € N2, such that 1 < i,j < n, we have:

(nt1) _  (n)
Pt =y
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Proof. From the definition of M,,, we have:

0
Mn+1 = Mn 0 ;
Xn —(n+1)

where X, = —(("E]H), ("Jfl), - (Zﬂ))

To prove that 1/11(7;“) = 1/11(7;), it is sufficient to show that there exists a row vector Y;, such that:

0
P — (™) .
0
Y, —-1/(n+1)
On other hand, we have:
A4ﬁ+1¢xn+1):: n+1,
then:
0 0
(n)
M, 0 w 0 = In+1,
X, —(n+1) Yo —-1/(n+1)
which implies:
0
(n) :
My D=
X, — (n4+1)Y, 1
Finally, we deduce that: X,,9)(™ — (n +1)Y;, = 0,,.
X,
Then, we can choose Y,, as a form Y,, = 1 and we get:
n
0
(n) :
(n1) _ ¥ :
Pt = 0
1 1
Eﬁ;ﬁ' nd% T+l

. n+1) .
Finally, we deduce that: wi ; = 1/;2(,"].), forevery 1 <i,j < n.

Remark 15. From the above result, we deduce that QIZ)Z(? = ¢Z.(’;), foreveryl <i,7 <n.
We note 1/)2(3) = ;.

Property 7. For every 1 < i < n, we have:

n n
Z¢i,k =0, and Zwl,k = -1
k=1 k=1

31



Then:

ZC’i:Cl+C’2+...+C =

i=1
Where C1, Cs, ..., Cy, are the column vectors of the matrix 1)(™)

Proof. We know that: 1, M,, = I,,, then Z Ui, K| My [k, 1] = 61
k=1

22:1 ¢1,an[k’ 1] =1,

We deduce that:

Soh i pMylk, 1] =0, ifi#1
Then: .
dk—1 e = —1,
S =0, ifi#l
Property 8. For every 1 < i < n, we have:

n

Z( ) T;Z)z k= ( )z+1

k=1

Which implies:

n _ 1
()i =C = Cot o+ () C, =

i=1

Where C1, Cs, ..., Cy, are the column vectors of the matrix 1)(™)

-1
Proof. From the example 3, we have elmlggt Z i k 1) =13

—Z k2* and f(2)

_ Z 1)k+1 2k,

Then : hm Zg 1 = f(6), for g(2)

By using the Property 9, we deduce that:

1 -1
—1 1
1 -1
=y :
( 1)n+1 (_1)n

finally, we deduce that:



Property 9. Let g be a metalic function, such that g(z) = ljzof) Brz* on a neighborhood of 0, we
assume that the series y _, g(%) is convergent and admits a exact limit, then there exists a holomorphic

exact

~ n 1 ~ ~
function on a neighborhood of 0 f and a real sequence (), such that lim Z g(E) = f(0)and f(z) =
k=1

Zﬁi% ay2* on a neighborhood of 0, the real sequence () is given by:

o B2
fo%) B3
N ag Ba
X1 . N )
o = Zg(%) and =y~ ;
pa ) )
Op—1 ﬁn

and we have: By = 1 = 0.

Example 9.
B A
(=2 ¢ _<1/2 —1/2)
-1 0 0
n=3 ¥ = 1/2 -1/2 0
-1/6 1/2 -1/3
-1 0 0 0 0
1/2 —1/2 0 0 0
(n=5 @ = -1/6 1/2 -1/3 0 0
0 —1/4 1/2 -1/4 0
1/30 0 -1/3 1/2 -1/5
-1 0 0 0 0 0 0 0
/2 —1/2 0 0 0 0 0 0
-1/6  1/2  —-1/3 0 0 0 0 0
_ ® _ 0 —1/4 1/2 -1/4 0 0 0 0
(n=8 ¢ 1/30 0 —1/3 1/2 -—1/5 0 0 0
0 /12 0 —=5/12 1/2 —1/6 0 0
-1/42 0 1/6 0o -1/2 1/2 -1/7 0
0 —1/12 0 7/24 0 —7/12 1/2 —1/8
(n=12)
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w(l?) _

~1
1/2
~1/6
0
1/30
0
—1/42
0
1/30
0
—5/66
0

0
~1/2
1/2
~1/4
0
1/12
0
~1/12
0
3/20
0
—5/12

Theorem 21. (To calculate the coefficients of (1; ;) by induction)
For every 1 < j < n, we have:

where X,, = — <(

n+1) , (n+1

1

Proof. There exists a row vector Y;, = (y1,¥2, -.., Yn ), such that :

On other hand, Y,, =

where (e, €2, ..., €,,) is a canonical base of R".

Xpp(m)
n+1 °

0 0 0 0 0 0
0 0 0 0 0 0
-1/3 0 0 0 0 0
/2 -1/4 0 0 0 0
-1/3 1/2  -1/5 0 0 0
0 -5/12 1/2 —1/6 0 0
e 0 -2 172 -1/7 0
0 7/24 0 -7/12 1/2 -1/8
~2/9 0 7/15 0 -2/3 1/2
o -1/2 0 7/10 0 —3/4
1/2 0 -1 0 1 0
o 11/8 0 —11/6 0 11/8
(
X, o j
T;Z)nJrl,j = n_:1 . s
Un,j
n+1 -1
)7 ceey (n71)>, and we have ¢n+17n+1 = n—_’_l
0
0
1
Y, -1
then:
V15
X X V2,
Yj = ¢n+1,j - Ynej = n—_:lﬂ)(n)ej — _:1 :
Un,j

Remark 16. For everyn > 1, we have :

X = (OaXn—l) + (Xn—la _n)-
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1/2
~5/6
0
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0
~1/10
1/2
~11/12
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0
—-1/11
1/2
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11.3 The relationship between v); ; and the Bernoulli numbers

The Bernoulli numbers are defined as:

( Byg=1

BO + 2Bl =0
By+3B1+3B2=0
By+4B1 + 6By +4B3 =0

By + (?)Bl + ...+ ( n )Bn—l =0

n—1
Then:
By -1
By 0
M, : =
B,_1 0
We deduce that:
-1 By
Tl I I
0 anl

Finally, we get the following theorem:

Property 10. For every natural number k > 1, we have:

Y1 = —Bp_1.
Then, the first column of v is given by:
P11 By
Yo1 | By
Tzz)n,l anl

Remark 17. From the above theorem, we deduce that {91 = 0, for every natural number k > 1,
because Boj+1 = 0.

Property 11. Forevery k € N, and s € N*, we have:

k—1
B .
'l/)k+37s: —k—? (S+Z).

i=1

Proof. Let | =x, be a st column of the matrix /(™). To find this column it’s sufficient to

Tn
determine the values of the real numbers (z;) which verify:

S (GIGTEATSDI EY B

Ln
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On other hand, we know that By = 0 for every natural number £ > 1, then to prove that 1595415 =
0 it’s sufficient to show that the above column has the following form :

0 0
Ts _ as By

Tsy1 as1B1 |
Tp, QB

where ag, aig41, ..., iy are a real numbers. Then:

0

(CEGTRNRE] g E

aan—S

If s # j, and s > j, this product is zero. '
If s < j, we find : OésBo(sil) + as1B1 (1) + ..t aij_s(jil) =0.
From the property 10, we know that :

) — s+ 1 ) — s+ 1 ) — s+ 1
<=7 : )Bo+<‘7 X )Bl+....+<‘7j_s )Bjszo.

To find the real numbers (c;), it’s sufficient to find A € R, such that:

J j—s+1 .
= < 7.
as+kBk<S+k_1> >\< i )Bk, Jfors+k<j

Then:
(jferl)
Qs+k = A I; ’
(erkfl)
Als+k—=DNj—s+1)!
Ast | = y 3 .
! 7!

In the case of £ = 0, we get:
- Dy — !
NENCEL | [ETES!)
J!

Then:
Jlas
(s =G —s+1)

On other hand, we know that By = 1, then oy = _Tl, and we get:

A=

J!
A=
sl(j—s+1)!
We replace A by his value, and we define the real («;) as:
(s+k—1)! 1

Finally, we deduce that :

Yhins = — s+ 1)(s 4 2)ons + K — 1)
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Corollary 2. For every (I,m) € N? such that m > 2 et 2m < I, we have:

Vii—2m+1 = 0.

Remark 18. From the above results, we deduce that the Property 4 is true, and we can show the following
theorem.

Theorem 22. The matrix of the black magic 1)) = (Vi j)i<ij<n is given by :

Bi; iy .
i 0,

else.

11.4 The black magic matrix with the Riemann zeta function
11.4.1 Important lemma

Lemma 4. The radius of convergence of the series

+00

k
Z wk,s—lz )
k=1

is zero.

Proof. The radius of convergence of the series Z:;"i wk7s,1zk, is given by:

1 — /
E = hmk—)-‘,—oo y | ¢k,s—1 |

We have:

VYrs—1 = —%s(s +1)(s+2).(k—1) = — (k‘B—k;S—:—ll)! El;: : B:

For k =2m + s — 1, we get:

TIZ) B Bgm (2m+s—2)!
2m—+s—1,s—1 — (S — 1)' (2m)'

Since 2m! ~ VArm(22)*™ and | Boy, |~ 4y/mm(Z)?™, then:

’ Bom ’ -~ 2(i)2m
2m! s
We deduce that:
2m+4s—1 ‘ BZm ’ ~ i
V  2m! o
On other hand, we have:
2 —1
@m+s— 1D~ /27(2m + 5 — 1)(%)%“—1.
Then:
2m + s —1)! 2r(2m+s—1) 2m+s—1 _
~ ( )2m+s 1
(s —1)! (s —1)! e '
We deduce that:
omis_1] (2m 4+ s —1)! 1 2m+s—1
-~ ~ (2 —1)dm+2s—2 (——
T~ (am s = e (R,
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2mts—1 (2m + s — 1)! %1n(2m+s,1)(2m+s— 1)

~ e4m+2sf2

(S— 1)' e

Finally, we get:

mts— 1 1 n(2 -1 2m + s — 1
e Y2mgs—15-1 | ~ opl “(m+8 )(f),

B m
2m+4s—1 ‘ ¢2m+8—178—1 ’ ~ %
Then: ml—i>r—Il—1c>o 2m+s_\l/m = +o00.

Which implies that: limy,_, 4 o {/] g s—1 | = +o0.
We deduce that the radius of convergence of the series 212(1) wk,s,lzk, is zero. [

11.4.2 The Riemann zeta function
This section will be concerned with the Euler zeta series, which is the function

400 1
C(S) = 57
n=1
where s is a real number greater than 1.
If s € N\ {0, 1}, consider the real function g : © — z°, and the series sy = > n_, 9(3).

N
1 : .
Theorem 23. The series sy = Z o does not admits an exact limit.
k=1

_ Proof. We assume that the series (s,,) admits an exact limit, then there exists a holomorphic function
f on a neighborhood of 0 such that: f %) = sy, from a certain rank.

If f(2) = 220 i 2®, then:
(05} 0
a9
= ¢(n) ! = ¢(n)6371-
0
oy, 0
Then:
a1 P1,s-1
Qo P51
Qp, wn,s—l

+oo 1
and g = Z e ¢(s).
k=1
Then: f(z) = ((5) + Y323 ks 12"
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N
Since lim Z 1 £(6), then:

exact

from a certain rank V.

Then:
N 1 +oo T;Z)k )
S
) =D 5= D

Unfortunately, this result is not true, because the function fis not holomorphic on a neighborhood of
0, from the lemma 1, then we obtain a contradiction and we deduce that the series (s,,) does not admits
an exact limit.

11.5 The twelfth property of the matrix (™

From the above results, the formula ((s) = 25:1 # — Z;’ol w}f{ L is false, despite this, we can correct

this equality by using a new term E(M, N, s) which is defined as:

2M+s—1

N
1/% 1
E(M,N,s) = ((s) - Z + Z .
n:l
Then:
N 1 2M+s—1 T/Jk 1
S—
C(s) =) — - > + E(M,N,s).
n=1 k=1
Which implies:
N 1 2M+s—1 "
_ ks 1
¢(s) _Zn > + E(M,N,s).
n=1 k=s—1
N 2M 1
B 1 ¢s—1,sfl ¢s,sfl T;Z)erl,sfl = 1/%3 1 M. N
_ZE_ Ns—1 Ns  NstL Z E(M,N.,s).
= k=s+2
We deduce that:
N 2M+s—1
1 1 1 11 1/);” 1
C(S): E—Fs——lﬁ_ﬁm_ Z —I-E(MNS)
n=1 k=s+1
N—1 2M+s—1
1 1 1 11 1/);” 1
=2 S+t tans — 2 +EQ,N,5).
n=1 k=s+1
For r = k — s, we obtain:
N-1 2M—1
1 1 1 1 1 1/JT+SS 1
_ il e T M, N,
C(S) — ns + s—1Ns— 2 Ns Z Nr-i—s ( S)
Then: N u
1 2M—1 r+s
1 1 11 (1) Brsa
— —— ———— + F(M,N,s).
— ’I’LS sfl + 2 Ns + TZ:; (T—FS)NTJFS + ( ’ ’S)
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On other hand, we have Bs 1 = 0 for every natural £ > 1, then:

N-—1 M 2m+s 1
1 1 1 ( )BQm
5 s + E(M,N,s).
ns 3—1N81 2 Ns +Z 2m+s—1N2m+81 ( ’ 73)
n=1 m:l
We get
N-1 M 2m—1
1 1 1 11 By,
C(S) = pan ns S_le—l +§NS +7nz:1 g (S"‘Z)W E(lW,N,S).

Finally, we find the standard Euler-Maclaurin [9]. formula applied to the zeta function ((s), where s
is a natural number and s > 2, then we deduce that the matrix of the black magic 1/)(") has a beautiful
twelfth property which given as:

Property 12. By using the black magic matrix, we can represent the Euler-maclaurin formula as:
Ny B
C(8) =Y~ 5= < Cor. Xatns > +E(M, N, s),
n=1
where:
- < .,.> is the scalar product < x,y >= Y x;y;.
- Oy = p@M+9)e | is the (s-1)-th column of the matrix 1)*M+3),

1
¥
-X M,N,s IS the column vector defined as : X M,N,s = ]\.[2
1
NZITs
Example 10.
(2 <B) ¢(5) ¢(9) ¢(11)
-1 0 0 0 0 0 0 0 0 0
1/2 -1/2 0 0 0 0 0 0 0 0
-1/6 /2 -1/3 0 0 0 0 0 0 0
0 -1/4 1/2  -1/4 0 0 0 0 0 0
7/)(10) _ 1/30 0 -1/3  1/2  -1/5 0 0 0 0 0
o 0 1/12 0 -5/12 1/2 -1/6 0 0 0 0
—1/42 0 1/6 0 -1/2  1/2  -1)7 0 0 0
0 -1/12 0 7/24 0 -7/12 1/2 —-1/8 0 0
1/30 0 —2/9 0 7/15 0 -2/3 1/2 -1/9 0
0 3/20 0 -1/2 0 7/10 0 -3/4 1/2 -1/10

We have:
1

N1 2M~+s— w

k,s—1
= — E(M, N,
D= 3 Betesanve

The coefficients of the first column of *%) are —1,1/2,-1/6,0,1/30,0, —1/42,0,1/30,0 then :

N
NSk

1

1 11
N2 30

1 1 11
— — + —— — —— + B(4,N,?2).
N7 30N TN gone T EAN2)

| =

+

DO | —
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Similarly, we deduce the following formulas :

N
1 11 11 11 11 11 3 1
3) — 4 - - - 4 - - - 4= = 2 - 1 FE4.N.3).
¢(3) ;n3+2]\72 2N3+4N4 12N6+12N8 20N10+ (4,N,3)
N
1 1 11 5 1 71 11
4y - - 42 - L - L - L FE(B3N.5
gn 4N 2N+2N6 24N8+2N10+ (3, )

N

1 11 11 31

et o— ——— + 2 4 E(I,N,9).
Z::n sns 2o gy T ELN9)

12 The relationship between the hyperreal numbers and the Omicran-
reals

Let u be an element of A, *R the field of hyperreal numbers and u(d) the Omicran defined by the
sequence u(,; L In>1. < u( ) > represents the hyperreal defined by the sequence u(: L In>1-
The map defined as:

0O — 'R

b u() —<u() >

is a ring homomorphism. In addition, we prove the following results:

e The map ¢ is injective, in fact: if ¢(u(6)) = 0 then < u() >= 0. We deduce that {i : u(}) =
0} € F. Then u(%) is zero for an infinity of indices ¢, from the properties of u as an element of
A, we deduce that u = 0. Finally u() = 0.

e From the above result, we deduce that the field O is isomorphic to a subfield of *R.

More precisely, we have:
O=(0)C"R.

e The total order relation defined on *R extends the total order defined on O. In fact:

1. If u(8) < v(6) then there exists ng such that u(+) < v(}), which implies that {i : u() <
v(%)} € U ( because, the finite sets are not elements of U ). Finally, we deduce that <
u(t) > < <o(d) >.

2. Conversely, if < u(3) > < < v(3) >, then {i : u(3) < v(3)} € U. From the properties of
the elements of A, we deduce that there exists ng such that u(%) < v(%) for every i > ng.
Finally, we get:

u(d) <wv(d) <= {i: u(%) < v(%)} eu.

From the above results, we can justify the identification of the field of Omicran-reals O by a strict subset
of the field of hyperreals, and we deduce that:

”Any property that is true for every hyperreal number is also true for every Omicran.”
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13 Concluding remark

From the work of Robinson, the construction of the hyperreal numbers is related to the existence of an
ultrafilter with special properties. We can find in this ultrafilter the element A which is very ”small”
compared to A°. Unfortunately, this property is not good for giving a very effective approach in practice.
In this work we propose an explicit approach without using the ultrafilters, without adding any axiom,
we can find the new notions used to obtain more applications thanks to this new method. Finally, we
think that the new method becomes more usable for many researchers in all fields of mathematics not
only for the specialists in mathematical logic.
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