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A PRIORI LIPSCHITZ ESTIMATES FOR SOLUTIONS OF LOCAL
AND NONLOCAL HAMILTON-JACOBI EQUATIONS WITH
ORNSTEIN-UHLENBECK OPERATOR

EMMANUEL CHASSEIGNE, OLIVIER LEY & THI TUYEN NGUYEN

ABSTRACT. We establish a priori Lipschitz estimates for unbounded solutions of second-
order Hamilton-Jacobi equations in R in presence of an Ornstein-Uhlenbeck drift. We

generalize the results obtained by Fujita, Ishii & Loreti (2006) in several directions.

The first one is to consider more general operators. We first replace the Laplacian

by a general diffusion matrix and then consider a nonlocal integro-differential opera-

tor of fractional Laplacian type. The second kind of extension is to deal with more

general Hamiltonians which are merely sublinear. These results are obtained for both

degenerate and nondegenerate equations.

1. INTRODUCTION

We are concerned with a prior: Lipschitz estimates for continuous unbounded viscosity
solutions of the Hamilton-Jacobi equations

(1) Mt — F(x, [u?]) + (b, Du) + H(x, Dut) = f(z), reRY A >0,

and

0

o | op T )+ (), Du+ Hiw, Du) = f(z) (1) € RY x (0,00),
u(+,0) = up(+) in RY,

where b is an Ornstein-Uhlenbeck drift, i.e., there exists a > 0 (the strength of the

Ornstein-Uhlenbeck term) such that

(3) <b(.§(}) - b(y),l’ - y> > Oé‘I - y‘Qv T,y € RNv

the Hamiltonian H is continuous and sublinear, i.e., there exists C'y > 0 such that

(4) |H(z,p)| < Cu(1+1pl),  xpeR”,

and the operator F can be either local

(5) F(z, [u]) = tr(A(z) D*u) (classical diffusion)

where A is a nonnegative symmetric matrix, or nonlocal

(6) F(z,[u]) = {u(z + 2) — u(z) — (Du(z), 2)Ip(z) }r(dz) (integro-differential).

RN
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More precise assumptions will be given below. In particular, the growth of the datas
and the solutions is a crucial point when considering such equations stated in the whole
space RY. It is why the expected Lipschitz bounds for the solutions of (1), (2) are

(7) | (@) =), [ulz,t) —uly. )] < Cloulz) + o)z —yl, 2,y €RY,

providing that the datas f and ug satisfy the same type of estimates

(8) lg(z) — g9(y)| < Cy(Pu(x) +Pu(y)lr —yl,  g=forg=nup.

The continuous function ¢, takes into account the growth of the datas f,uy and the
solutions u*,u(-,t). Let us underline that we are looking for a constant C which is
independent of \,t > 0, since our main motivation to establish such kind of bounds is
to apply them to solve some ergodic problems and to study the large time behavior of
the solutions of (2). These issues will be discussed below.

In the particular case of the local equation with a pure Laplacian diffusion and a
Lipschitz continuous Hamiltonian H independent of x,

9) % — Au+ oz, Du) + H(Du) = f(x),

Fujita, Ishii & Loreti [18] established the estimates (7) for datas f,uy and solutions

v, u(-,t) belonging to the class

_ . moN T g9() o }
(10) 5M—{g.R —>R.‘w|ll)ri1oo 6u() =0,
where
(11) dulx) = e“'I‘Q,

with p < «, which seems to be the optimal growth condition when thinking of the
classical heat equation.

The main result of this work is to prove estimates (7) for solutions of the general
equations (1), (2) belonging to £, for every p > 0, with

(12) Bul) = VI,

The Hamiltonian H is continuous and merely sublinear (see (4)) without further as-
sumptions, which allows to deal with general Hamiltonians of Bellman-Isacs-type com-
ing from optimal control and differential games. The datas f,ug satisfy (8). In the
local case, the diffusion is anisotropic, the matrix A can be written A = oo’ where
o€ Wh2(RN; My), i.e,

(13) lo(2)| < Co, o(@) —o(y)| < Loz —y|  z,y €RY.

In the nonlocal case, F has the form (6), where v is a Lévy type measure, which is
regular and nonnegative. In order that (6) is well-defined for our solutions in &,

Tlo.,D0) = [ {0la+2) = (o) = (DV(@), 2)a:) ()
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has to be well-defined for any continuous ¢ € £, which is C? in a neighborhood of z,
which leads to assume that

There exists a constant C! > 0 such that
/ 220 (d2), / bu(x)0(dz) < CL.
B Be

An important example of v is the tempered [(-stable law

(14)

e_M|Z‘

(15) v(dz) = o

dz,
where 8 € (0,2) is the order of the integro-differential operator. Notice that, in the

bounded framework when g can be taken equal to 0, up to a normalizing constant,
—Z = (—A)P/2 is the fractional Laplacian of order /3, see [17].

The restriction of the growth (12) when comparing with (11) is due to “bad” first-
order nonlinearities coming from the dependence of H with respect to x and the possible
anistropy of the higher-order operators. These terms are delicate to treat in this un-
bounded setting. We do not know if the growth (12) is optimal.

As far as Lipschitz regularity results are concerned, there is an extensive literature on
the subject. But most of them are local estimates or global estimates but for bounded
solutions in presence of a strongly coercive Hamiltonian. In the case of a local diffusion,
local Lipschitz estimates for classical solutions are often obtained via Bernstein’s method,
see Gilbarg-Trudinger [21] and Barles [1] for a weak method in the context of viscosity
solutions. For strictly elliptic equations, Ishii-Lions [22] developed a powerful method we
use in this work. See also [20, 6, 27, 13, 24, 25] and the references therein. In the nonlocal
setting, an important work is Barles et al. [7] where Ishii-Lions’ method is extended for
bounded solutions to strictly elliptic (in a suitable sense) integro-differential equations
in the whole space. See also [3, 12, 10], and [! 1] for an extension of the Bernstein method
in the nonlocal case with coercive Hamiltonian.

When working in the whole space with unbounded solutions, one need to recover some
compactness properties. It is the effect of the Ornstein-Uhlenbeck operator term. In
the case —A + a(z, D), in terms of stochastic optimal control, the Laplacian is related
to the usual diffusion which spreads the trajectories while the term «a(z, D) tends to
confine the trajectories near the origin allowing to recover some compactness. From a
PDE point of view, this property translates into a supersolution property for the growth
function ¢,, that is, there exists C, K > 0 such that

(16) LI (x) = —F(z,[8u]) + (b(x), Du(2)) = C|Du()| = d(x) = K, x € R,

This property is the crucial tool used in [15] to prove (7) and the existence and unique-
ness of solutions for (9). Let us also mention the works of Bardi-Cesaroni-Ghilli [2]
and Ghilli [20] for local equations, where (7) are obtained for constant nondegener-
ate diffusions and bounded solutions but for equations with possibly quadratic coercive
Hamiltonians.

The totally degenerate case (i.e., without second order term in (9)) is investigated
in [17, 19]. This means that Lipschitz regularity results can be obtained without ellip-
ticity in the equation and come directly from the Ornstein-Uhlenbeck term. Actually,
one can already notice that, in [18], the ellipticity of —A is used only for being able to
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work with classical solutions to (9) thanks to Schauder theory and to simplify the proofs.
In our work, contrary to [18, 17, 19] and due to the more general equations (1), (2), non-
degeneracy of the equation is crucial to obtain our estimates (7). However, we present
also some estimates for degenerate equations.

More precisely, we call the equations (1), (2) nondegenerate when
(17) A(x) > pld, for some p > 0,

holds in the local case, which is the usual ellipticity assumption. In the nonlocal case,
there is no classical definition of ellipticity. We have then to state one useful for our
purpose. We will work with Lévy measures v satisfying (14) and

There exists 3 € (0,2) such that for every a € R there exist
0 <n<1and C? > 0 such that, for all v > 0,

/ |2[2v(dz) > C2n" 5 42 F,
Crm(a)

where C, ,(a) := {2z € B, : (1 —n)|z||la|] < |{a,2)|} is the cone illustrated in Figure 1.
This assumption, which holds true for the typical example (15), is a kind of ellipticity
fy

////”4 L@

(18)

FIGURE 1. The truncated cone C, ,(a)
of axis a and aperture 6 with cosf =1 —n(a).

condition which was introduced in [7] to adapt Ishii-Lions’ method to nonlocal integro-
differential equations. In our unbounded case, this ellipticity property is not powerful
enough to control the first-order nonlinearities in the whole range of order S of the
integro-differential operator but only for § € (1,2) (as already noticed in [7] for instance).
It is why, hereafter, to state in a convenient way our results, we will say that the nonlocal
equation is nondegenerate when (18) holds with 5 € (1, 2).

Moreover, we also investigate (7) for solutions of degenerate equations, i.e., when the
ellipticity condition (17) does not necessarily hold and when € (0, 1]. To obtain (7) in
this framework, we need to strengthen the hypotheses on H, that is

There exist Lz, Loy > 0 such that for all z,y,p, ¢ € RY
(19) |H (2, p) = H(y,p)| < Liulz — y|(1+ Ip]),

|H (2, p) — H(z,q)| < Lan|p — q|(1 + |2]).
This is the classical assumption satisfied by a Hamiltonian coming from an optimal
control problem.

Let us emphasize that the Lipschitz estimates (7) are independent of A, ¢ > 0. The
main application is the large time behavior of the solutions of (2), see [0, 18, 17, 19, 7, 8,
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, 24, 25] for instance. The fact that (7) is independent of A allows to send A to 0 in (1)
and to solve the so-called ergodic problem associated with (2). Estimate (7) for (2) gives
a compactness property for the solution u allowing to study the convergence of u(x,t) as
t — 400 using the key property (16) together with a strong maximum principle. This
program is carried out in [28].

We end the introduction by giving a rough idea of the proof of (7) in the stationary
nondegenerate case. The goal is to prove that

(20) mrgggN{uA(I) —uMy) —elzy)}, with o(z,y) = P(le = y)(u(2) + ¢u()),
is nonpositive for some concave function ¢ as in Figure 2, implying easily (7).

(0

To r

FIGURE 2. The concave function v

When writing down the sub/supersolution viscosity inequalities for u* at z and y, we
are led to estimate several terms, some of which are ”good” (the Ornstein-Ulhenbeck
effect and the ellipticity of the equation) while others are “bad” (first-order terms coming
either from the heterogeneity of the diffusion or the Hamiltonian). Notice that, when H
is Lipschitz continuous and does not depend on x as in [18], the bad terms coming from
H are avoided.

Then, there are three ingredients that we use to derive estimate (20): (i) the first
one consists in using the supersolution ¢, to control the growth of different terms near
infinity; (¢7) for | — y| small we use the ellipticity of the diffusion and we control the
bad terms via Ishii-Lions’ method (see [22, 7] and Section 4); (ii7) for |z — y| big we
control those terms by the Ornstein-Uhlbenbeck drift (3).

In the degenerate case, we use the same approach, but with further assumptions on
the datas and with conditions on the strength « of the drift term to overcome the lack
of ellipticity. In the nonlocal case, although the main ideas are essentially the same,
additional tools and non-trivial adaptations are needed.

The paper is organized as follows. We establish the priori Lipschitz estimates for the
solutions of (1) both in the case of degenerate and nondegenerate equations in Section 2.
The case of the parabolic equation (2) is investigated in Section 3. Finally Section 4
is devoted to some key estimates for the growth function and the local and nonlocal
operators.

Notations and definitions. In the whole paper, Sy denotes the set of symmetric
matrices of size N equipped with the norm |A] = (3, ..y a;)"/?, B(x,0) is the open

ball of center x and radius § > 0 (written Bs if = 0) and B(z,d) = RY \ B(z, ).
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Let T € (0,00), we write Q = RY x (0,0), Qr = RY x [0, T) and introduce the space
ELRN) =&, (see 10) and

. i g(x,t) _
@) = o @rme fiy o G050}
Recall that ¢, is the growth function defined in (12). Throughout this paper we work
with solutions which belong to these classes and for simplicity, we will write indifferently
¢, or ¢, i > 0 being fixed. Notice that in the local case, we can take p > 0 arbitrary
but in the nonlocal case, p has to be chosen so that ¢, is integrable with respect to the
mesure v outside some ball, see (14).

In the whole article, we will deal with viscosity solutions of (1), (2). Classical ref-
erences in the local case are [11, 23, 16] and for nonlocal integro-differential equations,
we refer the reader to [9, 1]. Since the definition is less usual in the nonlocal case, we
recall it for (1) (the same kind of definition holds for (2) with easy adaptations). For
0 < k <1, we consider

ﬂ&m%m:/ fu(a + 2) — u(x) — (p, 2) s ()] (d2)

|z|<k

1B up) = [ fule+ )~ ule) - (b, )a:)o(d).
|z|>kK

Definition 1.1. An upper semi-continuous (in short usc) function u* € E,(RN) is a
subsolution of (1) if for any v € C2(RN)NEL(RYN) such that u* — attains a maximum
on B(z,r) at z € RV,

MNz) = I[B)(x, 4, p) — Z[B*)(z,u*,p) + (b(x), p) + H(z,p) < f(),

where p = Dy(x), 0 < k < 1.

An lower semi-continuous (in short lsc) function u* € E,(RY) is a supersolution of (1)
if for any v € C*RN) N ELRYN) such that u* — ¢ attains a minimum on B(z,k) at
reRY

)\u’\(:v) _I[BH]<x>¢7p) _I[BK](:E7UA7P) + <b($)7p> + H(ZE,p) > f(l’),

where p = Dy(x), 0 < k < 1.
Then, u? is a viscosity solution of (1) if it is both a viscosity subsolution and a viscosity
supersolution of (1).

2. REGULARITY OF SOLUTIONS FOR STATIONARY PROBLEM

2.1. Regularity of solutions for uniformly elliptic equations. Recall that (1) is
nondegenerate which means that the equation is strictly elliptic in the local case (i.e., (17)
holds) and (18) holds with # € (1,2) in the nonlocal one. In such a framework, we can
deal with merely sublinear Hamiltonians, i.e., (4) holds without further assumption.

We state now the main result namely Lipschitz estimates which are uniform with
respect to A > 0, for the solutions of (1).

Theorem 2.1. Let u* € C(RY)NE,L(RY), u> 0, be a solution of (1). Assume (3), (4)
and (8) for f. Suppose in addition one of the following assumptions:
(i) F(z,[u?]) = tr(A(x)D*>u*(z)) and (13), (17) hold.
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(i) F(z, [u]) = Z(z,u*, Du?) and suppose that (14) and (18) hold with 3 € (1,2).
Then there exists a constant C independent of A\ such that

(21) [ (2) = u*(y)] < Cloe — yl($u(x) + du(y)), w,y €RY, A€ (0,1).

Proof of Theorem 2.1.

1. Test-function and maximum point. For simplicity, we skip the A\ superscript for u*
writing u instead and we write ¢ for ¢,. Let 6, 4,Cy > 0, ¢ : Ry — R, with ¢(0) =0
be a C? concave and increasing function which will be defined later depending on the
two different cases.

Consider
(22)  Myaci = swp {u(r) —uly) = V5= Cul(lz — yl) +)(6(x) + 6(y) + 4)}
and set

(23) O(z,y) = C1(d(z) + d(y) + A), @(z,y) = Vo + (¥(|lz — y|) + 8)2(z,y).

All the constants and functions will be chosen to be independent of A\ > 0.

We will prove that for any fixed A € (0, 1), there exists a dy(A) > 0 such that for any
0<d< 50(>\), Mé,A,Cl <0.

Indeed, if Ms a0, < 0 for some good choice of A, Cy, ¢ independent of 6 > 0, then
we get (21) by letting 6 — 0 . So we argue by contradiction, assuming that for § small
enough Ms 4.c, > 0. Since u € EM(RN ) and & > 0, the supremum is achieved at some
point (z,y) with x # y, thanks to 6 > 0 and the continuity of w.

2. Viscosity inequalities. We first compute derivatives of ¢. For the sake of simplicity
of notations, we omit (x,y), we write ¢, ® for (|x — y|), ®(x,y) respectively.
Set

_ Ty _
lz —y|’ |z — |

(24) p (I -p®p).

We have

(25) Dap=4/®p+ Ci(yp+6)Do(x), Dy = —)'®p+ Ci(¢ + 6) Do (y)
D2.p=9"®p®p+ p'®C + C1¢)'(p ® Dp(x) + Dd(x) @ p) + C1(¢ + 8) D*¢(x)
Diygo =" ®p @ p+ Y'PC — C1'(p @ Do(y) + Do(y) @ p) + C1(p + §) D*¢(y)
D2, = —"Bp @ p — P'OC + 1 (Dly) © p — p @ D(x))
Dl =—0"®p@p—¢'PC+ C1y' (p @ Do(y) — Do(z) @ p).
Then applying [14, Theorem 3.2] in the local case and [9, Corollary 1] in the nonlocal

one we obtain, for any ¢ > 0, there exist X, Y € S such that (D,o(z,y), X) € 72’+u(:v),
—2,—
(=Dyep(x,y),Y) € J" uly) and

(26) ( g _OY ) < A+ (A?,  where
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_ 2 o p®p —pApP / c —-C
A_D90($5y> - ¢q’(_p®p p®p )"'wq)(_c C )

Lo ( p® Do(x) + Dp(x) ®p  Do(y) @ p — p @ D(x) )
Y\ p® Doly) — Dé(z) @p —(p® Do(y) + Dé(y) @ p)

D?*¢(x) 0

and (A% = O(¢) (¢ will be sent to 0 first).
Writing the viscosity inequality at (x,y) in the local and nonlocal case we have

(27) Au(z) —uly)) — F(z, [u]) + F(y, [u])
—|—<b(l‘), Dx<10> - <b(y)7 _Dygp> + H(x> sto) - H(y> _Dygp)
< fle) = fy),

where F(x, [u]) = tr(A(z)X) and F(y, [u]) = tr(A(y)Y) in the local case and F(z, [u]) =
Z(x,u, Dyp) and F(y, [u]) = Z(y, u, —D,¢) in the nonlocal one.
We estimate separately the different terms in order to reach a contradiction.

3. Monotonicity of the equation with respect to u. Using that M 4 ¢, > 0, we get

(28) Au(@) —u(y)) > AW3 + A1 + 6)® > AW0.
4. Ornstein-Uhlenbeck-terms. From (3) and (25) we have
(29) (b(z), Dap) — (b(y), —=Dyp)

= Y'®b(x) = by),p) + (¥ + 6)((b(x), De(x)) + (b(y), Dé(y)))
> a'®lz —yl+ Co(¢ +0)((b(x), Dd(x)) + (b(y), Db (y)))-
5. H-terms. From (4) and (25), we have
(30)  H(z, Dpp) = H(y, =Dyp) 2 =Cr[2+ 2¢'® + C1(¢ + 6)(| Do ()| + | D (y)])]-

6. f-terms. From (8), we have

(31) |f(x) = f(y)| < Crlo(z) + o(y)) |z — yl.

7. An estimate for the ¢-terms. To estimate the ¢-terms we use the following lemma
the proof of which is postponed to Section 4.

Lemma 2.1. Let Ly > 0, L(z,y) := Lo(1 + |x| + |y|). Define

(32)  Lilol(z,y) = —F(=,0]) = F(y,[¢]) + (b(z), Do(x)) + (b(y), Do(y))
—L(z, y)(|Do(x)| + [Do(y)])-

There exists a constant K = K(«, Ly, F) > 0 such that for any o > 2Ly,

(33) Lrlo)(z,y) = ¢(x) + o(y) — 2K.

If L(z,y) = Lo, then (33) holds for any o > 0 and there exists R = R(c, Lo, F) such
that

(34)  =F(x,[¢]) + (b(x), D(x)) — Lo| D(x)| = { ;(K ﬁz: Iﬂ § gi

8



8. Global estimate from the viscosity inequality (27). Plugging (28), (29), (30) and (31)
into (27) we obtain
(35) AV +ay(|x = y|)|z — y|P(x,y) — F(a,[u]) + F(y, [u])
< 20y (lz — y)@(2,y) + 2CH + Cp(g(x) + d(y)) |z — y|
+C1 (Y (Jz = y[) +6) (Cu(|Do()] + [Do(y)]) — (b(x), Do(x)) — (b(y), Dp(y))) -

The goal is now to reach a contradiction in (35), first in the local case (whole step 9)
and then in the nonlocal case (whole step 10).

9. Local case: Hypothesis (i) holds, i.e., F(z,[u?]) = tr(A(z)D*u*(x)) and (13), (17)
hold.

9.1. Estimate for second order terms. We use the following lemma the proof of which is
given in Section 4.2.

Lemma 2.2. (Estimates on F in the local case).
(i) Degenerate case: Under assumption (13),

(36) (@)X — A(y)Y)
> —Colz —yl'(Ja — y))®(z,y) — Cr(d(|z — y]) + 0){tr(A(z) D?*¢())
+tr(A(y) D*6(y)) + Co(| Do ()| + [Do(y)])} + O(0);
(i1) Elliptic case: In addition, if (17) holds, we have
(37) —tr(A(x)X — A(y)Y)
> —[Apd"(Je —yl) + Co' |z — y)]2(, y) — CLloA (| — y) (| Do ()| + [Dd(y)])

—Ci(¥(|z —y]) + 0){tr(A(z) D*¢(x)) + tr(A(y) D*é(y))

+Co ([ Do ()| + [Do(y) )} + O(C),
where C, = C,(N, p) is given by (82).

This Lemma is a crucial tool giving the estimates for the second order terms. The

first part is a basic application of Ishii’s Lemma (see [11]) in an unbounded context with

the test function . The second part takes profit of the ellipticity of the equation and
allows to apply Ishii-Lions’ method ([22]).

9.2. Global estimate from (35). Since (13) and (17) hold, using Lemma 2.2 (37) to
estimate for the difference of two local terms in (35), letting ¢ — 0 and using |D¢| < p¢
we obtain
(38) Ao+ Ci(g(x) + d(y) + A) (=4pe" |z — y]) + ot/ (|z — y])x — y)
< Ci(d(x) + o(y) + A)(2CH + (1 + p)Co ) (|2 = yI) + Cr(d(x) + o(y)) |z — yl
+2Cn — Ci(¥(|z — y[) + 0)LL[](x,y),
where L, is given by (32) with F introduced by (5) and L(z,y) = C, + Cy.

The rest of the proof consists in reaching a contradiction in (38) by taking profit of
the positive terms in the left hand-side of the inequality.

9.3. Construction of the concave test-function . For ro,Cy > 0 to be fixed later, we
define the C? concave increasing function 1 : [0, 00) — [0, 00) as follows (see Figure 2)

Y(r)=1—e" forre|0,r,
9



(r) is linear on [rg + 1, +-00) with derivative ¢'(r) = Cye= 20+ "and 1 is extended in
a smooth way on [rg,rg + 1] such that, for all r > 0,

¢/ = 026—02(7'0+1) S 1//(7’) S w:nax = w/(o) = 02‘

Notice that ¢ is chosen such that
(39) "(r)+ Co)'(r) =0 for r € [0,7¢].

9.4. Choice of the parameters to reach a contradiction in (38). We now fix in a suitable
way all the parameters to conclude that (38) cannot hold, which will end the proof.
Before rigorous computations, let us explain roughly the main ideas. We set r := |z —y|.
The function ¥ above was chosen to be strictly concave for small r < ry. For such r and
for a suitable choice of ry, we will take profit of the ellipticity of the equation, which
appears through the positive term —4v1”(r) in (38), to control all the others terms.
Since we are in R and we cannot localize anything, r may be large. In this case, the
second derivative 1" (r) of the increasing concave function 1 is small and the ellipticity is
not powerful enough to control the bad terms. Instead, we use the positive term at)’(r)r
coming from the Ornstein-Uhlenbeck operator to control everything for r > 7.
At first, we set

3C 3C eC2roth)
Oy =L ==
ol aCly
where C5 and r will be chosen later. This choice of C] is done in order to get rid of the
f-terms. Indeed, for every r € [0, +00),

(40)  Culola) + o) + A2 = CY8 (40) 1+ o(g))r > Cyloa) + ()

Secondly, we fix ry which separates the range of the ellipticity action and the one of
the Ornstein-Uhlenbeck term. We fix

(41) ro = max { 3(2Cu + (L+ 1)Co) , ZR} ,

+1,

«

where R comes from (34) with L(x,y) =C, + Cy.

9.5. Contradiction in (38) forr > ro thanks to the Ornstein- Uhlenbeck term. We assume
that r > ro. With the choice of ry in (41) we have

SV = Su (o > (204 + (1+ p)Co)' (n).

Moreover, 2R < 1y < r = |z —y| < |z| + |y| implies that either || > R or |y| > R,
so by using (34) we have L [¢|(x,y) > K — K > 0. Therefore, taking into account (40),
inequality (38) reduces to

0 < A3 + Cy(d(z) + d(y) + A)%w'(r)r <20y

To obtain a contradiction, it is then sufficient to ensure

A 2
G aiﬁﬁninro > 2Cy which leads to A > Cn

42
(42 -
because of the choice of C and the value of ¢ ; .

Finally, (38) can not hold for r > rq if C, 7, A are chosen as above. Notice that we

did not impose yet any condition on Cy > 0.
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9.6. Contradiction in (38) for r < ry thanks to ellipticity. One of the main role of the
ellipticity is to control the first term in the right hand-side of (38) for small r. More
precisely, by setting

S 2Cy + (1 + p)Cy
B P

(43) Cs

Y

and using (39), we have

—p¢"(r) 2 (2CH + (1 + p)Co)¥'(r).

Since both |z| and |y| may be smaller than R, we cannot estimate Ly [¢](z,y) from
above in a better way than —2K. Taking into account (40), inequality (38) reduces to

0 < AV6 + Ci(d(x) + dy) + A)(=3p)y" (r) < Cr(b(r) + 6)2K + 2Ch.
Using that ¢ (r) < 1, and C; > 1, we then increase A from (42) in order that

2Cy

—3pAyY"(r) > 2(K + Cy) > 2K9(r) + o
1

which leads to the choice

Carg
A> max{2CH 20K+ O e }

Ciro’ 3pC3
Notice that, by the choice of ry in (41) and C5 in (43), A and C; depend only on the

datas o, p, b, H, f, i of the equation.
Finally, inequality (38) becomes

0 < MW < 201K,

which is absurd for § small enough. It ensures the claim of Step 9.6.

9.7. Conclusion. We have proved that Ms 4 ¢, < 01in (22), for § small enough. It follows
that, for every =,y € RV,

[u(@) = uly)| < Vo + (W(|z = y]) + 8)Ci(d(x) + d(y) + A).

Since A, do not depend on 4, we can let 6 — 0. Using the fact that ¢ is a concave
increasing function, we have ¢ (r) < ¢'(0)r = Cyr, which leads to

u(z) = u(y)| < C10Jx = y|(¢(2) + o(y) + A) = CLCo(A + )]z — y|(¢(x) + o(y)).
This ends the proof of the local case (7).

10. Nonlocal case: Hypothesis (ii) holds, i.e., F(z, [u*]) = Z(x,u*, Du’). In this case,
it seems difficult to obtain directly the Lipschitz regularity as in the local case. Instead,
we first establish 7-Hélder continuity for all 7 € (0,1) and then improve that Holder
regularity to Lipschitz regularity.

10.1. Nonlocal estimates for concave test functions. The following proposition will be
crucial at several places in the proof and is an adaptation of [7, Prop. 8|.

Proposition 2.1. (Concave estimates - general nonlocal operators). Suppose
that (14) holds. Let u € C(RN)NEL(RY), we consider V(z,y) = u(z) — u(y) — p(z,y),
with ¢ is defined in (23) using a concave function 1. Assume the mazimum of ¥ is
positive and reached at (z,y), with x # y. Let a = x —y and choose any ag > 0.
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(i) (Rough estimate for big |a|). For all|a| > ay,
(44)  Z(z,u, Do) — Z(y,u, —Dyp) < Cr(¥(la]) +6) (Z(z, ¢, D$) + Z(y, ¢, D)) .

(i) (More precise estimate for small |a|). For all |a] < ay,
(45) Z(SL’,U,DIQO) _I(y7u7 _Dy(p)
< Ci(¥(la]) +0) (Z(2, 6, DY) + L(y, ¢, D9)) + nC,¢'(|al) (x, y)

1 o P(latsz]) |

it} 1 — 2 2,11 2 d
eyt [ s f I R o) f P
where Cp(a) = {z € B, : (1 —n)l|z|la] < [{a,2)|} and v = yola|, 7 = II-Z—;:O > 0 with
7 € (0,1), n € (0,1) small enough.

The interesting part in the estimate is the negative term ”. It is integrated over
Cy~(a), which gives a negative term thanks to Assumption (18). The magnitude of this
“good” negative term depends on the measure v and the choice of the concave function
1. The proof of this Proposition will be given in Section 4.3.

10.2. Establishing T-Hélder continuity for all 7 € (0,1).

Proposition 2.2. (Holder estimates). Suppose that (14) and (18) hold with 5 €
(1,2), consider (1) with F(x, [u]) = Z(x,u*, Du?). Let pn > 0 and u* € C(RV)NE,(RY)
be a solution of (1). Assume that (3), (4) and (8) hold. Then for all 0 < T < 1, there
exists a constant C' = C. > 0 independent of A such that

(46) [ut (@) — uy)| < Cla =y (o(x) + dy)), .y €RN, A€ (0,1).

This result is interesting by itself and can give Holder regularity in a more slightly
general framework than the one needed to establish Lipschitz regularity. It requires to
build a specific concave test-function. The proof of this result is postponed after the one
of the Theorem.

Notice that 5 € (1,2) here, see Remark 2.1 for more explanation. We now resume the
proof from the end of Step 8.

10.3. Construction of the concave test-function ¥ to improve Holder regularity to Lip-
21—9

schitz regqularity. Let 6 € (0, Ni;giﬁ)v 0 = 0(f) be a constant such that o > %5~ and
ro = 19(#) > 0 such that

1 1 1/6
(47) =3 (29(1 +9)) |
We then define a C? concave increasing function v : [0, +00) — [0, 00) such that
(48) U(r) =r— or'™ for r € [0, 0],

¥(r) is linear on [2r(, +00) with derivative 1'(r) = 1 — o(1 4+ 0)(2r¢)?, and 7 is extended
in a smooth way on [rg, 2r¢] such that, for all r > 0,

(49) 5 < Wt =1 0(1+6)(2r0) S W) <1

We continue the proof. We consider two cases. For |z —y| = r > 1, we use the
7-Holder continuity of u to get a contradiction directly without using the equation. For
v —y| = r < 1o with 7y small and fixed in (47), we use the benefit of the ellipticity
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which comes from the nonlocal operator combined with the Ornstein-Uhlenbeck term to
get a contradiction.

10.4. Reaching a contradiction for big r = |x — y| > rg. Recalli that for all § > 0 small
we have

u(z) = uly) > ((r) +0)®(z,y).
By the concavity of 1) and the T—Holder continuity of u, we have
r (r)®(z,y) < (r)®(z,y) <u(x) —uly) < Cor’(d(z) + ¢(y), 7€ (0,1).
Since ®(z,y) = C1(é(x) + ¢(y) + A), dividing the above inequalities by ¢(x) + ¢(y) + A,
we get
Ci(r) < Cor™ P < Cory™t, 7€ (0,1), 7> 1.
Moreover, from (49) we know that ¢/(r) > ¢}, > 3. Thus we only need to fix
(50) Cy > 2Cr] 1.
Then we get a contradiction for all r» > rg.

10.5. Reaching a contradiction for smallr = |x—y| < ro. Using the concave test function
defined in (48) to Proposition 2.1 we get the following estimate for the difference of two
nonlocal terms in (35).

Lemma 2.3. Under the assumptions of Proposition 2.1, let 1 be defined by (48), ag = 19
and r = |z —y| < ry. There exist C(v),CL > 0 such that for A = A(v) = C(v)[pf2°7 —
1] > 0 we have

(51) L(x, u, Dap) = L(y, u, =Dyp)
< Cie(r) +6) (T(w,6,D6) + Ly, 6, Do) — (A" = uCle(r)) (),
where = f—1—60(N +2— ) > 0.
The proof of this Lemma is given in Section 4.3.

Using Lemma 2.3 (51) into (35), introducing £, given by (32) with L(z,y) = Cg, F
introduced by (6) and applying (34), we obtain

(52) A0+ Ci(o(x) + ély) + A)(Ar~0 4 an! (r)r)
< Oug(@) + dly) + A)CY (r) + Cr(P(r) + 8)2K + 20y + Cp(d(x) + d(y))r,

where C' = 2Cy + pCl, A = C(v)(002°1 = 1) >0, 6 =F—-1—-0(N +2—5) > 0.
We first increase C in (50) as

C
C; = max {(mﬂ’f- +1, 26}7’8—1}

in order to get rid of the f-terms. Indeed, for every r € [0, +00),

(53)  Ci(d(x) + d(y) + A)ay (r)r > aCith, (d(x) + ¢(y))r > Cr(e(x) + ¢(y))r-

Then taking into account (53) we get

W6 + Ci(6(x) + 6(y) + AAr™ < Cr(p(x) + ¢y) + A)CY (1) + Co((r) + 0)2K +2Cy.
Moreover, since ¥(r) < r < rg and C; > 1, then we fix A > 0 in order that

2Cy
Cy’

%AAr_é > %AATO_é > 2(Krg+ Cy) > 2K9¢(r) +
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which leads to the choice

Then, inequality (52) becomes
MG+ C0(0) + 6(p) + A)gAr7 < Culla) +0(y) + AV (1) + 2K Cid

Now we fix r( satisfying (47) such that

v () 3 () |

Then with the definition of ry as above, we get rid of C'(r) term.
Finally, inequality (52) becomes

0 < \W6é <20, K6,

which is a contradiction for ¢ small enough.

10.6. Conclusion: We have proved that Mo, < 0, for § small enough. For every
z,y € RV,

[u(@) = uly)| < V5 + (|l = yl) + 5)Ca(d(x) + b(y) + A).

Since A and v do not depend on 9, letting 6 — 0 and using the fact that ¥ (r) < r, we
get

u(x) = uly)| < Cile —yl(o(x) + ¢(y) + A) < CL(A + D]z —y[(o(x) + ¢(y))-

Since ¢ > 1, (21) holds with C' = Cy(A + 1). This concludes Step 10 and the proof of
the Theorem in the nonlocal case (ii). O

Remark 2.1. For § € (0,1], the ellipticity combined with the Ornstein-Uhlenbeck
operator seems not powerful enough to control bad terms of the equation as in the local
case. Therefore, in this case, we should need an additional condition on the strength «
of the Ornstein-Uhlenbeck operator, see Theorem 2.2.

Proof of Proposition 2.2 (Establishing 7-Holder continuity for all 7 € (0,1)).
The beginning of the proof follows the lines of Step 1 to Step 8 in the proof of Theo-
rem 2.1. We only need to construct a suitable concave increasing function (different
from the one of Step 9.3) to get a contradiction in (35).

1. Construction of the concave test-function . For ro,Cs > 0 to be fixed later, let
7 € (0,1) and define the C? concave increasing function 1 : [0, 00) — [0, 00) as follows:
(54) Y(r)=1—e" forr € 0,r,

() is linear on [rg + 1, 4+00) with derivative /(1) = Co7(ro + 1)7"te~ 20+ D" "and ¢

is extended in a smooth way on [rq, 7 + 1] such that, for all » > 0,

W (1) = Wy o= Car(rg + 1)7 e~ Uo7,

2. Global estimate to get a contradiction in (35). As in Step 9 of the Theorem, to

estimate and reach a contradiction for (35) we need to separate the proof into two
cases. For r = |z — y| small we use the ellipticity coming from the nonlocal operator to
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control the other terms and for r = |z — y| big enough, we can take the benefit of the
Ornstein-Uhlenbeck term to control everything.

3. Reaching a contradiction in (35) when |x—y| =r > ry for a suitable choice of ry. We
first take ag = ro in Proposition 2.1 and use (44) to estimate the difference of nonlocal
terms in (35). Then (35) now becomes

A8 + @z, y){ad! (r)r — 2Cu¢! (r)} = 20k + Co(y(r) + 8) Lo [¢] (2. y)
< Cp(o(x) + oy))r,

where £, is the operator introduced by (32) with L(z,y) = Cy, F is the nonlocal
operator defined by (6).

We fix all constants in the same way that we did in Step 9 of the Theorem 2.1. More
precisely, we fix

(55) rozmax{3(20H+“C<V));2R}, = 3G Ly g X

= , > ,
(67 Oéwmin Cf?“[)

where R is a constant coming from (34). We use these choices of constants and the same
arguments as those of Step 9.5 we get that (35) leads to a contradiction.

4. Reaching a contradiction in (35) when |v —y| = r < ro. In this case, we use the
construction of ¢ in (54) applying to Proposition 2.1 (45) to estimate the difference of
the two nonlocal terms in (35). This estimate is presented by following Lemma the proof
of which is given in Section 4.3.

Lemma 2.4. Under the assumptions of Proposition 2.1, let 1 be a concave function
defined by (54). Then for 0 < |z —y| = r < ro, there are constants C, C(v,7) > 0 such
that

(56) L(x, u, Dap) = L(y, u, =Dyp)
< Ci(y(r) +6) (Z(x, ¢, D) + I(y, ¢, Dg))
+&(z,y) (uC,, — C(v, 7)(1 + Cor™)r' = 2) ¢/ (r).
Applying Lemma 2.4 (56) into (35), introducing £, given by (32) with L(z,y) = Cy

and F defined by (6), we obtain

(57) AVG + Cy(é(x) + d(y) + A{C (v, 7)Y (r) (1 + Cor™)r' ™ + )/ (r)r}

< Ci(o(x) + o(y) + A)C(H, v, ) (r) — CL((r) + 6)Lo]](2, y)
+2CH + Cp(o(x) + o(y))r,

where C(H, v, u) = 2Cy +pCL. Since both |z] and |y| may be smaller than R, we cannot
estimate L1 [¢](z,y) from above in a better way than —2K. Taking into account (40),
inequality (57) reduces to

A6 + Ci () + ¢(y) + A)C (v, 7)Y (r)(1 + Cor™)rt=?
< Ci(¢(x) + o(y) + A)C(H, v, 1))/ (r) + Ci(1p(r) + 0)2K + 2CH.
Since 7 < 1 <  then 7 — 8 < 0 and r < 1, using that ¢(r) < 1 and C; > 1, we then
increase A from (55) in order that
2Cy
Cy’

1 1 .
éAC(u, W (r)yrt =P = §AC(V, T)Corr™ Pem " > oK + Cy) > 2K1(r) +
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which leads to the choice

B—T Cor?
4> max { 20y 4K + Cy)rd et }

Ciro’ C(v,1)Cor
Therefore, inequality (57) now becomes
1
(58) WG+ 30(,y) O ) (1)1 + Cor )™ < O(H, v g (1)B(a,y) + 209K

The rest of the proof is only to fix parameters in order to reach a contradiction in (58).
It is now played with the main role of the ellipticity.
Recalling that g > 1, we fix

. Clv,r) V| 20(H,v,p) b1r, pelor
Ts —mln{(m) ,7"0} 3 02 = Wmax{rs 3 To }
If » < rg then from the choice of r,, we have

%C(V, 7)(1 4 Cyr™)r'=F > %C(V, )8 > %C(V, )i f > C(H, v, ).

If r, < r < rg, we consider two cases
o [f 1+ 17— >0, because of the choice of C5 from above we have

%C(V, V(14 Cor™)rt =% > %C(V, T)OyrT7F > %C(V, T)Cor ™ P > C(H, v, p).
o If 1 +7 — 3 <0, because of the choice of C5 from above we have

%C(V, 7)(1+ Cor™)r'=? > %C(V, 7)Oyr'T7F > %C(V, T)Cyrs™™ P > C(H, v, ).
Therefore, in any case, due to the choice of the constants, inequality (57) reduces to

MW < 20.0K.

This is not possible for ¢ small enough. Then we get a contradiction in (35).

5. Conclusion. For every x,y € RY, we have proved that

Ju(z) = u(y)] < V6 + (@ (|lz = yl) + )T (d(x) + (y) + A).

Since A, ¢ do not depend on 4§, letting § — 0 and recalling that 1 (r) = 1—e~2"" < Cor™,
for 7 € (0,1). Hence we get

u(z) — u(y)] < CiColz — y["(d(2) + ¢(y) + A) = C1Ca(1 + A)|z — y|"(d(x) + 6(y))
and finally, (46) holds with C' = C1Cs(1 + A). 0

2.2. Regularity of solutions for degenerate equations. In this section, the equa-
tion (1) is degenerate which means that (17) does not necessarily hold (for the local
case) and B € (0,1] (for the nonlocal one). In these cases, we need to strengthen the
assumption on H by assuming that (19) holds and require a condition on the strength
of the Ornstein-Uhlenbeck operator.
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Theorem 2.2. Let pp > 0, u* € C(RY) N ELRYN) be a solution of (1). Assume
that (3), (8) and (19) hold. If one of the followings holds

(i) F(z,[u?]) = tr(A(x) D*u*(z)) and (13) holds.

(ii) F(z, [u}]) = Z(x,u*, Du*) and (14), (18) hold with 3 € (0,1].

Then there ezists

C(o, H) in the local case (7)

C(F,H) =
(7. H) {C(H) in the nonlocal case (ii)

such that, for any a > C(F, H), there exists a constant C' independent of A such that

(59) (@) = u(y)| < Clz = yl($u(2) + $uly)), 2,y €RY, A€ (0,1).

Proof of Theorem 2.2. The beginning of the proof follows line to line from Step 1 to
Step 6 excepting Step 5 (estimate for H-terms) as in the proof of Theorem 2.1.
The viscosity inequality that we have to estimate in order to get a contradiction is

(60) Au(x) —uly)) — (F(z, [u]) — F(y, [u]))
—|—<b(l’), Dac90> - <b(y)’ _Dy§0> + H(l’, Dacgp) - H(y’ _DyQO)
< flx) = fly),

where ¢ is defined in (23), D,y and D,y are given by (25), F(z, [u]) = tr(A(z)X) and
F(y,[u]) = tr(A(y)Y) in the local case and F(x,[u]) = Z(z,u, Dyp) and F(y, [u]) =
Z(y,u, —Dy) in the nonlocal one.

Since we are doing the proof for degenerate equation, we do not need to construct
very complicated concave test functions as we built in the one of Theorem 2.1 in order
to get the ellipticity. We only need to take

(61) W(r)y=r, ¥rel0,o00)

in the both local and nonlocal case.
Now using (19) and (25) to estimate for H-terms in (60), we have

(62) H(z, Dyp) — H(y, —Dyyp)

H(z, Dyp) — H(z, —Dyp) + H(z, —Dyp) — H(y, —Dyp)
—CiLy(Y(lz = y]) + 6)(|1Do(x)| + [De(y)) (1 + || + |z — y])
—Ligle =yl = Linlr — ylv'(|z — y))@(z,y),

here Ly = max{Liyg, Lag}.

1. Proof of (i). We first use Lemma 2.2 (36) to estimate the difference of two local
terms in (60). Then plugging (28), (29), (31), (36) and (62) into (60), letting ¢ — 0 and
using (61), we obtain

(63)  AV6+ Cra(é(@) + ¢(y) + Al —y|
< Ci(Co + Lun)(o(z) + 0(y) + A)lz — y| + Linlz — y| + Cp(o(x) + ¢(y))|z -y
—Ci(lz =yl +0)LLlo)(2,y),

where £, is introduced in (32) in the local case with L(x,y) = 2(C, + L) (1 + ||+ |y|).
Taking a > C(o, H) := 4(C, + Lp), applying Lemma 2.1 (33) and since L1y < Ly,
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inequality (63) reduces to

M6 + Cra(é(z) + ¢(y) + A)|z — y|
< Ci(Co + Lu)(o(z) + o(y) + A)|lz — 9]
+Ci(|lz —y[ +0)2K + Ly|v — y| + Cp(d(z) + ¢(y))|z — yl.

Now we fix

4C
cy > Sf

«

4
1; A>—(K+ Ly).
+ ) - 304( + H)
By these choices and noticing that ¢/ = 1, C; > 1, we obtain

(64 21 6(x) + 6(9) + Aalx —y

3 3
- 101(¢(l’) + é(y))alr —y| + chAa’$ —

> Cp(o(x) + o()lw —yl + CiK|z —y| + Lulz — yl.
Taking into account (64) and noticing that a > 4(C,+ Ly ), inequality (63) now becomes
W6 < 201 K.

This is not possible for § small enough, hence we reach a contradiction.
2. Proof of (ii). Using Proposition 2.1 (44) to estimate the difference of two nonlocal
terms in (60), then plugging (28), (29), (31), (44) and (62) into (60), using (61) we
obtain

A3+ Cra(d(x) + dly) + A)lz -y

< Cilin(o(x) + oy) + A)lw =yl + Cule —yl + C(o(z) + o(y) |z — vl

—Ci(lz =yl + 0)Lo[o](x,y),
where L, is introduced in (32) with F is the nonlocal operator defined by (6) and
L(z,y) = 2Ly(1 4+ |x| + |y|). Taking @ > 4Ly and using the same arguments as in the
local case (i) we get also a contradiction.
C(o, H) in the local case (1)
C(H) in the nonlocal case (i)

proved that M < 0 in both the local and the nonlocal case. It follows that, for every
z,y € RV,

3. Conclusion. For any a > C(F,H) = , we have

[u(z) = u(y)] < Vo + |z —y]) + O)Cu(e(x) + ély) + A).
Since A, do not depend on 4, letting § — 0 we get
u(z) = uly)| < Cile —yl(o(x) + ¢(y) + A) = CL(A+ D]z — yl(d(x) + ¢(y))-
Here ¢ stands for ¢, and since ¢ > 1, (59) holds with C'= Cy(A +1). O
Remark 2.2. If ¢ is a constant matrix, i.e., L, = 0 in (13) then (36) reduces to
—tr(A(2)X — A(y)Y) = —C1(¢ +0)(tr(A(z) D*¢(x)) + tr(A(y) D*d(y))) + O(C).

Therefore using similarly arguments with the proof of the theorem we can prove
that (59) holds for any a@ > C(H) (constant depends only on H).
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Remark 2.3. The natural extension (regarding regularity with respect to = of H) is

There exist Lz, Loy > 0 such that for all z,y,p, ¢ € RY
(65) |H(z,p) — H(y,p)| < Liule — y|(1 +[p)),

|H(x,p) = H(x,q)| < Lanlp — ql.
If o0 is a constant matrix, i.e., L, = 0 in (13) and H(z,p) = H(p) is Lipschitz continuous
(Lig = 0in (65)) (as in [18]), then C(o, H) = 0 in the proof, meaning that Theorem 2.2
(i) holds with further assumption on the strength of the Ornstein-Uhlenbeck operator.

It means that (59) holds for any o > 0 and this conclusion is still true in the nonlocal
case.

Remark 2.4. If ¢ is any bounded lipschitz continuous symmetric matrix, i.e. (13)
holds. Assume (65) with Ly = 0, then the conclusion of Theorem 2.2 should be there
exists C'(F) = C(o) (in the local case only) such that for any o > C(F), (59) holds.
The condition on « here is to compensate the degeneracy only.

3. REGULARITY OF THE SOLUTIONS FOR THE EVOLUTION EQUATION

In this section we establish Lipschitz estimates (in space) for the solutions of the
Cauchy problem (2), which are uniform in time.

3.1. Regularity in the uniformly parabolic case.

Theorem 3.1. Let u € C(Qr) N E(Qr) be a solution of (2). In addition to the hy-
potheses of Theorem 2.1, assume that ug satisfies (8) with a constant Cy. Then there
exists a constant C' > 0 independent of T' such that

(66) u(z, 1) —uly, )] < Clz —y|(8u(x) + du(y)) for z,y € RY, t €[0,T).
Remark 3.1. If we have comparison theorem for (2), then classical techniques allow to
deduce from Theorem 3.1, Lipschitz estimates in time for the solution, see [18, Theo-

rem 3.2]. More generally, for such kind of equations, Lipschitz estimates in space imply
Hoélder estimates in time, see [5, Lemma 9.1] for instance.

Proof of Theorem 3.1. We only give a sketch of proof since it is close to the proof of
Theorem 2.1.

Let €,8,A,C; > 0 and a C? concave and increasing function ¢ : R, — R, with
1(0) = 0 which is defined as in the proof of Theorem 2.1 depending on the local or
nonlocal case such that

(67) Crdfpin = Co.

We consider

€
M= s Lute ) = uln) - 0o - o+ O0(e) - 2}
(RN)2x[0,T) T —t
where ®(z,y) = C1(¢(x) + ¢(y) + A), ¢ = ¢, defined by (12). Set (z,y,t) = (Y(jx —
yl) +0)@(x,y) — 75
If M < 0 for some good choice of A, C 1 independent of 9,e > 0, then we get some
locally uniform estimates by letting §,¢ — 0 . So we argue by contradiction, assuming

that M > 0.
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Since u € &,(RY) N C(Qr), the supremum is achieved at some point (z,y,t) with
x # y thanks to §,e¢ > 0 and the continuity of u.

Since M > 0, if t = 0, from (8) and by concavity of ¥, i.e., ¥(Jx —y|) > ¢V (|Jz —y|) |z —
Yl = Yyl — yl, we have

€

0<M = u(,0)=u(y,0) = Ci((|lx = y|) +8)(é(x) + 6(y) + 4) - —
< Colz — yl(6(x) + 6(y) + A) — Crittulz — yl(6(x) + 6(y) + A) — .

T

The last inequality is strictly negative due to (67). Therefore ¢ > 0. Now we can apply
[14, Theorem 8.3] in the local case and [9, Corollary 2] in the nonlocal one to learn that,
for any o > 0, there exist a,b € R and X,Y € SV such that

(a, Do, X) € P, t);  (b,—Dyp,Y) € P u(y,t),

€ € X 0
a_b:SOt(xayﬂf):mZﬁ, and (O _Y)§A+QA2,

where A = D?p(z,y,t) and gA% = O(p) (o will be sent to 0 first).
Writing and subtracting the viscosity inequalities at (z,y,t) in the local and nonlocal
case we have

€

(68) 72— (F@, [u]) = Fly, [u])) + (b(z), Dap) = (b(y), =Dyy)
+H<$, Dz@) - H<y7 —Dy(p)
< flz) = fy),

where F(z, [u]) = tr(A(x)X) and F(y, [u]) = tr(A(y)Y’) in the local case and F(z, [u]) =
I(x,u, Dyp) and F(y, [u]) = Z(y, u, —D,¢) in the nonlocal one.

All of the different terms in (68) are estimated as in the proof of Theorem 2.1. We
only need to fix
€

}, then — > 2C10K,

0 = emin{1, e

1
3C,KT?

where K > 0 is a constant coming from (34). Therefore we reach a contradiction as in
the proof of Theorem 2.1.

We have proved that M < 0 for § small enough. It follows that, for every z,y € RV,
te0,7),

[ue,t) = uly, )] < Cr(W(|x = y) +0) (B(x) + Bly) + A) + .

Since A, C7,% do not depend on 9, €, letting d,e — 0 and using the fact that ¢ is a
concave increasing function, we have 1(r) < ¢'(0)r. Finally, for all z,y € RN, ¢ € [0,T)
we get

u(z,t) —uly, t)] < Cri'(0)]z — yl(d(x) + d(y) + A) < C1if(0)(A + D]z — yl(o(z) + ¢ (y)).

Since ¢ > 1, (66) holds with C' = C1¢'(0)(A + 1). O
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3.2. Regularity of solutions for degenerate parabolic equation.

Theorem 3.2. Let u € C(Qr) N EL(Qr) be a solution of (2). In addition to the hy-
potheses of Theorem 2.2, assume that uy satisfies (8). There exists C(F,H) as in
Theorem 2.2, such that, for any o > C(F, H), (66) holds for some C > 0 independent
of T.

The proof of this Theorem is an adaptation of the one of Theorem 2.2 using the same
extension to the parabolic case as explained in the proof of Theorem 3.1. So we omit
here.

We have also the same Remarks as presented for the elliptic equations.

4. ESTIMATES FOR THE GROWTH FUNCTION, LOCAL AND NONLOCAL OPERATORS.
4.1. Estimates for exponential growth function.

Proof of Lemma 2.1.

1. FEstimates on ¢ : Recalling that ¢(x) = enVIeP+ and setting (z) = /]z[2 + 1, for

x € RY, we have

_ﬂx 2:/@(5’7)__3:11
(69) Do = rvole). D="TE - (1 >><x>®<x>]

2. Estimates on the Ornstein-Uhlenbeck operator. From (3) and (69) we have
(70) {b(x), Do(x)) = (b(x) = b(0), Dp(x)) + (b(0), Do (x))

= (b(x) — b(0), ué—>¢<x>> + (b(0), ué—>¢<x>>

> pote) (25 - bool).

3. Estimates for the local term. From (69), we compute that

2 po(x) x x
(1) wA@DE) = B ) - (- pe)e(A s e o))
N¢( ) 2 2
< By Ll + uteloP’]
< Ol lol)o(@)

4. Estimates for the nonlocal term. We have
(1) I(x.6, D)
- / 6z + 2) — 9() — (Dé(), 2))w(dz) + / (6 + 2) — $(a))w(d2)

— /B/Ol(l — s)(D*¢(x + s2)z, 2)dsv(dz) + ¢(x)/ <¢<;(—:;Z> - 1) v(dz)

|D2p(x + s2)||2|2dsv(dz) + ¢(z) PETE 1) w(dz)
L f )

IN
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From (69) we have

@) 10 < 11+ | |t s 9 ] < Gl o),

On the other hand, for any a,b we have

2
1+ (a+b)?<1+a®+2V1+a2V1+02+ 0 < <\/1+a2—|—\/1—|—62) .

This implies y/1 + (a + b)2 < /1 +a® + /1 + b* and therefore

(74) d(x + 2) = VIR < 4(1)(2), Va,ze RV,

Using (73) and (74) we have, for all s € [0,1], |[D?*¢(x + sz)| < C(u, N)p(z)9(2).
Hence, inequality (72) becomes

T(.6.06) < CluN)o) [ o()lePrlde) + (o) [ (62) = 1wida)
Then, using (14), we get
(75) I(e,6,D6) < Ol N)CLo(x) + Clo(a) = Clu,v)o(a).

5. Estimate of the Lemma and end the computations for both cases. Let Lo > 0,
L(z,y) :== Lo(1 + || + |y|) and set

Li[o(z,y) == =F(z, [¢])=F(y, [¢])+{b(x), Dd(x))+{b(y), Do(y))—L(z, y) (| Do(x) |+ Do (y)|)-
Set

C(F) = C(u,|ol]), if F is defined by (5)
| C(p,v), if Fis defined by (6).

Since |D¢(z)| < po(z), from (70), (71) and (75) we have
Li[o)(x,y) = po(x) (a(x) — Lo|x| — Lolyl) + né(y) (aly) — Lolz| — Lolyl)
where a(z) = 04ﬁ —16(0)| = C(F) — Lo, Vz € RY. Now we define

_22L (2 +16(0)] + C(F) +L0+L0|xy>

and take a > 2Ly, if |z| > R, and |y| > R,, then Lr[¢](z,y) > 2¢(x) + 2¢(y). Set

sup  {po(y) (—aly) + Lolz| + Loly|)} =: K.
yGB(O,Rz)

then we get that, for all z,y € RN, Lr[¢](x,y) > é(z) + é(y) + ¢(z) — K, + ¢d(y) — K.
Since o > 2L, we have suppn{—¢(x) + K, }, suppn {—¢(y) + K, } < +00. Hence, define
K := sup{supgn{—9¢(z) + K, }, suppn{—0¢(y) + K,}}, we obtain

(76) Lplo)(z,y) = ¢(x) + o(y) — 2K.
We now suppose that L(x,y) = Lo independent of x,y. Setting
2 (1
Rom 2 (14O 40+ L), K= sup {us(o) (~ate)}

Q z€B(0,Ry)

R, =
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and using the same arguments as above we obtain that (76) holds for any o > 0. Since
¢(x) — 400 as * — +00, hence there exists R > R, such that

~F (a6 + ba), Do)~ LalDoto)] = o) — & = { (X r I S

Notice that K and R depend only on F,b, L, . O

4.2. Estimates for the local operator.

Proof of Lemma 2.2.
1. Using the matriz inequality (26). From (26), setting

(77) X, =X —-Ci(+8)D?p(x) and Y, =Y +Ci(xb+ 6)D*¢(y).
We have, for every ¢, & € RY,

(Xa(, Q) = (Y€, €) + O(o)

< PO —Ep@p(C— ) +Y'P(C—&,C(C &) + Cry'[(p® Do(x) + Dé(x) @ p¢, C)
+{(p® Do(y) — Do(x) @ p)§,C) + (Do(y) @ p — p @ (Dg(x))¢, )
—({(p® Do(y) + Do(y) @ p)§, &),

where p and C are given by (24). Set 0, = o(x), 0y = o(y).

2. Computing the trace with suitable orthonormal basis. Following Ishii-Lions [22]
and Barles [3], we choose an orthonormal basis (e;)1<i<ny to compute tr(o,ol X) and
another one, (€;)i<;<y to compute tr(o,0lY). Now we estimate T := tr(A(z)X, —
A(y)Y,) with A = oo™ in the following way:

N
T = Z(anxei,axei) — <Y;/O'yél',0'yél’>
z;l
D U (p @ pQi, Qi) + V' P(CQ:, Qi) + Crt/[(p @ Dg(x)0sei, Qi)
=1

+(D¢(x) @ pQi, 0wei) + (p @ Do(y)ayéi, Qi) + (Doly) © pQi, oyéi)] + O(e)

IN

N
< PR, Q1) + Y W'B(CQ:, Qi) + C1i'P; + Oo).
=1

where we set Q; = 0,€; — 0,€;, noticing that ¥"®(p @ pQ;, Q;) = V' ®(p, Q;)* < 0 since
1 is concave function and for all 1 <i < N,

Pi = (p@Do(x)0e, Qi) +(Do(2) @pQi, o) +(pRD(y) 0y €, Qi) +{Dd(y) @pQs, 0y€;).

We now set up suitable basis in two following cases.
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2.1. Estimates for the trace when o is degenerate, i.e., (13) holds only. We choose any
orthonormal basis such that e; = ¢€; . It follows

N
T < ) W(Clo, —0y)ei (00 — 0y)er)
=1

+C1'[(p ® Do(x)oze;, (0, — oy)e;) +(Do(x) @ plo, — oy)ei, 04€;)

+p @ Do(y)oyei, (0. — oy)ei) + (Do(y) @ p(ox — ay)ei, oyei)] + O(o)

Ny'®|o, — 0, ’|C| + NC1¢'[|p @ Dé(2)|0s|low — 0y| + |Do(x) @ plloe — oy [0
+|p @ Do(y)l|loyllow — oyl + [Do(y) @ pllo — oylloy|] + O(o).

IN

By (24) we first have |C| < 1/|z —y|, and | Do ®p|, |[p® D¢| < |D¢|. Using the fact that
o is a Lipschitz and bounded function, i.e., (13) holds, we obtain

T < NLj|z = y|¢'® + 2NC, L,Ci (| Do ()| + [ Do (y)]) |z — yld'.
Then by the concavity of ¥, i.e., ¢¥'(|x — y|)|x — y| < ¥(|x — y|) and from (77), we get

(78) —tr(A(z)X — A(y)Y)
> —Clx - y['® — Ci (¢ + 6)[tr(A(z) D?*¢(x)) + tr(A(y) D*¢(y))
+Co(|Dé(x)| + |Dé(y)])] + O(e),

where
(79) C, = max{NL? 2NC,L,}.

2.2. More precise estimate when o is strictly elliptic, i.e., (17) holds. Since o is uniformly
— —1

invertible, we can choose e; = “;i—izl ,€1 = —%. If e; and €; are collinear, then we
x y

can complete the basis with orthonormal unit vectors ¢; = ¢ € ef, 2 < i < N.

Otherwise, in the plane span {e;,é,}, we consider a rotation R of angle 7 and define

e = Rey, € = —Ré;. Finally, noticing that span{e;,es}t = span{é;, é;}*, we can

complete the orthonormal bases with unit vectors e; = &; € span{e;,es}t, 3 <i < N.

For ¢ = 1, we compute

1 1 1 1
Ip = [p,Qu)|= :
loztpl oy ol

Q1 = 0.61 — 0,61 = | +
T etpl oyl

We have
o 'pl> = (o p, o7 p) = () o7 p,p) = ((00") 'p.p) = (A7 "p,p) < |A7 .

From (17), we have (Ap,p)

> plpl* = (AA7p, A7lp) = plATp]? = (p,A7'p) >
p|A~1p|?. This implies |[A™'p| < = 0.

L s0 [(p,Q1)] > 24/ and that Q4] — |(p, Q1)
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Moreover,

0® Do(a)oses Q1) = [l + 2|6, 2
(Do) © @1, 0268) = 2l + Do), 2
0 ® D)oy, Q) = ~ o [t + (D0, 2
(Do) © 121, 0470) = ~ [yt + ol DOw) )
Since C,|o,'p| > |o.||lo;'p| = 1, we infer ﬁ < C,. Therefore, P; < 4C2%(|Dg(z)| +

|Dé(y)|). Next, using the concavity of ¢ and the above estimates, we obtain

N /(I)
T < 4py"® + 4C1C2Y' (| Do ()] + [ Do(y)]) + > w_ J Qil* + C1¢'Pi + O(o).
=2

|
For ¢ = 2, we compute
(80) Q2 = 0,69 — 0,62 = 0,Re; + 0,Ré1 = (0, — 0y)Rey + 0, (Rer + Réq).
e |x —y| <1, we use the fact that o is lipschitz in (80) to obtain
Q2| < Lo|lz — y| + Cy|Rey + RE1| = Lo|x — y| + Coles + &

Moreover,
1 1 1
ler +é1| < o, ' — o, 'l + o, 'pl] - |
o5 'l Y Y ol oyl
2 _ _ 2 _ _
< ’U_lp’|011_0y1|: |O__1p|’0-y1[0-y_0-x]o-zl|'
Then,
QCULU Tr — 200'
sl < Lol —y| + 2= g 2y 0y
VP VP

e |x —y| > 1, by using the property that ¢ is bounded in (80), we get
Q2| < [ou| + |oy| + 2|0y | < 4C,.

Therefore, for all |z — y| > 0, |Q2] < max{(1 + 255)L(,,4C’U}min{1, |z — y|}. On the
other hand,

Py < 1Qulllowl(lp® D(@)| + [Dé(x) ® pl) + |0y (1p ® Dew)| + |D(y) ® p|)]
< 200L0<1+255>|x—y|<|D¢<x>|+|D¢<y>|>.

Set C, := max{max>{(1 + %)LU,ZLCU}, 2C, L, (1 + %)} Hence, we obtain:

.
T < 4py"® +4C,C2 (|Do(z)| + |Do(y)|) + ot @
N N /@

+CiColr — gl (D) + Do) + 3 o |Quf? + CLt'P; + O(o).

—~ |z =yl
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Recall that e; = ¢;, 3 <4 < N, similarly with the above estimates we get
|Qil < max{L,,2C;} min{L, |z —y|} and P; <2C;Lo|z —y|([Do(z)] + [Do(y)])-
Finally, combining all the above estimates, we obtain
81) T < 4py"® +4C,C,% (|Do()| + [D(y)|) + Cop'®
+C,Cylx — y|Y' (|D(z)| + | D (y)|) + (N — 2)max?{L,, 2C, }1)'®
+(N = 2)2C,C; Lo|z — y[¢'(|Dé(x)| + [Dd(y)])
< ApY"® +4C CoY (|Do ()| + | D (y)]) + Cord)'®
+C1Co2lz — yl'(|Do(2)| + [ Dd(y))),
where C,1 = C,, + (N — 2)max?{L,, 2C,}; Cpo = C,, + (N — 2)2C, L.
3. Conclusion. Using the concavity of ¢ and choose

(82) Co(N, p,0) 1= max{Cy1, Cpp, AC2},  C, = max{C,, C,},
where C, is defined by (79). Then from (78) and (81) we get the conclusion. O
4.3. Estimates for the nonlocal operator.

Proof of Proposition 2.1. Several parts of the proof are inspired by [7] and adapted
to our unbounded framework.

1. Proof of (i). We split the domain of integration into two pieces, on the unit ball B
and its complement B¢.
Let (x,y) be a maximum point of W(-,-), we have

w(@ +2) —ul(y + 2) — (u(z) —uly)) < C(d(lal) +0)[p(x + 2) — o) + oy + 2) — ¢(y)].
Taking the integral over B¢, we first get
(83) I[BC](.%’,U,DIQO) —I[BC](y,u,—Dygp)
< Ci((la]) +0) (Z[B)(z, ¢, Do) + Z[B|(y, ¢, D¢)) -
Moreover, at the maximum point, we have
(84) u(z + z) —u(z) — (Dap(a,y), 2)
< uly+2) —uly) + (Dye(r,y), &) + (@ + 2,4 + ) — o(x,y)
HDyp(2,y), 2 — ') = (Datp(@,y) + Dyp(,y), 2),
where D, and D, are given by (25). Taking 2z’ = z in (84) and using (25), we have
u(x + Z) - u(m) - <Dx90(x7 y)> Z> - (u(y + Z) - u(y) + <Dy<,0($, y)> Z>)
< e+ zy+2) — el y) — (Dep(z,y) + Dyp(e, y), 2)
< Ci(¥(la]) +0)[p(z + 2) — ¢(x) — (Dd(x), 2) + ¢y + 2) — d(y) — (D(y), 2)].
Then, taking the integral over the ball we get
(85) Z[B](z,u, Do) = Z[B](y, u, =Dyp)
< Ci(¥(lal) +0) (Z[Bl(z, ¢, Do) + L|B|(y, ¢, D)) -
Therefore, from (83) and (85) we obtain
I($a u, ngo) - I(ya u, —DySO) S Cl(¢(|a|) + 5){1(37’ ¢7 D¢) + I(yv ¢> ng)}
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2. Proof of (ii). In this case, we split the domain of integration into three pieces,
T(2,y) := Z(x,u, Do) = Z(y,u, = Dyp) = T (x,y) + T*(z,y) + T°(2,y),

where T, T2, T? are the difference of the nonlocal terms over the domains B¢, B\C, - (a),
Cy,~(a) respectively.
We argue as in the proof of (i) to first get

(86) T'(z,y) + T (x,y) < Cr(v(lal) + O{ZIC}, (a)](z, ¢, Do) + Z[C; , (a)(y, 6, DY)}

Now the rest of the proof is only to estimate for 73(z,y). Taking 2/ = 0 and z = 0 in
the inequality (84) we get

(87) Tr,y) < / P+ g )

where

ol (x,y,2) = p(z +2,y) — p(x,y) — (Dapp(x,y), 2),
4,02($,y,z) = 90<m7y + Z) - (,D(ZL’,y) - <Dy90(ZL‘,y), Z>
Let a = (x —y)/|z — y|. From (23) and (25) we have

88) ¢ = (Wla+z2])+0)[®(x+2y) - 0(z,y)] — Ci(¢(al) + 0)(Dd(x), 2)
+H(la +z[) = P(lal) — ' (lal) (@, 2)]P(x, y)
= Ci(¥(la+2]) = ¥(la))o(z + 2) — ¢()]
+C1(P(lal) +0)(d(x + 2) — d(z) — (D¢(x), 2))
+H(la +2[) = ¢(lal) — ' (lal)(a, 2)]P(x, y).
Similarly, we have
(89) p* = Ci(¥(la—z]) = ¥(lal))[o(y + 2) — o(y)]
+C1(Y(la]) +0)(¢(y + 2) = d(y) — (Do(y), 2))
+(la — z[) = P(lal) + ¢'(lal){a, 2)]2(z, y).
Then from (87), (88) and (89), we obtain

(90)  T(z,y) < Cl/ {(W(la+ z2[) = ¥(la)lo(z + 2) — o(2)]

Cny(a)
+(@(la —2]) = (la]))[¢(y + 2) — o(y)]}v(dz)
+C1 (Y (lal) + 0)(Z[Cy 4 (a)](2, &, Do) + Z[Cy s (a)l(y, ¢, D))
+<I>(x,y)/c {¢(la+ z[) = (lal) — ¢'(lal){a, 2)

n(a)
+(la — z[) = ¥(lal) + ' (|al){a, 2) }v(dz).
Because of the monotonicity and the concavity of ¢ we have
(91) b(la+z)) = ¥(lal) < (lal + [2]) = d(lal) < ¢'(Ja])]z]
Since ¢ € C*(R") is a convex function and recalling (69) and using (74) we have
(92) ¢z +2) — ¢(x) < |Do(x + 2)||2] < pgla + 2)|2| < pe(2)d(2)|2, Vo, 2 € R,
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Using (91) and (92) to estimate for (90) we obtain

T(z,y) < Clu¢’(|a|)(¢($)+¢(y))/ ¢(2) 2*v(dz)

Cn,v(a)

41 (Ja]) + 0)(TCor (@)](2: 6. D) + TiCyr (@) (3:6. D)
() [ llatal) = vlla) - (e )
Cm'y(a)

+i(la — 2[) = ¥(lal) + ' (lal)(a, 2)]v(d2).
Thanks to Assumption (18), we can readily apply [7, Lemma 12] to estimate the last
integral and we finally obtain that there exists 0 < 1 < 1 such that, for all v > 0,

(93) T < Clu¢’(|al)(¢(ﬂf)+¢(y))/ o(2)|2["v(dz)

Cnyy(a)

+C1((lal) + 0)(Z[Cyq(a)](x, &, DP) + Z[Cy 5 (a)l(y, ¢, D))

1
+59(ry) / sup I(a, s, 2)|2[2(d2),
C

(@) 1s|<1
where
/
(94 faos, ) = (=) ) ot e
and 71 = 1;2—;0”0, v = 7ola| with 70 € (0,1). Notice that, if Assumption (18) holds for

7, then it also holds for smaller n, so we can choose n as small as we want. Moreover,
using (14) we get

(95) Crp’(Jal) (d(x) + ¢(y))/c ( )¢(Z)|Z|2V(d2) < uC/(la)® (=, y).
Finally, from (86), (93) and (95) we obtain

T < Ci(lal) +90) (Z(z, 6, DY) + I(y, ¢, DY) + uCyt/(|al) @ (, y)

1
Loz, y) / sup U(a, 5, 2)|=|2(d2).
2 Cony(a) |

s|<1
U
Proof of Lemma 2.3. Let ag > 0, |z — y| = |a| < ag. From Proposition 2.1 (45), we
have
I(Iv Uu, DI@) - Z(yv u, _Dy(p)
< Ci(¥(lal) +0) (Z(x, ¢, D9) + L(y, ¢, D¢)) + uC,t'(lal)(x, )
1
430y) [ supilas.2)llv(dz),
2 Coy(a) IsI<1

where [(a, s, z) is given by (94).
Let ¢ be defined in (48), take ag = 7. It follows from [7, Corollary 9] that there exists
a constant C' = C(v) > 0 such that for A(v) = C(062°~1 — 1) > 0 we have

1 -
! / sup 1(a, 8, 2)|220(dz) < —Alal ™,
C

7],7(‘1) |S|§1
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where § =3 —1—0(N +2 — ) > 0.
Therefore, we obtain

I(x,u,ngp)—I(y,u,—Dygo) < Cl(w(|a‘)~+5)<z(x7¢7D¢)+I(y7¢7D¢))
— (Alal ™ = G/ (Ja)) @z, y).
0

Proof of Lemma 2.4. Let ay > 0, |x — y| = |a] < ap. From Proposition 2.1 (45) we
have

(96> I(w,u, DJJSO) _I(yaua —DyQO)
< Ci(¥(la]) +6) (Z(z, ¢, Do) + L(y, ¢, D))

+Q£Mﬂ®+%é wm@am#mm0¢mw,

(@) [s|<1

where [(a, s, z) is given by (94). We only need to estimate this terms and then integrate
over the cone.
Let r = |z —y|, ¥(r) =1 — e for r <7y, 7 € (0,1), we have the derivatives

V(1) = Corr™ e ) (r) = Cor(1 — 1)r™ 279" — (Cyrr™1)2e™ 2,
Hence, we have

la,s,2) = (1 —=72)Core™ 7| 4 52|72 4 32Cyr (7 — 1)1e” ot | 4 52|72
_ﬁ2(027_>26702|a+sz|7‘a + 82’2(771)

_ 0276—02\a+sz\7|a + Sz|7‘—2 (1 i 772(2 _ 7_)) N ,r~]2(027_)2€—02\a+sz\7|a + sz|2(7_1).
Note that, on the set C, ,(|a|), we have the following upper bound
|a + sz < a| + |s]|z] < |a] + v = lal (1 + ).

Taking 7 € (0,1) (possibly arbitrary close to 1) then 2 —7 > 1. So we can choose i and
vo sufficiently small enough such that

L — e\ 2
(2_7)7722(2—7)(%7%) >0 >1 for some § € (1,2 —17).
0

Therefore we obtain

r 0 -
l(a787z) < _027_(9 _ 1)6—C2|a+sz| |a 4 SZ|7——2 _ (027_)22 e~ C2latsz| |a + SZ|2(7——1)
-7
< —027(9 _ 1)6702|a\76702\z|7(1 + 70)7-72|a’7-72
6 .
_(027.)22 — Te—c2|a\ 6—02|z|9(1 + %)2(7—1)’a|2(7—1)

—y/(lal) (C (v, lal ™ + CoC3 (o, 7)lal™ 1) e
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Remark that 7,y do not depend on |a|. Taking the integral for [(a, s, z) over the cone
Cy~(a) for v = 7o|a| and using (18) we obtain

(97)

whe
T

1
—/ sup l(a, 5, 2)|z|*v(dz)
2 Cny(a)

Is|<1

< —50a) (CGlal T+ CC ) [ O
Cn,y(a)
< —Cv, )¢/ (lal)(la]™" + Colal™™)|al*~*
= —Cv, 7)Y/ (Jla)(1 + Cala|)a|"*,
re C(v,7) = min{C' (v, 7),C?(v,7)}C? C? is in (18).
herefore, from (96) and (97) we obtain

I(ZL’,U,DJCQO)—I(y,U,—Dng) < Cl(¢(r)+5)<z(xv¢aD¢)+I(yv¢7D¢))

[1]

[11]
[12]
[13]
[14]

[15]

+®(2,y) (LC) — C(v, ) (L + Cor™)r' P) 4/ (r).
0
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