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ABSTRACT

The increasing spatial resolution of hyperspectral remote sensors re-

quires the development of new processing methods capable of com-

bining both spectral and spatial information. In this article, we focus

on the spatial component and propose the use of novel multifractal

attributes, which extract spatial information in terms of the fluctua-

tions of the local regularity of image amplitudes. The novelty of the

proposed approach is twofold. First, unlike previous attempts, we

study attributes that efficiently summarize multifractal information

in a few parameters. Second, we make use of the most recent devel-

opments in multifractal analysis: wavelet leader multifractal formal-

ism, the current theoretical and practical benchmark in multifractal

analysis, and a novel Bayesian estimation procedure for one of the

central multifractal parameters. Attributes provided by these state-

of-the-art multifractal analysis procedures are studied on two sets

of hyperspectral images. The experiments suggest that multifractal

analysis can provide relevant spatial/textural attributes which can in

turn be employed in tasks such as classification or segmentation.

Index Terms— Hyperspectral imaging, multifractal analysis,

spatial information, texture characterization, wavelet leaders

1. INTRODUCTION

Hyperspectral (HS) imaging is a remote sensing technique which

has sparked considerable interest over the last decades. It consists of

acquiring an image of a scene in many narrow contiguous spectral

bands. This relative wealth of spectral information has motivated

the development of processing methods that focus on the spectral

information on a pixel-by-pixel-level while neglecting the spatial in-

formation contained in the image. However with recent advances

in HS remote sensor development, achieving sub-meter spatial reso-

lution, efficiently extracting the spatial information and including it

into processing schemes has been recognized as an important topic.

A number of studies suggests that the combination of both spec-

tral and spatial information can improve the performance in classical

HS image processing tasks, such as classification [1, 2], segmenta-

tion [3] or endmember identification [4, 5]. Several authors have

proposed to extract spatial information by using textural characteri-

zations, see, e.g., [2, 5]. The notion of image texture does not rely

on one single concept, and different paradigms have been proposed

in the literature [6]. Among them, scale invariance and multifractal

analysis have been reported to be relevant for the effective model-

ing of textures associated with natural images [7]. The notion of

scale invariance is deeply tied to the spatial fluctuations of the point-

wise singular behavior of the image amplitudes, measured by the

Hölder exponent [8]. Multifractal analysis provides both the theo-

retical and the practical framework for its study. It achieves a rich

yet global description of the spatial fluctuations in terms of the mul-

tifractal spectrum. It also provides a formula for its practical estima-

tion, essentially relating the multifractal spectrum to the power law

behavior across scales of the moments of multiresolution (wavelet)

coefficients associated with the texture [9].

In the context of HS image processing, several attempts have

been reported for the use of fractal and multifractal concepts, see,

e.g., [10, 11] for two recent contributions. While these results are

encouraging, most of the attempts remain limited for two reasons:

conceptually because they only consider fractal dimensions instead

of the richness of a full multifractal characterization; practically be-

cause the algorithms traditionally associated with this quantity (es-

sentially, the box-counting algorithm) are limited in accuracy.

The goal of this contribution is to study the use of attributes de-

rived from the multifractal spectrum in the context of HS image pro-

cessing, making use of the most recent developments in multifractal

analysis. To this end, we base our analysis on the current bench-

mark multifractal formalism, the wavelet leader multifractal formal-

ism (see, e.g., [7] for details on its use for image texture character-

ization). Secondly, we make use of original multifractal attributes,

the log-cumulants, which efficiently capture the main features of the

multifractal spectrum with a few parameters. Finally, we emphasize

the use of one specific attribute, the multifractality parameter, for

which a versatile and powerful Bayesian estimator has recently been

introduced [12, 13]. To our knowledge, such an analysis has never

been reported before in the HS imaging context.

The remainder of this article is organized as follows. Section 2

presents the main theoretical and practical concepts of multifractal

analysis for HS images and introduces the state-of-the-art estimation

procedures. Section 3 describes the analysis of two HS images us-

ing multifractal attributes. Conclusions and perspectives for future

research are outlined in section 4.

2. MULTIFRACTAL ANALYSIS OF HS IMAGES

Within this article we propose to apply multifractal analysis band

by band. This amounts to considering each subband as a surface

whose regularity is characterized by multifractal analysis of images.

Theoretical and practical concepts are recalled below.

Multifractal spectrum. Multifractal analysis studies an image

X : R
2 → R through the fluctuations (with respect to space) of the

local regularity of image amplitudes, commonly measured by the

Hölder exponent: the image X is said to belong to Cα(t0) if there

existsα > 0 and a polynomialPt0
of degree smaller thanα such that

||X(t)−Pt0
(t)|| ≤ C||t−t0||

α and the Hölder exponent at position

t0 ∈ R
2 is the largest value of α such that this inequality holds, i.e.,

h(t0) , sup{α : X ∈ Cα(t0)}. Qualitatively, the Hölder exponent

measures the roughness of the image around t0 (the smaller h(t0),



the rougher X at t0; the larger h, the smoother the image). The

textural information is then extracted from the spatial fluctuations of

the Hölder exponent. Multifractal analysis provides a measure for

these regularity fluctuations by means of the multifractal spectrum

D(h). It is defined as the Hausdorff dimension (denoted dimH ) of

the sets of points at which the Hölder exponent takes the same value

D(h) , dimH{t : h(t) = h}

i.e., D(h) measures the “size” of the set of points having the same

roughness. It can be shown that the multifractal spectrum admits the

following polynomial expansion around its maximum [7]

D(h) = 2+
c2
2!

(
h− c1
c2

)2

−
c3
3!

(
h− c1
c2

)3

+o
(
(h− c1)

3)
(1)

where o
(
x3

)
/x3 tends to zero when x tends to 0. The coefficients

cp in this expansion are termed the log-cumulants. The leading order

coefficients provide an efficient summary of the multifractal proper-

ties of X and are often used in applications instead of the full func-

tion D(h): c1 corresponds to the mode of D(h) (”average” smooth-

ness), c2 is directly related to its width, and c3 to the asymmetry.

Wavelet leaders multifractal formalism. The mathematical def-

inition of D(h) cannot be used for its practical estimation. Instead,

a so-called multifractal formalism can be constructed based on spe-

cific multiresolution coefficients ℓ(j,k), the wavelet leaders [7, 9],

that capture the local regularity of the image X around the dis-

crete spatial location k for a given frequency scale a = 2j . Let

D
(m)
X (j,k), m = 0, . . . , 3 denote the coefficients of a 2D dyadic

wavelet transform, defined by a mother wavelet ψ characterized by

its number Nψ of vanishing moments, see, e.g., [14] for details. For

multifractal analysis purposes, the wavelet coefficients are renormal-

ized to the L1-norm, i.e., d
(m)
X (j,k) , 2−j/2D

(m)
X (j,k), m =

1, 2, 3. The wavelet leaders ℓ(j,k) are then defined as the local

supremum of wavelet coefficients taken within this spatial neigh-

borhood and over all finer scales: Let denote λj,k = {[k12
j , (k1 +

1)2j), [k22
j , (k2+1)2j)} the dyadic cube of side length 2j centered

at k2j and 3λj,k =
⋃
n1,n2={−1,0,1} λj,k1+n1,k2+n2

the union of

this cube with its eight neighbors, then [7, 9]

ℓ(j,k) , sup
m∈(1,2,3),λ′⊂3λj,k

|d
(m)
X (λ′)| (2)

The multifractal formalism essentially states that the log-cumulants

cp in (1) can be directly related to the wavelet leaders ℓ(j,k) through

the key relation

Cp(j) = c0p + cp log 2j (3)

where Cp(j) is the p-th order cumulant of wavelet leaders ℓ(j,k),
see the seminal contribution [15].

Estimation. The relation (3) leads to the definition of estimators

for the parameter cp based on linear regressions of the sample cumu-

lant of log ℓ(j,k), denoted by Ĉp(j), against scale j for a range of

scales j ∈ [j1, j2]

ĉp =
1

log 2

j2∑

j=j1

wjĈp(j) (4)

where wj are appropriate regression weights [7]. These expressions

are the most frequently used estimators for multifractal attributes.

An alternative estimation procedure for parameter c2, based on

a Bayesian framework, has been recently proposed, see [12,13]. The

parameter c2 is of central importance since it enables the identifica-

tion of the two most important process model classes used in applica-

tions, namely self-similar processes and multifractal multiplicative

cascade based processes (corresponding to c2 = 0 and c2 < 0, re-

spectively). The Bayesian approach relies on a semi-parametric mul-

tivariate Gaussian model for log-leaders log ℓ(j,k) that efficiently

exploits their covariance structure in addition to the relation (4) for

the evolution of their variance across scales. This approach has been

shown to yield significantly improved performance and enables the

accurate multifractal analysis of small image patches. Furthermore,

it can be incorporated in a hierarchical statistical model in order to

account for the dependencies between image patches, for instance.

The main drawback of this approach as compared to the use of (4)

is the fact that the image patch size can not be smaller than 64× 64
and its increased computational cost, ranging from ∼ 8s (64 × 64)

to ∼ 50s (512× 512).

To summarize, the multifractal analysis of an image consists,

first, in the computation of wavelet leaders, second, in the computa-

tion of sample cumulants and estimation of log-cumulants.

3. MULTIFRACTAL ATTRIBUTES FOR HS IMAGES

Data sets. To assess the relevance of log-cumulants cp in the con-

text of HS image processing, two sets of HS images are used. The

first HS image was acquired during the Madonna project [16] over

Villelongue (France) by the Hyspex hyperspectral sensor providing

measurements from the visible to near infrared bands with a spatial

resolution of 0.5 meters. It is mainly composed of forested and ur-

ban areas as shown in Fig. 1(a) (artificial color composition). The

second image was acquired over Moffett Field (CA, USA) by the

Airborne Visible Infrared Imaging Spectrometer AVIRIS of the JPL

laboratory (NASA) with a spatial resolution around 20 meters (arti-

ficial color composition shown in Fig.1(b)).

Estimation. We use tensor-products of Daubechies’s mother

wavelet with Nψ = 2 vanishing moments in the 2D wavelet trans-

form. The weights wj in (4) are chosen proportional to the number

of wavelet leaders at scale j, as in [7], to reflect the confidence

granted to Ĉp(j). In the Bayesian estimation procedure, a band-

width parameter η controls the percentage of the spectral grid used to

approximate the Gaussian likelihood and is set to η = 0.3, see [13].

Scales used to perform estimation are respectively [j1, j2] = [2, 4],
[1, 2] and [1, 3] for patches of size 256× 256, 64× 64 and 16× 16
pixels.

3.1. Spectral evolution of multifractal features

We begin with investigating the evolution of multifractal image prop-

erties across spectral bands. For this purpose, the estimation proce-

dures described in Section 2 are applied independently to each sub-

band of a homogenous area of 256 × 256 pixels of the Moffet data

set (the mountain area indicated by a red frame in Fig. 1).

Figure 2 (b) plots multifractal spectra of the image 2 (a) for

three different bands. The spectra for different bands clearly differ in

shape and position. The mode, the width and the asymmetry of the

spectra (tied to c1, c2 and c3) have their own independent spectral

evolutions. For instance, bands # 20 and 96 have similar values of

c1 but different values of c3.

We propose to investigate in more detail the spectral evolution of

the second log-cumulant c2, which can be estimated by least squares

(linear regression (4)) or the Bayesian approach, allowing further

discussion. The spectral evolution of c2 is displayed in Fig. 2 (c)

(blue: Least Squares (LS); red: Bayesian estimation (Bay)). For



(a) Madonna

(b) Moffett

Fig. 1. Real HS data acquired by the Hyspex hyperspectral scanner

(a) and by AVIRIS (b).

comparison, the average reflectance of the image 2 (a) versus spec-

tral bands is reproduced in Fig. 2 (d) with its standard deviation

(STD) (red: average reflectance; blue: standard deviation). The evo-

lution of the multifractal attribute c2 across spectral bands signifi-

cantly differs from the average reflectance, providing clear evidence

for the complementary information that is captured by multifractal

texture analysis. The correlation coefficient between the reflectance

and c2 is found to be small: 0.1 (0.4) for the average reflectance and

−0.7 (−0.5) for the standard deviation when using Bayesian esti-

mator (LS estimator), respectively. In addition, we observe a partic-

ularly pronounced fluctuation of c2 around subbands 10 and 30 that

cannot be identified on the reflectivity spectrum.

These results suggest that the log-cumulants are local spatial at-

tributes whose spectral evolution significantly differs from that of the

average reflectivity and hence convey complementary information.

3.2. Spatial distribution of multifractal features

A second set of experiments is conducted on small patches for a

single subband of the HS images in order to illustrate and study the

description enabled by the multifractal attributes throughout space.

In a first experiment, the patch size is set to the minimum value

allowed by the Bayesian approach (64 × 64), and log-cumulants c2
are estimated for half-overlapping patches of the reflectivity image

for two different subbands independently. The results are summa-

rized in Figs. 3 and 4 for Moffet and Madonna: reflectivity im-

age (top row), LS estimator (second row) and Bayesian estimator

(bottom row) for two different bands (left and right column, respec-

tively). The LS based estimation is dominated by the Bayesian ap-

proach, which manages to reproduce the spatial structure of the im-

age texture with less spatial variability. The log-cumulant c2 nicely

reproduces the overall spatial composition of the image. Yet, the

map of c2 does not identically reproduce the original reflectivity im-

age. Indeed, the mountain regions (top-left and bottom-right cor-

ners) in Moffett exhibit low contrast with urban areas, while the con-

trast is particularly pronounced for c2. The same comment applies

to the path separating the forest and the fields in Madonna. Finally,

when comparing the maps of c2 for two different bands of Madonna,

estimates of the forested area are found to be spatially homogeneous

(a) Mountain zone of interest
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Fig. 2. Mountain area from Moffett data (a), multifractal spectrum

for three different bands, spectral evolution of c2 (c) and average

reflectance and standard deviation (d).

for the band # 20 (a). In contrast, clusters of strongly negative c2 ap-

pear in the forest at band # 44 (b). This difference apparently reflects

a change of the tree density, which affects the width of D(h).
In a second experiment, we reduce the patch size in an attempt

to further improve spatial localization and study the behavior of cu-

mulants Cp(j) and log-cumulants cp, estimated by using (4), for

several orders p. Estimation is performed using sliding windows of

size 16×16 pixels; thus, each window (patch) can be identified with

one pixel (here, the central pixel of the window). Only results for

p = 1 are reproduced here for space reasons. Note that the compu-

tation time of this procedure is of the order of only 5s for all pixels

of a band. Fig. 5 displays the first cumulant C1(1) (top) and the first

log-cumulant c1 (bottom) for the band # 44 of the Moffett image.

The first cumulant C1(j) can be interpreted as a local energy of the

reflectivity image gradient at scale j; as such, it can be related to

other approaches for computing the (local) energy of the image. The

multifractal framework, however, provides a different description by

considering the mechanism that relates Cp(j) at different scales, en-

coded by the log-cumulants cp. Indeed, the local estimates of c1
depicted in Fig. 5 (bottom) suggest the following remarks. Certain

types of building groups (center-right part of image), for instance,

are highlighted in the map of c1 while they were not visible in the

original reflectivity image. Along the same line, in the mountain area

(upper left corner), the c1 map reproduces structures different from

the ones in the C1(1) map or even from the reliefs in the intensity

map. Finally, borders between water and land, which are in essence

discontinuities, are outlined by large values of c1.

The results presented above are positive indications suggesting

the use of multifractal attributes cp for the extraction of spatial infor-

mation, not captured by a pixel-by-pixel analysis of the reflectivity

image nor by classical processing methods such as local energy.

4. CONCLUSIONS AND PERSPECTIVES

This paper has proposed to extract spatial information using multi-

fractal attributes, the log-cumulants cp. Experiments, conducted on

two HS images, have shown that these log-cumulants captured infor-



(a) Band # 44 (b) Band # 96

Fig. 3. Reflectivity image (top), LS (middle) and Bayesian (bottom)

estimates of c2 for 64 × 64 overlapping patches on Moffett data set

for bands # 44 (a) and # 96 (b).

(a) Band # 20 (b) Band # 44

Fig. 4. Reflectivity image (top), LS (middle) and Bayesian (bottom)

estimates of c2 for 64 × 64 overlapping patches on Madonna data

set for bands # 20 (a) and # 44 (b).

Fig. 5. Pixel-wise map of the first order cumulant C1(1) (top) and

log-cumulant c1 (bottom) on Moffett data set for band # 44.

mation significantly different from the average reflectivity or from

the local energy. Viewed as a function of wavelength, they could

be incorporated in a data-mining scheme to identify bands of inter-

est based on characteristics of multifractal spectrum (mode, width

or asymmetry). Viewed as a function of space, they are attributes

characterizing the local texture and could be combined with spec-

tral features to perform tasks such as classification or segmentation.

This approach is currently under investigation. Future work on the

Bayesian approach will include the definition of hierarchical mod-

els to introduce spatial/spectral dependence between c2 of different

patches and different bands. The statistical model could be enhanced

to incorporate c1 and c3, associated with the mode and skewness of

the multifractal spectrum.
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