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Abstract: Direct numerical simulations (DNS) of Mach = 2.9 supersonic turbulent boundary layers
with spanwise wall oscillation (SWO) are conducted to investigate the turbulent heat transport
mechanism and its relation with the turbulent momentum transport. The turbulent coherent
structures are suppressed by SWO and the drag is reduced. Although the velocity and temperature
statistics are disturbed by SWO differently, the turbulence transports of momentum and heat are
simultaneously suppressed. The Reynolds analogy and the strong Reynolds analogy are also
preserved in all the controlled flows, proving the consistent mechanisms of momentum transport
and heat transport in the turbulent boundary layer with SWO. Despite the extra dissipation and
heat induced by SWO, a net wall heat flux reduction can be achieved with the proper selected SWO
parameters. The consistent mechanism of momentum and heat transports supports the application of
turbulent drag reduction technologies to wall heat flux controls in high-speed vehicles.

Keywords: direct numerical simulation; turbulent heat transport; wall heat flux; spanwise
wall oscillation

1. Introduction

Aerodynamic heating is an inherent feature of supersonic and hypersonic flights, bringing out
lots of problems, such as the increase of infrared radiation, the decrease of rigidity and intensity of
aircraft structures, and even material ablation. Therefore, it is one of the most important problems in
designing high-speed vehicles, such as hypersonic aircraft and reentry spacecraft [1]. What is more,
aerodynamic heating is remarkably increased when the boundary layer transits from laminar status to
turbulent status [2]. To protect the high-speed vehicle from burning down, a thermal protection system,
although regarded as a dead weight in terms of aerodynamic performance, is required. Therefore, the
reduction of wall heat flux (WHF) as a way of lessening the aerodynamic heating becomes critical in
the development of high-speed vehicles.

Compared with WHF control, the research in an effort to realize drag reduction has been
conducted with abundant satisfactory achievements, due to its significance in energy saving. Research
on wall heat flux properties in incompressible flows with drag reducing devices has also been
performed [3–5]. Although the major target of these studies was to find a way of enhancing surface
heat flux to improve heat exchangers’ performance, they always obtained the consistent changes of
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WHF and drag. However, these studies shed light on the idea of reducing WHF by applying drag
reduction control methods in the present paper.

Spanwise wall oscillation (SWO), as one of the active boundary layer control methods, has been
extensively studied due to its effectiveness in suppressing turbulence and drag reduction as well as its close
relation with wall turbulence regeneration mechanism. The first SWO research was done numerically in
the channel flow by Jung et al. [6] with a maximum drag reduction of 40% attained. This was then proved
in the water channel experiment conducted by Laadhari et al. [7], who reported that the mean velocity
gradient of the turbulent boundary layer was decreased for y` ă 8. Laadhari et al. [7] demonstrated that
the conclusions obtained by Jung et al. [6] are corresponding with those in the boundary layer flow for
the first time. It has been confirmed that, no matter in channelflow [6–8] or boundary layer flow [9,10],
the linear sub-layer of the velocity profile is thickened and the log-law layer is shifted upward when the
drag is reduced by SWO. The characteristic of the spatial transient in the boundary layer flow has to be
taken into account, i.e., the local skin friction drag decreases to the maximum value even beyond a few
thousands of wall units downstream from the leading edge of the oscillation, as reviewed by Quadrio [11].
The drag reduction of as much as 45%, the same order as Jung et al. [6] obtained, was observed within
five boundary-layer thicknesses downstream of the start of wall oscillation, as reported by Choi et al. [9].
The Reynolds stresses in boundary layer flows are also found to be suppressed by SWO [7,10,12,13] and the
magnitude of the reduction was qualified by Skote [14]. Many studies have focused on the optimization of
the oscillating parameters. Given the implicit oscillating parameter, namely the maximum displacement
of the wall, two optimal periods, i.e., one at fixed displacement and the other one at fixed amplitude
were suggested by Quadrio and Ricco [15], and the latter one was subsequently confirmed by Ricco and
Quadrio [16]. Although external energy is required to drive the wall motion, overall energy saving can be
achieved by optimizing the oscillation parameters. Baron and Quadrio [8] and Quadrio and Ricco [15]
have demonstrated that a net energy saving of 7% or more could be reached with proper oscillation
parameters. Hasegawa et al. [17] proposed a constant power input (CPI) concept for turbulent duct flows
and applied this in DNS of low-Reynolds-number channel flow with SWO. They obtained 90% of the
available power for the pumping system and the remaining 10% for the control system to yield the largest
increase of the flow rate.

The heat transport property in the weakly compressible channel flow with SWO was studied
by Fang et al. [18,19]. They concluded that the consistency of the mechanisms between heat
and momentum transports is preserved and a 5% mean WHF reduction was obtained via setting
appropriate oscillating SWO parameters. Due to the essentially incompressible characteristic of the
cases studied by Fang et al. [18,19], it is still not very clear whether their conclusion still holds in
high-speed flows. Therefore, it is necessary to investigate the SWO in the supersonic turbulent
boundary layer to explore the turbulent heat transport mechanism, especially its relation with
momentum transport. The results reached would be more significant for the development of wall heat
flux control technologies in high-speed vehicles.

In the present paper, the supersonic spatial developing boundary layer disturbed by SWO with
different amplitudes and frequencies is studied using direct numerical simulation (DNS) and a special
focus has been put on the turbulent heat transport mechanism. The relation between momentum
transport and heat transport is particularly analyzed to bring insight into their consistency not being
disturbed by control devices. In Section 2, we describe the governing equations, the numerical method
and the setup of cases. The results are validated and the flow fields are analyzed in Section 3. Finally,
in Section 4 we draw some conclusions.

2. Methodologies

2.1. Governing Equations

The three-dimensional unsteady compressible Navier-Stokes (N-S) equations in a general,
time-invariant system are solved numerically. The N-S equations are non-dimensionalized with
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the reference velocity ure f , temperature Tre f , density ρre f and dynamic viscosity µre f of the incoming
free stream flow and the reference length scale δre f , which is the nominal thickness of the turbulent
boundary layer at the leading edge of the flat plate. The resulting dimensionless parameters are the
Reynolds number Re “ ρre f ure f δre f {µre f and the Mach number M “ ure f {

b

γRTre f . A constant Prandtl

number Pr “ µCp{k “ 0.72 is used, where Cp “ γR{ pγ´ 1q is the specific heat capacity of gas at
constant pressure and k is the thermal conductivity. The parameters R and γ are the gas constant and
the specific heat capacity ratio, which are set to be R = 287.1J/(kg¨K) and γ “ 1.4, respectively. This set
of N-S equations can be written in a strong conservation form as:

BQ
Bt
`
BEi
Bxi

“
BFi
Bxi

(1)

In Equation (1), Q “ rρ, ρu, ρv, ρw, EsT is the solution vector. The primary variables are the density
ρ, the velocity components u, v and w and the total energy E. The static temperature T and the pressure
P are related to the density ρ via the equation of state of the ideal gas P “ ρT{

`

γM2˘.
The convection terms Ei and the diffusion terms Fi in Equation (1) are, respectively, expressed as:
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(2)

with the standard Einstein summation notation. The notations xi and ui (i = 1, 2, 3) are adopted to
represent (x, y, z) and (u, v, w) respectively. δij is the standard Kronecker delta.

The total energy E is expressed as:

E “
1
2
pρuiuiq `

ρT
γ pγ´ 1qM2 (3)

The stress tensor and the heat flux vector are expressed as:

τij “
µ

Re

˜

Bui
Bxj

`
Buj

Bxi
´

2
3

δij
Buk
Bxk

¸

(4)

and

bi “ ujτij `
µ

PrRe pγ´ 1qM2
BT
Bxi

(5)

The dynamic viscosity coefficient µ is calculated via the Sutherland law:

µ “ T1.5 TS{Tre f ` 1
T` TS{Tre f

(6)

where Tre f “ 104.4K and TS “ 110.4K.

2.2. Numerical Method

Equation (1) is projected to the coordinate system of the computational domain and solved with
the high-order finite difference method. All the spatial derivatives are approximated with the classic
sixth-order compact central scheme proposed by Lele [20].

The derivatives of the diffusion terms are solved with double applications of the first-order
difference. The primitive velocity components ui and temperature variable T are firstly differentiated
to formulate the stress tensor and the heat flux vector at each node point. The diffusion terms are then
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computed with another application of the sixth-order compact scheme. This method is more efficient
than the direct calculation of the second-order derivatives [21], although the latter method could be
numerically more stable. To remove the small-scale wiggles due to aliasing errors resulting from
discrete evaluation of the nonlinear convection terms, the tenth-order compact filter is incorporated,
which limits the filtering only at high wave numbers [22]. After all the spatial terms are solved, the
third-order total variation diminishing (TVD) Runge-Kutta method [23] is used for the time integration.

2.3. Computational Setup

The sketch of the case studied is demonstrated in Figure 1. The wall is divided into a non-moving
wall and an oscillating wall as well as a transitional zone between them. The isothermal non-slip
boundary condition is applied at the wall with the spanwise wall velocity given as:

Ww “ Wm f pxq sin
„

2π
t

tosc



(7)

where Wm is the amplitude of the wall velocity and tosc is the period of wall oscillation. f pxq is a
function describing the transitional zone as:

f pxq “ S
ˆ

x ´ xstart

∆xrise

˙

(8)

xstart and ∆xrise are the start position and the length of the transitional zone, respectively, which are set
as xstart “ 27.975 and ∆xrise “ 2.0. S pxq is a continuous step function that rises from zero for x ď 0 to
unity for x ě 1 with the advantage of owning continuous derivatives of all orders,

S pxq “

$

’

’

’

&

’

’

’

%

0

1{
´

1` ep1{px´1q`1{xq
¯

1

x ď 0
0 ă x ă 1

x ě 1
(9)

Energies 2016, 9, 154  4 of 25 

 

terms are solved, the third‐order total variation diminishing (TVD) Runge‐Kutta method [23] is used 

for the time integration. 

2.3. Computational Setup 

The  sketch  of  the  case  studied  is  demonstrated  in  Figure  1.  The  wall  is  divided  into  a 

non‐moving wall and an oscillating wall as well as a transitional zone between them. The isothermal 

non‐slip boundary condition is applied at the wall with the spanwise wall velocity given as: 

௪ܹ ൌ ௠ܹ݂ሺݔሻ sin ൤2π
ݐ
௢௦௖ݐ

൨  (7) 

where  ௠ܹ  is the amplitude of the wall velocity and   ௢௦௖ݐ is the period of wall oscillation.  ݂ሺݔሻ  is a 
function describing the transitional zone as: 

݂ሺݔሻ ൌ ܵ ൬
ݔ െ ௦௧௔௥௧ݔ
௥௜௦௘ݔ∆

൰  (8) 

 ௦௧௔௥௧ݔ and   ௥௜௦௘ݔ∆ are the start position and the length of the transitional zone, respectively, which 

are set as  ௦௧௔௥௧ݔ ൌ 27.975  and  ௥௜௦௘ݔ∆ ൌ 2.0.  ܵሺݔሻ  is a continuous step function that rises from zero 
for  ݔ ൑ 0  to unity for  ݔ ൒ 1 with the advantage of owning continuous derivatives of all orders, 

ܵሺݔሻ ൌ ൝
0

1 ൫1 ൅ eሺଵ ሺ௫ିଵሻ⁄ ାଵ ௫⁄ ሻ൯⁄
1

ݔ ൑ 0
0 ൏ ݔ ൏ 1
ݔ ൒ 1

  (9) 

Similar transitional function was also adopted by Yudhistira and Skote [24] as well as Skote [14]. 

 

Figure 1. Sketch of the boundary layer flow with spanwise wall oscillation (SWO). 

The Mach number of the incoming free stream flow is M = 2.9 and the Reynolds number is set as 

Re = 16,265.8. 

The size of the computational domain is  ଴ߜ49 ൈ ଴ߜ4 ൈ  ଴ߜ5 and it is discretized via a mesh with 

1980 ൈ 120 ൈ 400  points  in  x,  y  and  z  directions.  The mesh  is  uniformly  distributed  in  x  and  z 

directions  and  stretched  towards  wall  in  the  y  direction.  The  mesh’s  resolution  in  the  fully 

developed  region  without  SWO  is  ାݔ∆ ൌ 12.5 ,  ଵݕ∆
ା ൌ 0.9   and  ାݖ∆ ൌ 6.2 ,  which  matches  the 

requirement for DNS of wall turbulence proposed by Sagaut [25]. The time step of the computation 

in the present study is 0.004. 

The digital filter method proposed by Touber and Sandham [26] is used to generate synthetic 

inflow turbulence and a transitional region of   ଴ߜ12 is incorporated to make synthetic fluctuations 

evolve  into  fully  developed  turbulence.  The  generated  artificial  turbulent  fluctuations  are 

super‐imposed onto the mean velocity and temperature profiles. The supersonic inflow condition is 

then adopted to prescribe the flow variables at the inlet plane, except in the subsonic portion of the 

boundary layer, where the pressure is extrapolated from the inner grid points. At the upper and the 

outlet planes, the generalized non‐reflecting boundary conditions [27,28] are used. 

Figure 1. Sketch of the boundary layer flow with spanwise wall oscillation (SWO).

Similar transitional function was also adopted by Yudhistira and Skote [24] as well as Skote [14].
The Mach number of the incoming free stream flow is M = 2.9 and the Reynolds number is set as

Re = 16,265.8.
The size of the computational domain is 49δ0 ˆ 4δ0 ˆ 5δ0 and it is discretized via a mesh with

1980ˆ 120ˆ 400 points in x, y and z directions. The mesh is uniformly distributed in x and z directions
and stretched towards wall in the y direction. The mesh’s resolution in the fully developed region without
SWO is ∆x` “ 12.5, ∆y`1 “ 0.9 and ∆z` “ 6.2, which matches the requirement for DNS of wall turbulence
proposed by Sagaut [25]. The time step of the computation in the present study is 0.004.

The digital filter method proposed by Touber and Sandham [26] is used to generate synthetic
inflow turbulence and a transitional region of 12δ0 is incorporated to make synthetic fluctuations evolve
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into fully developed turbulence. The generated artificial turbulent fluctuations are super-imposed
onto the mean velocity and temperature profiles. The supersonic inflow condition is then adopted to
prescribe the flow variables at the inlet plane, except in the subsonic portion of the boundary layer,
where the pressure is extrapolated from the inner grid points. At the upper and the outlet planes, the
generalized non-reflecting boundary conditions [27,28] are used.

The wall temperature is set as Tw “ 1.5T0, which is a cold wall comparing with the adiabatic wall
temperature Tr “ 2.43T0 calculated via:

Tr “ T0

ˆ

1` r
γ´ 1

2
M2

˙

(10)

with the recovery coefficient being r “
?

Pr.
Fourteen cases are studied including the baseline Case 0 with a non-moving wall. The wall

oscillation parameters are listed in Table 1, in which t`osc and W`
m are the period and amplitude of SWO

in the inner scale, calculated via

t`osc “
toscρwu2

τ

µw
Re (11)

and

W`
m “Wm{uτ (12)

in which uτ is taken from the baseline case at x “ xstart.

Table 1. Parameters of the wall oscillation.

Group Case t`osc W`
m No. of Samples

0 0 8 0 2000

1

P50A3 50 3 1640
P100A3 100 3 1680
P150A3 150 3 2120
P200A3 200 3 1800
P250A3 250 3 1760
P300A3 300 3 1720
P400A3 400 3 1720

2

P150A1 150 1 2120
P150A1.5 150 1.5 2120
P150A3 150 3 2120
P150A5 150 5 2120
P150A7 150 7 2120
P150A10 150 10 2120
P150A20 150 20 2120

The cases with SWO are categorized into two groups. The cases in Group 1 have the same
wall oscillation amplitude of W`

m “ 3 and the cases in Group 2 have the same oscillation period of
t`osc “ 150. Therefore, the effects of period and amplitude are respectively studied in the two groups.
After the early transition period, the simulation reached the statistically stationary status. Then the
data were collected every 50 time steps for the calculations of flow statistics. The numbers of samples
are slightly different for cases, as presented in Table 1. The uncertainty related to the averaging time
is estimated using the method proposed by Gatti and Quadrio [29], and a 1.5% uncertainty could be
generally achieved for the studied cases.

3. Results and Discussion

3.1. Validation

The DNS results are validated by comparing Case 0 with available boundary layer data from both
measurements and other DNS. The mean flow variables are calculated via the Favré average, defined
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as x f y “ ρ f {ρ, in which f is a general variable and “´” stands for the mean value. The fluctuations
are then defined as f 2 “ f ´ x f y and f 1 “ f ´ f . The mean velocity profile handled by the Van Driest
transformation at x “ xstart in the inner scale is compared with the classic incompressible law of wall and
experimental data [30,31], as well as some results from DNS of supersonic boundary layers [32–34] in
Figure 2. A good agreement between the present DNS and other data in the linear sub-layer and log-law
layer is obtained. The difference in the wake layer is attributed to the Reynolds number effects [35].
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Figure 2. Mean velocity profile in inner scaling at x “ xstart. The von Kármán constant is κ = 0.41.

According to the Morkovin’s hypothesis, the density-scaled root mean square (RMS) velocity

fluctuations u2

i,DRMS “

d

ρ

ρW
xu2

i u2

i y of Case 0 at x “ xstart are compared with the low Reynolds

number boundary layer experimental data [31,36], incompressible DNS [37,38], compressible DNS at
transonic speed [39], and DNS of supersonic boundary layer at Mach number of 2.5 [33,34] as indicated
in Figure 3. u2

i,DRMS are normalized with the friction velocity uτ . A general good agreement for RMS
velocity fluctuations can be seen in the near-wall region. However, high values of velocity fluctuations
can be seen beyond the peak for the present case. According to the study of Duan et al. [40], with a
higher Mach number and lower wall temperature, the velocity fluctuations get larger values after
the peak. Therefore, the higher values of RMS velocity fluctuations are attributed to the cold wall
condition adopted in the present research.
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3.2. Drag and Wall Heat Flux

The results obtained with SWO are presented below. The next figures present general effects of
SWO on the turbulent structures. The turbulent coherent structures visualized with the iso-surface
of the swirling strength λci [41] and the near-wall velocity fluctuations at the x-z plane of y` “ 10 of
Case P150A20 are shown in Figure 4, from which we can see the effective disturbance of near-wall
coherent structures by SWO. According to Figure 4a, beyond xstart, the density of the horseshoe vortex
in the boundary layer is weakened, indicating the turbulent coherent structures are suppressed.
In the upstream undisturbed boundary layer, the near-wall velocity fluctuations present classic
streamwise elongated streaky structures. The streaks are dramatically disturbed by SWO downstream.
The direction of streaks changes with the wall movement and their configuration gets distortion. Their
strength is weakened, and the distance between neighboring streaks is also increased. Therefore, the
mode of the modification of wall turbulence by SWO in the present supersonic boundary layer flow is
similar with that of the incompressible flows [42].
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The rates of the change of drag (DR) and wall heat flux (HR) are defined as:

DR pxq “
τw pxq ´ τw0 pxq

τw0 pxq
ˆ 100% (13)

and

HR pxq “
qw pxq ´ qw0 pxq

qw0 pxq
ˆ 100% (14)

where τw “ µw
Bă u ą
By

ˇ

ˇ

ˇ

ˇ

w
and qw “ kw

Bă T ą
By

ˇ

ˇ

ˇ

ˇ

w
are the wall shear stress and wall heat flux. Therefore,

positive DR and HR mean the increase of drag and wall heat flux and vice versa. DR and HR of all the
controlled cases are plotted in Figures 5 and 6. The peak values of DR and HR for each case are listed
in Table 2.

Table 2. Peak values of DR and HR.

Group Case Min DR Max HR Min HR Corrected Min HR

1

P50A3 ´6% 10% 6% ´7%
P100A3 ´8% 5% 0% ´9%
P150A3 ´7% 4% ´2% ´9%
P200A3 ´7% 3% ´2% ´8%
P250A3 ´6% 2% ´2% ´7%
P300A3 ´5% 2% ´2% ´6%
P400A3 ´4% 2% ´1% ´5%

2

P150A1 ´2% 1% ´2% ´3%
P150A1.5 ´2% 2% ´1% ´3%
P150A3 ´7% 4% ´2% ´9%
P150A5 ´14% 10% 3% ´17%
P150A7 ´18% 22% 15% ´24%
P150A10 ´24% 52% 44% ´34%
P150A20 ´35% 248% 242% ´53%

It can be seen in Figure 5 that the drag is effectively reduced for all the cases. Comparing
the two groups, we can observe that DR changes monotonically with the SWO amplitude and
non-monotonically with the SWO period. Therefore, for Group 1, the optimized period for the
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maximum drag reduction is in the range of t`osc “ 100 „ 150, close to the optimized period of
t`osc “ 100 „ 125 in the incompressible channel flow [15]. About 8% drag reduction is achieved for
Case P100A3 at x “ 40, also agreeing well with the 11% drag reduction gained in the incompressible
channel with t`osc “ 125 and W`

m “ 3 [18]. For Group 2 with the nearly optimized period of t`osc “ 150,
a maximum drag reduction of 35% is obtained for the case with the largest amplitude, corresponding
to the maximum drag reduction of 40% obtained by Jung et al. [6] in the incompressible channel. It
can be concluded that the drag reduction property of SWO in the supersonic boundary layer flow is
consistent with that in the incompressible channel flow, indicating the compressibility effect might not
have a major influence on SWO in terms of the drag reduction.

Based on the HR shown in Figure 6, WHF is increased in most cases, because of the shear of the
spanwise Stokes layer acting as a heat source on the temperature field. Therefore, generally, with a
higher frequency and larger amplitude of SWO, a higher WHF can be obtained. Consequently, Case
P150A20, although the maximum DR is realized, has the WHF increased by nearly 250% due to the
massive dissipation induced by the spanwise Stokes shear layer. However, for the cases with lower
frequency and smaller amplitude (T` ě 100 and W`

m ď 3), a reduction of WHF can still be acquired,
mainly because of the combined effects of the suppression of turbulence transport and the reduction
of the shear of streamwise velocity [18,19]. About 2% maximum WHF reduction can be attained
for t`osc “ 150 and W`

m “ 3 comparing with 5% WHF reduction obtained in the Mach = 0.5 channel
flow [18]. The maximum WHF reduction takes place at about x “ 40, which is the same location where
the maximum drag reduction is attained, implying the consistent effects of SWO on drag and WHF.Energies 2016, 9, 154  9 of 25 
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Figure 6. The rates of the change of wall heat flux (HR) for Group 1 (a) and Group 2 (b).

To investigate the influence of the Stokes layer on the WHF, the solution of one dimensional
(1D) laminar Stokes layer is used to estimate the temperature field and WHF. According to previous
research in SWO [43–45], the near-wall spanwise velocity profile agrees well with the laminar Stokes
solution, even though the main flow is fully turbulent. We are considering a static fluid in a space with
a half-infinite spanwise oscillating wall. The spanwise speed of the wall is given as Ww “ Wmsinωt.
Then the N-S equations can be simplified as,

B

Bt
w py, tq “

µ

ρRe
B2

By2 w py, tq (15)

B

Bt
T py, tq “

γ pγ´ 1qM2

ρRe

„

B

By
w py, tq

2
`

µγ

ρRePr
B2

By2 T py, tq (16)

It can be seen that Equation (16) is a simple 1D thermal diffusion equation and the spanwise
Stokes velocity layer acts only as a source term. According to Equation (16), the heat source of the
Stokes layer will be larger with the increase of the Mach number. Therefore, WHF should be further
increased with a higher Mach number. Regarding the effect of Prandtl number Pr, it has an inverse
relation to the thermal diffusivity. Considering the source term being always positive in the present
case, larger Pr will cause smaller WHF and vice versa.

Equations (15) and (16) can be easily numerically solved with the same method of solving N-S
equations in Section 2.2. Isothermal non-slip boundary condition and extrapolation method are
adopted at the wall and upper boundary respectively. The temporal evolution of the WHF qw pxq
solved from the Stokes equations is presented in Figure 7, along with spanwise averaged WHF results
from Case P150A20 and Case 0 at x = 40.775. The strong temporal fluctuation of WHF of Case
P150A20 is in a good phase consistency with the result of the laminar Stokes solution, although the
WHF of Case P150A20 has larger peak values due to the contribution of the streamwise flow motion.
The corrected WHF is then calculated by subtracting the Stokes solution from the overall WHF and the
turbulence-like fluctuation of WHF can be recovered. The corrected WHF can be assumed to be the
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part contributed from the streamwise flow motion and we can get that it gets reduced relative to that
of the undisturbed Case 0.
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Despite this linear correction being debatable, it is worth seeing the wall heat flux ratio by
removing the part of the laminar Stokes solution, denoted as corrected HR plotted in Figure 8.
The corrected HR is defined as:

HR pxq “
qw pxq ´ qws pxq ´ qw0 pxq

qw0 pxq
ˆ 100% (17)

in which qws pxq is the wall heat flux calculated from the Stokes solution.Energies 2016, 9, 154  12 of 25 
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As illustrated in Figure 8, we can find a consistent trend between corrected HR and DR in Figure 5,
especially for the cases with small SWO amplitudes. This further confirms that the increase of WHF is
mainly due to the Stokes layer, as mentioned above. For cases with large amplitudes, negative peaks
downstream of the location where SWO started can be identified. These peaks should be attributed to
the Stokes layer being still in development. Consequently, the increase of the WHF of DNS is lower
than that of the Stokes solution, as presented in Figure 9. Therefore, the subtraction of the Stokes
solution from the DNS result would cause the over-correction of WHF.
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Figure 9. Averaged WHF of laminar Stokes solution and Case P150A20.

The values of corrected HR at the locations of minimal HR of each case are also presented in
Table 2. Similar levels of the reduction of corrected HR and DR can be seen, although the correction is
not very accurate for cases with large amplitudes.

In the following part of the paper, Cases 0, P150A20 and P150A3 as representatives of undisturbed
case, the maximum disturbed case, and the WHF reduction case respectively will be analyzed in details.

3.3. Mean Profiles

The mean streamwise velocity profiles at x = 40.775 for the three cases are presented in Figure 10.
The x = 40.775 is the location where the SWO gets its maximum effects according to the analysis above.
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According to Figure 10a, it is clear that the SWO causes a decrease of the mean velocity within
y ă 0.1δ. Therefore a thinner velocity profile is formed corresponding to a lower skin friction.
The velocity profile in the local inner scale as manifested in Figure 10b presents an extended linear
sub-layer and a higher log-law layer, which is a general characteristic of drag reducing flows [6–9].
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Mean temperature profiles at x = 40.775 for the three cases are presented in Figure 11.
A temperature peak around y “ 0.02δ can be observed for all the cases due to the cold wall condition
adopted in the present research, which have a critical influence on temperature statistics. As the result
of the dissipation of the Stokes layer, a great increase of the peak value of the mean temperature
appears in Case P150A20 and we can see that the effect of the Stokes layer on the mean temperature
profile is mainly limited in the region of y ă 0.3δ. In the zoomed figure of the near-wall region inside
Figure 11, a slight reduction of the mean temperature for Case P150A3 can be observed, which causes
the reduction of mean WHF.Energies 2016, 9, 154  14 of 25 
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Figure 11. Mean temperature profile at x = 40.775.
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Figure 12. Turbulent velocity fluctuation intensities at x = 40.775: (a) Streamwise velocity intensity; (b)
wall-normal velocity intensity; and (c) spanwise velocity intensity.

The velocity and temperature fluctuation intensities are plotted in Figures 12 and 13. The wall
friction velocity uτ and friction temperature Tτ at xstart of Case 0 is used to normalize velocity and
temperature variables. The reason of using the same friction velocity and temperature as references
for all cases is to highlight the absolute changes of turbulence fluctuations under the influence of
SWO. According to the research of Baron and Quadrio [8] and Hasegawa et al. [17], the suppression of
turbulence intensity may be not so obvious when the actual local friction velocity is adopted.
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Figure 13. Turbulent temperature fluctuation intensity (a) and zoomed in near wall region (b) at
x = 40.775.
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The velocity fluctuation intensities for both the controlled cases are weakened and it is clear that
the case with larger oscillation amplitude gets a greater suppression of velocity fluctuations. The
steep rise of spanwise velocity intensity in the near-wall region seen in Figure 12c is due to the simple
ensemble averaging procedure (rather than phase averaging) being adopted to process the periodicity
of the spanwise Stokes layer.

It can be seen in Figure 13 that the temperature fluctuation intensities are also altered by SWO.
Contrary to the consistent decrease of velocity fluctuation intensities of both the cases, the turbulent
temperature fluctuation intensity of Case P150A3 is slightly reduced except in the region marked by the
two red lines, while the temperature fluctuation of Case P150A20 is seriously amplified and a strong
peak is created at about y` « 35.6. It is also attributed to the unsteady Stokes layer, which causes
the periodic change of the temperature field regarded as temperature fluctuations. In Figure 13b,
we can find near-wall peaks for all the cases at about y` « 4.1. Those peaks are related to the
strong temperature gradient in the near-wall region between the mean temperature peak and wall, as
presented in Figure 11.

According to the analysis above, it looks that the velocity statistics and the temperature statistics
get completely different influences from SWO. However, the following analysis will demonstrate that
the underline transport mechanisms are consistent.

3.4. Transport Properties

The Reynolds shear stress xu2 v2 y and normal turbulent heat flux xT2 v2 y, standing for the
turbulent momentum and heat transport capacities respectively are plotted in Figure 14. In addition,
the same reference friction velocity and friction temperature of Case 0 are used for the normalization.
Figure 14a shows that xu2 v2 y of both the two controlled cases are reduced and a greater suppression is
acquired with a larger SWO amplitude. As a result, the drag is reduced at the level of 7% and 35%
for Case P150A3 and P150A20, respectively, indicating a close correlation between the suppression of
momentum transport and drag reduction.

It can be seen in Figure 14b that xT2 v2 y of Case P150A3 is suppressed in almost the entire
boundary layer and xT2 v2 y of Case P150A20 is slightly suppressed in most places except a limited
region between the two red lines. With the zoomed figure of Figure 14c, we can see xT2 v2 y alters from
positive to negative values when approaching the wall at the peak location of the mean temperature
profile as shown in Figure 11. This can be explained by the change of the mean temperature gradient.
Still, the near-wall turbulent heat transports are suppressed by SWO for the two cases. Comparing
the two controlled cases, the one with larger amplitude gets a greater reduction of xT2 v2 y, which is
consistent with its effects on xu2 v2 y.
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Figure 14. Profiles of Reynolds shear stress (a) and normal turbulent heat flux (b) at x = 40.775. The
near-wall region in (b) is zoomed in (c).

The cross correlations of xu2 v2 y and xT2 v2 y are analyzed to study the influence of the turbulent
structures on turbulent transports. The cross correlations R

`

u2, v2
˘

and R
`

T2, v2
˘

are, respectively,
defined as:

R
`

u2, v2
˘

“
xu2 v2 y

a

xu2 u2 yxv2 v2 y
, (18)

and

R
`

T2, v2
˘

“
xT2 v2 y

a

xT2 T2 yxv2 v2 y
. (19)

Their profiles at x = 40.775 are plotted in Figure 15. For both R
`

u2, v2
˘

and R
`

T2, v2
˘

, we can
identify a near-wall peak for Case 0, which stands for the contribution of certain organized turbulence
motions in the near-wall region, as proposed by Kim et al. [46] for the incompressible channel flow.
The strength of the near-wall peaks of R

`

u2, v2
˘

is effectively suppressed due to the restrain of
near-wall turbulence and we can get a similar change of R

`

T2, v2
˘

in the near-wall region, which
indicates the consistent effects of SWO on organized velocity and temperature structures as well as on
momentum and heat transports.
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Figure 15. Cross correlations of momentum transport R
`

u2, v2
˘

(a) and heat transport R
`

T2, v2
˘

(b) at
x = 40.775.

The instantaneous fields of velocity and temperature fluctuations at the y-z slice of x = 40.775 for
the three cases are presented in Figure 16 to analyze the transport process of momentum and heat.
As manifested in Figure 16 and according to the early research of Kim et al. of the incompressible
wall turbulence [46], the streamwise vortices dominate near-wall turbulent motions and their sweep
and ejection motions (marked as white arrows in Figure 16) have a major contribution on turbulent
transports. The sweep motion simultaneously brings the high momentum and low temperature fluids
from outside to the inner region and induces local high velocity and low temperature spots. In the
same time, the ejection takes low momentum and high temperature fluids from the inner layer to the
outer part of the boundary layer and causes the local low speed and high temperature spots. This
phenomenon presents a typical scenario of turbulence transport process of near-wall turbulence [47,48].
Consequently, we can see the corresponding relation between positive/negative velocity fluctuations
and negative/positive temperature fluctuations. The negative correlation between them is due to the

difference in signs of mean velocity and temperature gradients (i.e.,
Bxuy
By

ą 0 and
BxTy
By

ă 0) in the

boundary layer.
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w2, v2
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and (c) Case P150A20. The white arrows represent the local sweep and ejection motions.

For the cases with SWO, the streamwise vortices can still be seen as major structures in the
boundary layer and their sweep and ejection motions still dominate the turbulent transport, although
the strength of streamwise vortices might be reduced, especially for Case P150A20. Consequently, the
corresponding relation between the velocity and temperature fluctuations can still be clearly observed
in the two controlled cases. Therefore, it can be concluded that the turbulent transport mechanisms of
momentum and heat in the supersonic boundary layer are the same, which is due to the maintenance of
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the sweep and ejection motions of the streamwise vortices. Although the turbulence can be disturbed
by the control devices, the consistency between the momentum and heat transports is preserved.

3.5. Reynolds Analogy

To validate the consistent mechanism of momentum and heat transports concluded above, both
the Reynolds analogy between skin friction and Stanton number and the strong Reynolds analogy
are conducted.

The instantaneous spanwise distributions of skin friction coefficient C f and Stanton number St,
defined as:

C f “
µw

Re
Bu{By|w

0.5ρre f u2
re f

, (20)

and

St “ µw
BT
By

ˇ

ˇ

ˇ

ˇ

w

1
ρre f ure f pTt ´ Twq PrRe

, (21)

at the section of x = 40.775 are plotted in Figure 17. Tt in Equation (20) is the total temperature of the

incoming flow defined as Tt “ T0

ˆ

1`
1
2
pγ´ 1qM2

˙

.

As can be seen in Figure 17, C f and St for all the cases have similar distributions, although their
levels could be very different. Due to the strong heating effect of the Stokes layer in Case P150A20, the
Stanton number is greatly increased even to about three times of that of the baseline case. It should be
mentioned that, for wall oscillation with small amplitudes, the similarity between C f and St can be
preserved. However, for cases with large SWO amplitudes, the similarity could change with SWO
phase. Figure 17c,d present distributions of C f and St at two different time steps. We can see that the
similarity is good for the first time step but not well preserved for the second one.
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Figure 17. Spanwise distributions of C f and St at x = 40.775 in instantaneous flow fields: (a) Case 0; (b)
Case P150A3; (c) Case P150A20 at t = 767.4; and (d) Case P150A20 at t = 781.8.

To further study the similarity, the correlation coefficient CRA is used to study the correlation
between C f and St. CRA is defined as:

CRA “
x

´

C f ´ xC f ys

¯

pSt´ xStysqys
b

VarC f VarSt
, (22)

in which x ys denotes the spanwise averaged value of an instantaneous variable while VarC f and VarSt
are the variances of spatial average.

The temporal evolution of CRA for Case P150A20 is presented in Figure 18. We can see that CRA
is highly fluctuant between 0 and 1. The correlation between the peak of CRA and zero wall velocity
can be identified; meanwhile, lower values of CRA correspond to the maximum wall velocity.Energies 2016, 9, 154  22 of 25 
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Figure 18. Temporal evolution of CRA for Case P150A20.
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The statistic values of C f , St and CRA are listed in Table 3. We can see that Case P150A3 gets
reductions of both C f and St, although the reduction levels are quite limited. In Case P150A20, a great
reduction of C f is observed, but a massive increase of St is also induced.The correlation CRA has a
high value close to 100% for both Case 0 and P150A3, which means the Reynolds analogy is well
preserved for SWO with small amplitude. However, due to the temporal fluctuation of CRA, CRA of
Case P150A20 is reduced to 56%, indicating the weakening of Reynolds analogy, which may aggravate
with the increase of wall oscillation amplitude. Nevertheless, the clear positive correlation over 50%
can be confirmed for all cases, which means the preservation of Reynolds analogy for the studied cases.

Table 3. Mean values of skin friction, Stanton number and their correlation.

Case Cf ˆ 103 Stˆ 103 CRA

0 2.55 1.36 95%
P150A3 2.14 1.08 93%
P150A20 1.48 5.92 56%

The strong Reynolds analogy is conducted by analyzing the cross correlation between streamwise
velocity fluctuations and temperature fluctuations R pT2 , u2 q defined as

R pT2 , u2 q “
xT2 u2 y

a

xT2 T2 yxu2 u2 y
. (23)

Profiles of R pT2 , u2 q at the section of x = 40.775 are plotted in Figure 19.

Energies 2016, 9, 154  22 of 25 

 

 

Figure 18. Temporal evolution of  CRA  for Case P150A20. 

Table 3. Mean values of skin friction, Stanton number and their correlation. 

Case  തതത×10ࢌ࡯
3  തതത×103࢚ࡿ  തതതതത࡭ࡾ࡯

0  2.55  1.36  95% 

P150A3  2.14  1.08  93% 

P150A20  1.48  5.92  56% 

The  strong  Reynolds  analogy  is  conducted  by  analyzing  the  cross  correlation  between 

streamwise velocity fluctuations and temperature fluctuations  ܴሺܶᇱᇱ,  ᇱᇱሻݑ defined as 

ܴሺܶᇱᇱ, ᇱᇱሻݑ ൌ
〈்ᇲᇲ௨ᇲᇲ〉

ඥ〈்ᇲᇲ்ᇲᇲ〉〈௨ᇲᇲ௨ᇲᇲ〉
.  (23) 

Profiles of  ܴሺܶᇱᇱ,  ᇱᇱሻݑ at the section of x = 40.775 are plotted in Figure 19. 

 

Figure 19. Cross correlations of  ܶᇱᇱ  and   ᇱᇱݑ at x=40.775. 

ܴሺܶᇱᇱ, ᇱᇱሻݑ   has  a  uniform  negative  value  of  −0.7  in  the  most  part  of  the  boundary  layer, 

indicating a strong negative correlation between  ܶᇱᇱ  and   ᇱᇱݑ in the boundary layer as represented 
in Figure 16.  ܴሺܶᇱᇱ,  ᇱᇱሻݑ becomes positive near the wall due to the positive temperature gradient in 

the near‐wall region.  ܴሺܶᇱᇱ,  ᇱᇱሻݑ reaches zero at the  location of the mean temperature peak, where 

the mean temperature gradient is equal to zero. 

Comparing  the  three  cases,  the  effects of SWO on  ܴሺܶᇱᇱ,  ᇱᇱሻݑ are very  limited. Only  a  slight 

reduction of  ܴሺܶᇱᇱ,  ᇱᇱሻݑ close  to  the wall  for Case P150A20 can be observed. Therefore,  the strong 

Reynolds analogy is well preserved for cases with SWO. 

750 760 770 780 790 800
-1.0

-0.5

0.0

0.5

1.0

t

W
w

0.0

0.2

0.4

0.6

0.8

1.0

C
R

A

0.0 0.2 0.4 0.6 0.8 1.0
-1.00

-0.75

-0.50

-0.25

0.00

0.25

0.50

0.75

1.00

R
(T

'',
u'

')

y/δ

 Case 0
 P150A3
 P150A20

Figure 19. Cross correlations of T2 and u2 at x = 40.775.

R pT2 , u2 q has a uniform negative value of ´0.7 in the most part of the boundary layer, indicating
a strong negative correlation between T2 and u2 in the boundary layer as represented in Figure 16.
R pT2 , u2 q becomes positive near the wall due to the positive temperature gradient in the near-wall
region. R pT2 , u2 q reaches zero at the location of the mean temperature peak, where the mean
temperature gradient is equal to zero.

Comparing the three cases, the effects of SWO on R pT2 , u2 q are very limited. Only a slight
reduction of R pT2 , u2 q close to the wall for Case P150A20 can be observed. Therefore, the strong
Reynolds analogy is well preserved for cases with SWO.
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4. Conclusions

The Mach = 2.9 turbulent boundary layer with SWO is investigated using DNS. The DNS data are
analyzed to study the effect of SWO on temperature field and turbulent heat transport, especially the
relation with velocity field and momentum transport. The following conclusions are reached:

‚ The turbulent coherent structures are suppressed by SWO, especially for cases with large SWO
amplitude. The drag is reduced to a similar level with that of the incompressible flow, indicating
a limited influence of the compressibility on the drag reduction. The absolute values of Reynolds
stresses are reduced by SWO, while the reduction might be not so obvious when the local friction
velocity is used as the reference.

‚ WHF, mean temperature profile and temperature fluctuation statistics are modified by SWO
differently with drag, mean velocity profile and velocity fluctuation statistics. Due to the heating
effect of the spanwise Stokes layer induced by SWO, WHF is largely increased for most cases.
The reduction of WHF is possible to be realized only with carefully optimized SWO parameters.

‚ The analysis of heat transport reveals that the underline heat transport mechanism of turbulence
is consistent with turbulent momentum transport for both controlled and uncontrolled cases.
They are both dominated by the sweep and ejection motions of streamwise vortices in the
boundary layer.

‚ Consequently, the correlation and corresponding relations of temperature field and velocity field
are well preserved. Both the Reynolds analogy and strong Reynolds analogy hold.

‚ Therefore, it is possible to apply turbulent drag reduction technologies to suppressing WHF by
reducing turbulent heat transport in the supersonic turbulent boundary layer.
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The following abbreviations are used in this manuscript:

DNS direct numerical simulation
SWO spanwise wall oscillation
WHF wall heat flux
CPI constant power input
N-S Navier–Stokes
TVD total variation diminishing
RMS root mean square
DR the rates of the change of the drag
HR the rates of the change of the wall heat flux
1D one-dimensional
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