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Abstract

This article addresses the issue of designing bases for L?(IR?) that are generated by translations,
rotations and dilations of a single mother wavelet 1). We show how this construction can be simplified
by setting an odd number of directions and by choosing properly the phase of the Fourier transform
of ¥. A large part of the article is devoted to the proof of theorems that give sufficient conditions
for 1 to generate a Riesz sequence and a Riesz basis for L?(R?). An example of Riesz sequence
whose restriction to each scale is orthonormal is set. Theoretical results are confirmed by numerical
experiments where a discrete directional wavelet transform is introduced.

1 Introduction

For more than two decades, the wavelet transform has been acknowledged as a very powerful tool in image
processing. It is still widely used in many areas such as restoration and classification, but its efficiency
is especially renowned for its applications in image compression through JPEG2000 [19], ICER [17] and
CCSDS [6] standards.

As wavelets were originally designed for 1D signals, they have been extended to 2D images via tensor
product. Since then, many transforms have been introduced as alternatives to the separable wavelet
transform in order to represent more efficiently directional structures. The most famous examples include
hexagonal wavelets [28, 8], steerable pyramids [29], directional wavelets [1], dual-tree complex wavelets [20,
27], ridgelets [4], curvelets [5, 3], contourlets [9], shearlets [14], wavelets with composite dilations [15, 16]
and related constructions such that Haar-type wavelets [18] or crystallographic wavelets [2, 21, 22]. All
these transforms amount to express the image in a frame. But, except for orthonormal ridgelets [10] that
are designed for images with straight edges, up to now only transforms which rely on a filterbank tree
are known to be possibly non-redundant and can therefore be used in compression [30, 26, 11, 15, 16,
18, 12, 13, 2, 31, 22]. Filterbanks have well known digital advantages, but suffer the drawback that the
decimation generates aliasing on the bases functions as it is shown in Figure 1-(a) that is extracted from
[13], and it produces therefore artifacts on the compressed image. Thus, the design of directional bases
that have all the required properties remains an open problem.

Notice that we did not mention adaptive multiscale transforms such as bandlets [23]. The second
generation bandlets are non-redundant [24], but the separable wavelet basis used in their design could be
replaced by any directional wavelet basis in order to get better approximations.

In this article, we focus on Antoine and Murenzi’s directional wavelets [1, 25]. This sequence stands
out from most of the other examples quoted above thanks to the simplicity of its construction. It is

generated by a single wavelet 1 in the Schwartz space S(R?) to which a composition of translations,



Figure 1: (a) Directional wavelets generated by a filterbank tree are aliased [13]. (b) The proposed
directional wavelet basis has an odd number N of directions, and is invariant under rotation of angle %’r

dilations and rotations is applied. Denote by R the rotation, by I' the regular lattice along which the
wavelet is shifted, by I'* its dual lattice and put ;. = 279 (27 R* - —y). It is well known that if the
function 3755 > 4ci0 N1} [1(27 Rk.)|2 is positive and if supp () N supp (- —v) = 0, for all y € I'*,
then (V) k) jez kef0, -, N—1},yer 18 a frame for L*(R?).

It is generally believed that one cannot obtain bases for L?(R?) with this approach. This article aims
to contradict this idea. More precisely, we show that, if the number of rotations IV is odd, the phase of
the Fourier transform 1//; is well chosen and 1; satisfies some specific inequalities, then the lattice I' can be
changed into a larger one so that (¥ k) (j,k,v)ezx {0, N—1}xr becomes surprisingly a Riesz sequence or
possibly a Riesz basis for L2(R?).

2 Notations and preliminaries

2.1 Notations

All along this article, we will use the following notations.
o u=(2m0),v= (7r, 37 tan (ﬁ)) and n = (7r,7rta,n (%))—see Figure 2.

— —1 2
=27 (1’ 3tan(7r/2N)) +Z (O’ 3tan(7‘r/2N))'

The dual lattice of I is therefore

I*={veR?: vy-A€2rZ, YA ET} = Zu + Zv.

For all £ = (£1,&) € R?, we denote by & = (—£;,&) its symmetrical point with respect to the

ordinate axis.

R is the rotation of angle W

about 0. Observe that Rn = 1.

T = {¢{=(&4,&) €eR?: & € [-2m, —7] U [m,27] and [&] < |&1]tan (5% ) }—see Figure 2. Notice
that (Z + {7})yer- and (27R*T);cz reo,..., N1} form tilings of R2.

T

Denote by £ the Lebesgue measure. For example, we have £(Z) = 672 tan (5% ).



Figure 2: The set Z represents the ideal frequency support of the wavelet 1. The vectors p and v generates
a lattice I'* such that (Z + {v})er- forms a tiling of R2.

e The complex conjugate of any z € C is denoted by Z.

e Denote by S(R?), the Schwartz space or, in other words, the space of functions all of whose deriva-

tives are rapidly decreasing.

e The Fourier transform F is defined by
FDEO =f©) = | fl@)eT4de, vE R VS € LI(R?),
and is extended to L%(R?) by continuity.
o Yjky = 2Y(2IRY - —v), Vj € Z,Vk € %,V’Y erl.

e We denote by 4 the indicator function of any set A € R2, and by 1;(1 = 15]1{5120} and @\aa =
1Z I;¢, <oy the Fourier transforms of the generalized analytic and anti-analytic parts of ¢ € S (R?).

e For all f,g € L*(R?), we denote by (f,g) = [z, f(x)g(x)dz, the scalar product on L?*(R?).

2.2 Shannon directional wavelets

The Shannon directional wavelet basis is generated by a single wavelet 1 = 27 (£(Z))~ = F~1(1l7)—see
above for notations. Let R be any rotation about 0 such that (QijI)jeZ,ke{o,m,N—l} forms a tiling of
R2. It is natural to choose hitherto ~ as the angle of rotation, but for reasons that will make clear later,
we will use afterwards a rotation of angle W

We can show easily that (¢ x~)jez kefo,-.,N=1},ver is an orthonormal basis for L?(R?). Observe

indeed that we have

F(10,0,7)(€) = F@(- — 7))(€) = (€)e™™¢ = I7(e ¢, vy el,£eR?,

where (£ — (L(T))"2 e~"8). cr is an orthonormal basis for L2 (H%f) or equivalently for L2(Z), since
(Z + {7})~er- is a tiling of R%. By Plancherel’s theorem, (19,0,4)~er is therefore an orthonormal basis
for W§ o, = {f € L*(R?) : supp f € I}. We show the same way that, for all j € Z and k € {0,---, N —1},

(%j,k,y)ver is an orthonormal basis for

e ={/ € L*®?) s supp f € 279 R'T}.



Then, we conclude by using the identity

P = @ W
JEZ,ke{0, -, N—1}
which comes from the fact that (QijI)jeZ,ke{o,---,N—l} is a tiling of R2.
The reader is referred to [12] and the wavelets with composite dilations [15, 16] for more examples
of Shannon wavelets. Shannon directional wavelets are of limited use since they have slow decay. It is
therefore natural to raise the issue of designing an approximation of this sequence that keeps the structure

of a basis, but which elements have fast decay.

2.3 Riesz basis and frame

As directional wavelets with fast decay and sharp frequency localization cannot form an orthonormal
basis [13], we focus on a Riesz basis. Let K be a countable set. A sequence (Y )rexc in L?(R?) is said to

be a Riesz sequence if and only if there exists a constant C' > 1 such that

é Z lak|? < / Zakwk

ke ke

dz < C Y lax’, Va e *(K).
ke

It is said to be a Riesz basis for L?(R?) if and only if it is a Riesz sequence and a global sequence for

L?(R?). In other words, we have also
closure (span{vy, : k € K}) = L*(R?).

The sequence (1 )kex is said to be a frame for L?(IR?) if and only there exists a constant C' > 1 such
that

—Zlfka /|f )2de <Y (f, )P, Vf € LA(R?).

ke ke

3 Main results

3.1 Introductory example

Before setting the main results, let us consider a specific example of directional wavelet. For 7 > 0, let

H, be a smooth approximation of the Heaviside function such that
H*(t)+ H*(—t) =1, VteR. (1)

By smooth approximation, we mean that H, is a C* and [0, 1]-valued function such that H.(t) = 0, if
t < —7,and 1, if t > 7—such a function is used in the design of Meyer wavelet. Thus, for a small 7 > 0,

the smooth function V; given by

0 = ()~ () o () e )
+H; (_'51 siu (2N) &z cos (2]\7)) Hy (_'51 sin (%) $2 cos (2N))

is drawn near to the indicator function of the set {5 e R? : |&] < |&]tan (%) }, and for a small § > 0,
the function Hs(| - | — m)Hs(2m — | - |) is close to the indicator function of [—27, —7] U [, 27]. Define
therefore the wavelet ¢ as the inverse Fourier transform of 7,2 given by

i

B(E) = ¥ ;T”)%Hsum ) Hy(2m — |6V (), VE € R2. (2)



When 6 and 7 tend to 0, ¢ tends to (§ e 27r£,( )~ %]Iz(é)), in the sense of the L? norm. The function
1 tends therefore to the Shannon wavelet that has been translated by (%, 0). We will make clearer the
meaning of this translation—i.e. the term '3 —later on.

On the other hand, this wavelet ¥ has been design in order to satisfy the following lemma

Lemma 1 Let ¢ be as in (2) and R denote the rotation of angle % For all 6§ € (0, %}, T €
(0, (m — ) sin (2N)] and & € R?, we have

o3 [de-f - ZL,

yel'=

DalR(E = 30)) Yaal§ = 31)| =

(i) Yaa(RE) a(€)]

where g = 1[{51>0}1Z)\ and Yqq = 1[{51<0}1//;.

Identity (¢) allows to show that, for all j € Z and k € {0,---, N — 1}, the sequence (¢ ) er is
orthonormal. Indeed, by Plancherel formula, we know that, for all & and 8 € T,

1

<1/}0,0,a;1/}0,0,ﬁ> = <’l/)( - 0‘)77/)(' - /3)> = (27'(')2 <]'—(1/)( - Oé)),f(’l/}( - ﬂ))>7

where F(1h(- — a))(€) = (€)e¢, V¢ € R2. The scalar product can therefore be expressed as

1

i(B—a)‘fd _
22 <=

(10,0, %0,0,8) = (E) 26 iB=a) (€=M gg¢.

yelr*
because (Z + {7})yer- is a tilling of R2. Since e(#=*)7 = 1, for all y € T*, and ¥ satisfies (4), we infer
that
1 (B—ar)- 1, ifa=p
i(B—a)-€ i(B—a)€ g¢ _ ) )
(10,0,a5 %0,0,8) = @y /R2 Z ‘w §—7 ‘ e € = —= L(2) /ﬁe d = { 0, otherwise.
T* T*

yelr*

Thus, using changes of variables, we show that, for all j € Z and k € {0, - — 1}, (¥ k,y)yer is an
orthonormal basis for the space W j := closure(span(v; k ~)~ver)-

(From now on, suppose that the number of directions N is odd. In such a case, we have N x €

(N-1)=m
N
277 and RY is no more than the identity map. The rotation number k can therefore be indexed now in
% and we can show, by change of variables, that the product (0 k+1,a,%o,x,8) does not depends on k

in this set.

Hence, consider (to1,a,%0,0,3). By the same arguments as above, we show that

(001,00 %0,0,8) = w<Rs>$<£> i(B-6—a-Be) ge

1
(2m)?
Observe that the product of the two Fourier transforms can be developed as ¢ (R¢ )12(5 ) = Ja\a(Rf )/;(«E )+
1712 (Rf)@(g). The scalar product becomes therefore

(Y0,1,a>%0,0,8) / waa R§ ) A(]{g)ﬂ;(g)ei(ﬂf—wl%ﬁ)dg_

Since 3n = (37T,37Ttan %) =v+pu €™ and R(3n) = 37 = (—3m,3rtan ;%) = v — 2u € T'*, we have

2N
e BB —a-F(B31) = 1 and if we change the variable ¢ into & — 37, in the second integral, we obtain

(W0.1.0 Y0.0,6) = / (Pea BEODa(E) + Pul BIE = 31)aa (§ — 3m) ) /P R,

(2m)?



B(Rn)l _;3m .37

Notice next that (Rn); —m =71 —m = —n. Hence, e~ =z e "2 =e *2 = —1 and
DalR(E = 3)baal€ —3m) = ¢TI (G (R(E — 30)aa(€ — 3n)|
- ——)— Da(R(E = 30)baal§ — 3n)|
= —Yaa(RE)Ya(6)

thanks to (i7). We deduce that (¢0,1,a;%0,0,8) = 0, Vo, 8 € I'. By symmetry, we have also (¥, —1,a, %0,0,8) =
0. As 7,2 and @(Rk) have disjoint supports whenever {—1,0,1} Nk = (), we know therefore that
(Yo,k,a,%0,0,8) = 0, Vk € A?Z—; \ NZ2. By changes of variables, we obtain also (¢;.a,%;1.5) = 0,

Vj € Z, whenever k # | and we have proven the following proposition.

Proposition 1 If N is an odd number, R is the rotation of angle % and v is as in (2) with § € (0, %]
and 7 € (0, (r — &)sin (5% )], then, for all j € Z, (i W)k€ B2

Wj = @pec 2z Wik

The spaces W; and W1 cannot be orthogonal or, in other words, the whole sequence (v;,k.~)

cr is an orthonormal basis for the space

jEZ, ke B2 yer~
cannot be orthogonal—see [13]. Using similar arguments as above, we can easily show that, for all

k € %ﬁ, the angle between the spaces W; and W1 is sufficiently large so that (¢ ~)jcz,~er is a
Riesz sequence. One of the questions that motivate this article is to know whether the whole sequence
(wﬂ'vkﬁ)jez,keﬁ—f,'yer* can be a Riesz sequence or a Riesz basis for L?(R?). We will study this sequence

for a more general choice of wavelet 1.

3.2 Sufficient conditions for a Riesz sequence

As a first step, we give sufficient conditions on a wavelet ) € S(R?) for its dilated, rotated and translated
versions to generate a Riesz sequence. Conditions for a Riesz basis for L?(R?) are considered in the next
section.

Let us make the following hypotheses.

H1 The number of directions N is odd and R is a rotation of angle w about 0.

H2 We have $(€) = e [(€)|, V¢ € R2.
H3 We have supp ¥ N supp 1/}(2JRk) = (), whenever |j| > 1 or k ¢ {—1,0,1} + NZ, and we have
] = [P0 - ! ()], ve exe
H4 We have
T1(€) + Ta(6) + Us(6) < Wa(©) + Y [Ble+)| . veEeR? (3)
~ye*
where
() = Y [[Fal€+ P2 +7)| — [Faalé +7 = WPua 26+ = )| (4)
yer
+ 3 |[Bale + B + )| — [Paal +7 = 20)Paa @M E+ 7 — 20))|
~yeD*
Ca(§) = Y |[Pale + ) aalBE + )| = [Paale + 7+ 3Ta(BE + v +30)| (5)
yelr*



Figure 3: Functions |’L/Ja| Uy, U3 and Uy + >

(- +7)[2 = Uy — Uy — Uy for ¢ as in (2) and N = 9.

yel*
Ouly restrictions to the domain [7/2,57/2] x [—m, 7] are shown

30 |l 1 aa (B E 40|~ [l 7~ PR €+ — 30)
yer
W) = 33 D e+ RE+)|, (6)
j=%1k=41~€l*
Ty(é) = 2(17(‘,08%) (7)
~ o~ ) ~
Xezi:l ,Y;* ({W€R2 |w— 677‘ &~ EW*V‘}‘w(W)w(QRW)‘ +{w€R2:\w721371|2\§725n77\} w(2 OJ)’(/J(RCU)‘) ’ (8)

Then we have the following theorem, the proof of which constitutes a large part of the remaining of

this article.

Theorem 1 Let p € S(R?). If conditions H1-4 are satisfied, then (wj-,k-,'v)(j,k,»y)er%xF is a Riesz

sequence.

Before going further, let us make some comments on the hypotheses itemized above. First, H1 and
H2 are closely tied in the sense that one cannot enforce the dephasing of H2 if N is even. Indeed, in
order to maintain the invariance by rotation, despite the asymmetry caused by H2, two “neighboring”
wavelets at the same scale must have nearly opposite directions as it is shown in Figure 1-(b). This is
not possible if N is even. As for the Meyer wavelet, there are several possible choice for the modulation.

We chose €% as it is often the case for the Meyer wavelet. Regarding the rotation R, any angle in



N (number of direction) 5 7 9 11
. L(T) -~ 2

min 5 53 Z V(- +7)* =¥ — Uy — g -0.001 | -0.007 | -0.016 | -0.024

yer'=
L(T) ™

g 55 W = 2 (1-cos ) 0.098 | 0.050 | 0.030 | 0.020

min £2) Z (- + )| = Uy — Wy — Uy + Uy 0.097 | 0.042 | 0.013 | -0.005

e (2m)° | &

Table 1: If ¢ is as in (2) with § = 7 = (7sin 557)/(1 + sin 55), the hypothesis H4 is satisfied for N < 9.

1L

2%(Z \ (NZ)) would be appropriate, but angles (N;V or !

N;rvl)” let us express hypothesis H4 more
easily.

Condition H3 is a technical, clearly not necessary, hypothesis. Its aim is to simplify H4 and the proof
of the theorem. The only reason for assuming that |7$| is symmetric is to simplify the term Wy (§). This
condition is however quite natural.

Hypothesis H4 is definitely the most difficult to deal with. Roughly speaking, ¥; and ¥, measure
the angles between the spaces Wy o and Wi o, and between Wy o and Wy 1, respectively. For instance, if
Wy = 0, then the spaces Wy i are two-by-two orthogonal as it is the case in the example considered in
Section 3.1. The functions ¥3 and ¥, handle the direction of Wy ¢ with regard to W; 1 and Wi _;. The
proof of the theorem would be much simpler if we could discard ¥, in the inequality (3). But in such
a case, we cannot ensure that there exists any wavelet ¢ € S(R?) that satisfy all the hypotheses. For
example, if 9 is as above, then [¢)(£n)| = [¥(£2n)] = [O(£7)| = [$(£27)| = LL(Z)~3. We infer that
Wy (1) = 0= Ua(n), but Ts(y) = (2m)2/L(Z) = . epe [0(7+ 7).

The wavelet defined in (2) satisfies clearly H2 and H3 when ¢ and 7 are as in Lemma 1. We do not have
an analytic proof that it satisfies H4. We can however check digitally whether the inequality is satisfied
but for quantization and sampling approximations. We know that 3 . QZ( M? = (27)?/L(T) and
Uy = 0. Figure 3 shows |7,/)| V1,5 and Watd 0 . ( YA+ P =V =V — Vg = Uy +(27m)2/L(Z)— U, — V3.
The function Wy is not shown because it is close to 2(1—cos 5% )¥3. The function 1—L(Z)(¥1+¥3)/(27)?
is positive outside a small neighborhood of {n, —n} + I'* but its minimum value on R? is negative. This
value is given in Table 1, for N = 5,7,9 and 11, as well as maxge £(Z)¥,/(27)? and mingz 1 — £(Z)(¥; +
U3 — Wy)/(27)%. We can see that the hypothesis H4 is satisfied for N = 5,7 and 9, but it fails to be
satisfied for N = 11. In this example, we set § = 7 = (7 sin 5% )/(1+sin 5% ) and H,(t) = sin (3P (52)),
Vt € [—7, 7], where P(t) = 35t — 84t° + 70t5 — 20t”. The obtained function ¢ is only C® but it can be

uniformly approximated by a C* function that satisfies H4 also.

Notice that designing a function v € S(R?) such thaE (i k2)jez k2 2en 18 @ Riesz sequence, for some
lattice A, is not a difficult issue. For instance, if supp ¢ C Z and A is such that » . [¥(€ — A2 >0,
then (1/1j7k7>\)jezyk%7)\€,\ is a Riesz sequence. Indeed, the second assumption ensures that (¢ 5 x)rea is

a Riesz basis for closure(span(y; .~)~ea), for all j € Z and k € and by the first assumption, these

sz
spaces are two-by-two orthogonal, since they correspond to disjoint Fourier supports. However, in such
a case, it is clear that the sequence (wj,k,/\)jez,k%,/\eA cannot be global for L?(R?). A notable point of
Theorem 1 is that v is translated along the critical lattice I' of the Shannon wavelet basis. Hence, the

12(5 —9))? > 0, V¢ € R?, does not allow to have supp ¢ CT.

condition . p.



3.3 Sufficient conditions for a global sequence and a Riesz basis for L?(R?)

So far, we gave conditions on ¢ so that (Q/ijkv’Y)jEZ,kE%,'yEF forms a Riesz basis for the closure of
SPan(Vj k) jez ke & yer- In order to have closure(span(v;j i,y ) jez ke 2 ver) = L?(R?), we need to posit
additional hypotheses. First, we need to narrow the conditions on the support of ¥ by assuming that it
satisfies, besides H3, the following property which means that the supports of ’L//J\ and 15 (- —~) are disjoint,
for all v € I'* such that the distance between Z and Z + {7} is positive.

H5 We have {(-) (- —~) = 0, for all v € T*\ {0, 1, —pu, 21, —241, 3, =31, 37}, =34, v, —v, I, —}..

As H3, condition H5 is not necessary, but it allows to simplify H6, below, that is the counterpart of
H4 for a global sequence.

H6 We have
P1(8) + P2(8) + P3(E) < Pua(§) + Z Z (27 R*€) 2, for almost every € € R?, 9)
JEL ke 5
where
®1(5) = > [P RO R = )| - [P ROB@ T R~ 29)] |, (10)
Y=*pjEL ke L
2(6) = > [P RS R = )| - [p R b @ R e - Ry ()
Y=%3nj€L ke L
o6 = Y > [P rrd@ R - )| (12)
ye{—v,v,—0,0} JEZL ke%
™ -~ ~
() = 4 (1-cosg) > M [P R 3)

ve{2n,—7} I€L ke &

We can now state the announced theorem and corollary.

Theorem 2 Let ¢ € S(R?). If conditions H1-2 and H5-6 are satisfied, then (djjvkﬁ)(j,k,v)er%xF 18
a global sequence for L*(R?). If, moreover, H6 is satisfied for all £ € R?, then (1,
a frame for L*(R?).

ﬁ)(j,k,’y)er & x1r ¥

Joining both theorems together, we obtain the following.

Corollary 1 Let ¢ € S(R?). If conditions H1-6 are satisfied, then (¢ .~) r is a Riesz

basis for L?(R?).

(4:ky) EZX 5 %

If § and 7 are sufficiently small, then the wavelet defined in (2) satisfies H5. With regard to H6,
one can check that, for all y € {+2/R*) : j € Z,k € 3%}, we have 3__ . [1h(29 RF~)|2 = (27)2/L(T) =
®3(7), while @1(y) = ®2(7) = 0 and P4(y) > 0. We infer that ®4(y) + > cp- ¢ V(P RF~)[2 — @1 () —
Dy (y) — P5(y) > 0. The latter is also clearly positive whenever v is far from {iQJRk : JEZLk € %}.

However, its minimum value on R? is slightly below 0. Hence the hypothesis H6 is not satisfied for this
example. Figure 4 shows Zke 2 |1h(29 RF.)|2,®9,85 and @4 + E»yer* D(2RE)2 — &y — By — Bs, for
N = 9. The function ®; is zero and d, is closed to 2 (1 COS 577 ) Ps.




)))
;

Figure 4: Functions Zkeﬁ (29 R*.)|2,@4,83 and By + > er [1h(27 RF-)[2 — &y — &y — B3 for 4 as in
(2) and N = 9. Only restrictions to the domain [r/2,57/2] X [—7, 7] are shown.

We did not find a simple example of wavelet that satisfies all the six hypotheses. We cannot however
conclude from this that the wavelet defined in (2), or any other wavelet, does not generate a basis for
L?(R?). We only gave indeed sufficient condition for a global sequence. Although it is rather long, the
proof of the theorems relies on coarse bounds and we can therefore conjecture that, when all the other
hypotheses are satisfied, conditions H4 and H6 are not necessary. This proof of both theorems is detailed

in the next section.

4 Proofs

4.1 Proof of Theorem 1

Since the demonstration is carried out in the Fourier domain, we have to give a characterization of the

Riesz sequence in terms of the Fourier transform ’L//J\ The following lemma is proved in Section 4.3.

Lemma 2 The directional wavelets (1/)j7k77)( €Zx o xT form a Riesz sequence if and only if there

Jrky)
exists C' > 1 such that, for all m € L*(7Z x % X D%i), we have

1
Gllmls < I(m) < Clml3, (14)

where
2

I(m) = /R D3> 2m; (27 RFE)(2TRYE)| de

€T ke

10



and

=3 % [, mis@ e

JEL ke " TF
As 9 is bandlimited, it is quite straightforward to bound I(m) above. Indeed, thanks to H3, most of
the terms in the sum that defines I(m) have disjoint supports. By developing the squared term, we have

therefore

Jj+1 k+1

=>. > > Z / 294 ;1 (29 RE)my o (27 RN (X RO RV €)de (15)

JE€L ke L J'=i—1k'=

The classical Young inequality states that, for all a,b € C, ab+ab < |a|? +|b|2. Thus, using in a row the
changes of variables ¢ — 27 R*¢ and the fact that my 1 is y-periodic for all v € I'*, we obtain

Im) < 93 3 / 22| 1 (29 RA€)D(2 RE6)| g
JEL ke %
J€Z ke L
- 922/ k(€ S 156 + ) e
JEL ke U TF yer=

which leads to

I(m) <9|| > [+ Imll3-

x
vel oo

We have therefore the second inequality of (14).
Let us now bound I(m) below. In order to simplify the notations, we make the substitutions £ +—

277 R7k¢ in each integral, and j' — j' — j, k' + k' — k in sums. We get

YY Y Y |2 misemy TR R R e

JEL ke Ly j'=—1k'=-1

Set therefore

-y % / mi (€ S 10(E +7)IPde + I (m) + To(m) + Ts(m) + Ls(m),

JEL ke " TF yEer*
where

L(m) = 4Re[Y > [ mi8 (©)my1.x(2E)D (€)1 (26)dE | (16)
JEL ke 3

Bm) = 2Re (3 Y [ myu(@mrn ROERREE | (17)
JEL ke %5

Bim) = aRke (3 X [ myn(@men CROGE RO | (18)
JEL ke %5

L(m) = 4Re ZZ | man(e ()mye1 41 QRN (2RIE)dE | . (19)
JEL ke %

11



In order to bound I(m) below, we can bound I1(m), I2(m) and Is(m) 4 I4(m) separately, which is the

aim of the following lemma.

Lemma 3 For allm € L*(Z x & x &

2
~7 X =), we have

i z
T+ JEZ ke %

(i) nm) < [

T*

SN Imis©F | wal€) de,

JEL ke 3

ORIE (Z PORINGIA RAGES

(i) Talm) + Lam) = [ |0 Imal€)? | (0a©) - wa(6)) de,

™™ \J€Z ke &,
where Uy, Uy, U3 and Uy are given in (4), (5), (6) and (8), respectively.

We infer that

I(m) > / ST ST @ | | DB )P - wi() — wale) — wale) + wa(e) | de,

™" \J€ZkeL yer™

where, by H4,
D7 (E+)P = Ti(E) — Wa(8) — a(6) + Wa(€) >0, VE R

yelr'*
As the latter function is continuous and periodic, it is bounded below by a positive constant C' and we

conclude that

1 =0 [ (S ImulF | de

™™ \Jj€Z ke L
4.2 Proof of Theorem 2

Showing that the sequence (1j,k.4) (j x,y)ezx 2 1 15 global for L?(R?) amounts to show that

1
(Span(d}jvkﬁ)(j,k,'y)eZX%><F) = {0}. (20)

Since, by H6, we have >, Zke% 1h(29 REE) |2 — 1 (€) — ®o(€) — B3(€) > 0, for almost every & € R2,
(20) is actually a straightforward consequence of the following inequality that we are going to prove: For
all f € L?(R?), we have

> X Tl 2 o [ FOF (5 X BRI - 21(6) - 2a(6) - a(©) + 04(6) | e

JEL ke & el JEL ke &
(21)
First, we apply Plancherel’s theorem in order to show that, for all j € Z, k € %, vyel,

1 A —
|<‘f”l/)jvka’}/>|2 = (27T)4|<f51/}j7k7’7>|2
- (271'(‘)4 2 f(§)27j"z)\(27jRké')efi—y.Q*ijEdé. 2

12



2
~ o | [ PR R TG e
2
= | fe ¥ D PR e e
T y'er=
L(7)

W |C—v(9j,k)|2a

—~~

where g, = («E s 27 > er F(2IR k(¢ — 7))@(«5 - 7)) and ¢, (g) = ﬁ frW—Z g(z)e="®dz is the Fourier
coefficient, of index ~, of a function g. Hypothesis H5 ensures that, for all £ € R?, 12(5 — ) # 0 for only
4 values of v € I'*. We have therefore, for almost every ¢ € R?,

l974(6)] < 4 max |27 f(2 R —7)(e — ).

Since f € L%(R?) and ¢ € L*°(R?), we infer that gjx € L? ( ) Thus, we can apply Parseval’s theorem
to g;,r and show that

LT
Skl = G Sl = G [, laalOPds

vyel ~yel' ( T+

~

2

= |2 fE— YRR — )| de

T |yel*

$ (29 RFE) (Z f(¢—2iR-* )zZ(2ij£—v>) d¢

yer
We deduce that
k
> X Sl =gk [ FOFS S R R + 55 S
JEL ke & vel JEL ke veG

where

=2 2 | JOURIR (€~ 2RI e R — ),
JEL ke
and, thanks to H5 again,

G = {:u‘v M 2#5 72#5 3777 73777 3777 73777 v, =V, 175 71}}

However, using a change of variable, we show that, for all v € G,

LRI / (& + 2 R ) (27T REE + ) f(©) (2 RE)dg = T,

J€Z ke L

We have therefore J, + J_, = 2Re (J5). Putting this all together with the next lemma, we see that (21)
is satisfied.

Lemma 4 For all f € L*(R?), we have
0 2+l < [ IFOPRE
(i) 2y gl < [ FOPD(E)E,

@ii)  2Re(dy+J5) 2 | IFOP(@a(€) - 25(©)de,

13



where ®1,P9,P3 and P4 are given in (10),(11),(12) and (13), respectively.

If we assume now that the inequality (9) in H6 is satisfied for all ¢ € R?, then the function

I

( JEL ke &

is bounded below by a positive constant that we denote by 1/C. Indeed, since it is invariant by dilation

of factor 2, its minimum value can be calculated for £ in a ring where all the sums are finite. We have

ST K = é/R |F(©))2de.

JEL ke & Vel

therefore

On the other hand, one can easily show that 2|.J, +.J;| < [p. | f(€)[2®3(€)dé—see the proof of (iii). Hence

> X Sl < 5k [ FOF (X BEROP + 216) + 0a(6) + a(6) | de

JEL ke i Vel JEL ke &

We infer that, even if it means increasing the value of C, we have

DD SIS Eyey MIGI

JEL ke & Vel
and we conclude that (¥ k)jez ke 2 ~er 18 a frame for L*(R?).
Y ’ NZ*

4.3 Proof of lemmas

4.3.1 Proof of Lemma 1

The two identities can be proven by straightforward calculation using (1). First, we have

Z [hE - = Z (€ — kip — kov)?

~ye* keZ?2
= > el —kip— k)P + Y [aalé — ki — kov)?
kez? kez?
= > (a6 = kupr = kat) P+ [aa(€ = (b + D= (2 + D) ?)
keZ2
= L@ Hs(& — (k= Dm)PHs(2 - k) — &) = £(T) 7

keZ

In order to prove the second identity, let us denote by R* the rotation of angle a%. This allows for
writing
Vi (€) = H(R*)0)H(R™2E1) + Hr(—(R2E)H(—(R2)1), V& € R™.

‘We have therefore

= 20(L(Z))EHs(& — ) Hs(2m — €1) V2 (€)

= 2n(L(T))" 3 Hs(&1 — m)Hs(2m — &) H, (RZ€)1)H, (R™2E)1).

~ ‘

Ya(§)

14



On the other hand, we have

21 (L(Z)) ™% Hs(—(RE), — m)Hs((RE)y + 2m) Vi (RE)
= 2n(L(T))"* Hs(—(RE) — m) Hs((RE)1 + 2m) Ho (—(R*RE) ) Hy (—(R™2RE),)

1

= 27m(L(Z))" % Hs(—(RE)y — m) Hs((RE)1 + 2m) He (—(R7€)1) Hr (—(REE)1).

Daa(RE)|

Since 7 < (7 — 90) 51n(2N) we can check easily that HT(—(R%E)l) = 1, for all £ € supp zza, and
H,((R7%£)1) =1, for all £ € supp ¥gq o R. We deduce

Do RE)u(6)] = F Ha(~ (RO ~ m)Ha((RE)1 -+ 20 H (~(REC) 1) Hi(es — ) (2 — 1) H (REQ)).
As @aa(f)‘ = zza(—f)‘, we have also
Bu(RDun )] = SEL (RO — m) Hs(2m — (R H. (REE) ) Ha( 61~ m)Hs(2m + ) L (—(REO)

that can be re-ordered into

(2m)?

= gy Hor = (RO H5 (RO —m) Hr (= (R2€)1)Hs (27 + &) Hy(—&1 — m) Hr (R2&)1).

Ya(RE)aa (€)

Using the fact that (37); = 37 = —(37)1 = —(R(3n))1 and (R2(3n)); = 0, we conclude that

Daa(RE)Da(€)).

DalR(E = 30))aa(€ — 30)| =

4.3.2 Proof of Lemma 2

By deﬁnition (¥jk v)jeZ,ke%,veF is a Riesz sequence is and only if there exist C' > 1 such that, for all
a€P(Zx & xT),

< Cllallz,

Z Z Zaﬂc'ﬂ/’yk'y

_1 lallz <
a

C 2=

JEL ke & €T

or, in other words,

2
dx S CQZ Z Z |aj,kw|2.

JEL ke & el

=D IDIDINIHEN

JEL ke & el

Z Z Za]k 29)(2 RFx — )

JEL ke & el

— . —iy-& 3
= Der GikA€ ;16

)
amounts to show that there exist C' > 1 such that, for all m € L? (Z X % X %ﬁ),

1
glml< [

By Plancherel’s theorem and putting m = (m;k)(jrezx 2 Wwhere mjr(¢

2

ST 27my (27 REG(27REE)| dg < Clm3,

JEL ke 32

where

HmanZ/ GRS

JEZ ke

15



4.3.3 Proof of Lemma 3-(i)

First, we develop ¢ as ¥ = 1, + ¥ua. By H3, we have {/J\a('){p\aa(Q') = 0 and 1//1\,1,1(-)1//1\,1(2-) = 0. We
deduce that @()@(2) = 1@;()@(2) + ’l/p\aa('){p\aa(z) and

L= (ZZ k(€)M k(26) (%(5)%(25)+Jaa<£>1$aa<2g>)dg)

€7Z ke

= 4y Z Re( 1 (€)1 5 (28) ¥ () P (26)dE + mj,k<§>mj+1,k<2§>$M(§>$M(zs>d§).

2
JEL ke 3% R

Note that m; and m;i1 ,(2-) are p-periodic. Making the substitution of variables £ — £ — p in the

second integral, we have therefore

L=4) Z Re (/ mj e (€)myi1,6(26) (%(«s)wa( ) + thaa(€ — 1) aa (26 — 2M)) dg) ,

JEL ke 3

By using ©(¢) = e%|$(§)| and e2* = ¢/ = —1, we show next that
1//;11(5){/]\11(25) + {p\aa(g - M){p\aa(Qg - 2#) [, (E){/J\a(Qg)l te |{/J\aa(€ - N){/J\aa(2£ - 2:“’)"
1Ba(€)5a 29)] = [Baal€ — 1)Paa(2 — 20

—i(&1+m1)
— 2

Thus, we obtain the following bound for I;.

e Z/ m e (E)my e 1(26)

JEL ke %5

$a(€)5a (2)] = Paa (€ = 1) aa(26 — 202) de.

JFrom Young inequality, we deduce that

<y Z/ (1m0 €) + 414 (26) )

JEL ke %

[ (€)Ba(2)] = [aa(€ — 1)Daa(2 — 2)|| d

Then we conclude by making another substitution of variables

| < ZZ/ ms(€)

2190 (€09 (26)] = It (€ = 1)aa(26 — 20)]| €

JEL ke
+Z Z / |ka W}a <_> Aa(§)| - w}\aa (5 M> 1/}aa 5 M |‘ dé
JEL ke %5
- ZZ/ (€)1 (€)d
J€l ke " TF

4.3.4 Proof of Lemma 3-(ii)

The proof uses similar arguments to those used for I;. By H3, we have w( ( ) = Va (- )@aa( R+

QZM(-)QZ@( R-). Since 3n € I'* and 3Rn = 37 € I'*, the functions m, ;, and m, y+1(R-) are 3n-periodic and

we deduce

I

2Re (Z Z / m; 1 (€)m; k1 (RE) (wa(f)waa(R§)+¢aa(g)¢a( g)) dg)

JEL ke #;

2Re (Z > / 1) 41 (RE) (wa(f)waa( RE) + taa(€ — 3n)tha(RE — 3R77)) dg) :

€7 ke_
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&1, i(8n1 —3(Rn)1)
2

By using ¢(¢) = % [{(¢)] and e

{/J\a (5){/1\1111 (Rf) + {p\aa(g - 377)1;a(R§ - 3R77)‘ =

= ¢e®™ = —1, we show next that

|{/J\a(€){/;aa(R§)| - |{p\aa(§ - 377)1;a(R§ - 3R77)|} :

We obtain therefore the following bound for 5. Justifications are the same as in the proof of (i).

Bl < 22 3 [ imia@myen (Re)

JEL ke %5

Do) Paa (RO = [Daal¢ — 3n)Pa(RE — 3Rn)|| e

<> > /R (I3 + 41 (ROP) [10(€) e (RE)| = [dha (€ = 30)a (R — 3R | d
JEL ke &
= > X / 50 (O |10a(€) Baa (RE)| = |aa (€ — 30)a (RE — 3R)]| de
JEL ke 32 R
DD /}R 3 [0 Paa (©)] — [aa (R = 30)a( — 3R)I|d¢
JEL ke &

= 3% L m@Puas

JEL ke " T

4.3.5 Proof of Lemma 3-(iii)

~ =

Using H3 again, we see that $G(~)$a(2R~) = zzaa(~)1zaa(2R~) =Y. ()a(2R™1) = ZZaa(~)1Zaa(R*1-) =0.
We deduce

I+I, = 4) Re ( /]R > k()M QREYa(€)aa (2RE) d

+ /R > myk(€)my ket QRE)Paa(&)tha(2RE) dE

ke &

s [ sl CR ) hual€)7, (2R d

b

+ /R > mik(©my o1 2RI ()0 (2RTIE) d&)

kEng
= ZRG(I5J+IGJ)’

JEL

where
By = 4% [ sl CRE ()7 (2R de
ke &
+4 Z /]11{2 mj,k(é)mjﬂ,kﬂ(2R*1§)Jaa(§)md§
k€

and

iy = 4 Y [ min (€ R fua€) 5 (2RE) d

ke

A3 @ R TEPa(€) (2RI de.

Z
ke

17



Let us focus on I5 ;. In the integrals of the first sum in /5 ;, we make the substitutions of variables

¢+ n+ RFE, while in the second one, we apply & — Rn + R¥¢. We get

By = 4 [ s+ A€ R+ 2R+ B (2R + 2] d
k€77
Y / (B + B my 151 (20 2R 18) Ga(Ry + RRE)a (2 + 2RF-1€) de
k€ w5

Since n — Rn =n — 17 = p € I'*, we have m; ,(Rn+-) = mj; x(n+-) and m; x(2Rn + ) = m; 1 (2n+ ). It
follows that

hy = 4% [ misln+ B (M Cn T ZRIE) 00+ R ) Daa(2i -+ 2R16)

kENL

151412 2R 1) Daa(i] + RYE)Ga (20 + 2RA-1€) ) de.

We use next H2 to show that

—~ = i(n W _
D1+ RYE)a(2] + 2RMH1E) = 5 o (e

Da(n + R*€)boa (2] + 2R-16)|

and
Dualii + R*E)a (29 + 2RF-1) = O S T Vaa (7 + RFE)ha (20 + 2RF 15)‘.
Since n; = m = —n1, we have however eF = —e and et = i Thus,
~ = i(n k e
Dal+ RY€)Daa (20 + 2RF1E) = 50 |, (n + R Paa(2] + 2R1)|
while
~ = i(n W _ |~ ~
Dl + REE)Da(2n + 2RF1E) = —e 55 a0 |4 (7 + RA€)Da(2n + 2R*1E)|
We obtain
s =2 [ 37 0ule) (on@a(® - B ) de
kJE N7Z
where
it +(RF€)1)
aw(§) = mjk(n+ RF¢)e R
br(€) = 2myy1k(2n+2RFE)e M TRIOD,
() = [Baln+ B Poa(2i + 2R
Bue) = |Paalii+ REE)Pa(2n +2R*1¢)|.

Hence, we can apply the following lemma.

Lemma 5 If N is odd, then for all a,b € C¥2 and a, B € RW, we have

— o 4 2 2
2Re > ax(akbrir — Bibr1) > 2 (1 — cos ﬁ) kfgg (min(ak, B)) Y (lawl® + [bef)
ke % ke 1%

_ Z O[k+/8k |ak| +(Oék; 1+ﬂk+l)|bk| )

ke & ~7
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Notice that, thanks to the symmetry properties of 1Z in H3, for all £ € R?, |ax| and |Bx| have the
same minimum value on {w € R? : |w| = |¢|} and this value does not depends on k. We deduce that
Re(I57j> > Aj - Bj where

Aj:2(1—cos%) /]R2 {weR2 le \f\} w)| Z (|Cbk )+ |0k (€)] )dfa

and

B; _/ 32 ((s(6) + BL(E)ar(O) + (ax-(6) + s )

Let us reverse the former changes of variables as follows

™
; 2(1—(:05—) (/ min
! 2N k% Rr2 {weR?:[w|=¢[}

NZ

A

B0+ ) Paa 2+ 2R0) | |mia(n + R de

+/ min Da(n + w)thae (27 + 2Rw) ’ |2mj 41,6 (2n + 2RFE)| d§)
Rr2 {wER?:|w|=(¢]}

™
2(1—005—) (/ min
2N Z R2 {wER:|w—n|=|¢—n|}

ke

Do) baa(2R0)| [m;in (€)1 d€

+ min Aa 27w Aaa Rw ’ m; 2d )
L evommin o [Bu(2 ) () Iy O

We have therefore
ZAj:2(1—cos— ZZ/F &) [my k(&) de,

JEZ JEL ke &

where

(&) =

%(w)qﬁaa@z%w)\ +

Ba(27 1) faa( Rw)|

min min
{weR?:|w—n|=[{—n|} {weR?:|w—2n|=[¢—2n[}

On the other hand, applying the sames changes of variables, we have

n= X / (( Paa©Pa(2R7)) Imy (€)1 de

+z/

zZa<«s>zZaa(2Rs)\ +

27 R (6)| +

Daa27 REVD(E)|) Imy1,4 () ) de.

It follows that

B =Y 3 [ C©

JEZ JEL ke

a©=Y (

j/==+1

where

Dal)baa(2 BE)| +

Daal)0a(2 BTE)|)
Joining all these together, we obtain

D Re(ls;) > > (4;—B))

JEZ JEZ

- /R 2 (Z 3 |mj,k<§>|2) (2 (1~ cos 5 ) F&) — GL&) ) de

JEL ke 32

— /M (Z > Imj,k(§)|2) - (2 (17008 %) F(§+7)7G(5+7)) de.

JEL ke & yer*

-
¥
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Finally, by exchanging Ja and Jaa, we find a similar bound for /s ; and we deduce that

I+ 14> /K2 (Z > |mj,k(§)|2> (W4(§) — Ws(¢)) dé.
T+ JEL ke 3%

4.3.6 Proof of Lemma 4-(i)

We have

Jutdow = DY / F©D(21 R4€) f(€ — 20 REp)b(27T R — pr)de

JEL ke 5

DI / FOB@ IR ) F(E — 2 R B2 R — 2p)de.

JEL ke +%
After the substitution of indices j — j — 1, the second term on the right hand side reads

PD / FOTE R (€ — 2 REp) B2+ RMe — 2p)de

JEL ke &

Hence,

Tyt doy = Z/ FOF(& = 29R 1) gj . (€)dE,

JEL ke &
where
9iku(€) = DRTIRTFETIRTFE — ) + h2IFIRFE 2 TITIRTIE — 2p).
Observe that, by H2, we have

DRI RFGERTIRTFE — p) = e (2T RFOP2IRFE — )

where e = ¢ = —1. On the other hand, we have

PRIHIRRE (2R — 2p) = e

PETITIRTRP IR — 2m)

where 1 = ¢2™ = 1. Therefore,

ginnl€) = = [BRTIRTFODETRTEE — )| + [P RFODET TR — 2.

Going back to (22) and using Young inequality, we show that

21+ Jaul < (6 = 27 RA 1) gy (€)]
JEL ke &
<X / (OF +1£(€ = 2B 1)) g () e,
JEL ke &

where

/RZ (IF©F +1£(€ = 2 R ) gz pu(©)lde = / FO (1950(E)] + g7 (& + 27 BE )]} d€

_ /|f (19510 (E)] + g5 (€)]) dE.

Thus, we have

217+l < [ 170 PIPNURCEIEIES JRLGIRAGT
EZ L

20
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4.3.7 Proof of Lemma 4-(ii)

The proof is similar to that of Lemma 4-(i) where we change the dilation by 2 into the rotation R. We

have

Tty = DY / F©)P(277 R4€) (€ — 2R (3n))(2 P R™+€ — 3n)de

JEL ke %5

£ X [ AN RO €~ R e~ e

JEL ke &

After a change of indices, the second term on the right hand side reads

S5 [ O R i~ YR G I R e~ v

JEL ke

Hence,

It i =3 3 / F(&)T(€ — 2 RFB0)hyn(€)d, (23)

JEZ ke
where
hjkan(€) = V(27T R=*E)Y(2IR™FE — 3n) + (27T R-E+1€)) (27T R™FF1¢ — 37)

Notice that, by H2, we have

PRIRHYHRTIRTE — ) = 2 [T R OB R — 3n)

i3m71 37 .
where e 2 =e™2 = —i. On the other hand, we have

i3(M)1

(2T RFHIE)P(2IRTIHE —37) = e 2

BRI R - 37)|

where e 3% = e~ % — . Therefore,
Bian(€) = =i [B@TT R TT R = 3m)| + |2 TR 1D IR e - 37)|.
Going back to (23) and using Young inequality, we show that

2|J3p + J_3y| <

- QJRk(Sn))hj,k,sn(f)’ dg
JEL ke &

> / (€ + 1€ ~ 2R G)I?) 1 (E)

JEL ke 3

IN

where

/Rz(|f<5>|2+|f<«s—2ij<3n>>|2)|hj,k,sn<s>|d5 /|f (P30 ()] + e (€ + 27 R (3m)]) ds

/|f (s 0 ()] + 1k —n (E)]) .

Thus, we have

20 + gl < [ | IFOPP2(6)E.
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4.3.8 Proof of Lemma 4-(iii)

We have

o+ = ( Z / f 2 IRKE) f(§ — 2jR*k1/)1Z(2_ij§ —v)d¢
JEZ

ke L N7
+ Z FEU(2TRR) f(& — 2 R-Fp)p(27T RFg — ﬂ)d&) :
ke L N7
By developing 1} as ;Za + @aa, we show that J, + J; = ZjeZ (Ji,j + J2,j), where
Jig = Z €)0a(277 RHE) (€ — 21 REV)pa (2T R — w)dg

ke NZ

+ Z )aa (27 R7FE) F(€ = 2 RFD)aa (27 RTHE — 1)dg
ke NZ

and

J2,j = Z / f waa 2 IR~ kg)f(g_Qij )waa(Q JR kg_l/) €

kGNL

N a2 RME) (€ — 2 RED)a(27 R7VE — D)de.

ke £ N7

1 i
3

v
Let us focus on J; ;. Sincee™2 =e

$a(27IR*E)P, (27T RTFE —v) = —i

. _n % .
= —tand e~ 2 = e'2 =4, we have, by H2,

G2 RTFD, 2 R — )|

and

Vaa (27T RFE) (27 R7FE — ) = i

Gaa2 TR Daa(2 TR - 7).
It follows that

ha = Y [ e

ke NZ

+ZZ/

kENL

2R B2 R — )| fig — 2 RFv)de

) [Baa (277 R baa(2 R = 9)| F(€ — 27 RAD) dg

In the first integrals, we make the changes of variables & — 27T1RFy + ¢ while in the other integrals, we
apply & — 21 RFF1y 4 € Since 2n — v = —7) and 2Rn — & = —n, we obtain

o= =) JRCAR R

ke & N7

+i Z f (2T Ry 4 ¢
-

Gal2n+ 27 R —i + 2R F(-2RM Iy + €)de

Baa(2]+ 27 R Paa(—n + 27T RH)| (-2 RAy + €)de

= Z [ F@ RA ) ([9a(20 + 27 RO+ 27 R if (2R + )

Z

N7

— |Paa(271 4+ 27T RTFHE) Poa (—n + 277 RFH1e)

- Z /}R2 ar(§) (ak(f)bkﬂ(&) — Br(&)br— 1(5)) de,

i/
NZ

if (-2 RE 1y +€) ) d
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where

ar(§) = fZT'RMy+9),

be(§) = if(-2'RFn+¢),

() = |20+ 279 RFE) D (—i7 + 2T R FE)|
Brl®) = |Paal2ii+27 R fua(—n + 2/ RTHHg)) .

Thus, we can apply once again Lemma 5 to show that 2Re(J; ;) > A; — B;, where

Aj:2(1—cos%) /]R2 {weR2 le \f\} w)| Z (|Cbk )+ [br(6)] )dfa

and

B 3. ((owl6) + AN + (s + B ()

Let us reverse the former change of variables. We have

A 2 (1 —s ﬁ) 2 (/RQ werbiboien

N7

k
# [ omin (B 2+ 2| | fe2t o) )

92 (1 — coS —) / ( Z Z {w€R2 |w|m\2ngg RF~[}

ke ve{2n,—

Bu(2n -+ 2790) Pl +2790)| [ F@ Ry + 6)| e

Da (20 + w)a(—7] + w)\) \f(g)f d

We infer that

ZAj :2(1—(:05%) /R2H(€)‘f(€)‘2d€,

JEZ

= Z Z Z {wGRZ:\w\g}iQIljf*Rk’Y‘}

JEZ ke & ve{2n,—i}

where
{p\a(Qn + w){/’\a(_ﬁ +w)|.

Applying the sames changes of variables in B;, we get

By = Y / () jR*kswa(rjR*’“s—uﬂ+ma(2*]‘R*’““£>%(2*J‘R*k“£—a>|)ds
ke
+ > / FOP (19a@ 7 B0 R +0)| + 0027/ R a0 27 R +9)]) dg
kGNL

/R NGNS (|wa 27T R P02 RTE = )| + [Baa (27T R Bua (27T R - )] ) d.

ve{v,—v} ke &
Joining all these together, we obtain

2) Re(J1;) > > (A;—Bj)

JEL JEZ

J.

S Y (18RRI — )|+ [Raa(2T R a2 R ﬁ)l)) d.

ve{v,—v} i€Z ke £,

7(©)| (21— cos oxc) HE)
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Finally, by exchanging Ja and Jaa, we find a similar bound for J; ; and we deduce that
‘2

£©

2Re (g, + J3) > [ (4(6) — Ba(€)) de.

]RQ
4.3.9 Proof of Lemma 5

First, we show that if IV is odd, then we have, for all a,b € (C%,

37 (lar = beor 2 + lag + brsa|?) > 2 (1 — cos %) 3 (Janl® + 1Bil?). (24)

YA Z
keﬁ k€%

To prove this inequality, we need to change the notation as follows. As N is odd, put N = 2n + 1, and

for all k € {0,---,4n + 1}, set

ar, if k is even,
cp = (K]
b[k], if k is Odd,

where [k] is the equivalence class of k in % . Inequality (24) becomes
4n 9 . 4n+1
Z‘Ck+(*1)kck+1| + |C4n+1 —CO|2 > 2 <1COS 4n+2> Z |Ck|2, VCE(C4n+2. (25)

k=0 k=0

™

It can be written in matrix form as ||Ac||? > 2 (1 — cos ) lle||?, or equivalently as

4n+2
1Al > [1 = e T | |l (26)
where || - || is the Euclidean norm and
1 1
1 -1
A= 1 1
-1 1

Since ATA = AAT, where AT denotes the transpose of A, the matrix A is diagonalizable in an or-
thonormal basis. Let A be its eigenvalue with smallest modulus. Proving (26) amounts to show that
Al = |1- e immTs |. The characteristic polynomial of A is (1 — A)**2 + 1 and we deduce that A =
1 — ie®n% for | € ﬁ. The modulus || is therefore minimal for I = 3n + 1 and we have
Al =1]1- ie%%ﬂ = |1 — e~ ‘=¥z |. Hence, (26) and (24) are proved.

Next, using the binomial formula, we show that

2Re > ak(anbrir — Bibi—1) = > (anlar = brsa|? + Belar + be—1?)
ke ke %
- Z ((or + Br)lar|* + (ar—1 + Be+1)[br]?)
ke &

where, thanks to the above,

Z (oklar — bey1]® + Belaw + be—1]?) > min min(ov, Bi) Z (Jar = brgr|” + lak + br—1]?)

ke Fewz ke
™ . . 2 2
> 2 (1 — o8 o ) krgt\% min(ag, Bk) E (Jarl* + [bx]?) -

ke &
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(a) (b) ()

Figure 5: Three examples of potential implementations for squarely sampled images—(a) and (¢)—and
hexagonally sampled images—(b).

5 Numerical implementation

In order to demonstrate the potential of the proposed approach, we give a first numerical implementation.

This task raises several core issues that are addressed below.

5.1 Adaptation to a non-rotation invariant lattice

The frequency tiling displayed in Figure 1-(b) is not adapted to digital images that are generally sampled
on a square lattice and have therefore a square reciprocal cell. An easy solution is to replace some rotations
by shear mappings as it is done for the discrete curvelet transform [3] and the shearlet transform [14].

In order not to get off the above theorems and unlike what is generally done for discrete directional
bases, the wavelet 1) o D, for a given mapping D, has to be translated along the lattice D~'T". As the
transform in implemented in the Fourier domain, this lattice does not have necessary to be a sublattice
of the lattice Z? on which the image is sample. It has however to be a sublattice of the periodization
lattice NZ x MZ for a N x M-image. Tilings that are generally considered, in particular those of [12],
are therefore not adapted.

Moreover, since the number of directions has to be odd, the basis cannot be invariant by rotation
of angle /2. We propose therefore to use the frequency tiling of Figure 5-(a) that is well suited to
2™ x 2™-images. In this example, only 6 of the 7 directional wavelets are obtained by compositions of
rotations and shear mappings with a mother wavelet ). The seventh wavelet is designed separately. The
latter and ¥ both satisfy equation (2) with the same § and 7, but for different angular resolutions—see
Figure 6. One can prove that Proposition 1 can be extended to this case. For each scale j, we have
therefore an orthonormal basis for W; = ®ke{1,»»»,7} Wi k.

Notice that one could obtain more uniform angular resolutions for the 3—loosely—horizontal direc-
tions with (3 -2™) x 2™-images. In order to have wavelets with nearly the same angular resolution in
each direction, it would be however more suitable to consider images that are sampled on an hexagonal
lattice—see Figure 5-(b). Recall, by the way, that hexagonal lattices have several notable properties such
as requiring the least number of samples to represent images whose spectrum is supported on a disc.
On the other hand, since most of images that are produced nowadays are sampled on a square lattice,

it might be appropriate to adapt this hexagonal transform to squarely sampled images by shifting some
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Figure 6: Fourier transforms of the primal wavelets. Only imaginary parts are shown.

of their Fourier coefficients as it was done in [13]—See Figure 5-(¢). This third solution would be well

suited as the transform, based on bandlimited wavelets, has to be implemented in the Fourier domain.

5.2 Processing of the finest and coarsest scales

Since the frequency support of wavelets at the finest scale exceed the cutoff frequency, their processing is
a genuine issue, especially when our aim is to avoid aliasing. The Fourier transforms are not periodized
as it is done, for instance, in [3]. They are roughly cut as if the image was upsampled by zero padding.
As a consequence, fine scale wavelets have low decay. A periodization would however have the same effect
since wavelets are not translated on a sublattice of Z? or, in other words, Fourier transforms of wavelets
cannot be periodized along (Z2)*.

Coarse scales can be processed with separable Meyer scaling function as in [3]. It causes however a
break in the connections between scales and generates therefore a low frequency residue on dual wavelets.
To avoid this issue, wavelets are applied down to the coarsest scale with some approximations in accor-

dance with the sampling theory.

5.3 Experimental results

The primal wavelet transform is implemented in the Fourier domain. Since wavelets are not translated on
square lattices, we used FFT for non-square lattices as in [13]. Up to now, we do not know how to obtain
an explicit expression of the dual basis. It is therefore computed by conjugate gradient. Figure 7 shows
the 7 primal wavelets and the computed dual wavelets. One can observe that the two families are rather
close to each other. This is not surprising since primal wavelets at a same scale form an orthonormal
system. However the orthogonality does not stand up to dilation. As a consequence, one can notice a
light high frequency residue on dual wavelets. We do not know yet whether these artifacts are due to the
adopted processing of the finest and coarsest scales whose effects reverberate through scales. In figure 8,
one of the primal wavelets, at the finest scale, and the associated dual wavelet are displayed. As it is
mentioned above, they have low decay.

We obtained better results when the analysis is done with the primal wavelet. In such a case, the
direct transform is fast, while the inverse transform is built on an iterative process. It is done by conjugate

gradient in the Fourier domain, hence avoiding a recurrent use of the Fourier transform.
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Figure 7: (a) Primal wavelets. (b) Dual wavelets.

Figure 8: (a) Primal wavelet at the finest scale. (b) Associated dual wavelet.

As digital images lie in finite dimensional spaces, it is very unlikely that the obtained discrete wavelet
system, drawn near to the Shannon wavelet basis, does not form a basis. The question whether it is a
Riesz basis does not arise here. The point is rather to know whether the basis is close to an orthonormal
basis or, in other words, whether the wavelet transform W is close to an orthogonal transform. To this
end, we compare the transform W o W* to the identity map. Figure 9 shows a detail of Barbara image
(a) and its range by W o W* when (b) ¢ is as in H2 and (c) o= |1Z| In the second case, the wavelet still
generates an orthonormal basis for W ;, but the latter is no longer orthogonal to Wj x4+1. We can also
surmise that the angle between W), and Wj; is smaller. When it is compared to (c), image (b) looks
clearly very close to the original image (a). The PSNR is however quite low because of a low frequency
errors.

The approximation of Barbara image with the 10* largest directional wavelet coefficients is displayed
in Figure 10. For a comparison, the result obtained with 9/7-separable wavelets [7] and wrapping
curvelets [3] is also shown. Directional wavelets are more efficient than separable wavelets near edges and
on textures although one can notice artifacts in smooth areas. The over-complete curvelet transform is

poorly efficient at this rate of compression.

6 Conclusion and outlook

We gave sufficient conditions for a wavelet function to generate a rotation invariant Riesz sequence or
a Riesz basis for L?(R?). This study leaves however several open questions. First, it does not let us to
know whether the sequence considered in Section 3.1 is global for L?(R?). More generally, we did not

give an example of wavelet with fast decay that satisfies all the conditions to generates a basis for L?(R?).
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(a) (b)

Figure 9: Barbara image and its range by W o W*. (b) ¢ as in H2 (PSNR=27.86 dB). (c) Y = [
(PSNR=21.21 dB).

(a) (b)

Figure 10: Approximation of Barbara image with the 10* largest coefficients. (a) Proposed directional
wavelets (PSNR=28.31 dB). (b) Separable wavelets (PSNR=27.22 dB). (c) Curvelets (PSNR=23.47 dB).
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Investigations could allow to find such an example. A more relevant way to obtain an analytic proof of
the existence of such a basis would be however to find weaker assumptions in both theorems. It could be
done by developing, for instance, a method that allows to estimate the upper bounds of Lemma 3, and
those of Lemma 4, as a whole.

The proposed implementation allows to keep the orthonormal basis for each space W, and numerical
results let us surmise that angles between these spaces are fairly large. However, they impel us to
consider several possible improvements. More adapted frequency tilings have already been mentioned
and displayed in Figure 5. Stated theorems do not allow to apply a parabolic scaling law as in the
curvelet transform, but since the two finest scales constitute }—2 of coefficients, we could obtain better
approximations of images with sharp edges and textures by increasing the number of directions. This
can be easily done, even with the proposed implementation for 2" x 2™-images. Finding a tiling that
enables us to translate wavelets on sublattices of the original lattice Z2 would let us consider a proper
processing of the finest scale and possibly compactly supported wavelets. The processing of the coarsest
scale has also to be reconsidered. The design of dual wavelets, in the discrete as well as the continuous
case, is a another challenging issue.

As a conclusion, we need to mention the very new manuscript by Yin and Daubechies [32]. To our
knowledge, this is the only other article that proposes a method to circumvent the aliasing problem gener-
ated by filterbanks in directional wavelet bases. Although their approach—that relies on the nonuniform
filterbank of [26, 11]—is very different to ours, several parallels can be drawn. For instance, they also con-
sider biothogonal wavelets in order to design non-aliased primal wavelets and give conditions to properly

chose the phase of their Fourier transforms.
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