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NON-ASYMPTOTIC RATES FOR MANIFOLD, TANGENT
SPACE AND CURVATURE ESTIMATION

By EDpDIE AAMARISSTH AND CLEMENT LEVRARD 1T

U.C. San Diego® , Université Paris-Diderot’

Abstract: Given a noisy sample from a submanifold M C RP,
we derive optimal rates for the estimation of tangent spaces Tx M,
the second fundamental form II¥, and the submanifold M. Af-
ter motivating their study, we introduce a quantitative class of C*-
submanifolds in analogy with Holder classes. The proposed estimators
are based on local polynomials and allow to deal simultaneously with
the three problems at stake. Minimax lower bounds are derived using
a conditional version of Assouad’s lemma when the base point X is
random.

1. Introduction

A wide variety of data can be thought of as being generated on a shape of low
dimensionality compared to possibly high ambient dimension. This point of
view led to the development of the so-called topological data analysis, which
proved fruitful for instance when dealing with physical parameters subject
to constraints, biomolecule conformations, or natural images [35]. This field
intends to associate geometric quantities to data without regard of any spe-
cific coordinate system or parametrization. If the underlying structure is
sufficiently smooth, one can model a point cloud X,, = {Xi,...,X,} as
being sampled on a d-dimensional submanifold M C RP. In such a case,
geometric and topological intrinsic quantities include (but are not limited
to) homology groups [28], persistent homology [15], volume [5], differential
quantities [9] or the submanifold itself [20, 1, 26].

The present paper focuses on optimal rates for estimation of quantities up
to order two: (0) the submanifold itself, (1) tangent spaces, and (2) second
fundamental forms.

Among these three questions, a special attention has been paid to the esti-
mation of the submanifold. In particular, it is a central problem in manifold
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2 E. AAMARI AND C. LEVRARD

learning. Indeed, there exists a wide bunch of algorithms intended to recon-
struct submanifolds from point clouds (Isomap [32], LLE [29], and restricted
Delaunay Complexes [6, 12] for instance), but few come with theoretical
guarantees [20, 1, 26]. Up to our knowledge, minimax lower bounds were
used to prove optimality in only one case [20]. Some of these reconstruction
procedures are based on tangent space estimation [6, 1, 12]. Tangent space
estimation itself also yields interesting applications in manifold clustering
[19, 4]. Estimation of curvature-related quantities naturally arises in shape
reconstruction, since curvature can drive the size of a meshing. As a conse-
quence, most of the associated results deal with the case d = 2 and D = 3,
though some of them may be extended to higher dimensions [27, 23]. Sev-
eral algorithms have been proposed in that case [30, 9, 27, 23|, but with no
analysis of their performances from a statistical point of view.

To assess the quality of such a geometric estimator, the class of subman-
ifolds over which the procedure is evaluated has to be specified. Up to now,
the most commonly used model for submanifolds relied on the reach 74,
a generalized convexity parameter. Assuming 7p; > Tmin > 0 involves both
local regularity — a bound on curvature — and global regularity — no arbi-
trarily pinched area —. This C?-like assumption has been extensively used in
the computational geometry and geometric inference fields [1, 28, 15, 5, 20].
One attempt of a specific investigation for higher orders of regularity £ > 3
has been proposed in [9].

Many works suggest that the regularity of the submanifold has an im-
portant impact on convergence rates. This is pretty clear for tangent space
estimation, where convergence rates of PCA-based estimators range from
(1/n)"/4 in the C? case [1] to (1/n)® with 1/d < o < 2/d in more regular
settings [31, 33]. In addition, it seems that PCA-based estimators are out-
performed by estimators taking into account higher orders of smoothness
[11, 9], for regularities at least C3. For instance fitting quadratic terms leads
to a convergence rate of order (1/n)%/¢ in [11]. These remarks naturally led
us to investigate the properties of local polynomial approximation for regular
submanifolds, where “regular” has to be properly defined. Local polynomial
fitting for geometric inference was studied in several frameworks such as [9].
In some sense, a part of our work extends these results, by investigating the
dependency of convergence rates on the sample size n, but also on the order
of regularity k& and the ambient and intrinsic dimensions d and D.

1.1. Overview of the Main Results

In this paper, we build a collection of models for C*-submanifolds (k >
3) that naturally generalize the commonly used one for k& = 2 (Section
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2). Roughly speaking, these models are defined by their local differential
regularity k£ in the usual sense, and by their minimum reach 7,4, > 0 that
may be thought of as a global regularity parameter (see Section 2.2). On
these models, we study the non-asymptotic rates of estimation for tangent
space, curvature, and manifold estimation (Section 3). Roughly speaking,
if M is a C,,’?mm submanifold and if Y7,...,Y, is an n-sample drawn on M
uniformly enough, then we can derive the following minimax bounds:

k—1
. 1\ @
(Theorems 2 and 3) ir%f ;Ilelgk E 121]agxn4(TYj M,T]) = (n) )
TM 2 Tmin
where Ty, M denotes the tangent space of M at y;
k—2
—~ 1\ @
(Theorems 4 and 5) inf sup E max HII}]Y‘_[ —ITj|| < () ,
I Meck 1<j<n J n
TM 2 Tmin
where [ Ié” denotes the second fundamental form of M at y;
k
. 1\ d
(Theorems 6 and 7) inf sup Edy(M,M) = <> ,
M peck n
TM 2 Tmin

where dy denotes the Hausdorf distance.

These results shed light on the influence of k, d, and n on these estimation
problems, showing for instance that the ambient dimension D plays no role.
The estimators proposed for the upper bounds all rely on the analysis of
local polynomials, and allow to deal with the three estimation problems in
a unified way (Section 5.1). Some of the lower bounds are derived using a
new version of Assouad’s Lemma (Section 5.2.2).

We also emphasize the influence of the reach 7)s of the manifold M in
Theorem 1. Indeed, we show that whatever the local regularity k£ of M, if
we only require 7p7 > 0, then for any fixed point y € M,

inf sup EZ(TyM, T) >1/2, inf sup IEHII;W —ﬁH >c >0,
T MecF II MecF
Tam >0 T >0
assessing that the global regularity parameter 7,,,;, > 0 is crucial for esti-
mation purpose.

It is worth mentioning that our bounds also allow for perpendicular noise
of amplitude ¢ > 0. When o < (1/n)*/? for 1 < a, then our estimators be-
have as if the corrupted sample X1, ..., X, were exactly drawn on a manifold
with regularity . Hence our estimators turn out to be optimal whenever
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a > k. If a < k, the lower bounds suggest that better rates could be obtained
with different estimators, by pre-processing data as in [21] for instance.

For the sake of completeness, geometric background and proofs of tech-
nical lemmas are given in the Appendix.

2. C* Models for Submanifolds

2.1. Notation

Throughout the paper, we consider d-dimensional compact submanifolds
M cC RP without boundary. The submanifolds will always be assumed to
be at least C2. For all p € M, T,M stands for the tangent space of M at
p [13, Chapter 0]. We let IIZ],V[ : TyM x T,M — T,M* denote the second
fundamental form of M at p [13, p. 125]. T I;)V[ characterizes the curvature
of M at p. The standard inner product in R? is denoted by (-,-) and the
Euclidean distance by ||-||. Given a linear subspace T C RP, write T for
its orthogonal space. We write B(p, r) for the closed Euclidean ball of radius
r > 0 centered at p € R, and for short Br(p,r) = B(p,r)NT. For a smooth

function ® : R” — R” and i > 1, we let d.® denote the ith order differential

of ® at 2 € RP. For a linear map A defined on T C R?, | Allop = supveT%

stands for the operator norm. We adopt the same notation ||-|,, for tensors,
i.e. multilinear maps. Similarly, if {A;},c7 is a family of linear maps, its
L>° operator norm is denoted by [|Al[,, = sup,er [[Az|l,,- When it is well
defined, we will write 7g(2) for the projection of z € R” onto the closed
subset B C RP, that is the nearest neighbor of z in B. The distance between
two linear subspaces U,V C RP of the same dimension is measured by
the principal angle Z(U, V) = |7y — mv||,,, - The Hausdorff distance [20] in
RP is denoted by dy. For a probability distribution P, Ep stands for the
expectation with respect to P. We write P®" for the n-times tensor product
of P.

Throughout this paper, C, will denote a generic constant depending on
the parameter . For clarity’s sake, C?, c,, or ¢/, may also be used when
several constants are involved.

2.2. Reach and Regularity of Submanifolds

As introduced in [16], the reach 7y, of a subset M C RP is the maximal
neighborhood radius for which the projection 7 onto M is well defined.
More precisely, denoting by d(-, M) the distance to M, the medial axis of M
is defined to be the set of points which have at least two nearest neighbors
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Figure 1: Medial axis and reach of a closed curve in the plane.

on M, that is
Med(M) = { € RP|3p £ q € M, ||z — p|| = || — g|| = d(z, M)} .
The reach is then defined by

™ = plélj\f/ld (p, Med(M)) = ZE]\}IE]-;(M)d (2, M).
It gives a minimal scale of geometric and topological features of M. As a
generalized convexity parameter, 7ps is a key parameter in reconstruction
[1, 20] and in topological inference [28]. Having 7as > Timin > 0 prevents M
from almost auto-intersecting, and bounds its curvature in the sense that
[1)"]|,, < 727" < Toi for all p € M [28, Proposition 6.1].

For 7im > 0 we let C2 _denote the set of d-dimensional compact con-
nected submanifolds M of ]RD such that 7a; > Tymin > 0. A key property of
submanifolds M € szin is the existence of a parametrization closely related
to the projection onto tangent spaces. We let exp,, : T, M — M denote the
exponential map of M [13, Chapter 3], that is defined by exp,(v) = 7p (1),
where 7, ,, is the unique constant speed geodesic path of M with initial value
p and velocity v.

LEMMA 1. If M € Cfmm, exp,, : Br,m (0, Tmin/4) — M is one-to-one.
Moreover, it can be written as
exXpPy: BTpM (0, Tmm/4) — M
v p+ v+ Ny(v)
with Ny, such that for all v € Br,ar (0, Timin/4),
NP(O) =0, doN,=0, ||vap”op <Ly ||,
where L = 5/(4Tmin). Furthermore, for all p,y € M,
y—p=nr,my —p)+ Re(y —p),

< ly=pl?

— 2Tmin °

where |[Rz(y — p)|
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A proof of Lemma A.1 is given in Section A.1 of the Appendix. In other
words, elements of szm have local parametrizations on top of their tangent
spaces that are defined on neighborhoods with a minimal radius, and these
parametrizations differ from the identity map by at most a quadratic term.
The existence of such local parametrizations leads to the following conver-
gence result: if data Y7,...,Y, are drawn uniformly enough on M € C?

Tmin
'~

then it is shown in [1, Proposition 14] that a tangent space estimator T'
based on local PCA achieves

I

E max Z(Ty,M,Tj) < C (1) "
1<j<n n

When M is smoother, it has been proved in [11] that a convergence rate
in n~=2/¢ might be achieved, based on the existence of a local order 3 Taylor
expansion of the submanifold on top of its tangent spaces. Thus, a natural
extension of the szm model to C*-submanifolds should ensure that such an
expansion exists at order k and satisfies some regularity constraints. To this
aim, we introduce the following class of regularity Cfmm L-

)

DEFINITION 1. For k > 3, Tpin > 0, and L = (L, Ls, ..., Ly), we let
Cfmm,L denote the set of d-dimensional compact connected submanifolds M
of RP with o > Timin and such that, for all p € M, there exists a local
one-to-one parametrization ¥, of the form:

\I/p: BT,,M (O,T’) — M
v—p+ v+ Np(v)

for some r > i, with N, € C* (BTPM (0,7) ,RD) such that
Np(0) =0, doN, =0, [[&N||, <L,
for all ||v]] < i. Furthermore, we require that
[duNp |, < Li for all 3 <i < k.

It is important to note that such a family of ¥,’s exists for any compact
Ck-submanifold, if one allows Tn_”ln, Ly, Ls,....L; to be large enough. Note
that the radius 1/(4L ) has been chosen for convenience. Other smaller
scales would do and we could even parametrize this constant, but without
substantial benefits in the results.

The ¥,’s can be seen as unit parametrizations of M. The conditions on

N,(0), doN,, and diN,, ensure that ¥, ! is close to the projection mr,as.
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The bounds on df]Np (3 < i < k) allow to control the coefficients of the
polynomial expansion we seek. Indeed, whenever M € Cfmin’L7 Lemma 2

) -1
shows that for every p in M, and y in B(p, %) NnM,

k—1

(1) y—p=m"(y—p)+ Y T (@ (y—p)®) + Rily — p),
=2

where 7* denotes the orthogonal projection onto T, M, the T} are i-linear
maps from T,M to RP with ||T7||o, < L. and Ry, satisfies ||Ri(y — p)|| <
C|ly — p||*, where the constants C' and the L’’s depend on the parameters
Tmin s d, k‘, LL, “e ,Lk.

Note that for & > 3 the exponential map can happen to be only C*~2 for a
Ck-submanifold [24]. Hence, it may not be a good choice of W,,. However, for
k = 2, taking ¥, = exp, is sufficient for our purpose. For ease of notation, we
may write szm,L although the specification of L is useless. In this case, we
implicitly set by default ¥, = exp, and L = 5/(47min). As will be shown
in Theorem 1, the global assumption 73y > 7Ty > 0 cannot be dropped,
even when higher order regularity bounds L;’s are fixed.

Let us now describe the statistical model. Every d-dimensional subman-
ifold M C RP inherits a natural uniform volume measure by restriction of
the ambient d-dimensional Hausdorff measure H¢. In what follows, we will
consider probability distributions that are almost uniform on some M in
Cfmm’L, with some bounded noise, as stated below.

DEFINITION 2 (Noise-Free and Tubular Noise Models).
- (Noise-Free Model) For k > 2, Typin >0, L= (L, Ls,...,Lg) and fiin <
naz, we let PF _ denote the set of distributions Py with support
L fm'L’VL f’ﬂla(l'

Tmin,

M e Cfmm,L that have a density f with respect to the volume measure on
M, and such that for oll y € M,

0<fm'm§f(y) Sfmaz<00.

- (Tubular Noise Model) For 0 < 0 < Tyin, we denote by PﬁminaL7fmin7fmax (o)
the set of distributions of random variables X =Y +7Z, whereY has distribu-
tion BpePE 4 o s and Z € TyM*b with || Z]| <o and E(Z]Y) = 0.

For short, we write P* and P*(o) when there is no ambiguity. We denote
by X, an ii.d. n-sample {X,..., X,,}, that is, a sample with distribution
P®™ for some P € P*(0), so that X; = Y; 4+ Z;, where Y has distribution
Py € P*, Z € B, 1(0,0) with E(Z|Y) = 0. It is immediate that for
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0 < Tmin, We have Y = m;(X). Note that the tubular noise model P* (o) is
a slight generalization of that in [21].

In what follows, though M is unknown, all the parameters of the model
will be assumed to be known, including the intrinsic dimension d and the
order of regularity k. We will also denote by P(kx) the subset of elements in
P* whose support contains a prescribed z € RP.

In view of our minimax study on PF, it is important to ensure by now
that P* is stable with respect to deformations and dilations.

PROPOSITION 1. Let ® : RP? — RP be a global C*-diffeomorphism.
If ||d® — Ip|| Hd2<I>H0p s e Hdk<I>H0p are small enough, then for all

P in PF , the pushforward distribution P’ = ®,P belongs to

TminsLs fmin, fmaz

op ’

k
PTmin/2u2L,fmin/272fmax .

Moreover, if ® = Xp (A > 0) is an homogeneous dilation, then P’ €
Panw'n,L()\)7f7nin/>\d7fmaa:/Ad} where L()\) = (LL/A, Lg/)\z, e Lk/)\k—l)

Proposition A.4 follows from a geometric reparametrization argument
(Proposition A.5 in Appendix A) and a change of variable result for the
Hausdorff measure (Lemma A.6 in Appendix A).

2.3. Necessity of a Global Assumption

In the previous Section 2.2, we generalized C?-like models — stated in terms
of reach — to C*, for k > 3, by imposing higher order differentiability bounds
on parametrizations ¥,’s. The following Theorem 1 shows that the global
assumption Tas > Tmin > 0 is necessary for estimation purpose.

THEOREM 1. Assume that Tpmin = 0. If D > d + 3, then for all k > 3
and L, > 0, provided that L3/L? ... ,Lk/Lli_l, L‘j/fmm and fmw/LCj are
large enough (depending only on d and k), for alln > 1,

inf sup IEme(TmM,T) >

T PeP(’“m)

> 0,

N |

where the infimum is taken over all the estimators T= T(Xl, . ,Xn).
Moreover, for any D > d+1, provided that L3 /L? , ... ,Lk/L’i_l, le_/fmm
and fimaz/LS are large enough (depending only on d and k), for all n > 1,

L,

II;WOTFTIM—ﬁ ZT>07

inf sup Epsn

II PEP(’;) op

where the infimum is taken over all the estimators 11 = ﬁ(Xl, . ,Xn).
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The proof of Theorem 1 can be found in Section C.5. In other words, if the
class of submanifolds is allowed to have arbitrarily small reach, no estimator
can perform uniformly well to estimate neither 7, M nor ITM. And this,
even though each of the underlying submanifolds have arbitrarily smooth
parametrizations. Indeed, if two parts of M can nearly intersect around xz
at an arbitrarily small scale A — 0, no estimator can decide whether the
direction (resp. curvature) of M at z is that of the first part or the second
part (see Figures 8 and 9).

Y
AN M1

Figure 3: Inconsistency of curvature estimation for 7,,:, = 0.

3. Main Results

Let us now move to the statement of the main results. Given an i.i.d. n-
sample X,, = {X1,..., X,,} with unknown common distribution P € P*(o),
we detail non-asymptotic rates for the estimation of tangent spaces Ty, M,
second fundamental forms [ I%’ , and M itself.

For this, we need one more piece of notation. For 1 < j < n, PT(LJ_)1 de-
notes integration with respect to 1/(n — 1) Zi# O(x,—x;) and 2®% denotes
the D x i-dimensional vector (z,...,z). For a constant ¢ > 0 and a band-
width h > 0 to be chosen later, we define the local polynomial estimator
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('frj,TQ,j, o 7Tk—1,j) at X; to be any element of
k—1 2
(2) argmin P, o —m(x) = Y Tin(@)®)|| Lo (@)| .
msuPa<i<k || Tillop<t i=2

where 7 ranges among all the orthogonal projectors on d-dimensional sub-
spaces, and T; : (]RD )l — RP among the symmetric tensors of order i such
that ||TiHop < t. For k = 2, the sum over the tensors T; is empty, and

the integrated term reduces to ||z — w(z)]|? 1500, (7). By compactness of
the domain of minimization, such a minimizer exists almost surely. In what
follows, we will work with a maximum scale h < hg, with

-1
Tmin N\ LL

ho = g

The set of d-dimensional orthogonal projectors is not convex, which leads
to a more involved optimization problem than usual least squares. In prac-
tice, this problem may be solved using tools from optimization on Grassman
manifolds [34], or adopting a two-stage procedure such as in [9]: from lo-
cal PCA, a first d-dimensional space is estimated at each sample point,
along with an orthonormal basis of it. Then, the optimization problem
(2) is expressed as a minimization problem in terms of the coefficients of
(mj, T4, ..., Ty ) in this basis under orthogonality constraints. It is worth
mentioning that a similar problem is explicitly solved in [11], leading to an
optimal tangent space estimation procedure in the case k = 3.

The constraint ||T;||op, < t involves a parameter ¢ to be calibrated. As will
be shown in the following section, it is enough to choose t roughly smaller
than 1/h, but still larger than the unknown norm of the optimal tensors
| T |op- Hence, for h — 0, the choice t = h™! works to guarantee optimal
convergence rates. Such a constraint on the higher order tensors might have
been stated under the form of a |.||op-penalized least squares minimization
— as in ridge regression — leading to the same results.

3.1. Tangent Spaces

By definition, the tangent space Ty; M is the best linear approximation of
M nearby Y. Thus, it is natural to take the range of the first order term
minimizing (2) and write Tj = im7;. The Tj’s approximate simultaneously
the Ty, M’s with high probability, as stated below.
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THEOREM 2. Assume that t > Cidr,.. L = SUPscic |17 ||op. Set h =
1/d T
(C'dJg %) , for Cq, large enough, and assume that o < h/4. If n is
large enough so that h < hg, then with probability at least 1 — (%)k/d,

2 fmax k—1 -1
1I£l]a§}(nZ(Tij, T]) < Cd,k,Tmm,Lﬂ / . (h Voh )(1 + th).

As a consequence, taking t = h™t, for n large enough,

k—1 k
. logn\ ¢ logn \ 4
Epen Ty, M, T;) < C 1v
e s 20 <€ (FE5) T o (225) 7

where C = CdvvaminyL7fmin7fmaz .

The proof of Theorem 2 is given in Section 5.1.2. The same bound holds
for the estimation of T}, M at a prescribed y € M in the model Pé“y)(a). For

that, simply take pY = 1/n ) ;6(x,—y) as integration in (2).

In the noise-free setting, or when o < h*, this result is in line with those
of [9] in terms of the sample size dependency (1/n)* =1/, Besides, it shows
that the convergence rate of our estimator does not depend on the ambient
dimension D, even in codimension greater than 2. When k = 2, we recover
the same rate as [1], where we used local PCA, which is a reformulation of
(2). When k > 3, the procedure (2) outperforms PCA-based estimators of
[31] and [33], where convergence rates of the form (1/n)? with 1/d < 8 < 2/d
are obtained. This bound also recovers the result of [11] in the case k = 3,
where a similar procedure is used. When the noise level ¢ is of order A, with
1 < o < k, Theorem 2 yields a convergence rate in h%~!. Since a polynomial
decomposition up to order k, = [«] in (2) results in the same bound, the
noise level o = h® may be thought of as an a-regularity threshold. At last, it
may be worth mentioning that the results of Theorem 2 also hold when the
assumption E(Z|Y) = 0 is relaxed. Theorem 2 nearly matches the following
lower bound.

THEOREM 3. If TypinLi, ..., 7o g, (74 frnin) ™" and 78

’ 'min m min

enough (depending only on d and k), then

fmaz are large

inf sup Ep®n4(T7rM(X1)M, T)

T PePk(o)
2 Cdk,Timin —— \ —— )
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where the infimum is taken over all the estimators T = T(X1, ..., X,).

A proof of Theorem 3 can be found in Section 5.2.2. When o < (1/n)*/¢,
the lower bound matches Theorem 2 in the noise-free case, up to a logn
factor. Thus, the rate (1/n)* =1/ is optimal for tangent space estimation
on the model P¥. The rate (logn/n)*/? obtained in [1] for k = 2 is therefore
optimal, as well as the rate (logn/n)*¢ given in [11] for k = 3. The rate
(1/n)#=1D/d paturally appears on the the model P¥, as the estimation rate
of differential objects of order 1 from k-smooth submanifolds.

When ¢ = (1/n)*% with o < k, the lower bound provided by Theo-
rem 3 is of order (1/n)k-D(atd)/ldd+k)] hence smaller than the (1/n)%/¢
rate of Theorem 2. This suggests that the local polynomial estimator (2) is
suboptimal whenever o > (1/n)¥/¢ on the model P*(o).

Here again, the same lower bound holds for the estimation of T, M at a
fixed point y in the model 77@) (o).

3.2. Curvature

The second fundamental form I I% Ty, M x Ty, M — Ty, M LcRPisa
symmetric bilinear map that encodes completely the curvature of M at Y;
[13, Chap. 6, Proposition 3.1]. Estimating it only from a point cloud X, does
not trivially make sense, since I I% has domain Ty, M which is unknown. To

bypass this issue we extend [ I% to RP. That is, we consider the estimation
of T I% O TTy M which has full domain RP. Following the same ideas as in

the previous Section 3.1, we use the second order tensor T: 9,j © T; obtained
in (2) to estimate II%[ O Ty M-
J

THEOREM 4. Let k > 3. Take h as in Theorem 2, o < h/4, and
t = 1/h. If n is large enough so that h < hg and h™' > C_CllemL >
(supa<ick | T lop) ~t, then with probability at least 1 — (%)k/d,

max |11 omgy, a — Thj 0 TUH < Caermin L\ | Tt (K2 V oh™2).
1<j<n J J op Jmin

In particular, for n large enough,

sup Eper max
PEPk() Isjsn

II%OWTYM—TQJ Oﬁ'j
J op
k=2

locn \ ¢ logn \
S CdykmiinyL:fminvfmaz <n % 1) {1 Ve <n % 1>

ISk

} |
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The proof of Theorem 4 is given in Section 5.1.3. As in Theorem 2, the
case ¢ < h* may be thought of as a noise-free setting, and provides an
upper bound of the form h*~2. Interestingly, Theorems 2 and 4 are enough
to provide estimators of various notions of curvature. For instance, consider
the scalar curvature [13, Section 4.4] at a point Y}, defined by

d(dl_l) ; [<H%(er,er),U%<es,es)> - HII%(eT,es)Hz} :

where (e,)1<,<q is an orthonormal basis of Ty, M. A plugin estimator of S c%_
is

M _
SC)/J,—

Se; = g 2 [ (Foalers ). Tag(@un ) = [ 0) .

r#s

where (é,)1<r<q4 is an orthonormal basis of Tg,j. Theorems 2 and 4 yield

k—2 k
— logn \ 4 logn '\ ¢
Eps 121%)(” Sec; Scyj’_C m— 1Vo p— ,

where C = Cdvk:Tmin:vaminvfmaz'
The (near-)optimality of the bound stated in Theorem 4 is assessed by
the following lower bound.

THEOREM 5. If TyninLi, ..., 75 g, (74 frnin) ™" and 78

' Tmin m min

enough (depending only on d and k), then

fmaz are large

. -
I oL, M — 11

inf sup EP@n AL (Xl)

11 PePk(o)

op

N 1 \'7 J(_o \*
Z Cd.k,Tmin n—1 n—1 )

where the infimum is taken over all the estimators 11 = ﬁ(Xl, oo Xn).

The proof of Theorem 5 is given in Section 5.2.2. The same remarks as in
Section 3.1 hold. If the estimation problem consists in approximating [ Ié\/[
at a fixed point y known to belong to M beforehand, we obtain the same
rates. The ambient dimension D still plays no role. The shift k—2 in the rate
of convergence on a C*-model can be interpreted as the order of derivation
of the object of interest, that is 2 for curvature.

Notice that the lower bound (Theorem 5) does not require k£ > 3. Hence,
we get that for k£ = 2, curvature cannot be estimated uniformly consistently
on the C2-model P2. This seems natural, since the estimation of a second
order quantity should require an additional degree of smoothness.
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Figure 4: M is a union of polynomial patches at sample points.

3.3. Support Estimation

For each 1 < j < n, the minimization (2) outputs a series of tensors
(75, TQJ‘, . ,Tk_l’j). This collection of multidimensional monomials can be
further exploited as follows. By construction, they fit M at scale A around
Y;, so that

N
—

Ui(v) = X;+v+ Y Tij (v®)

@
||
N

is a good candidate for an approximate parametrization in a neighborhood
of Y;. We do not know the domain Ty, M of the initial parametrization,

though we have at hand an approximation TJ = im 7; which was proved to
be consistent in Section 3.1. As a consequence, we let the support estimator
based on local polynomials M be

M= O T (BTj(O, 7h/8)) .
j=1

The set M has no reason to be globally smooth, since it consists of a mere
union of polynomial patches (Figure 4). However, M is provably close to M
for the Hausdorff distance.

THEOREM 6. With the same assumptions as Theorem 4, with probability

k
at least 1 — 2 (%)3, we have
dH (M7 M) S CdvvaminyL»fminafmam (hk \/ U)

In particular, for n large enough,

k
- logn \ @
Sup EP@ndH (M, M) S Cd7k7Tmin7L7fmin,fmaz { < g 1> \/ U} .
PePk (o) n-—
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A proof of Theorem 6 is given in Section 5.1.4. As in Theorem 2, for
a noise level of order h*, o > 1, Theorem 6 yields a convergence rate of
order h¥ ®)/d_ Thus the noise level o may also be thought of as a regularity
threshold. Contrary to [21, Theorem 2], the case h/4 < 0 < Tpin is not in
the scope of Theorem 6. Moreover, for 1 < a < 2d/(d + 2), [21, Theorem 2]
provides a better convergence rate of h?/(@2) Note however that Theorem
6 is also valid whenever the assumption E(Z|Y) = 0 is relaxed. In this non-
centered noise framework, Theorem 6 outperforms [26, Theorem 7] in the
case d > 3, k=2, and o < hZ.

In the noise-free case or when o < hF, for k = 2, we recover the rate
(logn/n)?/¢ obtained in [1, 20, 25] and improve the rate (logn/n)%/(¢*+2) in
[21, 26]. However, our estimator M is an unstructured union of d-dimensional
balls in R”. Consequently, M does not recover the topology of M as the
estimator of [1] does.

When k > 3, M outperforms reconstruction procedures based on a some-
what piecewise linear interpolation [1, 20, 26], and achieves the faster rate
(logn/n)¥/¢ for the Hausdorff loss. This seems quite natural, since our pro-
cedure fits higher order terms. This is done at the price of a probably worse
dependency on the dimension d than in [1, 20]. Theorem 6 is now proved to
be (almost) minimax optimal.

THEOREM 7.  IfTpinL 1, ... e (td mfmm)_l and T4 infmaz are large

’ “min m m

enough (depending only on d and k), then for n large enough,

k
. 1) arr
inf sup Ependy (M, M) 2 Cd k,Tmin { () v <g> o } ’

M PeP*(o) n n
where the infimum is taken over all the estimators M= M(Xl, ey X))

Theorem 7, whose proof is given in Section 5.2.1, is obtained from Le
Cam’s Lemma (Theorem C.20). Let us note that it is likely for the extra
logn term appearing in Theorem 6 to actually be present in the minimax
rate. Roughly, it is due to the fact that the Hausdorff distance dp is similar
to a L™ loss. The logn term may be obtained in Theorem 7 with the same
combinatorial analysis as in [25] for k£ = 2.

As for the estimation of tangent spaces and curvature, Theorem 7 matches
the upper bound in Theorem 6 in the noise-free case o < (1/n)%/¢. More-
over, for 0 < Tyin, it also generalizes Theorem 1 in [21] to higher orders of
regularity (k > 3). Again, for o > (1/n)~%/¢, the upper bound in Theorem 6
is larger than the lower bound stated in Theorem 7. However our estimator
M achieves the same convergence rate if the assumption E(Z|Y) is dropped.
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4. Conclusion, Prospects

In this article, we derived non-asymptotic bounds for inference of geomet-
ric objects associated with smooth submanifolds M C RP. We focused on
tangent spaces, second fundamental forms, and the submanifold itself. We
introduced new regularity classes Ck .1, for submanifolds that extend the
case k = 2. For each object of 1nterest the proposed estimator relies on lo-
cal polynomials that can be computed through a least square minimization.
Minimax lower bounds were presented, matching the upper bounds up to
log n factors in the regime of small noise.

The implementation of (2) needs to be investigated. The non-convexity of
the criterion comes from that we minimize over the space of orthogonal pro-
jectors, which is non-convex. However, that space is pretty well understood,
and it seems possible to implement gradient descents on it [34]. Another way
to improve our procedure could be to fit orthogonal polynomials instead of
monomials. Such a modification may also lead to improved dependency on
the dimension d and the regularity £ in the bounds for both tangent space
and support estimation.

Though the stated lower bounds are valid for quite general tubular noise
levels o, it seems that our estimators based on local polynomials are subop-
timal whenever o is larger than the expected precision for C¥ models in a
d-dimensional space (roughly (1/n)¥/9). In such a setting, it is likely that a
preliminary centering procedure is needed, as the one exposed in [21]. Other
pre-processings of the data might adapt our estimators to other types of
noise. For instance, whenevever outliers are allowed in the model C?, [1] pro-
poses an iterative denoising procedure based on tangent space estimation.
It exploits the fact that tangent space estimation allows to remove a part of
outliers, and removing outliers enhances tangent space estimation. An in-
teresting question would be to study how this method can apply with local
polynomials.

Another open question is that of exact topology recovery with fast rates
for k > 3. Indeed, M converges at rate (logn/n)*/? but is unstructured. It
would be nice to glue the patches of M together, for example using interpo-
lation techniques, following the ideas of [18].
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5. Proofs

5.1. Upper bounds
5.1.1. Preliminary results on polynomial expansions

To prove Theorem 2, 4 and 6, the following lemmas are needed. First, we
relate the existence of parametrizations ¥,’s mentioned in Definition 1 to a
local polynomial decomposition.

LEMMA 2. For any M € Cfmm L and y € M, the following holds.

(i) For all vi,vs € Br,m (07 ﬁ)

3 5
1 [vg — 1| < [[¥y(ve) — Ty(v1)]| < 1 vz —v1]].

(ii) For all h < i A %)

3h 5h
MnB <y,5> C \Ify (BTyM(y,h)) cCMNB (y,4) .

(iii) For all h < Tin,

Th
Br,m (0, 8) C mr,m (B(y,h) " M) .

(iv) Denoting by 7 = w0 the orthogonal projection onto T,M, for all
y € M, there exist multilinear maps Ty ,..., T | from TyM to RP,

X -1
and Ry, such that for ally' € B <y’ W) nM,

V—y=m"( =+ TG - )+ ... + T (7 — )
+ Rk‘(y/ - y)a
with
k " )

HRk(y’—y)H SCHy’—yH and ||T; HOPSLQ, for2<i<k-—1,
where L], depends on d, k, Tpin, L1, ..., L;i, and C ond, k, Tmn, L1,. ..,
Ly. Moreover, for k >3, T5 = II;/W.

(v) For ally € M, HII;VIHOP < 1/Tmin- In particular, the sectional curva-
tures of M satisfy

-2 1
—— <K< 5.
TS .

in min

Sh
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The proof of Lemma 2 can be found in Section A.2. A direct consequence
of Lemma 2 is the following Lemma 3.

LEMMA 3. Set hg = (Timin A L7')/8 and b < ho. Let M € CE |,
o = Yo+ 20, with yo € M and ||z0|| < o < h/4. Denote by 7 the orthogoﬁal
projection onto Ty, M, and by Ty,..., T | the multilinear maps given by
Lemma 2, iv).

Then, for any x = y+z such thaty € M, ||z|| < o < h/4 and x € B(xo, h),

for any orthogonal projection © and multilinear maps 1o, ..., Ti_1, we have
k—1 ' k '
w—wo —w(w —wo) — Y Ti(m(z —w0)™) =Y Tj(x"(y — y0)™)
j=2 J=1
+ Rk(x - .T(]),
where T are j-linear maps, and ||Rx(z — z0)|| < C (o Vv R*) (1 + th), with
t =maxj—a_ ||T||op and C depending on d, k, Tmin, L1 ,..., L. Moreover,
we have
Tll = (77* - ﬂ-)v
T, = (7" —m)oTy+ (Tyor* —Thom),

and, if Tt = 1% andT; =T, fori =2,..., k-1, thenT](:O,forj: 1,...,k.

Lemma 3 roughly states that, if =, T, 7 > 2 are designed to locally
approximate x = y + z around zg = yg + 29, then the approximation error
may be expressed as a polynomial expansion in 7*(y — o).

PROOF OF LEMMA 3. For short assume that yy = 0. In what follows C

will denote a constant depending on d, k, Tmin, L1,. .., Lr. We may write
k—1 ‘ k-1 .
r—xo—m(w—m0) = Y Ti(m(x—20)®) =y —7(y) = Tj(n(y)®)
j=2 j=2
+ R;{:($ - xo),

with || R} (x—z0)| < Co(1+th). Since 0 < h/4,y € B(0,3h/2), with h < hy.
Hence Lemma 2 entails
y =7 (y) + T3 (" (1)) + ... + Ty (7 (y)®F )
+ Ri(y),
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with || R{(y)|| < Ch*. We deduce that

k—1
y=m(y)= ) Ti(m(y)™¥) = (n* —mom*)(y) + T3 (r*(y)**) = m(T5 (v" (y)**))
=2
k
— Dy(mon*(y)*?) + ) Ti(x*(y)™) — n(R}(y)) — B (y),
j=3

with ||[RY(y)|| < Cth**!, since only tensors of order greater than 2 are
involved in R}. Since Ty = II}, 7 o Ty = 0, hence the result. O

At last, we need a result relating deviation in terms of polynomial norm
and L? (Péfrzfl) norm, where Py € P*, for polynomials taking arguments in
7%0)(y). For clarity’s sake, the bounds are given for j = 1, and we denote
P&B_l by Py n—1. Without loss of generality, we can assume that Y; = 0.

Let RF [y1.4] denote the set of real-valued polynomial functions in d vari-
ables with degree less than k. For S € RF[y;.4], we denote by ||S||2 the
Euclidean norm of its coefficients, and by Sj the polynomial defined by
Sh(y1:a) = S(hy1.q). With a slight abuse of notation, S(7*(y)) will denote
S(ei(m*(y)),...,es(7*(y))), where e],..., e form an orthonormal coordi-
nate system of ToM.

1

PROPOSITION 2. Set h = (Kf%?)d. There exist constants Ky q, Ckd

and Cyq such that, if K > (kkafies/fom) and n is large enough so that
b

h < hy < Tinin/8, then with probability at least 1 — (%) d+1, we have

Pon-1[S*(7* () 1s(n/2)(¥)] ¢k, dh® frmin || k|3,
N(Sh/2) Cdfmaa:(n - 1)hd7

for every S € R¥[y1.4), where N (3h/2) = 375_5 Lp(03n/2)(Y)-

IN IV

The proof of Proposition B.8 is deferred to Section B.2.

5.1.2. Upper Bound for Tangent Space Estimation

Proor oF THEOREM 2. We recall that forevery j =1,...,n, X; =Y, +
Zj, where Y; € M is drawn from Py and || Z;|| < o < h/4, where h < hg as de-
fined in Lemma 3. Without loss of generality we consider the case j = 1, Y] =
0. From now on we assume that the probability event defined in Proposi-
tion B.8 occurs, and denote by R,,—1(m, To, ..., T;_1) the empirical criterion
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defined by (2). Note that X; € B(X1,h) entails Y; € B(0,3h/2). Moreover,
since for t > max;—2 -1 |7} ops Rn—1(7 T1, .. Tk 1) S Rpa(n*, 15, ..., T7 ),
we deduce that

C

R 1 (T, T y) < Tminl (02 v h?%) (1 + th)>N (3h/2)

n—1
according to Lemma 3. On the other hand, note that if Y; € B(0, h/2), then
X; € B(X1,h). Lemma 3 then yields

9

2

p
Rn-1(7, T3, ..., Tk—1) >Pon-1 ZTJ{(W*(ZJ)@]) 13(0,n/2)(¥)

(0 V ) (1 + th)2N(3h/2)

n—1

Tmzn»

Using Proposition B.8, we can decompose the right-hand side as

2

Zpon 1 ZT/ ") (7 N 1p0.n/2) ()

<O Lfmash? (02 v th) (1+ th)?,

where for any tensor 7', T(") denotes the r-th coordinate of T" and is consid-
ered as a real valued r-order polynomial. Then, applying Proposition B.8 to
each coordinate leads to

carfun |(T9 @ @) ||} < ot fmach® (o v 2% (14 )2

r=1 j=1

It follows that, for 1 < j <k,

3 T/OT(' _CdkLT fmax h2(k ])\/ 2h 27 1+t2h2
op mn fmm

Noting that, according to [22, Section 2.6.2],
177 0 7™ lop = ll(w* = #)1*lop = I|mps 0 7[| = £(Ty, M, Th),

we deduce that

Z(Ty, M, Th) < CateLrmin | J;mw (R v oh™h) (1 + th).

Theorem 2 then follows from a straightforward union bound. O
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5.1.3. Upper Bound for Curvature Estimation

PrROOF OF THEOREM 4. Without loss of generality, the derivation is con-
ducted in the same framework as in the previous Section 5.1.2. In accordance
with assumptions of Theorem 4, we assume that maxo<i<g [|T7|op <t < 1/h.
Since, according to Lemma 3,

T5(m* (y)®?) = (7% — 7)(T5 (7" (y)®2)) + (T3 o m* — Ty 0 7) (7" (y)®?),
we deduce that
HTQ*OW*—TgofrHOp < HTZ’OW*HOp—l—Hﬁ—W*HOp—i—\|T2oﬁow*—T2oﬁo7?]]0p.

Using (3) with j = 1,2 and th <1 leads to

175 07" = B0l < Cupm | (W2 v 0172,
min

Finally, Lemma 2 states that [ I% = T5. Theorem 4 follows from a union
bound. O

5.1.4. Upper Bound for Manifold Estimation

PrOOF OF THEOREM 6 . Recall that we take X; =Y, 4+ Z;, where Y; has
distribution Py and ||Z;|| < o < h/4. We also assume that the probabil-
ity events of Proposition B.8 occur simultaneously at each Y;, so that (3)
holds for all 4, with probability larger than 1 — (1/n)*/¢. Without loss of
generality set Y7 = 0. Let v € By, ,,(0,7h/8) be fixed. Notice that 7*(v) €
Br,0(0,7h/8). Hence, according to Lemma 2, there exists y € B(0,h) N M
such that 7*(v) = 7*(y). According to (3), we may write

—_

V() =Zi+v+ > T;(0%) =)+ > Ti(n* (v)%) + Ri(v),

J

where, since HTjHop < 1/h, [|Rx(v)| < C’kd’mm’Lx/fmw/fmm(hk\/a). Using
(3) again leads to

o
=
ol

[|
¥
<.

[|
I\

+
3

k—1
™ (v) + Z T(r"(v)¥) = 7*(v) (7" (v)%7) + R/ (7" (v))

=) + YT (x )) + R+ ()),
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where [|R'(7*(y))|| < Ck7d77'min7L\/fmaz/fmin(hk V o). According to Lemma
2, we deduce that | (v) —y|| < Chd’.rmm’[,\/fmaa;/fmm(hk V o), hence

(@) sup d(u, M) < Cigryony| 22 (05 V o).
weM Jmin

~

Now we focus on sup,¢ s d(y, M). For this, we need a lemma ensuring that
Y, ={Y1,...,Y,} covers M with high probability.

C'k logn 1/d .
LEMMA 4. Let h = ( 4 28 ) with C!; large enough. Then for n

fmin n

large enough so that h < Tpin /4, with probability at least 1 — (%)k/d,
di (M,Y,,) < h/2.

The proof of Lemma 4 is given in Section B.1. Now we choose h satisfying
the conditions of Proposition B.8 and Lemma 4. Let y be in M and assume
that ||y — Yj,|| < h/2. Then y € B(Xj,,3h/4). According to Lemma 3 and
(3)7 we deduce that H\Ijjo (ﬁjo (y_on))_yH < Ck,d,Tmm,L \% fmaw/fmin(hkva)'

Hence, from Lemma 4,

(5) sup d(y, M) < Charyy 14| 2592 (15 v o)
yeM fmm

with probability at least 1 —2 (%)k/ ¢ Combining (4) and (5) gives Theorem
6. O
5.2. Minimax Lower Bounds

This section is devoted to describe the main ideas of the proofs of the min-
imax lower bounds. We prove Theorem 7 on one side, and Theorem 3 and
Theorem 5 in a unified way on the other side. The methods used rely on
hypothesis comparison [36].

5.2.1. Lower Bound for Manifold Estimation

We recall that for two distributions @ and @’ defined on the same space,
the L test affinity ||Q A Q'[|; is given by

lor@ll, = [dandq,
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Figure 5: Manifolds My and M; of Lemma 5 and Lemma 6. The width
§ of the bump is chosen to have ||[PJ A P || constant. The distance A =
dp (Mo, M) is of order 6% to ensure that My € C*.

where d@ and d@Q’ denote densities of Q and Q' with respect to any domi-
nating measure.

The first technique we use, involving only two hypotheses, is usually re-
ferred to as Le Cam’s Lemma [36]. Let P be a model and 6(P) be the
parameter of interest. Assume that #(P) belongs to a pseudo-metric space
(D,d), that is d(-,-) is symmetric and satisfies the triangle inequality. Le
Cam’s Lemma can be adapted to our framework as follows.

THEOREM 8 (Le Cam’s Lemma [36]). For all pairs P, P' in P,

A 1 n
inf sup Epend(0(P),0) > ~d (0(P),0(P")) ||P A P[],
9 Pep 2
where the infimum is taken over all the estimators 0 = é(Xl, e Xn).

In this section, we will get interested in P = P*(o) and 0(P) = M, with
d = dp. In order to derive Theorem 7, we build two different pairs (P, P),
(Pg, Pf) of hypotheses in the model P* (o). Each pair will exploit a different
property of the model P*(o).

The first pair (P, P1) of hypotheses (Lemma 5) is built in the model
Pk c Pk (), and exploits the geometric difficulty of manifold reconstruction,
even if no noise is present. These hypotheses, depicted in Figure 5, consist
of bumped versions of one another.

LEMMA 5. Under the assumptions of Theorem 7, there exist Py, P, € PF
with associated submanifolds My, My such that

1
da (Mo, M1) > Crdrpin <n) , and ||[Py A Pi||] > co.

The proof of Lemma 5 is to be found in Section C.4.1.
The second pair (Pg, P{) of hypotheses (Lemma 6) has a similar construc-
tion than (Py, P1). Roughly speaking, they are the uniform distributions on



24 E. AAMARI AND C. LEVRARD

the offsets of radii /2 of My and M; of Figure 5. Here, the hypotheses
are built in P¥(¢), and fully exploit the statistical difficulty of manifold
reconstruction induced by noise.

LEMMA 6. Under the assumptions of Theorem 7, there exist P§, Py €
Pk (o) with associated submanifolds Mg, MY such that

_k_
A (MG, M7) 2 ek, (2) ™ and RS APTIT 2 co.

The proof of Lemma 6 is to be found in Section C.4.2. We are now in
position to prove Theorem 7.

PROOF OF THEOREM 7. Let us apply Theorem C.20 with P = P*(0),
O(P) = M and d = dy. Taking P = Py and P’ = P; of Lemma 5, these
distributions both belong to P* C P¥(), so that Theorem C.20 yields

inf sup Ependy (M, M) > dug(Mo, My) | Py A Py}

M PePk(o)
k
1\d
Z Ck,d, Tmin E X Cop.

Similarly, setting hypotheses P = PJ and P’ = P{ of Lemma 6 yields

inf sup Ep®ndH(M, M) > du (Mg, M7) | Ps NPT
M PePk(o)

k
0\ k+d
2 Chyd,Tmin (ﬁ) X ¢,

which concludes the proof. O

5.2.2. Lower Bounds for Tangent Space and Curvature Estimation

Let us now move to the proof of Theorem 3 and 5, that consist of lower
bounds for the estimation of T'x, M and II )]\(/[1 with random base point Xj.
In both cases, the loss can be cast as

Epen d(0x,(P),0) = Epon-r | Ep d(0x,(P), )|

9

= Epen-1 [Hd(Q.(P), é)

o)

where 6 = é(X ,X"), with X = X; driving the parameter of interest, and
X' = (Xg2,...,Xn) = Xoy. Since ||.|[1(p) obviously depends on P, the
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technique exposed in the previous section does not apply anymore. However,
a slight adaptation of Assouad’s Lemma [36] with an extra conditioning on
X = X carries out for our purpose. Let us now detail a general framework
where the method applies.

We let X, X’ denote measured spaces. For a probability distribution @
on X x X', we let (X, X’) be a random variable with distribution Q. The
marginals of @ on X and X’ are denoted by p and v respectively. Let (D, d)
be a pseudo-metric space. For @ € Q, we let 0.(Q) : X — D be defined p-
almost surely, where p is the marginal distribution of Q) on X'. The parameter
of interest is Ox(Q), and the associated minimax risk over Q is

(6) inf sup Eq [d(@X(Q),é(X, X’))} ,
0 QeQ

where the infimum is taken over all the estimators 6 : X x X’ — D.

Given a set of probability distributions Q on X x X', write W(g) for
the set of mixture probability distributions with components in Q. For all
7= (T1,...,7m) € {0,1}™, 7¥ denotes the m-tuple that differs from 7 only
at the kth position. We are now in position to state the conditional version
of Assouad’s Lemma that allows to lower bound the minimax risk (6).

LEMMA 7 (Conditional Assouad). Let m > 1 be an integer and let
{Qr}oeqo1ym be a family of 2™ submodels Q; C Q. Let {Ux X Uptiopcpn
be a family of pairwise disjoint subsets of X x X', and Dy, be subsets of D.
Assume that for all T € {0,1}™ and 1 < k <m,

o for all Q; € Qr, x(Q+) € D,y on the event {X € Uy};
o forall® € Dy and 0 € D, x ., d(0, 0') > A.

For all 7 € {0,1}™, let Q, € Conv(Q.), and write ji; and U for the
marginal distributions of Q. on X and X' respectively. Assume that if (X, X")
has distribution Q., X and X' are independent conditionally on the event
{(X,X') € Uy, x U}, and that

min (/ dir A du7k> / dv: N dv k >1—a.
T€{0,1}™ U U}

1<k<m

Then,

inf sup Eq [d(@X(Q),é(X, X'))] > mé(l — a),
f QeQ 2

where the infimum is taken over all the estimators 6:X x X' = D.
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Note that for a model of the form Q = {6, ® P, P € P} with fixed zg €
X, one recovers the classical Assouad’s Lemma [36] taking Up = X and
U, = X'. Indeed, when X = z is deterministic, the parameter of interest
0x(Q) = 0(Q) can be seen as non-random.

In this section, we will get interested in @ = PF(0)®", and 0x(Q) =
0x,(Q) being alternatively Tx, M and IT¥ . Similarly to Section 5.2.1, we
build two different families of submodels, each of them will exploit a different
kind of difficulty for tangent space and curvature estimation.

The first family, described in Lemma 8, highlights the geometric difficulty
of the estimation problems, even when the noise level ¢ is small, or even zero.
Let us emphasize that the estimation error is integrated with respect to the
distribution of X;. Hence, considering mixture hypotheses is natural, since
building manifolds with different tangent spaces (or curvature) necessarily
leads to distributions that are locally singular. Here, as in Section 5.2.1, the
considered hypotheses are composed of bumped manifolds (see Figure 7).
We defer the proof of Lemma 8 to Section C.3.1.

LEMMA 8.  Assume that the conditions of Theorem 3 or 5 hold. Given i €
{1,2}, there exists a family of 2™ submodels {7371)}76{0’1}m C Pk, together
with pairwise disjoint subsets {Uy x Ul }1<g<m of RD x (IRD)TH1 such that
the following holds for all T € {0,1}"™ and 1 < k < m.

For any distribution PT(i) € Pﬁi) with support MT(i) = Supp(PT(i)), if
(X1,...,Xpn) has distribution (PT(i))@m, then on the event {Xy € U}, we
have:

d Zf T = O;
; D—d MY
TXIM&) — Rd X {O} , HIIXI o ﬂ-TXlMg) = 0,
op

[ ] if Tk = 1,

1\ T

— fori=1:/ (TXIMT(l),Rd X {O}D_d> > ChdTmin <n — 1) ,

k—2

= 2: |11
— fori=2: x; © ﬂTleiz)

1 Td
2 Ckzdszin 1 .
op n-—

Furthermore, there exists Q.(r?«b € Conv((Pg))@n) such that if (Z1,...,Zy) =
(Z1, Zo:p) has distribution Q.(rf)n, Z1 and Zy., are independent conditionally
on the event {(Z1, Za.,) € Uy x U} }. The marginal distributions of Q(Tz)n on
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RP x (RD)nfl are Q(TZ)I and Q(i) and we have

T,n—1’

/U QR Q= and e [ aQ% ndQl), > a
k k

Uk

(a) Flat bump: 7% = 0.

Uk, p

(b) Linear bump: 7, =1, ¢ = 1. (¢) Quadratic bump: 7, =1, ¢ = 2.

Figure 6: Distributions of Lemma 8 in the neighborhood of Uy, (1 < k < m).
Black curves correspond to the support MT(l) of a distribution of PQ) C Pk,

The area shaded in grey depicts the mixture distribution Qf)l € Com)( 9)

The second family, described in Lemma 9, testifies of the statistical diffi-
culty of the estimation problem when the noise level ¢ is large enough. The
construction is very similar to Lemma 8 (see Figure 7). Though, in this case,
the magnitude of the noise drives the statistical difficulty, as opposed to the
sampling scale in Lemma 8. Note that in this case, considering mixture dis-
tributions is not necessary since the ample-enough noise make bumps that
are absolutely continuous with respect to each other. The proof of Lemma
9 can be found in Section C.3.2.

LEMMA 9.  Assume that the conditions of Theorem 3 or 5 hold, and that
0> Crdrnm (1/(n— 1))k/d for Cy ar,.., > 0 large enough. Given i € {1,2},



28 E. AAMARI AND C. LEVRARD

there exists a collection of 2™ distributions {P@’U}TE{O 1y C Pk (o) with as-

sociated submanifolds {MT(i)’U}Te{O 1y together with pairwise disjoint sub-

sets {US Y1<k<m of RY such that the following holds for all T € {0,1}™ and
1<k<m.
Ifx € Uf andy =7, )0 (z), we have

o if ., =0,
N,o _ md D—d M7
T,MD7 =R x {0} ; HHy |, T 0,
o ifr, =1,
k=1
k+d
— for 7/ = 1 4 (TyM7(—1)707Rd X {O}Did) Z ck,dﬂ'min <TL i 1) ’
k=2
, M7 7 )"
— fori=2: 1" o, o oy 2 Gedormin <n_1> :

Furthermore,

/ (PO A (PO > 0, and m- | POTAPYT > ¢
(RD)nfl

T
o
Uk

PROOF OF THEOREM 3. Let us apply Lemma C.11 with X = RP, &/ =
RYH Q= (PHo)®", X = X1, X' = (Xa,..., Xn) = Xou, 0x(Q) =
Tx M, and the angle between linear subspaces as the distance d.

Ifo < Crar,,, (1/(n— 1))k/d, for Cy d.r,.,, > 0 defined in Lemma 9, then,
applying Lemma C.11 to the family {QQ%}T together with the disjoint sets
Ui x U}, of Lemma 8, we get

. 1 e
inf sup Ep®n4(T7rM(X1)M,T) > M- Chodrmin < ) ©Co - Cq
T PePk(o) n—1

k-1 k—1
o 1 d v o d+k
- cd’k"rmin n — 1 n — 1 )

k/d

where the second line uses that o < Cj q7,.,, (1/(n —1))
Ifo>Crar,,., (1/(n— 1))k/d, then Lemma 9 holds, and considering the
family {(P(Tl)’o)®n}7, together with the disjoint sets U x (}RD)n_l, Lemma



CONVERGENCE RATES FOR MANIFOLD LEARNING 29

C.11 gives

k1
. ~ o k+d

inf sup Ep®n4(T7rM(X1)M,T) =M Chdrmin < ) 1 Co - Cq
T PePk(o) n—1

k-1

I 1 K g a7k
= Cdvkv'r'min n—1 v n—1 ’

O

hence the result.

PROOF OF THEOREM 5. The proof follows the exact same lines as that
of Theorem 3 just above. Namely, consider the same setting with 0x(Q) =
II%W(X)' If o > Cranr, (1/(n— 1))k/d, apply Lemma C.11 with the family

{Q(TQ,)@}T of Lemma 8. If ¢ > Ciq,.., (1/(n— 1))k/d, Lemma C.11 can be
applied to {(Pf)"’)@”}T in Lemma 9. This yields the announced rate. [
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APPENDIX: GEOMETRIC BACKGROUND AND PROOFS OF
INTERMEDIATE RESULTS

Appendix A: Properties and Stability of the Models

A.1. Property of the Exponential Map in Cfmm

Here we show the following Lemma 1, reproduced as Lemma A.1.

LEMMA A.l. IfM € szm, exp,, : Br,ar (0, Timin/4) — M is one-to-one.
Moreover, it can be written as

exXpy: BTPM (O,Tmm/ﬁl) — M
v p+ v+ Ny(v)

with Ny, such that for all v € By, (0, Timin/4),
NP(O) =0, doN,=0, ||vap”op <L, ||UH )
where L = 5/(4Tmin). Furthermore, for all p,y € M,
y—p=mr,m(y —p)+ Ra(y — p),

< ly=nl®

— 2Tmin

where || Ra(y — p)|

PROOF OF LEMMA A.l. Proposition 6.1 in [28] states that for all z € M,

HII;WHOP < 1/Tmin- In particular, Gauss equation ([13, Proposition 3.1 (a),

in <K<

1/72. . Using Corollary 1.4 of [3], we get that the injectivity radius of M is

at least TTymin > Tinin/4. Therefore, exp,, : Br, 1 (0, Tinin/4) — M is one-to-
one.

Let us write Np(v) = exp,(v) — p — v. We clearly have N,(0) = 0
and doN, = 0. Let now v € Br,1(0, Tinin/4) be fixed. We have d,N, =
dyexp, —Idr,y. For 0 < t < |v]|, we write v(t) = exp,(tv/ [|v]]) for the
arc-length parametrized geodesic from p to exp,(v), and F; for the parallel
translation along . From Lemma 18 of [14],

p.135]) yields that the sectional curvatures of M satisfy —2/72

2 t? t
-5 = .
Trvin 2 47—min

<

op
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We now derive an upper bound for HPt — Idr, MHop' For this, fix two unit
vectors u € RP and w € T,M, and write g(t) = (P;(w) — w, u). Letting V
denote the ambient derivative in R?, by definition of parallel translation,

(Vo Pr(w) — w, )|
(HM ’(),Pt(w)),u>’
1/Tmzn

|9'(t)]

IN

Since ¢g(0) = 0, we get HPt - IdTpMHop < t/Timin. Finally, the triangle in-
equality leads to
|duNll,,, = [|dy exp —Idz, |,
< ||dv exp =Py |, + 1 Pjo) — Idz,ae ],
_ 5l

T ATmin

We conclude with the property of the projection 7* = 77, 5s. Indeed, defining
Ry(y —p) = (y —p) — 7*(y — p), Lemma 4.7 in [16] gives

| R2(y — p)l| = d(y — p, T, M)

2
< ly —»lI”
2Tmin

A.2. Geometric Properties of the Models C*
LEMMA A.2. For any M € CfminyL and x € M, the following holds.

(i) For all vi,vs € Br,um (0, ﬁ)
3 5
7 1oz = 1]l < [ (v2) = Ta(wn)]| < 5 flva — 1]

(ii) For all h < i A QT%Z'",

MﬂB(a:,35h> C‘I/x(BTxM(x,h))CMﬂB< 54h>.

(iii) For all h < T

Th
BT;CM (0, 8> C T, M (B(:U, h) N M) .
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(iv) Denoting by * = mwp,r the orthogonal projection onto T, M, for all

x € M, there exist multilinear maps Ty, ..., T} | from T, M to RP,
. —1
and Ry such that for all y € B <:c, T”“”i\Ll> nM,

y—z =y —2) +T5 (" (y— 2)%) + .+ Ty (7 (y — ) )
+ Rp(y — x),

with

IRi(y =) < Clly —=® and |T7|l,, < Li, for2<i<k-1,

where L} depends on d,k, Tmin, L1, ..., Li, and C on d, k, Tmin, L],
..., L. Moreover, for k>3, Ty = M.
(v) For all x € M, HII;VIHOP < 1/Tmin- In particular, the sectional curva-
tures of M satisfy
-2
—— <K<

PrROOF OF LEMMA A.2. (i) Simply notice that from the reverse trian-
gle inequality,

[ Wy (v2) — Wy (vr)|
[z — v1]]

[Nz (v2) = N (1) |

-1 <
[z — v1]]

< Lo(lul[ Vo)) <

|

(ii) The right-hand side inclusion follows straightforwardly from (i). Let us
focus on the left-hand side inclusion. For this, consider the map defined
by G = mr,p 0 ¥, on the domain B,y (0, k). For all v € By, a (0, h),
we have

1
||d’UG - IdeMHop = ||7TTzM o vax”op S HvaiUHop S Li H/U” S 1 < L.

Hence, G is a diffeomorphism onto its image and it satisfies ||G(v)|| >
3||v]|/4. Tt follows that

BTZM <0, 34h> cdG (BTIM (0, h)) =TT, M (\Ifx (BTZM (0, h))) .

Now, according to Lemma A.1, for all y € B (.CU, %) NnM,

2
— 1 3h
ey =)l < Iy = ol + =0 < (10 ) py =t < &,

min
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from what we deduce 77,z (B (x, %) N M) C Br,m (O, %) As a con-
sequence,

M <B <x, 3;) OM> C mr,m (Yo (B (0,R))),

which yields the announced inclusion since 7r,3s is one to one on
B (z, %) N M from Lemma 3 in [4], and

(B <:1: 3;‘) n M> C W, (Br,a (0,h)) C B <x ?) AM.

Straightforward application of Lemma 3 in [4].

Notice that Lemma A.1 gives the existence of such an expansion for

. min L71
k = 2. Hence, we can assume k > 3. Taking h = %, we showed

in the proof of (ii) that the map G is a diffeomorphism onto its image,
with || dyG — Idr,uml,, < § < 1. Additionally, the chain rule yields

HdiGHop < Hdi\lfoop < L; for all 2 < i < k. Therefore, from Lemma

A3, the differentials of G~! up to order k are uniformly bounded. As
a consequence, we get the announced expansion writing

y—x:\leonl(ﬂ*(y—a:)),

and using the Taylor expansions of order k of ¥, and G~1.

Let us now check that 75 = IT}. Since, by construction, Ty is the
second order term of the Taylor expansion of ¥, o G~! at zero, a
straightforward computation yields

Ty = (Ip — 7r,m) 0 dg ¥,
= T, ML © d%qll-

Let v € T, M be fixed. Letting () = W, (tv) for |t| small enough, it
is clear that 7"/(0) = d3¥(v®?%). Moreover, by definition of the second
fundamental form [13, Proposition 2.1, p.127], since v(0) = x and
~'(0) = v, we have

11 (v%%) = 7, 001 (7(0)).
Hence
TQ*(U®2) =T, ML © d%‘l’x(vm)

=T, ML (7//(0))

which concludes the proof.
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(v) The first statement is a rephrasing of Proposition 6.1 in [28]. It yields
the bound on sectional curvature, using the Gauss equation [13, Propo-
sition 3.1 (a), p.135].

O

In the proof of Lemma A.2 (iv), we used a technical lemma of differential
calculus that we now prove. It states quantitatively that if G is C*¥-close
to the identity map, then it is a diffeomorphism onto its image and the
differentials of its inverse G~! are controlled.

LEMMA A.3. Letk > 2 and U be an open subset of R®. Let G : U — R?
be C*. Assume that [a — dG|l,, < & <1, and that for all 2 < i < k,

HdiGHOp < L; for some L; > 0. Then G is a C*-diffeomorphism onto its
mmage, and for all 2 < i <k,

1 a6, < =

o ST 2 and HdiG_lHop < L;,E,Lz,...,Li < oo, for2<i<k.

Proor oF LEmMMA A.3. Forallz € U, [|d,G — I4l|,, <1, so G is one to
one, and for all y = G(z) € G(U),

[a = dy G|, = [[Ta = ()],

H(de)iluop HId - d$GHop
”Lﬁ_dIGHW

- ”Id - de”op

£
1—¢

IN

<

For 2 <i<kand1<j<i, write HZ(-j) for the set of partitions of {1,...,i}
with j blocks. Differentiating i times the identity Go G=! =T da(), Faa di
Bruno’s formula yields that, for all y = G(z) € G(U) and all unit vectors
hlw..,hiE}RD,

%

0=dy (CoG ™) (ha)icazi= Y. > dG. ((dglG—l. (ha)ae,)leﬁ) .

J=1 TI'EHEj)
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Isolating the term for j = 1 entails

|G (671 (o) o)

Lp

i
- ¥ @e ((d;jl@fl, (ha)ael)lew)
5=2 e
% op
i
j -1
<3 5 e, IT e,
]ZQﬂEHy) Iem
Using the first order Lipschitz bound on G~!, we get
te, < 2 L ¥ T v
o°— 1 —¢g4 J op
j:2 WEHZ(-j) [Eﬂ'
The result follows by induction on i. O

A.3. Proof of Proposition 1

This section is devoted to prove Proposition 1 (reproduced below as Propo-
sition A.4), that asserts the stability of the model with respect to ambient
diffeomorphisms.

PROPOSITION A.4. Let ® : RP — RP be a global C*-diffeomorphism.
If ||d® — Ip|| |d2§>HOp s e, HdktﬁHOp are small enough, then for all

P in PF , the pushforward distribution P’ = ®,.P belongs to

Tmin7L7fmin7fmaz
k

PTmi'n/272L7fmin/272f'maw :
Moreover, if ® = XMp (A > 0) is an homogeneous dilation, then P’ €

P];TminyL()\)7fmin/)\d7fmuz/)\d7 where Ly = (L1/X\ L3/X2,... L/ \F1).

op

PROOF OF PROPOSITION A.4. The second part is straightforward since
the dilation AM has reach 7yy; = A7ys, and can be parametrized locally by
Wy, (v) = AU, (v/A) = Ap + v + AN, (v/)\), yielding the differential bounds
L(y). Bounds on the density follow from homogeneity of the d-dimensional
Hausdorff measure.

The first part follows combining Proposition A.5 and Lemma A.6. O

Proposition A.5 asserts the stability of the geometric model, that is, the
reach bound and the existence of a smooth parametrization when a subman-
ifold is perturbed.
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PROPOSITION A.5. Let ® : RP — RP be a global Ck-diffeomorphism. If
|d® —Ipll,, d2<I>H0p s dk<I>Hop are small enough, then for all M in

Cfmin;L’ the image M' = ® (M) belongs to Cfmin/ZQLL,QLSa--wQLk'

PROOF OF PROPOSITION A.5. To bound 7y from below, we use the sta-
bility of the reach with respect to C? diffeomorphisms. Namely, from Theo-
rem 4.19 in [16],

o (1 - ||ID - dq)”op)2
™" = Te(M) = T{Tp—dd|

T™

A [|d> @],

R ) [ . R
- mml + HID — d(I)HOp + Tmin ”d2(I)Hop -2

for ||Ip — d®||,, and Hd2<I>HOp small enough. This shows the stability for
k =2, as well as that of the reach assumption for k£ > 3.

By now, take k > 3. We focus on the existence of a good parametrization
of M’ around a fixed point p’ = ®(p) € M'. For v' € TyM' = d,® (T,M),
let us define

U () =@ (¥, (dy®"0'))
=p +0 + N;/ (v'),

where N7, (v') = {@ (¥, (dy® 1)) —p/ = v'}.

The maps ¥;,(v') and N7, (v') are well defined whenever |dy @] < i,
so in particular if ||v']] < 4(2£L) < linlfofq)”"p and |Ip —d@||,, < 3. One
easily checks that N, (0) = 0, d)N, = 0 and writing c(v') = p+dy® o+

N, (dy®~1.0'), for all unit vector w’ € Ty M’,
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22N (w'2)]| = |

®2
dz(,u/)(b <{ddp/¢‘_1.vl\1jp o dp,(I)*l‘/w/} )
+ dc(v’)q) © d?lpxé—l.v’ \I’p ({dp/q)_l.w/}®2) H
d?:(’u’)(b <{ddp/q3_1.v’qu o dp’q)_l,/w,}®2)
+ (dc(v’)q) — Id) o dzp/q)*l,v"ljp <{dp/q)—1‘w/}®2)

+d o1 Yp <{dp"b_1-wl}®2> H
p

< ||, (1+Ly [y @/ ||) || dy & !

-

2
I
+ | Ip — d®||,, Ly ||dy® " ']

+ L ||dyd ||
1112
< Hdzq)Hop (1+1/4)2Hdp/¢) 1Hop

‘ 2

+ 1 Ip — d®,, Ly a2
+ L ||dy@™!2 .

Writing further qurlHOp < (1 —|lIp—d®,,)" <1+2[Ip—2],, for
lIp — d®]| op Small enough depending only on L, it is clear that the right-
hand side of the latter inequality goes below 2L, for [|Ip —d®||,, and
Hd2<I>HOp small enough. Hence, for ||Ip — d®||,, and Hd2<I>HOp small enough

depending only on L, ||d12),N;,||op < 2L, for all ||of| < m. From the
chain rule, the same argument applies for the order 3 < i < k differential of

!
Np/ . D

Lemma A.6 deals with the condition on the density in the models P*.
It gives a change of variable formula for pushforward of measure on sub-
manifolds, ensuring a control on densities with respect to intrinsic volume
measure.

LEMMA A.6 (Change of variable for the Hausdorff measure). Let P be
a probability distribution on M C RP with density f with respect to the
d-dimensional Hausdorff measure H®. Let ® : RP — RP be a global diffeo-
morphism such that |[Ip — d®||,, < 1/3. Let P' = ®, P be the pushforward

of P by ®. Then P’ has a density g with respect to H®. This density can be



40 E. AAMARI AND C. LEVRARD

chosen to be, for all z € ®(M),
f(e71(2)

9(z) = '
\/det <7TTq>_1(z)M o d@*l(z)(I)T o dqu(z)q)‘:rq)_l( )M>

In particular, if fmin < f < fmaz on M, then for all z € ®(M),

(1= 3d/2011p — d®|y, ) Fnin < 9(2) < Finaa (143272 = 1) [ Ip — d2],)

PROOF OF LEMMA A.6. Let p € M be fixed and A C B(p,r) N M for r
small enough. For a differentiable map h : RY — RD and for all z € R?, we
let Jp(z) denote the d-dimensional Jacobian Jy(z) = y/det (dzh” d,h). The
area formula ([17, Theorem 3.2.5]) states that if h is one-to-one,

/ u (b)) Tn(x) N (dzr) = / u(y)He(dy),
A h(A)

whenever v : RP — R is Borel, where \? is the Lebesgue measure on R?. By
definition of the pushforward, and since dP = fdH¢,

/ dP'(z / f(y)YH(dy).
D(A)

Writing ¥, = exp, : Tp)M — RP for the exponential map of M at p, we
have

[ wman = [ @), @)X do).
A v, 1(4)

Rewriting the right hand term, we apply the area formula again with h =
oW,

| i) e, @)Xy
U, = (4)

B Ly e ()
- AP1<A)f (275 (k=) Touw, (71 ()

B =y Ju, (h™(2)) 4 ;
B A(A)f((b () J@oqu(h_l(z))H (d2).

Since this is true for all A C B(p,r) N M, P’ has a density g with respect to
HY, with

Joow, ()N (dz)

J\Ilq)71(z) (\P;EI(Z) od~! (2))

9(z) = [ (7" (2)) (W3l 0@ 1(2)

Joow 1(z)

®=1(z)
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Writing p = @~ (2), it is clear that W31, o @7" (2) = ¥, (p) =0 € T, M.
Since dg exp,, : T,M — RP is the inclusion map, we get the first statement.

We now let B and 7r denote dp® and 77,y respectively. For any unit
vector v € T, M,

[+ BT Bu|| - [[vll| < ||nz (BTB — Ip) o]
< HBTB_IDHOP
< (24 p = Bllop) 0 = Blly
S 3 HID - BHop .

Therefore, 1 -3 [|Ip — Bl|,, < H?TTBTB‘TPMHOP <1+3|/Ip — Bl|,,- Hence,

1
1- %ZHID_BHop’

/2
Vet (e BT Bz < (1431 - Bll,,) " <

and

1
2d/2 - 1) HID - BHop’

d/2
\/det (WTBTB‘TPM) > (1_3||ID_B||op) > T

which yields the result. O
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Appendix B: Some Probabilistic Tools

B.1. Volume and Covering Rate

The first lemma of this section gives some details about the covering rate of
a manifold with bounded reach.

LEMMA B.7. Let Py € P* have support M C RP. Then for all r <
Tmin/4 and x in M,

Cdfminrd < pz(r) < Cdfmawrd,
for some cq,Cyq > 0, with py(r) = Py (B(x, 7"))

’ 1/d
Moreover, letting h = (fji 10%) with CY large enough, the following

holds. For n large enough so that h < Ty /4, with probability at least 1 —
(l) k/d

n 2

dy (M, Y,,) < h/2.

PROOF OF LEMMA B.7. Denoting by By (x,r) the geodesic ball of radius
r centered at x, Proposition 25 of [1] yields

By (z,r) C B(x,r) N M C By(z,6r/5).

Hence, the bounds on the Jacobian of the exponential map given by Propo-
sition 27 of [1] yield

cdrd < Vol(B(a;, r)N M) < Cdrd,

for some cq,Cyq > 0. Now, since P has a density fiin < f < fmas with
respect to the volume measure of M, we get the first result.

Now we notice that since p,(r) > cqfminr®, Theorem 3.3 in [10] entails,
for s < Tinin/8,

44 cdfmi
P (dH(Mv Xn) > 3) < m exp (_ mmnsd> .

. o _ Clk logn /d l !
Hence, taking s = h/2, and h = with C} so that C, >

fmin n
8 v 24(1+k/d)
cak cqak

yields the result. Since k£ > 1, taking C; = % is sufficient. O
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B.2. Concentration Bounds for Local Polynomials

This section is devoted to the proof of the following proposition.

1
PROPOSITION B.8. Set h = (Klogn> There exist constants Ki.d, C.d
and Cq such that, if K > (kkaf2ee/foum) and n is large enough so that
3h/2 < ho < Tmin/4, then with probability at least 1 — (7) atl , we have

Pon-1[S*(7*(2))Lgns2y(@)] > cr.ah? fiminl Snll3,
S Cdfma;c(n_l)hda

for every S € R¥[z1.4], where N(h) = > = Lo, (Y7)-

A first step is to ensure that empirical expectations of order k polynomials
are close to their deterministic counterparts.

PROPOSITION B.9.  Let b < 73 /8. For any yo € M, we have

p €5
Ui, Y J
P sup (Po— Pon—1) H < . ) 15(y0.5)(¥)
u17~~'7uk75€{071}k 7=1
4k+/2 2 2
Z pyo k T t + S e_tv
pyo Pyo (b) 3(” - 1)py0 (b)

where Py ,—1 denotes the empirical distribution of n — 1 i.i.d. random vari-
ables Y; drawn from Py.

PRrROOF OF PROPOSITION B.9. Without loss of generality we choose yy =
0 and shorten notation to B(b) and p(b). Let Z denote the empirical pro-

cess on the left-hand side of Proposition B.9. Denote also by f, . the map
)\ €
H?:1 (%) ’ 154 (y), and let F denote the set of such maps, for u; in
B(1) and ¢ in {0, 1}*.
Since || fuellos < 1 and Pf2_ < p(b), the Talagrand-Bousquet inequality

([8, Theorem 2.3]) yields

2p(b)t 2t
Z <4EZ
- * n—1+3(n—1)’

with probability larger than 1 — e~t. It remains to bound EZ from above.
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LEMMA B.10. We may write

\/27p(b)
EZ < ﬁk

Proor orF LEMMA B.10. Let g; and g; denote some independent Rademacher
and Gaussian variables. For convenience, we denote by E 4 the expectation

with respect to the random variable A. Using symmetrization inequalities
we may write

EZ =Ey sup |(Po — Pon—1) H (<uj’ y>>€j 13w (y)

u,e jil b
n—1 €
uj, i)\’
< Zmvms Yo ] (1) 1)
n—1 WE i1 =1 b
27‘(‘ n—1 k <U],K> Ej
< o EyE, sup »_gi || —y ) Lsw().
WE=1 j=1

b
Since, for any y in B(b), u,v in B(1)¥, and ¢, ¢’ in {0,1}*, we have

() ()

Now let ), - denote the Gaussian process 3.7 g; H§=1 (M) 71 B (Ya)-

=1 e
< z: k:ﬁj ((y,buﬂ)af j:kli_r (<y,bvj>>€9
_’“1 <<y,buj>)€f | 1 <<y,bvj>>s;

M=

ﬁ <<y,;tj>)€j j:]}i_r <<y,bvj>)6j Kw)gkﬂr

_ <<vk+lby>>+]
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we deduce that

n—1 k 2
r ra}/i ; raY:i
EyDue ~ Voo kY <<€ ur,Yi)  (gpv >> L (Y3)

b b
< Eg(6u€ - @v,s/)2a

where ©, . = \/EZ?:_II E:f:l gw%ﬂg(b) (Y;). According to Slepian’s
Lemma [7, Theorem 13.3], it follows that

EgsupY,; < Egsup O, ¢
15

u,e u,

<€rur, S gir L) (Yi)Yi>

k
< \/EEQ sup Z 2

u,e

r=1

2
<€7~ur, S girlsgy (Yz’)Yi>

b2

k
< VkE, su k

We deduce that

EgsupY, < E,sup©,
Uu,E Uu,e

2
<€u, S il (Y;-)Yi>
<k Eqg sup

2
ulj=1,c€{0,1} b

2
< ky|E,

n—1
i Y
Zgb g (Yi)
=1
< ky/N(D).

Then we can deduce that ExE,sup, . Y, < k/p(b). O

Combining Lemma B.10 with Talagrand-Bousquet’s inequality gives the
result of Proposition B.9. O

We are now in position to prove Proposition B.8.
PROOF OF PROPOSITION B.8. If h/2 < 7,4, /4, then, according to Lemma

1
B.7,p(h/2) = cafminh?, hence, it h = (KE5) " (n=1)p(h/2) > Kcafminlog(n).

n—1
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Choosing b = h/2 and t = (k/d + 1) log(n) + log(2) in Proposition B.9 and
K = K'/ fimin, with K’ > 1 leads to

k £
Uj, Y J
P sup — Pon-1 H( el ) 15(yo,h/2)(Y)
ulv---7uk756{071}k 7=1
k
> Cd,kfmaxhd <1 1 atl
- VK’ ~2\n '

On the complement of the probability event mentioned just above, for a
polynomial S = ZaE[O,k]dHa|§k aqys.;, we have

& maz o
(Pojn—1 — Po)S*(y1.) Ln/2) (v) = —Z dkf agag| oA

C,
> —Mhdnshn%.

- VK

On the other hand, we may write, for all » > 0 ,
[ Snadn s> Carls,13
B(0,r)

for some constant Cy . It follows that

PoS(y1:a) Ls(n/2) () = PoS*(yr:a) L pernsie) (Y1:a) = Crah® fmin | Snll3,

according to Lemma A.2. Then we may choose K" = kg a( fmaz/ fmin)?, with
Kk large enough so that

Pon—15*(x1:0) Lin/2) () = ckafminh®[|Shll3-

The second inequality of Proposition B.8 is derived the same way from
Proposition B.9, choosing ¢ = (0,...,0), b = 3h/2 and h < 7,45, /8 so that
b S Tmin/4- D



CONVERGENCE RATES FOR MANIFOLD LEARNING a7
Appendix C: Minimax Lower Bounds

C.1. Conditional Assouad’s Lemma

This section is dedicated to the proof of Lemma 7, reproduced below as
Lemma C.11.

LeEmMMA C.11 (Conditional Assouad). Let m > 1 be an integer and let
{Qr}reqo1ym be a family of 2™ submodels Qr C Q. Let {Uy x Up} e, be
a family of pairwise disjoint subsets of X x X', and D,y be subsets of D.
Assume that for all T € {0,1}™ and 1 < k <m,

o for all Q; € Qr, Ox(Q+) € Dy, on the event {X € Up};
e for all® € Dy and §' € D,oxy, d(6,0") > A.

For all 7 € {0,1}", let Q. € Conv(Q.), and write ji, and v, for the
marginal distributions of Q. on X and X' respectively. Assume that if (X, X")
has distribution Q., X and X' are independent conditionally on the event

{(X,X") € Uy, x U}, and that

min (/ dpr A duTk> / dv: N\ dv k >1-a.
7€{0,1}™ Us U}

1<k<m

Then,

inf sup Eq [d(@X(Q), d(X, X’))] > m%(l —a),
0 QeQ

where the infimum is taken over all the estimators 6: X x X —D.

PrOOF OF LEMMA C.11. The proof follows that of Lemma 2 in [36]. Let
6 = 6(X,X’) be fixed. For any family of 2™ distributions {Q-}. € {Q-}_,
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since the Uy, x U}’s are pairwise disjoint,

up B [d(6x(@), 00X, X7)

> max EQTd(é7 0x(Qr))

> mTaXIEQT Z d(é, 9x(Qr))]lkaU,; (X, X")
k=1

>27") Y Eq,d(6,0x(Qr)) Lyexuy (X, X)

T k=1

m
Z 2_m Z ZEQ‘rd(é’ DT’k)ﬂUkXUI,c (Xa X/)
T k=1
m

=Y 2" m+1>Z(EQ d(0,Dr i) Ly ey (X, X')
k=1 T

+Eq (0, Dt 1) 1y (X, X)),

Since the previous inequality holds for all @, € Q., it extends to Q, €
Conv(Q;) by linearity. Let us now lower bound each of the terms of the
sum for fixed 7 € {0,1}" and 1 < k < m. By assumption, if (X, X’) has
distribution @, then conditionally on {(X,X’) € Uy x U.}, X and X' are
independent. Therefore,

Eg d(0,Dr ) Ly, xuy (X, X') + EQde(évDTk,k)]lkaU{C (X, X")
> B d(0, D) Ly, (X) 1y (X') + By, (6, Dre ) Ly, (X) 1y (X)
= Ep, [ fir (d(9 Drk)]lUk(X)) HU;(X/)]

+Ey -k [Eﬁ k (d(é D& k) ]lUk (X)> ]lU’ (X/)]

// (0, Dy ) dfir () diy (2 // GDTkkd,uT()duk()
Uy Uy :

> / / d(8, Dy ) + d(8, DT,%)) dfiy A djik(z)dv; A dv_k(z")
Uy 4

> A (/ diiy N d;m) / di, A dv, i
Us i

> A(l - OL),

where we used that d(6, Drk)+ d(o, D,k ) > A. The result follows by sum-
ming the above bound [{1,...,m} x {0,1}""] = m2™ times. O
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C.2. Construction of Generic Hypotheses

Let Méo) be a d-dimensional C*®-submanifold of R” with reach greater than
1 and such that it contains Bga, (o1p-4(0,1/2). Méo) can be built for ex-

}P=4=1" Since

ample by flattening smoothly a unit d-sphere in R4! x {0
Méo) is C*°, the uniform probability distribution PO(O) on Méo) belongs to

§ (0) (0) _ (0)
Pl,L(m,l/VO(O),l/VO(O)’ for some L'®) and V;’ = Vol(M;").

Let now My = (QTmm)MéO) be the submanifold obtained from Méo) by
homothecy. By construction, and from Proposition A.4, we have

TMy > 2Tmin, B]RdX{O}D*d(O?Tmin) - MOa VOZ(MO) = CdT'rsllm’

and the uniform probability distribution Py on My satisfies
k
PO E PQTmin7L/2y2f7nin7fmaz/27

whenever L, /2 > L(f)/(QTmm), con Ly /2 > LIEO)/(QTmm)k’l, and pro-
vided that 2fmin < ((27min) Vi) ™" < finaz/2. Note that L, ... L),

Vol(MéO)) depend only on d and k. For this reason, all the lower bounds will
be valid for 7inL 1, . .. Tk_lLk, (Td fmin) ! and 74 finax large enough to

s "'min min min
exceed the thresholds L(f)/2, . .,L,go)/Zk_l, 2dV0(0) and (2dV0(0))_1 respec-
tively.

For 0 < 0 < Tiin/4, let x1, ..., 2m € My N B(0, Tinin/4) be a family of

points such that
for 1<k#K <m, |ap—ap| >4

For instance, considering the family {(l15, ey 1g6,0, .00, 0) }l-eZ 31< [7min /(46

Toin \ €
m20d< ngm) ,

for some ¢4 > 0.
We let e € RP denote the (d + 1)th vector of the canonical basis. In
particular, we have the orthogonal decomposition of the ambient space

RP = (R? x {0}P7%) + span(e) + ({0} x RP=4-1).

Let ¢ : RP — [0,1] be a smooth scalar map such that ¢|B(0 1y =
2

1 and (23‘8(071)6 =0.
Let Ay >0and 1 > Ay > A_ > 0 be real numbers to be chosen later.
Let A = (Aq,...,Ay,) with entries —A; < A <Ay, and A = (4y,...,An)
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with entries A_ < Ay < A,. For z € RD, we write z = (z1,...,2p) for its
coordinates in the canonical basis. For all 7 = (71,...,7,) € {0,1}"™, define
the bump map as

(1) M) =z+) ¢ (aj — xk) {TAk (2 — 21)] + (1= 1) As} e.
=1 0

An analogous deformation map was considered in [1]. We let P22 denote
the pushforward distribution of Py by <I>§x ’A’(i), and write M;A A for its
support. Roughly speaking, MTA A consists of m bumps at the x;’s having
different shapes (Figure 7). If 7, = 0, the bump at zj, is a symmetric plateau
function and has height Ag. If 7, = 1, it fits the graph of the polynomial

Ay (z — )8 locally. The following Lemma C.12 gives differential bounds and

Uk

Ay

(a) Flat bump: 7 = 0.

Uk Uk

(b) Linear bump: 7, = 1,7 = 1. (¢) Quadratic bump: 7, = 1, ¢ = 2.

Figure 7: The three shapes of the bump map @ﬁ A around Tk

geometric properties of A,

LemMmA C.12.  There exists cy; < 1 such that if Ay < cméi_l and
Ay < cy40, then <I)71}’A’Z is a global C*®-diffeomorphism of RP such that for
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all1 <k <m, 2 (B(zy, 0)) = B(ay, 8). Moreover,

Al Ay
oselmm

i ALAL Ay Ay
Jaarri),, <o { 55 v {5 ]

Proor oF LEMMA C.12. Follows straightforwardly from chain rule, sim-
ilarly to Lemma 11 in [1]. O

|Ip — doXA

and for j > 2,

k—1 _
Lemma C.13.  If mpinLy, ... 750 Li, (Timfmm) L and Tgnnfma:r are

large enough (depending only on d and k), then provided that Ay Vv A;8" <
Ckvdv’r'min(sk} fo’r all T E {O, 1}m’ P;X’A’Z c Pk

TminvLafminyfmaz

PrROOF oF LEMMA C.13. Follows using the stability of the model Lemma

A .4 applied to the distribution Py € 73; L2 fins frmas /2 and the map

<I>$’A’i, of which differential bounds are asserted by Lemma C.12. 0

C.3. Hypotheses for Tangent Space and Curvature
C.3.1. Proof of Lemma 8

This section is devoted to the proof of Lemma 8, for which we first derive
two slightly more general results, with parameters to be tuned later. The
proof is split into two intermediate results Lemma C.14 and Lemma C.15.

Let us write QQZ,, for the mixture distribution on (RP)" defined by

. £\ ®n dA dA
3 Q%:/ / pAAG) _ .
(&) ’ A A J[Al Ay ( ) (A —A-)" (2A4)

Although the probability distribution QS-f)n depends on A_, A, and A4, we
omit this dependency for the sake of compactness. Another way to define
Q(TZ}L is the following: draw uniformly A in [-A4,A;]™ and A in [A_, A, ]™,
and given (A, A), take Z; = PAA (Y;), where Y7, ..., Y, isani.i.d. n-sample
Wi(t)h common distribution Py on My. Then (Z1,...,7Z,) has distribution
21U

T,m-

LEMMA C.14. Assume that the conditions of Lemma C.12 hold, and let

Uk = BRdX{O}D*d (zk,6/2) + Bspan(e) (0, Tmin/2),
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and
n—1
U,/c = <]RD \ {BRdX{O}Dfd (xg,0) + Bspan(e) (O,Tmm/Q)}> .

Then the sets Uy, x U}, are pairwise disjoint, QTn € C’onv((PTZ)) ), and if

(Z1,...,Zn) = (Z1, Zam) has distribution QTn, Z1 and Zs.q are independent
conditionally on the event {(Z1, Za.n) € U, x UL}

Moreover, if (X1, ..., Xy) has distribution (PA A z))(Xm (with fized A and
A), then on the event {X1 € Uy}, we have:
o ifm, =0,
D—d MAA@
T, MM =R % {0} ) HU O Ty MAAO Op—U

and dg (Mo, MM > |A,].
o if=1,

— fori=1:/ (TXIMAA( ) RY x {O}D_d) > A_/2.

) MAAR)
— fori=2: Iy o T MAAG) > A_/2.

op

PROOF OF LEMMA C.14. It is clear from the definition (8) that Q% €
C’onv((Pg))@L) By construction of the (I>A A, 7”S these maps leave the sets

BRdX{O}D*d (xka 5) + Bspan(e) (Oa Tmm/2)

unchanged for all A, L. Therefore, on the event {(Z1, Zo.,) € U x U}}, one
can write Z; only as a function of X1, Ay, A, and Zs., as a function of the
rest of the X;’s,A;’s and Ay’s. Therefore, Z; and Zs., are independent.

We now focus on the geometrlc statements. For this, we fix a deterministic

point z = @ A )( 0) € UpN M A0 . By construction, one necessarily has
xg € Mo N B(xg,d/2).

o If 7, = 0, locally around =z, @?’A’(l) is the translation of vector Age.

Therefore, since M satisfies Ty, My = R? x {O}Did and II%O =0, we
have

ALA(2)

T MAAD —RE x {0}P~4  an HIIM O A

T, 1 =0.

op

o if 7, =1,
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— for ¢ = 1: locally around xy, <I>£’A’(1) can be written as x — x +
Apg(x —zp)1e. Hence, T, M2 contains the direction (1, Ag) in
the plane span(e, e) spanned by the first vector of the canonical
basis and e. As a consequence, since e is orthogonal to R? x

{oy"~,
£ (LM O R x {0}P71) > (141/42) 7 > a/2> A2,
— for ¢ = 2: locally around xg, @Q’A’(Q) can be written as = +—
AA,(2)

r+ Ag(x — zp)%e. Hence, M; contains an arc of parabola of
equation y = Ay(x — )7 in the plane span(ei,e). As a conse-
quence,

ALAL(2)
HI s OT. .\ AA®2)
op

! > A2 > A)2.

O]

LeEMMA C.15.  Assume that the conditions of Lemma C.12 and Lemma
C.14 hold. If in addition, cAy(6/4)" < Ay < CAL(5/4)" for some absolute
constants C > ¢ > 3/4, and A_ = Ay /2, then,

d
~ (i) S Cdi (0
dQT /\ dQ — < ) Y
/Uk T 1 C \ Tmin

» B 5 d n—1
/ dQ%,_ AdQY) = 1—cii< ) .
U, ’ Tmin

ProOOF OoF LEMMA C.15. First note that all the involved distributions
have support in R? x span(e) x {0} (d+1), Therefore, we use the canoni-
cal coordinate system of R% x span(e), centered at xj, and we denote the
components by (1, %2, ...,24,y) = (r1,T2.q4,y). Without loss of generality,
assume that 7, = 0 (if not, flip 7 and 7%). Recall that ¢ has been chosen to
be constant and equal to 1 on the ball B(0,1/2).

By definition (8), on the event {Z € Uy}, a random variable Z having

distribution Q( )1 can be represented by Z = X + ¢ (X x’“) Ape = X + Ape

where X and Ay are independent and have respective distributions Py (the
uniform distribution on M) and the uniform distribution on [—Ay, A].

and
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Therefore, on Uy, Q(Tz)l has a density with respect to the Lebesgue measure
Aa+1 on R? x span(e) that can be written as

Lia,a(y)

~(2) _
qT’l(l’l? L2:d, y) - 2VOZ(MO)A+ N

Analogously, nearby xj a random variable Z having distribution Q(Tzk) | can be

represented by Z = X + Ay (X —xx)%e where Ay, has uniform distribution on
[A_, A1]. Therefore, a straightforward change of variable yields the density

iAot (%)
Vol(Mo) (Ay — A_)ai

q(k)l(xlaxQ dY) =

We recall that Vol(My) = (27min)?V ol (Méo)) = e, . Let us now tackle
the right-hand side inequality, writing

| st naat,
Uy ’
La,a(W) ) LA _ai A, ai)()
= ’ A ‘ dydxidx
/B(xk,(wz) <2Vo1<Mo>A+ Vol(Mo) (A4 — A)ai | 012

/ /‘5/4 / ( A+,A+] )) A ]]-[A,le,AJrzi](y) dydxlde:d.
Bra—1( 5/4 2A+ AJF:EZl/Z VOZ(MO)

It follows that

QY naQ") |
U ’

> Cd 6d 1/6/4 /A+/\ A+CE1 dydxl
Tt Asai)2 2A+ A+$1

o G Cd d 1/5/4/’(6/\1 (A+J31) 20/\1/2) dxl
B mzn +$1/2 A+
A 5 4 i+1
— Cd —2 572 A1/2) (e N1 —1/2) A+(Z/+1
mzn +
> cd’i( 0 >d.
- C Tmin

For the integral on U}, notice that by definition, Q _; and Q co-
incide on Uj, since they are respectively the image dlstrlbutlons of Po by



CONVERGENCE RATES FOR MANIFOLD LEARNING 55

functions that are equal on that set. Moreover, these two functions leave
RP \ {BRdX{O}D—d (T, 0) + Bopan(e) (0, Tmm/Q)} unchanged. Therefore,

|, @naall,

Ui ' ’

_ P (1)

= (1 — P (BRdX{O}D—d (mk, 5) + Bspm(e)(o, Tmm/Q))>

_ (1 _ wd6d/Vol(M0))n_1 :

n—1

hence the result. O

PRrROOF OF LEMMA 8. The properties of {Q(Tz)n}T and {Uy x Uy}, given

by Lemma C.14 and Lemma C.15 yield the result, setting A, = A,5/4,
A d

Ay =2A_ =¢es* i for e =¢pq.,, , and § such that c ( g ) =1 0

Tmin n—1"

C.3.2. Proof of Lemma 9

This section details the construction leading to Lemma 9 that we restate in
Lemma C.16.

LEmMmA C.16.  Assume that TminL .. .,ngéLk,(Tglmfmm)*l, Tf)amfmaw
are large enough (depending only ond and k), ando > Cy 4.+, (1/(n — 1))k/d
for Crarnm > 0 large enough. Given i € {1,2}, there exists a collection

of 2™ distributions {P(Ti)’U}TE{O ym C P¥(o) with associated submanifolds
{MT(Z')’O}TG{OJ}W together with pairwise disjoint subsets {UZ }1<p<m of RY

such that the following holds for all T € {0,1}™ and 1 < k < m.
Ifx € Uf and y =, 6.0 (), we have

b Zf T =0,
)0 d D—d Mo
T,MO7 =R x {0} I o o =0

b Zf Tk =1,

k=1

k+d

— fori=1:Z (TyMT(l)’U,Rd X {O}D_d) 2 Chyd,Tmin (n i 1) )

k-2

. (2),0
— fori=2: HII;WT o

’ o k+d
> .
T‘-Tqu(?)’U op - Ck,daTmin n — 1
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Furthermore,

[ @O A @R 2 and me [ POTAPYT 2
(RP)

T Tk
o
Uk

ProOOF oF LEMMA C.16. Following the notation of Section C.2, for i €
{1,2}, 7 € {0,1}", 6 < Tynin/4 and A > 0, consider

(9) dAi( x+2¢<

Note that (9) is a particular case of (7). Clearly from the definition, o

and &% 73 coincide outside B(zy,d), (®(z) — x) € span(e) for all z € RP,

and ||Ip — <I>H < Ab. Let us define M2 = CIDfi(MO) From Lemma C.13,

we have M = Ck L provided that T L1, ..., 7

and that § < Tmm/2, with A/(Sk_i < ¢ for e =¢€pqr,,,: sSmall enough.
Furthermore, let us write

) (e )

'L are large enough,

Uy = BRdX{O}D—d (xg,0/2) + B{O}dXRDfd (xg,0/2).

Then the family {U7 }1<k<m is pairwise disjoint. Also, since 73, = 0 implies
that M7 coincides with My on B(xy,d), we get that if z € U7 and y =
T4 (T),

=0.

T,MA" = R? x {0}P~ | HH;”?‘ Tom .

T, M2

Furthermore, by construction of the bump function <I> ,if z € U] and

T, = 1, then
A

4(T MATRE x {0)P- d) 5

and
A

| on .
2

>
T, M op

Now, let us write
0p = {y+¢lye Mg e (MA) " e < o/2)

for the offset of M of radius o /2. The sets {OA z} are closed subsets

of RD with non-empty interiors. Let PAl denote the uniform distribution

on O ot . Finally, let us denote by P = ( MTA,Z)*P the pushforward
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distributions of P2 by the projection maps 7, 4,.. From Lemma 19 in [26],

M
P2 has a density f2% with respect to the volume measure on M2, and
this density satisfies

' ' ot o/2) 5\ @
I Z‘[A’Z Ayi < Tmin < [ =
Vol (M) £ < <Tmm—0/2> - <3) ’

and

A\ pAi Tonin — 0/2\ 3 a
Vol (M) fi > <> > <5> .

Tmin + 0/2

Since, by construction, Vol(My) = cqr;,, and ¢ < Vol(M;\’A’i)/Vol(Mo) <
C!, whenever A/§"1 < Eddiryimiis W get that P2 belongs to the model PF
provided that (72, fimin) ™! and 79, fiuae are large enough. This proves that
under these conditions, the family {Pf’i}
Pk (o).

Let us now focus on the bounds on the L' test affinities. Let 7 € {0,1}™
and 1 < k < m be fixed, and assume, without loss of generality, that 7, = 0
(if not, flip the role of 7 and 7%). First, note that

n—1
N\ ©n—1 Ai\ ®n—1 i A
[ @2y ([ paonrs)

. Aji Ay . N . Aji
Furthermore, since P7" and PT,;l are the uniform distributions on O;"* and

Ay
o7,

, . 1 , .
[ pnpii=ieg [ ferp
R R

_1_1/ lof’i(a) B lof,i(a)
) B2 | Vol (Oﬁ“) Vol (of,;i)

re{0.1}m is included in the model

5 dHP (a).
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Furthermore,

1 HOA—L( a) ﬂ();“ki(a)
2/RD Vol (0“) Vol (0“) Ha)

1 1
Vol (OA ) Vol ((’)A’Z>

_ %Vol ((’)ﬁ‘vi N O;“,f) g
X % Vol (Oﬁ” : @f,;i) X Vol (ij \ (’)A)

vol (0) vl (0)
4 Vol (Of’i \ oj‘k’i) Vv Vol (Of,;i \ Of’i)

"2 va(oM) avel (0

To get a lower bound on the denominator, note that for § < 7, /2, M
and M " both contain

BRdX{O}Dfd (0, Tmin) \ BRdX{O}Dfd (O, Tmin/4),

so that Of " and Ofk’i both contain
(BRdX{O}D—d(O, Tmin) \ BRdX{O}D—d (0, Tmm/4)) + B{O}dXRD—d(O, a/2).

As a consequence, Vol (Of’i AV ol (Ofk’i) > cqwar? . wp_q(o/2)P~? where

min
wy denote the volume of a f-dimensional unit Euclidean ball.
We now derive an upper bound on Vol((’)A’Z \ OA 7'). To this aim, let us

consider ay = y+§ € OAZ\O 2 with y € MAZ and ¢ € (T, MAZ)
Since @AZ and 4 i ' coincide outside B(zy,d), so do M;M and M:}CZ. Hence,
one necessarily has y € B(zy,d). Thus, (T}, MA’i)l = T,Mg = span(e) +
{0} x RP=4-1 0 we can write £ = se 4+ z with s € R and z € {0}*™ x
RP—d-1 By definition of 02", €]l = /52 + ||12]|* < o/2, which yields ||z]| <

0/2 and |s| < 1/(0/2)? — ||z||*. Furthermore, 3o does not belong to Of,;i,
which translates to

0/2 < d(ag, M Hyo—i—se—i—z—fbféi(yo)u

. 2
_ \/\H (e — 00| + 1117
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from what we get |s| > 1/(0/2)2 — ||2||? — HID — oA

that O3 \ (’)fk’i is a subset of

. We just proved
o0

Ba(xy,0) + {se + 2| (5,2) € R x RP74L 12| < /2 and

(0/2) = |12 = || 10 — %

Tk

2
< Isl < /(o/2)% — 2] }
[ee]
Hence,

(10) Vol (Of1\O4') < was® x 2| 1p — & D-d-1,

X WD—d—l(O'/2)
oo
Similar arguments lead to

(11) Vol (Ofk’i \ Of”) < wad? x 2| Ip — 2| x wp_a_1(o/2)P~1L

Since HID — o < A§*, summing up bounds (10) and

(11) yields

v - a2
o0

o0

Wawp—_g—1 A8 - (5‘1(0’/2)[)_“{_1

ward ;. wp_q(o/2)P~4

i d
S1- 3A(5 ( ) > .
g Tmin

To derive the last bound, we notice that since U] C Of’i = Supp(Pf’i),
we have

/ PAAPY >1-3
RD

Vol (U,g N Of,f)
Vol (O;‘“’) AVol (Ofk’i)

| paiapls
Uy

Vol (U7) — Vol (U;g \ Of,;")
Vol (Oﬁ“’) AVol (Ofk’i)

Vol (Ug) - Vol (0 0)
Vol (02) avel (02)
wa(6/2)%wp_a(0/2)P~% — wad? As'wp_4_1(c/2)P~41

wdTgnnwD—d(O'/?)D*d
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Hence, whenever A§° < cqo for c¢g small enough, we get

4 A 5 \¢
/ Pfﬂ/\PAkz’>c;< > .
- T — T
Uy min

Since m can be chosen such that m > cg(Tmin/0)?, we get the last bound.

Eventually, writting P(Ti)’g = P2 for the particular parameters A =

ed*~t, for € = ek 4., small enough, and & such that %‘si <L> = L

Tmin n—1
yields the result. Such a choice of parameter § does meet the condition

. k/d
A" = 6% < cqo, provided that o > o (ﬁ) . -

C.4. Hypotheses for Manifold Estimation
C.4.1. Proof of Lemma 5

Let us prove Lemma 5, stated here as Lemma C.17.

k—1 d -1 d
Lemma CA7. If ToinLoy, ..., 7p o L, (T5in fmin) — and T, fmaz are

large enough (depending only on d and k), there exist Py, P, € P* with
associated submanifolds My, My such that

1 d
dp (Mo, My) > cidrpin (n) . and ||Py NP1} > co.

PRrROOF OoF LEMMA C.17. Following the notation of Section C.2, for § <
Tmin/4 and A > 0, consider

¢£(x):m+¢(§)A-e,

which is a particular case of (7). Define M* = ®*(Mp), and P» = LR,
Under the conditions of Lemma C.13, Py and P* belong to P*, and by con-
struction, dg (Mo, M A) = A. In addition, since Py and P coincide outside
5(0,9),

/RD dPy AdP* = Py(B(0,9)) :wd< i )d.

Tmin

d
Setting P, = PN with wy ( 0 ) =Land A= ck,dmnmék for cx d.7,m >0

Tmin n

small enough yields the result. O
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C.4.2. Proof of Lemma 6

Here comes the proof of Lemma 6, stated here as Lemma C.17.

LEMMA C.18. If TyinLy, ... Tk_lLk,(Tdmfmm)*l and 7. e are

' Tmin m min

large enough (depending only on d and k), there exist P§, Py € PE(o) with
associated submanifolds Mg, M7 such that

_k_
d+k

A (MG, M7) 2 ek, (2) ™ and RS APTIT = co.
) n

Proor orF LEMMA C.18. The proof follows the lines of that of Lemma
C.16. Indeed, with the notation of Section C.2, for § < Ty, /4 and 0 < A <
Chodrin OF fOT €t gy > 0 small enough, consider

oM () :$+¢<%>A-e.
Define M* = & (My). Write Oy, O for the offsets of radii o/2 of My, M,

and and Py, P? for the uniform distributions on these sets.
By construction, we have dg (Mg, M) = A, and as in the proof of Lemma

C.16, we get
Al s\
/ PO/\PA21—3< ) .
RD 0 \ Tmin

Denoting Py = Pg and P} = PA with A = Ek’d,fmmék and ¢ such that
d
3% (&) yields the result.

O

C.5. Minimax Inconsistency Results

This section is devoted to the proof of Theorem 1, reproduced here as The-
orem C.19.

THEOREM C.19. Assume that Tmin = 0. If D > d+3, then, for all k > 2
and L, > 0, provided that L3/L? ... ,Lk/Lli_l, L‘j_/fmm and fmax/L‘j_ are
large enough (depending only on d and k), for alln > 1,

inf sup Epens(T,M,T) >

T PGP(’;)

>0,

N |

where the infimum is taken over all the estimators T= T(Xl, e ,Xn).
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Figure 8: Hypotheses for minimax lower bound on tangent space estimation
with 7 = 0.

Moreover, for any D > d+1, provided that L3/LA , ... ,Lk/L’fl, L‘i/fmm
and ]‘},WE/LdL are large enough (depending only on d and k), for alln > 1,

— L
inf sup Epen [[IIM 0wy ar — 11 > 5,
11 pept, op 4
where the infimum is taken over all the estimators 17 = ﬁ(Xl, . ,Xn).

We will make use of Le Cam’s Lemma, which we recall here.

THEOREM C.20 (Le Cam’s Lemma [36]). For all pairs P, P’ in P,

inf sup Epond(0(P),0) >

1 / /||
nf sup 5@ (0(P),6(P)) ||P A P'IJT,

where the infimum is taken over all the estimators 6 = é(Xl, o Xn).

PROOF OF THEOREM C.19. For 6 > A > 0, let C,C' C R? be closed
curves of the Euclidean space as in Figure 8, and such that outside the
figure, C and C’ coincide and are C*°. The bumped parts are obtained with
a smooth diffeomorphism similar to (7) and centered at z. Here, § and A
can be chosen arbitrarily small.

Let ST~1 ¢ R? be a d — 1-sphere of radius 1/L . Consider the Cartesian
products M; = C x 84! and M| = C' x S*'. M; and M] are subsets
of R¥*3 C RP. Finally, let P, and P] denote the uniform distributions on
M and M’. Note that M, M’ can be built by homothecy of ratio A =
1/L, from some unitary scaled Ml(o),M ! 50), similarly to Section 5.3.2 in
[2], yielding, from Proposition A.4, that P;, P{ belong to P(kx) provided that



CONVERGENCE RATES FOR MANIFOLD LEARNING 63

| M, I | M .

Figure 9: Hypotheses for minimax lower bound on curvature estimation with
Tmin — 0.

L3/L?,... ,Lk/L’j__l,LdL/fmm and f,,m/LdL are large enough (depending
only on d and k), and that A,§ and A¥/§ are small enough. From Le Cam’s
Lemma C.20, we have for all n > 1,

. 1
inf sup Ep@%é(TzM,T) > —
T PeP(’;) 2

L(T My, T M) || Pr|Y

By construction, Z(Tli,T xM{) = 1, and since C and C’ coincide outside
Brs(0,0),

1P AP, =1 Vol ((BRa(O,é) nC) x sdfl) Vol (c X SCH)

=1— Length (Bgs(0,0) NC) /Length(C)
>1—cp, 0.

Hence, at fixed n > 1, letting A, § go to 0 with A¥/§ small enough, we get
the announced bound.

We now tackle the lower bound on curvature estimation with the same
strategy. Let Ma, M} C RP be d-dimensional submanifolds as in Figure
9: they both contain x, the part on the top of My is a half d-sphere of
radius 2/L , the bottom part of M is a piece of a d-plane, and the bumped
parts are obtained with a smooth diffeomorphism similar to (7), centered
at z. Outside B(z,d), M2 and M/ coincide and connect smoothly the upper
and lower parts. Let P», Pj be the probability distributions obtained by the
pushforward given by the bump maps. Under the same conditions on the
parameters as previously, P, and Py belong to P(Ifx) according to Proposition
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A 4. Hence from Le Cam’s Lemma C.20 we deduce

IIM o qoppp — 11

inf sup Epen

IT pepl, op

122 A P57

1 M!

But by construction, Hllgﬂw2 OWTIM?Hop = 0, and since M} is a part of a

= L, /2. Hence,
op

sphere of radius 2/L, nearby z, (|I R T, M}

> L, /2.

M/
HH;”? oy — I12™ o
op

Moreover, since P, and Pj coincide on RP \ B(z, d),
| P2 A P3||, =1 — Po(B(x,0)) > 1—cqp, 6%

At n > 1 fixed, letting A,§ go to 0 with A¥/§ small enough, we get the
desired result.
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