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We show by direct numerical simulations (DNSs) that in different types of isotropic turbulence, the fourth-order
statistical invariants have approximately a linear relation, which can be represented by a straight line in the phase
plane, passing two extreme states: the Gaussian state and the restricted Euler state. Also, each DNS case
corresponds to an equilibrium region that is roughly Reynolds-dependent. In addition, both the time reversal and
the compressibility effect lead to nonequilibrium transition processes in this phase plane. This observation adds
a new restriction on the mean-field theory.
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I. INTRODUCTION

In homogeneous isotropic turbulence (HIT), the expression
of the statistical moments of a velocity gradient tensor has
always been considered an important basic problem [1]. The
quasi-Gaussian closures [2,3] assume a relation between the
second- and fourth-order moments, while the direct interaction
approximation (DIA) relaxes this restriction [4] and captures
more details on the fourth-order accumulations [5,6]. For all
of these existing closure methods, the high-order moments
are always difficult problems. In fact, there are even quite a
few studies on understanding and explaining the high-order
statistics.

It is not difficult to show that both the second-order [7]
and third-order moments [8] of a velocity gradient tensor have
only one degree of freedom, but for the fourth-order moments
it is more complicated. From Siggia [9] one can obtain
four invariants, which are expressed by the combinations of
vorticity and strain rate. Several studies have been performed
to deduce the exact formation of the fourth-order moments
[9–11]. In particular, from Hierro and Dopazo [11] these four
invariants can be defined as
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with 〈 〉 the ensemble average and ui,j = ∂ui/∂xj the velocity
gradient tensor. In some of the literature, these four invariants
are alternatively written in the formula

I1 = 〈s4〉, I2 = 〈s2ω2〉, I3 = 〈ωisijωkskj 〉, I4 = 〈ω4〉, (2)

with s2 = sij sij , sij = (∂ui/∂xj + ∂uj/∂xi)/2, and ω is the
vorticity. The transformation between (1) and (2) can be found
in Ref. [11].

In the present contribution, we aim to investigate the
relation among these invariants in real turbulence. We show by
different types of direct numerical simulation (DNS) cases that
the locations of (F2/F1,F3/F1) in the phase plane are always
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near a straight line, which can be defined by two extreme
theoretical states. In addition, we show the evolution trends
in this phase plane for compressible turbulence and time-
reversed nonequilibrium turbulence. Finally, the observation is
employed in the mean-field theory to provide a new restriction.

II. EXTREME STATES

In this section, we list two typical extreme states that were
employed in turbulence closures, and we show that both states
imply typical constant points in the (F2/F1,F3/F1) phase
plane.

A. Gaussian state

The quasi-Gaussian assumption is widely used in turbu-
lence closures such as the eddy-damping quasinormal Marko-
vian (EDQNM) theory [2]. Similar to that, we may obtain
Gaussian relations in the physical space for the fourth-order
moments in Eq. (1), which simply leads to
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Considering the relation in HIT that 〈u2
1,1〉 = 1

2 〈u2
2,1〉 [12],

we have finally

F1 : F2 : F3 : F4 = 1 :
2

3
: 4 :

2

3
, (4)

or using the other invariants,

I1 : I2 : I3 : I4 = 1 :
10

7
:

10

21
:

100

21
. (5)

B. Restricted Euler state

Another extreme state, known as the restricted Euler (RE)
state, corresponds to vanishing pressure and viscous terms
in the Navier-Stokes equations and retaining the advection
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term [13]. As discussed by Hill and Boratav, the RE state
yields [see Eqs. (12) and (13) of Ref. [14]]

∂rD1111(r) + 2

r
[D1111(r) − 3D11αα(r)] = 0,

∂rD11αα(r) − 4

3r
[Dαααα(r) − 3D11αα(r)] = 0,

(6)

where D is the fourth-order structure function with the
two-point distance r , and the subscripts 1 and α denote the
longitudinal and transverse components, respectively (without
taking summation). Taking the limit of Eq. (6) when r → 0,
one obtains finally

F1 : F2 : F3 = 1 :
1

2
:

15

8
. (7)

The value of F4 is independent of the other three values in
the RE state. Due to the uncertainty of F4, we cannot obtain
any exact relation on the invariants I1, . . . ,I4.

We remark that although the RE system leads to singularity
of the velocity gradient in finite time [13], the RE simplification
provides an analytical tool to explain the invariants that can
be nonsingular, for example the so-called Q-R phase-space
problem [15–18]. Q and R are defined as second- and third-
order invariants, respectively, while in the present contribution
we show similarly that the RE system leads to an extreme state
for the fourth-order invariants.

Comparing the Gaussian state and the RE state, it is possible
to define an (F2/F1,F3/F1) phase plane, in which the two states
correspond to two typical points. In the following section, we
will show by DNS databases the behavior of real turbulence
in this phase plane.

III. NUMERICAL RESULTS

In this section, we summarize and perform DNS for
different types of HIT flows to investigate the statistical
behavior in the (F2/F1,F3/F1) phase plane, including forced
incompressible turbulence, free-decaying and time-reversed
nonequilibrium incompressible turbulence, and compressible
turbulence.

A. Forced incompressible turbulent flows

In the work of Ishihara et al. [19], the fourth-order statistical
moments were carefully examined with high-resolution DNS
by using the invariants I1, . . . ,I4, and they were discussed
together with the DNS data by Kerr [20]. We calculate the
values of F2/F1 and F3/F1 from these data and plot them in
Fig. 1. It is obvious that all the points are located around
the straight line passing both the Gaussian state and the
RE state (denoted as the “Gaussian-RE line” in the present
contribution), which implies that each field can be statistically
regarded as a superposition of these two extreme states. Indeed,
this is because each invariant Fi is a different mix of the
invariants I1, . . . ,I4, which are roughly of the same scaling
in Ref. [19], expect for lower Reynolds numbers. Another
observed fact is the trend in each group that when the Reynolds
number decreases, the field usually moves toward the Gaussian
state in the (F2/F1,F3/F1) phase plane (except for several
cases). This may be because in lower-Reynolds turbulence the
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FIG. 1. Comparisons of F2/F1 and F3/F1 in forced incom-
pressible turbulent flows. 12 < Reλ < 1133. The arrows denote the
decrease of the Reynolds number in each group of DNS cases.

inertial range is shorter, and the dissipative range, which is
close to a Gaussian state, occupies more parts in the scale
space. Therefore, phenomenally we may conclude that when
a turbulent flow is more “well-organized,” it is located farther
away from the Gaussian state in the (F2/F1,F3/F1) phase
plane with greater values of F2/F1 and F3/F1 (we call this
“over-Gaussian” in the present contribution).

B. Free-decaying and time-reversed nonequilibrium
incompressible turbulent flows

We perform a series of DNS runs with 3843 resolution with
regard to the free-decaying turbulence as well its time-reversed
nonequilibrium cases. We review here that the idea of time
reversal is to construct a gedanken experiment [21], which
leads to extreme spectrally nonequilibrium turbulent flows
[22]. The numerical details of the calculation method can
be found in Refs. [23] and [21]. A free-decaying turbulence
is calculated and is denoted as “Normal-Normal” since all
scales are normally decaying; two parallel nonequilibrium
cases are performed by reversing the velocity field of the
“Normal-Normal” case (with “Reverse-Normal” reversing
only the large-scale field, while “Reverse-Reverse” reverses
all scales). The Reynolds number is Reλ = 80.8 at the time
of reversal. From Fig. 2(a) it is clear that all cases are
located near the Gaussian-RE line in the over-Gaussian region,
which is consistent with the results of forced turbulence as
discussed in the previous subsection. In Fig. 2(b) it is shown
that the free-decaying case is located in a small statistically
equilibrium region with 0.80 < F2/F1 < 0.83, while the other
nonequilibrium cases correspond to increasing values of F2/F1

and F3/F1 in a short time (i.e., in about one turnover time)
and statistically equilibrium values (about 0.825 < F2/F1 <

0.855) in a longer time. Considering the analysis in the
previous subsection, this short-time nonequilibrium transition
procedure can be considered as a self-organizing process,
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FIG. 2. Comparisons of F2/F1 and F3/F1 in free-decaying turbulence (denoted as “Normal-Normal” in the figure) and time-reversed
nonequilibrium turbulent flows (with “Reverse-Normal” reversing only the large-scale field, while “Reverse-Reverse” reversing all scales).
Reλ = 80.8 at the time of reversal. The arrows denote the direction of time in each group of DNS cases. (a) Global view. (b) Zoomed view.

which is consistent with our a priori tests for other statistical
quantities such as the skewness of the velocity gradient [22].

C. Free-decaying compressible turbulent flows

To the best of our knowledge, there is still no existing re-
search on the effect of compressibility on the fourth-order mo-
ments of a velocity gradient. Here we perform a series of DNS
cases to investigate the behavior of compressible turbulence.
The nondimensional, compressible Navier-Stokes equations
in the strong conservation form are solved within the frame-
work of a high-order finite-difference method. A seventh-
order low-dissipative monotonicity-preserving scheme [24] is
adopted to capture shock waves that emerge from the strong
compressible turbulence, while a classic sixth-order compact
central scheme is used to solve the viscous terms [25]. The
Navier-Stokes equations are advanced in time by using the
third-order total variation diminishing Runge-Kutta scheme
[26]. The periodic boundary conditions are employed in all
three directions [27]. The initial thermodynamic variables
have uniform distributions, and the initial velocity field is
generated according to the method of Rogallo [28] and satisfies
the Gaussian spectral density function. A 5123 resolution is
employed with initial Reynolds number Reλ = 72 and initial
turbulent Mach numbers Ma0 = 0.1, 0.3, 0.5, 0.7, 0.9, and 1.2,
respectively. Figure 3(a) shows the fourth-order behavior with
low initial Mach numbers (Ma0 � 0.5), while Fig. 3(b) shows
the behavior with higher initial Mach numbers (Ma0 � 0.7).
Similar to the results in the previous subsections, all points
are also located near the Gaussian-RE line. The difference
is that here, the initial fields of these compressible cases are
very distinct in the (F2/F1,F3/F1) phase plane: higher initial
Mach numbers yield greater values of F2/F1 and F3/F1. For
the Ma0 = 0.7 case, the initial field is near the RE state, while
for the Ma0 = 0.9 and 1.1 cases, the initial fields are located

at the other side with small F2/F1 and F3/F1 in the phase
plane (we call it “over-RE” by comparing to the over-Gaussian
states). Another fact observed in the figures is that after a
transition process, all cases reach their own equilibrium status.
The difference is that for small initial Mach numbers, the
transition processes are not monotonous, as shown in Fig. 3(a).
This transition process in the (F2/F1,F3/F1) phase plane
may imply new physics, since traditional investigations of
low-order statistics of free-decaying compressible turbulence
do not indicate such a transition. As discussed in previous
subsections, this transition implies a self-organizing process
for the fourth-order statistics.

IV. DISCUSSIONS

A. Gaussian-RE line and pressure effect

It is quite difficult to systematically explain the Gaussian-
RE relation using a complete theory. However, at least
we can say that this phenomenon is closely related to the
pressure effect. This can be explained by comparing to the
RE simplification, where the anisotropic pressure Hessian is
omitted. If we reconsider this pressure Hessian and obtain
the statistically steady Navier-Stokes equations, we have [by
taking the limit of r → 0 in Eqs. (5) and (6) of Ref. [14]]

F1 − 2F2 = − 1

ρ

〈
u2

1,1p,11
〉
,

5F2 − 4

3
F3 = − 1

ρ

〈
u2

2,1p,11 + 2u1,1u2,1p,12
〉
,

(8)

with p pressure and p,ij = ∂2p/∂xi∂xj .
The right-hand-side terms of Eq. (8) represent the corre-

lations between the pressure Hessian in RE and the velocity
gradients. Clearly, these correlations lead to the departure of
the RE state in the (F2/F1,F3/F1) plane. These pressure-
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FIG. 3. Comparisons of F2/F1 and F3/F1 in free-decaying compressible flows. The arrows denote the direction of time in each group of
DNS cases. 14 < Reλ < 70. (a) Ma0 � 0.5; (b) Ma0 � 0.7.

velocity gradient correlations are indeed central problems
of the RE system, which have attracted many studies, in-
cluding geometrical considerations [29,30], assumptions on
the short-time deformation [31], and assumptions on the
Gaussianity of the pressure Hessian [32]; however, presently
the understanding is still not clear. From the present study, the
Gaussian-RE line simply implies an approximate relation

〈
6u2

1,1p,11 − u2
2,1p,11 − 2u1,1u2,1p,12

〉 = 0, (9)

which is expected to inspire future research on the pressure-
velocity gradient correlations.

We recall another fact to explain and to support the
Gaussian-RE line phenomenon. In the investigation of the
short-term evolution of Lagrangian velocity gradient corre-
lation, it is found that for statistically steady turbulence, there
should be (see Sec. III A of Ref. [33])

〈u̇i,j u̇j,i〉/〈u̇i,j u̇i,j 〉 ≈ 0.6, (10)

where •̇ is the Lagrangian derivative. Without omitting the
pressure term or the viscosity term, the incompressible Navier-
Stokes equations lead to [see Eq. (4) of Ref. [13]]

u̇i,j = −ui,kuk,j − 1

ρ
p,ij + νui,jkk. (11)

Substituting Eq. (11) into (10) yields the following formula:

〈ui,kuk,juj,mum,i〉 + 2
ρ
〈ui,kuk,jp,ij 〉 + · · ·

〈ui,kuk,jui,mum,j 〉 + 2
ρ
〈ui,kuk,jp,ij 〉 + · · · ≈ 0.6. (12)

We do not write all terms here, but only emphasize that some
pressure-related terms are symmetric to the subscripts and
therefore remain the same between numerator and denom-
inator [e.g., 〈ui,kuk,jp,ij 〉, corresponding to the right-hand

side of Eq. (8)], while some terms are not (e.g., the fourth-
order velocity gradient correlations 〈ui,kuk,juj,mum,i〉 and
〈ui,kuk,jui,mum,j 〉, which can be decomposed to the invariants
F1, . . . ,F4). The ratio 0.6 represents a balance among them that
is roughly Reynolds-independent [33]. This is quite similar to
our discussion above, i.e., Eqs. (8) and (9), although many
other additional terms also appear here in Eq. (12). In brief,
though not rigorously, the constant 0.6 implies that there is
a Reynolds-independent relation for the pressure effect of the
fourth-order velocity gradient correlations, which is consistent
with the Gaussian-RE result (9) and therefore supports the
present work.

In addition, the studies of Yeung et al. [34,35] might also be
related to the present contribution, and they show approximate
linearity between the high-order vorticity flatness and the
high-order strain flatness. Although the underlying reason is
not clear, this fact might also be useful evidence for future
investigations of the constraints of high-order statistics in
turbulent flows.

B. Using the Gaussian-RE line in the mean-field theory

As shown previously from the DNS databases, the
Gaussian-RE line might be a good approximation for varies
turbulent fields. This fact involves a new restriction that
can be employed in statistical turbulence models concerning
fourth-order statistics, such as, for instance, the mean-field
theory (MFT).

The MFT was introduced to take into account the neglected
pressure terms of the RE state [14,36]. It was found that
neglecting the pressure term involves an imbalance of the
approximate equation for the fourth-order structure function
at the inertial range, of the order of 10% [36]. In MFT, two
underdetermined functions G and H were observed to be
constant in the inertial range, but in the dissipative range this is
not the case. Similar to the discussion in the previous section,
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we have

∂rD1111(r) + 1
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Dαα(r)

)
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]
= 0,
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r

[
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−
(

4

3
+ G

D11(r)

Dαα(r)

)
Dαααα(r)

− 2H
D2

1αα(r)

Dαα(r)

]
= 0. (13)

For the third-order moments, in HIT we have

lim
r→0

1

r4

D2
1αα(r)

Dαα(r)
=

〈
u1,1u

2
2,1

〉2
〈
u2

2,1

〉 =
4
9

〈
u3

1,1

〉2
2
〈
u2

1,1

〉

= 2

9
S2

〈
u2

1,1

〉2 = 2

9

S2

K
F1, (14)

where S = 〈u3
1,1〉/〈u2

1,1〉3/2 is the skewness of the longitudinal
velocity gradient, which is a negative constant in HIT, and
K = 〈u4

1,1〉/〈u2
1,1〉2 is the flatness of the longitudinal velocity

gradient, which is related to the intermittency behavior.
Therefore, when r → 0, substituting (14) in (13), finally

we can obtain

F1 : F2 : F3 = 1 :
2+2G

4+G
:

4

3

× 9(1+G)(5+G+2H )K−2(4+G)HS2

(4+G)(8+3G)K
.

(15)

Also, the value of F4 is independent of the other three values in
MFT. If the pressure-term functions G and H tend to 0 when
r → 0, Eq. (15) is reduced to the RE state (7); if we choose
G = 1/2 and H = 6K/(3K − S2) when r → 0, Eq. (15) is
reduced to the Gaussian state (4).

The Gaussian-RE line implies a linear interpolation be-
tween the Gaussian state and the RE state, leading to

K

S2
= − 16(4 + G)H

9(79G + 34G2 − 16H − 16GH )
, (16)

which implies a relation between the model functions G and
H in MFT at small scales.

C. Discussions on the fourth invariant F4

In the present contribution, the fourth invariant F4 has
not been discussed yet, simply because in the RE state F4

is independent of the other three invariants and there remains
only the Gaussian prediction for F4. Here we attempt to discuss
the behavior of F4 from DNS evidence, though without much
theoretical analysis. In Fig. 4 we plot all DNS results of Sec. III
in the (F2/F1,F3/F1) and (F2/F1,F4/F1) planes, respectively.
As already discussed, all (F2/F1,F3/F1) points are located
near the Gaussian-RE line, shown in Fig. 4(a). By contrast,
the fitting line of all (F2/F1,F4/F1) results in Fig. 4(b) is far
from the Gaussian state, which means that it is difficult to find
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FIG. 4. Drawing all DNS results together. (a) The (F2/F1,F3/F1)
phase plane; (b) the (F2/F1,F4/F1) phase plane; (c) the
(F2/F1,F4/F1) phase plane, zoomed view.
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another “Gaussian-RE” method to describe the behavior of
F4; moveover, the fitting lines for separated DNS groups are
distinct, as shown in Fig. 4(c), implying that the physical laws
(if they exist) for these DNS groups are not the same. Further
investigations are therefore expected to clarify the physics of
the fourth invariant F4.

In addition, from Sec. IV A we argued that the Gaussian-RE
line corresponds to a pressure effect that can be represented
by a relation of the pressure-velocity correlations. Whether
considering Eq. (9) or (12), there is only one equation for
describing this pressure effect. Therefore, from the present
analysis we can only obtain one pressure-caused constraint on
the invariants (i.e., the Gaussian-RE line), and we cannot pro-
vide more linear constraints for describing F4. We remark that
the behavior of F4 might be related to another physical mech-
anism, which is beyond the scope of the present contribution.

V. CONCLUSION

In the present contribution, we aim to investigate the
relation of the fourth-order statistical invariants of a velocity
gradient tensor in different types of isotropic turbulence. The
observations are summarized and discussed as follows:

(i) All turbulent fields are located near the Gaussian-RE
line in the (F2/F1,F3/F1) phase plane, which implies that
any turbulent field might be considered as, in the sense of
fourth-order statistics, a superposition of the Gaussian state
and the RE state. This fact, which corresponds to a pressure
effect, reduces approximately one degree of freedom for the
fourth-order tensor. This also leads to a new restriction on the
MFT at small scales.

(ii) Each DNS run has its own “equilibrium region” that is
roughly Reynolds-dependent. With a higher Reynolds number,
the flow is more over-Gaussian in the (F2/F1,F3/F1) phase
plane.

(iii) Both the nonequilibrium transition process and the
compressible transition process lead to the toward-equilibrium
trajectories in the (F2/F1,F3/F1) phase plane. We remark that
compared to the recent studies on nonequilibrium turbulence
based on energy transfer [22,37,38], here the nonequilibrium

is a description in the phase plane of fourth-order invariants,
which may imply new physics on high-order statistics. In
particular, the nonequilibrium evolution of compressible flows
has not been reported in the literature, and future studies are
called for.

(iv) There seems to be no universal law for the fourth
invariant F4 in the phase space. In particular, the Gaussian
point is indeed far from all possible fitting lines for F4.

We remark that the present contribution is not a comparison
of the Gaussian and RE assumptions. Although most DNS
cases are closer to the Gaussian state, we do not argue that
the Gaussian assumption is better. Instead, we emphasize that
both assumptions are appropriate simplifications that correctly
capture parts of the physics, since both are located in the
Gaussian-RE line, which is shown to be a good approximation
for real turbulence. The present contribution also shows that
both assumptions need to be relaxed to be more general
for different turbulent flows: for the Gaussian assumption,
one should consider the fourth-order accumulations [5,6] for
relaxation; for the RE assumption, one should consider the
pressure effect for obtaining more realistic models on the
fourth-order moments. In future work, we therefore expect
to investigate the possibility of decomposing a real flow field
into a Gaussian field and an RE field (similar to the procedure
in Ref. [22]) and to provide more realistic models.

Finally, we clarify that in the present contribution we
use the term “over-Gaussian” to represent a behavior in the
(F2/F1,F3/F1) phase plane. It differs from the definition of
“over-Gaussianity” in the research of intermittency, which
implies that the flatness of velocity gradient K is greater than
the Gaussian value 3 and represents a strong intermittency.
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