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Résumé — In this work, crack nucleation and propagation in highly heterogeneous materials models,
such as those obtained by micro-CT imagery of real materials, are investigated for the first time by means
of the phase field method. The Phase field method is based on a variational formulation of brittle fracture
with a regularized approximation of discontinuities. Its various advantages for voxel-based models of
microstructures are discussed. A shifted strain split operator algorithm is proposed to handle unilateral
contact within cracks in a very efficient manner.
Mots clés — Phase Field, Cracks, Nucleation, Microtomography, Voxel models, Heterogeneous materi-
als.

1 Phase-Field method to simulate crack propagation

Starting from the pioneer works of Francfort and Marigo [1], numerical difficulties of the classical
fracture framework can be overcome by a variational-based energy minimization framework for brittle
fracture and by using a regularized description of the discontinuities related to the crack front. In this
work, crack propagation in highly heterogeneous microstructures, such as segmented X-ray CT images of
real material, which are used as direct input of the simulations, are investigated for the first time by means
of the phase field method, which here follows the algorithmic framework proposed by Miehe et al. [2].
To handle the large voxel-based models, we propose a shifted algorithm to compute the strain tensor split
used to handle unilateral contact which leads to a very simple and efficient algorithm. The advantages of
such an approach are demonstrated for crack nucleation and propagation in microtomography models of
cement-based materials.

1.1 Smeared approximation of cracks

Let Ω⊂Rd an open domain describing a cracked solid. We introduce the time-dependent crack phase
field d ∈ [0,1] characterizing for d = 0 the unbroken and for d = 1 the fully broken state of the material.
A regularized crack phase field d(x, t) is obtained from the boundary value problem [2] :

d − l2△d = 0 in Ω,
d(x) = 1 on Γ,
∇d(x) ·n = 0 on ∂Ω,

(1)

where ∆(.) is the Laplacian, l is a regularization parameter describing the actual width of the smeared
crack, and n the outward normal to ∂Ω. It can be shown that (1) is the Euler-Lagrange equation associated
with the variational problem :

d(x) = Arg
{

inf
d∈Sd

Γl(d)
}
, (2)

with with Sd = {d|d(x) = 1 on Γ ∀x ∈ Γ} and Γl(d) =
∫

Ω γ(d)dΩ, where Γl(d) represents the total crack

length, γ(d) denotes the crack density function per unit area, defined by : γ(d) =
1
2l

d2 +
l
2

∇d ·∇d and
which governs the regularization by the length scale parameter l giving for l → 0 the sharp crack topology.
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1.2 Brittle fracture modelling by using the phase-field method.

The variational approach to fracture mechanics provided by Francfort and Marigo [1] introduces the
following energy functional for cracked body :

E(u,Γ) = Eu(u,Γ)+Es(Γ) =
∫

Ω\Γ
Wu(ε(u))dΩ+gcH d−1(Γ) (3)

where Wu is the elastic strain energy density function, ε= 1
2

(
∇u+∇uT

)
, u is the displacement field, gc

is the fracture toughness, and H d−1 is the Hausdorff surface measure giving the crack length (d = 2) or
surface (d = 3). The term Eu(u,Γ) represents the stored elastic energy in the cracked body, and Es(Γ)
is the energy required to create the crack according to the Griffith criterion. The a priori unknown crack
surface is approximated by the crack density function. The work required to create a unit crack area can
be rewritten as :

gcH d−1(Γ) = gc

∫
Ω

γ(d)dΩ. (4)

Using an unilateral contact formulation [2] with an assumption of isotropic elastic behavior of the
body accounting for damage induced by traction only, the elastic strain density function can be expressed
as :

Wu (u,d) = g(d)Ψ+ (ε(u))+Ψ− (ε(u)) , (5)

where g(d) is a simple degradation function chosen as

g(d) = (1−d)2 (6)

and where Ψ±(ε) = λ
2

(
⟨Tr(ε)⟩±

)2
+µTr

{
(ε±)

2
}

, with ⟨x⟩± = (x±|x|)/2 , and ε+ and ε− are exten-
sive and compressive parts of the strain tensor [2]. We introduce here [4] a shifted strain tensor split
algorithms to avoid the nonlinearity of this decomposition :

ε+n+1 ≃ P̃+
n+1 : εn+1, ε−n+1 ≃ P̃−

n+1 : εn+1, (7)

where

P+
n+1 ≃ P+

n +β(dn)∆tn
∂P+

n

∂t
. (8)

where we have introduced a weight function β(d) such that β(d = 0) = 0, β(d = 1) = 0, e.g. β(d) =
(1−d)2 to avoid unphysical values of ε± in the broken zone [4]. It yields the smeared form of the total
potential energy for brittle fracture :

E(u,d) =
∫

Ω

{
g(d)Ψ+ (ε(u))+Ψ− (ε(u))

}
dΩ+gc

∫
Ω

γ(d)dΩ. (9)

Minimization of E(u,d) and introduction of the history field H to enforce irreversibility [2] :

H (t) = max
τ∈[0,t]

{
Ψ+ (x,τ)

}
, (10)

and introducing a time-stepping, the problem is solved in a staggered procedure, where two linear prob-
lems are obtained at each iteration. At time tn+1, given un(x) and dn(x), the weak form for the phase-field
problem is given by∫

Ω

{(
2Hn(un)+

gc

l

)
dn+1δd +gcl∇dn+1 ·∇(δd)

}
dΩ =

∫
Ω

2Hn(un)δddΩ (11)

and provides the phase field dn+1(x). The weak form for the elastic problem is obtained as∫
Ω

Wu(un+1,dn+1) : ε(δu)dΩ =
∫

Ω
f ·δudΩ+

∫
∂ΩF

F ·δudΓ ∀δu ∈ H1
0 (Ω), (12)

which provides the displacement field un+1(x).
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2 Numerical example

A microtomography-based microstructure of a three-phases porous cementitious material is under
consideration. The studied material is an EPS lightweight concrete [3], made from quartz sand and EPS
beads embedded in a cement matrix. The grey level image was segmented in order to separate the three
phases of the microstructure. The dimension of the sample is L = 1 mm (see figure 1) (b). As depicted in
the same figure, the white, grey and black phases correspond to matrix, inclusions and pores, respectively.
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FIGURE 1 – Compression test of a microtomography image-based model of cementious material : (a) mi-
crostructure : the white, grey and black phases correspond to matrix, inclusions and pores, respectively ;
(b) geometry of the domain and boundary conditions.

On the lower end, the y-displacements are blocked while the x-displacements are free. On the upper
end, the x-displacements are free, while the y-displacements are prescribed at value of U which increases
during the simulation. Plane strain is assumed. The model consists of 550×550 pixels, each associated
with a material property of matrix, inclusion or holes, according to the data obtained from the micro-
tomography image segmentation. The voxel data are transferred into a regular grid of square domains
associated with voxels, each divided into 2 3-nodes elements

The material parameters of each phase are : Ei = 30 Gpa, νi = 0.3, and Em = 10 Gpa, νm = 0.2. The
fracture toughness is gc = 2.5×10−4 kN/mm . The simulation is performed with monotonic displacement
increments of U = 10−4 mm during the first 110 time steps and U = 10−6 mm during the last 240 time
steps which correspond to the propagation of the micro cracks. The length scale parameter is chosen as
l = 0.0075 mm. In this example, the domain is initially not cracked, and the cracks first nucleate and
then propagate with an increase of the compressive load.

The crack distribution evolution for different time steps is depicted in figure 2. We can observe that
several cracks are nucleated from the pores and can propagate either in the matrix or in the inclusions,
with complex paths. When the microcracks start nucleating, the materials strength quickly drops. Then,
this example shows the potential of the method for describing microcracking, involving nucleation and
complex crack patterns in real microstructures.

The load-displacement curve is provided in figure 3.

Références

[1] G.A. Francfort and J.J. Marigo. Revisiting brittle fracture as an energy minimization problem, J. Mech. Phys.
Solids, 46(8) :1319-1342, 1998.

[2] C. Miehe, M. Hofacker, and F. Welschinger A phase field model for rateindependent crack propagation :
Robust algorithmic implementation based on operator splits, Comput. Meth. Appl. Mech. Eng., 199 :2776-
2778, 2010.

[3] K. Miled, K. Sab, and R. Le Roy. Particle size effect on eps lightweight concrete compressive strength :
Experimental investigation and modelling, Mech. Mater.,39 :222-240, 2007.

3



100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550
100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550
100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

550

FIGURE 2 – Compression test of a microtomography image-based model of cementious material : crack
propagation for : (a) U = 20.5× 10−3 mm ; (b)U = 23.5× 10−3 mm ; (c) U = 24× 10−3 mm, and (d)
U = 25×10−3 mm.
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FIGURE 3 – Compression problem : load-deflection curve.
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