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On the transverse diffusion of beams of photons
in radiation therapy

T. Pichard, B. Dubroca, S. Brull, and M. Frank

Abstract Typical external radiotherapy treatments consist in emitting beams of en-
ergetic photons targeting the tumor cells. Those photons are transported through the
medium and interact with it. Such interactions affect the motion of the photons but
they are typically weakly deflected which is not well modeled by standard numeri-
cal methods.

The present work deals with the transport of photons in water. The motion of
those particles is modeled by an entropy-based moment model, i.e. the M| model.
The main difficulty when constructing numerical approaches for photon beam mod-
elling emerges from the significant difference of magnitude between the diffusion
effects in the forward and transverse directions. A numerical method for the M,
equations is proposed with a special focus on the numerical diffusion effects.

1 Introduction

Radiotherapy treatments consist in emitting radiations to target cancer cells. Such
radiations deposit energy in the medium, so-called dose, which is responsible for
biological effects (see e.g. [18]). Radiations can be seen as beams of energetic par-
ticles traveling through a medium. Here, the motion of photons modeled by a linear
Boltzmann equation is focused on. Solving directly such kinetic equations requires
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high computational powers. As an alternative, the method of moments is used, lead-
ing to the so-called M; model. At the numerical level, such a model is cheaper
than kinetic ones. However moment equations require particular considerations be-
cause they are nonlinear and their solution is constrained by a realizability condition
(specified below).

The present work is a follow-up to [5, 16, 15] which is devoted to adapt the
numerical scheme presented in [15] to accurately model beams of photons. Such
beams travel almost straight in a human-sized medium. The main difficulty emerges
from the difference of magnitude of the diffusion effects in the forward direction and
in the direction normal to the beam. Standard numerical methods typically overes-
timate the transverse diffusion which affects the accuracy of the results.

In the next section, the motion of photons is modeled, through kinetic and M;
models. A standard numerical method is presented in section 3, and tested in Section
4. The problem of the transverse diffusion is presented and solved in Section 5. The
last section is devoted to conclusion.

2 Photon transport models

For the sake of simplicity, only the motion of the photon is studied. The photons are
assumed to collide only with atoms of the background medium.

2.1 A kinetic model

At the kinetic level, the motion of the photons is modeled by the fluence y of pho-
tons, which satisfies the following linear Boltzmann equation

smax
QV,y(e,x,Q) = /}3 /52 o(e,e,Q" . Q)y(e x,Q")dQ'de' — or(e)y(e,x,Q),
(M

where ¥ depends on energy € € [€nin, €max]» position x € Z C R? and direction of
flight Q € 5. The physical parameters ¢ and o7 are called respectively differential
and total cross sections, and they are chosen to model Compton collisions ([4])
as this effect is predominant in the considered energy range. Other effects may be
considered for further applications.

In this equation, the € variable is considered similarily as a numerical time, and
due to the energy integral in (1), such equation is solved backward in energy, from
a maximum energy €max t0 a Minimum one Epiy.

Discretizing directly this equation is computationally too expensive for applica-
tion in medical centers. For this purpose, the method of moments is applied.
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2.2 The M| model

The method of moments consists in studying angular moments, i.e. weighted inte-
grals of y according to the variable €2, instead of the fluence itself. Those moments
depends on less variables, and are therefore typically cheaper at the computational
level. The moments of y of order up to two are defined by

v = [v@ae. v' = [ ev@ue, v [ ecay@uee. @

According to (1), the moments of y satisfies the following equations

€max

Vevle) = [ o e (e de ~or(@ve ), G

€
€max
V.. v (g,x) :/‘S cl(e &)yl (e, x)de' — or(e)y'!(g,x), (3b)

+1 +1
c(¢€) :27r/l o(e,e,u)du, o'(ee)=2xn 1 puo(e e, u)du.
The system (3) has more unknowns than equations. In order to solve such an under-
termined system, one typically closes it by expressing the moment y? as a function
of w and y'. For the present application, the entropy-based closure ([13]) was
prefered as it provides desirable properties (hyperbolicity, entropy decay, correct
modelling of beams). This closure, leading to the so-called M, closure, consists in
defining y? as the second order moment of the ansatz Yy, minimizing Boltzmann
entropy under the following constraints

Y’ = /s29®QwM1(Q)dQ, )
vy, = argmin flogf — f, (5)
fec(yo.yh)

e ={reis). r2o [ reue. [ enaf
JS N
The ansatz yjy, can be proved to have the form ([3, 12, 9, 17])

Vi, = exp (A.m(Q)). ©)

where m(Q) = (1, Q;, 25, 3)7 and A € R*. However, the minimization problem
(5) has a solution if and only if the set €' (y°, y') is non-empty.

Proposition 1 ([10]). The problem (5) has a solution if and only if the moments
(w0, w') are in the realizability domain % caracterized by

Tm={(W* ¥ eRxR’, st 0>y} @

For writing purposes, one rewrites (3) under the form
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VeF(W)(e) = | T 2 (€)W (e, x)de — or(e)P(e,x), ®
0 T
¥ = (W07V11)T = /Szm(.Q)l/lM1 (2)dQ, y— ((;;@ c?%i[) 7

F= (') = [ eem(@)y, (@)de.

Writing the ansatz Yy, under the form (6), one proves that the fluxes F' are those of
a symmetric hyberbolic equation ([12, 7]).

3 Numerical approach

In order to handle the non-linearity in (8), the relaxation approach proposed in [16]
and based on the previous work of [14, 1] is used.

3.1 Relaxation method

The relaxation approximation leads to studying linear equations instead of (8). Let
us chose J directions of relaxation A; € RN and equilibrium functions M;(¥) com-
monly called Maxwellians. With those relaxation parameters, define the relaxed
equations for (8)

J
€max M; (Zl fzr> _fir
AV fF (g,x) — (/ X(e)ff (e,x)de — GT(e)ff(e,x)) = % )
€
In [14, 1], the authors showed for similar equations that
J
lim ) ff =Y,
raoizl
where the ff solve (9), and under the conditions
Vn e $?, Sp(dgF,(P)) C Anllinjlj.n,‘rrllalej.n , (10a)
i=1,..., i=1,...,
J J
YM(P)=¥, Y LeM(¥)=F(P), (10b)
i i=1

I
—

1

where F, = (y'.n,y?n). For the present applications, we also require that the
Maxwellians M; : Zm — %m are realizable.
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As a first approach, one may use the following two propositions to define relax-
ation parameters.

Proposition 2. [2] The eigenvalues of the Jacobian of the fluxes are bounded by 1
VneS?,  Sp(dgF.(¥)) C[-1,1].
Proposition 3. [16] The following vector is realizable
Vnes?, YWeEZm  VAF(P)E P

As a first approach, we propose to chose 2N directions (N being the number of
space dimensions) of relaxations and to define

¥Y+F,, (V)

¥Y—F, (V)
N ’ '

)vi = Ne;, )Li-&-N = —Ne;, M, = MH—N = (11)

One verifies using the last two propositions that those parameters verify (10).

3.2 A numerical scheme for 2D equations

In the following, we focus on a 2D problem (N = 2) and the notations are adapted
to 2D equations. However the method can straighforwardly be extended to 3D prob-
lems. The superscript n refers to the energy step €”, the subscripts / and m refer to
the position x; ,, respectively according to the first and second cartesian axis e; and
e2. A numerical scheme for (8) is obtained using a splitting method on (9).

1. Atthe entry €" of each energy cell, the values of f! are initialized at the values of
the associated Maxwellians M, (‘P").
2. Then one solves the homogeneous relaxed equation

A.V.fi(e,x) — < / TS (6)fi(e,x)de — GT(S)fi(e,x)) —0 (12

on the interval [¢"*!, "], i.e. one computes £/

3. Finally the influence of the relaxation term is added, which corresponds, when
T — 0, to fixing the new value

J
lI/n-‘rl — Zflr'H—l' (13)
i=1

One only needs to construct a numerical scheme for (12). Using a simple upwind
discretization for the spatial flux and a quadrature for the integral term together with
(13) leads to define the following scheme for ¥
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F' o —F1 | F,7 B n
I+7,m [—5.,m + Lm+5 lm—5 _ Z E”’JHII"I
A.x Ay l,m

n'=1

Ag" — G%‘I’Zm> =0,
(14)

where the fluxes are of HLL ([8]) type

1

Fiim=3 (F1(P] 1)+ F1(P],) + (Pl — 1))
1

FZ?,qu% = 5 [Fz(q]ﬁm-&-l) +F2(lP?,m) +( ;l,m-&-l - ?m)} :

Recall that the equation (12) is solved backwardly in energy. An iterative solver was
proposed in [15] to compute ‘I”Z . at each iteration and a complete analysis of this
scheme is postponed to a futur paper.

4 A numerical experiment

This test case corresponds to injecting a beam of photons in a 2D medium. The size
of the medium is 2 cm x 10 cm, and the beam is 0.5 cm large and composed of 500
keV photons. This is modeled by the following kinetic boundary condition

w(x e, Q) =10exp (—ag (e — 80)2) exp (—a,l (@1 — 1)2) 15(x), for n.Q <0,
B = {x = (x1,x2), x1 =0, xp €[0.75 cm, 1.25 cm}}.

where 13 is the indicator function in the set B, n is the outgoing normal, with & =
500 keV, and the constants oz = 20000 and ¢, = 10000 are chosen arbitrarily large
to model a beam. At the discrete level for the moment models, we fix

b = 100exp (—ag (e" — 30)2) /S2 m(Q)exp (—aﬂ Q) — 1)2) dQ15(x1),

n_ __ gn _ —
1,0 — qllmax,m =¥ - OR4'

’llammax
The density of particles p is given by the formula

Emax
p(x) = ¥ (x,)de.
Emin

It is represented on Fig. 1 normalized by the maximum density pmax, computed
using the scheme (14) on the M; equation and compared to a reference Monte Carlo
result.

One observes on the Monte Carlo results on Fig. 1 that the photons travel through
the medium almost in straightline. They are only rarely scattered and the beam re-
mains sharp deep in the medium. However, the M, results with the scheme (14) are
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Monte Carlo

Fig. 1 Density p obtained with the Monte Carlo solver (top) and the M; model (below).

significantly different. One may observe a beam shape, however this beam is very
diffused especially in the direction transverse to the beam. This effect is actually a
numerical artefact due to the relaxation parameters chosen (11) and the next section
is devoted to correcting it.

5 A correction to accurately model transverse diffusion

In practice, the relaxation method can be used under the stability condition (10) on
the relaxation speeds. However, the relaxation method is known to be overdiffusive
when the relaxation speeds A; are too large. In practice, the larger is the A; the more
stable is the resulting scheme, but the more diffusive it is. This can be verified by
reproducing the computations of [14, 1]. The present correction uses similar ideas
as the ones proposed in [6, 2].

5.1 Bounds on the eigenvalues of the Jacobian of the flux

The relaxation speeds were chosen to be of norm |A;| = N which was enough to
satisfy (10) according to Proposition 2. However, those bounds are too large when
Y is the moment vector of a beam. Consider a beam of direction e; modeled by

‘P:/zm(Q)exp(—a“(Ql —1))dQ.
s
The spectral radius of the Jacobian of the flux F, transverse to the direction of the

beam is zero. Indeed, using the even and odd character of the following functions,
one finds that for all V € R*
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VI dsFy(P)V = /SQQz(V.m(Q))ZeXp(—OQ(Ql ~1))dQ =0,
VIV = /2(V.m(!2))2exp(—oc#(.(21 ~1))dQ > 0.
N

This means that the eigenvalues of dyF,(¥) are all zeros while do'W¥ is strictly
positive. Therefore the eigenvalues of the Jacobian dgFy = I\ F2(¥)(d,¥) ! of
the transverse flux are all zero.

Those eigenvalues can actually be computed analytically (as the Jacobian of the
flux is a 4x4 matrix, those are the roots of a quartic). For the present numerical
purpose, we only compute bounds on those eigenvalues that are easily computable
and implementable. For writing consideration, those computations are gathered in
Appendix. In the rest of this paper, the minimum and maximum of Sp(dgFy) are
called b_ and b, and are given functions of the direction n of the flux Fj, and of the
normalized first order moment

5.2 The modified relaxation parameters

Based on those bounds, we propose to modify the relaxation parameters (11) into

M= (b1,0), A= (h2,0), A3=1(0,b3), A4=(0,bs), (15a)
|b1] ('1’ Fl) |ba] ('f’ F1>

M, = —+—), Mp=——""—(=—4+—], 15b

bl \2 o) M T B el \2 Y i) (156)

b3 ('f’ F2> b4 (‘P Fz>
M; = >+t ), Mg=-——— | 5+ ).
37 (bs[+ bl \ 2 b3 7 bs[ bl \ 2 b4

The coefficients b; can still be chosen such that the parameters (15) satisfy (10) and
such that they are smaller than those in (11).

Recall that we also required the Maxwellians M; € %, to be realizable. In prac-
tice, this leads to an additional requirement on the bounds by, b, b3 and bs4. For the
M model, those requirements can easily be computed using (7), for My it reads

2
1 N}) ‘1 | N2
—+—= ] >|sN +
<2 |1 2 b1

2

Solving this quadratic inequality leads to chose b; such that

_ _ 2 _
b1] > max (0,5 (N se1)) ) buin(N'n) 1= Br= VB — o

- o

1—‘N]|2
o= —

R (N'.n—N".(N’n)), %= (N'n)>—|N?nl*.

ﬁn:

N —
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Similar computations hold for b,, b3 and b4 which lead to fixing the bounds

bi (W) =max (107°, by (N',e1), bmin(N',e1)),
by(¥) = min(—10"%, b_(N',e1), —bmn(N',—e1)),
b3(W) =max (107°, b (N',e2), bmin(N',e2)),
bs(P) =min (—107%, b_(N',e2), —bmin(N',—e2)),

where the constants +10® are chosen arbitrarily low to avoid divisions by zero and
e and e; are the Cartesian axes.

5.3 The new numerical scheme

Using the relaxation parameters (15) to construct a scheme for (3) leads to rewrite
the fluxes of the form ([6])

1
n+1 n+1 n+1 n+1 n+1
Fl.t,_%m - |bn+1 ‘_'_ pitl | |:b2)l+%’m|F1(lPl+l,m)+ |b1.l+%’m‘F1(lPl,m ) (16a)
Li+1m 2,04+ 1m
+1 +1 +1 +1
L - )
1
n+l n+1 n+1 n+1 n+1
Fl,m+% B |bn+1 ‘_‘_ |bn+l | |:b4’[,m+£|F2(lPl,m+l) + |b3,l,m+% ‘Fz(qll,m ) (16b)
3,0m+3 40m+3
+1 +1 +1 +1
L P )
1 1 1 1 ‘ 1 |
oty = max (b0 (W) ) bty = min (b2, ba(E) )
1 1 - 1 1
it ) = max CRARCTEME byt = min (ba (W) baw )

in the scheme (14). The numerical fluxes are now defined locally as a function of the
unknowns and the fluxes which allows to better capture the diffusion effects. One

. : n+1 n+1 n+1 n+1
may verify that the coefficients |b1,l+ ! ,mb271+ ! m| before the terms (¥}, — ¥}, ).

responsible for the numerical diffusion, in the definition of the numerical fluxes (16)
are lower than the one in the scheme (14).
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5.4 Results with the modified scheme

Using this modified scheme on the test case of Section 4 provides the dose result on
Fig. 2 with the computational times in Table 1.

Monte Carlo

10

9
75
6
45
.3
.15

10

Fig. 2 Density p obtained with the Monte Carlo solver (top) and the M; model (below) with the
modified relaxation parameters.

| Solver ||M0nte Carlo| M, solver |m0diﬁed M, solver|
[Computation times|| 14 hours [49.78699 sec| 204.1239 sec |

Table 1 Computational times with the different numerical methods.

The results with the modified relaxation parameters are much closer to the ref-
erence Monte Carlo results. The diffusion in the tranverse direction is much lower
than the one on Fig. 1 and the beam stays sharp through the medium.

The computational cost is considerably lower with the present numerical method
compared to the reference Monte Carlo code. The computational time is although
higher when using the new relaxation parameters (15) than when using the one in
(11). This is actually due to the method used to compute ‘P;ﬁm from (14) or (16). The
conditioning of problem (14) is simply better than the one of (16) which explains
the difference of computational times.

6 Conclusion

A numerical method for the transport of photons in a human-sized medium was pro-
posed. This method aims to solve M| equations. When modelling a beam of photons
in such a medium, the main difficulties of those simulations is due to the fact that
the diffusion phenomena in the direction of the beam and the ones normal to the
beam have considerably different magnitude. Standard methods present a numerical
diffusion which is considerably overestimated in the tranverse direction. This ef-
fect affects the accuracy of the simulation. First a numerical scheme was proposed
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for solving the transport equation, then it was improved to accurately capture the
diffusion effect in the transverse direction.

Acknowledgements The author would like to acknowledge K. Kiipper and G. Birindelli for per-
forming the Monte Carlo simulations used as reference results in this paper.

Appendix : Computation of bounds on the eigenvalues of the
Jacobian of the flux

Using rotational invariance and a normalization (see [11] for details), this closure

can also be rewritten under the form

v’ = Wo[lgxld—ﬁ—

3y—1 uﬂ@qﬂ} an

2 |yl

where the Eddington factor  is a scalar function of the scalar |y!|/y°.

Consider that l//1 is colinear to e; (otherwise just use a rotation to work in such
a reference frame). Using the form (17) of the closure, the fluxes in the direction e;
and in the transverse direction e, read

0 1 1
.n
Y=wy'), Fu(¥)= (u/' n, "’7 [(1 —x)n+(3x — I)WD :
Chose a reference frame such that l//1 = l//llel with l//ll > 0. In this reference frame,
the spectrum of the Jacobian of the flux Fy along the direction e; (direction of the
beam) and along e; (direction normal to the beam) read

3g—1 X'+ \/x’2+4(x ~Nix')
2N 2 ’

Sp(dy (F1(¥))) =

1oy 3x=1.,
14— nr X

2

l1-x+N
Sp(de (F2(¥))) = | 0, +

Now, in order to come back to the computations in any reference frame, one can
simply use a rotation R such that Ry! = l//llel. One has

Iy (Fa(F)) = 9o ryje)) (Fa(y",Ryer)) Ry = ( : 0R3>
= RyopFgr, (W0, |y |e1) RY, Ops R

The spectrum of such a matrix can be bounded using the previous computations
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Sp(&lp(Fn(lII))) c [b—ab-‘r}v (1821)
b_(N',n) = (1—6)minS;(|N'|) + 6 minS,(|N]), (18b)
b (N',n) = (1—8)maxS,(|N'|) + 6 maxS,(IN']), 6= w.

IN'|

The exact bounds b_ and b of Sp(dpFy(¥)) could be computed analytically
as the eigenvalues of the 4 x 4 matrix dy (Fp(¥)). However using such analytical
formulae may introduce errors at the numerical level that may be non-negligible.
Computing the bounds in (18) is easier, and they are sufficient for the present appli-
cations.
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