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Latent Block Model (LBM) is a model-based method to cluster simultaneously the d columns
and n rows of a data matrix. Parameter estimation in LBM is a difficult and multifaceted prob-
lem. Although various estimation strategies have been proposed and are now well understood
empirically, theoretical guarantees about their asymptotic behavior is rather sparse. We show
here that under some mild conditions on the parameter space, and in an asymptotic regime
where log(d)/n and log(n)/d tend to 0 when n and d tend to 400, (1) the maximum-likelihood
estimate of the complete model (with known labels) is consistent and (2) the log-likelihood ratios
are equivalent under the complete and observed (with unknown labels) models. This equivalence
allows us to transfer the asymptotic consistency to the maximum likelihood estimate under the
observed model. Moreover, the variational estimator is also consistent.

Keywords: Latent Block Model, asymptotic normality, Maximum Likelihood Estimate, Concen-
tration Inequality.

1. Introduction

Coclustering is an unsupervised way to cluster simultaneously the rows and columns
of a data matrix, and can be used in numerous applications such as recommendation
systems, genomics or text mining. Among the coclustering methods, the Latent Block
Model (LBM) is based on the definition of a probabilistic model.

We observe a data matrix X = (z;;) with n rows and d columns and we suppose that
there exists a row-partition with g row-classes and a column-partition with m column-
classes. The row (resp. column) class for each row (resp. column) is unknown and has
to be determined. Once determined, rows and columns can be re-ordered according to
this coclustering, to let appear blocks that are homogeneous and distinct. This leads to
a parsimonious data representation.
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2 V. BRAULT et al.

LBM can deal with binary ([6]), Gaussian ([10]), categorical ([9]) or count ([7]) data.
Due to the complex dependence structure, neither the likelihood, nor the computation
of the distribution of the assignments conditionally to the observations (E-step of the
EM algorithm), and therefore the maximum likelihood estimator (MLE) are numerically
tractable. Estimation can be however performed either with a variational approximation
(leading to an approximate value of the MLE), or with a Bayesian approach (VBayes
algorithm or Gibbs sampler). Notice that [9] recommend to perform a Gibbs sampler
combined with a VBayes algorithm.

Although these estimation methods give satisfactory results, the consistence and asymp-
totic normality of the MLE are still an open question. Some partial results exist for LBM,
and this question has been solved for SBM (Stochastic Block Model), a special case of
LBM where the data is a random graphe encoded by its adjacency matrix (rows and
columns represents the same units, so that there is only one partition, the same for rows
and columns). [4] proved in their Theorem 3 that under the true parameter value, the dis-
tribution of the assignments conditionally to the observations of a binary SBM converges
to a Dirac of the real assignments. Moreover, this convergence remains valid under the
estimated parameter value, assuming that this estimator converges at rate at least n™!,
where n is the number of nodes (Proposition 3.8). This assumption is not trivial, and it is
not established that such an estimator exists except in some particular cases ([1] for ex-
ample). [11] presented a unified frame for LBM and SBM in case of observations coming
from an exponential family, and showed the consistency of the assignment conditional
distribution under all parameter value in a neighborhood of the true value. [3] and [2]
proved the consistency and asymptotic normality of the MLE for the binary SBM. Burst-
ing with the preceding approaches, they first studied the asymptotic behavior of the MLE
in the complete model (observations and assignments) which is very simple to handle;
then, they showed that the complete likelihood and the marginal likelihood have similar
asymptotic behavior by the use of a Bernstein inequality for bounded observations.

We extend these results to the double asymptotic framework of LBM, following the way
of [2], and for observations coming from some exponential family. Moreover, we introduce
the concept of model symmetry which was not pointed out by these authors, but is
necessary to set the asymptotic behavior. The asymptotic normality of the variational
estimator is also settled, and an application to model selection criteria is presented.

The paper is organized as follows. The model, main assumptions and notations are
introduced in Section 2, where model symmetry is also discussed. Section 3 establishes
the asymptotic normality of the complete likelihood estimator, and section 4 settles three
different types of assignment behaviors. Our main result showing that the observed like-
lihood behaves like the complete likelihood takes place in section 5, and the consistency
of MLE and variational estimator is deduced. Technical proofs are gathered in the ap-
pendices.
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Consistency and asymptotic normality of LBM estimators 3
2. Model and assumptions

The LBM assumes a block clustering structure of a data matrix X = (z;;) with n rows
and d columns, as the Cartesian product of a row partition z by a column partition w.
More precisely,

e row assignments (or labels) z;, ¢ = 1,...,n, are independent from column assign-
ments (or labels) w;, j =1,...,d : p(z,w) = p(z)p(W);
e row labels are independent, with a common multinomial distribution: z; ~ M(1,7 =

(71,...,mg)); in the same way, column labels are 1.i.d. multinomial variables: w; ~
M(lv p= (p17 s 7pm))'
e conditionally to row and column assignments (z1,...,2,) X (W1,...,wy), the ob-

served data X;; are independent, and their (conditional) distribution ¢(., &) belongs
to the same parametric family, which parameter o only depends on the given block:
Xijl{ziwwje = 1} ~ (., are)

where z;;; is the indicator variable of whether row ¢ belongs to row-group £ and wj,
is the indicator variable of whether column j belongs to column-group /.

Hence, the complete parameter set is 8 = (7, p, ) € O, with a = (a11,...,gm) and
© the parameter space. Figure 1 summarizes these notations.

d
1 J - d
111 T1j T1d|
1
(A i3 1 Tij Tid a11 a1y a1m |71
‘ k1 6977 Akm | Tk
. k
\
\
Qgl Qg Qgm | Tg
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Figure 1. Notations. Left: Notations for the elements of observed data matrix are in black, notations
for the block clusters are in blue. Right: Notations for the model parameter.
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4 V. BRAULT et al.

When performing inference from data, we note 8* = (7*, p*, a*) the true parameter
set, i.e. the parameter values used to generate the data, and z* and w* the true (and
usually unobserved) assignment of rows and columns to their group. For given matrices
of indicator variables z and w, we also note:

® zip =,z and wyp = Zj Wig
e 271, and w’, their counterpart for z* and w*.

The confusion matrix allows to compare the partitions.

Definition 2.1 (confusion matrices). For given assignments z and z* (resp. w and
w* ), we define the confusion matrix between z and z* (resp. w and w*), noted IRy(z)
(resp. R, (w)), as follows:

1 1
Ry (2)kk = - Zz;kzikf and TR, (W)er = p ij*»éwjg/ (2.1)
i J

2.1. Likelihood

When the labels are known, the complete log-likelihood is given by:
L.(z,w;0) = logp(x,z, w;0)

=log o ( [T=i* | (T1P | | I o (@isane) ™
ik Iy i,5.k,0 (2.2)

= log (H 7rzi> prj H %) (mij; Oézqij)
i J 2]

But the labels are usually unobserved, and the observed log-likelihood is obtained by
marginalization over all the label configurations:

L(0) = log p(x;0) = log Z p(x,z,w;0) | . (2.3)
zeZ,weWw
As the LBM involves a double missing data structure z for rows and w for columns, the
observed likelihood is not tractable, nor the E-step of the EM algorithm, but estimation
can be performed either by numerical approximation, or by MCMC methods [9], [8].

2.2. Assumptions

We focus here on parametric models where ¢ belongs to a regular one-dimension expo-
nential family in canonical form:

p(, ) = b(x) exp(ax — P(a)), (2.4)
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Consistency and asymptotic normality of LBM estimators 5

where o belongs to the space A, so that ¢(-,«) is well defined for all o € A. Clas-
sical properties of exponential families insure that ¢ is convex, infinitely differentiable
on A, that (')~! is well defined on ¥’(A). When X, ~ ¢(.,a), E[X,] = ¢'(a) and
VXa] = 9"(@).

Moreover, we make the following assumptions on the parameter space :

Hy : There exist a positive constant ¢, and a compact C, such that
O Cle,1—d? x[e,1—d™ x CI*™ with C, C A.

Hj : The true parameter 8* = (7*, p*, a*) lies in the relative interior of ©.
Hs : The map a +— ¢(-, a) is injective.
H, : Each row and each column of a* is unique.

The previous assumptions are standard. Assumption H; ensure that the group pro-
portions are bounded away from 0 and 1 so that no group disappears when n and d go
to infinity. It also ensures that « is bounded away from the boundaries of the A and that
there exists a k > 0, such that [ags — K, age + K] C A for all parameters ay, of 0 € ©.
Assumptions Hs and H, are necessary to ensure that the model is identifiable. If the
map « — ¢(.,«) is not injective, the model is trivially not identifiable. Similarly, if rows
k and k' are identical, we can build a more parsimonious model that induces the same
distribution of x by merging groups k and k’. In the following, we consider that g and
m, row- and column- classes (or groups) counts are known.

Moreover, we define the §(a), that captures the differences between either row-groups
or column-groups: lower values means that there are two row-classes or two column-
classes that are very similar.

Definition 2.2 (class distinctness). For 8 = (m, p, ) € ©. We define:
d(av) = mi i KL /), mi KL ,
(a) = min {rggl max KL(ake, o), min max KL (e, o z)}

with KL(a, ') = Eq[log(o(X, o) /p(X, a’))] = ¢/ (a)(a—a') + (o)) —1(a) the Kullback
divergence between ¢(., ) and ¢(.,a’), when @ comes from an exponential family.

Remark 2.3. Since all o have distinct rows and columns, §(a) > 0.

Remark 2.4. Since we restricted « in a bounded subset of fi, there exists two positive
values M, and & such that Cy, + (=K, k) C [-My, M,] C A. Moreover, the variance of
X, is bounded away from 0 and +oo. We note

sup  V(X,) =6° <400 and inf  V(X,)=0%>0. (2.5)
a€[—Ma, M) a€[—My,M4]

Proposition 2.5. With the previous notations, if o € Cy, and X, ~ (., ), then X,
is subezponential with parameters (52, k71).
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6 V. BRAULT et al.

Remark 2.6. These assumptions are satisfied for many distributions, including but
not limited to:

e Bernoulli, when the proportion p is bounded away from 0 and 1, or natural param-
eter a = log(p/(1 — p)) bounded away from +oo;

e Poisson, when the mean A is bounded away from 0 and 400, or natural parameter
a = log(\) bounded away from +oo;

e Gaussian with known variance when the mean p, which is also the natural param-
eter, is bounded away from =+oo.

In particular, the conditions stating that 1 is twice differentiable and that (¢’')~! exists

are equivalent to assuming that X, has positive and finite variance for all values of « in
the parameter space.

2.3. Symmetry

The LBM is a generalized mixture model, and it is well known that it subject to label
switching. [9] showed that the categorical LBM is generically identifiable, and this prop-
erty is easily extended to the case of observations of a one-dimension exponential family.
Hence, except on a manifold set of null Lebesgue measure in @, the parameter set is
identifiable up to a label permutation.

The study of the asymptotic properties of the MLE will lead to take into account
symmetry properties on the parameter set. We first recall the definition of a permuta-
tion, then define equivalence relationships for assignments and parameter, and precise
symmetry.

Definition 2.7 (permutation). Let s be a permutation on {1,...,g} and t a permuta-
tion on {1,...,m}. If A is a matriz with g columns, we define A® as the matriz obtained
by permuting the columns of A according to s, i.e. for any row i and column k of A,
Ajy = Aigry- If B is a matriz with m columns and C' is a matriz with g rows and m
columns, B' and C*" are defined similarly:

A= (Aisy), . B'=(Bjuw),;, C" = (Comnw) iy

Definition 2.8 (equivalence). We define the following equivalence relationships:

o Two assignments (z,w) and (z',w') are equivalent, noted ~, if they are equal up
to label permutation, i.e. there exist two permutations s and t such that z’ = z° and
w = wt.

o Two parameters are @ and ' are equivalent, noted ~, if they are equal up to label
permutation, i.e. there exist two permutations s and t such that (7%, pt,a®t) =
(', p', ). This is label-switching.

e (0,z,w) and (0',z',w') are equivalent, noted ~, if they are equal up to label per-
mutation on a, i.e. there exist two permutations, s and t such that (a®*, 2%, w') =
(o, 2/, w').
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Consistency and asymptotic normality of LBM estimators 7

Definition 2.9 (distance). We define the following distance, up to equivalence, between
configurations z and z*:
2~ 2*flo. = inf |2/ — 2o
z' ~z

and similarly for the distance between w and w* where, for all matrix z, we use the
Hamming norm ||-||, defined by

lz]lg = > 1z # 0}

ik

The last equivalence relationship is not concerned with 7 and p. It is useful when
dealing with the conditional likelihood p(x|z, w; @) which does not depend on 7 and p:
in fact, if (8,2, w) ~ (0',2',w’), then for all x, we have p(x|z, w;0) = p(x|z’,w’; 0").
Note also that z ~ z* (resp. w ~ w*) if and only if the confusion matrix IRy (z) (resp.
R, (w)) is equivalent to a diagonal matrix.

Definition 2.10 (symmetry). We say that the parameter @ exhibits symmetry for the
permutations s,t if

(stpta O‘S}t) = (777 P a)'

0 exhibits symmetry if it exhibits symmetry for any non trivial pair of permutations
(s,t). Finally the set of pairs (s,t) for which 0 exhibits symmetry is noted Sym(6).

Remark 2.11. The set of parameters that exhibit symmetry is a manifold of null
Lebesgue measure in @. The notion of symmetry allows us to deal with a notion of non-
identifiability of the class labels that is subtler than and different from label switching.
To emphasize the difference between equivalence and symmetry, consider the following
model: w = (1/2,1/2), p = (1/3,2/3) and a = ( 3; Zi ) with oy # ao. The only
permutations of interest here are s = t = [1 2]. Choose any z and w. Because of label
switching, we know that p(x,z*, w';0%") = p(x,z,w;0). (z°,w') and (z, w) have the
same likelihood but under different parameters @ and ", If however, p = (1/2,1/2),
then (s,t) € Sym(0) and %" = @ so that (z,w) and (z°, w') have exactly the same
likelihood under the same parameter 6. In particular, if (z, w) is a maximum-likelihood
assignment under 8, so is (z*, w?). In other words, if # exhibits symmetry, the maximum-
likelihood assignment is not unique under the true model and there are at least # Sym(8)
of them.

3. Asymptotic properties in the complete data model

As stated in the introduction, we first study the asymptotic properties of the complete
data model. Let 8. = (7, p, &) be the MLE of 6 in the complete data model, where the
real assignments z = z* and w = w* are known. We can derive the following general
estimates from Equation (2.2):
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8 V. BRAULT et al.

b = Felz) = 5y = pylw) = L
Tp = Tk(2) e pe(w) pi
E:i-JT'Z'kU)I N N o
SO G = ez, w) = (U) 7 (B2 w))

(3.1)

Tie(®, W) B Z4 kW

Proposition 3.1. The matrices L.+ = Diag(nw*) — «* (n*)T, ¥,- = Diag(p*) —
p* (p*)T are semi-definite positive, of rank g —1 and m — 1, and T and p are asymptot-
ically normal:

Vi ()~ 1) 2o N(0.5) and VA (p(w) — p*) 2 N(0.5,) (32
n oo — 00

Similarly, let V(a*) be the matriz defined by [V (a*)|ke = 1/¢"(ag,) and

Yo+ = Diag™ ' (7*)V(a*) Diag™'(p*). Then:

vnd (Qge (2%, W) — ) ﬁ N(0,Xqs ke) for all k, ¢ (3.3)
where the components are independent.

Proof: Since 7 (z*) = (71 (2*),...,7q (2*)) (resp. p(w*)) is the sample mean of n
(resp. d) i.i.d. multinomial random variables with parameters 1 and 7* (resp. p*), a
simple application of the central limit theorem (CLT) gives:

*(1 _ o* : — L/ *(1 _ % : —_p
{T&'k( ) if k=k and e g0 {pe(l py) if £=1

Yo bkt =

—mtnt, it kAR I P R Y

which proves Equation (3.2) where ¥« and ¥,+ are semi-definite positive of rank g — 1
and m — 1.

Similarly, ¢’ (Qge (2%, w*)) is the average of 2} w7, = ndfy (2*) pp (W*) i.i.d. random
variables with mean v’ (af,) and variance " (aj,). nd7 (2*) pe (w*) is itself random

but 7 (2*) pe (W*) T 7y p; almost surely. Therefore, by Slutsky’s lemma and the
n,d—+0o

CLT for random sums of random variables [13], we have:

Xzt o
Srdripr (o (@ (27, W) — 0 (afy)) = \/ndw,:pz< 2is jz’““’ﬂ)—w(akz))

ndwy (z*) pe (W*

P N (0.9 (o)
The differentiability of (1/')~! and the delta method then gives:

1
Vnd (G (2%, w*) —aly) — 22— N (0, —————
n (Oék;[ (Z w ) O[k[) n,d— 400 ﬂ;pz,l)[}//(azé)

and the independence results from the independence of ay (z*, w*) and Qg (2*, w*) as
soon as k # k' or £ # ', as they involve different sets of i.i.d. variables.
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Consistency and asymptotic normality of LBM estimators 9
O

Proposition 3.2 (Local asymptotic normality). Let L% the function defined on © by
L:(m, p,a) =logp (x,2*,w*;0). For any s, t and u in a compact set, we have:
Lk (w* + - o+ ey u) = L5045 Yo + 7Y e + Tr(uT Yoo)
c ) ’ - c o * a*
Vn Vd Vnd ?
1 1 1
- (23TE.,,*3+ §tTEp*t+ 2Tr((u®u)TEa*)>
+ OP(l)

where © denote the Hadamard product of two matrices (element-wise product) and Yp,
Ypr and X are defined in Proposition 3.1. Y+, Y 5 are asymptotically Gaussian with
zero mean and respective variance matrices Xqx, Ypr and Yo+ 15 a matriz of asymptot-
ically independent Gaussian components with zero mean and variance matriz Yo .

Proof.
By Taylor expansion,

£*<,T*+S *+ta*+U>
‘ NV T

1 1 1
= L0+ —=sTVLE_(0%)+ —=tTVLE (0%)+
(67) NG = (07) Nz »(07) N

1 1 1
+ESTH" (6%)s+ EtTHp (6")t+ %Tr (u®u)"Heq (8%)) +op(1)

Tr (u" VL, (67))

where VL, (0%), VL, (0%) and VL, (6%) denote the respective components of the
gradient of £} evaluated at 6 and H,, H, and H, denote the conditional hessian
of L% evaluated at . By inspection, Hx/n, H,/d and Hy/nd converge in probabil-
ity to constant matrices and the random vectors VL, (8") /v/n, VL, (67) /V/d and

VL%, (0%) /v/nd converge in distribution by central limit theorem.
O

4. Profile Likelihood

To study the likelihood behaviors, we shall work conditionally to the real configurations
(z*, w*) that have enough observations in each row or column group. We therefore define
regular configurations which occur with high probability, then introduce conditional and
profile log-likelihood ratio.

imsart-bj ver. 2014/10/16 file: bj-BraultKeribinMariadassou.tex date: April 21, 2017



10 V. BRAULT et al.
4.1. Regular assignments

Definition 4.1 (c-regular assignments). Letz € Z and w € W. For any ¢ > 0, we say
that z and w are c-regular if

mkin zZyp > cn and m[ian > cd. (4.1)

In regular configurations, each row-group (resp. column-group) has Q(n) members,

where u,, = Q(n) if there exists two constant a,b > 0 such that for n enough large

an < u, < bn. ¢/2-regular assignments, with ¢ defined in Assumption H;, have high
Pg+-probability in the space of all assignments, uniformly over all 6* € ©.

Each z,k is a sum of n i.i.d Bernoulli r.v. with parameter 7 > 7y, > ¢. A simple
Hoeffding bound shows that

2 2
Py~ (Z+k < ng) < Py~ (Z+k < n%) < exp (—271 (%) ) < exp (—n;>

taking a union bound over g values of k£ and using a similar approach for w4, lead to
Proposition 4.2.

Proposition 4.2. Define Z1 and Wy as the subsets of Z and W made of ¢/2-reqular
assignments, with ¢ defined in assumption Hy. Note Qy the event {(z*,w*) € Z; x Wi },

then: ) 52
Po- (1) < gexp <n20> + mexp (;) )

We define now balls of configurations taking into account equivalent assignments
classes.

Definition 4.3 (Set of local assignments). We note S(z*,w*,r) the set of configura-
tions that have a representative (for ~) within relative radius v of (z*, w*):

S(@,w*r) = {(z,w) : |1z — 2* o~ < and [w — w¥llo. < rd)

4.2. Conditional and profile log-likelihoods
We first introduce few notations.

Definition 4.4. We define the conditional log-likelihood ratio F;, q and its expectation

G as:
z", w*}
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We also define the profile log-likelihood ratio A and its expectation A as:

A(z,w) = max Fhq(0,z,w)

- 4.3
A(z,w) = mgaxG(O,z,w). (43)

Remark 4.5. As F,4 and G only depend on 6 through a, we will sometimes replace 0
with a in the expressions of F,,q and G. Replacing F;, 4 and G by their profiled version
A and A allows us to get rid of the continuous argument of Fl,4 and to effectively use
discrete contrasts A and A.

The following proposition shows which values of o maximize F,q and G to attain A
and A.

Proposition 4.6 (maximum of G and A in 0). Conditionally on z*,w*, define the
following quantities:

8% = (Sko)re = (V' () s
()7 5" Ry o) (14

7k (2) pe(W)

ke

Tre(z, W) = Eg~ [Tro(z, W)|z*, W] =

with Tre(z,w) = 0 for z and w such that T(z) = 0 or pg(w) = 0. Then F,q(0,z,w) and
G(0,z,w) are mazimum in & for a(z,w) and &(z,w) defined by:

a(z, Wk = (V)7 @re(z,w))  and 6z, W)k = ()7 (Tke(2, W)

so that
Az, w) = Fq(a(z,w),z,w)

Az, w) = G(a(z,w),z,w)
Note that although Ty, = Eg+ [Z1¢| 2", w*], in general axe # Eg+ [Gxe|z*, w*] by non
linearity of (¢')~!. Nevertheless, (¢')~! is Lipschitz over compact subsets of ¢'(A) and
therefore, with high probability, |ags — de| and |Zge — Zxe| are of the same order of

magnitude. ~
The maximum and argmax of G and A are characterized by the following propositions.

Proposition 4.7 (maximum of G and A in (6,2, w)). Let KL(a, ') =9/ (a)(a— /) +
(o) — () be the Kullback divergence between (., ) and (., ') then:

G(0,2,w) =—nd > > Ry(2)k k' Ron (W)e,r KL(ahy, agrr) < 0. (4.5)
k.k! £,0'

Conditionally on the set 1 of regular assignments and for n,d > 2/c,

(i) G is mazimized at (a*,z*, w*) and its equivalence class.

imsart-bj ver. 2014/10/16 file: bj-BraultKeribinMariadassou.tex date: April 21, 2017



12 V. BRAULT et al.

(i) A is mazimized at (z*,w*) and its equivalence class; moreover, A(z*, w*) = 0.

(i4i) The mazimum of A (and hence the mazimum of G) is well separated.

_ Property (#i7) of Proposition 4.7 is a direct consequence of the local upperbound for
A as stated as follows:

Proposition 4.8 (Local upperbound for A) Conditionally upon 1, there exists a
positive constant C' such that for all (z,w) € S(z*,w*,C):

(dl|z = 2"[lo~ +nllw —w"lo.~) (4.6)

Proofs of Propositions 4.6, 4.7 and 4.8 are reported in Appendix A.

5. Main Result

We are now ready to present our main result stated in Theorem 5.1.

Theorem 5.1 (complete-observed). Consider that assumptions Hy to Hy hold for the
Latent Block Model of known order with n X d observations coming from an univariate
exponential family and define # Sym(60) as the set of pairs of permutation (s,t) for which
0 = (m, p, ) exhibits symmetry. Then, for n and d tending to infinity with asymptotic
rates log(d)/m — 0 and log(n)/d — 0, the observed likelihood ratio behaves like the
complete likelihood ratio, up to a bounded multiplicative factor:

p(X; 0) o # Sym(O) M p(x, Z*, W*; 9/)
p(x;0%)  #Sym(0%) '~ p(x,z*, w*; 6")

(14 o0p(1))+o0p(1)
where the op is uniform over all @ € ©.

The maximum over all 8’ that are equivalent to @ stems from the fact that because
of label-switching, 6 is only identifiable up to its ~-equivalence class from the observed
likelihood, whereas it is completely identifiable from the complete likelihood.

As already pointed out, if ® exhibits symmetry, the maximum likelihood assignment is
not unique under the true model, and # Sym(0) terms contribute with the same weight.
This was not taken into account by [2]. The next corollary is deduced immediately :

Corollary 5.2. If © contains only parameters that do not exhibit symmetry:

2OGO) _ o POOENWEO) () 1)) 4 0p(1)
p(x:07) 8% picz,we) T TOr

where the op is uniform over all ©.
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Consistency and asymptotic normality of LBM estimators 13

Using the conditional log-likelihood, the observed likelihood can be written as

p(x;0) = > p(x,z,w;0)

(z,w)

p(x|z*, w*; 0%) Z p(z, w;0) exp(F,q(0,2,w)). (5.1)

(z,w)

The proof proceeds with an examination of the asymptotic behavior of F,,; on three
types of configurations that partition Z x W:

1. global control: for (z, w) such that A(z, w) = Q(—nd), Proposition 5.3 proves a large
deviation behavior for F,,; = —Qp(nd) and in turn those assignments contribute a
op of p(x,z*,w*;0)) to the sum (Proposition 5.4).

2. local control: a small deviation result (Proposition 5.5) is needed to show that the
combined contribution of assignments close to but not equivalent to (z*, w*) is also
a op of p(x,z*, w*;0") (Proposition 5.6).

3. equivalent assignments: Proposition 5.7 examines which of the remaining assign-
ments, all equivalent to (z*, w*), contribute to the sum.

These results are presented in next section 5.1 and their proofs reported in Appendix
A. They are then put together in section 5.2 to achieve the proof of our main result.
The remainder of the section is devoted to the asymptotics of the ML and variational
estimators as a consequence of the main result.

5.1. Different asymptotic behaviors

We begin with a large deviations inequality for configurations (z,w) far from (z*,w*)
and leverage it to prove that far away configurations make a small contribution to p(x; ).

5.1.1. Global Control

Proposition 5.3 (large deviations of F,,4). Let Diam(®©) = supg g/ |0 — 0'||o. For all
En.d < K/(2v/2Diam(@®)) and n,d large enough that

A}Ld(end)

=P | sup {F.4(0,2,w) — A(z,w) | > 5nd Diam(©)2v/2¢,, {1+gm}
(;1;1;,{ a(0,2z,w) (z W)}_an iam(©) d P andes

d 2
< g"mexp (—n;”d> (5.2)

Proposition 5.4 (contribution of global assignments). Assume log(d)/n — 0, log(n)/d —

0 when n and d tend to infinity, and choose t,q decreasing to 0 such that t,q > max( e
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14 V. BRAULT et al.
Then conditionally on 4 and for n,d large enough that 2v/2ndt,q > gm, we have:

sup Z p(z,w,x;0) = op(p(z*, w*, x;0"))
0€® (, w)¢S(z*,w* tna)

5.1.2. Local Control

Proposition 5.3 gives deviations of order Op(v/nd), which are only useful for (z, w) such
that G and A are large compared to v'nd. For (z,w) close to (z*,w*), we need tighter
concentration inequalities, of order op(—(n + d)), as follows:

Proposition 5.5 (small deviations F,4). Conditionally upon 4, there exists three
positive constant c1, ca and C such that for all ¢ < ka?, for all (z,w) = (z*,W*) such
that (z,w) € S(z*,w*,C):

Fha(0,2,w) — A(z,w) ndc?e?

A2 — P, L) ’ > < —

na(€) = Po (S‘;p d|z — z*[jo~ + n||w — w*[jo~ °) = 128(c16% + cok~1te)
(5.3)

The next propositions builds on Proposition 5.5 and 4.7 to show that the combined
contributions of assignments close to (z*, w*) to the observed likelihood is also a op of
p(z*, w*, x;0%)

Proposition 5.6 (contribution of local assignments). With the previous notations

sup Z p(z, w,x;0) = op(p(z*, w*,x;0%))
o€ (z,w)eS(z*,w*,C)
(z,w) (2", W)
5.1.3. FEquivalent assignments

It remains to study the contribution of equivalent assignments.

Proposition 5.7 (contribution of equivalent assignments). For all @ € ©, we have

p(x,z,w;0) p(x, 7%, W 0')
_px,z,w;0) 0 Pzt w6 1
( )z(:* *)p(x,z*,w*;g*) # Sym( )fgr}i’”;p(xz*,w*;e*)( +o0p(1))

where the op is uniform in 6.

5.2. Proof of the main result

Proof.
We work conditionally on €. Choose (z*,w*) € Z; x W, and a sequence t,4 decreasing
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Consistency and asymptotic normality of LBM estimators 15

to 0 but satisfying ¢, > max (”TT, 10%)) (this is possible since log(d)/n — 0 and

log(n)/d — 0). According to Proposition 5.4,
sup > p(z, w,x;0) = op(p(z", w*,x;0"))
€O (2, w)¢5 (2" w* tna)

Since t,4 decreases to 0, it gets smaller than C' (used in proposition 5.6) for n,d large
enough. As this point, Proposition 5.6 ensures that:

sup E p(Z,W,X; 0) :OP(p(z*’W*7X;0*))
0cO® * *
(z,w)eS(z*,W* ,tnq)
(z,w)=(z* ,w*)

And therefore the observed likelihood ratio reduces as:

px,z,wi0)+ S p(x,z,w;0)

p(x;0) __(mw)~(zt W) (z,w)(z* ,w*)
p(x;0%) Z p(x,2z, w;0%) + Z p(x,2,w;0%)
(z,w)~(z*,w*) (z, W) (z* ,w*)

Z p(X7Z7W;0) +p(X;Z*7W*a0*)OP(1)

And Proposition 5.7 allows us to conclude

p(x;0) . # Sym(0) i p(x, 2%, W*; 0/)
P8~ #Svm(8") B pix, 27, w3 6

(I+o0p(1))+op(1).

5.3. Asymptotics for the MLE of 0

The asymptotic behavior of the maximum likelihood estimator in the incomplete data
model is a direct consequence of Theorem 5.1.

Corollary 5.8 (Asymptotic behavior of @MLE). Denote éMLE the mazimum likeli-
hood estimator and use the notations of Proposition 3.1. If # Sym(0) = 1, there exist
permutations s of {1,...,9} and t of {1,...,m} such that

w0 (@) = Fhp=or (n2), p(W) = Bhus =op (4772,

&z w) — &, = op ((nd)_l/Q).
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16 V. BRAULT et al.

If #Sym(0) # 1, OnriLE is still consistent: there exist permutations s of {1,...,g} and t
of {1,...,m} such that

~ ~8 ~t
7w (2") = Ty =op (1), p(W*) =Py =opr(1),
a(z",wh) — a?w’tLE = op(1).

Hence, the maximum likelihood estimator for the LBM is consistent and asymptoti-
cally normal, with the same behavior as the maximum likelihood estimator in the com-
plete data model when 6 does not exhibit any symmetry. The proof in appendix A.9
relies on the local asymptotic normality of the MLE in the complete model, as stated in
Proposition 3.2 and on our main Theorem.

5.4. Consistency of variational estimates

Due to the complex dependence structure of the observations, the maximum likelihood
estimator of the LBM is not numerically tractable, even with the FEzpectation Maz-
imisation algorithm. In practice, a variational approximation can be used ([?, see for
example]]govaert2003): for any joint distribution Q@ € Q on Z x W a lower bound of £(0)
is given by

J(@ve) = ‘C(9> - KL (Qap('a-;eax))
= Eq[Le(z,w;0)] +H(Q).
where H (Q) = —Egllog(Q)]. Choose Q to be the set of product distributions, such that

for all (z,w)

Q(z,w) =Q(2)Q(w) = [[Q(zir = )™ [[Q (wje = 1)
ik il

allow to obtain tractable expressions of J (Q,8). The variational estimate gmr of 0 is
defined as

o~

0,qr € argmax max J (Q,0).
var ggee) QEQ (Q )

The following corollary states that éw has the same asymptotic properties as 0 MLE
and 01\/10.

Corollary 5.9 (Variational estimate). Under the assumptions of Theorem 5.1 and if
#Sym(0) = 1, there exist permutations s of {1,...,g9} and t of {1,...,m} such that

#(2") =R =op (n72), DW= P, = op (a71),
&z, w*) —al = op ((nd)_l/Q).

var

The proof is available in appendix A.10.
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Consistency and asymptotic normality of LBM estimators 17
Appendix A: Proofs

A.1. Proof of Proposition 4.6

Proof.
Define v(z, o) = ra — (). For z fixed, v(z, a) is maximized at a = (¢o')~!(z). Manip-
ulations yield

Fnd(a7z7w) = logp(xa Z7W70) - logp(xa Z*aW*7 9*)

= nd lzzwk V(Zge(z, W), ) ZZ 7k (z W(Tre(z", W), 0‘2@)]
ko«

which is maximized at ax, = (')~ (Zke(z, w)). Similarly

G(a7 Z, W) = Eg* [logp(x, z,wW, 0) - logp(xv Z*a W*7 9*)}

=nd [ZZM V(Zre(2, W), ae) ZZM (w* (W(O@):QZD]

is maximized at axe = (V') " (Zre(z, W))

A.2. Proof of Proposition 4.7 (maximum of G and A)

Proof.
We condition on (z*,w*) and prove Equation (4.5):
p(x;z,w,0)

POz, w07 ]
=D 33> Eo [wijlawe — apy) — (W(awe) — ()] 2hzimwlwse
i j kKO0

nd» > Rg(2) kR (W)e,er [ () (e — aifg) + (y) — (apre)]

k,k" £,0'

=-—nd Y Y Ry(2) 5k R (W), KL(athy, 0prer)
k,k’ 0,0

If (z*,w") is regular, and for n,d > 2/c, all the rows of R,(z) and IR,,(w) have at
least one positive element and we can apply lemma B.4 (which is an adaptation for LBM
of Lemma 3.2 of [2] for SBM) to characterize the maximum for G.

The maximality of A(z*,w*) results from the fact that A(z,w) = G(a(z,w),z,w)
where a(z, w) is a particular value of a, A is immediately maximum at (z, w) ~ (z*, w*),
and for those, we have a(z, w) ~ a*.

The separation and local behavior of G around (z*, w*) is a direct consequence of the
proposition 4.8.

G(0,z,w) = Eg~ {

imsart-bj ver. 2014/10/16 file: bj-BraultKeribinMariadassou.tex date: April 21, 2017



18 V. BRAULT et al.

O

A.3. Proof of Proposition 4.8 (Local upper bound for A)

Proof.

We work conditionally on (z*,w*). The principle of the proof relies on the extension
of A to a continuous subspace of M, ([0, 1]) x M,,([0,1]), in which confusion matrices are
naturally embedded. The regularity assumption allows us to work on a subspace that
is bounded away from the borders of Mg([0,1]) x M,,([0,1]). The proof then proceeds
by computing the gradient of A at and around its argmax and using those gradients to
control the local behavior of A around its argmax. The local behavior allows us in turn
to show that A is well-separated.

Note that A only depends on z and w through R,(z) and IR,,(w). We can therefore
extend it to matrices (U, V) € U, x V. where U is the subset of matrices M,([0,1]) with
each row sum higher than ¢/2 and V is a similar subset of M,, ([0, 1]).

AUV) = -nd > > Upo Vi KL (g, G
kk' £.0

where

ape = ape(U, V) = (¢') 7! w
R [UT1V],,

and 1 is the g x m matrix filled with 1. Confusion matrices IR,(z) and IR,,(w) satisfy

R,(z)1I = w(z*) and R,,(w)1l = p(w*), with Il = (1,...,1)7 a vector only containing

1 values, and are obviously in U, and V. as soon as (z*,w*) is ¢/2 regular.

The maps fr ¢ : (U, V) — KL(af,, are(U,V)) are twice differentiable with second
derivatives bounded over U, x V.. and therefore so is A(U, V). Tedious but straightforward
f:omputations show that the derivative of A at (D, D,) = (Diag(w(z*)), Diag(p(w*)))
is:

. A
Appr (W*) = W (Dr,D,) Zpg )KL (ag,, a3p)

Bu(a") = 5 (Dn.D,) = S la) KL 0t )
A(w*) and B(z*) are the matrix-derivative of —A/nd at (D, D,). Since (z*,w*) is ¢/2-
regular and by definition of §(a*), A(W*)krr > cé(a*)/2 (resp. B(W* ) > cd(a*)/2)
if & # k' (resp. £ # (') and A(W*)rr = 0 (resp. B(z*), = 0) for all k (resp. £). B
boundedness of the second derivative, there exists C' > 0 such that for all (D,,D,) and
all (H,G) € B(Dx,D,,C), we have:

-1 0A ) > itk K -1 94 ) > 3edlel) ip g o4 g1
nd OUj <@l =g nd OV < e if =g
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Consistency and asymptotic normality of LBM estimators 19

Choose U and V in (U x V) N B(Dx, D, C) satisfying Ull = w(z*) and VI = p(w™).
U — Dy and V — D, have nonnegative off diagonal coefficients and negative diagonal
coefficients. Furthermore, the coefficients of U,V, D, D, sum up to 1 and Tr(D,) =
Tr(D,) = 1. By Taylor expansion, there exists a couple (H,G) also in (U x V) N
B(Dx, D, C) such that

. 1 oA oA
— AU V) = —A(Dr, D) +Tr ((U — Dr) 5 (H, G)> +r <(V Do)y G)>
> Cé(g*) [3 Z (U—Dx)ri +3 Z(V —Dy)eer — Z(U — Dr )ik — Z(V = Dyp)ec]
kK’ Lo k ¢
- 65(2" ) [(1—Te(U)) + (1 — Te(V))]

To conclude the proof, assume without loss of generality that (z,w) € S(z*,w*,C)
achieves the ||.]lo,~ norm (i.e. it is the closest to (z*,w™) in its representative class).
Then (U,V) = (Ry(2), Rin(w)) is in (Ue x V) N B(Dx, D, C) and satisfy Ull = 7 (z*)
(resp. VII = p(w*)). We just need to note n(l — Tr(IRy(z))) = ||z — z*[jo,~ (resp.
d(1 — Tr(IR,,(w))) = ||[w — w*||p,~.) to end the proof.

d

The maps fi ¢ : @ — KL(ag,, ()71 (z)) are twice differentiable with a continuous sec-
ond derivative bounded by 02 on ¢/(C,). All terms [UTS*V] v UT1V] ;Zl are convex
combinations of the ¢'(«,) and therefore in ¢)’(Cy ). Furthermore, their first and second
order derivative are also bounded as soon as each row sum of U and V is bounded away

from 0. By composition, all second order partial derivatives of A are therefore continuous
and bounded on U x V.

We now compute the first derivative of A at (D, D,) = (Diag(m(z*)), Diag(p(w*)))
by doing a first-order Taylor expansion of A (Dr +U,D,+ V) for small U and V.
Tedious but straightforward manipulations show:

1

Wk(Z*)

1
+ ) 2 Ve (S = 1)+ oI IV )

ape(Dr +U,D,+ V) =aj, + Z Ukk' (Skre — 1)
k/

O(IUI: [IVIIx)  if (K", ) # (k. €)

KL (o, e ) =KL (ag,, s p) +
(Oéké Ay ) (akl (9 ) {O(HUH17 ||V||1) if (k/,gl) _ (/ﬂ,f)

where the second line comes from the fact that f; ,(¢'(aj,)) = 0. Keeping only the first
order term in U and V in A and noting that A (D, D,) = 0 yields:
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20 V. BRAULT et al.

L A(D, +U, D, + V)= A(Ds, D,)] = _—Cll[\(DvaU,D e

nd
= Drir > Ver KL (afy, Grer) + ZD,) 0> Uk KL (g, o) + o([ U1, [V 1)
K o ook
=Y m(z") ) Ver KL (ajg afp) + prz )Y Uniw KL (g, afog) + o([|U]1 | V'[11)
k o WY

= Tr(UA(W")) + TY(VB(Z )+ o(lU]l1: V[I1)

where Ay (W) =", pe(Ww*) KL (o), @) and By (2*) = >, pe(2*) KL (ap, ). A
and B are the matrix-derivative of —A/nd at (D, D,). Since (z*, w*) is ¢/2-regular and
by definition of §(a*), Aggpr > cd(a*)/2 for k # k' and By > cd(a*)/2 for £ # ¢' and
the diagonal terms of A and B are null. By boundedness of the lower second derivative
of A, there exists a constant C' > 0 such that for all (H,G) € B(Dy, D,,C), we have:

-1 aA( ) > 3ed(a’) fk:;ék:’ and ;132\( ) z%‘f)wﬂf
nd U < @) jf fp— nd OV < et g =y

In particular, if U and V have nonnegative non diagonal coefficients and negative diagonal
coefficients.

-1 oA oA

o () (s 2|

> Uik + Y Vi — Te(U) — Te(V)
kk/ o

Choose U and V in (UxV)NB(Dy, D,, c3) satisfying Ul = 7w (z*) and VI = p(w*). Note
that U — D, and V — D, have nonnegative non diagonal coefficients, negative diagonal
coefficients, that their coefficients sum up to 1 and that Tr(D,) = Tr(D,) = 1. By Taylor
expansion, there exists a couple (H,G) also in (U x V) N B(Dy, D,,C) such that

—A(UV) ndA(D + (U —Dy),D,+(V—-D,))

~1x (- pofpma) vr(w - py S

cod(a*)
4

D (U = Do) + Y (V= Dy)ewr — Te(U = Dy) = Tx(V = D,)]
K.k’ 0,0

— 65(40‘*) [(1—Tr(U)) + (1 — Te(V))]
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Consistency and asymptotic normality of LBM estimators 21

To conclude the proof, choose any assignment (z, w) and without loss of generality assume
that (z,w) are closest to (z*,w”*) in their equivalence class. Then IRy(z) is in U and
additionally satifies IRy(z)1l = 7(z*) and ||z — z*[jo,~ = n||Ry(z) — Dx|1/2 = n(1 —
Tr(IRy4(z))). Similar equalities hold for IR,,(w) and ||w — w*||o.

O

A.4. Proof of Proposition 5.3 (global convergence F, )

Proof.
Conditionally upon (z*, w*),

Fri(0,2,w) — A(z,w) < F,q(0,2,w) — G(6,2,w)

= 3 (i, = ) (w15 — ' (0%1))
i g
=3 (awe — o) Winreer

kk' et

< sup E g Uiwroo Wiiroe = 2
rers**m* i o
[IT]|co <Diam(®)

uniformly in 8, where the Wy ¢ are independent and defined by:

Wikreer = Z Zz;kw;‘(gzi,k’wjl’ (zij — ¥ (afe))

z J

is the sum of ndIR,(2z)xk IRy (W) sub-exponential variables with parameters (52,1/x)
and is therefore itself sub-exponential with parameters (ndIRgy(z) gk Ry (W)eer 52, 1/K).
According to Proposition B.3, Eg«[Z|z*, w*] < gm Diam(®)vnda? and Z is sub-exponential
with parameters (nd Diam(©)%(21/2)252,2+/2 Diam(®)/x). In particular, for all &, 4 <

#/2+/2 Diam(©)

< Py (Z > g+ [Z|z*, w*] + & Diam(©)nd2v/2e, 4

Pg+ <Z > ggm Diam(©)vnd {1 + 8;1;15,”5}

z*, W*)

ndsi d
sexp| ——5

We can then remove the conditioning and take a union bound to prove Equation (5.2).

d
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22 V. BRAULT et al.

A.5. Proof of Proposition 5.4 (contribution of far away
assignments)

Proof.
Conditionally on (z*, w*), we know from proposition 4.7 that A is maximal in (z*, w*)

and its equivalence class. Choose 0 < t,4 decreasing to 0 but satisfying ¢,,4 > max ("n—gﬂ IO% ) )

This is always possible because we assume that log(d)/n — 0 and log(n)/d — 0. Accord-
ing to 4.7 (iii), for all (z,w) ¢ (z*, W*, t,q)

~ cd(a*)
Azw) < -2

5 *
(nllw =Wl + dls = 50, < = ndtna (A1)

since either ||z — 2*||o,~ > ntpq or [|[W — wW*|jg.~ > dt,g.
Set epq = lnf(c‘sgag’(‘gf%’”). By proposition 5.3, and with our choice of &,4, with

probability higher than 1 — Al ;(g,,4),

> p(x,2,w;0)
(z,w)¢S(z*,w* tna)
= p(X|Z*, \7;/*7 0*) Z p(z7 W a)and(G,Z,W)—/_\(Z,W)-‘y—]\(z,w)
(ZVW)QS(Z*7W*7tnd)
S p(X|Z*, W*, 0*) Zp(z, w: 0)€Fnd(9,z,w)—A(z,w)—ndtndcé(a*)/4
< p(xlz", w*,0%) 3 pla, w; @)endtnacs(@)/s

_ P62 W 0T) o, sesat)/s
p(z*, w*; 0%)

(a* 1-—
< p(x,2*, w*;0%) exp <ndtndc(8a) + (n+d)log C)
c
= p(x, 2", w*;6%)o(1)

where the second line comes from inequality (A.1), the third from the global control
studied in Proposition 5.3 and the definition of ¢,4, the fourth from the definition of
p(x,z*, w*;0), the fifth from the bounds on w* and p* and the last from t,q > (n +

d)/nd.
In addition, we have €,4 > log(nd)/v/nd so that the series Y, ;A ;(ena) converges
and:

Z p(x,z,w;0) = p(x;z", w*,0%)op(1)

(Z,W)QS(Z* W atnd)
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A.6. Proof of Proposition 5.5 (local convergence F,4)

Proof.
We work conditionally on (z*,w*) € Z; x W. Choose ¢ < kg? small. Assignments
(z,w) at ||.||o,~-distance less than ¢/4 of (z*,w*) are c¢/4-regular. According to Propo-
sition B.1, Ty and Ty, are at distance at most ¢ with probability higher than 1 —
exp <_128(7f’7+ﬁ2*16))‘ Manipulation of A and A yield
Frnq(0,2,w) — A(z,w)
nd nd
=Y Ry (@)in Ron (W)eer [fre(@arer) — fre(@rrer)]

kK" £.0

where fio(z) = =S5, (¢') " () + ¢ o (') (). The functions fx, are twice differentiable
on A with bounded first and second derivatives over I = ¢'([— My, M,]) so that:

Fee(y) = fre(@) = fro(@) (y —2) + o (y — @)

where the o is uniform over pairs (z,y) € I? at distance less than e and does not depend
on (z*,w*). Ty, is a convex combination of the S}, = w’(ozze) € ¢'(Cy). Since ¢’ is
monotonic, T, € ¥'(Cy) C I. Similarly, |Zr, — Tpe| < ko? and [¢p"| > o2 over I therefore
Zye € I. We now bound f,:

[Ry(2)" 8" Ron (W)],,, g
Tk (2)pe (W) kt

Yo () H T )

< <1 _ ]R’Q(Z)kk/IRm(w)‘M'> S S;:nn
= F(2)pe (W) 2

= maxy ¢ S}, and Sy ., = ming . S},. In particular,

Iy (2 o (W) ()| < Ty o) T () (1 FR0 2 00 ) S~ S

= Ry ()i R (w )eer S Sia SR # (k)
= R (@)5e(W) — Ry (@)1 R (W)gg] S0 if (k) = (k, 0)

Lo — Siy
T
|fk£ k/e, ‘w// / (xk’el)

where S}, =
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24 V. BRAULT et al.

Wrapping everything,

Az, w)

T;iA(Z’ Wl _ DO Ry (@) ke Ron (W)eer [Fie(@rrer)(Fre — Tae) + 0(Fre — Tre)]
k' 0.0

< Z Ry (2) ke R (W) eer + Z(%k(z)ﬁf(w) — Ry (2) kiR (W) ee)
kol

(k" )% (k,0)
S:n(x B Srilin -~ =
x e 22 Iﬁlﬁ,aéx\ﬂfu—xkd(l*-o(l))
Sr);lax - Sr*nin =~ =

=21 D Ry(@hwRn (W) | =500 max [Ty — el (1 + 0(1))

(k! £1)#(k,0) = ’

Sx o —Sx.

= 2[1 = Tr(Ry(2)) Tr(Rpn (w))] =255 =55 max [Tye — Tre| (1 + 0(1))

lz =z | [Ilw—w"["\ Shax — Smin ~
<2 ( — pe max |Zke — Zrel(1 + 0(1))

z —z* W — w* Sx o —Sx.

<y (n L ||) i Shin (14 o(1)

We can remove the conditioning on (z*, w*) to prove Equation (5.3) with ¢o = 2(S},... —
Sxi)/a? and ¢ = c3.

d

A.7. Proof of Proposition 5.6 (contribution of local assignments)

Proof.

By Proposition 4.2, it is enough to prove that the sum is small compared to p(z*, w*, x; 0)
on ;. We work conditionally on (z*,w*) € Z; x W;. Choose (z, w) in S(z*, w*,C) with
C' defined in proposition 5.4.

p(z, W, x; ) p(z, w;0)
log | iz wrx 09 ) =18z wen ) T Imi0%
* (p(z*,wtx; 9*)> % (p(z*,w*; 0%) + Fna(6,2,w)

For C small enough, we can assume without loss of generality that (z,w) is the repre-
sentative closest to (z*,w*) and note r; = ||z — z*[|p and o = ||w — w*||o. We choose
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2

ena < min(ka?, c§(a*)/8). Then with probability at least 1 — exp ( %)

8(c162+cak~tepna)

Fra(0,z,w) < A(z,w) — /N\(z,w) + /~X(z7w)

< Az, w) — Az, w) — @

co(a)
4

(drq + nrsy)

< €pd (dry + nra) —

- cd(a*)
- 8

(dry + nrs)

(drq + nry)

where the first line comes from the definition of A, the second line from Proposition 4.7,
the third from Proposition 5.5 and the last from &,4 < ¢d(a*)/8. A union bound shows
that

co(a*
Apa(eng) = Pox sup Frq(0,z,w) > — (8 ) (d||z — z*|jo,~ + n||Ww — W*]|o,~)
(z,W)%(EZéW ,€)
ndé?e?
< g"md _ nd
=gm exp( 8(c162 4 cok™ 15nd)>

Thanks to corollary B.6, we also know that:

p(z,w;0)

o <p<we> < Op(1)exp {Meya(ri +72)}
There are at most (:1) (rZ)g’"l m"2 assignments (z, w) at distance 71 and r of (z*, w*) and
each of them has at most ¢g9m™ equivalent configurations. Therefore, with probability
1-—- And(gnd)u

Z(z,w)ES(z*,w*,é) p(Za W, X 0)
(z,w)m(z*,w*)
p(Z*a W, X; 0*)

<op(1) Y (”) <n>gg+“mm+’“2 exp ((7’1 + o) Moy — 65(:;*) (dry + nr2))

r T
ri+ra>1 1 2

d
= OP(l) (1 + e(g+1) 10gg+Mc/4_dL6(a )) (1 + e(7n+1) 10gm+1\/[C/4 ncs(a )) -1

< Op(1)anqexp(and)

(‘6((1 ) (‘é(a )

where a,q = neldtosg+Me/a=d==5= 4 Je(m+)logmtMe/s—n="5=" — (1) as soon as
n > logd and d > logn. If we take £,4 > log(nd)/vnd, the series > ,Ani(ena)

converges which proves the results.

O
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A.8. Proof of Proposition 5.7 (contribution of equivalent
assignments)

Proof.

Choose (s,t) permutations of {1,...,g} and {1,...,m} and assume that z = z*° and
w = w*' Then p(x,z,w;0) = p(x,z"%, w5 0) = p(x,z*,w*;0%"). If furthermore
(5,t) € Sym(0), 8% = 6 and immediately p(x,z, w;0) = p(x,z*,w*;0). We can there-
fore partition the sum as

Z p(x,2,w;0) prz w*t: 9)
(z,w)~(z,wW)
= Zp(xv Z*7W*; OSVt)
s,t

= > #Sym(0)p(x,z*, w*;0)
0'~6
= #Sym(0) > p(x,z*, w*;0)

0’'~6

p(x,2z*,w*;0) unimodal in 0, with a mode in 5Mc. By consistency of §Mc, either
p(x,z*, w*;0) = op(p(x,2*,w*;0%)) or p(x,2*,w*;0) = Op(p(x,z*,w*;0%)) and 0 —
0*. In the latter case, any 8 ~ 6 other than 0 is bounded away from 6* and thus
p(x,z*, w*;0') = op(p(x,2*,w*;0%)). In summary,

p(x,z*, w*; 6’ ) p(x,z*, w*;0")
—(1 1
D e o)~ B g (o)

A.9. Proof of Corollary 5.8: Behavior of éMLE

Theorem 5.1, states that:

p(x;0)  #Sym(8) p(x,z*, w*;0')
p(x;6%) ~ #Sym(6") 06 p(x, 2", w*; 0°) (Lt op(1)) +op(l)
Then,
g p(x;6%)
p(x;0) = #Sym((’)#symw*)p(x pp— ¥ max p(x, 2", w* :0") (1+0p(1)) +o0p(1)
1

= #Sym(0)

# Sym(0*)p(z*, w*|x; 0%) 6 H}aXp(X z*,w*0') (14 0p(1)) + op(1).
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Now, using Corollary 3 p. 553 of Mariadassou and Matias [11]

gy (D) 1 N
p(’ |X70 )n,d—)—j»oo #Sym(g*) Z §(z,w)(7 )7

(2.w)% (2, w*)
we can deduce that
1

p(i6) = # Sym(@)# Sym(6*)p(z*, w*|x; 0%) gr}igp(x, 2", w";6') (1+op(1)) +op(1)

# Sym(O)m g}ggp(x, 2", w*;0') (14 op(1)) + op(1)

# Sym(0) gr}%)ecp(x, z*,w*;0') (14 op(1)) + op(1). (A.2)

Finaly, we conclude with the proposition 3.2.

A.10. Proof of Corollary 5.9: Behavior of J (Q, 0)
Remark first that for every 8 and for every (z,w),
p(x,2,w;0) < exp[J (6 x 0w, 8)] < max exp[J (Q, )] < p(x;6)
€
where &, denotes the dirac mass on z. By dividing by p (x;0), we obtain

p(x,2,w;0) _ Geo P [/(Q.9)] < P(x0)
p(x;0%) ~ p(x;0%) T p(x;07)

As this inequality is true for every couple (z,w), we have:

p(x,z,w:0)  Bex exp[/(Q0)]
T )

Moreover, using Equation A.2, we get a lower bound:

p(X7Z7W;0) p(X7Z*7W*;0/) <1+OP(1))
max —————- = max <
(zw)ezxw  p(x;0%) 6'~6 p(x;6%)
p (X, Z*a W*; 9/) (1 + OP(I))
max = —
0'~6 # Sym(0™)p (x,z*, w*;0%) (1 + 0,(1))
p (X7 Z*7W*; 01) (1 + Op(l))

@ o we)

+ 0p(1)

+ 0p(1)
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Now, Theorem 5.1 leads to the following upper bound:
gy oxpl7(.0)] p(x:0)
p(x;0%) ~op(x07)
# Sym(0) maxp (x, z*, W 9/) (1+0,(1))
~  #Sym(0*)e'~6 p(x,z*, w*; 6%)

+ 0p(1)

so that we have the following control
J(Q,0
max exp [/ (Q, 6)]
p(x;0%)
#Sym(6) - p (x,2,w*;0') (1+0,(1))
~ #Sym(6*)o'~o6 p(x,z*, w*; 0%)

p (Xa Z*a W*; 9/) (1 + Op(l))
max - =
0'~0 # Sym(6™)p (x,z*, w*; 6%)

+0p(1) <

+ 0,(1).

In the particular case where # Sym(0) = 1, we have

6123 exp [J (Q, 0)] B 1 P (X, VA 9/) 1+ Op(l))
p(x;0) B #Sym(g*)g}%{é

and, following the same reasoning as the appendix A.9, we have the result.

+ 0p(1)

p(x,z*, w*; 6%)

Appendix B: Technical Lemma

B.1. Sub-exponential variables

We now prove two propositions regarding subexponential variables. Recall first that a
random variable X is sub-exponential with parameters (72,b) if for all A such that |A| <

1/b,

2.2
E[MX—E())] < exp <)‘ T ) )
- 2

In particular, all distributions coming from a natural exponential family are sub-exponential.
Sub-exponential variables satisfy a large deviation Bernstein-type inequality:

2
exp(—tj) if 0<t<7%
) S (B.1)
exp (—%) if ¢t> %

P(X — E[X] > t) < {

So that

The subexponential property is preserved by summation and multiplication.
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e If X is sub-exponential with parameters (72,b) and o € R, then so is X with
parameters (72, ab)
e If the X;, i = 1,...,n are sub-exponential with parameters (72,b;) and indepen-
dent, then so is X = Xy + --- + X,, with parameters (), 77, max; b;)
Proposition B.1 (Maximum in (z,w)). Let (z,w) be a configuration and &y ¢(z, w)
resp. Tre(z, w) be as defined in Equations (3.1) and (4.4). Under the assumptions of the
section 2.2, for all e > 0

~ N N de?
P <12%VX max 7T5(2)pe(W)|Zk,0 — Tpe| > 5) < g™ 'm™exp <_2(02n+€n—15)) . (B2)
Additionally, the suprema over all ¢/2-reqular assignments satisfies:
dc?e?
P P < gl d+l __naee ) B.3
(e, matona —aul > <) s mt*h e (). )

Note that equations B.2 and B.3 remain valid when replacing ¢/2 by any ¢ < ¢/2.
Proof.

The random variables X;; are subexponential with parameters (52, 1/x). Conditionally
to (2%, w*), zyrwie(Ere — Tre) is a sum of zypwye centered subexponential random
variables. By Bernstein’s inequality [12], we therefore have for all ¢ > 0

L ¢
P(zirwie|Zre — Trel > 1) < 2exp (_2(Z+kw+e<72 . n—lt)>

In particular, if ¢ = ndx,

R R R ~ ndz? ndz?
P (% (2)pe(W)|ene = Buel 2 @) < Zexp (‘zm(zm(w)az T n—lw) = Zexp <_2<a+fmr>>

uniformly over (z, w). Equation (B.2) then results from a union bound. Similarly,

P (|Zr,e — Trel > x) = P(Tr(2)pe(W)|Z,e — Tre| > Tr(2)pe(W)x)

<96 ndz?71,(2z)? pe(w)?

ol

= SO T2 (2)pe (W) £ i s (2) e (W)
ndc?x?

=200\ 3G i)

Where the last inequality comes from the fact that c¢/2-regular assignments satisfy
7k(z)pe(w) > ¢?/4. Equation (B.3) then results from a union bound over Z; x W; C
ZxW.
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]

Lemma B.2. If X is a zero mean random variable, subexponential with parameters
(02,b), then | X| is subexponential with parameters (802,2v/2b).

Proof.

Note = E|X| and consider Y = |X| — y. Choose A such that || < (2v/2b)~!. We need
to bound E[e*Y]. Note first that E[e*Y] < E[e*X] + E[e™*¥X] < +o0 is properly defined
by subexponential property of X and we have

AY APE[Y Y]
E[e*Y] <1+ kZZQ —

where we used the fact that E[Y] = 0. We know bound odd moments of |\Y|.

—_

E[IAY P < (B[AY PRE[AY PEP)V2 < COPFEY ] + APFEY 22

[\)

where we used first Cauchy-Schwarz and then the arithmetic-geometric mean inequality.
The Taylor series expansion can thus be reduced to

Bl <14 ( 2 3‘) B +Z< *3 [(%1— i (2k1+1)!]> M

& /\2k]E[Y2k]
= kz:% SRNGTSY

2V2AX + 672\5/\X

)\QkE[XZk] e
< Z 23’€W — cosh (2\@»() —E l . ]

where we used the well-known inequality E[|X — E[X]|*] < 2*E[|X|¥] to substitute
22FE[X2F] to E[Y2H].

O
Proposition B.3 (concentration for subexponential). Let Xi,...,X,, be independent
zero mean random variables, subexponential with parameters (o?,b;). Note Vi =, 02

and b = max; b;. Then the random variable Z defined by:

7 = sup. ZI‘Z-XZ-

ITlloc<M
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is also subezponential with parameters (SM>VZ,2v/2Mb). Moreover E[Z] < MVy\/n so
that for all t > 0,

42
B(Z — MVpv/i > 1) < exp ( SITET ﬂMbt)> (B.4)

Proof.

Note first that Z can be simplified to Z = M ), |X;|. We just need to bound bound

E[Z]. The rest of the proposition results from the fact that the | X;| are subexponential

(801-2,2\/517%») by Lemma B.2 and standard properties of sums of independent rescaled

subexponential variables.

BZ1=%| s ST, :]Elzi:MXill < M3 e

Il
1/2 1/2
:MZ@SM(Zl) (Zﬁ) = MVyv/n

using Cauchy-Schwarz.

The final lemma is the working horse for proving Proposition 4.7.

Lemma B.4.

Let 1 and 7 be two matrices from Mgym(©) and f: © x © — Ry a positive function,
A a (squared) confusion matriz of size g and B a (squared) confusion matriz of size m.
We denote Dygiror = f(Nke, Tirer). Assume that

e all the rows of n are distinct,
e all the columns n are distinct;
o flz,y) =0z =y;
e cach row of A has a non zero element;
e cach row of B has a non zero element;
and note
E = Z Z Akk’BZZ/dklk’K’ (B5)
kk! e
Then,

A, B are permutation matrices s,t
Y=0&< ot B
n=mn>" cad ¥(k, ), Mee = Ns(r)e(e)
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Proof.

If A and B are the permutation matrices corresponding to the permutations s et t:
A;; =01ifi # s(j) and B;; = 0if i # t(j). As each row of A contains a non zero element
and as Ay, > 0 (resp. By(gye > 0) for all k (resp. £), the following sum X reduces to

Y= Z Z At Beor dpogrrer = Z Z Askyk Breoyeds(iyee)ke
¢

kk' et k

¥ is null and sum of positive components, each component is null. However, all A
and By (), are not null, so that for all (k,£), dsye(eype = 0 and fre = Ns(ye(e) -

Now, if A is not a permutation matrix while ¥ = 0 (the same reasoning holds for B
or both). Then A owns a column k that contains two non zero elements, say Ay, and
Ap,i- Let £ € {1...m}, there exists by assumption ¢’ such that By # 0. As ¥ = 0, both
products Ak, Bee di,eker and Ag, i Brerdi,oner are zero.

Ak kaf'dk ke’ = 0 dk ke’ = O kel = 7k‘€/
{ 1 1 @ 1 @ ’rl 1 77 <:> /]’]klé _ ,’7k2£

Aok Beordgyorer =0 Mot = Tkt
The previous equality is true for all £, thus rows k; and k5 of  are identical, and contradict

the assumptions.

O

B.2. Likelihood ratio of assignments

Lemma B.5.

Let Z, be the subset of Z of c-regular configurations, as defined in Definition 4.1. Let
SY = {mw = (w1, m2,...,mg) € [0,1]9 : 39_, m = 1} be the g-dimensional simplex and
note S¢ = S9N e, 1 — c]9. Then there exists two positive constants M. and M/ such that
forallz, z* in Z; and all ™ € SY

llog p(z; 7t (z)) — logp(z*; 7 (2z*))| < M.||z — 2o

Proof.
Consider the entropy map H : SY — R defined as H(w) = — ) 7_, mlog(ms). The
gradient VH is uniformly bounded by < = log =< in ||.||oc-norm over S9 N [c,1 — cJ9.

Therefore, for all 7, 7 € S9N ¢, 1 — ]9, we have

H(m) — H(x")| < e

< Sl =l

To prove the inequality, we remark that z € Z; translates to «(z) € S9N e, 1 — ]9,
that log p(z; 7 (z)) — logp(z*; 7 (2*)) = n[H (7 (2)) — H(#(z*))] and finally that ||7(z) —
(2"l < 2z — 2" o

O
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Corollary B.6.  Let z* (resp. w*) be ¢/2-reqular and z (resp. w) at ||.||o-distance c/4
of z* (resp. w*). Then, for all @ € ©

p(z,w;0)

1 L S A
o8 p(z*, w*;0%)

< Op(1) exp {Mys(|lz — 2*[lo + [w — w*[lo)}
Proof.
Note then that:
p(z,wi0) plzwimp) p(z,wim,p)  p(zt,whw(z"), p(w*))
Pz w8 | pla,wempt) | plan, wha(z), p(w))  plewimt, pt)
p(z, w; 7t (z), p(w)) p(z*, w*7(z"), p(W"))

<
- p(z*, w7t (z*), p(w*))  p(z*, w*; 7+, p*)
. . p(z*, w*; 7 (2*), p(w*))
< exp { M., z—2 o+ |[|[W—w"|o)} X
(Mepa(lz = 2o + 1w = will)} x 2 P E
< Op(1)exp {M/a(llz — 2" [lo + W — w*[lo) }

where the first inequality comes from the definition of #(z) and p(w) and the second
from Lemma B.5 and the fact that z* and z (resp. w* and w) are ¢/4-regular. Fi-

nally, local asymptotic normality of the MLE for multinomial proportions ensures that
p(z" whif(2").p(w")) _ Op(1).

p(z* ,w*;m*,p*)

O
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