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Convergence of the kinetic hydrostatic
reconstruction scheme for the Saint Venant
system with topography

Francois Bouchut} Xavier Lhébrard*

Abstract

We prove the convergence of the hydrostatic reconstruction scheme
with kinetic numerical flux for the Saint Venant system with continu-
ous topography with locally integrable derivative. We use a recently
derived fully discrete sharp entropy inequality with dissipation, that
enables us to establish an estimate in the inverse of the square root of
the space increment Az of the L? norm of the gradient of approximate
solutions. By Diperna’s method we conclude the strong convergence
towards bounded weak entropy solutions.

Keywords: Saint Venant system with topography, well-balanced scheme,
hydrostatic reconstruction, convergence, entropy inequality, kinetic function.

Mathematics Subject Classification: 656M12, 7T6M12, 35165

1 Introduction and main result

We consider the Saint Venant system

2 1.1
Oy (hu) + Ox(hu2 + g%) + gh0,z =0, (1.1)

for t > 0 and = € R, where the unknowns are h(t,z) > 0 and u(t,z) € R,
g > 0 is the gravity constant, and the topography z(x) is given. The system
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is completed with an entropy (energy) inequality
u?  h? u?
Oy <h? + 95 + ghz) + 0, <(h§ + gh* + ghz)u) <0. (1.2)

We shall denote U = (h, hu) with h > 0, and

2 2 2

n(U) = h% + g%, G(U) = (h% + gh2>u, (1.3)

the entropy and entropy fluxes without topography.

Existence and stability results for the shallow water system have been es-
tablished in [27, 21, 23, 28]. Concerning approximation, many schemes have
been proposed, see for example [25, 4, 3, 6, 12, 7, 11, 19, 20]. The hydro-
static reconstruction scheme and its variants [4, 24, 18, 17, 16, 15] is often
used, and it is the subject of the present paper. Some results concerning

consistency, stability and convergence of those schemes have been obtained
in [9, 10, 13, 26, 8, 1, 2.

In this paper we prove the convergence of the hydrostatic reconstruction
scheme [4] with kinetic flux [25].

In order to explain our approach, let us consider first the case without
topography. In the (time and space continuous) kinetic BGK case and with-
out topography, the single energy inequality ensures the convergence [10].
The fully-discrete case (still without topography) is treated in [8] (a related
work is [22]). Without topography the kinetic scheme can be written as a
flux-vector splitting scheme

At

Ut = Us = o (FH0) + F(Uia) = (FH(Ui) + F-(0)), - (14)

where F*, F~ are defined in (1.28). The convergence result of [§8] for a scheme
of the form (1.4) is established under a dissipation assumption, that F'* or
—F'~ is strictly n-dissipative. The n-dissipativity has been defined in [13], and
analyzed in the multi-d context in [14]. Unfortunately this property that F'*
or —F~ is strictly n-dissipative does not hold for the kinetic scheme. Indeed
FT or —F~ suffer from a lack of dissipation when the state corresponds to
negative (respectively positive) kinetic speeds £. Nevertheless we are able
to use a weaker property, which is that F* — F~ is strictly n-dissipative.
When making this combination, the strict n-dissipativity corresponds to the
inequality

161 () = o, €~ (0 (¢) - ) )

> a(n(Uz) —n(Us) —1/'(Uh) (Ua = Uh)), (1.5)



for some a > 0, where Hy is the kinetic entropy (1.12) and M; = M (U;,¢§)
with M the Maxwellian equilibrium defined in (1.9). This is rigorously stated
and proved in Lemma A.3 in the appendix. We have to point out however
that this estimate is only valid in a closed bounded convex set which does
not contain vanishing heights, and the constant « is not obtained explicitly.

With the inequality (1.5), the convergence proof without topography is
similar to that in [8], with the additional step that one has to strengthen a
bit (1.5) into an estimate in terms of (M, — M;)?, as stated in Lemma A.5.
This estimate is useful to take advantage of the entropy inequality

At ~
n(Ui) < n(Ui) = (G,H/Q ~Gioip)
- VB / ‘5‘ ]]-5<0 ( +1 + M) (Mi—l—l — MZ)2

+ Leso (Mi 4+ Mi—1) (M; — Mi—1)2> dg, (1.6)

that holds under a CFL condition, where éiﬂ /2 is a numerical entropy flux.
This entropy inequality includes a dissipation term (the integral in &) inher-
ited from the kinetic nature of the scheme. This term is nonnegative and
measures the space variation of the unknown U; since M; = M(U;,€). In
order to get a priori estimates we sum up over the space and time indices ¢
and n the previous inequality. Then we are able to use Lemma A.5, and as
a consequence we get gradient estimates of the form

10:Ual 22, <

10:Uallzz, < (1.7)

S T S A
where Up is the numerical approximate solution. We conclude as in [8] by a
compensated compactness argument. Indeed we recall that the compensated
compactness theory [27, 23] gives the compactness of a bounded sequence of
approximate solutions (U.) which satisfy that

Oms(U.) + 0,Gs(U.) is compact in H ' (1.8)

loc)

for a sufficiently large family of entropies ng. According to the classical
DiPerna approach [21], the estimates (1.7) are enough to establish (1.8) for
all entropies.

Then, to include the topography is not an easy task, even if it is Lipschitz
continuous. Indeed a typical error term produced by the scheme, correspond-
ing to the topography term in (1.1), is (k11 —h;) (241 —2:)/Ax. This quantity



is not small a priori, since h is not continuous. In order to make this small
one would need the compactness of h, that we have to prove. A key point is
to use the dissipation of the discrete form of the entropy inequality (1.2). No-
tice that a discrete entropy inequality that puts the topography as a source
term as formulated in [11] would not be sufficient because of the eventual
presence of shocks.

Our convergence result with topography strongly uses the work [5], which
establishes that the hydrostatic reconstruction scheme, used with the clas-
sical kinetic solver, satisfies a fully discrete entropy inequality (2.16) with
dissipation but with an error term, that generalizes (1.6). However the dissi-
pation in this inequality involves now differences (M;i1/2+ — M;11/2-)* that
vanish at the lake at rest steady states, instead of previously (M, — M;)%.
Then one can simply use the triangle inequality and get (M;; — M;)?, with
further error terms in (2,1 — 2;)?. Such error terms can be controled via
Lemma A.1 and in particular (A.3). While doing such estimates one has to
take care not getting cross terms (h;11 — h;)(zi1 — 2;) as mentioned above,
that would not tend to zero. This is the main difficulty when taking into
account the topography.

1.1 Kinetic Maxwellian equilibrium

We recall here the classical kinetic Maxwellian equilibrium, used in [25] for
example. It is given by

1/2

L (29 — (¢ —u)?)? (19)

g

M(U,§) =

where U = (h, hu), £ € R and z; = max(0, z) for any = € R. It satisfies the
moment relations

/ < ) M(U.&)dé = U, /5 MU.€)dE = ha® + g1~ (1.10)
R 5 R 2

The interest of this particular form lies in its compatibility with a kinetic
entropy given by

2

g27T2

6

f*+g2f, (1.11)

where f >0, £ € R and z € R, and its version without topography

2 22

Ho(f.6) = 5 f + 751 (L12)



Then one can check the relations
[ H01(w.).6,2)d = V) + g (1.13)
/R EH(M(U,£).€,2)d = G(U) + gh=u, (1.14)
where 7 and G are given by (1.3). Moreover, for any function f(§) > 0,

setting h = [ f(&)d¢, hu = [£f(£)d¢ (assumed finite), one has the following
entropy minimization principle [5],

o) = [ mrw.e.od < [ mis©.0d (1)
R R
Indeed this inequality is strongly related to the property (see (1.19) in [5])
7 (U) @) if M(U,€) > 0,
OpHo(M(U,€),€) = ) (1.16)
> /() () it M@ o
Here 7/(U) denotes the derivative of n with respect to U,
n'(U) = (gh —u?/2,u). (1.17)

1.2 Hydrostatic reconstruction and kinetic flux

We consider a uniform grid (2;11/2)icz with space increment Az = 41/ —
T;_1/2, and discrete times t,, with a constant timestep At, t,.1 — ¢, = At,
to = 0. We consider initial data U° = (h°, h%°), h® > 0, R u® € L*(R) and
a topography z(z) assumed continuous . We define the discretization of the

initial data as
1 Tit1/2

U} = — U°(y)d 1.1
A ) (y)dy, (1.18)
i—1/2
and
z; an approximation of z(z;), (1.19)
where x; = (xi+1/2 +:L’,-_1/2) /2. The hydrostatic reconstruction scheme
writes [4]
At
urtt = upr - Ar (Fit1jo- — Fi1jo4) (1.20)
with
Fiiijo- = F(Uis1)2—, Uit1/2+) — Siv1/2—, (1.21)
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Fiyio4 = F(Uir1yo—, Uitayo1) + Siv1/24, (1.22)

with F is a numerical flux for the system without topography. The source
terms Sit1/2—, Sit1/2+ are defined by

0 0
S; _ = , S = . 1.23
e (%hirl/?— - %h?) s (%hgﬂ B %h?+1/2+) ( )

The reconstructed states

Uit1/2- = (hiv1jo—, hivio-wi),  Uipro+ = (higijog, higijopuipr)  (1.24)

are defined by

hivija— = (hi + 2 — zig12) 4, Pigioe = (hig1 + zig1 — Ziv12)+ (1.25)
and
Zit1/2 = max(zi, Zi—l—l)- (126)

The hydrostatic reconstruction scheme is defined for arbitrary numerical flux
F, but in the present paper we are only able to analyze the kinetic flux vector
splitting given by

?(UlaUr) :F+(Ul)+F_(Ur)> (127)

FHU) = /R Eless @ M(U,€)d, (1.28)
Fr) = [ flea @ M(U,€)de,

with M (U, &) defined by (1.9).
We consider a velocity v, > 0 such that for all 7,

M(U;, &) > 0= [£] < vp. (1.29)

This means equivalently that |u;|4++/2gh; < v,,. We consider a CFL condition
strictly less than one,

At
< .
vaI_B<1, (1.30)

where (3 is a constant.
An estimate that will be useful later on is that with the definitions (1.24)-
(1.26) one has

0 < h; — hiyio- < |zig1 — 2, (1.31)
0 S hz — hi_1/2+ S |Zz — Zi_1| . (132)

6



1.3 Convergence result

Let (U, z;) be defined by the scheme (1.18)-(1.28). We define the approxi-
mate solution by

UA(t> l’)
1 [UR = UM = Up, + U7
_ E i+1 7 - i+1 + % (LU . xz) 4 Uin—l—l . UZn (t . tn)
I
POy ) Uy,
for x; < x < x;p1 and t, <t <t,4q, (1.33)
and we set
Zikl T &
2a(z) = Tx(:c —x;) + 2z, forx; <x<wig. (1.34)

These formulas mean that we take the continuous piecewise affine functions
in space with values U; (or z;) at x;, and then interpolate similarly in time
between ¢, and t,.1 to get Ua. In this way Ua and za are continuous. We
shall assume that z is continuous and bounded with L} . derivative, and that
the values z; are well chosen, so that as Az — 0

dza dz .

za — z locally uniformly in R, g™ L},.(R), (1.35)
and for any bounded interval [a, b],
TV204((2)) =0, (1.36)
where TV2(,4)((2;)) is defined as
TV24((2)) = (zig1 — 2)>% (1.37)

["Ei,mi+1}c[a,b}

The properties (1.35) and (1.36) hold in particular for the choice z; = z(z;),
see Lemma A.1.
Moreover, for 0 < h,,, < hy; and uy; > 0, we set

U, ={(h,hu) € R*, hp <h < hy, |ul <uyl, (1.38)

haryuns

which is a convex set. We state now the main result of this article, which is the
convergence of the hydrostatic reconstruction scheme with kinetic numerical
flux.



Theorem 1.1. Let U° = (h°, h%u°), h® > 0, % u® € L=(R), be an initial
data and let z be a continuous and bounded given topography satisfying 0,z €
L} .. Define (U, 2) by the scheme (1.18)-(1.28), the approzimate solution
Ua by (1.33) and the approximate topography za by (1.34). We assume that
the values z; are well chosen, i.e. satisfy (1.35), (1.36). Then we assume to

have uniform bounds far from the vacuum,
Vi,n, Uln c uhmﬁM’uM, (139)

for some 0 < hy, < har, upr > 0, with Up,, pyy oy, defined by (1.38).
Then, under the CFL condition (1.30) and the inverse CFL condition
. At

1<v"— 1.40
<oy (140

for some constant v* > 0, we have that up to a subsequence, Un — U a.e.
in (0,T) x R and in C([0,T], L5, (R)) as At — 0 and Az — 0, where U
is a weak solution to (1.1) with initial data U°, that satisfies the entropy
inequality (1.2), and the family of entropy reqularity conditions

aﬂ]s(U) + 890G5(U) € Mo, (141)

for all suitable couples entropy-entropy fluz (ng, Gg).

Some comments on this theorem are in order. At first, a main assumption
is the boundedness away from vacuum (1.39). We are not able to treat the
vacuum at the present time. Also, to have L> bounds is not guaranteed a
priori, since only L? type bounds are available, obtained by integration in
time and space of the discrete entropy inequality. Indeed, L* bounds can
only be proved in the context of having a large family of entropy inequalities,
as in [9], while here we have only one. Note that the bound (1.29) involving
v, can be seen as a consequence of the upper bounds hys, uys involved in
(1.39). The inverse CFL condition (1.40) is a technical assumption that
ensures the finite speed of propagation: since the information propagates
of at most one cell per timestep, this condition ensures that the domain
of dependency remains bounded as At and Az tend to 0. Notice that all
together, the CFL and inverse CFL conditions (1.30), (1.40) can be written

i < ﬁ < ﬁ
vr T Az T v,
for some 0 < § < 1 and v* > 0. A simple way to achieve this is to take At/Ax
constant, stricly less than 1/v,,. Another main assumption is the continuity
of the topography. A discontinuous topography is not allowed, indeed in

8



that case it is known that several severe difficulties arise, in particular one
has non-uniqueness of solutions to the Riemann problem. Numerical issues in
this situation of discontinuous topography are studied in [3, 29]. We overall
assume that the topography has a locally integrable derivative, but this is a
minimal assumption that enables to give sense to the product hd,z in (1.1).

We have to mention that the boundedness away from vacuum assump-
tion (1.39) allows to bound also the reconstructed states Uit1/2+. Indeed
according to (1.24)-(1.26) one has

hi—(zig1—2i)+ < higijo— < hiy hipi—(2i—2ig1)+ < higijo < higa, (1.42)

thus Ujp1/24 € U;Lm’ where izm is such that

haryunr?

0< h,, Shm—sup\ziﬂ — 2, (1.43)

which is possible since sup; |z;11 — z;| — 0 and thus it is lower than h,, for
Az small enough.

The outline of the remainder of the paper is as follows. In Section 2 we
establish estimates on the gradient of the approximate solution as stated in
(1.7). In Section 3 we prove some interpolation estimates. In Section 4 we fi-
nally prove Theorem 1.1. We obtain (1.8) by combining the gradient estimate
and the interpolation estimate, then we apply compensated compactness. An
appendix is devoted to the proof of various technical lemmas.

2 Estimate of the gradient of the approxi-
mate solution

This section is devoted to the proof of the following estimate on the approx-
imate solution.

Proposition 2.1. With the assumptions of Theorem 1.1, we define for all
U = (h, hu),

u?h?
ghy
Let N € N*, T'= NAt, iy, i1 € Z such that ig < i1. For alli < j € 7, we
define the interval

U = h? + (2.1)

I = (xis = VT @y 0 +0°T). (2:2)



Then there exists some constants Cy, Cy, C3 such that

N i1—1
ZZAt| i+1 Uzn|2 < Cl? (2?))
n=0 i=ig
N—-1 121
SN AU U <Gy —v (2.4)
n=0 i=ig
+1/2 /2 C
U0 UAPddt | < =2 2.5
(//MQ' al ) = Viz (25)
/2
i1+1/2 C3
O Ua|*dxdt < ) 2.6
(//MQ'”' ) = Viz (26)

The constants Cy, Cy, C5 depend only on g, h,,, har, Unr, Um, B, the final
time T, \zllze, TV2pe (), 00 lpsye ) and [0 o,

The proof of this proposition is given below in the remainder of this
section. These estimates on 0,Ux and 0,Ux use recent results on discrete
kinetic inequalities established in [5]. In Subsection 2.3 we use several tech-
nical lemmas which are put in the appendix for the sake of clarity of the
presentation.

2.1 Estimate of bounded propagation for the space in-
tegral of the height

We here establish some bound on 3> . AzhN. We have

=10

n n A
hi+1 =hi — Az (F+1/2 Fih—l/z)a (2-7)

with
Fz+1/2—/§]15>0M( i+1/2— ,f)d§+/§1§<0M(U,+1/2+,§)d§ (2.8)

We recall that under the CFL condition (1.30) one has A" > 0, see [5]. We
multiply by Az and sum over index ¢ and we obtain

ZAmh”*l ZAmh” At (Fl = Fr_ ). (2.9)

i=1g i=ig

10



Then we notice that with (1.29) and (1.42)

_ﬂ?+1/2 < Umhiyp1joy < Umbi g, Fi}g—1/2 < Umhiy_1jo < Uy
(2.10)
With the CFL condition (1.30) we obtain

i1+1

Zzleh?“ < > Azhl. (2.11)

=10 i=t9—1

Denoting T'= NAt, using the previous inequality and (1.18) we get

U it Ti) 4 N+1/2
S Ach) < Y Akl = / 1 hO(x)dz. (2.12)
i=1g i—=ig— N Tig—N—-1/2

Moreover we have

Az

Tig-N-1/2 = Tig—1/2 — NA® = 2,15 — TE, (2.13)
Ti4N+1/2 = Tig1/2 + NAT = 25 1179 + T%. (2.14)
Therefore using the inverse CFL condition (1.40) we get
iZleth < /xiﬁl/ﬁw RO (z)dx = ||h0HL1(IU* Y (2.15)
. i0,i1

i=ig Tig—1/2—Tv

with I, defined in (2.2).

2.2 From kinetic to macroscopic discrete entropy in-
equality

We use the notations introduced in Proposition 2.1. Under the CFL condition
(1.30) we can integrate with respect to £ the kinetic entropy inequality of [5,
Theorem 3.6] as in [5, Corollary 3.7], and we obtain

At [~ ~
(UMY + gzhi™ < n(U:) + gzihi — Ar <Gi+1/2 - Gi—1/2)
At g*n?
AL / |§|T <]l§<0 (Mis124 + Migajo-) (Mig1jor — Mis1ja-)*
R

+ Leso (Mi—1/2+ + Mi—1/2—) (M;_1/24 — Mi—1/2—)2)d§

At
+Ca(Raom) 9 (s = + =), (216)

11



with

Gi+1/2 = fH( z+1/2+>€>zz+1/2)d€+ fH( i+1/2— &, Zz+1/2)d§

£<0 £>0
(2.17)
vg > 0 is a dissipation constant depending only on 3, and Cjg > 0 is a constant
depending only on . We use here the shorthand notation M; = M(U;, §),
Mirjor = M(Uiayo1,6), Migija- = M (U2, §).
Then we follow the computations done on the height in Subsection 2.1.
We multiply by Az, take the sum over ¢ and obtain

Z Az (n(UMY) + gzhi ™) Z Ax (n(U;) + gzihy)
=10 =10
- AtGil_H/g + AtGi0—1/2

i1—1

g7r

(Mig121 + Misrjo-) (Mig1j24 — Migrjo-)?dg

=1

—VﬁAt/ I3

- VﬁAt/ |§|—]1§>0 io—1/24+ + Mig_1/2— ) (Mi0—1/2+ - Mi0—1/2—)2d§

M, 1o+ + Miyyrjo-) (Miyg1joe — My a0-)2dE

+2Cg mg Z 121 — 2. (2.18)

i=19—1

Since z is bounded, adding if necessary a sufficiently large constant to it, we
can assume that z > 0. Then we notice that according to (2.17) we have

—Gir172 L (Ui 41/24) + UmGhiy 41724 iy 41/25 (2.19)
and B

Gio—1/2 < mN(Uig—1/2—) + VmGhig—1/2—Zig—1/2- (2.20)
According to the definitions (1.3) of n and (1.24), (1.25) of the reconstructed
states, and to the inequalities (1.42), one has

N(Uiz1/24) + gh2+1/2+22+1/2
i+1/2 hz
<nUis1) +9 ST - 2+1
< N(Uit1) + ghis1zi1.

+ ghit1/242i41/2 (2.21)

Indeed, to get the last inequality, we observe that since hit1/01 = (hiy1 +
Zi+1 — Zi+1/2)+> either hi+1 + Zi+1 — Zi+1/2 S O, which 1mphes that hi+1/2+ =0

12



and the desired inequality, or hj41 + 2zi41 — 2i+1/2 = 0, which implies

2
hz+l/2+

4+ hit1/24%i41/2

< ghivijog (higijor — hiv1 + Zig1y2) (222)
< ghit1Zit.
Similarly to (2.21) one has
N(Uiz1j2-) + ghi—1jo—zi—172 < n(Uiz1) + ghi—1zi-1. (2.23)
Using (2.21), (2.23) in (2.19), (2.20) leads to
—AtGiy 12 < Atvy, (0(Usy41) + ghiye12i41), (2.24)
AtGiy—1/2 < Aoy, (n(Uig—1) + ghig-12i-1)- (2.25)

Neglecting in (2.18) the two boundary integrals and using (2.24),(2.25), we
obtain

i1+1
ZASL’ (UMY 4 gzhith) < Z Az (n + gzihy)
1= 20 i= 20 1

i1—1

g2
— vgAt Z/ €]7—— (Mit1o+ + Miv1jo—) (Mit1)00 — Miy1/o-)>d€

=1

+205A—$vmg Z |ziv1 — 2" (2.26)

i=ig—1
Iterating (2.26) from n = N — 1 to n = 0 and using that

i1+N

2
Z2CBAt mg Z ‘ZH-I_ZZ

e N (2.27)
UmgTVQ[sz N, rzﬁN]((ZZ))

and that according to (1.40) one has NAz < v*NAt = v*T', we get

g 7T
b Y80S [ I (o M) Oy = M
n=0 i=ig
i1+N
< > AU + gzhd) + CTV2 vt +or (), (2:28)
i=ig—N

13



with C depending on g, T', 3, v,.
We are going to show next that the 1ntegral in the LHS of (2.28) is under-

estimated by a term proportionnal to SN ' S 201 AU oy — Uiy 2.
2.3 Lower estimate of dissipation terms
We first notice that
/ |§| Moy + Mir-Li-l/2—) (M1 )op — Mﬁ1/2—)2d§
g 7T n n n 2
= 2 / |§| +1/2+ + Mi+1/2—) (Mi+1/2+ - Mi+1/2—) d&- (2-29)

Now according to Lemma A.5, there exists a constant C' > 0 depending only
on ¢, hy,, har, ups such that

g27T2
(2My + My) (My — My)*d€

> (y@ + hmw) (2.30)

forallUy, Us € U, ., where My = M(Uy, §), My = M(Uy, §). We notice
that from (1.42), (1. 43) we have

1040 Ui jo— € Wi hnsuns- (2.31)
Thus from (2.29) and applying the last estimate (2.30) with Uy = U}, 5,
and Uy = UZ."_H/2_, we get
pese
/ |§| Moy + MiT—Ll-l/2—) (M1 )04 — Mﬁ1/2_)2d§
> C5| i+1/2+ U+1/2 ‘2 (2-32)

where Cs > 0 depends only on ¢, um, Aum, har, tar, and |-| is defined in (2.1).

2.4 Estimate of the discrete gradient
Now we use (2.32) in (2.28) and get

N—-141-1

vCs Z Z AU iv1/24 — Uitrjo- ?

n=0 i=ig
£ 0 0 " N (2.33)
< Y Az (nU)) + gzhl) ZASL’ (UY) + gzhY)
i=ig—N =10

+C Tvz[xlo —v* T,z +v*T] ((ZZ))7
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with C' depending on g, T', f, v,,. Next, using (1.18) we have

0 1 Tit1/2 0
gzih; < N 9l|z||lech’(x) dx, (2.34)
Ti-1/2
and by convexity of n
o 1 Tiy1/2 0
w0 < [ ) de, (2.35)
Ti—1/2
Summing over ¢ we obtain
i+ Tiy +N+1/2
> Aa(d)+ gund) < [ (000w + gllalah(a)) do
i=ig—N ig—N—1/2

(2.36)

We notice that z;,_n_1/2 = Tiy—1/2 — NAT = 230172 — T%,
to the finite propagation hypothesis (1.40) we deduce that

and according

i1+N

Z A:E (U2 + gz,ho) /

i=ig— N mi()*l/z_v*T
= ||77(DO)||L1(I?’*. )+9||Z||oo||h0||L1(1v*. )1 (2.37)
10,%1 10,1

xi1+1/2+v*T<

n(U°()) + gl 2l (@) ) d

with Ij:) ;, defined in (2.2). In addition, according to the preliminary compu-

tation (2.15) we have

i1 11
= Awgahl < glalleo Y AshY < gllelocllPllpgy - (238)
1=10 =10
Using (2.37), (2.38) in (2.33) and noticing that n(UY) > 0, we obtain that
N—lii—1
Z Z AU oy — Ul o P < C, (2.39)
n=0 i=i

where C' depends on g, hum, R, har, wni, Um, B, T, |2llLoe, TV 20+ ((2:)),
20,21
19U 11 1) and [|R°]| 1 1+, - Moreover using the triangle inequality and
(2.1), (1.24)-(1.26), (1.31), (1.32), we have
Uir — Us]?
<3(|Uit1/2+ — Uisrjo-* + [Uis1y2+ — Upa|* + [Uisrjo- — Ui]?)
§3(|Uz‘+1/2+ - Ui+1/2—|2 +(1+ u?+1/ghM)|z,~+1 - Zi|2
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With (2.39) we get (2.3) of Proposition 2.1 (apply the inequality to the final
time T 4+ At to get the sum until n = N). Moreover, using (1.20), (A.100),
(A.101) and (2.3), we get (2.4) of Proposition 2.1.

2.5 End of the proof of Proposition 2.1: estimate of
the gradient of the approximate solution

Now from (1.33) we compute for ¢, <t < t,4; and z; < © < x;11

t—t, UM = Ut — U, 4+ O N ur,—ur (2.41)

%0Ua =3 Az Az

Thus we get

bt v 2 At n+1 n+1|2 n n|2
tn x;

In consequence, by using (2.3) we get (2.5) by summing over i and n. Simi-
larly, from (1.33) we compute for ¢, <t < t,41 and z; < © < x;11

1 [urt—-urtt —ur, +up
T At Ax

Thus

tnt1 Tit1
/ / 10,Ua P dxdt < —[|U[f11 Ul P+ UM = U] (2.44)

In consequence, by using (2.4) we get (2.6) by summing over ¢ and n. This
concludes the proof of Proposition 2.1.

3 Interpolation estimates

Before going into the proof of Theorem 1.1, we give some interpolation esti-
mates.

3.1 Definition of interpolation functions Ux and F
We define U A(t, ) a piecewise constant function in space by

- bt
Ua(t,z) =U" — s (Fit1jo- — Fiz1/2+4) (3.1)
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for ty <t <tpyn, Ti—12 < T < Titp1/2, with E+1/2_, E_1/2+ defined in (121),
(1.22). We remark that for z; 1/ < * < 2412 and n=10,..., N,

Ua(tn, z) = U,

(3.2)

and thus, with (1.20), U, is continuous with respect to time. We also define
Fa(t, ) for w1/ <& < Tiy1y2, tn <t <tppq, by

T — Ti-1/2

Fa(t,x) = T Ar (F*( iv12-) 7 ( 2'7:-1/2+))
Litr/2 = X n —(m
‘|‘% (F+(Ui—l/2—) + F (Ui—1/2+)) ; (3.3)

with F+, F~ defined in (1.28), U" U™, . defined in (1.24). Then Fi

i+1/2— Yit1/24
is continuous with respect to x and we have

Vi€ Z Falt,vige) = FF(Ulp) + F(Ulo0) = F (Ul o Ui oy ) -
(3.4)
Then because of (1.21), (1.22) we have the partial differential equation

8J7A + axﬁ’A = gA, (35)

with §A piecewise constant in time and space defined by

~ 1
Sa(t,r) = Ar (Si+1/2— + Si—l/2+) (3.6)

for t, <t< tnt1 and Ti—172 < T < Tjy1/2, with Si+1/2—> Si+1/2+ defined in
(1.23).

3.2 Estimate of fOT [Far Uy — Ual? dtdx

Tig—1/2

Lemma 3.1. With the assumptions of Theorem 1.1, let N € N*, T'= NAt,
io, 11 € Z such that iy < iy. Let Un be the approximate solution (1.33) and
Ua defined by (3.1). Then

1/2
T Tig+1/2 e
( / / U — Tal? dtd:c) < VAT, (3.7)
0 xT;

ig—1/2

with |-| defined by (2.1). The constant C' depends only on g, by, har, Ung, U,
B, T, |lzlle, TV2150*71’1.1+1((21')); ||77(U0)||L1(1;fo* ) and ||h0||L1(IZ?’* )2

—1,i1 41 0—1,i1+1
. ,U* .
with I ;1 defined in (2.2).
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Proof. We use the definition (1.33) of Ua and write for all z; < x < ;41 and
by <t <tpht1

Un — U
_ LU U U 4 U
T At Ax (z =)

+ Y = U7 (x — xy). (3.8)

+ UM UM (t—ty,)

Using the triangle inequality, we obtain
Us = U7 < U = U7+ (U = U+ 0P = 07 (3.9)

It implies also

Us = Ul S URE = UPH 421U = UP [+ U7 =07 (3.10)
Thus
tntl  LTit1 2
/tn /x UA - U 1xl<m<xl+1/2 + U+11 1+1/2<96<9Ez+1) dxdt (3.11)
< 3AtA:c |U;f11 UP ) + 4|07, — U+ U — UW)-
Next, we set
Ux(t,z) =Up, (3.12)

for x;_1/2 < x < Ti41)2, 1, <t < t,4q. Taking the sum over n and i of (3.11)
and doing translations of indices, we get

i1+1/2
/ / C U Us — UL d:):dt<15AxZ Z AU, — UP?

Tig—1/2 n=0 i=ip—1
N-1 i1
+3Az Y Y AU - UP)P. (3.13)

n=0 i=ig—1

Then we use the discrete gradient estimates (2.3), (2.4) and the CFL condi-
tion (1.30) to get

Tiy+1/2
/ / |Up — UA|Pdxdt < CyAx, (3.14)
Tig—1/2
with C a constant depending on g, b, har, uat, U, B, T [|2|| e, TV 2 +1((zl-)),
ZO 'll

@M e, and 1A

10 1,49 +1)
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Next we use the definition (3.1) of Ua and the definitions (1.20)-(1.23)
and get for all z;_1/p <2 < @iy and t, <t <t

Up' = Us
t—t, i o ) o
T Az <F+(Ui+1/2_) +F(Ulayor) = F+(Ui—l/2—) — F (U1 )o4)
9 0
) n n n n 5 3.15
2 ((hi“ﬂ—)2 — (h)? + (ki) — (hi—1/2+)2)) ) (349)
with F*, F~ defined in (1.28), U[jrl/2 , Ulyyjgy defined in (1.24), A7\, .,

i1 /o defined in (1.25). Then, using that F *t and F~ are Lipschitz contin-
uous, see (A.100) and (A.101), with the CFL condition (1.30) we obtain that
there exists C5 > 0, depending on g, h,,, hys, uy and v, such that

U — Ua| §03<| 1o — Ul o |+ UM o — Uity oy |
+ |1 = R o |+ R — h?—1/2+‘>- (3.16)
Then using an estimate similar to (2.40) we obtain
UP —Ua| < Cy <|Uzn U | +|US = Ul + |z = zica| + |2 _Zi|> - (3.17)

Thus

n+1 7.+1/2
/ / UA‘ dtdz
Ti—1/2

<4C’2AtAx |U" Uk ? + \Uly — UM + |2 — zica? + |2i41 — Zz|2) .
(3.18)

Taking the sum over n and ¢ and doing translations of indices, we get

7,1+1/2

ZO 1/2
i N—-1 4
<8C2Az (Z STAYUR, UMY Y Atz —z,.|2> . (3.19)
n=0 i=ip—1 n=0 i=ip—1
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with U} defined in (3.12). Next, using the gradient estimate (2.3) we get

T prrigti/2 ~
/ / \Ux — Ual?dxdt < CyAx, (3.20)
0 xT;

ig—1/2

with Cy a constant depending on g, huy,, har, Unr, Um, B, T || 2] poes TV 20 y +1((zl-)),
10— 121
1) |17 and [|A°]| 1 g

Ifofl,i1+1) 1071,i1+1)'

Finally, noticing that Ux — Ua = (Ua — UL) + (UL — Ua), we get

T Tig+1/2 ~
/ / |UA—UA|2dtdx
0 z;

ig—1/2
T rzi41/2 T  rzi41)2 ~
<2 / / |UA—Ug|2dtdx+/ / |UXx — Ua|?dtdz | .
0 Tip—1/2 0 Tig—1/2
(3.21)
With (3.14) and (3.20) we get (3.7), which concludes the proof. O

3.3 Estimate of fOT [T | F(Uy) — Fal? dtde

Tig—1/2
We will see later on that in order to prove compactness of the sequence
Om(Ua) + 0,G(Ua) in H; ', we need an estimate on F(Up) — Fha.

loc

Lemma 3.2. With the assumptions of Theorem 1.1, let N € N*, T'= NAt,
io, 11 € Z such that iy < iy. Let Ua be the approzimate solution (1.33) and
FA defined by (3.3). Then

1/2
T pai41)2 -
( / / N P(Us) = FaP dtd:c) < oVAs, (3.22)
0 .

Tig—1/2

with |-| defined by (2.1). The constant C' depends only on g, by, har, Ung, U,

B, T, ||zllre, TVQI;JO*fl,i1+1((Zi))’ ||77(U0)’|L1(If0*71’i1+1) and HhOHLl(I;JOiMIH);
IV 154 defined in (2.2).
Proof. We recall here (3.3)
~ T — Tj-1/2 n — T
Fa(t2) = == (FH(ULp ) + F(Ulkaoy)
Tit1/2 — X n R —
T (P (U p )+ F-(U0)) . (3.23)
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for all x;_1/o < < @412 and t,, <t < t,11. Moreover, we have
F(Up) = FH(Up) + F~(Ua). (3.24)
Thus, using the triangle inequality, for all x;_1/» < x < x;11/2, We get
|Fa(t,2) — F(Ual(t, 2))]
< |F*( ln-|-1/2 ) = FX(Ua)| + [F~ (U1 o) = F~(Us)]
+ |FH (U ") = FHUA)| + | F~ (Ul )ay) — F~(Ua)|. (3.25)

Then, using that F™ and F'~ are Lipschitz continuous, see (A.100) and
(A.101), we obtain that there exists C' > 0, depending on g, h,,, Ay, uns
and v, such that

|Falt, ) — F(Ua))|
<C(|Ul)o- = Ua| + |Ulkjoy = Ual + ULy 5o = Us| + ULy o4 = Ual) -
(3.26)

Moreover using (1.24)-(1.26), (1.31), (1.32), we get
[Fa(t,2) - F(Us)| <C(2[U7 = Us| + U4, — Us| + U2, = Us|
—|—2|Zi+1 —ZZ" +2|Zz —Zi_1|). (327)

Thus we get

tny1 it1/2
/ / Fa(t,z) — F(U)|2dtda

i—1/2

tnt1 7.+1/2
<C / / UA| dtdx
Ti—1/2

+ C*AtAx (\U;}H — U+ U = UP) + J2gr — 2l + |2 — z,._1|2) .
(3.28)

Taking the sum over n and ¢ and doing translations of indices, we get

i1+1/2 i1+1/2
/ / |Fa(t,z) — F(Ua(t, z))Pdzdt < 02/ / \Ua — Ui |*dxdt

Tig—1/2 Tig—1/2
N-1 i i1
+C?Ax (Z > At|U;;1_Un|z+Z 7 Atfzi — 2 )
n=0 i=ig—1 n=0 i=ig—1

(3.29)

Using the previous estimate (3.14) involving Ux — UX and the gradient esti-
mate (2.3), we get (3.22), which concludes the proof. O
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4 Proof of Theorem 1.1

Using (3.5) we write
OUs +0,F(Us) = 0(Us = Ua) + 0, (F(Us) = Fa) + 8s, (4)

with Ua defined in (1.33), Ua defined in (3.1), Fa defined in (3.3), and S
defined in (3.6). Note that in (4.1) all terms are locally bounded functions.
We multiply (4.1) by 1/(Ua) and get, for any entropy-entropy flux (n, G), the
decomposition

On(Us) + 0,G(Us) = 7' (Ua) - 8,(Ua — Up)
+1/(Us) - 0, (F(Us) = Fa) + 7/(Us) - S
= Ry + My + Ry + My + 1/ (Ua) - Sa, (4.2)
with
By = 0, (o (Us) - (Us = Ta))
My = —1f"(Ua) - 8Ux - (UA - 6A) ,
Ry = 0, (0(Us) - (F(Us) = Fs)).
My = —5(Un) - 8,Usx - (F(UA) - FA) . (4.3)
We have using (3.22)

I

< (U8 2 oy / / F(Us) - B[ doat
< CpAz, (4.4)

thus Ry goes to zero in H,;! as Az — 0. Similarly, using (3.7), R; goes to
zero in H; ' as Az — 0. Furthermore, using (2.5) and (3.22), we have

loc

/0/_R\M2|d:cdt
<l sy ( [ 1005 Paear)” ([ [ |Fs) - B[ )

1! O
<|In <UA>||LW%OVA$

< Cp. (4.5)

F(Ua) — ﬁA> ‘zd:):dt
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Thus M is bounded in M,..((0,7") x R). Similarly, using (2.6) and (3.7), M,
is bounded in M,,.((0,7") x R).

Then, the definition (3.6) of Sx and the definitions (1.23) of Sit1/2—,
Sit1/2+ yield with (1.31), (1.32) and the Lj,. condition (1.35) that Sa is

loc

uniformly bounded in L}, . According to (4.2) and (4.3) one has
Om(Ua) + 0,G(Un) — Ry — Ry = My + My 4 i (Un) - Sa. (4.6)

The right-hand side is bounded in M;,. N Wl;j P Vp, 1 < p < +00, as a
consequence it is compact in H. l;cl. At this point, we know that R; + Ry and
M+ My+n'(Ua)- S are compact in H ok therefore their sum, which is equal
to 0y (Ua)+0,G(Un), is compact in H,,!. This holds for any couple entropy-
entropy flux (n, G). Furthermore, (Ua)aso is bounded since we assume that
(UM)in is a bounded sequence. We are now able to apply the compensated
compactness method [23] and we get that up to a subsequence Up — U a.e.
and in Lj,., , as At — 0 and Az — 0.

Moreover, according to Lemma A.8, 0;Un is bounded in L{°(D’) and
therefore we deduce that Ux — U in Cy([0,T7], L3S, (Rise)), by the Arzela
Ascoli theorem. Then, knowing that Ua converges in L7  to U, we can apply
Lemma A.9, which concludes the convergence of the approximate source term
SaA to S.

Finally we pass to the limit in (4.1) using (3.7), (3.22), which enables
us to get that the limit U is a weak solution to our system (1.1). Moreover
passing to the limit weakly in (2.16) using (1.36), we get (1.2). Similarly, the

weak limit of (4.6) yields (1.41). This ends the proof of Theorem 1.1.

Appendix: some technical lemmas

We prove here some technical results used throughout the paper. The
notations are introduced in Section 1.

Lemma A.1. Let z; = z(x;) for all i € Z, where z € C(R) satisfies 0,z €
L .(R), and (x;) is a uniform grid of length Ax. Then for any bounded

loc
interval |a, b],

TV20,5((2)) = Z (Zig1 — 2)? (A.1)

[mi,mi+1]C[a,b]

verifies

TV2;0((2)) < </b I&CZ(CU)\dx) 2 , (A-2)
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and

TV20p((2)) =0 as Az — 0. (A.3)
Proof. We have

Tit1
Ziv1 — 2 = 2(Tig1) — 2(m;) = / Opz(x)dz, (A.4)

thus for [z;, z;41] C [a, b]

Ti41 b
|zir1 — zi S/ |0,2(x)|dx S/ |0p2(x)|dx. (A.5)

It follows that
ZZZ+1_ZZ <Z/ |0p2(x |d93></|8z )|dx

([ o)

which proves (A.2). Next, when z is Lipschitz continuous one has |z; 11 —z;| <
Lip(z)Az, thus TV 24,4 ((2)) < Lip(z)?Az(b—a) and (A.3) holds. When we
have only 0,2z € L}, for any ¢ > 0 one can find z. € Lip(R) such that

Ti+41

(A.6)

locy

1022 — Opze|| L1 (jap)) < €, and if follows that (A.3) also holds. O
Lemma A.2. Let Uy = (hg, hxuy) for k=1, 2 with hy, > 0. Then
gon

(2M; + M) (M; — Ms)?

O) ‘

=Hy(Mz) — Ho(M:) —1'(Uh) é) (My — My)
= Lig—un)z>2gn, Mo (@ - ghl) ) (A7)

where My, = My(§) = MUy, &) and M(U,§) is defined in (1.9), Ho(f) =
Ho(f,&) is defined in (1.12).

Proof. This lemma indeed gives the remainder in the inequality (1.16). Using
the identity

B = a® = 3a°(b— a) = (b+2a)(b - a)”, (A8)
one has
? (2M1 + M2) (Ml - M2)2 — HO(M2> — H(](Ml) — Hé(Ml) (M2 — Ml) 7
(A.9)
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where we donote H((f,§) = %Ho(f, ¢). Thus we have to prove that

(1w (¢) - 00 ) (42~ 2t

—u)?
= —Leuyy2oagn Mo (% —~ ghl) . (A.10)
On the one hand we compute according to (1.17)
1 w2 2 )2
U/(Ul) <£) = gh1 - ?1 + u1§ = gh1 + % - % (All)
On the other hand we have using (1.9)
2 2.2 2 )2
Hy(My) = S i M = s gh — Ezw)y (A.12)
2 "2 2 2 ),
Subtracting (A.12) to (A.11) it follows that
/ 1 / —uy)?
n'(Uh) <§) — Hy(M1) = —Lig—u)2>29h (% - ghl) : (A.13)

and therefore that

(0 (¢) - o0 ) (v = )

= = Lig-u)2>9m (@ - ghl) (My — My). (A.14)

Finally we notice that
(€ —w)?* > 2ghy <= M; =0, (A.15)
thus we get (A.10), which concludes the proof. O

Lemma A.3. There exists some constant o > 0, depending only on the
gravity constant g and on the constants hy,, hyy, uy involved in (1.38), such
that

AE(%@@—%@M—W%%QM@=MO%
> a (n(Us) —n(Ur) —n'(Uh) (U — Uh)) (A.16)

for all Uy, Uy € Up,, hyyuy defined by (1.38) and where M, = My(§) =
M (U, &), with M (U, &) defined in (1.9), Ho(f) = Ho(f,&) is defined in (1.12)
and n(U) is defined in (1.3).
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Proof. Note that without the factor || in (A.16), the inequality would be-
come an equality with e = 1. Thus the difficulty is to show that small values
of £ do not make a significant contribution. The idea is to make a linear
combination in the variable 7/(U) as in [14, Lemma 2.3], but the difficulty is
that in this variable, the set where A > 0 is not convex. This is why we have
to be far from vacuum. We set

Uy, = {(h, hu) €R?, h> hy,}, (A.17)

and we first deal with the case

U, = <hh;> and U, = ( ha ) € ﬁm, such that |u; — ug| < \/ng
1Uq

haug
(A.18)
In this case we have
vt € [0,1], (1=t (UL) + t (U) € o (Usy,). (A.19)
with L
U, = {(h, hu) € R?, h > 7’”} . (A.20)
Indeed we notice that using (1.17),
Vi Y P V22
> gom o 12
<V2)677(Um)<:>‘/1_g2 = (A.21)

Thus (A.19) is equivalent to
YVt € [O, 1],Vh1, hg Z hm,Vul,m c R, such that |U1 — UQ| S \/ghm,
u? u3 R 1 2
(A.22)
Thus we have to check that

Vt € [0,1], Vug, ug € R, such that |uy — us| < \/ghum,

u? u3 hy 1 2
(1—-1) ghm_? + gh'm_? 295 ~ 3 (1—t)uy +tuy | .

(A.23)
This inequality simplifies to
B t(l—t
92 2 ( 5 ) (ul - U2)2, (A24)
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which holds true when ¢t € [0,1] and |u; — us| < 24/gh,,. This proves (A.19).
According to the property (A.19) we can now define a path v(t) € U,,,
for 0 <t <1, connecting the two states Uy, U, satisfying (A.18), by

' (v(t)) = (L= )n'(Uh) + tn' (Ua). (A.25)

Such a definition is possible because 7’ is a diffeormorphism, see (1.17). It
enables us to set

/ 61 (Ho(M(w(t),€),€) — Ho(M(U1.£).€)

—77 (U1) <> (Uhg)))dg
a(n(v(t)) - ' (Ur) (v(t) = Uh)).- (A.26)

We notice that ¢(0) = 0, and the desired inequality (A.16) is equivalent to
¢(1) > 0. Thus it is sufficient to prove that ¢ is nondecreasing. Using the
fact that

n'(U) (é) = H)(M(U,§),§), for all £ € R such that M (U, &) >0, (A.27)
we can compute

= [ 67wy - v ) M. v
—a(n'(

v(t)) = (U1) v'(t). (A.28)

Moreover, using that

n'(v(t)) —n'(Ur) = t(n' (Uz) —n'(U)) = tn" (v(t))v'(1), (A.29)
we get
)t / €l (o @ M (u(8), )0 (£)dg
—aty"(v(t)V' () (t). (A.30)

This can be rewritten as

)=t [lenrem.oe (rem (¢)) oo

—atn"(v(t))-V'(t) - V' (¢). (A.31)
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Thus now it is sufficient for getting (A.16) to prove that
VU € Uy, VX € R

[iear@ee (rw) (p))-x-xiezara) - x-x. (4w

For all U € U,, and ¢ € R such that M (U, &) > 0, we compute

70 (¢) = 010, (A3)
and
7'0) (¢) = #0106, M 0.0 gen
Moreover one can check that
HY (M(U,) = g7 M (U, 6). (435)

Thus we obtain

[iarwee (vw (;))
g /M(WO €] M(U,§) M(U,€) & M(U,)de,  (A.36)

and therefore the desired inequality (A.32) can be written
VU € Uy, VX € R

o / €] MU,&) (MU, )X de = an/(U)- X - X.  (A37)
M(ULE)>0

According to (1.17), we have

1q° q
/
= | —== - A.

ﬁ + —4q u? + _u

n"(h,q) = <h3 qg 1h2) - <h ug 1h) ) (A.39)

T h? h T h h

Denoting X = (‘Tl), we get
T2
n'(U)- XX
w?\ , 1, 2u
= g+% LL’l—'—%SL’Q—%LL’lSL’Q

1
=ga? + 7 (29 — uzy)”

=g} + ha3, (A.40)
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where we denote ]
T3 — E (LUQ — uxl) . (A41)

In order to compute M'(U, &) X, with (1.9) we compute the partial derivatives
where M (U, &) > 0,

MU €)= 5 — (oh— (€~ w)) " (2206~ w), (A42)
M) = 5= (2oh = (€ —uf) P 26—, (A3

It leads to the formula (where M (U, &) > 0)
-1 i
M.x = (ot 5 )

g272 h
-1
e ) (A44)

Using (A.44) in the integral of (A.37) we get

e / €] M(U,€) (M'(U,€) X de
M(U£)>0

1 1

T g T 0 €
IR !

_97T (E—u)2<2gh (2gh — (£ —u)?)

As for (A.16), we notice that without the factor |£|, the inequality (A.37)
would become an equality with a = 1 (compute the integral (A.45) without
the factor [£]). With the factor |£|, we use the substitution v = £ — v in
(A.45) and the convention that if u = 0 then sgn(u) = 1, to obtain

73 (921 + (€ = w)as)®de == 1. (A.45)

1 2
I> |v 4+ u| (g1 + vas)” dv
9TV 29h J i< v2gh
1
> ([o] + [ul) (gz1 + [v] sgn(w)as)* dv

gm\/2gh |v|<+/2gh,sgn(v)=sgn(u)

1 V29h 2
> P / v (gz1 +vsgn(u)xs)” dv
V 0
1 V2R 2
> 297 v (g1 + vsgn(u)zs)” dv
Vi [ :
= ﬁ // (gml + &4/ 2gh sgn(u)a:g,) dg. (A.46)
1/2
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The last integral is a positive definite quadratic form with respect to y; = gy
and y3 = v/2ghsgn(u)xs. Thus we have for some absolute constant Cy > 0
(one can check that Cp = 1/(8 x 13) works)

h Vgh
1> C N ((gz1)* + gha3) = C’OE (93 + ha3) . (A.A4T)

Therefore by (A.45), (A.47) we get

/o7
V2m

Because of (A.40), this proves that (A.37) holds with oy = Cov/gh,,,/27. We
conclude that (A.16) holds for all Uy, U, € ﬁm such that |u; — us| < /ghp,
with the constant ;.

Thus, to conclude the lemma it is now sufficient to prove that

o /M<Us>>o|s| M(U€) (M'(U.€)X)" dg > Co~— (gui + ha) . (A.48)

dag >0, YU, Us € Up,, hyyuy, Such that |ug — us| > /ghum,

, 1
G <H0<M2> — Ho(My) — /(17 (5) (M, — Ml)) 0> ar. (AA9)
R

Indeed, when Uy, U; € Up,, hysuy We have

(ha — h1)2+h2 (up — uq)?

n(Usz)=n(U1)—n'(h) (U2 = Uy) = g 5 5

< C(9, hary unr),

(A.50)
thus when (A.49) holds, we deduce (A.16). Proceeding by reductio ad ab-
surdum, let us assume that (A.49) does not hold. Thus

Vn >0, 33U, Uy € Up,, hppuays Such that
Ul — uz| >/ ghm

and [ 1l (#0(Mp) — ()~ (07) () O = 2ap) ) de < 1

where M = M(U?,§). As Wp,, hyua 18 & closed and bounded set, we can
extract a subsequence (that we still denote UJ', UZ') such that

Uln — U, € thhMmM, U2n — Uy € uhw“hMmM, (A52)

with
lur — us| > \/ghm. (A.53)
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By Lebesgue’theorem, (A.51) implies that

[ 161 (#o) = oom) /@) () (2 = da) ) de <. (a5

We also know by (A.7) that

1 2,02
Ho(0) — Ha(My) ~/(5) () (e = 40) = T (200, + M) (s = M)
(A.55)

and therefore we get that
(2M; + My) (M; — My)* =0 for almost every &. (A.56)

This implies that M; = M, a.e. and therefore that U; = Us, in contradiction
with (A.53). This concludes the proof of Lemma A.3. O

Lemma A.4. One has

. 2
/ €M (U, €) (M - ghl) e
(6—u1)?>2ghy 2
<4 (|U2| + \/2gh2)
T gm/ghs

fOT’ all U; = (hl,hlul), hi > 0 and Uy = (hg,hgﬂg), hy > 0, where M(U, 5)
is defined in (1.9), and

K2 min(ghs, K), (A.57)

1
Proof. We notice that for all £ € supp(M3) one has |£| < |uz| + v/2ghs, thus
we have
— uy)? —up)?
- 652 (- )
1
= ‘g(hz —h1) +&(ug —ur) — 5(“% — uf)

< K. (A.59)

Therefore, using that £ € supp(M;)° N supp(Ms) iff ghy — % > 0 and

w — ghy > 0, we get

(€ — U2)2
2

N ’ (€ —2U1)2
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Using (1.9) and (A.60), we get
)2
/ elar(ene) (55 - gm ) de
(§—u1)?>2ghy

5 2N 12 2
_ V2 6l (one - E520) T (S5E - g ) ae
9T Jsupp(My)ensupp(Mz) 2 2

V2
< g—w(|u2| +1/2ghs) [supp(M;)¢ N supp(Ms)] K32, (A.61)

Thus it is now sufficient for getting (A.57) to prove that

M) n M) < ———= A.62
[supp(M1)° M supp(My)| < N (A.62)
We observe from (A.60) that for £ € supp(M;)° N supp(Ms) one has
P) <0, (A.63)
where
)2
P(€) = ghy — % ~K. (A.64)

We notice that when & = uy, P reaches a maximum equals to ghs — K, and
we distinguish two cases:

o If K > ghy then
[supp(M1)° N supp(Ma)| < [supp(Ms)| = 2v/2ghs, (A.65)
which concludes (A.62).

o If K < ghy, then the maximum of P is positive and using (A.63) we
get that for & € supp(M;)° N supp(Msy) we have

§ € [U2—\/%,7’1]U[T2,U2+\/%] , (A.66)

with 7 < ug < 7o are such that P(r;) = P(ry) = 0. We have uy —

V2ghy < r1 because P(ug — +/2ghs) = —K < 0, and 1y < ug + v/2ghs
because P(us + v/2ghy) = —K < 0. This configuration is illustrated
on the following picture.
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ghg — K ********************
U9 —
y=P(¢)
Graph of £ — P(§) when K < ghs
Thus
\Supp(Ml)c M supp(M2)| S T — (Ug — 1\ 2gh2> + U9 —+ \/ 2gh2 — Tal.
(A.67)
We set oK
7= ue — /20h _— A .68
1 = Ug gha + Nk ( )
and we notice that oK
< +/2gh A.69
\ 29h2 gh2 ( )
because of the assumption K < ghs. Thus we obtain that
1 < Usg. (A70>
Moreover
~ 2
. T — U
P(7) =ghy — % K
1 2K \?
=ghys — = | —+/2gh — K
ghy 2( gho + Tghg)
v (- 3)
=— — 4+2K—-K=K[1—— ] >0. A7l
ahn ghs (A7)
With (A.70) we deduce that
r1 <71 < Up. (A.72)
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Similarly we set

To = Ug + /2ghy — %, (A.73)
and by the same arguments we obtain that
Up < To < To. (A.74)
Putting together (A.72) and (A.74), we get
ry— (uz—\/%> + W—i—%—m
< ’7:1— (U2—\/297h2>‘+’uz+\/%—7’~2
4K
= NGO (A.75)

With (A.67) we get (A.62) in the case K < ghs, and this concludes the
proof of Lemma A .4.

O

Lemma A.5. There exists some C' > 0 depending only on g, hy,, hyr, upyr
such that

927T2
1655 0y + 0 (04, — M)
R

> @M + hmw) : (A.76)

for all Uy, Uy € Up,, hyyuy defined by (1.38) and where My, = My(§) =
M(Uy,§), with M(U,&) defined by (1.9).

Proof. Let Uy,Us € Uy,,, According to Lemma A.2 we have

haryuns

2,2
/R €195 20y + My) (M — M)

- [ (H0<M2> — Ho(My) — o/ (1) @ (M, Mo) d

N2
- /(5_ e (%—ghl) . (A77)

Let us first consider the case of data

1 1
Ul, U2 such that ‘hl — hg‘ S —— and \ul — Ug‘ S —, (A78>
4C? 4C2

1 2
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for some positive constants 6’1, 52 depending on g, hy,, har, ups such that
453 > \/glan' These constants will be chosen further on.

For data satisfying (A.78), we are going to estimate the right-hand side
of (A.77). On the one hand, in order to estimate the first term in the RHS
of (A.77), we apply Lemma A.3. Since 4C2 > —L_ we are in the case (A.18)

vV ghm
and we get

J16l (o) = otan) /@) () (02— a1 ) e

>ay (n(Uz) —n(Ur) —1/'(Ur) (Uy — Uy))

h, —h 2 _ 2
= (97( = 5 ) +h27(U2 2u1) )

o (a2 ), a1

with ay = Cyv/gh,,/2m and Cy > 0 is and absolute constant. On the other
hand, in order to estimate the second term in the RHS of (A.77), we apply
Lemma A.4 and obtain

/ €M (Un, ) ((5_—“)2 - ghl) e
(6—u1)?2>2ghy 2

4 (|uz| + v2gh 1
< Al + vgha) (g|h1—h2|+<|u2|+\/2gh2>|u1—u2|+—|u%—u§|)
gﬂvghz 2

5
< C1(g, b, har, unr) (glhy — ho| 4+ Co(g, b, har, uar)[ur — uef)?, (A.80)
with

4 (uar + v29har)
C1(g, oy har, upg) = , (A.81)
1 M UM P
Co(gy b, har, ung) = 2ups + v/2ghy. (A.82)
Using the Jensen inequality we have for a,b > 0,
5/2 5/2 5/2
(a + b)*/2 = 25/2 (GTM) < 25/2%, (A.83)

we get

/ €M (Un, ) ((5_—“)2 - ghl) e
(E—u1)2>2gh1 2

< 2%2C1(g, hny Poars ung) (gg\hl - h2|g + C3(g; Pom, hM,UM)%Wl - U2\5> :
(A'84)
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Thus, using the estimates (A.79) and (A.84) in the RHS of (A.77), we get

2_2
/ €197 @0, + My) (M, — My)*de
R

6
> o (gi(hz ;hl)Q Ty e ) _2u1>2)
— 2320, <g3|h1 — ho|? + C§|u1 - u2|§>
= aIM (1= Cilhy = hal?)
+a1M (1—52\u1—u2|%), (A.85)
with .
~1 _ 23/2“019%’ 52 _ 23/2“016'5 (A.86)

a1g alhm
One can check that Cy > (gh,,)"Y/4/2. From (A.85), since we are dealing
with Uy, U, satisfying (A.78), we get
g’
|£|T (2My + My) (My — Ma)?dg
R

aq (h2 - h1)2 Ug — U1)2

> 5 (g 5 + hm( 5 ) : (A.87)

At this point we have the result (A.76) for all Uy, Us € Up,, hyy 0y, Satistying

(A.78). Thus, since the right-hand side of (A.76) is bounded, it is now
sufficient to prove that

Jas > 0, VUl, U, e uhm’hM’uM such that

1 1
|h1 —h2| > —— or |U1 —u2| > —,
4C? 403
g27T2
we have / €] 5 (2M, + M) (M — My)*dé > as. (A.88)
R

Using a reductio ad absurdum as in the proof of Lemma A.3, we suppose
that (A.88) does not hold. Thus

vn >0, 33U, Uy € Un, hpyuys Such that
ACT |} — B3| + ACS|u} — uj| > 1
g’n? 2 1
and [ (6155 @M+ 23) (U~ MGPaE< S (A0)
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where M = M(U}, ). As Wp,, hy o 18 & closed and bounded set, we can
extract a subsequence such that

Uln — U € uhm,hMMMv U2n — U € uhm,hM,uM (A'90>

with B B
4012|h1 — h2| + 4022|U1 — UQ| Z 1, (Agl)

and by Lebesgue’s theorem

22
g
[
R
Therefore we get
(2M; + My) (M; — My)* =0 for almost all £, (A.93)

) (M, — My)*dé = 0. (A.92)

itself implying that M; = M, a.e. and therefore U; = Us, in contradiction
with (A.91). This concludes the proof of Lemma A.5. O

Lemma A.6. Let Uy = (hy, hyuy), k = 1,2 with hy, > 0. Then

/|M (U1,&) — M(Us, §)| d€

[NIE

< \/g ( ( h1> +min(h1,h2)(u2—u1)) y (A94)

with M (U, &) defined by (1.9).
Proof. Let us recall that from [5, Lemma 3.11] one has
[ 2,9 (011, €) - b)) g
S ﬁ ( (hQ hl) + mln(hl, hg)(Ug - U1)2) . (A95)

Then using the Cauchy-Schwarz inequality,

/R\Mwa,f) M(Us, €)) de

</ My — M2|d§+/ My — My de
M1>0 M>>0

1/2
( / —d£) ( My (M Mﬁd&)
M1>0 M1>0
1 1/2 1/2
+ ( ﬁdg) ( M, (M, — Mg)ng) : (A.96)
M>>0 2 M2>0
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f/;glh we get

1 utvig g
7d — d
/ M(U£)>0 M(U £) : L_@ (2gh — (€ — u)2)1/2 §

Using the substitution v =

w20k 1
/ 29 dv = gﬂ[arcsin(v)] = gn’. (A.97)
il s
Now from (A.96), using (A.95) and (A.97) we get (A.94), which concludes
the proof. O

Lemma A.7. Let Uy = (hg, hyuy), k = 1,2 with hy > 0, and set

1
Cy = max o] (1 + v20*)2, (A.98)
UE{\u1|+\/2gh1,|u2|+\/2gh2}
for some given v > 0. Then one has denoting |||(x1, zo)||* = 2% + 1223,

I1£(U1) = F(U)|| < %Cél (g(ha — hn)? 4 min(fr, o) (ug — w1)?)

[NIES

(A.99)

I (U) = FH(Ua) ||| < 2\—\;04( (h = 1) + min(hy, ha) (12 = wr)?)?
(A.100)

|1F~(Uy) — F~(Us)|| < 2\—\;04 (g(hs — hy)? + min(hy, h) (uz — 11)?)
(A.101)

Proof. We recall that from (1.28),

/ §1§>0< ) (U, €,
/ 51&0( ) U.€)d,
1

and F(U)=F"(U)+F (U) = /Rg <£) M (U, €)de. (A.102)

Thus the result is an immediate consequence of Lemma A.6 and of the fact
that

v&wmwmmm%MK@ (A.103)

O
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Lemma A.8. With the assumptions of Theorem 1.1, let Ux be the approxi-
mate solution (1.33) and ¢ € D(R). Then there exists some C' > 0 depending
only on the available bounds and on ¢ such that

Vi e [0,T], < Ua(t,-),¢><C. (A.104)

Proof. Using (2.43) we get for any t, <t < t,11

< OUn, ¢ >= A+ B, (A.105)
with
A= Z Ait {Uﬁl — U z; e U7 } / jm(:g ~2)é(x)dz (A.106)
and . i
B= Z N (Ut — U] / | o(x)dz. (A.107)
First we notice that Z
/ " m)e(@)ds = Az — [ (@)d, (A.108)

where 1 is an antiderivative of ¢. Thus we get

4= 1 [Uﬂl—UfH—Ui"-HﬂLUZ‘

At Az } Awai—l—l/% (A.109)

with A1/ == P(Ti41) — ﬁ f;j“ Y (x)dx. Moreover, by doing translations
of indices we get

1
A= Z 7 (U = UP] [Ai_1ja — Atirayo] - (A.110)
Next, using that U* is bounded we get from (1.20) that
" " At N
U7 = U7 < 25— (IF7 (@)oo + 1F7(U)lloo + l9h°100) - (A111)
Moreover we notice that
‘A¢i—1/2 - Awi+1/2‘ S Al’lep(gb), (A112)

which enables us to get

|A] < 2CAzLip(¢) Z L st (e, suppey<ae < C (A.113)

39



with C" > 0 a constant depending on ¢. Next, from (A.107), we use (1.20)
and get

Z Ar Fij10- — Fie 1/2+} A$¢z+1/27 (A.114)
with ¢pi1/0 1= 2= QZ_Z“ ¢(z)dx. Using (1.21)-(1.23) we get
B = - Z [Fis1jo — Fic1jo] biv1jo — Z [—Si1/2— — Sic1jo+] dit1/2

= — Z Fiv1/2 [¢z‘+1/2 - ¢i+3/2} + Z [Si+1/2— + Si—1/2+} Git1/2-

(A.115)
We have
|Pir1/2 — Girs2|l < AxLip(9), (A.116)
and
|Sit1/2— + Sic1jo+] < v (|zis — 2] + |2 — zi-1]).- (A.117)

We thus conclude that B is also bounded since 9,24 is bounded in L. O

Lemma A.9. With the assumptions of Theorem 1.1, let Un = (ha, hauna)

be the approzimate solution (1.33), and Sa be the approzimate source defined
by (3.6). We assume that there exists U such that Un tends to U a.e. as
Az, At — 0. Then

Yo(t, z) € D(R?), //SAtx o(t, ) dtdx // (t,z)o(t, x) dtdx,
AwAt—>0

(A 118)

with S(t,x) = 0 .

’ —gh0,z
Proof. Let ¢(t,z) € D(R?). We compute the integral

//SA (t,x)¢(t, x) dtd:):—z Z At (Sit1jo- + Sic1y24) 67,

n=0 i=—o00
lntl  LZTit1/2

with ¢;' = EE : /x » o(t, x)dtdz. Then we perform a translation

of the index 7 and get

Z Z At (Siv1jo- + Sic1o4) 7
= Z At Z Sit1/2-P; + Z At Z Sit1/24+Pi41-
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Then we notice that |¢7,; — ¢}'| < Lip(¢)Axz and we obtain that

[[Bsoduts =35 A (S + S ot w0 (A19

n

Next, for Az, |z —

z;| small enough, we have on the one hand using (1.43)
h? h2
i+1/2— i
Sz+1/2— 9T 79y
(hi + 2 — 2ziy12)° _ h_2

7

—9 2 b
Zi — Zj
=09(2 — Zig1/2) (hi + %) . (A.120)

On the other hand, we have similarly

h? h?12 Ritl T Ri41/2
Sz+1/2+ =9 o g L Langs —9(2ip1 — Zi+1/2) (hi-i-l + %) .

2 2
(A.121)

Moreover noticing that h;; = h; + (hix1 — h;), with (A.120), (A.121) we get

Z Z At Sz+1/2— Sz+1/2+) o3
= Z Z Atg(zi — 2)h268 + > > AtATR! g7, (A.122)
with

Zi — Zj 2 2 — % 2
Aan = (Zz—l—l — Zz+1/2) (h?-i-l - h?) + g# _g( +1 5 +1/2) )
(A.123)

The last term in the RHS of (A.122) tends to 0 because of (1.36), the Cauchy
Schwarz inequality and the bound (2.3). The first term in the RHS of (A.122)
converges to the source term since

- Z Z Atg(zig1 — z)hi' ¢Ff

Y EC—

The convergence holds because we supposed ha — h a.e., and Cﬁ—f — g—fc in
L} . This concludes the proof of the lemma. O

loc*

)t )6l 2) dide.
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