N

N

Non-Asymptotic Rates for Manifold, Tangent Space,
and Curvature Estimation

Eddie Aamari, Clément Levrard

» To cite this version:

Eddie Aamari, Clément Levrard. Non-Asymptotic Rates for Manifold, Tangent Space, and Curvature
Estimation. 2017. hal-01516032v1

HAL Id: hal-01516032
https://hal.science/hal-01516032v1

Preprint submitted on 2 May 2017 (v1), last revised 2 Feb 2018 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01516032v1
https://hal.archives-ouvertes.fr

Non-asymptotic Rates for Manifold, Tangent
Space and Curvature Estimation

Eddie Aamari*™
Laboratoire de Mathématiques d’Orsay, INRIA Saclay

Clément Levrard*
Université Paris Diderot

Abstract

Given an n-sample drawn on a submanifold M C RP, we derive opti-
mal rates for the estimation of tangent spaces T'x M, the second fundamen-
tal form IT¥, and the submanifold M. After motivating their study, we
introduce a quantitative class of C¥-submanifolds in analogy with Holder
classes. The proposed estimators are based on local polynomials and al-
low to deal simultaneously with the three problems at stake. Minimax
lower bounds are derived using a conditional version of Assouad’s lemma
when the base point X is random.

1 Introduction

A wide variety of data can be thought of as being generated on a shape of low
dimensionality compared to possibly high ambient dimension. This point of
view led to the developpement of the so-called topological data analysis, which
proved fruitful for instance when dealing with physical parameters subject to
constraints, biomolecule conformations, or natural images [Wasl6]. This field
intends to associate geometric quantities to data without regard of any specific
coordinate system or parametrization. If the underlying structure is sufficiently
smooth, one can model a point cloud X = {X3,..., X, } as being sampled on a
d-dimensional submanifold M C R”. In such a case, geometric and topological
intrinsic quantities include (but are not limited to) homology groups [NSW0§],
persistent homology |[FLR™14], volume [APR16], differential quantities [CP05]
or the submanifold itself [GPPVW12, [AL15].

The present paper focuses on optimal rates for estimation of quantities up
to order two: (0) the submanifold itself, (1) tangent spaces, and (2) second
fundamental forms.
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TResearch supported by Advanced Grant of the European Research Council GUDHI
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Among these three questions, a special attention has been paid to the es-
timation of the submanifold. In particular, it is a central problem in manifold
learning. Indeed, there exists a wide bunch of algorithms intended to recon-
struct submanifolds from point clouds (Isomap [TdSL0O0], LLE [RS00], and re-
stricted Delaunay Complexes [BGI14, [CDR05] for instance), but a few come
with theoretical guarantees [GPPVWT12| [ALI5]. Up to our knowledge, a mini-
max lower bound has proved optimality of a reconstruction scheme in only one
case [GPPVWI12|. Some of these reconstruction procedures are based on tan-
gent space estimation [BG14l [AL15, [CDR05]. Tangent space estimation itself
also yields interesting applications in manifold clustering [GMI11] [ALZ13]. Esti-
mation of curvature-related quantities naturally arises in shape reconstruction,
since curvature can drive the size of a meshing. As a consequence, most of the
associated results deal with the case d = 2 and D = 3, though some of them
may be extended to higher dimensions [MOGI1I] [GWMOI]. Several algorithms
have been proposed in that case [Rus04l [CP05, MOGI11, [GWMO1], but with no
analysis of their performances from a statistical point of view.

To assess the quality of such a geometric estimator, the class of subman-
ifolds over which the procedure is evaluated has to be specified. Up to now,
the most commonly used model for submanifolds relied on the reach 7/, a gen-
eralized convexity parameter. Assuming 7p; > Ty > 0 involves both local
regularity — a bound on curvature — and global regularity — no arbitrarily
pinched area. This C2-like assumption has been extensively used in the com-
putational geometry and geometric inference fields [ALI5, NSWOS| [FLR 14,
APRI16L [GPPVW12]. One attempt of a specific investigation for higher orders
of regularity & > 3 has been proposed in [CP03].

However, many works suggest that the regularity of the submanifold has
an important impact on convergence rates. This is pretty clear for tangent
space estimation, where convergence rates of PCA-based estimators range from
(1/n)Y/% in the C? case [ALIS] to (1/n)® with 1/d < a < 2/d in more regular
settings [SW12| [TVF13]. In addition, it seems that PCA-based estimators are
outperformed by estimators taking into account higher orders of smoothness
[CCT6, [CP05], for regularities at least C3. For instance fitting quadratic terms
lead to a convergence rate of order (1/n)%/? in [CCI6]. These remarks naturally
led us to investigate the properties of local polynomial approximation for regular
submanifolds, where “regular” has to be properly defined. Local polynomial
fitting for geometric inference was studied in several frameworks such as [CP05].
In some sense, a part of our work extends these results, by investigating the
dependency of convergence rates on the sample size n, but also on the order of
regularity k and the ambient and intrinsic dimensions d and D.

1.1 Contribution

In this paper, we build a collection of models for C*-submanifolds (k > 3)
that naturally generalize the commonly used one for k¥ = 2 (Section . We
emphasize the necessity of both local and global constraints for estimation.
On these models, we study the non-asymptotic rates of estimation for tangent



space, second fundamental form, and submanifold estimation (Section. These
results shed light on the influence of k, d, D and n on these estimation problems,
showing for instance that the ambient dimension D plays no role. The estimators
proposed all rely on the analysis of local polynomials, and allow to deal with
the three estimation problems in a unified way (Section . Minimax lower
bounds are derived using standard Bayesian techniques, although a new version
of Assouad’s Lemma is used for tangent spaces and second fundamental forms
when the base point is random (Section . For the sake of completeness,
geometric background and proofs of technical lemmas are given in the Appendix.

2 (" Models for Submanifolds

2.1 Notation

Throughout the paper, we consider d-dimensional compact submanifolds M C
RP without boundary. The submanifolds will always be assumed to be at least
C2. For all p € M, T,,M stands for the tangent space of M at p [dC92, Chapter
0]. Welet 11} : T,M x T,M — T,M L denote the second fundamental form
of M at p [dC92, p. 125]. IIZ],” characterizes the curvature of M at p. The
standard inner product in R is denoted by (-,-) and the Euclidean distance by
|-l Given a linear subspace T C R, write T for its orthogonal space. We
write B(p,r) for the closed Euclidean ball of radius 7 > 0 centered at p € R,
and for short Br(p,r) = B(p,r) N T. For a smooth function ® : RP — RP and
i > 1, we let d.® denote the ith order differential of ® at x € RP. For a linear
map A defined on T C RP, 1A, = supveT% stands for the operator norm.
We adopt the same notation ||-,, for tensors, i.e. multilinear maps. Similarly, if
{As},cq is a family of linear maps, for short, its L>° operator norm is denoted
by [|All,, = supzer [[Azll,,- When it is well defined, we will write mp(z) for
the projection of z € R onto the closed subset B C RP, that is the nearest
neighbor of z in B. The distance between two linear subspaces U,V C R” of
the same dimension is measured by the principal angle Z(U, V) = |7y — v ||, -
The Hausdorff distance [GPPVW12] in R? is denoted by dg. For a probability
distribution P, Ep stands for the expectation with respect to P. We write P®"
for the n-times tensor product of P.

Throughout this paper, C, will denote a generic constant depending on the
parameter «. For clarity’s sake, C/,, ¢4, or ¢/, may also be used when several
constants are involved.

2.2 Reach and Regularity of Submanifolds

As introduced in [Fed59], the reach 7 of a subset M C R is the maximal
neighborhood radius for which the projection my; onto M is well defined. More
precisely, denoting by d(-, M) the distance to M, the medial axis of M is defined



to be the set of points which have at least two nearest neighbors on M, that is
Med(M) ={z € R”[Fp #q € M, ||z —p| = ||z —ql| = d(2, M)} .
The reach is then defined by

= infd(p,Med(M)) = inf d(z,M).
™ plgM (p € ( )) zel\/lllgd(M) (Z )
It gives a minimal scale of geometric and topological features of M. As a
generalized convexity parameter, 7/ is a key parameter in reconstruction [AL15]
GPPVWI12] and in topological inference [NSWO08|. Having 7a; > Tiin > 0

prevents M from almost auto intersecting, and bounds its curvature in the sense
that HIIMH < 7'71 <7, forall p e M [NSWOS8| Proposition 6.1].

min

For 7,in > 0, we let C2 _denote the set of d-dimensional compact con-
nected submanifolds M of Rﬁb such that 7py > 7pin > 0. A key property of
submanifolds M € cﬁm is the existence of a parametrization closely related
to the projection onto tangent spaces. We let exp, : T,M — M denote the
geodesic map [dC92, Chapter 3|, that is defined by exp,(v) = 7p.,(1), where
Vp,» 1S the unique constant speed geodesic path of M with initial value p and
velocity v.

Lemma 1. If M € CZ
over, it can be written as

, exp,, : Br,m (0, Trmin/4) — M is one-to-one. More-

exp,,: Br,m (0, Tmin/4) — M
v p+ v+ Ny (v)

with Ny, such that for all v € Br,ar (0, Tmin/4),

N,(0) =0, doNp =0, [[d,Npll,, <L |[[v],

op —

where Ly = 5/(4Tmin). Furthermore, for all p,y € M,
y—p=mr,m(y —p)+ Ra(y — p),

where | Ry(y — p)|| < lu=2lZ.

= 2Tmin

In other words, elements of C2 .. have local parametrizations on top of their
tangent spaces that are defined on nelghborhoods with a minimal radius, and
these parametrizations differ from the identity map by at most a quadratic
term. In addition, the reach condition provides an order 2 Taylor expansion
of the submanifold on top of its tangent spaces. A natural extension to C*-
submanifolds should ensure that such an expansion exists at order k and satisfies
some regularity constraints. To this aim, we introduce the following class of
regularity Cfmm,L'



Definition 2. For k > 3, Tyin >0, and L = (L, Ls, ..., L), we let Cfmm’L
denote the set of d-dimensional compact connected submanifolds M of RP with
TM = Tmin ond such that, for all p € M, there exists a local one-to-one
parametrization W, of the form:

V,: By (0,7) — M
v p+ v+ Ny (v)

for some r > ﬁ, with N, € C* (BTPM (0,7) ,RD) such that
N,(0) =0, doyN, =0, HdzNPHOP <L,,
for all ||v|| < ﬁ. Furthermore, we require that
de,NpHOp < L; forall3<i<k.

Let us precise that the radius 1/(8L ) has been chosen for convenience.
Other smaller scales would do and we could even parametrize this constant, but
without substantial benefits in the results.

The ¥,’s can be seen as unit parametrizations of M. The conditions on
N, (0), dyN,, and d2N,, ensure that \I/;I is close to the projection 77, ps. The
bounds on d:N,, (3 <i < k) allow to control the coefficients of the polynomial
expansion we seek. Indeed, whenever M € C* 1, Lemma shows that for

) 1 Tmin
every p in M, and y in B(p, T2 ) 0,
k—1
y—p=m"(y—p)+ 3 T (7 (y—p)*) + Buly —p), (1)
=2

where 7* denotes the orthogonal projection onto T, M, the T;" are i-linear maps
from T,M to RP with ||T7|l,, < L. and Ry, satisfies ||Ri(y — p)|| < Clly —
p||*, where the constants C and the L.’s depend on the parameters Ty, d, k,
Ly,...,Lg.

Such W,’s exist for any compact C*-submanifold, if one allows 7} L,
Ls,...,L; to be large enough. Note that for £ > 3 the exponential map can
happen to be only C¥~2 for a C*-submanifold [Har51]. Hence, it may not be a
good choice of ¥,,. However, for k = 2, taking ¥, = exp,, is sufficient for our
purpose. For ease of notation, we may write szm,L although the specification
of L is useless. In this case, we implicitly set by default ¥, = exp, and L, =
5/(47’7,””)

As will be shown in Theorem 5] the global assumption 7a7 > Tynin > 0 cannot
be dropped, even when higher order regularity bounds L;’s are fixed.

Let us now describe the statistical model. Every d-dimensional submani-
fold M C RP inherits a natural uniform volume measure by restriction of the
ambient d-dimensional Hausdorff measure H?. In what follows, we will con-
sider probability distributions that are almost uniform on some M in CfmmL,
as stated below.



Definition 3. For k > 2, T,in > 0, L = (L, Ls,..., L) and fomin < fmaz,
we let mem,L (fmins fmaz) denote the set of distributions P with support M €
CF L that have a density f with respect to the volume measure on M, and

Tmin,

such that for all x € M,
0 < fmin < f(x) < frmaz < 00.

For short, we write P* when there is no ambiguity. We denote by X,, an
i.i.d. n-sample {Xy,...,X,}, that is, a sample with distribution P®" for some
P € P*. In what follows, though M is unknown, all the parameters of the
model will be assumed to be known, including the intrinsic dimension d and the
order of regularity k. We will also denote by wa) the subset of elements in P*
whose support contains a prescribed = € RP.

In view of our minimax study on P*, it is important to ensure by now that
P* is stable with respect to deformations and dilations. Here, since we deal
with submanifolds, a natural way to model deformations is through ambient
diffeomorphisms.

Proposition 4. Let ® : RP — R be a global C*-diffeomorphism. If ||d® — Inl,,
, Hd2<I>||Op AU Hdk©’|op are small enough, then for all P in mein,L (frmins fmaz)s
the pushforward distribution P’ = ®,P belongs to mem/2,2L (fmin/2y2fmaz)-

Moreover, if ® = Xp (A > 0) is an homogeneous dilation, then P’ €
Pl Lny (Fmin /A% fman /AT), where Ly = (L /A, Ly/A, ... L /A1),

Proposition [4] follows from a geometric reparametrization argument (Propo-
sition and a change of variable result for the Hausdorff measure (Lemma

29).

2.3 Necessity of a Global Assumption

In the previous Section we generalized C2-like models — stated in terms
of reach — to CF for k > 3 by imposing higher order differentiability bounds
on parametrizations ¥,’s. Though, we did not drop the global assumption
T™ 2> Tmin > 0. Indeed, it appears that such an assumption is necessary for
estimation purpose.

Theorem 5. Assume that T = 0. If D > d + 3, then for all k > 3 and
L, > 0, provided that L3/Li,...,Lk/Lﬁil,Li/fmin and fmaz/Li are large
enough (depending only on d and k), for allmn > 1,

. 1
inf sup ]Epml(TxM,T) > - >0,
T pepl, 2
where the infimum is taken over all the estimators T = T(Xl, e 7Xn).



Figure 1: Inconsistency of tangent space estimation for 7,,;, = 0.

| M, : "M .

Figure 2: Inconsistency of curvature estimation for 7,,;, = 0.

Moreover, for any D > d + 1, provided that L3/L?% ..., Lk/L’ifl, L/ foin
and fmaz/LY are large enough (depending only on d and k), for all n > 1,

— L
inf sup Epsn II;MOT&'Tl,M—II 2—l>0,
11 PEPE, op 4
where the infimum is taken over all the estimators 11 = ﬁ(Xl, . 7Xn).

In other words, if the class of submanifolds is allowed to have arbitrarily
small reach, no estimator can perform uniformly well to estimate neither T, M
nor ITM. And this, even though each of the underlying submanifolds have arbi-
trarily smooth parametrizations. Indeed, if two parts of M can nearly intersect
around x at an arbitrarily small scale A — 0, no estimator can decide whether
the direction (resp. curvature) of M at x is that of the first part or the second

part (see Figures|l| and .

3 Main Results

Let us now move to the description of the main results, that consist of minimax
upper and lower bounds for each object of interest. Given an i.i.d. n-sample
X, = {Xj,..., X, } with unknown common distribution P € P* having support
M, we detail non-asymptotic rates for the estimation of tangent spaces T'x, M,
second fundamental forms I % , and M itself.



For this, we need one more piece of notation. For 1 < j < n, PT(L] ) denotes
integration with respect to 1/(n—1)3_, . 0(x,-x;), and y®® denotes the D x i-
dimensional vector (y,...,y). For a constant ¢ > 0 and a bandwidth & > 0 to
be chosen later, we define the local polynomial estimator (’f(’j,TgJ, . 7Tk—1,j)
at X; to be any element of

2

k—1
arg min Pr(lj) z —7(x) — Z T;(m(2)®") Lsom(@) |, (2)
T,SUP2<i<k I Tillop<t 1=2

where 7 ranges among all the orthogonal projectors on d-dimensional subspaces,

and T; : (RD )Z — RP among the symmetric tensors of order i such that
|Till,, < t. For k = 2, the sum over the tensors 7; is empty, and the inte-

grated term reduces to ||z — m(z)]|? 15(0,n)(x). By compactness of the domain
of minimization, such a minimizer exists almost surely. In what follows, we will
work with a maximum scale h < hg, with

Tonin A LT!
8

Note that the set of d-dimensional orthogonal projectors is not convex, lead-
ing to a more involved optimization problem than usual least squares. In prac-
tice, this problem may be solved using tools from optimization on Grassman
manifolds [UMI14], or adopting a two-stage procedure such as in [CP05]: from
local PCA, a first d-dimensional space is estimated at each sample point, along
with an orthonormal basis of it. Then, the optimization problem is expressed
as a minimization problem in terms of the coefficients of (7;,T% ;,...,T) ;) in
this basis under orthogonality constraints. It is worth mentioning that a simi-
lar problem is explicitly solved in [CC16], leading to an optimal tangent space
estimation procedure in the case k = 3.

The constraint || T;]|op < ¢ involves a parameter ¢ to be calibrated. As will be
shown in the following section, it is enough to choose ¢t roughly smaller than 1/h,
but still larger than the unknown norm of the optimal tensors ||T;||,,. Hence,
for h — 0, the choice t = h~! works to guarantee optimal convergence rates.
Such a constraint on the higher order tensors might have been stated under the
form of a ||.||op-penalized least squares minimization — as in ridge regression —
leading to the same results.

ho =

3.1 Tangent Spaces

By definition, the tangent space Tx, M is the best linear approximation of M
nearby X;. Therefore, it is natural to take the range of the first order term
minimizing and write Tj =im7;. The Tj’s approximate simultaneously the
T'x,M’s with high probability, as stated below.

. _ log(n) 2., ) /*
Theorem 6. Assume thatt > Cy d.r,,,, L = SuPa<;<y, |1} [lop- Seth = Ca b Gy 3= ,

for Cq 1, large enough. If n is large enough so that h < hg, then with probability



at least 1 — (%)k/d,

fmax k—1
max £(Tx, M, T5) < Cakrin iy T th).

As a consequence, taking t = h™', for n large enough,

k=1
1 T
sup Epe» max L(TX M, T) <C (()g(n)) ,
Pepk i< n—1

wher@ C = Cd7k77-7nin7L7fmin7fmaa: :

The same bound holds for the estimation of T, M at a prescribed z € M.
For that, simply take P\”) = 1/n > 0(x,—x) as integration in (2).

This result is in line with those of [CP05] in terms of the sample size depen-
dency (1/n)*=1/4_ Besides, it shows that the convergence rate of our estimator
does not depend on the ambient dimension D, even in codimension greater than
2. When k = 2, we recover the same rate as [AL15], where we used local PCA
for estimation, that is a reformulation of . When k > 3, this procedure
outperforms PCA-based estimators of [SW12] and [TVF13], where convergence
rates of the form (1/n)® is obtained for 1/d < ae < 2/d. This bound also recov-
ers the result of [CCI0|] in the case k = 3, where a similar procedure is used.
Moreover, Theorem [f] nearly matches the following lower bound.

Theorem 7. If rpinLly, ..., 7, Lk, ( mmfmm)’ and Tmmfmam are large enough
(depending only on d and k) then

kE—1
. 1 T
II}f sup ]Ep@nZ(TXIJ\47 T) > Cd,k,Trmin () s
T PePk ’ n—1
where the infimum is taken over all the estimators T = T(Xl, vy Xn)-

Hence, up to a logn factor, the rate n~(*=1/d js optimal for tangent space
estimation on the model P*. The rate (logn/n)'/¢ obtained in [ALI5] for k = 2
is therefore optimal, as well as the rate (logn/n)*? given in [CCI6] for k = 3.
The rate n~(#=1/4 naturally appears on the the model P¥, since it consists of
C*-submanifolds, and tangent spaces are differential objects of order 1, yielding
the shift £ —1. Again, the same lower bound holds for the estimation of T, M at
a fixed point x in the model 77(]’;). Interestingly, the tools used to derive the lower
bound for T, M (x fixed) is much less involved than for Tx, M (X; random and
depending on the distribution P). In the latter case, a conditional Assouad’s
Lemma (Lemma is used. We will detail these differences in Section

3.2 Curvature

The second fundamental form IIM Tx,M x Tx, M — Tx, M+ c RP is a
symmetric bilinear map that encodeb completely the curvature of M at X;



[dC92, Chap. 6, Proposition 3.1]. Estimating it only from a point cloud X,
does not trivially make sense, since 11 % has domain T’x, M which is unknown.

To bypass this issue we extend I )]\({ to RP. That is, we consider the estimation
of IT )1(\/[] O My, M which has full domain RP. Following the same ideas as in the

previous Section we use the second order tensor 75 j o 7; obtained in (2)) to
estimate 1T oy .
J J

Theorem 8. Let k > 3. Take h as in Theorem @ and t = 1/h. If n is large
enough so that h < hg and h=! > Cl;,cll,rmin,L > (supgcicp |17 |lop) ~", then with

probability at least 1 — (%)k/d,

M ~ o fmal k—2
Iy ompy o —To 0 7TjH < Cakrpinty| 70"
J op fmin

In particular, for n large enough,

max
1<j<n

kE—2

<C (log(n)> "
op n—1

Interestingly, Theorems [6] and [§] are enough to provide estimators of various
notions of curvature. For instance, consider the scalar curvature [dC92l Section
4.4] at a point X, defined by

ﬁz [<II)A<4J- (eryer)7II)Aé(esa€S)> N HH%(&”ES)HQ} ’
r#s

M 2, ~
IIXj O My, M —T5 ;07

sup Epen max
PcpPk 1<j<n

where C' = C k7 in, Lo frnin: fras -

M _
SCXJ' =

where (e,)1<r<q is an orthonormal basis of T'x; M. A plugin estimator of Sc%j
is
—~ 1 ~ A ~ A ~ o
Scj = dd=1 > [<T2,j(€m€r)7T2,j(€sa€s)> - ||T2,j(€r7€s)|\2} ,
r#s

where (é,)1<r<q is an orthonormal basis of TX],M . Theorems |§| and 8| yield

log(n) ) E

n—1

— M
EP@" 121]32{” ‘Sc] - SCXJ" S Cd7k3;7—7n'in;Lyf'm'inyfvnaz (

The (near-)optimality of the bound stated in Theorem [§] is assessed by the
following lower bound.

Theorem 9. If TinL 1, ..., 7" 1L, (2. fmin) "L and 78

» 'min m min

(depending only on d and k), then
k—2
1\ @
2 Cd kT < ) )
Op vy iman n _ 1

where the infimum is taken over all the estimators 11 = ﬁ(Xl, e X)),

fmaz are large enough

[I)Aé OﬂTlefﬁ

inf sup Epen
II pepk

10



Figure 3: M is a union of polynomial patches at sample points.

The same remarks as in Section hold. If the estimation problem consists
in approximating IT* at a fixed point 2 known to belong to M beforehand, we
obtain the same rate. The ambient dimension D still plays no role. The shift
k — 2 in the rate of convergence on a C*-model can be interpreted as the order
of derivation of the object of interest, that is 2 for curvature.

Notice that the lower bound (Theorem E[) does not require £ > 3. Hence,
we get that for k = 2, curvature cannot be estimated uniformly consistently on
the C2-model P2. This seems natural, since the estimation of a second order
quantity should require an additional degree of smoothness.

3.3 Support Estimation

For each 1 < j < n, the minimization (2)) outputs a series of tensors (#;, TQJ', e ,Tk_l)j).
This collection of multidimensional monomials can be further exploited as fol-
lows. By construction, they fit M at scale h around X, so that

N

-1
(I\/j(l)) :Xj+v+ ,fi’j (U®i)

?

Il
N

is a good candidate for an approximate parametrization in a neighborhood of
X;. We do not know the domain T'x; M of the initial parametrization, though

we have at hand an approximation Tj = im 7r; which was proved to be consistent
in Section 3] As a consequence, we let the support estimator based on local
polynomials M be

M= Lnj T, (BTj (o,7h/8)) :

The set M has no reason to be globally smooth, since it consists of a union
of polynomial patches that are not linked together (Figure . However, M is
provably close to M for the Hausdorff distance.

Theorem 10. With the same assumptions as Theorem [§, with probability at
k
least 1 — 2 (%) ¢, we have

dpg (M, M) < Catorin Lo frvin frnas -

11



In particular, for n large enough,

k
N 1 d
sup Ependy (M, M) < C ( 0g(n) > ,
Pepk n—1

wher@ C = Cdykﬂ-?nin7L7fm,in7fm,az :

For k = 2, we recover the rate (logn/n)?/¢ obtained in [ALI5, [GPPVWI12]
KZ15]. However, our estimator M is an unstructured union of d-dimensional
balls in R”. Consequently, M does not recover the topology of M as the esti-
mator of [ALI5] does.

When k > 3, M outperforms reconstruction procedures based on a some-
what piecewise linear interpolation [ALI5, [GPPVWT12], and achieves the faster
rate (logn/n)*/? for the Hausdorff loss. This seems quite natural, since our
procedure fits higher order terms. This is done at the price of a probably worse
dependency on the dimension d than in [AL15 (GPPVW12]. Theorem [10|is now
proved to be (almost) minimax optimal.

Theorem 11. If 7l ,. .. ,’T::;,;Lk, (Tgnnfmin)71 and Tglmfmam are large

enough (depending only on d and k), then for n large enough,

d

- 1
H}f sup ]Ep@ndH(M, M) Z Cd,k,Trmin (> s
M pepk n

where the infimum is taken over all the estimators M = M(Xl, e X))

Theorem [11|is obtained from Le Cam’s Lemma (Theorem . Let us note
that it is likely for the extra logn term appearing in Theorem [10|to actually be
present in the minimax rate. Roughly, it is due to the fact that the Hausdorff
distance dy is similar to a L* loss. The log n term may be obtained in Theorem
with the same combinatorial analysis as in [KZ15] for k = 2.

4 Conclusion, Prospects

In this article, we derived non-asymptotic bounds for inference of geometric ob-
jects associated with smooth submanifolds M C RP. We focused on tangent
spaces, second fundamental forms, and the submanifold itself. We introduced
new regularity classes Cfmm,L for submanifolds that extend naturally the case
k = 2. For each object of interest, the proposed estimator relies on local poly-
nomials that can be computed through a least square minimization. Minimax
lower bounds were presented, matching the upper bounds up to logn factors.
The implementation of needs to be investigated. The non-convexity of
the criterion comes from that we minimize over the space of orthogonal pro-
jectors, which is non-convex. However, that space is pretty well understood,
and it seems possible to implement gradient descents on it [UMI4]. Another
way to improve our procedure could be to fit orthogonal polynomials instead
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of monomials. Such a modification may also lead to improved dependency on
the dimension d and the regularity k in the bounds for both tangent space and
support estimation.

As a first attempt to a minimax study over models of higher order regularity
C* (k > 3) for submanifolds, we chose not to include noise. This is a limitation
of the model P*, and one could argue that the methods described are not
robust. However, with outliers in the model C?, [ALI5] proposes an iterative
denoising procedure based on tangent space estimation. It exploits the fact
that tangent space estimation allows to remove a part of outliers, and removing
outliers enhances tangent space estimation. An interesting question would be
to study how this method can apply with local polynomials.

Another open question is that of exact topology recovering with fast rates
for k > 3. Indeed, M converges at rate (logn/n)¥/¢ but is unstructured. It
would be nice to glue the patches of M together, for example using interpolation
techniques, following the ideas of [FIK™15].

5 Proofs

5.1 Local Polynomials

We now turn to the proof of the upper bounds of Section First, to relate
the existence of parametrizations ¥,’s to a local polynomial decomposition, the
following lemma is needed.

Lemma 12. For any M € CF ..L and x € M, the following holds.

Tmi

(i) For all vi,vs € Br,m (0, i),
3 5
7oz = ol < W (v2) = Walvr)l] < 7 floz — v

(i1) For all h < i A Zpin

h h
MQB($,?;)> C\IIE(BTTM(JZ,}L)) CMOB<SE,54).

(iii) For all h < Tmin

7h
BTEM (0, 8) C T, M (B(l‘, h) n M) .

(iv) Denoting by m™ = mwr,pr the orthogonal projection onto T, M, for all x €
M, there exist multilinear maps Ty, ..., Ty, from T, M to RP, and Ry,

such that for ally € B (:E, %) nM,

Yoz =y — ) + T (= 9 .+ Ty (7 (y — )
+ Rk(y - Jf),

13



with

IRk(y =)l < Clly—a|"  and |T7l,, <L} for2<i<k—1,
where L depends on d, k, Tmin, L1,...,L;, and C on d, k, Tomin, L1,...,
L. Moreover, for k>3, Ty = IIM.

(v) Forallx € M, HII;VIHOP < 1/Tmin- In particular, the sectional curvatures
of M satisfy
-2 1

o 3“372
mn

min

The proof of Lemma [12| can be found in Section

We are now in position to analyze local polynomial estimators. For clarity’s
sake, the bounds are given for j = 1, where we denote by 7, T 2<i<k-1
the fitted polynomials of , and P,_1 = P,(Ll_)l. The results of Theorems
and [10| then follow from a straightforward union bound. We also set k& > 3,
the case k = 2 proceeding from the same derivation, omitting the higher order
tensors. Without loss of generality, we can assume that X; = 0 and that
ToM is spanned by the first d vectors of the canonical basis, so that 7*(x) =
(z1,...,24,0,...,0) = (21.4,0,...,0).

Recall that ho = (Tymin A L]')/8. According to Lemma it M e Cfmm,L’
for any « € M such that ||z| < ho, we may write

r=7"(x) + Ty (r*(2)®%) + ... + T;_l(ﬂ'*(x)(@k*l) + Ry(z),

where | Ry, ()| < C..,... L]z|*. Every coordinate of (T; — T})(w*(x)) may be
thought of as a polynomial map in the variable x1.4. Thus, proximity between
T; and T will be first stated in terms of polynomial norm.

Let R¥[x1.4] denote the set of real-valued polynomial functions in d vari-
ables with degree less than k. For Q € R¥[xy.4], we denote by ||Q]2 the Eu-
clidean norm of its coefficients, and by @}, the polynomial defined by Qp(x1.4) =
Q(hz1.q). The following result relates the L?(P,_;) norm involved in (2) to
polynomial norms.

log(n)

1
Proposition 13. Set h = (Kﬁ> *. There exist constants Kk,ds Ck,d and

Cy such that, if K > (kk,af2es/ o) and n is large enough so that h < hg <

k
Tmin /4, then with probability at least 1 — (%) dH, we have

P 1 [Q* (7 (2))1gny) ()] = crah fnin | Qnll3,
N(h) < Cdfmaw(n - 1)hd7

for every Q € R¥[x1.4], where N(h) = 2?22 10,n) (X;)-

14



The proof of Proposition [13] is deferred to Section From now on we
assume that the probability event defined in Proposition [13| occurs. For short,
with a slight abuse of notation, we denote by T).,(z) the sum T,(z®P) + ... +
T, (z®9), and by R,—1(m,Ts,...,Ti—1) the empirical criterion defined by (2).
Since for ¢t > max;—2_. k-1 |[|T;||op:

Ry 1(7,T1, ..\ Teo1) < Ry (x,T5,..., T ) < C

Tmin,

Lh? N (h)/(n —1)

according to , we may write

C

Tmin,

N -
Lh?F (hi > Rp1 (7, Ty, ..., The1)

1 (Jfe + (Tigoy o7 = Tano1 0 7)(a)
2
+ o) e )

with || Rg ()| < Cy,,.. 1.h?*. Tt follows that

min

P, (H(”* ) (@) + (T o — Thy o ﬁ)(m)HQ 50 (x))

2x N(h)
= YUTiin, L
n—1

S CTmi,,L,L7dfmawhd+2k-
On the other hand, using again yields, for € B(0,h) N M,
(7" = #)(@) + (T5p_y 07 = Top—1 0 7)(2)
= T{(7*(2)) + Ty (" (2)%?) + T (7% (2)) + 7 (Re(2)) + Ry, (),

with |Ri(2)|| < C.,.. Lh*, |RL(z)|| < tC,, .. xrLh*t! since only tensors of
order greater than 2 are involved in R}, and

Ti(r(z)) = (r* —@)m*(x)
Ti(r*(2)®%) = (7" = &) (T3 (7" (2)9%)) + (T5 o 7" — Ty o 71) (w*(2)?).

Hence,

Pr (HT{(W*(»”E)) + Ty (" (2)®?) + Ts’:k(ﬂ*(w))H2 Ls(o,n) (f”))
<Oy Ldfmach®™2E (14 ht). (3)

Tmin,

The left-hand side of may be decomposed coordinate-wise as
Pact (|7 (2)) + T3(n" (@)%%) + T (" (2)]* Lo, () )

XD:P ((T/(J) ) —|—T’(])( *(z )®2) +T’g,)c(w*(x)))Z]lg(o,h)(£)>7
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where for any tensor T, T\) denotes the j-th coordinate of T' and is considered
as a real valued j-order polynomial. Then, for every j, Proposition [L3|leads to

Py ((T'gﬂ')(w*(x)) + TS (1 () ®2) + T’g{;(w*(x)))z nm,h)(x))

. . . 2
> caefrminh || (9 (7" (@) + T (0" (@)52) + T (@) |
: ®) 2
-t S o) |
carfminh” 3 (17 @) |
Summing all contributions leads to
D k ) 2
- T'D) (% () ) H < Cutdr Fmanh? (1 + £212).
cakf ;;H( S (x)®") Wlly S CrLa, mind (1+ )
This entails
IT/2, < Ctmn S H2E-0 (1 4 212), ()
fm'm
for 1 <i <k, as well as
H(w* (@) + (Thp_q om* — Ty fr)(x)H < Cappmn J;’"‘_“ h*(1 + th),

(5)
for z € B(0,h) N M, according to ().

5.1.1 Bounds for Tangent Space Estimation
Noting that

1T llop = II(x* = )7 [lop = |l 07| = Z(ToM, Th)
from [GVLI6, Section 2.6.2], and using for ¢ = 1 yields Theorem @

5.1.2 Bounds for Curvature Estimation

In accordance with assumptions of Theorem we assume that maxo<i<g |5 ||op <
t < 1/h. Since

Ty(n*(x)®%) = (7% — &)(T5 (7" (2)®%)) + (T3 o 7" — Tp 0 ) (" (2)¥?),
we deduce that
1T o7 = Ty 0 #llop < [Thllop + |7 — 7 [lop + | T2 0 7 0 7% — Ty 0 7t 0 7|

Using with ¢ = 1,2 and th <1 leads to

fmam

IT5 o m* = Th 0 #llop < CakLirpin || FnhF 2.

fmin
Finally, Lemma |12| states that 17 )J‘(dl = T5, hence Theorem [§] is proved.
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5.1.3 Bounds for Reconstruction

Let v € By ,,(0,7h/8) be fixed. Notice that 7*(v) € Bz, (0,7h/8). Hence,
according to Lemma [12] there exists z € B(0,h) N M such that 7*(v) = 7*(z).
We may write

- Z () + Y Ti(r" (v)%") + Ri(v),
=2 =2

where, since ||T llop < l/h ||Rk( ) < C’k,d,mm,m/fmaz/fmmhk according to
(). Then, according to

k—1 k—1

T (W) + Y T (0)®) =7 (v) + Z T7 (7" (v)®") + R (7" (v))
k—1

=" (@) + ) T; (7" (@)®) + R/ (x" (),

where || R'(7*(2))|| < Ch.drpin. L\ frmaz/ fminh* 1. According to Lemma we
deduce that [|[W(v) — z|| < Ch.d.r.n LN frmaz/ fminh®, hence

sup d(u, M) < Ch.dryin Ly | 7 Sz (6)
uEM fmzn

Now we focus on sup, ¢, d(z, M). For this, we need a lemma ensuring that
X, ={Xi,...,X,} covers M with high probability.

/ 1/d
Lemma 14. Let h = (Cdk log—") with C!) large enough. Then for n large

fmin

enough so that h < T, /8, with probability at least 1 — ( )k/d,
dy (M, Xn) < h.

The proof of Lemma [[4]is given in Section [B:I} Now we choose h satisfying
the COHdlthHb of Propomtlon@ and Lemma[T4 Let z be in M and assume that
|z — Xj, || < h. According to (5) and (T]), we deduce that ||\I'j0(7rjo( z)) —z|| <

Ck,d,rmm,L\/fmaz/fmmhk- Hence from Lemma

sup d(, M) < Chogryy oy 2292 (1)
xeM fmzn

with probability at least 1 — 2 (%)k/d. Combining @ and @ gives Theorem
LLO)
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5.2 Minimax Lower Bounds

This section is devoted to describe the main ideas of the proofs of the minimax
lower bounds, Theorems [7] [0] and [[I] The methods we use rely on hypothesis
comparison [Yu97]. We recall that for two distributions @ and @’ defined on
the same space, the total variation distance TV (Q,Q’) and the L' test affinity

|Q A Q'||, are given by
N , ) /
TV(Q,Q)=§/|dQ—dQ|, HQ/\QH1=/dQAdQ,

where dQ and dQ’ denote densities of () and @’ with respect to any dominating
measure.

5.2.1 Le Cam’s Lemma and Consequences

The first technique we use, involving only two hypotheses, is usually referred
to as Le Cam’s Lemma. Let P be a model and (P) be the parameter of
interest. Assume that 6(P) belongs to a pseudo-metric space (D,d), that is
d(-,-) is symmetric and satisfies the triangle inequality. Le Cam’s Lemma can
be adapted to our framework as follows.

Theorem 15 (Le Cam’s Lemma [Yu97]). For all P, P’ in the model P,

inf sup Epend(f(P),0) >

d(0(P),0(P")) ||P®" A P,
0 PeP

DN | =

where the infimum is taken over all the estimators 6 = é(Xl, e X))
Moreover, ||P®™ A P'®"||, > |PA P} =1 -TV(P,P"))".

We derive Theorem [I1] as well as Theorems [7] and [9] with fixed base point x,
9(P) being supp(P) = M, T,M and ITM o 7y, js respectively. The hypotheses
P, P’ are built in Section [5.2.3] Such constructions are not substantially new
in minimax geometric inference [GPPVWI12|. Therefore, we do not detail it
further.

5.2.2 Conditional Assouad’s Lemma

Now, consider the estimation of the differential quantities Tx, M and I )]‘(41 with
random base point X7. In both cases, the loss can be cast as

Epen d(0x,(P),0) = Epan-: [EP d(0x, (P),é)]

—Epens [a(0.7).5)

Ll(PJ ’

where 0 = QA(X7 X"), with X = X driving the parameter of interest, and X' =
(Xa,...,X,) = Xoun. Since ||.||g1(py obviously depends on P, the technique
exposed in the previous section does not apply anymore. However, a slight

18



adaptation of Assouad’s Lemma [Yu97] with an extra conditioning on X = X3
carries out for our purpose. Let us now detail a general framework where the
method applies.

We let X, X’ denote measured spaces. For a probability distribution @ on
X x X', welet (X, X’) be a random variable with distribution Q. The marginals
of @ on X and X’ are denoted by p and v respectively. Let (D, d) be a pseudo-
metric space. For Q € Q, we let 6.(Q) : X — D be defined p-almost surely,
where p is the marginal distribution of Q on X. The parameter of interest is
0x(Q), and the associated minimax risk over Q is

inf sup Eq {d(&X(QL d(x, X'))} : (8)
0 QeQ

where the infimum is taken over all the estimators 6 : X x X’ — D.

Given a set of probability distributions Q on X x X', write Conv(Q) for
the set of mixture probability distributions with components in Q. For all
7= (T1,...,7m) € {0,1}"", 7% denotes the m-tuple that differs from 7 only at
the kth position. We are now in position to state the conditional version of
Assouad’s Lemma that allows to lower bound the minimax risk .

Lemma 16 (Conditional Assouad). Let m > 1 be an integer and let {Qz} g 1ym
be a family of 2™ submodels Q, C Q. Let {Up x U}, 1<, e a family of pair-
wise disjoint subsets of X x X', and D, be subsets of D. Assume that for all
7€{0,1}" and 1 <k <m,

o for all Q, € Qr, Ox(Q;) € Dy on the event {X € Uy};
o forall® € Dy and 0" € Dow g, d(0,60) > A.

For all 7 € {0,1}"™, let Q, € Conv(Q,), and write i, and v, for the marginal
distributions of Q, on X and X' respectively. Assume that if (X, X") has distri-
bution Q., X and X' are independent conditionally on the event {(X,X’) € U, x U} },

and that
min (/ diir A durk) / Aoy Ndiw | p > 1—a.
7€{0,1}™ Us U,;

1<k<m
Then,

. 5 , A
12fgt€1%EQ {d(ﬁX(Q)ﬁ(X,X ))} > m;(l —a),

where the infimum is taken over all the estimators 6:X x X' = D.

Notice that for a model of the form Q = {d,, ® P, P € P} with fixed g € X,
one recovers the classical Assouad’s Lemma [Yu97] taking U, = X and Uj, = &”.
Indeed, when X = z a.s, the parameter of interest 0x(Q) = 6(Q) can be seen
as non-random.
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5.2.3 Construction of Hypotheses

In order to apply Le Cam’s Lemma (Theorem or the conditional Assouad’s
Lemma (Lemma , we describe in this section the construction of the hy-
potheses involved in the different contexts of estimation. For this, the strategy
consists in building distributions that are stochastically close — i.e. with a large
test affinity — for which the associated parameters of interest are as different as
possible. Before continuing to the precise construction, let us make two remarks
about the lower bounds with random point X;. First, the associated minimax
risks (Theorems [7| and Theorem E[) involve the integration with respect to X;.
Hence, as for regression with LP loss, multiple locations of bumps are required
to yield the right rate. Second, building manifolds with different tangent spaces
(resp curvature) would lead to locally singular distributions. Therefore it is
natural to consider mixture distributions to get non-trivial bounds.

Let Méo) be a d-dimensional C*>°-submanifold of R with reach greater than
1 and such that it contains Bga ;o3 0-4(0,1/2). Méo) can be built for example by
flattening smoothly a unit d-sphere. Since Méo) is C°°, the uniform probability
distribution Péo) on Méo) belongs to PfL(O) (I/VO(O), I/VO(O)), for some L(®) and
Vi = vol(Mm?).

Let now My = (QTmm)MéO) be the submanifold obtained from MO(O) by ho-
mothecy. By construction, from Proposition we have Taz, > 27min, Brax (0304 (0, Tmin) C
My, and the uniform probability distribution Py on My belongs to the model
PE_ o (fmins fmaz) whenever L1 > L /(2700n), -, L > L /(270in) "1,

2‘1'7,,,7;717
and provided that fpm, < ((QT,m»n)dVO(O))_1 < fimaz- Note that L(f), ...,L,(CO),

Vol(MéO)) depend only on d and k. For this reason, all the lower bounds will
be valid for T,inL 1, ... ,7'7];;11[/;@, (72 . fmin) "t and 72, fiae large enough to
exceed the thresholds LS?)/Q, ce L,(C(J)/Qk_l7 2dVO(O) and (ZdVO(O))_1 respectively.

For 0 < § < Tmin/2, let z1,...,2m € Mo N B(0, Tiin) be such that for all
k#£E, |lxy —xp|| > 9. A classical packing argument (see [Mas07] p. 71) shows
that one can take up to m = [cq/d?] for some cg > 0. We let e € RP denote
any unit vector orthogonal to R% x {0}7 %,

Let ¢ : RP — [0, 1] be a smooth scalar map such that ¢|B(0,%) =1land @|gg ) =
0. Let AL >0and 1> A, > A_ > 0 be real numbers to be chosen later. Let
A = (Ay,...,Ay) with entries —Ay < Ay < A4, and A = (44,...,4,,) with

entries A_ < A < A,. For z € RP, we write z = (21,...,zp) for its coordi-
nates in the canonical basis. For all 7 = (7,...,7,) € {0,1}", define the bump
map as

o8 i) =436 (5 {0+ (- 0
k=1

An analogous deformation map was considered in [ALI5]. We let pAAD e

note the pushforward distribution of Py by @f’A’(i), and write M for its
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Ay

(a) Flat bump: 7 = 0.

(b) Linear bump: 7, =1, ¢ =1. (¢) Quadratic bump: 7, =1, ¢ = 2.

Figure 4: The three shapes of the bump map ®24+* around a zy.

support. Roughly speaking, M;\VA’Z' consists of m bumps at the x;’s having
different shapes (Figure . If 7, = 0, the bump at zj is a symmetric plateau
function and has height A,. If 7, = 1, it fits the graph of the polynomial
Ap(z — x1)i locally. The following Lemma [17] gives differential bounds and
geometric properties of @44+ Tt follows straightforwardly from chain rule,
similarly to Lemma 11 in [AL15].

Lemma 17. There exists c5; < 1 such that if Ay < cp:6""" and Ay < 446,
then ®AA s a global C*=-diffeomorphism of RP such that for all 1 < k < m,
QAL (B(ay,8)) = B(wk, ). Moreover,

. A A
I - awp ), < o { Rt h {5,

and for j > 2,

i HALA Ay Ay
o, < o { 55 v {5 |

Finally, we define the mixture distribution st)n on (RP)" by

. L\ ®n dA dA
Y R N G L
’ [ApAp]m J(a_ A )m ( ) (Ay —A_)" (2A4) )
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Although the probability distribution an depends on A_,; A, and Ay, We
omit this dependency for the sake of compactness. Another way to define QT n
is the following: draw uniformly A in [-A4,A4]™ and A in [A_, A;]™, and
given (A, A), take Z; = ®MA1(Y;), where Yy, ...,Y, is an i.i.d. n-sample with
common distribution Py on My. Then (Z3, ..., Z,) has distribution Q(i)

We now state useful probabilistic and geometrlc properties of QT n, in view
of using Theorem |1 . For this, let us denote by PT the set composed of all the
distributions PTA’A’ R for A < Ay,...,A, <Ay and —Ay < Aq,.. A, <
A4 . Again, we omit the dependency on A_, A4 and Aj.

Lemma 18. Assume that the conditions of Lemma[I7 hold, and let
U = B]RdX{O}D*d (xkv 5/2) + Bspan(e) (07 Tmin/2)7

where for B,B' C RP, B + B’ denotes their Minkovski sum, and
—1
U,; = (RD \ {BRdX{O}D—d (:Zik, 5) + Bspan(e)(O,Tmm/Q)})n .

Then the sets Uy x Uj, are pairwise disjoint, QT n € Conv((’P( ))®n), and if

(Z1,... Zn) = (Z1, Za.y) has distribution QTn, Z1 and Zs., are independent
conditionally on the event {(Z1, Z2.,) € U x UL}.

Moreover, if (X1,...,X,) has distribution (P;A’A’(l))gm
A), then on the event {X; € Uy}, we have:

(with fized A and

[ ] ika = 0,
AAL(G) _ Rd D—d i N
T, M =R x {0} HI T P A0 || = 0,
and dg (Mo, MM > |A|.

o ifm =1,

— fori=1: 4(TX11\4“A(1 x {0VP~ d) > A_/2;

ALAL(2)
~Jori=2: I om, e _zA

To apply Theorem E to the Q(lel’s with X = RP, &/ = (RD)nfl, it re-
mains to bound the test affinities between their marginals on X and X’. By
construction , these are respectively Q(T 1 and Q

T,n—1"

Lemma 19. Assume that the conditions of Lemma[17 and Lemmal[18 hold. If
in addition, cA;(5/4)" < Ay < CA4(5/4)" for some absolute constants C' >
c¢>3/4, and A_ = Ay /2, then,

s . . 5 \¢
d (1) Ad (1) > Cd,i
/U;c QT’l QTk’l - C Tmin ’
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and

5 a\ n—1
[t (1-a () )
Uy ’ Tn Tmin

Now, to derive Theorem |7} set i = 1, take A, = 2A_ = &§*~!, and A, =
0AL /4 for € = €4 k.d ., Sall enough so that Y ’meimL(fmm,fmm),

according to Lemma[I7 and Proposition[d] Hence, applying Lemma [I6] together
with Lemma |18 and Lemma recalling that m can be taken of order cq/d¢,
we get, for all estimators T',

d a\ n—1
sup Epens(Tx, M, T) >Cd,k5mi< i ) (1—C£1< ° ) )

Pepk Tmin Tmin

n—1
SRRCIES ()
>c o —c
d,k,Tmin 5d Tmin d Tmin

Taking (8/7min)® = 1/(n — 1) yields the result.
Similarly, to derive Theorem @ set i = 2, take A = 24_ = ¢/6*72, and

A, =0%A, /4% withe' = 5&,),6,1177””," small enough so that Pﬁz) CPE L (fmins frmaz)-

Tmin,

With (8/7min)® = 1/(n — 1), the same derivation as above leads to the result.

Finally, for Theorem simply take m = 1, 7 = 0 and A = §A; /4 = &*
for € = €4 k,d,rnim @ above. We may conclude using Theorem @ with Py and
Pé\I’Al’(z). Indeed, using dH(MO,Mé\l’Al"(Z)) > |Ay| = 6% from Lemma
and noticing that the total variation distance between the two distributions is
Py(B(21,6)) = ca(6/Tmin)?, since they differ only outside B(x1,d), we get the
result.
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A Properties and Stability of the Models

A.1 Property of the Exponential Map in C?

Here we show the Lemma Proposition 6.1 in [NSWOS8| states that for all
M H < 1/Tmin. In particular, Gauss equation ([dC92, Proposition
3.1 ( ) p.135)) ylelds that the sectional curvatures of M satisfy —2/72, <k <
1/72,,. Using Corollary 1.4 of [AB06], we get that the injectivity radius of M is
at least TTynin > Tmin/4. Therefore, exp,, : Br, 1 (0, Tinin/4) — M is one-to-one.

Let us write N, (v) = exp,(v) —p—v. We clearly have N,(0) = 0 and dyN,, =
0. Let now v € Bz, (0, Timin/4) be fixed. We have d,N,, = d, exp, —Idr,n-
For 0 <t < ||v[|, we write (t) = exp,(tv/[[v]]) for the arc-length parametrized
geodesic from p to exp,(v), and P; for the parallel translation along ~. From
Lemma 18 of [DVW15],

12 t
< <

3 < .
op Tmin 2 4Tmin

exp, — P

Hdtu o]

We now derive an upper bound for HPt — Idr, MHop' For this, fix two unit

vectors u € RP and w € T,M, and write g(t) = (P;(w) — w,u). Letting V
denote the ambient derivative in R”, by definition of parallel translation,

|g | ~'(t) Pt( ) w’u>|
=\ 1Y) (3 (1), Pr(w) u)|
Sl/Tmzn

Since ¢g(0) = 0, we get HPt — Idg,m Hop < t/Tmin. Finally, the triangle inequality
leads to
[N ||, = || exp —IdTPMHOp
< ||dv exp =Py ||, + | Boy) = Idz, ],
_ 5l

- 4Tmin

We conclude with the property of the projection 7* = 77, 57 Indeed, defining
Ro(y —p) = (y —p) — 7" (y — p), Lemma 4.7 in [Fed59] gives

[R2(y —p)|l = d(y — p, T, M)

ly — p|”
< WP
2Tmin

A.2 Geometric Properties of the Models C*

We now more to the proof of Lemma

24



Proof of Lemma[I3 (i) Simply notice that from the reverse triangle inequal-

(if)

ity,

\I/a; v _\Ilaj v Nw (Y _Nw v
H ( 2) ( 1)H -1 < || ( 2) ( 1)” < LJ_(HUIH vV ||U2||) <
l[va — | [[va — va|

RNy

The right-hand side inclusion follows straightforwardly from (i). Let us
focus on the left-hand side inclusion. For this, consider the map defined
by G = 7y, ar 0 ¥, on the domain By, as (0, k). For all v € By, s (0, h), we
have

1
||d’UG_ IdTa:M”op = Hﬂ'TmM OdUNJJHop S ||dUN$||op S LL HU” S 1 < 1

Hence, G is a diffeomorphism onto its image and it satisfies ||G(v)| >
3||v]|/4. Tt follows that

3h
Br, am (0, 4) CGBr,m (0,h) =7, 0 (Ve (Brya (0,R))) .
Now, according to Lemma (1} for all y € B (x, %) NnM,

2
—x 1 3h
Ity = <y =l + =20 < (14 ) -1 < 3,

2 min

from what we deduce 77, as (B (33, %) N M) C Br,m (O7 %) As a conse-
quence,

MM@@ﬂﬁm@CMM%wmmw»

which yields the announced inclusion since 77, 57 is one to one on B (z, 5—h)ﬂ

4
M from Lemma 3 in [ALZ13], and
h h
<B <x 35) n M> C U, (Br.a (0,1)) C B (x 54) nM.

Straightforward application of Lemma 3 in [ALZ13].

Notice that Lemma [1] gives the existence of such an expansion for k = 2.

. TminALT! .
Hence, we can assume k > 3. Taking h = -+ ——, we showed in

the proof of (ii) that the map G is a diffeomorphism onto its image,
with [|d,G — Idr,ml,, < 1 < 1. Additionally, the chain rule yields
de)GHop < Hdi\I/mHOp < L; for all 2 < ¢ < k. Therefore, from Lemma

the differentials of G=! up to order k are uniformly bounded. As a
consequence, we get the announced expansion writing

y—z=V,0G " (" (y— 1)),
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and using the Taylor expansions of order k of ¥, and G~1.

Let us now check that Ty = ITM. First, since by construction, Ty is
the second order term of the Taylor expansion of ¥, o G~ at zero, a
straightforward computation yields

Ty = (Ip — mr,m) 0 dg ¥,
=T, ML © d%\I/I
Let v € T, M be fixed. Letting v(t) = ¥, (tv) for |¢| small enough, it is clear
that v"/(0) = d3¥(v®?). Moreover, by definition of the second fundamental
form [dC92l Proposition 2.1, p.127], since v(0) = = and +/(0) = v, we have
11" (v%?) = m, a00 (7(0)).
Hence
Ty (v%%) = T, M+ © d%q’x(U@)
=, (7"(0))
= IIQ/[ (U®2)7
which concludes the proof.
(v) The first statement is a rephrasing of Proposition 6.1 in [NSWO08]. Tt
yields the bound on sectional curvature, using the Gauss equation [dC92|

Proposition 3.1 (a), p.135].
O

In the proof of Lemma (iv), we used a technical lemma of differential
calculus that we now prove. It states quantitatively that if G is C*-close to the
identity map, then it is a diffeomorphism onto its image and the differentials of
its inverse G~! are controlled.

Lemma 20. Let k > 2 and U be an open subset of R%. Let G : U — R be C*.
Assume that |1 — dG||,, < e <1, and that for all 2 < i <k, ‘diGHOP < L;

for some L; > 0. Then G is a Ck-diffeomorphism onto its image, and for all
2<i<k,

_ 9
e —dG™|,, < 7=

Proof of Lemma[2Q For all x € U, ||d,G — I4|,, < 1, so G is one to one, and
for all y = G(z) € G(U),
e = dyG7H,, = [[1a = (daG) '],
< ||(d$G)71||op ||Id - dEG”op
||Id _de”op
- 1 - ||Id - dIG”op
5
“1l-¢

and HdiG_lHop <L L, <oo for2<i<k.

i7E7L2,..
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For 2 < i< kand 1< j <4, write HEJ) for the set of partitions of {1,...,i}
with j blocks. Differentiating i times the identity G o G~! = ldgy, Faa di
Bruno’s formula yields that, for all y = G(z) € G(U) and all unit vectors
hi,...,h; € RP,

(GOG ) J1<a<i = Z Z de ((dyIlGl'(ha)O‘EJIew)'

j=1 71'61_[57)

Isolating the term for j = 1 entails

(@G (ha)1<ass)

op
-3 ¥ da. <(dy1|(;1, (ha)acs) >
=2 ren® Tem
op
=3 ¥ Jwal, TT 6],
Jj= Qﬂ_GH(]) Iem
Using the first order Lipschitz bound on G~!, we get
i 1+¢€
Hd 1Hop -1 Z Z H Hdl[lG
WEH(]) Iem
The result follows by induction on 3. O

A.3 Stability of the Model

This section is devoted to prove the stability of the model with respect to am-
bient diffeomorphisms (Proposition .

The second part is pretty straightforward since the dilation AM has reach
Tam = ATar, and can be parametrized locally by ¥y, (v) = AW, (v/\) = Ap+v+
AN, (v/A), yielding the differential bounds Ly). Bounds on the density follow
from homogeneity of the d-dimensional Hausdorff measure.

For the first part, we split the proof into two intermediate results. Proposi-
tion [21| deals with the stability of the geometric model, that is, the reach bound
and the existence of a smooth parametrization when a submanifold is perturbed.
Lemma [22] deals with the condition on the density in the models P*. It gives a
change of variable formula for pushforward of measure on submanifolds, ensur-
ing a control on densities with respect to intrinsic volume measure.

Proposition 21. Let ® : RP — RP be a global C*-diffeomorphism. If |d® — Inpl,,
, ||d2<I>||0p e, ||dk(I>||0p are small enough, then for all M in CmeL, the image
M’ = & (M) belongs to C"’fmin/272LL,2L3~,~w,2Lk.
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Proof of Proposition[21 To bound 73 from below, we use the stability of the
reach with respect to C? diffecomorphisms. Namely, from Theorem 4.19 in
[Fed59)],

(e,
M= Te(M) = T3 —d3]],
#—FHdQ@H()p

. (1 - HID - dq)”op)2 Tmin
N mlnl + ||ID - dq)”op + Tmin ||d2q)||op - 2

™™

for |[Ip — d®||,, and Hd2<I>Hop small enough. This shows the stability for k = 2,
as well as that of the reach assumption for k& > 3.

By now, take £ > 3. We focus on the existence of a good parametrization of
M’ around a fixed point p’ = ®(p) € M'. For v' € Ty M' = d,® (T,M), let us
define

U, (v) =@ (U, (dpy® ' 0"))
=p +v + N, (v),

so in particular if ||v/|| < 8(21LJ_) < 1*|II§L1d<I>Hop and [|Ip —d®|[,, < 1. One
easily checks that N7, (0) = 0, doNJ, = 0 and writing c¢(v') = p + dy®~ 0" +

N, (dy®~1.0"), for all unit vector w’ € Ty M,
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|25 =) = |

2 —1 / ®2
dc(v’)® ({ddp/fbl.v’\pp o] dplq> W } )
oo @ 0 d3 g1 Ty ({dp,qu.w’}@?) H
2 —1 / ®2
2., ® ({ddp@_l,v,xpp o dyd 1w } >
+ (de(wy® = Id) d?lp@*l.v’\l’p ({dp@_l.w’}®2)

+ dgp,@—l.v'q’p ({dp’q)il'w’}m) H

< [ld*]],,, (14 Lo [[dy @™ 2/|])" [ dy @~ |

+|Ip — d®|,, Ly [|dy @ |
+Ll||dp/<I>*1.w’H2
_ 2
< [|d*ell,, (1+1/8)*[|dy @,
_ 2
+[[Ip — d®||,, Ly [|[d@~

+ Lo dy 25,

Hp — d<I>||Op small enough depending only on L, it is clear that the right-
hand side of the latter inequality goes below 2L, for ||Ip — d®||,, and Hd2<I>HOp
small enough. Hence, for [[Ip —d®||,, and Hd2<1>||op small enough depending
only on Ly, [|d2N7,|lop < 2L, for all [[o/[| < m. From the chain rule, the
same argument applies for the order 3 < i < k differential of N;,. O

Writing further Hd@‘lHop < (1-|Ip —af<I>||op)_1 < 1+2|Ip —(I)||Op for

Lemma 22 (Change of variable for the Hausdorff measure). Let P be a proba-
bility distribution on M C RP with density f with respect to the d-dimensional
Hausdorff measure H®. Let ® : RP — RP be a global diffeomorphism such that
[Ip —d®||,, < 1/3. Let P' = &, P be the pushforward of P by ®. Then P’

has a density g with respect to H®. This density can be chosen to be, for all
z € ®(M),

f(27'(2)

9(2) =
\/det <7TT(I)1(Z)M odg-1(,)PT o défl(z)‘?‘Té,l( )IVI)
In particular, if fmin < f < fmaz on M, then for all z € ®(M),
(1-34/2)11p — d®]l,, ) fomin < 9(2) < fonaw (143272 = 1) |Ip - d@],,, ) -

Proof of Lemma[23 Let p € M be fixed and A C B(p,r)NM for r small enough.
For a differentiable map h : R? — RP and for all z € R?, we let Jj,(x) denote the

29



d-dimensional Jacobian J(z) = \/det (d hT d,h). The area formula ([Fed69,
Theorem 3.2.5]) states that if h is one-to-one,

/ w (h(2)) Jn (2)A(dz) = / u(y)H(dy),
A

h(A)

whenever u : RP — R is Borel, where A? is the Lebesgue measure on R?. By
definition of the pushforward, and since dP = fdH<,

/ dP'(z) = / FuyH(dy).
B(A) A

Writing ¥, = exp,, : T, M — RP for the exponential map of M at p, we have

[ty = [ ), @),
A Tp~(A)
Rewriting the right hand term, we apply the area formula again with h = ®o W,

/ (@) a, ()X (dy)
v,~1(A4)

B oy 0 ()
/p,,-lwf (@7 (@) T ()]

B 1y, Ju,(h™"(2)) 4 .
B L(A)f(q) () Joow, (b1 (Z))H (d2)-

Joow, (x)A(dz)

Since this is true for all A C B(p,r)N M, P’ has a density g with respect to 1,
with

J\IJ‘PA(Z)(\II;El(Z) od! (2))

J@o\y¢71(z) (\I/;L(Z) o®-1 (2)) '

Writing p = ®71(2), it is clear that \If‘;l(z) 0o ®7l(2) =¥, (p) =0 € T,M.
Since dg exp,, : T, M — RP is the inclusion map, we get the first statement.

We now let B and mr denote d,® and T, M respectively. For any unit vector
vel,M,

g9(2) = £ (27 (2))

|[[w2B" Bo|| = |lvll| < [|=z (B" B — In) v]|
< BB~ Ip],,
< (2+ 1o = Bll,, ) 110 = Bll,,
< 3 ||ID - BHop .

Therefore, 1 — 3 ||Ip — B, < |70 B* B\, um||

op < <1+43|Ip — B, Hence,

op —

1
1— % lp — Bl

d/2
\/det (BT B|1,m) < (1 +3|Ip — B”op) =
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and

1
>
T 143(2¢2 -1)|Ip - B,

d/2
Vet (zr BT Bizar) > (1-3p — B, )

which yields the result. O

B Some Probabilistic Tools

B.1 Volume and Covering Rate

The first lemma of this section gives some details about the covering rate of a
manifold with bounded reach.

Lemma 23. Let P € P* have support M C RP. Then for all v < Tpin/4 and
x in M,

cafmin® < pa(r) < Cafmazr?,
for some cq,Cq > 0, with p,(r) = P(B(x,r)).

Moreover, letting h = (fci lo%) e with C!, large enough, the following
holds. Forn large enough so that h < Ty, /8, with probability at least 1— (%)k/d,
dp (M,X,,) < h.

Lemma 23] includes Lemma hence we only prove Lemma

Proof of Lemma[23 Denoting by Bas(z,r) the geodesic ball of radius 7 centered
at x, Proposition 25 of [ALI5] yields

B (z,r) C B(z,r) N M C Bp(x,61/5).

Hence, the bounds on the Jacobian of the exponential map given by Proposition
27 of [ALIS)] yield

cqr? < Vol(B(:c,r) N M) < Cgr?,

for some cq4,Cyq > 0. Now, since P has a density foin < f < finaz With respect
to the volume measure of M, we get the first result.

Now we notice that since p,(r) > cqfminr® Theorem 3.3 in [CGLMI3]
entails, for A < T, /8,

4d cdfmin d

, 1/d
Hence, taking h = ( Cak 105") with C/; so that C/; > 4%y % yields the

jwnn Cdk

result. Since k > 1, taking C/, = ‘cl—: is sufficient. O
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B.2 Concentration Bounds for Local Polynomials

This section is devoted to the proof of Proposition [I3] A first step is to ensure
that empirical expectations order k£ polynomials are close to their deterministic
counterparts.

Proposition 24. For any x € M, we have

P sup (P—P,_1) H ((u]};y)> ’ 1B (z,n) (¥)

Uy, ug,e€{0,1}1F

> () ( Ak\/27 2 . 9 > <ot

S N G= D) 30— Dpm)

where P,_1 denotes the empirical distribution of n — 1 i.i.d. random variables
X, drawn from P.

Proof of Proposition[24, Without loss of generality we choose z = 0 and shorten

notation to B(h) and p(h). Let Z denote the empirical process on the left-hand
e

side of Proposition Denote also by f, . the map H?zl (%) ’ Ty (y),

and let F denote the set of such maps, for u; in B(1) and ¢ in {0, 1}*.

Since || fuelle < 1 and Pf7_ < p(h), the Talagrand-Bousquet inequality
([Bou02], Theorem 2.3]) yields

2p(h)t 2t
n—1  3(n-1)

Z <4AEZ +

+

with probability larger than 1 — e~t. It remains to bound EZ from above.

Lemma 25. We may write

2mp(h
Bz < V2mplh)
vn—1
Proof of Lemma[25 Let o; and g; denote some independent Rademacher and
Gaussian variables. For convenience, we denote by E4 the expectation with
respect to the random variable A. Using symmetrization inequalities we may
write

k.

k £

(uj, y)\
EZ =Exsup |(P — P,-1) 1 (y)
X sup 1;[1 ( h ) B(h)\Y

u,e

\/\

><

ﬁ

U)

=]

o g
I:h
/‘\
Q
f
e
~—
k,m

=

B

=
s

IN



3 . . €
Now let Y, denote the Gaussian process Zz 1 G Hk (L}LX) ’ L) (Xi).

Since, for any x in B(h), u,v in B(1)¥, and ¢, ¢’ in {0,1}*, we have

IN
]~
ol
!
7N
—~
8
e
<
~_
k,l"ﬂ
—
N
w
T
o
~_
k‘m
| — |
7N
<
ol
+
?‘H
3
~__
kol
+
3

gi——

r=1 h
We deduce that
n—1 k / 2
57‘“7"7 EpUr, Xz
Eg(Yu,E - 2 kz Z ( - < h >> ]lB(h) (XZ)

1r=1

(_ - ) )

where ©,. = VkY I ZT 1 Yir ET“’" >]13(h)( ). According to Slepian’s
Lemma [BLM13| Theorem 13.3], it follows that

%

EysupY, <E, sup@

u,€

k <€ru7‘7 Z?__ll 9ir LB(n) (Xi)Xi>
< VEKE, su —
= V& p; h

2

E(erttn, Y00 gir Ly (Xi) X
S\/E]Egsup k‘Z< ' [ > .
u,e r=1
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We deduce that

E supY, <E,;supO,
JE

u,E u

2
<5U, ) Dy gi]lB(h)(Xi)Xi>
< k| Eg sup

2
lul=1,€{0,1} h

2
< ky|E,

n—1

9 X;
> = L (Xi)
i=1

< k/N(h).

Then we can deduce that ExE, sup,, . Y, < k+/p(h), hence the result. O

Combining Lemma [25| with Talagrand-Bousquet’s inequality gives the result
of Proposition O

We are now in position to prove Proposition
Proof of Proposition[I3 If h < Ty, /8, then, according to Lemma p(h) >
1

cafminh®, hence, if h = (K%?)E (n — D)p(h) > Kcqfpminlog(n). Choosing
t = (k/d + 1)log(n) in Proposition [24| and K = K’/ fin, with K’ > 1 leads to

k €
Uj,
P sup (PP [] (< . y> ) L,y (¥)
j=1

Uy, ug,e€{0,1}F

al
+
—

> Cd,kfmaa: hd <(Z

=2 =)

On the complement of the probability event mentioned just above, for a poly-
nomial @ =3~ 0. 54(a|<k GaTT:q, We have

cd,kfma:r:

_ 2 _ d+|af+(8]
(Po-1— P)Q*(z1:a)Lp(n)(z) = ; K laaas|h
Cd,kfmaac
> — S p ) Qll3-

vid

On the other hand, we may write, for all » > 0 ,
/ Q*(z1:a)dxy ... dzg > Capr®|Qr |3,
B(0,r)

for some constant Cy . It follows that

PQ*(z1.0) L) (%) = PQ*(x1:a)Lp(rhys) (T1:a) = ch,dh” fininl|Qnll3,
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according to Lemma Then we may choose K’ = l‘ik’d(fmaa:/fmin)zg with
Kk,d large enough so that

P 1Q*(21:0) L ny (2) > crafminh®(|Qnll3-

C Minimax Lower Bounds

C.1 Proof of the Conditional Assouad’s Lemma

This section is dedicated to the proof of Lemma [[6l The proof follows that
of Lemma 2 in [Yu97]. Let § = 6(X,X’) be fixed. For any family of 2™
distributions {Q-}, € {Q-},, since the Uy, x U}’s are pairwise disjoint,

s Ea [4(0x(Q),60¢, X))

> maxEq_ d(0,0x(Q-))

> mTax]EQT Z d(é, 9X(Qr))]lkaU,; (X, X")
k=1

>27" 3" "B, d(0,0x(Qr)) Ly, xu; (X, X')

T k=1

>27" 3" N Eq d(0, Drs) Loy xuy (X, X)

T k=1

= Y20 S (B d(6, D) L ey (X, X)
k=1

T

+Eq_ (8, Doi p) Ly (X, X')).

Since the previous inequality holds for all Q, € Q,, it extends to @, € Conv(Q,)
by linearity. Let us now lower bound each of the terms of the sum for fixed
7€ {0,1}" and 1 < k < m. By assumption, if (X, X’) has distribution @,
then conditionally on {(X,X’) € Uy x U, }, X and X’ are independent. There-
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Vo (X, X') + Eg |, d(0, Dri i) Ly vy (X, X)
> Eg d(0, Dy )Ly, (X) 1y (X') + Ede(é,DTkﬁk)nUk (X)1y; (X))

—E,. []Em (d(é,DT,k)]lUk_ (X)) 1y, (X’)}
+Ep [EM (d(é,Drk,k)]lUk (X)) Ty, (X/)}

_ / / d(0, Dy ) dfir (x)d7 () + / d(0, Do ) dfiss (2)dio ()
v, Juy vy, Juy

> / / (40, Drs) + (0. Do 1)) diy A s ()7, A dpe ()
v Juy

ZA(Aﬂ”AW“)<A

2 A(l - Oé),

do, A dy7k>

’
k

where we used that d(6, Dy 1.) +d(6, D,k 1) > A. The result follows by summing
the bound above |{1,...,m} x {0,1}"| = m2™ times.

C.2 Construction of Generic Hypotheses

In this section we prove Lemma [I§ and Lemma [T9]

Proof of Lemma . It is clear from the definition that Q(Tz)n € Conv (( 9)@)”).
By construction of the ®2A+7’s these maps leave the sets

B]R"’X{O}D*d (zka 6) + Bspan(e) (07 Tmzn/2)

unchanged for all A, L. Therefore, on the event {(Z1, Za.,,) € Uy, x U}, one can
write Z; only as a function of X1, Ay, Ag, and Zs., as a function of the rest of
the X;’s,Ax’s and Ay’s. Therefore, Z; and Zs.,, are independent.

We now focus on the geometric statements. For this, we fix a deterministic
point z = @ﬁ’A’(i) (zg) € U N M;A’A’(i). By construction, one necessarily has
xo € Mo N B(xg,5/2).

o If 7, = 0, locally around x, @i\’A’(l) is the translation of vector Age.
Therefore, since My satisfies Ty, My = RY x {O}D_d and II%O =0, we
have

MDAALG)

T, MAA0 —RY % {0}P~?  and HIIZ O ~ 0.

MO

Furthermore, by construction, zx = x) + Age belongs to MT/"A’(i). Since
e is orthogonal to My, d(zo, My) > |Ag|. Thus

dH (Mo,Mf}’A’(i» > |Ak|
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o if Tk = 1,

— for ¢ = 1: locally around g, <I>£’A’(1) can be written as x — x +
Ap(z — xp)1e. Hence, TZMTA’A’U) contains the direction (1, Ay) in
the plane span(ei,e) spanned by the first vector of the canonical
basis and e. As a consequence, since e is orthogonal to R% x {O}D_d,

~1/2

£ (TMA 2O R {0} ) = (141/43) T2 2 a2 > A 2.

) can be written as x — = +

— for i = 2: locally around xy, <I>£’A’
Ag(z — 1, )2e. Hence, MA@ contains an arc of parabola of equa-
tion y = Ag(x — x1)? in the plane span(ei,e). As a consequence,

MAA)

HIIZ O7TTZM£,A,(2)

> A/2> A_)2.
op

O

Proof of Lemma[19 First note that all the distributions involved have support
in R? x span(e) x {O}D_(d+1). Therefore, we use the canonical coordinate
system of RY x span(e), centered at zp, and we denote the components by
(z1,22,...,24,y) = (Z1,Z2.4,y). Without loss of generality, assume that 7, = 0
(if not, flip 7 and 7%). Recall that ¢ has been chosen to be constant and equal
to 1 on the ball B(0,1/2).

By definition (10, on the event {Z € Uy}, a random variable Z having

distribution Q(Tl)l can be represented as Z = X +¢ (£52) Aye = X +Age where

X and Ay are independent and have respective distributions Py (the uniform
distribution on Mj) and the uniform distribution on [—A, A;]. Therefore, on

Uy, Q(Tl)l has a density with respect to the Lebesgue measure \g.; on R? x
span(e) that can be written as

; = ()
(i) LAy
qfryl(xlax&dvy) 2V0[(M0)A+ .

Analogously, nearby x; a random variable Z having distribution Q(le) , can be

represented as Z = X + Ap(X — z)ie where Ay, has uniform distribution on
[A_, A;]. Therefore, a straightforward change of variable yields the density

L)
~ Vol(My) (Ay — A )at’

q.f—zk)’l(‘rlv T2:d, y)

We recall that Vol(My) = (QTmm)dVol(MéO)) = cfﬂ;flm. Let us now tackle the
right-hand side inequality, writing
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[ ¥ naql,
Uk
1 ( )) ]lA zi ALz ( )
Ay, A \Y [ 1A+ 1]
= — | dydzidzs.
/Bm,m) (2VOZ<M0>A+ (VOZ(MO) (Ay —A)af e

/ /5/4 / (11[ aead @) Tasapaa) () ) dydeydos.g
B 1(0,3) J—s/4 IR 2A Apzt)2 Vol(My)

It follows that

/ Q¥ A dQY)
- Cd _Cd_ sa- 1/6/4/[“rA Avai) 2 dydml
T Apzi)2 2A+ Avx
S G Cd d 1/6/4 /(c/\l (A+m1) 20/\1/2)d dml
ol Apzi)2 2A 4
A, 5/

— Zidadfl(% A1/2) (A1 —1/2) =*

min

Cd,i ) d
C Tmin )

For the integral on Uj, notice that by definition, Q( _, and QTk 1
cide on U}, since they are respectively the image distrlbutlons of PO by func-

tions that are equal on that set. Moreover, these two functions leave R” \
{BRdX{O}D—d (2k,0) + Bspan(e) (0, Tmm/Z)} unchanged. Therefore,

A+ Z+1

\%

coin-

dQ,_ndQY

Uy,
= P (UL)
-1
= (1 - P (B]RdX{O}D*d (xka 6) + Bspan(e) (0, Tmzn/z)))n
= (1 — wad®/Vol(My))" ™",
hence the result. O

C.3 Minimax Inconsistency Results

This section is devoted to the proof of lower bound for tangent space estimation
(Theorem : we build hypotheses P, P’ and apply Theorem For§ > A >0,
let C',C’ C R? be closed curves of the Euclidean space as in Figure [I| and such
that outside the figure, C' and C’ coincide and are C*°. The bumped parts are
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obtained with a smooth diffeomorphism similar to (]E[)7 centered at x. Here, 0
and A can be chosen arbitrarily small.

Let S~ ¢ RY be a d — 1-sphere of radius 1/L,. Consider the Cartesian
products M; = C x 841 and M| = C' x 8¥"1. M; and M] are subsets of
R¥+3 C RP. Finally, let P; and P/ denote the uniform distributions on M and
M’. Note that M, M’ can be built by homothecy of ratio A = 1/L, from some
unitary scaled M1(0)7 M’ 50)7 similarly to Section yielding, from Proposition
that Pp, P{ belong to 73(’1,) provided that Ls3/L3,..., Lk/Llj__l, L%/ fmin and
fmaz/Le are large enough (depending only on d and k), and that A, § and A*/§
are small enough. From Le Cam’s Lemma we have for all n > 1,

A 1 n
inf sup EpenZ(T,M,T) > = Z(T,My, T, M) (1 - TV (P, P)))".
T pePf, 2

By construction, Z(T,M;,T,M{) = 1, and since C and C’ coincide outside
BR3 (036)7

TV (P1,P]) = Vol ((Bgs(0,6) N C) x S 1) /Vol (C x S41)
= Length (Bgr3(0,9) N C) /Length(C)
S CLL(S-

Hence, letting A, 6 go to 0 with A*/§ small enough, we get the announced bound.

We now tackle the lower bound on second fundamental form estimation
with the same strategy. Let My, M5 C RP be d-dimensional submanifolds as in
Figure [2} they both contain x, the part on the top of Ms is a half d-sphere of
radius 2/L, the bottom part of M} is a piece of a d-plane, and the bumped
parts are obtained with a smooth diffeomorphism similar to @D centered at x.
Outside B(x,d), Ms, M) coincide and connect smoothly the upper and lower
parts. Let Py, P be the probability distributions obtained by the pushforward
given by the bump maps. Under the same conditions on the parameters as
previously, P> and Pj belong to ’P(’fr) according to Proposition From Le
Cam’s Lemma [I5] we deduce

II£407TT1M —ﬁ

inf sup Epsn
I PeP(’;) op
(1 =TV (P2, P;))".

1 M
M:
> 5 HIII 2 O T, Mo —1I;? O T, M}
op

By construction, |[I122 o 7p, ar, ||Op = 0, and since M} is a part of a sphere of

radius 2/L nearby =z, = L, /2. Hence,
op

M/
112 o mr, 1y

HUQ@ ompag, — 11 o meM;) > L, /2.
op

Moreover, since P, and Py coincide on R? \ B(z,d),
TV (Py, Py) = Pcs(B(x,6)) < car,, 6%
Letting A, § go to 0 with A¥/§ small enough, we have the desired result.
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