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Abstract This paper deals with asymptotics for multiple-set linear canonical
analysis (MSLCA). A definition of this analysis, that adapts the classical one
to the context of Euclidean random variables, is given and properties of the
related canonical coefficients are derived. Then, estimators of the MSLCA’s
elements, based on empirical covariance operators, are proposed and asymp-
totics for these estimators are obtained. More precisely, we prove their consis-
tency and we obtain asymptotic normality for the estimator of the operator
that gives MSLCA, and also for the estimator of the vector of canonical coeffi-
cients. These results are then used to obtain a test for mutual non-correlation
between the involved Euclidean random variables.

Keywords Multiple set canonical analysis - asymptotic study - non-
correlation tests

1 Introduction

Multiple-set linear canonical analysis (MSLCA), also known as generalized
canonical correlation analysis, has been extensively discussed in the literature,
see Kettenring (1971), Gifi (1991), Gardner et al. (2006), Takane et al. (2008),
Tenenhaus and Tenenhaus (2011), as well as the further references contained
therein. It is a statistical method that generalizes linear canonical analysis
(LCA) to the case where more than two sets of variables are considered, which
is of a real interest since in applied statistical studies it is common to collect
data from the observation of several sets of variables on a given population.
However, although this interest, several aspects under which LCA has been
studied have never been addressed to MSLCA. For example, asymptotic the-
ory for LCA and related applications have been tackled by several authors
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(e.g., Muirhead and Waternaux (1980), Anderson (1999), Pousse (1992), Fine
(2000), Dauxois et al. (2004)). It would be natural to wonder how the obtained
results extend to the case of MSLCA but, to the best of our knowledge, such
an approach has never been tackled.

In this paper, we introduce an asymptotic theory for MSLCA. For doing
that, we first define in Section 2 the notion of MSLCA for Euclidean random
variables, that is random variables valued into Euclidean vector spaces. This
analysis is defined from a maximization problem under specified constraints,
and shown to be obtained from spectral analysis of a suitable operator. Prop-
erties of the related eigenvalues, called canonical coefficients, are then given. In
Section 3, we tackle the problem of estimating MSLCA. More precisely, estima-
tors based on empirical covariance operators are introduced. Then, consistency
of the obtained estimators is proved. Further, we derive the asymptotic distri-
bution of the used estimator of the aforementioned operator, and also that of
the estimator of the vector of canonical coefficients in the general case as well
as in the case of elliptical distribution. Section 4 is devoted to the introduction
of a test for mutual non-correlation between the random variables involved in
MSLCA. The results obtained for asymptotic theory of MSLCA are then used
in order to derive the asymptotic distribution of the used test statistic under
null hypothesis.

2 Multiple-set canonical linear analysis of Euclidean random
variables

For an integer K > 2, let us consider random variables Xy, .-, X defined
on a probability space (2,4, P) and valued into Euclidean vector spaces
Xy, -, Xk respectively. Denoting by E the mathematical expectation related
to P, we assume that, for any k& € {1,---, K}, we have E(]| Xx|2) < 4+
where || - ||z denotes the norm induced by the inner product (-, )5 of X%, and,
without loss of generality, that E(Xy) = 0. Each vector « in the vector space
X = X x --- Xg will be writen as

aq
aK

and we recall that X’ is an Euclidean vector space equipped with the inner
product (-, -)x defined by:

K
Vo€ X, VB e X, (a,B)x =Y _(ak, Bi)k-
k=1
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We denote by || - || x the norm induced by this inner product. Considering the
X-valued random variable

X1
x=|:
Xk
we can give the following definition which adapts the classical definition of

multiple-set canonical analysis (e.g., Gifi (1991), Gardner et al. (2006), Takane
et al. (2008)) to the context of Euclidean random variables.

Definition 2.1. The multiple-set linear canonical analysis (MSLCA) of X
is the search of a sequence (a(j)) v of vectors of E, where ¢ = dim(X’),

1<5<
satisfying:
o) = arg max E (<a,X >%), (1)
aeC;
where
K
Cl{an/Zvar(< o, Xk >k)1}, (2)
k=1
and, for j > 2 :

K
C; = {ae Cy/ Zcov << ag),Xk >k, < o, Xk >k) =0, Vre{l,--- ,j—l}}.
k=1
(3)

Remark 2.1
1) The constraints sets given in (2) and (3) can be expressed by using covari-
ance operators defined for (k,¢) € {1,---, K}? by:

Vie =E (Xg ® Xk) = VZ]; and Vi := Vi,

where ® denotes the tensor product such that, for any (z,y), ®y is the linear
map : h =< z,h > y, and T* denotes the adjoint of T'. Indeed, it is easily
seen that, for (o, ) € X2,

var ((ag, Xi)x) = E ((ar, Xi)i) = E ({0, (Xi @ X)) (o)) = (ak, Viar)r,

and

cov (e, Xk) ks (Bes Xe)e) = E ((a, Xi)r (Bes Xe)e) = E (o, (Xe @ Xi)(Be))k)
= (ak, VieBe)k.

Therefore,

K
Cl{CMGX/Z<Ozk,VkOAk >p= 1}, (4)

k=1
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and

K
Cj{aeC’l/Z<a§;),Vkak >p=0, Vre{l,...,jl}}. (5)

k=1

2) For any « € (4, one has:

K 2 K K
E(<a,X>3)=E <Z<ak,Xk>k> :ZZE(<ak,Xk>k<Oée,Xg>g)

k=1 =1/=1
K K K
= ZE (< g, X >i) + ZZE(< g, X >k< ag, Xo >0)
k=1 k=1 ¢=1
12k
K K K
= Zvar(< g, X >k) + ZZ < ag, Voo >g
k=1 k=1 ¢=1
2k
K K
=1+ ZZ < o, Vieoy >p= 1+ ¢(a),
k=1 ¢=1
(£k

where

K K
pla) = ZZ < o, Vieou > (6)

k=1 ¢=1
{#£k

Then, the MSLCA of X is obtained by minimizing ¢(«) under the constraints
expressed in (4) and (5).

For k € {1,---, K}, the covariance operator V}, is a self-adjoint non-negative
operator. From now on, we assume that it is invertible. Let 7, be the canonical
projection defined as

T T €EX — ap € Xg;

its adjoint 7;; of 73 is the map given by:
o te Xy — (0,---,0,t,0,---,07 € A,
——

k—1 times

where we denote by a” the transposed of a. Now, let us consider the operators
of L(X) given by:

K K K
b = ZT;V]CT]C and ¥ = Z ZT;:ngTg.
k=1

k=1 e=1

t#k
From the fact that 7,7, = dreli, where 0y, is the usual Kronecker symbol and
I is the identity operator of Xk, it is easily seen that @ is also an invertible self-
adjoint and non-negative operator, with &—! = Zle T,:VkilTk and ¢~1/2 =
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Zle T kal/ *7%. The following theorem shows how to obtain a MSLCA of X.
It just repeats a known result (e.g., Gifi (1991), Takane et al. (2008)) within
the framework used for this paper.

Theorem 2.1. Letting {ﬁ(l), e ,6(‘1)} be an orthonormal basis of X such

that B is an eigenvector of the operator T' = &~ 1/2Wd—1/2 associated with
the j-th largest eigenvalue p; of T'. Then, the sequence (a(j))1<j<q given by:

al) = §=1/280) = (V;”Qﬂ?’, - 7V§1/25§g)) ,
consists of solutions of (1) under the constraints (2) and (3), and we have:

pj =< BD TR0 >p=p(al).
Proof. Putting By = Vkl/Qa;C and 8" = Vkl/Qag), we have:

K K
p(a) = Z < Vk_l/Qﬂk,VkeV[I/Qﬂe >p
k=1 ¢=1
b4k
K K
=33 < B VTPV V2B > i=1 0 (B), (7)
k=1 ¢=1
b4k
where
B
=1 : | eX.
Bk
Since Vi, = Vkl/ZVkl/Q, having a € C; is equivalent to having 8 € C](, where:
K
C{{ﬂEX/ZIIﬂkIIil}{ﬂGX/IIﬂlgcl}, (8)
k=1
and for j > 2:

K
C; = {ﬂecl/ S < B B >r=0, ¥re{l, ,jl}}
k=1

={Beci/ <8, 8>x=0,¥re{l, - j-1}}. 9)

Further, for any g € X

K K K K K K

rpPp=3"%"%" TIIVMTN;V[UQTJ‘B => >33 5éjT§sz%71/27j5

k=1 ¢=1 j=1 k=1 e=1 j=1
I#£k I#£k

K K
=3 ViV, B,

k=1 ¢=1
(#k
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and
K K K
TSI 3 3 SRR
k=1 ot 0=
K K K
=D DY TV VeV
k=1 ¢=1 j=1
£k
K K
—1/2 1
=2 > Vi VeV
k=1 ¢=1
2k
K K
=22 iV eV
k=1 ¢=1
£k
Thus,
K K
< B, V2up128 >, = ZZ < B,V UQVMVZ 28, > 5
k=1 ¢=1
2k

K K
=3 > <mb, Vo VeV B >
b=

K K
= Z Z < Bk, Vk_1/2VkeV[1/2ﬂe >r=1(B),

where 1 is defined in (7). Then, the MSLCA optimization problem reduces
to the maximization of < 3,8~ Y2Wd~1/23 >, under the constraints (8)
and (9). Since T = &~ /20d~1/2 is a self-adjoint operator, this is a well
known maximization problem for which a solution is obtained from the spectral
analysis of T" as stated in the theorem. ([

Definition 2.2. The p;’s are termed the canonical coefficients. The al)’s are
termed vectors of canonical directions.

The following theorem gives some properties of the canonical coefficients.

Theorem 2.2.
(i) Vje{l,---,q¢}, p; =0 V(k, 0 e{1,--- JKY2 k#4, Vie = 0.
Proof.
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(i) First, using (6), we have for any j € {1,--- , ¢},
p; = sO(Oé(j)) - (< a(j),X >%() —1>-1.

On the other hand, we have:

pj = a(J) ZZE(< a(]) s X >p< aéj),Xg >g)

k=1 ¢=
7k
K K
<> \/IE(< o X, >i)\/]E(< ai, X, >§).
k=1 ¢=1
7k

Since, for any k € {1,---, K}, one has:
E (< ag),Xk >i) = var (< a,(c s Xk >k) Zvar (< ag]),Xg >¢) =1,

it follows that:

K K
pi<Y D 1=K(K-1)

k=1 ¢=1
L#£k

(ii) Since the p;’s are the eigenvalues of T, we have:
Vie{l,---, ¢}, pi=0T=0¥=0=Vk)ec{l, - K} kL Vi =0.
j

O

Remark 2.2.

1) When K = 2, one has @ = 7 Vi1 + 15 Vare and ¥ = 74 Viate + 75 Vo1 71.
Then it is easy to check that T' = 71 S + 75 5*11, where S = Vfl/QVlgV;l/Q.
Let = be an eigenvector of T' associated with an eigenvalue p # 0. We have
Tz = px, that is equivalent to having:

71 (STe — prix) = —75 (S* M2 — pTRT) .
This implies:
Stox = pTiT
S*mx = prox

and, putting x; = Tz and z2 = Tz, we obtain
zo=p 'S*z; and Rz, = p3x, (10)

where
R =85 =V, ViV ey vy V2,
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Conversely, if (10) holds then, putting « = 71 + 75 x2, we have:
Tx =17 Sox 4+ 15 S* & = 7 Sy + 758wy = p 17} SS xy + pTiy
=p Y Rry +prire = p(Tiwy + Tia0) = pa.
Moreover, since

[w2ll2 = p[S*21]l1 = p~ 1 /< S*a1, S* w1 >0 = p /< SS* a1, 21 >1 = ||z

and

2% = llelF + [l
it follows that
1
[z1]ln = [Jz2l2 = 7§||$|\X-

2) The preceding remark shows the equivalence between MSLCA and linear
canonical analysis (LCA) when K = 2. Recall that LCA of X; and X3 is
obtained from the spectral analysis of R (see, e.g., Dauxois and Pouse (1975),
Pousse (1992), Fine (2000)). More precisely, {B(j),pj}lgqu is defined as in
Theorem 2.1 if, and only if, {ugj),uéj)p?}lgqu, where ugj) = %Tgﬁ(j) (¢ e

{1,2}), is a LCA of X; and Xo.

3 Estimation and asymptotic theory

In this section, we deal with estimation of MSLCA. For k = 1,--- , K, let

{X]S)}lgign be an i.i.d. sample of X;. We use empirical covariance operators
for defining estimators of MSLCA elements. Then, consistency and asymptotic
normality are obtained for the resulting estimators of the vectors of canonical
directions and the canonical coefficients.

3.1 Estimation and almost sure convergence

For (k,¢) € {1,---,K}?, let us consider the sample means and covariance
operators:

v _isye g IS (0 O_% ) T .7
Xion=-3 XD Vg = = (X fX.n) (X fX.n),V.n::V.n,
k n; b ke nzl Y, om )X k k kk

1=

and the random operators valued into £(X) defined as

K K K

P, = E TiVinTs and ¥, = g g T VienTo.
k=1 k=1 ¢=1
02k

Then, we estimate T by

~

T, = &/ 20,671/2.
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Considering the eigenvalues pi., > pa.n -+ > Pgn Of fn, and {Ar(ll), . ,B,(lq)}

an orthonormal basis of X such that 37(3 ) is an eigenvector of fn associated with
Djn- Then, we estimate p; by pj.n, and 8U) by BY). The following theorem
establishes strong consistency for these estimators.

Theorem 3.1. For any integer j € {1,--- ,q} :

(i) pj.n converge almost surely, as n — +00, to p;.

(i) sign((BY’, B) x) BY) converges almost surely, as n — +o0, to B9 in X.
Proof. From obvious applications of the strong law of large numbers, it is
easily seen that fn converges almost surely in £(X), as n — +oco to T. Then
using Lemma 1 in Ferré and Yao (2003), we obtain the inequality |p;., — p;| <
|T,, — T|| from what (i) is deduced. Clearly, each 3) @ 8U) and is a projector
onto an eigenspace. Thefore, using Proposition 3 in Dossou-Gbete and Pousse
(1991), we deduce that B,Sj) ®§7(Lj) converges almost surely in £L(X) to LI @B,
as n — +oo. Using again Lemma 1 in Ferré and Yao (2003), we obtain the
inequality

sign((B), 89).) B9 - o

<92 Hgm ® B9 — ) g W)
X — n n

from what we deduce (ii). O

3.2 Asymptotic distribution

In this section, we assume that, for k € {1,---, K}, we have E (||Xk|\ﬁ) <
400 and Vi = Iy, where I} denotesA the identity operator of AXj. We first
derive an asymptotic distribution for T},, then we obtain these of the canonical
coeflicients.

Theorem 3.2. /n (fn - T) converges in distribution, as n — +oo, to a

random variable U having a normal distribution in £(X'), with mean 0 and
covariance operator I' equal to that of the random operator:

1
Z = —5 (77 (X @ X)) Vieere + 77 Vi (Xie @ X)) + 77 (X @ X))o

Proof. Under the above assumptions,

K K
D= E T,:Vka: E T;Tkifx,
k=1 k

=1
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where Iy is the indentity operator of X', and
NG (fn - T) =n (5;1/2@15;1/2 - w)
= n ( —1/2 _ ) 7,

~ —1
fu'@;l( (B, — Ix) ( 1/2+I) .

Clearly,
Vie = E(1e(X) @ (X)) = V77, (12)
where V = E(X ® X). Moreover, putting
X\
x@® — : ,
x

we have

Vké»n — X[SZ) & X]S) - Y@»n & Ykn

)
S|

i=1

(X D) © (X D) = 70(X) © 7(Xn)

|
SRS

1
77 (13)

)

2
S0

where X, =n 13" | X and

~ 1 & ) L _
V, = § XD ex® _X,2X,. (14)
=1

3|

Therefore, using (12) and (13), we obtain

K K
Vn (Wn — Q/) = Z ZT;T]CH”T;T@ = f(Hy), (15)
M=k

where f[n = \/ﬁ(ffn — V) and f is the operator defined as

frAecL(x '—)ZZTkaATéTeE,ﬁ( ).

k=1 ¢=
Z;&k

. K .
Further, since Ix = )", 7/ 7%, we obtain

K

\/ﬁ((ﬁn — IX) = ZT;TkﬁnTng = g(ﬁn)v (16)
k=1

V2 (B - w) 802w (Vald, 2~ 1) )

o
~ -1 o < ~ ~
= =0, (Vi@ — 1)) (8,72 + Ix) - 0,2+ /i (8, w) 8,12

(11)
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where g is the operator g : A € L(X) — Zszl TeTR AT € L(X). Then,
using (11), (15) and (16), we obtain /n (fn - T) = @n(H,), where 3, is the
random operator from L(X) to itself defined by

() = —( 8,4 L) (A 0B P f(A)B P (1 2 4 L) T g (A)8
Considering the operator
1 1
p 1 A€ LX) = —5g(AW + f(A) - 5¥g(4) € L(X),
and denoting by ||||cc (resp. ||-||coso) the norm of L(X) (resp. L(L(X))) defined

by [|Allec = supgex— oy | Az[|x/[[z]|x (resp. [|h]locce = supper(x)—qoy I7(B)lloc /[ Blloo)
for any A (resp. h) in L(X) (resp. L(L(X))), we have

~ = -~ ~ 7 1 R e
18 (Hn) = o(Hn)lloo = H ((%1/2 +Ix)t - EIX) o(FL) 815,51/
1 7 S kagas -~ ~

o0

_ 1 S T
v (@1 4+ 107 = S ) o()8; - 306 1)

IN

@772 + L™ = 2Ll gl 15 87 ) .

b 0 o |57 T2 0o () o 152 — Lo
I N B72 4 T) ™ = Ll o) o 151

b 10l (L) o 187~ I

< (NGB 4 1™ = el gl 190,872

b ol 187 T2 — o | Pl 8772 — I
1o B2 4+ ) = 2Tl gl 185

1 - N
+ 51 Ul 15 = Ll ) 1l a7)

Using the strong law of large numbers, it is easy to verify that, for any (k,¢) €
{1,---, K}? with k # £, Vi, (resp. Vi.,) converge almost surely to Vi, (resp.
Vi), as n — +oo. Consequently, &,, (resp. ¥,) converge almost surely to

& = Iy (resp. ¥), as n — +oo. This implies the almost sure convergence of

(@2 4 )Y (vesp. B71F, 8,2 vesp. 2L resp. Dn/?) to 11y (resp. ¥;

n
resp. Iy; resp. Ix), as n — +o0o. Furthermore, denoting by || - || the norm of

L(X) defined by ||A]| = v/tr(AA*) and using the properties (a ® b)(c®@d) =<
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a,d > c®band tr(a ® b) =< a,b > of the tensor product (see Dauxois et al.
(1994)), we have:

E(|X ®X|?) =E (X ® X)(X ® X)) =E (|X[|}) = <Z |Xk||k>

K K K
= > E(IXxlI}) ZZ (1 X211 12)

k=1 ¢=
(7

K K

<> B + 3 VEIXe)E(X]8) < +oo.
k =1
£k

—_

N

k=1 =1

Then, the central limit theorem can be used. It gives the convergence in distri-
bution, as n — 400, of y/n (n™1Y",_, X ® X — V) to an random variable
H having the normal distribution in £(X) with mean equal to 0 and a covari-
ance operator equal to that of X ® X . Since, by the central limit theorem again,
v/nX,, converges in distribution, as n — +00, to an random variable having a
normal distribution in X with mean equal to 0 and a covariance operator equal
to V, we deduce from the equality v/n (X, ® X,,) = n—1/2 (VnX,)®(vnX,)
that \/n (Yn ® Yn) converges in probability to 0, as n — +o0c. Therefore, from
(14) and Slutsky’s theorem, we deduce that f[n converges in distribution, as
n — +oo to H. Then, from (17), we conclude that @n(ﬁn) - @(f[n) converges
in probability to 0, as n — +o0o. Then, using again Slutsky’s theorem, we
deduce that @, (H,) and ¢(H,) both converge in distribution to the same
distribution. Since ¢ is a linear map (and is, therefore, continuous), this dis-
tribution just is that of the random variable U = ¢(H), that is the normal
distribution in £(X) with mean 0 and covariance operator equal to that of
7 = ¢o(X ® X). Clearly,

K K K
g(XeX)= ZT T(XQX) 1T = ZT;: (X ZT (X ®Xk) Tk,
k=1 k=1 k=1
and

K K K K
fXX)=> Y mgrnXeX)grn=> Y 7(X e X)n
k=1 ¢=1
L

k=1 ¢=
o

>~

Then, since TRT] = Okjly, it follows

K K K
g(X@X)W:ZZZT,:(X}C@X}C TrT; V]ng ZZTk Xk®Xk VieTo
k=1j=1 =1 k=1 o=

= 12k
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and
K K K K K
Wg(X@X):ZZZT;VMUT (X; ® Xj) ZZ Vi (Xe @ Xo)7o
k=1 ¢=1 j=1 k=1 ¢=1
£k
K K
=3 V(X @ Xi)m
k=1 ¢=1
£k
Thus,
K K
Z = Z —3 (T3 (X @ X )Viere + 75 Vi (X @ Xio) 1) + 71 (X @ X )70
k=1 ¢=1
£k

O
Using the preceding theorem and results in Eaton and Tyler (1991,1994), we
can now give asymptotic distributions for the canonical coefficients. We denote
by (pz) 1<j<r (with » € N*) the sequence of distinct eigienvalues of T in
decreasing order, that is pj > --- > pl. Putting mo = 0, denoting by m;
the multiplicity of p; and putting v; = Zi;é my for any j € {1,---r}, it is
clear that for any i € {v;—1 +1,---,v;} one has p; = p;. Further, considering
the eigenspace E; = ker(T — p’.I), we have the following decomposition in
orthogonal direct sum: X = Ey @ --- @ E,. We denote by II; the orthogonal
projector from X onto E;, and by A the continuous map which associates to
each self-adjoint operator A the vector A(A) of its eigenvalues in nonincreasing
order. For j € {1,---r}, we consider m;-dimensional vector given by v; =
p;ij, where J, denotes the g-dimensional vector with elements all equal to
1, and the R™J- valued random vector:

ij,1+1~n
on )
0 = :
Pvjn
Then, putting
’LA}IL U1
A, =| and A= : |,
o Uy

we have:

Theorem 3.3. /n (/Tn — A) converges in distribution, as n — 400, to the
RP-valued random vector
A(ILWILL)
(= : ; (18)
A(IT,WII,.)
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where W is a random variable having a normal distribution in L(X'), with
mean 0 and covariance operator © given by:

6 = Z C(m,r,5,t) (em @ e, )D(es @ er)
1<m,r,s,t<p
with
K K K K
Olm,ros,t) =303 D037 (o™ st + ™ i
k=1 j=1 ¢=1 q=1
L#k q#j
t t t t t
SO = O = O — O AT
1
Toigy " = 1E (< Xy B 1< X, Ve B >1< X, 1381 >5< X5, Vigry B9 >j) ;
1
b,c,d
HZZ”‘ iE (< Xk,Tkﬂ(a) >E< Xk,ngTgﬂ(b) >E< Xj,Tjﬂ(C) >;i< Xq,Tqﬂ(d) >q)
and

yied = (< Xy B >p< Xo, B > 0< X;, 1380 > < Xy, rg B >q) _

Proof. Since A(T,,) = A, and A(T) = A, we deduce from Theorem 3.2 and
the Theorem 2.1 of Eaton and Tyler (1994) that /n (/Tn — /1) converges in
distribution, as n — 400, to the random variable given in (18) with W =
P*UP, where P =Y7_ e, ® 8. Clearly, W has a normal distribution with
mean 0 and covariance operator © equal to that of P*ZP. In order to give an
explicit expression of O, let us first note that:

P*ZP = sz— (P77 (Xk ® Xi)ViereP + P} Vi (Xt ® Xi) 74 P)

k=1 ¢=
é;ék

*T;(Xe X Xk>7'gP

1
=303 5 (P Vi Xa) @ (P Xo) + (PP Xi) © (PP Vi Xe)
k=1 ¢=1
02k

+(P*1i Xy) @ (P X ).

Since

p
P 1ri Vo Xy, = <Z Bm) ®€m> T Vo Xy = Z < B Vi Xy >x em

m m=1

P
= Z <8, Vi Xy, >0 em
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and, similarly, P*7; X, = > | < 768, X), > €m, it follows:

(< 7B, Vi X3, >0< 8T, Xip >

N | —

m=1r=1 | k=1 ¢=
#

S
>

+ < 7BT), Ve X >0< 7B, Xi >)
+ < 7B Xy >i< BT, Xp >kl em ey
From:
E (< 708 Vo X >0< 78T, X >k) =E (< (Xk ® X)) (187, Vige 8™ >k)

= < E(Xi @ X3) (78D, Viere B >,
= < Ve BT, Vi ™) >,
= < 78", Vi 8™ >y,

E (< 708" Vo Xy, >e< 1,8, Xy, >k) =< 7,8 Vi B >,
and
E (< 7B X, >p< 18T, X, >k) ) (< (Xe ® X30)(1e8™), 7 8 >k)

=< E(Xg ®Xk)(Tgﬂ(m)),Tkﬁ(T) >k
= < Vi, 18" >4,

we deduce that E(P*ZP) = 0. Thus,

O =E((P*ZP)R(P*ZP)) = > C(m,r,51t) (em®e,)B(es ® ey),
1<m,r,s,t<p
where
K K K K
C(m,r,s,t) = Z Z Z Z E (YJ’TYJZ"])
U
with

m,Tr 1 m T s m
Yoo = 3 (< 708, Vo Xi, >0< 18T, X >1 4+ < 108", Ve X, >e< 180, X >k)
+ < 1B, Xy >e< 18T, Xy, >,

Further calculations give
m,ry 5,q\ __ m,r,s,t m,r,t,s r,m,s,t r,m,t,s
E (YY) = Vkejq T Vkejq T Vg T Vitiq

m,r,s,t r,m,S,t s,t,m,r t,s,m,r m,r,s,t
“Orijq ~Okija —Oktja —Okejq T Ardiq
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When T has simple eigenvalues, that is py > p2 > --- > p,, the preceding
theorem has a simpler statement. We have:

Corollary 3.1. When the eigenvalues of T are simple, \/n (/Tn — /1) con-
verges in distribution, as n — 400, to a random variable having a normal

distribution in R? with mean 0 and covariance matrix X = (04;),<; j<,, With:

oy= Y, BUAIBYEYCm.r s, ).

1<m,r;s,t<p

Proof. In this case, m; = ---m, = 1 and, for any j € {1,---,p}, II; =
BU) @ B4, Thus
ILWII; = ((5(]’) ® ﬁ(j))W(ﬁ(j) ® 5(]’)) - (5(3‘) ®5(j))(5(j) ® (Wﬁ(j)))

= < ﬂ(j),Wﬂ(j) >y ﬂ(j) ®ﬂ(j),

and, therefore, A(II;WII;) =< B WU > . Then,  is a linear function of
W and, consequently, it has a normal distribution with mean 0 and covariance
matrix ¥ = (O’ij)1<i1j<p with 0;; = E (< B WEH > < ) WRH) >X).
Denoting by < -,- > the inner product of operators defined by < A, B >=
tr (AB*), we have:

< W, D080 >= tr (W(Bm @5@))) —tr (5@) ® (Wﬁm)) —< B9 WA >,
it follows that
oij =E (< BO WED > < g0 WED >X)

—E (< W, 8% @ B0 >< W, D) @ g0 >)

—E (< WEW)(3? @ 50,60 & 8 >)

=< ]E(WéW)(ﬂ(” ® ﬁ(i)), B9 & U >

=< @(ﬁ(i) ®5(i))’ﬁ(j) ®5(j) >

= Y Cmrst) < ((em®e)B(es @ er)) (B @ BY), 89 @ g0) >

1<m,r,s,t<p

= Y Cmrst)<em®e, 080 ><e, e, 9 @0 >

1<m,r;s,t<p

Then, the required result is obtained from
<em@en, A0 B0 > = tr ((em @ e,) (80 @ BV >))
= tr (< em, B9 >5 8D @ 67‘)
= <em, BV >x<e, Y >
- e
and < eg ® et’ﬁ(j) Q 6(j) >= ng)ﬁt(j)- O
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4 Testing for mutual non-correlation

In this section, we consider the problem of testing for mutual non-correlation
between X;, Xo, -+, Xk, that is testing for non-correlation between any pair
(Xk, Xy) for (k,¢) € {1,---, K}?. The null hypothesis is

Ho : V(k,0) e {1, \K}Y , k#L, Vie =0
and the alternative is given by:
Hi o k) {1, K} k#L, Vig #0,

that is testing for non-correlation between any pair (X, X,) of variables. We
will first introduce a test statistic for this problem, then we will derive its
asymptotic distribution under the null hypothesis, in the general case and in
case X has an elliptical distribution, by using the results of the preceding
section.

4.1 A test statistic

For (k,¢) € {1,---,K}?, denoting by 7k, the operator
e © A€ L(X) — T AT) € L( X, Xk),
we have for k # ¢:

K K
Tre(T) = mpe (@~ 2Wp=1/2) ZZTM Vo 1/2‘/”‘/_1/2%7;
=1
iz
K K
ZZ w0V PV VTR = v Py

= j=1

J#Z

Therefore, Ho is equivalent to having Zk 5 Ze L tr (Wkg (T)7ke(T)*) = 0. This
leads us to take as test statistic the random variable Sn given by:

K k-1

=33t (me@me( 7)) -

k=2 ¢=1

4.2 Asymptotic distribution under null hypothesis

For k € {1,---, K}, we denote by {egk); j=1,---,px} an orthonormal basis
of X, where p;, = dim(X%), and we consider the matrix:

Iy 91 15131 Ioyze -+ Ioygk—1

I31.01 13131 I3130 -+ I3 kK—1
I = , . . . ; (19)

I'vr—121 Tx—131 I'vk—132 - I'kx—1,KK-1
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where I s is the pppe X prps matrix given by

kl,rs kl,rs kl,rs kl,rs kl,rs kl,rs
Y1111 Y121 0 Yiiper 0 Midps, Mi2p. 7 Vipops
kl,rs kl,rs kl,rs kl,rs kl,rs kl,rs
Vo111 Ver21  Yoipet 0 Yoilp,  Veizp, U 721prp3
k@ra k@ra k€7s k€7s k@ra k€7s
/71% 111 /71% 121 ’y;uk 1p,1 ’y;uk 11ps ’7pk 12ps ’y;uk 1prps
Fk@,rs: : : : : : : )
,Ykl rs ,Ykl rs ,Ykl rs ,Ykl rs /_yké R ,Ykl rs
1pell T1pe21 °°° Tipepr1 "77 Tipelps 1pe2ps " Ilpeprps
k}zzrs k}zzrs . k}zzfs . kzlyrf kpélrsp . k}zzfsp
2pell  2p,21 2pzpr 1 72pe 1ps %W 2ps 72peprps
kl,rs kl,rs ké rs . kl,rs kl,rs L. Aklrs
prpell Tprpe21 ’kap/zprl Tprpelps Vprepe2ps Vprpeprps
(20)
with
kl,rs (k) ©)
el :IE(< Xiyey) >r< Xpyel) >0 < Xy el >0< X el >, ).

Then, putting d = Zszl Z?;ll prpe, We have:

Theorem 4.1. Under Hy, the sequence n§n converges in distribution, as
n — +oo, to @ = WT'W, where W is a random variable having a centered
normal distribution in R* with covariance matrix I.
Proof. First, note that under Ho we have ¥ = 0 and, therefore, T' = 0. Then,
the asymptotic Qistribution of S, under Hg can be obtained Theorem 3.2 which
shows that \/nT},, converges in distribution, as n — 400, to a r.v. U having a
normal distribution in £(X’) with mean 0 and covariance operator equal to that
of Z. Then, since the map A € L(X) — Zszz Z]Z:_ll tr (e (A)mre(A)*) € R
is continuous, we deduce that ngn converges in distribution, as n — +oo,
to Q = Eszz Zi:ll tr (WieWP,), where Wiy = mre(U). We can write Wy, =
a 7:1 W,z% e;_e) ® ez(-k) where W,ﬁ; =< Wiy, e§-e> ® egk) >, and, using the
equalities (u®V)(WR 2z) =< u,z > wv and tr(u®@v) =< u,v > (cf. Dauxois
et al. (1994)), we have:

Pk Pt Pk D¢ Pk Pe N2
tr(WuWM Z Z Z Z 5]55” kT; = Z Z (ng) = Wgyéwk,f'
i=1 j=1r=1s=1 i=1 j=1

where § denotes the usual Kronecker symbol and
1 1 2 T
Wh,e = (Wkéawke e W W W kam)

Hence, Q@ = WTW, where W = (W5 |, WL W1y, .- \WE - WL )"
Since W is a linear function of U, it is also normally distributed with mean 0
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and covariance matrix I’ defined in (19) and (20) with 15" = E (W,j;; ng).

ijpq
Further,

kl,rs

Vijpg = E (< Wie,el) @ el >< Wi el @ el >)

=E (< (Wu@Wrs)(@@) ® e(k))’ e((]s) ® ez(or) >)

7 7

= <E(Wi@Wis)(el) @el?), el @ e >,

where ® denotes the tensor product related to the inner product of operators
< A, B >=tr (AB*). Recalling that U has the same covariance operator than
©(X ® X), that is E(URU) = E ((¢(X ® X))®(p(X ® X))), we obtain

E (Wie@Wh,) = E ((me (U)@(mr(U))) = moE (UEU) 5
= s ((p(X ® X)B(p(X @ X)) 7

= E ((mre(0(X @ X))@ (mra(p(X @ X))))
=E (X, ® X)®(X; ® X)) .

Thus, E (Wkngq) = E (< X ® X, ege) ® el(.k) >< X ® X, e,(]s) ® eg) >)

’Yfﬁo’;s =E (< X ® Xk,eg-e) & ez(-k) >< X, ®Xr,egs) ® ez(f) >)

—E (< Xy el >p< Xpef) >, < Xpoel) >0 < Xyel? ).

4.3 Case of elliptical distribution

Recall that a random variable valued into an Euclidean space F is said to have
an elliptical distribution &(u, X, h) if its characteristic function is of the form:

exp(i <t,u>g)h(<t,Xt>g).

In this subsection, we assume that X has an elliptical distribution £(0, V| h).
Then, the previous theorem has a more explicit formulation stated below.

Theorem 4.2.When X has the elliptical distribution £(0,V,h) then, under

Ho, the sequence nS, converges in distribution, as n — +00, to 4R (0)x 3.
Proof. The R*- valued random vector

< Xp, e >
< Xr,e,(f) >,
< Xg,egl) >y
< Xs,eff) >
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can obviously been writen as S = L(X), where L in a linear map from X to
R%. Then, S has the elliptical distribution E(0, LV L*,h) and, therefore,
AFETS — AR (0) [E (< Xp, e >0 < X, el >T) E (< Xy, ey) >0 < Xy, el >S)

1jpq

+E (< Xp, el > < Xg,eg.e) >g) E (< X el > < X, el) > é)

+1E(< Xpy el > < X, el >S)]E(<X o) 5, < Xy, el > )}

T p
= 4h’”(0) |:< Vkre(r); ( ) >E< ‘/és (s ); ( ) >€:|
+ < Vkee( ) ( ) >p< Vrse( s) (T) >
+ < Visel¥ e ®) 5 < Verel. e ( ) >4

Since, under Hg, we have for any (m,l) € {1,--- , K}2, Vii = SuVi = Spuill,
where § denotes the usual Kronecker symbol, we finally obtain:

AFETS — AR (0) (OkrOes0ipdq + OkeGrsOijOpg + Onsderdiqhip) - (21)

1Jprq

Iftk=r,{=swithke {2, -, K}and £ € {1,--- ,k — 1}, since £ # k and,
equivalently, s # r, it follows that

, 40"(0) ifi=j=p=q
ké,rs
Yiipg — 4h"(0)0ip 04 =

0 otherwise

Hence,
Do ke = 40" (0) I, p, (22)

where I,,, denotes the m-dimensional identity matrix. If (k,¢) # (r,s) with
(k,r)y e {2,---,K}?and (¢,s) € {1,- —1} x{1,---,r — 1}, suppose that
ff;;s # 0. Then, since £ # k, s # and (k,0) # (r, ) we deduce from (21)
that we necessarily have s = k and ¢ = r. Thus & < r and, since r = ¢, we
obtain the inequality k& < ¢. That is not possible since £ € {1,--- ,k — 1}. So,
we deduce that %kl /# = 0. Using (19), (20) and (22) we can conclude that
= 4h"(0) 1. Then we deduce from Theorem 4.1 that Q = 4h”(0)Q’, where
Q’ is a random variable with distribution equal to x3. O

References

1. T.W. Anderson, Asymptotic theory for canonical analysis, J. Multivariate. Anal., 70
(1999), 1-29.

2. J. Dauxois, G.M. Nkiet, Y. Romain, Linear relative canonical analysis of euclidean
random variables, asymptotic study and some applications, Ann. Inst. Statist. Math.,
56 (2004) 279-304.

3. J. Dauxois, A. Pousse, Une extension de ’analyse canonique. Quelques applications,
Ann. Inst. H. Poincaré, 11 (1975) 355-379.

4. J. Dauxois, Y. Romain, S. Viguier, Tensor product and statistics, Linear Algebra Appl.,
270 (1994) 59-88.



Asymptotic theory of multiple-set linear canonical analysis 21

5.

6.

10.

11.

12.

13.

14.

15.

16.

S. Dossou-Gbete, A. Pousse, Asymptotic study of eigenelements of a sequence of random
selfadjoint operators, Statistics, 22 (1991) 479-491.

M.L. Eaton, D. Tyler, On wielandt’s inequality and its application to the asymptotic
distribution of the eigenvalues of a random symmetric matrix, Ann. Statist., 19 (1991)
260-271.

M.L. Eaton, D. Tyler, The asymtotic distribution of singular values with applications
to canonical correlations and correspondence analysis, J. Multivariate. Anal., 70 (1994),
238-264.

L. Ferré, A.F. Yao, Functional sliced inverse regression analysis, Statistics, 37 (2003)
475-488.

J. Fine, Etude asymptotique de ’analyse canonique. Pub. Inst. Statist. Univ. Paris, 44
(2000) 21-72.

S. Gardner, J.C. Gower, N.J. Le Roux, A synthesis of canonical variate analysis, gen-
eralised canonical correlation and Procrustes analysis, Comput. Statist. Data Anal., 50
(2006) 107-134.

A. Gifi, Nonlinear Multivariate Analysis, Wiley, Chichester, 1991.

J.R. Kettenring, Canonical analysis of several sets of variables, Biometrika, 58 (1971)
433-451.

R.J. Muirhead, C.M. Waternaux, Asymptotic distributions in canonical analysis and
other multivariate procedures for nonnormal populations, Biometrika, 67 (1980) 31-43.
A. Pousse, Etudes asymptotiques, in “Modeles pour I'analyse des données multidimen-
sionnelles”, J.J. Droesbeke, B. fichet and P. Tassi, eds), Economica, Paris, 1992.

Y. Takane, H. Hwang, H. Abdi, Regularized multiple-set canonical correlation analysis,
Psychometrika, 73 (2008), 753-775.

A. Tenenhaus, M. Tenenhaus, Regularized generalized canonical correlation analysis,
Psychometrika, 76 (2011),257-284.



