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Convergence of the the kinetic hydrostatic
reconstruction scheme for the Saint Venant
system with topography

Francois Bouchut} Xavier Lhébrard*

Abstract

We prove the convergence of the hydrostatic reconstruction scheme
with kinetic numerical flux for the Saint Venant system with continu-
ous topography with locally integrable derivative. We use a recently
derived fully discrete sharp entropy inequality with dissipation, that
enables us to establish an estimate in the inverse of the square root of
the space increment Az of the L? norm of the gradient of approximate
solutions. By Diperna’s method we conclude the strong convergence
towards bounded weak entropy solutions.

Keywords: Saint Venant system with topography, well-balanced scheme,
hydrostatic reconstruction, convergence, entropy inequality, kinetic function.
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1 Introduction and main result

We consider the Saint Venant system

h? 1.1
Oy (hu) + 0y (hu® + 95) + ghdez =0, (1.1)
for t > 0 and = € R, where the unknowns are h(t,z) > 0 and u(t,z) € R,

g > 0 is the gravity constant, and the topography z(x) is given. The system
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is completed with an entropy (energy) inequality

u? h? u?
O <h7 9o+ ghz) + 0, <(h§ + gh* + ghz)u) <0. (1.2)

We shall denote U = (h, hu) with A > 0, and

u? h?

- GU) = (h“; n gh2>u, (1.3)

the entropy and entropy fluxes without topography.

Existence and stability results for the shallow water system have been es-
tablished in [27, 21, 23, 28]. Concerning approximation, many schemes have
been proposed, see for example [25, 4, 3, 6, 12, 7, 11, 19, 20]. The hydro-
static reconstruction scheme and its variants [4, 24, 18, 17, 16, 15] is often
used, and it is the subject of the present paper. Some results concerning
consistency, stability and convergence of those schemes have been obtained
in [9, 10, 13, 26, 8, 1, 2].

In this paper we prove the convergence of the hydrostatic reconstruction
scheme [4] with kinetic flux [25]. Our result strongly uses the work [5], which
establishes that the hydrostatic reconstruction scheme, used with the classical
kinetic solver, satisfies a fully discrete entropy inequality with an error term.
In the case without topography, the error term vanishes and under a CFL
condition we have the inequality

At ~
n(Ui) < (U - (GM ~Giipa)
- VBA / |§| ]l£<0( i1+ M) (Miy — M;)?
+ eso (M; + M) (M; — My 1)?)dg, (1.4)

where éi—i—l /2 is a numerical entropy flux, and where the dissipation term (the
integral in &) will be explained further on, see (2.16). In the (time and space
continuous) kinetic BGK case and without topography, the single energy
inequality ensures the convergence [10]. The fully-discrete case (still without
topography) is treated in [8] (a related work is [22]) and the convergence
is established under a dissipation assumption, that F'* or —F~ (defined in
(1.27)) is strictly n-dissipative. The n-dissipativity has been defined in [13],
and analyzed in the multi-d context in [14]. Unfortunately this property that
F* or —F~ is strictly n-dissipative does not hold for the scheme we consider,
there is a lack of dissipativity of the kinetic scheme. In the present work
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we are able to bypass this difficulty and establish the convergence, which
is overall obtained in the case with topography, using the weak dissipation
estimate (2.16). To include the topography is not an easy task, even if it is
Lipschitz continuous. Indeed a typical error term produced by the scheme,
corresponding to the topography term in (1.1), is (hix1 — hs)(zi41 — 2:)/Ax.
This quantity is not small a priori, since h is not continuous. In order to make
this small one would need the compactness of h, that we have to prove. A key
point is to use the dissipation of the discrete form of the entropy inequality
(1.2). Notice that a discrete entropy inequality that puts the topography as
a source term as formulated in [11] would not be sufficient because of the
eventual presence of shocks.

Let us give some of the main steps of our proof. The first thing is to have
a weak dissipation property. We use that F'™ — F'~ is strictly n-dissipative,
which corresponds to the inequality

G (H0<M2> — Hy(My) — o/ (Uh) @ (M, — Ml)) ¢
> a (n(Us) —n(Ur) —n'(Uh) (U; — Uh)) , (1.5)

for some o > 0. A rigorous statement of this result can be found in Lemma
A.3. We have to point out however that this estimate is only valid in a
closed bounded convex set which does not contain vanishing heights, and the
constant « is not obtained explicitly.

In order to get a priori estimates we sum up over the space and time
indices ¢+ and n the discrete entropy inequality. Then we are able to use
(1.5), and as a consequence we get gradient estimates of the form

10Uallrz, 10:Uall 13, (1.6)

< ¢ < @
VAx VAzx
where Up is the numerical approximate solution. We conclude as in [8] by a
compensated compactness argument. Indeed we recall that the compensated
compactness theory [27, 23] gives the compactness of a bounded sequence of

approximate solutions (U.) which satisfy that
oms(U.) + 0,Gs(U.) is compact in H, ! (1.7)

loc?

for a sufficiently large family of entropies ng. According to the classical
DiPerna approach [21], the estimates (1.6) are enough to establish (1.7) for
all entropies.



1.1 Kinetic Maxwellian equilibrium

We recall here the classical kinetic Maxwellian equilibrium, used in [25] for
example. It is given by

1

g

1/2

M(U.&) = — (29h — (€ —w)?) [, (1.8)

where U = (h, hu), £ € R and xy = max(0, z) for any x € R. It satisfies the
moment relations

1 o 2 o 2 h_2
/ (5) e Y T S K)

The interest of this particular form lies in its compatibility with a kinetic
entropy given by

(169 =57+ L2 f 4 gt (1.10)
where f >0, £ € R and z € R, and its version without topography
(. =S+ L (1.11)
Then one can check the relations
[ HOI.0).6 2)s = n(E) + b, (1.12)
/RSH(M(U, €),&,2)dé = G(U) + ghzu, (1.13)

where 7 and G are given by (1.3). Moreover, for any function f(§) > 0,
setting h = [ f(€)d¢, hu = [ £f(£)d¢ (assumed finite), one has the following
entropy minimization principle [5],

o) = [ mn(w.9.0d¢ < [ mif©.0de (1)
R R
Indeed this inequality is strongly related to the property (see (1.19) in [5])
) (¢) M. >0,
OpHo(M(U,€),€) = ) (1.15)
>(0) () it Mw.o o
Here 1/ (U) denotes the derivative of 1 with respect to U,
n'(U) = (gh —u?/2,u). (1.16)
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1.2 Hydrostatic reconstruction and kinetic flux

We consider a uniform grid (2;11/2)icz with space increment Az = ;412 —
T;i_1/2, and discrete times t,, with a constant timestep At, t,.1 — ¢, = At,
to = 0. We consider initial data U° = (h°, h%°), h® > 0, A% u® € L*(R) and
a topography z(z) assumed continuous . We define the discretization of the
initial data as

o — e U°(y)d 1.17
i—A—xx_l (y)dy, (1.17)
i—1/2
and
z; an approximation of z(z;), (1.18)
where z; = (l’i+1/2 + T /2) /2. The hydrostatic reconstruction scheme
writes [4]
At
Uttt =0 - Ar (Fi1o- — Fi1yo1) (1.19)
with
Fi+1/2— = ?(Ui+1/2—7 Ui+1/2+) - Si+1/2—7 (1-20)
Fip1jo1 = F(Uit1y2—, Uig1)24) + Sig1/24 (1.21)

with F is a numerical flux for the system without topography. The source
terms Sit1/2—, Sit1/2+ are defined by

0 0
o S = (12
+1/2 (%h?+1/2— _ %h?) +1/2+ (ghfﬂ - %hf+1/2+) (1.22)

The reconstructed states

Uir1/2- = (hiv1jo—, hiv1o-wi),  Uipro+ = (higijog, higijopuipr)  (1.23)

are defined by

hivija— = (hi + 2 — zig12) 4, Pigioe = (hig1 + zig1 — Ziv12)+ (1.24)

and
Zip1/2 = Max(2j, Zip1). (1.25)

The hydrostatic reconstruction scheme is defined for arbitrary numerical flux
F, but in the present paper we are only able to analyze the kinetic flux vector
splitting given by

?(UlaUr) :F+(Ul)+F_(Ur)> (126)



FrO) = [ €less (g) M(U,€)de, (1.27)
F(U) = /R sy @ M(U, €)de,

with M (U, §) defined by (1.8).
We consider a velocity v, > 0 such that for all 4,

M(U;, &) > 0= [£] < vp. (1.28)

This means equivalently that |u;|4++/2gh; < v,,,. We consider a CFL condition
strictly less than one,

At
vax_ﬁ<1, (1.29)

where (3 is a constant.
An estimate that will be useful later on is that with the definitions (1.23)-
(1.25) one has

0<h;— hz‘+1/2— < |Zi+1 - Zz'| ) (1-30)
0 S hz — hi_1/2+ S |Zz — Zi_1| . (131)

1.3 Convergence result

Let (Ul z;) be defined by the scheme (1.17)-(1.27). We define the approxi-
mate solution by

UA@, x)
1 [urt —urtt —ur, +Up
- 7 7 1 1 — U-n+1 _ Un —t,
N N (o =) + U7 = 07| (= ta)
Un . —n
for r; < x <z and t, <t < t,uq, (1.32)
and we set
Skl T &
2a(z) = T(z —x;) + 2z, forx; <x<wig. (1.33)

In this way Ua and za are continuous. We shall assume that z is continuous
and bounded with L}, derivative, and that the values z; are well chosen, so
that as Ax — 0

dza dz

— ——in L}, .(R), (1.34)

zan — 2z locally uniformly in R, —
dx dx



and for any bounded interval [a, b],
TV2[a,b}((Zi)) — O, (1.35)

where T'V2,4)((2;)) is defined as

TV20)((2:)) = (241 — )% (1.36)

[xi7xi+1}C[a,b}

The properties (1.34) and (1.35) hold in particular for the choice z; = z(z;),
see Lemma A.1.
Moreover, for 0 < h,,, < hy; and uy; > 0, we set

uhmﬁM’uM = {(h,, hu) c R2, hm <h< hM, \u\ < UM}, (137)

which is a convex set. We state now the main result of this article, which is the
convergence of the hydrostatic reconstruction scheme with kinetic numerical
flux.

Theorem 1.1. Let U° = (h°, h%u°), h® > 0, % u® € L=(R), be an initial
data and let z be a continuous and bounded given topography satisfying 0,z €
L}.. Define (U, z) by the scheme (1.17)-(1.27), the approzimate solution
Ua by (1.32) and the approximate topography za by (1.33). We assume that
the values z; are well chosen, i.e. satisfy (1.34), (1.35). Then we assume to
have uniform bounds far from the vacuum,

Vi, n, Uln c uhmﬁM’uM, (138)
for some 0 < hy, < har, upr > 0, with Up,, pyy oy, defined by (1.37).
Then, under the CFL condition (1.29) and the inverse CFL condition

1<v'— 1.39

for some v* > 0, we have that up to a subsequence, Un — U a.e. in (0,T) xR
and in Cy([0, T, L. (R)) as At — 0 and Az — 0, where U is a weak solution
to (1.1) with initial data U°, that satisfies the entropy inequality (1.2), and
the family of entropy reqularity conditions

5t775(U) + axGS(U) € Mloc> (140)

for all suitable couples entropy-entropy fluz (ng, Gs).



Some comments on this theorem are in order. At first, a main assumption
is the boundedness away from vacuum (1.38). We are not able to treat the
vacuum at the present time. Also, to have L> bounds is not guaranteed a
priori, since only L? type bounds are available, obtained by integration in
time and space of the discrete entropy inequality. Indeed, L* bounds can
only be proved in the context of having a large family of entropy inequalities,
as in [9], while here we have only one. Note that the bound (1.28) involving
v, can be seen as a consequence of the upper bounds hys, uys involved in
(1.38). The inverse CFL condition (1.39) is a technical assumption that en-
sures the finite speed of propagation: since the information propagates of at
most one cell per timestep, this condition ensures that the domain of depen-
dency remains bounded as At and Az tend to 0. Another main assumption
is the continuity of the topography. A discontinuous topography is not al-
lowed, indeed in that case it is known that several severe difficulties arise,
in particular one has non-uniqueness of solutions to the Riemann problem.
Numerical issues in this situation of discontinuous topography are studied
in [3, 29]. We overall assume that the topography has a locally integrable
derivative, but this is a minimal assumption that enables to give sense to the
product hd,z in (1.1).

We have to mention that the boundedness away from vacuum assump-
tion (1.38) allows to bound also the reconstructed states Usi1/o1. Indeed
according to (1.23)-(1.25) one has

hi—(zig1—2) 4 < hivijo— < hiy hipi—(2i—2ip1)+ < higro4 < hiyr, (1.41)

thus Uiy1/0+ € Uy, .+ Where h,, is such that

hr,u

0<h, <h,, — sup |ziv1 — 2, (1.42)

which is possible since sup; |z;11 — z;| — 0 and thus it is lower than h,, for
Ax small enough.

The outline of the paper is as follows. In Section 2 we establish estimates
on the gradient of the approximate solution as stated in (1.6). In Section 3
we prove some interpolation estimates. In Section 4 we finally prove Theorem
1.1. We obtain (1.7) by combining the gradient estimate and the interpolation
estimate, then we apply compensated compactness. An appendix is devoted
to the proof of various technical lemmas.



2 Estimate of the gradient of the approxi-
mate solution

This section is devoted to the proof of the following estimate on the approx-
imate solution.

Proposition 2.1. With the assumptions of Theorem 1.1, we define for all
U = (h, hu),

2h2
UP=h?+ =2
ghm
Let N € N*, T'= NAt, iy, 11 € Z such that ig < i1. For alli < j € Z, we
define the interval

(2.1)

Iy = (wicaje = v'T w000 +0°T). (2.2)

Then there exists some constants Cy, Cy, C3 such that

N i1—1
DD AU, - URP <O, (2:3)
n=0 i=ig
N—-1 1
1 At2
AU — UM < O —=0? 2.4
;gj U = UFP < Crg v, (2.4)
1/2
T prxi41/2 C,
10, Un|*dzdt < , (2.5)
</0 /xi01/2 ® Az

T prxi41)2 1/2 C
OUN|Pdxdt | < —. 2.6
(/ // LYN ) A (26)

The constants Cy, Cy, C5 depend only on g, h,,, hyr, Unr, Um, B, the final
time T, \zllze, TV2pe ((20), 00 lpsye ) and [0 oz,

The proof of this proposition is given below in the remainder of this
section. These estimates on 0,Ux and 0,Ux use recent results on discrete
kinetic inequalities established in [5]. In Subsection 2.3 we use several tech-
nical lemmas which are put in the appendix for the sake of clarity of the
presentation.



2.1 Estimate of bounded propagation for the space in-
tegral of the height

We here establish some bound on 221:@0 Azh. We have

" . At
hi+1 =h — Az (F;'}-li-l/2 - Fz'h—l/z) ) (2-7)

with
Flii Z/Rfllg>oM( ﬁl/g_,f)d€+/IR€115<0M(U31/2+,§)61€- (2.8)

We recall that under the CFL condition (1.29) one has At > 0, see [5]. We
multiply by Az and sum over index 7 and we obtain

i1 (51
S O AzhPT =" Aahy — At (Fl Ly~ Fl ) - (2.9)

=10 =10
Then we notice that with (1.28) and (1.41)

h h
—Fiii1ye S vmhi 1o Svmhi g Fi iy S Umhi_y e < Umbi .
(2.10)

With the CFL condition (1.29) we obtain

i1+1

Zzleh?“ < > Azhl. (2.11)

=10 i=t9—1

Denoting 7' = NAt, using the previous inequality and (1.17) we get

i i1+ N TNt
Z Azhl < Z Axh) = / 1 R (x)dz. (2.12)
=10 i=ig—N Tig—N-1/2

Moreover we have

Az

Tip—N-1/2 = Tijy—1/2 — NAz = Lig—1/2 — TE’ (2-13)
Az
TiyNt1/2 = Tiyy1y2 + NAT = 24 11/ + TE- (2.14)

Therefore using the inverse CFL condition (1.39) we get

Tjy1/2+T0"

> aend < [ W@dr = [l . (215)

. p— *
i=io Tig—1/2—Tv

with 19", defined in (2.2).
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2.2 From kinetic to macroscopic discrete entropy in-
equality
We use the notations introduced in Proposition 2.1. Under the CFL condition

(1.29) we can integrate with respect to £ the kinetic entropy inequality of [5,
Theorem 3.6] as in [5, Corollary 3.7], and we obtain

n n At~ ~
T](UZ +1) + gzzh +1 < ’r](U) + gzlhl - E <Gi+1/2 - Gi_l/g)

g*n?
AL / §]—— <]l§<0 (Mz+1/2+ + My 12— ) (Mit124 — Misrjo-)?

+ Leso (Mi—1/2+ + Mi—1/2—) (M;—1/24 — Mi_1/2_)2)d§

At 2
+ C’g (A—xvm) g (|Zi+l - z,-|2 + |Zz - Zi—1|2) ) (2-16)

with

éi+1/2 = EH(Mit1/24, &, Zigr/2)dE + EH(M;y1/9—, &, zig1/2)dE,

£<0 £>0
(2.17)
vg > 0 is a dissipation constant depending only on /3, and Cjz > 0 is a constant
depending only on . We use here the shorthand notation M; = M(U;, §),
Mi1j2r = M(Uiaj2+, ), Miv1ja- = M(Uig1ya-,§).
Then we follow the computations done on the height in Subsection 2.1.
We multiply by Az, take the sum over ¢ and obtain

Z Ax U"Jrl )+ gz,h"Jrl Z Az (n(U;) + gzihy)

i=ig =1

- Atéiﬁ_l/g + Atéio_l/g

i1—1

— vgAt Z/ |§| Miy 1y + Mig1o- ) (Mis1jo4 — Mig10-)2déE
’ 2 2 )
— vgAt |§|—1§<0 (Mi11/24 + Miyy1jo-) (Miyg1j2 — Miygay2-)°dE
2 2

— vgAt |€|—1§>0 (Mio—1/2+ + Mi0—1/2—) (Mi0—1/2+ - Mi0—1/2—)2d€

+205 mg Z 1201 — 2>, (2.18)

i=ig—1
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Since z is bounded, adding if necessary a sufficiently large constant to it, we
can assume that z > 0. Then we notice that according to (2.17) we have

—Gi1+1/2 < UmU(Ui1+1/2+) + UGy 11724 Ziy +1/25 (2.19)
and B
Gio—1/2 < mN(Uig—1/2—) + VmGhio—1/2—Zig—1/2- (2.20)
According to the definitions (1.3) of n and (1.23), (1.24) of the reconstructed
states, and to the inequalities (1.41), one has
N(Uisr/2+) + ghiv1/212iv1/2
h?+1/2+ hi
<n(Uiy1) + g 9
< N(Uis1) + ghiyizisr.

Indeed, to get the last inequality, we observe that since h;j1/21 = (hiy1 +
Zit1l — Zi+1/2)+, either hi+1 + Zi+1 — Zit1/2 S O, which 1mphes that hi+1/2+ =0
and the desired inequality, or h;11 + 2i41 — 2412 = 0, which implies

h2

(2.21)

+ ghiv1/24+Zit1)2

DU g i2+1 + ghit1/24 Zip1/2 (2.22)
< ghitrjor (higijos — hig1 + zig1)2) '
< ghit12it1-
Similarly to (2.21) one has
N(Uiz12-) + ghi—1ja—2zi—1y2 < (Uiz1) + ghi—12zi-1. (2.23)
Using (2.21), (2.23) in (2.19), (2.20) leads to
—AtGiy 172 < Aty (0(Uiy11) + ghiye12i+1), (2.24)
Atéi@—lﬂ S Atvm (U(Uio—l) + ghio_lzio_l). (225)

Neglecting in (2.18) the two boundary integrals and using (2.24),(2.25), we
obtain

i1+1
ZASL’ (UMY + gzhi™h) < Z Az (n(U;) + gzihy)
1= 20 i= 20 1

i1—1

gﬂ'

(Mig121 + Misrjo-) (Mig1j24 — Migrjo-)?dg

i=ig

+205A—vmg Z 201 — 2|7 (2.26)

i=ig—1

12



Iterating (2.26) from n = N — 1 to n = 0 and using that

S 205000 5 o -a

2C3—m;,9 |zit1 — 2|

n=0 AA:E i:io—N (227)
U At

< 2CBT Ar UmgTV2[mi07N7mi1+N]((Zi))7

and that according to (1.39) one has NAz < v*NAt = v*T', we get

> Az (nUN) + gzhl)

=10

i1—1

N-1 2 o
g 7T n n n n
TV Z At Z /R €] 6 (M7 1joy + Miyjo-) (M4 — My )?d€
n=0

< Z Az (W(Uio) + gzihg) + CTvz[wio—v*T,mil—i—v*T}((zi>)a (2.28)
i=ig—N

with C depending on g, T', 3, v,.
We are going to show next that the integral in the LHS of (2.28) is under-

estimated by a term proportionnal to Zivz_ol 21:;01 AU o — Uy g 2.

2.3 Lower estimate of dissipation terms

We first notice that
927T2 2
/R |§|T (Mirfi-l/2+ + Mir-Li-l/2—) (Mo — My o )°d€

Z 3 /]R |§|T (M7 1jor + My ) (Misyjny — My )?dE. (2:29)

Now according to Lemma A.5, there exists a constant C' > 0 depending only
on g, by, har, ups such that

2,2

T
€155 (201 + My) (My — Ma)?dg
R
ho —hy)? - — uyp)?
e <97( 2= )’ g (e —w)” ) (2.30)
2 2
forallUy, Us € U, ., where My = M(Uy, §), My = M(Uy, §). We notice
that from (1.41), (1.42) we have
ZH/2+’ Uﬁrm— € uﬁm,hM,uM' (2-31)

13



Thus from (2.29) and applying the last estimate (2.30) with U; = U}

i+1/2+
and Uy = U[jrl/z_, we get

/ |§| Mo + Mo ) (MPyy o — M e )2dE

>C5| i+1/24+ Uﬁu/z—ﬁ (2-32)

where C5 > 0 depends only on ¢, fum, Aum, har, tar, and | -| is defined in (2.1).

2.4 Estimate of the discrete gradient
Now we use (2.32) in (2.28) and get

N—-1i1—-1
vpCs Z Z AU 1 jor — Uy ?
n=0 i=i
FasN 0 (2.33)
< Y Az (nUD) + gzhl) ZASL’ (UY) + gzhy) ‘
i—=ig—N =10
+C TV2[x10 —v* T,z +v*T] ((Zz))a
with C' depending on g, T', 3, v,,. Next, using (1.17) we have
1 Tiy1/2
gzl < 9llzlloch® () de, (2.34)
A Ti—1/2
and by convexity of n
1 Tit1/2
(U9 < L / n(U°(z)) dx. (2.35)
A:I; Ti—1/2
Summing over ¢ we obtain
it N T+ N+1/2
> Aa(uE))+ gatl) < [ (00 + gllale(e)) de
i=ig—N Tig—N-1/2
(2.36)

We notice that z;,_n_1/2 = Tjy—1/2 — NAT = 230172 — T4z and according

At
to the finite propagation hypothesis (1.39) we deduce that

i1+N

Z A:E (U + gz,ho) /

i=ig—N mi()*l/z_v*T
= [In(U O)HLl(I?J*. ) QHZHoloOHLl(I.U*. ) (2.37)
20,%1 20,1

Tiy1/2F0"T (

n(U°(@)) + gl12]1-ch°(x) ) da

14



with I, defined in (2.2). In addition, according to the preliminary compu-

tation (2.15) we have

i1 11
= Awguhl < gllalleo Y AshY < glllocllhllp gy ) (2.38)
=10 =10
Using (2.37), (2.38) in (2.33) and noticing that n(UY) > 0, we obtain that

N—-1i1—1

Z Z AU 1 joy = Ul p-|? < C, (2.39)

n=0 i=ig

where C' depends on g, hum, o, hars Uni, Vm, B, T, zllzes TV 2,0 ((2)),
20,1
IN(U°) g2y and [|A°] 1o ). Moreover using the triangle inequality and
10,11 10,11
(2.1), (1.23)-(1.25), (1.30), (1.31), we have
Uir — Us]?
<3(|Uit1/2+ — Uisrjo-* + [Uis1y2+ — Upa|* + [Uisrjo- — Ui]?)
<B(|Uisrjo+ — Uisrjo-? + (1 + uiy /ghar) | 2is1 — 2]
+ (L4 ui/ghar)| 2 — zi-1]?). (2.40)
With (2.39) we get (2.3) of Proposition 2.1 (apply the inequality to the final

time 7'+ At to get the sum until n = N). Moreover, using (1.19), (A.100),
(A.101) and (2.3), we get (2.4) of Proposition 2.1.

2.5 End of the proof of Proposition 2.1: estimate of
the gradient of the approximate solution

Now from (1.32) we compute for ¢, <t < t,.; and z; < x < T4

t—t, UM — UMt — ,+1+U"+U{;1—U."

0.Us = — — — (2.41)

Thus we get

(2 7

O Eas 2 At ntl n-412 "2
/ / |0, UA| dazdt<A—[|U;+1 UMP+ U - U] (242)

In consequence, by using (2.3) we get (2.5) by summing over i and n. Simi-
larly, from (1.32) we compute for ¢, <t < t,41 and x; < < ;41

1 [urt ot —ur, + U o
= | d : pr— T prl L (24
NN [ Ao (z — ;) + U U (2.43)
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Thus
tn+1 Tit1
/ / OUaPdadt < T2 (U — U+ |07 U7 (2.44)

In consequence, by using (2.4) we get (2.6) by summing over ¢ and n. This
concludes the proof of Proposition 2.1.

3 Interpolation estimates

Before going into the proof of Theorem 1.1, we give some interpolation esti-
mates.

3.1 Definition of interpolation functions U A and F A

We define U A(t, ) a piecewise constant function in space by

- it
Ua(t,z) =U" — Ar (Fiz1jo- — Fiz1/2+4) (3.1)

for ty <t <tpyn, Ti—12 < T < Tjtp1/2, with E+1/2_, E_1/2+ defined in (120),
(1.21). We remark that for z; 1/ < < 2412 and n=10,..., N,

Ua(tn, z) = U, (3.2)

and thus, with (1.19), U, is continuous with respect to time. We also define
Fa(t, ) for w1/ <& < Tiy1y2, tn <t <tppq, by

i T — Ti-1/2 .
Fa(t,x) = T/ (FH U jo) + F (Ul )04))
€X; B .
P (UL, )+ F(U) (33)

with F'*, F~ defined in (1.27), UL, ,_, U, 5, defined in (1.23). Then Fu

1 (3
is continuous with respect to x and we have

VieZ FA(t>$i+l/2) = F+( 2‘111/2 )+F ( 2+1/2+) ?(Uﬁu/z_, 2‘711/2+)-
(3.4)
Then because of (1.20), (1.21) we have the partial differential equation

&gﬁA + &cﬁ’A = §A, (3.5)
with §A piecewise constant in time and space defined by
1
Ax (Si+1/2— + Si—1/2+) (3.6)

for t, <t <t,p and @i_10 < ¥ < Tyij1y2, With S0, Sit1/24 defined in
(1.22).

Sa(t,z) =

16



3.2 Estimate of fOT N Ual? dtda

ig—1/2
Lemma 3.1. With the assumptions of Theorem 1.1, let N € N*, T'= NAt,
i0, i1 € Z such that ig < iy. Let Ux be the approximate solution (1.32) and

U defined by (3.1). Then

/2
Tiy+1/2
(/ / |UA—UA|2 dtdl’) SCVAI, (37)

10 1/2
with |-| defined by (2.1). The constant C' depends only on g, by, har, Ung, U,
A P o (o N 7 B
with I 4 deﬁned in (2 2).
Proof. We use the definition (1.32) of Ux and write for all x; < z < z;4; and
th <t <tpt
Ur—U!
N L e e R R
At Ax

+ Yin = 07 (x — xy). (3.8)

(2 — o) + UM — UM (t —t,)

Using the triangle inequality, we obtain
Ua = UF| S |URY = U+ (UL = UP [+ [UPT =07 (3.9)

It implies also

Us = Ul S JURE = UPH 421U = UP [+ U7 =07 (3.10)
Thus
tn+1 Tit1 2
/tn /xl Un — (Uz 1wi<r<wi+1/2 + Ui+11$¢+1/2<90<ri+1) dxdt (3'11>
< 3AtAx(|U;f11 UM AU, — UP + U - Ui"|2).
Next, we set
Ua(t,z) = U}, (3.12)

for x;_1/2 < x < Ti41/2, 1, <t < t,4q. Taking the sum over n and ¢ of (3.11)
and doing translations of indices, we get

Ti141/2
/ / C U Us — UL d:):dt<15AxZ Z AtUR, — U

Tin—1/2 n=0 i=ip—1
N-1 i1

+3A2 ) Y AU - U (3.13)

n=0 i=ip—1

17



Then we use the discrete gradient estimates (2.3), (2.4) and the CFL condi-
tion (1.29) to get

T prxi41/2
/ / |Ua — UA|Pdxdt < CyAx, (3.14)
0 Jax;5_1/2
with Cy a constant depending on g, hu,, har, Unr, Um, B, T || 2] poes TV 20 g +1((zl-)),
10— 121
1) |17 and [|R°| e -

) L
ig—1,47+1 ig—1,37+1 .
Next we use the definition (3.1) of Ua and the definitions (1.19)-(1.22)
and get for all z;_1/0 <o < @410 and &, <t <t

U — Ua

t—t, : o ) -
= —Ax <F+( i+1/2—) +F ( i+1/2—|—) — F+(Ui—1/2_) — F ( i—1/2+)

9 0
2 ((h?+1/2_)2 — (hp)* + (h})? — (hy_1/2+)2)) ) (3.15)

with F*, F~ defined in (1.27), U ur defined in (1.23), A?

i+1/2— Yit1/24 i+1/24
hi\1 /o defined in (1.24). Then, using that ' and F'~ are Lipschitz contin-

uous, see (A.100) and (A.101), with the CFL condition (1.29) we obtain that
there exists C'3 > 0, depending on g, h,,, har, ups and v, such that

(U™ — Ua| <Cs <| HR Uin_l/2_| + | iv1/24 — Uin—1/2+|

+ |th - ?+1/2—| + |h? - h?—1/2+|)- (3-16)
Then using an estimate similar to (2.40) we obtain
U~ Ual < Cs <|Ui" = U |+ U = U+ |2 = zica| + |zi4a —Zi|> - (3.17)

Thus

tny1 fZip1)2 ~
/ / ‘Uzn - UA‘ dtdz
tn Ti_1/2

<ACIAtAz (|UP — U P+ |URy — U+ 2 — zica [P + |2 — 27)
(3.18)

18



Taking the sum over n and 7 and doing translations of indices, we get

T pai41/2 -
/ / |Ux — Uadxdt
0 Ja;y_1/2

N-1 i N-1 i
<8C2Az (Z STOAUR, UMY Y Atz —zi\2> . (3.19)
n=0 i=ig—1 n=0 i=ig—1
with U} defined in (3.12). Next, using the gradient estimate (2.3) we get
T prxi41/2 .
/ / \Ux — Ual?dxdt < CyAx, (3.20)
0 Juy_1/2

with Cy a constant depending on g, huy,, har, Unr, Um, B, T || 2] poes TV 20 y +1((zl-)),
10— 121
(U)o and |[h°]| 1o

v v .
Ii071,i1+1) Ii071,i1+1)

Finally, noticing that Uy — Ua = (Ua — UL) + (UL — Ua), we get

T przijt1/2 .
/ / |UA—UA|2dtdl’
0 x;

ig—1/2
T pai41)2 T roijy1/2 ~
§2</ / \UA—Uﬂzdtd:c—i—/ / \Ui—UAPdtd:c) :
0 Ja;y_1/2 0 Ja,_1/2
(3.21)
With (3.14) and (3.20) we get (3.7), which concludes the proof. O

3.3 Estimate of fOT [Fa2 | P(Up) — Fal? dtda

Lig—1/2
We will see later on that in order to prove compactness of the sequence
Om(Ua) + 0,G(Ua) in H; ', we need an estimate on F(Up) — Fha.

loc

Lemma 3.2. With the assumptions of Theorem 1.1, let N € N*, T'= NAt,
io, 11 € Z such that iy < iy. Let Ua be the approximate solution (1.32) and
Fa defined by (3.3). Then

1/2
T rzijy12 ~
(/ / |F(Up) — Fal? dtdx) < OV Az, (3.22)
0 xz;

ig—1/2

with |-| defined by (2.1). The constant C' depends only on g, by, b, Ung, U,
B, T, |lzlle, TV2150*71’1.1+1((21')); ||77(U0)||L1(1;fo* ) and ||h0||L1(IZ?’* )2

—1,i1+1 0—1Lyi1+1
v* .
I3 1441 defined in (2.2).
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Proof. We recall here (3.3)

=~ T — Tij—1/2 n .
Fa(t,x) = T/ (FH (U1 o) + F~(Ufi1)24))

Tiy1/2 — T " .
+% (F+( i—1/2—) +F( i—1/2+)) 3 (3.23)

for all x;_1/2 < x < @12 and t,, <t < t,11. Moreover, we have
F(UA):F+(UA)+F_(UA). (3.24)
Thus, using the triangle inequality, for all x;_12 < * < Zi11/2, We get

}ﬁA(t>z) - F(UA(t>z))‘
< ‘FJF( ﬁrl/z—) _F+(UA)‘ + }F_( Z-LH/2+) _F_(UA)‘
+ |FH (UL o) = FHUA)| + [F7(Ul)24) — F7(Ua)] - (3.25)

Then, using that F™ and F'~ are Lipschitz continuous, see (A.100) and
(A.101), we obtain that there exists C' > 0, depending on g, h,,, Ay, uns
and v, such that

|[Fat,x) — F(Us)|
S C (‘ ir-Li-l/2— - UA‘ + }Uiyfi-l/2+ - UA} + }Uin_l/g_ - UA} + ‘Uin_l/2+ — UAD .
(3.26)

Moreover using (1.23)-(1.25), (1.30), (1.31), we get
|Fa(t,z) — F(Us)] gc(g\U,." — Ua| + |Uy, = Ua| +|U]", — Ua
22 — 2]+ 2l —zi_1|). (3.27)

Thus we get
thyl  pTiyp1/2
/ / Fa(t, 7) — F(U)[2dtda
tn Ti_1/2

tnt1 Tit1/2 5
SCZ/ / |U" — Ual|” dtdx
tn Ti_1/2

+ C*AtAT (\ (U 5 R 5 O 5 ] L PR i P zi_1\2) .
(3.28)
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Taking the sum over n and 7 and doing translations of indices, we get

T Tii+1/2 T Tip+1/2
/ / |Fa(t,z) — F(Ua(t, 2))|*dwdt < 02/ / \Ua — Ui |*dxdt
0 Jai 10 0 Tip—1/2

1

N-1 N—-1 i1
+C?Ax (Z STOAUR, UMY Y Atz — m?) .

n=0 i=ip—1 n=0 i=ip—1
(3.29)

Using the previous estimate (3.14) involving Ux — UX and the gradient esti-
mate (2.3), we get (3.22), which concludes the proof. O

4 Proof of Theorem 1.1

Using (3.5) we write
OUp + 8mF(UA) = 8t(UA - ﬁA) + O, (F(UA) — ﬁA) + gA, (4.1)

with Ua defined in (1.32), Ua defined in (3.1), Fa defined in (3.3), and S
defined in (3.6). Note that in (4.1) all terms are locally bounded functions.
We multiply (4.1) by 1'(Ua) and get, for any entropy-entropy flux (n, G), the
decomposition

Om(Us) +0,G(Us) = 1/ (Us) - (U ~ Ua)
+7/(Us) 0. (F(Us) = Fs ) + #/(Us) - S
= Ry + M + Ry + My +1/(Ua) - Sa, (4.2)
with
Ri= 0, (n/(Us)- (Us = Ua)).
My = —n'(Us)- O - (Us = Us)
Ry = 0, (n/(U) - (F(WA) ~ Fa)).
My = —(Us) - uUs - (F(Us) = Fa) (4.3)
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We have using (3.22)
T R
I
T rR 2
STICNImeery M UNED N

7' (Ua) - (F(UA) — ﬁA> ‘2 dzdt

thus Ry goes to zero in H,,! as Az — 0. Similarly, using (3.7), R; goes to
zero in H, ' as Az — 0. Furthermore, using (2.5) and (3.22), we have

loc

T R
0 —R
1/2 9 1/2
< (U] ( / |axUA|2dxdt) ( [ [|rws) - d:)sdt)

/ C
SHW /(UA>HLoo\/%CV Az

< Cp. (4.5)

Thus M is bounded in M,..((0,7") x R). Similarly, using (2.6) and (3.7), M,
is bounded in Mio((0,T) x R).
Then, the definition (3.6) of Sx and the definitions (1.22) of S;i1/2-,

Sit1/2+ yield with (1.30), (1.31) and the Lj,. condition (1.34) that S is
uniformly bounded in L},.. According to (4.2) and (4.3) one has

Om(Ua) + 8,G(Un) — Ry — Ry = My + My +1/(Ua) - Sa. (4.6)

The right-hand side is bounded in M;,. N W P ¥p, 1 < p < 400, as a

loc
consequence it is compact in H. l;cl. At this point, we know that Ry + Ry and

M+ My+1'(Ua)-Sa are compact in H, !, therefore their sum, which is equal
to 0y (Ua) +0,G(Un), is compact in H,,'. This holds for any couple entropy-
entropy flux (1, G). Furthermore, (Ua)aso is bounded since we assume that
(UM)in is a bounded sequence. We are now able to apply the compensated
compactness method [23] and we get that up to a subsequence Un — U a.e.
and in L},,, . as At — 0 and Az — 0.

Moreover, according to Lemma A.8, 0,Ua is bounded in L°(D’) and
therefore we deduce that Ux — U in Cy([0,T], LY, (Rie)), by the Arzela
Ascoli theorem. Then, knowing that Ua converges in L}  to U, we can apply
Lemma A.9, which concludes the convergence of the approximate source term
SA to S.
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Finally we pass to the limit in (4.1) using (3.7), (3.22), which enables
us to get that the limit U is a weak solution to our system (1.1). Moreover
passing to the limit weakly in (2.16) using (1.35), we get (1.2). Similarly, the
weak limit of (4.6) yields (1.40). This ends the proof of Theorem 1.1.

Appendix: some technical lemmas

We prove here some technical results used throughout the paper. The
notations are introduced in Section 1.

Lemma A.1. Let z; = z(x;) for all i € Z, where z € C(R) satisfies 0,z €
L: (R), and (x;) is a uniform grid of length Ax. Then for any bounded

loc
interval |a, b],

TV2y((2)) = Z (Zig1 — 2)? (A.1)

[:(:2-7:(:Z-+1]C[a7b]

verifies
TV 204 (( (/ |02 (x |da:) , (A.2)
and
TV205((2)) =0 as Az — 0. (A.3)
Proof. We have
Tit1
Ziv1 — 2 = 2(Tig1) — 2(m;) = / Opz(x)dz, (A.4)

thus for [z;, z;41] C [a, b]

Ti41 b
a1 — 2| < / 10,2 (2)|d < / 0,2 (x)|de. (A5)

It follows that

ZZZ_H <Z/ |0p2(x |d93></|8z )|dx

([ o)

which proves (A.2). Next, when z is Lipschitz continuous one has |z; 11 —z;| <
Lip(z)Az, thus TV24,4((2)) < Lip(z)?Az(b—a) and (A.3) holds. When we
have only 9,z € L., for any £ > 0 one can find z. € Lip(R) such that
1022 — Opze|| L1 (jap)) < €, and if follows that (A.3) also holds. O

Ti41

(A.6)
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Lemma A.2. Let Uy, = (hg, hyug) for k =1, 2 with hy > 0. Then
s
6

— Ho(My) — Ho(My) — o/ (U) ;) (M, — 0)

(2M, + My) (M, — My)?

— Le—uy)z>2gn, M, (% - ghl) ) (A7)

where My = M(&) = M(Uy, &) and M(U,E) is defined in (1.8), Ho(f) =
Ho(f,&) is defined in (1.11).

Proof. This lemma indeed gives the remainder in the inequality (1.15). Using
the identity

b* —a® —3a*(b—a) = (b+2a)(b— a)? (A.8)
one has
g2n , /
G (2My + My) (My — My)* = Ho(My) — Ho(M,y) — H)(M,) (My — M),
(A.9)
where we donote H|(f,&) = {%Ho(f, ¢). Thus we have to prove that
/ 1 /
(1w (¢) - ) ) (12— 200
— uq)?
= —Lig-u)2>ogm M2 (7(5 9 S ghl) : (A.10)
On the one hand we compute according to (1.16)
/ 1 _ . u_% _ g N (6 - u1)2
On the other hand we have using (1.8)
2 2.2 2 )2
Hy(My) = S i M = s gh — Ezw)y (A.12)
2 "2 2 2 ),
Subtracting (A.12) to (A.11) it follows that
/ 1 / — )
n (Ul) (f) - HO(Ml) = _1(§—u1)2>29h1 (% - ghl) ’ (A13)
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and therefore that

(o0 (¢) - 300 ) (12 = 2t

= = Lig-u)2>9m (@ - ghl) (My — My). (A.14)

Finally we notice that
(€ —up)? > 2ghy <= M, =0, (A.15)
thus we get (A.10), which concludes the proof. O

Lemma A.3. There exists some constant o > 0, depending only on the
gravity constant g and on the constants h,,, hyr, uy involved in (1.37), such
that

AE(%@@—%@M—W%%QM@=MO%
> a (n(Us) —n(Ur) —n'(Uh) (U — Uh)) (A.16)

for all Uy, Uy € Up,, hyyuy defined by (1.37) and where M, = My(§) =
M (U, &), with M (U, &) defined in (1.8), Ho(f) = Ho(f,&) is defined in (1.11)
and n(U) is defined in (1.3).

Proof. Note that without the factor || in (A.16), the inequality would be-
come an equality with o = 1. Thus the difficulty is to show that small values
of £ do not make a significant contribution. The idea is to make a linear
combination in the variable 7/(U) as in [14, Lemma 2.3], but the difficulty is
that in this variable, the set where A > 0 is not convex. This is why we have
to be far from vacuum. We set

U, = {(h hu) € R%, h> hy, b, (A.17)

and we first deal with the case

U, = <hh111 ) and Uy = ( o ) € Uy, such that [ur — uz| < A/ ghu
1U1

h2u2
(A.18)
In this case we have
vt € [0,1], (1—t)'(UL) + t (U) € o (Usy,). (A.19)
with "
U, = {(h, hu) € R?, h > 7’”} . (A.20)
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Indeed we notice that using (1.16),

~ h ‘/22

Vi , m
(12) €@ <= Vi 2 gl - 12 (A21)

Thus (A.19) is equivalent to
Vt € [0, 1], Vhy, he > hp, Yug, us € R, such that |uy — us| < v/ ghm,

u? u3 R 1 2
(A.22)

Thus we have to check that

Vt € [0,1], Vug, ug € R, such that |uy — us| < \/ghum,
(1—1)(gh _u_% +t|gh _u_% > hn L (1 —t)u; +t 2
ghm 9 ghm 9 - g 92 9 Uy U2 .

(A.23)
This inequality simplifies to
hom t(l1—t
e (A24)

which holds true when ¢t € [0,1] and |u; — ua| < 2v/gh,,. This proves (A.19).
According to the property (A.19) we can now define a path v(t) € U,,,
for 0 <t <1, connecting the two states Uy, U, satisfying (A.18), by

' (0(t)) = (L =)' (U1) + tn/ (Ua). (A.25)

Such a definition is possible because 7’ is a diffeormorphism, see (1.16). It
enables us to set

o) = [ 161 (Ho(M1(0(0),9).€) = Ha(M(01,).)

~ 0 () (00,6 = M, ) e
o) 0 O ) - ). (A2

We notice that ¢(0) = 0, and the desired inequality (A.16) is equivalent to
¢(1) > 0. Thus it is sufficient to prove that ¢ is nondecreasing. Using the
fact that

n'(U) (;) = H)(M(U,§),§), for all £ € R such that M (U, &) >0, (A.27)
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we can compute

= [0ttty - (¢) arwio.ov v
— (1) ~ 0 (01)) 10,

Moreover, using that

7'(v(t) — ' (Uh) = t(n' (Uz) — ' (Uh)) = " (0(2))0' (D),

we get
iy / €l (o @ M (u(t), )0/ (£)dé
—atn"(v(t))v'(t)v'(t).

This can be rewritten as

0=t [lehren.oes (e ;) oo

—atn"(v(t)) - V'(t) - V'(2).
Thus now it is sufficient for getting (A.16) to prove that
VU € U, VX € R?

[iarwee (v (¢)) x- Kz an'w) x-x

For all U € U,, and ¢ € R such that M (U, &) > 0, we compute

70 (¢) = 1.9,

and
7'0) (¢) = #0106, M.
Moreover one can check that
HY (M(U,€) = MU, €).

Thus we obtain

[ierwee (va (;))

P / €] M(U.€) M(U, &) @ M'(U, £)de,
M(U£)>0
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(A.34)

(A.35)

(A.36)



and therefore the desired inequality (A.32) can be written
VU € Uy, VX € R?

o / €] MU,&) (M'(U,)X)*de = an/(U)- X - X.  (A37)
M(UL£)>0

According to (1.16), we have

, (1 q
" q—i +9 —% u +9 —3
n'(hyg) = (" 7 PP =" L7 ) (A.39)
h2 h h h

n'(U)-X-X
u?\ 5 1 5, 2u
= g+z $1+E$2—FI15L’2
1
:gl’% + E (SL’Q — Ul’l)z
=g} + ha3, (A.40)
where we denote ]
T3 — E (LUQ — uxl) . (A41)

In order to compute M'(U, &)X, with (1.8) we compute the partial derivatives
where M (U, &) > 0,

MU, = 5 (oh— (€= 0P) (=26 - ), (A2
oMU = 5 (b= (€ —w)  Le—u. (A3

It leads to the formula (where M (U, &) > 0)

M (U, )X :w <g:)§1 + (- (ro — u:)sl))

g2m? h
-1
:M(gU% (g1 + (§ —u)xs). (A.44)
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Using (A.44) in the integral of (A.37) we get

e / €] M(U,€) (M'(U,€) X ) de
M(U£)>0

_ b 1 —u)zs)?
s [ g o+ €

1 € L (gm+ (E— W) dS = I (Ad5)

_9_7T (E—u)2<2gh (2gh — (§ —u)?)

As for (A.16), we notice that without the factor |£|, the inequality (A.37)
would become an equality with & = 1 (compute the integral (A.45) without
the factor [£]). With the factor |£|, we use the substitution v = £ — u in
(A.45) and the convention that if u = 0 then sgn(u) = 1, to obtain

I> v 4 u| (g1 + vas)® dv

9mV2gh Jy < 2gh

T ([o] + [u]) (g1 + [v] sgn(u)ws)” dv
gm 29 |v|<\/2gTh sgn(v)=sgn(u)

v (g1 + vsgn(u)as)® dv

g?f\/ 29
1 \/2517

> 2 o (g1 + vsgn(u)zs)® dv

= \/\;ZW /1/12 (9:61 + §msgn(u)x3)2 d€. (A.46)

The last integral is a positive definite quadratic form with respect to y; = gz
and y3 = v/2ghsgn(u)xs. Thus we have for some absolute constant Cy > 0
(one can check that Cy = 1/(8 x 13) works)

\/_
\/_

I>C \/\;ZW ((gz1)* + gha3) = (97 + ha3) . (A.A4T)

Therefore by (A.45), (A.47) we get

Vgh
V2

Because of (A.40), this proves that (A.37) holds with oy = Co\/ghy,,/27m. We

conclude that (A.16) holds for all Uy, U, € Um such that |u; — us| < /ghp,
with the constant ;.

e / €] M(U.&) (M'(U,6)X)2de > Co Y2 (ga? 1 ha?) . (A.48)
M(U£)>0
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Thus, to conclude the lemma it is now sufficient to prove that

dag >0, YU, Us € Up,, pyyuy, Such that |ug — us| > /ghum,

161 () = om) = /0 () (02 = ) de > 0a. (229

Indeed, when Uy, Us € Uy,,,

sy W€ have

2

(hy — h1)2+h2 (up — uy)

n(Us)=n(Uh)—n'(Uh) (Uy —Uh) = g 5 5

< C(gv hM,UM),
(A.50)
thus when (A.49) holds, we deduce (A.16). Proceeding by reductio ad ab-
surdum, let us assume that (A.49) does not hold. Thus
Vn >0, 33U, Uy € Up,, hyun» Such that
|u? - ug| > ghm

and | el (a001g) — Haoty) = f07) (¢) O — 247 ) e <

where M = M(U?,§). As W, hy o 18 & closed and bounded set, we can
extract a subsequence (that we still denote U}, U}') such that

Uln — U, € thhMmM, U2n — Uy € uhw“hMmM, (A52)

with
lur — us| > \/ghm. (A.53)

By Lebesgue’theorem, (A.51) implies that

J161 () = oan) /@) () 0 = 2 ) dg 0. (a5

We also know by (A.7) that

1 2,02
Ho(Ms) — Ho(My) —n'(Un) (§> (Ma — My) = g6 (2My + M) (My — My)?,
(A.55)

and therefore we get that
(2M; + My) (M; — My)* =0 for almost every &. (A.56)

This implies that M; = M, a.e. and therefore that U; = Us, in contradiction
with (A.53). This concludes the proof of Lemma A.3. O
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Lemma A.4. One has

N2
/ M (Us€) (M - ghl) e
(€—u1)?>2ghy 2
<4 (|UQ| + 2gh2)

gm/ghs

for all Uy = (hq, hiuy), hy > 0 and Uy = (ha, haus), hy > 0, where M (U, &)
is defined in (1.8), and

K2 min(ghs, K), (A.57)

1

Proof. We notice that for all £ € supp(M3) one has |£| < |uz| + v/2ghs, thus

we have
_ 2 _ 2
\gm—L ok = (gn - 50 )\

- ‘g(;m )+ € — ) — 5 (13— )

< K. (A.59)
Therefore, using that £ € supp(M;)° N supp(Ms) iff ghy — % > 0 and
w — ghy > 0, we get
2 2
)ghg— (& 2u2) + )(5 2u1) — ghy| < K. (A.60)

Using (1.8) and (A.60), we get
)2
/ (o) (S5 - gn ) dg
(§—u1)?>2ghy

o 2\ 1/2 _ 2
_ V2 € (ane - E520) (S50 o) ac
9T Jsupp(My)ensupp(Mz) 2 2

V2 .
< g—ﬂ(|uﬂ +1/2ghs) [supp(M;)¢ N supp(Ms)] K32, (A.61)

Thus it is now sufficient for getting (A.57) to prove that

|supp(M:)° N supp(Ma)| <

< (A.62)
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We observe from (A.60) that for £ € supp(M;)° N supp(Ms) one has
P) <0, (A.63)

where

(5 — U2)2

P(§) = gha — 5

~ K. (A.64)

We notice that when & = us, P reaches a maximum equals to ghs — K, and
we distinguish two cases:

o If K > ghy then
[supp(M1)© N supp(Ma)| < [supp(Ms)| = 2v/2ghs, (A.65)
which concludes (A.62).

o If K < ghy, then the maximum of P is positive and using (A.63) we
get that for £ € supp(M;)° N supp(Msy) we have

e [Ug — \/2gh2,7’1] U [TQ,UQ + \/2gh2] , (A.66)
with 7 < ug < 7o are such that P(r;) = P(ry) = 0. We have uy —
V2ghy < r1 because P(ug — +/2ghs) = —K < 0, and 1y < ug + v/2ghs

because P(us + v/2ghy) = —K < 0. This configuration is illustrated
on the following picture.

ghQ—K ********************

Uy —

Graph of £ — P(§) when K < ghy
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Thus

|supp(M;)¢ Nsupp(Ms)| < |rp — (uz — \/2gh2> + |us + \/2ghs — 1o .
(A.67)
We set oK
r= us — \/2ghy + — A.68
1 = Usg gho + Bty ( )
and we notice that oK
< \/2gh A.69
Vaghy VI (4.69)
because of the assumption K < ghs. Thus we obtain that
1 < Usg. (A70>
Moreover
~ 2
. 1 —u
P(7y) =ghy — % K
1 2K \*
=ghy — = | —v/2gh - K
gha 2( gha + /—29}12)
T (=)
=——+42K—-K=K((1—— ) >0. ATl
oh oh (A1)
With (A.70) we deduce that
ry <711 < Us. (A.72)
Similarly we set
s — s+ /Bghy — (A.73)
To =1u - — )
2 2 gha \/%7
and by the same arguments we obtain that
Ug < Ty < To. (A74)
Putting together (A.72) and (A.74), we get
r — <u2 — \/29h2> + (U2 + / 2gh2 —T9
S 7:1 — (UQ — \/29h2>‘ -+ U2 + \/29h2 —fg
4K
= ) A.T5
s (A.75)

With (A.67) we get (A.62) in the case K < ghs, and this concludes the
proof of Lemma A.4.
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Lemma A.5. There exists some C' > 0 depending only on g, hy,, har, uas
such that

g
|§|— (2My + My) (My — Ms)?dé

>C <g(h_27h1)2 + hmw) , (A.76)

for all Uy, Uy € Up,, hyyuy defined by (1.37) and where My, = My(€§) =
MUy, &), with M(U,§) defined by (1.8).

Proof. Let Uy, Uy € Up,, hyyuy - According to Lemma A.2 we have

/RMQH

- [ (H0<M2> — Ho(My) — o/ () @ (M, Mo) d

RY
- /(5_ . €| Mo (% —ghl) dg. (A.77)

Let us first consider the case of data

) (My — Ms)?dg

1 1
Uy, Uy such that |hy — hy| < — and |ug — ug| < —, (A.78)
4C? 403

for some positive constants 6’1, Cy depending on g, h,, har, ups such that
402 \/gh— These constants will be chosen further on.

For data satisfying (A.78), we are going to estimate the right-hand side
of (A.77). On the one hand, in order to estimate the first term in the RHS

of (A.77), we apply Lemma A.3. Since 4C2 > \/;Tm we are in the case (A.18)

and we get
/|€| (Ho(Mz) Ho(My) — ( ) )d€
U1))

>a (n(U, (Ul) ' (Uh) (Us
9——F—— h27(u2 — UI) )

G
>a (g hmw) , (A.79)




with a; = Cov/ghy, /27 and Cy > 0 is and absolute constant. On the other
hand, in order to estimate the second term in the RHS of (A.77), we apply

Lemma A.4 and obtain

N2

/ €M (Un, ) (M - ghl) e
(E—u1)?>2ghy 2

< 4 (‘UQ| + \/2gh2)

gm/ ghs
5
S Cl(g7hm7 hM,UM) (Q‘hl - hQ‘ + C2(g7hm7 hM,UM)‘Ul — u2‘)2 )
with
4 +\/2gh
C1(g, hm; hM7UM) — (UM g M)’
9TV ghm

CQ(g, hm, hM,uM) = 2UM + \V QghM

Using the Jensen inequality we have for a,b > 0,

5/2 5/2 5/2
(a + b)%? = 2°/2 (aTer) < 25/2#’

we get

/ €M (Un, ) (M - ghl) e
(E—u1)2>2gh1 2

1
<g|h1 — hao| + (|ua] + v/2gha)|us — us| + §|U% - U§|)

(A.80)

(A.81)

(A.82)

(A.83)

< 23/201(9> P, P, Uar) (9%|h1 — h2|g + Cao(g, him, hM,UM)%Wl — U2|%> .

(A.84)

Thus, using the estimates (A.79) and (A.84) in the RHS of (A.77), we get

" (2M, + M) (M, — My)2d¢

162
h

R\
(hy = hn)? (ug — uy)?
> -~ = e 7
= (1 (9 2 + hm 2
5 5 3 5
— 23/201 <g§|h1 — h2|§ + 022|U1 — U2|§>
g(hy — hy)?

(1= Gl — haf?)

hm(u2 - U1)2
P A

5 (1—62|U1—U2|%> ;
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with ;
23/2+101gg " 23/2+10102§
1=, Co=——T7"".
a1g alhm
One can check that Cy > (gh,,)~'/*/2. From (A.85), since we are dealing
with Uy, U, satisfying (A.78), we get

(A.86)

2 2
|§|— (2M; + My) (My — My)?dg

> ﬂ (g(h2 th) NG “1)2) . (A.87)

-2 2

At this point we have the result (A.76) for all Uy, Uy € Up,, hyyuy, Satisfying
(A.78). Thus, since the right-hand side of (A.76) is bounded, it is now
sufficient to prove that

dag >0, VU, U € Up,, hpyuy sSuch that

1 1
|h1 hQ‘ > ~2 or \ul — UQ| > — 02
we have / |€ ) (My — My)?dé > as. (A.88)

Using a reductio ad absurdum as in the proof of Lemma A.3, we suppose
that (A.88) does not hold. Thus

Vn >0, 30U, Uy € Up,, hyyuns> Such that
AC2| WY — h| + AC2 |l — ul| > 1

Sl

2 2
and / €] (2 + ME) (M — ME)2de < (A.89)

where M} = M(UJ',€). As Up,, hyy oy 18 & closed and bounded set, we can
extract a subsequence such that

Uln —U € uhm7hM7'U«M? U2n — U € uhm,hM,UM (AQO)

with B B
4012|h1 - h2| + 4022|U1 — UQ| Z 1, (Agl)
and by Lebesgue’s theorem

2 2
If |— (2M; + My) (My — Ms)?dé = 0. (A.92)
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Therefore we get
(2M; + My) (M; — My)* =0 for almost all &, (A.93)

itself implying that M; = M, a.e. and therefore U; = Us,, in contradiction
with (A.91). This concludes the proof of Lemma A.5. O

Lemma A.6. Let U, = (hg, hgug), k = 1,2 with hy, > 0. Then

/|M Us,€) — M(Us,€)| dé

N

< \/g ( ( hl) +min(h1,h2)(u2—u1)) s (A94)

with M(U, &) defined by (1.8).
Proof. Let us recall that from [5, Lemma 3.11] one has
[ M9 (1(w1,6) — MU ) de
S ﬁ ( (hQ hl) + mln(hl, hg)(Ug — U1)2) . (A95)

Then using the Cauchy-Schwarz inequality,
[ - a1 de
R

s/ My —M2|d£+/ My — My de
M1>0 M>>0

1/2
( / —d£) ( My (M; — My)? d£)
My1>0 My1>0

1/2 1/2
( / —dg) ( My (My — My)? dg) : (A.96)
Mo>0 Mo>0

% we get

1 utv2g g

7d _ d

/ mweo MU, ) : /u_\/gg—h (2gh — (€ — u)2)"2 $
gmv2gh
e

Now from (A.96), using (A.95) and (A.97) we get (A.94), which concludes
the proof. O

Using the substitution v =

= gw[arcsin(v)] 1_1 = g (A.97)
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Lemma A.7. Let Uy = (hg, hpug), k = 1,2 with hy > 0, and set
1
Cy = max o] (1 +20%)2, (A.98)
UE{\ul|+\/2gh1,|u2|+\/2gh2}

for some given v > 0. Then one has denoting |||(z1, z2)]||?

I[F'(Ur) — F(Ua)]l| < %Cél (9(h2 = h1)? + min(hy, ho)(uy — u1)*)?

— 2 2,.2
—ZL’l—I—I/[L’Q,

(SIS

(A.99)

IF+ ) = F <>|||<%C4<< — ) 4 min (i, gz — un)?)
(A.100)

17 () — <U2>|||<2*—f04(< = ) 4+ min(h, ho)(ug — ur)?)?
(A.101)

Proof. We recall that from (1.27),

/ §1§>0( ) (U €)de.
/ 51&0( ) U €)de.
1

and F(U)=FH(U)+ F (U) = /Rg (5) M (U, €)de. (A.102)

Thus the result is an immediate consequence of Lemma A.6 and of the fact
that

V£ € SuppM1 U Supng, ’Hg ( ) ||| < C4 (A103)
]

Lemma A.8. With the assumptions of Theorem 1.1, let Un be the approzi-
mate solution (1.32) and ¢ € D(R). Then there exists some C' > 0 depending
only on the available bounds and on ¢ such that

Vi e [0,T], < Ua(t,-),¢><C. (A.104)
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Proof. Using (2.43) we get for any ¢, <t < t,41

< Ur, ¢ >= A+ B, (A.105)
with
e L R VA VA R
A Z - l - / ol (A106)
and ) i
— n+1 n
B= Z ~ (Ut — U] / | o(x)dz. (A.107)
First we notice that
Tit1 Ti4+1
/ (x — z;)p(x)dr = Az(xiyq) — Y(z)dx, (A.108)
where 1 is an antiderivative of ¢. Thus we get
L [URY U - Ul + U7

with Aipiye = U(xi1) — 25 [o 7 ¢(z)dz. Moreover, by doing translations
of indices we get

1
A= Z 7 (U5 = U] [Adicae = Adbigao] - (A.110)

Next, using that U] is bounded we get from (1.19) that

At _
U = 7] < 25 ()l + 1P~ ()l + lghle) . (A1)

Moreover we notice that

‘A’l?bi_l/g - Awi+l/2‘ S AI’2L1p(¢), (A112)

which enables us to get

|A] < 2CAzLip(¢) Z Ldist (e, suppey<ae < C (A.113)

with C" > 0 a constant depending on ¢. Next, from (A.107), we use (1.19)
and get

1
B=- Z Ar [Fi+1/2— - i—1/2+} Azpit1y, (A.114)
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with ¢iy1/0 1= 35 [ ¢(2)dz. Using (1.20)-(1.22) we get

B=— Z [971'+1/2 - %-1/2} Pit1/2 — Z [—SZ-H/Q_ — i_1/2+] Bit1/2

7 %

= - Z Fivr2 [Gir1/2 — bivspo) + Z [Sit1/o— + Sici1j2+] Giz1y2-

(A.115)
We have
|Pir1/2 — Girs2|l < AxLip(9), (A.116)
and
|SH_1/2_ + SZ 1/2+| < U (|ZH_1 ZZ" + |Zi — Zi—l‘)- (All?)

We thus conclude that B is also bounded since 9,2 is bounded in L},.. O

Lemma A.9. With the assumptions of Theorem 1.1, let Un = (ha, hauna)
be the approzimate solution (1.32), and Sa be the approzimate source defined
by (3.6). We assume that there exists U such that Un tends to U a.e. as
Ax, At — 0. Then

Vo(t,z) € D(R?), //SAt:c o(t, z) dtdz /Stx ) dtdr,
Ax ,At—0
(A.118)

with S(t,z) = (—gga z)

Proof. Let ¢(t,x) € D(R?). We compute the integral

[ Battpotta Yitde =3 3 At (Seajs+ Siyas) o0,

n=0 i=—o00

11
At Az
of the index 7 and get

Z Z At (SZ-+1/2_ + Si—1/2+) o
= Z At Z Sit1/2-P; + Z At Z Sit1/2+Pp1-

lntl  LZTit1/2
with ¢} = / ¢(t,x)dtdz. Then we perform a translation
Ti—1/2
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Then we notice that |¢7,; — ¢}'| < Lip(¢)Axz and we obtain that

[[Bsoduts =35 A (S + S ot w0 (A19

n

Next, for Az, |z —

z;| small enough, we have on the one hand using (1.42)
h? B2
i+1/2— i
Sz+1/2— 9T 79y
(hi + 2 — 2ziy12)° _ h_2

7

—9 2 b
Zi — Zj
=09(2 — Zig1/2) (hi + %) . (A.120)

On the other hand, we have similarly

h? h?12 Ritl T Ri41/2
Sz+1/2+ =9 o g L Langs —9(2ip1 — Zi+1/2) (hi-i-l + %) .

2 2
(A.121)

Moreover noticing that h;; = h; + (hix1 — h;), with (A.120), (A.121) we get

Z Z At Sz+1/2— Sz+1/2+) o3
= Z Z Atg(zi — 2)h268 + > > AtATR! g7, (A.122)
with

Zi — Zj 2 2 — % 2
Aan = (Zz—l—l — Zz+1/2) (h?-i-l - h?) + g# _g( +1 5 +1/2) )
(A.123)

The last term in the RHS of (A.122) tends to 0 because of (1.35), the Cauchy
Schwarz inequality and the bound (2.3). The first term in the RHS of (A.122)
converges to the source term since

- Z Z Atg(zig1 — z)hi' ¢Ff

Y EC—

The convergence holds because we supposed ha — h a.e., and Cﬁ—f — g—fc in
L} . This concludes the proof of the lemma. O

loc*

)t )6l 2) dide.
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