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OUniversité Lille II, 1, Place Déliot, 59024 Lille, France.
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1 Knizhnik-Zamolodchikov differential equations
and coefficients of Drinfel’d associators

In 1986 [6], in order to study the linear representations of the braid group B,
coming from the monodromy of the Knizhnik-Zamolodchikov differential equa-
tions, Drinfel’d introduced a class of formal power series ® on noncommutative
variables over the finite alphabet X = {xg,21}. Such a power series @ is called
an associator. For n = 3, it leads to the following fuchsian noncommutative
differential equation with three regular singularities in {0, 1, +o00} :

(DE) dG(z) = (wo% + a4 dz )G(z)
z 1—=2

Solutions of (DE) are power series, with coeflicients which are mono-valued
functions on the simply connex domain 2 = C — (] — 00, 0] U [1,400[) and can
be seen as multi-valued over! C — {0, 1}, on noncommutative variables xo and
x1. Drinfel’d proved that (DE) admits two particular mono-valued solutions on
Q, Go(2) ;=5 explrolog(z)] and G1(2) =7 exp[—w1log(l — 2)] [7, 8]. and the
existence of an associator @iz € R{X)) such that Go = G1 Pz [7, 8. After
that, via representations of the chord diagram algebras, Lé and Murakami [17]
expressed the coefficients of @i as linear combinations of special values of
several complex variables zeta functions, {(,}ren,,

1
gT:Hr%R, (81,...,ST)’—) Z W, (1)
ni>...>nk >0
where H, = {(s1,...,8,) €C"|Vm =1,..,r, 5" R(s;) > m}. For (s1,...,8,) €
H,, one has two ways of thinking (.(s1,...,s,) as limits, fulfilling identities
[14, 13, 1]. Firstly, they are limits of polylogarithms and secondly, as truncated

sums, they are limits of harmonic sums, for z € C,|z|< 1, N € N, :

n N
. A 1
Llsl,---78k (Z) = E nsl nsk ’Hsla---ask (N) = E nsl nsk . (2)
ni>..>nE>0 L 7k ni>..>np>0 L Uk

More precisely, if (s1,...,5s,) € H, then, after a theorem by Abel, one has

lim Lig, . s (2) = lim Hy, 5. (n) =:G(s1,...,8k) (3)

z—1 n— 00

'n fact, we have mappings from the connected covering C — {0, 1}.



else it does not hold, for (s1,...,s,) ¢ H,, while Lig,
{z € C,|z|< 1} and so is Hg,

,,,,, s, 1s well defined over
s, » as Taylor coefficients of the following function

.....

(1- z)—lLisl,___,sk(z) = ZHsh,,,,sk(n)Z", for zeC,|z|< 1. (4)

n>1

Note also that, for » = 1, {; is nothing else but the famous Riemann zeta
function and, for » = 0, it is convenient to set {y to the constant function 1g.
In all the sequel, for simplification, we will adopt the notation ¢ for (,.,r € N.

In this work, we will describe the regularized solutions of (DE).

For that, we are considering the alphabets X = {xo, 21} and Yo = {ys}s>0
equipped of the total ordering zg < x; and yo > y1 > y2 > ..., respectively.
Let Y =Yy — {yo}. The free monoid generated by X (resp. Y,Yp) is denoted
by X* (resp. Y*,Y") and admits 1x- (resp. ly-,lyy) as unit.

The sets of, respectively, polynomials and formal power series, with coeffi-
cients in a commutative Q-algebra A, over X* (resp. Y™*,Y) are denoted by
A(X) (resp. A(Y), A(Yp)) and A(X)) (resp. A(Y ), A(Yy)). The sets of poly-
nomials are the A-modules and endowed with the associative concatenation, the
associative commutative shuffle (resp. quasi-shuffle) product, over A(X) (resp.
A(Y), A(Yy)). Their associated coproducts are denoted, respectively, A, and
Ay . The algebras (A(X),w, 1x+) and (A(Y), @, 1y+) admit the sets of Lyn-
don words denoted, respectively, by LynX and LynY, as transcendence bases
[18] (resp. [15, 16]).

For Z = X or Y, denoting Liea(Z) and Lies((Z)) the sets of, respec-
tively, Lie polynomials and Lie series, the enveloping algebra U(Lies(Z)) is
isomorphic to the Hopf algebra (A(X),.,1z+,A ,e). We get also Hu =
(AY), 1y, A, e) 2 U(Prim(H w ), where [15, 16]

Prim(Hw) = spany{m(w)lw €Y}, (5)
(w) (_1)k—1
m(w) = ZT Z (wlugw ..o wug)ug ... up. (6)

k=1 ul,...,uk6Y+

2 Indexing polylogarithms and harmonic sums
by words and their generating series

For any r € N, since any combinatorial composition (si,...,s,) € N/ can
be associated with words xélflxl...xgﬁlxl € X*x; and ys, ...ys, € Y.

Similarly, any multi-indice? (s1,...,s,) € N” can be associated with words

.....

------

—s, be indexed by words® [4, 5] : Li, =

..........

2The weight of (s1,...,5:) € NTF (resp. N7) is defined as the integer s1 + ...+ s, which
corresponds to the weight, denoted (w), of its associated word w € Y™* (resp. Yj) and
corresponds also to the length, denoted by |ul, of its associated word u € X*.

3Note that, all these {Lig bwevy and {Hy tyeyy are divergent at their singularities.



—s,and Hy = —s,- In particular, H (n) := (1) = (n),/r!

and Li,,(2) := (z/(1 — 2))". There exists a law of algebra, denoted by T, in
Q((Yo)), such that he following morphisms of algebras are surjective [4]

H: : (Q(%)a &, 1Y0*) — (Q{H;}wnga %, 1)3 w H;a (7)
Li, : (Q(Yp), T, lyy) — (@{Li;}weyo*, x, 1), w — Li,, (8)
and ker Hy = kerLi; = Q({w — wTlys|w € Y5}) [4]. Moreover, the families

{H;k}kzo and {Li;k}kzo are Q-linearly independent.
On the other hand, the following morphisms of algebras are injective

He : (Q(Y), w1, 1y+) — (Q{Hy }wey~, X, 1), w — Hy, 9)
Lie : (Q(X), w, 1x+) — (Q{Liw fwex=, X, 1), w — Liy, (10)

..........

Moreover, the families {H, }wey+ and {Liy }wex+ are Q-linearly independent
and the families {H; }iccyny and {Li; }iccynxare Q-algebraically independent.
But at singularities of {Liy }wex+, {Hw fwey+, the following convergent values

Yue Y =y Y", ((u) := Hy(+00) and Vv € 20X x1,((v) := Li, (1) (11)

are no longer linearly independent and the values {H;(+00) }icryny —{y,} (resp.
{Li;(1) hiecynx—x) are no longer algebraically independent [14, 19].

The graphs of the isomorphisms of algebras, Li, and H,, as generating series,
read then [2, 14]

N \
L:= Z Li, w = H elisi P H:= Z Hyow = H ef=h (12)
weX* leLynX weY leLynY

where the PBW basis { Py }wex+ (resp. {IL, twey+) is expanded over the basis of
Liea(X) (resp. UPrim(H 1)), {P}iecynx (esp. {ILi}iccyny ), and {Sy wex+
(resp. {Zuw}wey~) is the basis of (Q(Y),w, 1x+) (resp. (Q(Y), wi,1y+)) con-
taining the transcendence basis {S;}iccynx (resp. {Zi}iecyny)-

By termwise differentiation, L satisfies the noncommutative differential equa-
tion (DE) with the boundary condition L(z) —5 e log(2) | Tt is immediate that
the power series H and L are group-like, for Al and A, , respectively. Hence,
the following noncommutative generating series are well defined and are group-
like, for Ay and A, respectively [14, 15, 16] :

N Y
YATTRES H el (Foo)l and 7, = H elisi WP (13)
leLynY —{y1} leLynX —-X

Definitions (3) and (11) lead then to the following surjective poly-morphism
(@1)(* @ -TOQ<X>‘T15 Ly, 1X*)

: —»  (Z,x,1), 14
@y & (Y — ), w1y o E0D "
ri—1 TE—1
Toxy' ... ToTy s —sh
— n .o.n 15
——— > om R (15)

n1>...>nE>0



where Z is the Q-algebra generated by {¢(1) }iccynx—x (resp. {C(S1) hiecynx—x),

or equivalently, generated by {§(l)}legyny_{yl} (resp. {C(El)}leﬁyny_{yl}>.
Now, let t; € C,|t;|< 1,i € N. For z € C,|z|< 1, we have [11]

Z Lizn(2) t§ = 2 and Z Lign (2) t7 = (1 —2)7". (16)
n>0 n>0

These suggest to extend the morphism Li, over (Dom(Li, ), 1, 1 x+), via Lazard’s
elimination, as follows (subjected to be convergent)

Lis(z) = > (S| «} log +3 3 (S| wLiu(z) (17)
n>0 k>1we(zizi)kay

with C(X) w C**((z0)) o C™*(x1)) € Dom(Lis) C C™*(X)) and C™*(X)) de-
notes the closure, of C(X) in C{(X)), by {+,.,*}. For example [11, 12],

1. For any i, j € Ny and z € X, since (fowo + t121)" = (toz0)" i (t121)" and
(SC )Lul = ( ) then LI(IP«))LL_M (z»{)u_u (Z) (1 — Z)_J

2. Fora € C,x € X,i € Ny, since (az)* = (az)* (1 + ax)*~! then

Litaryo(2) = z“ (k el (18)

i—1 .
_ 1 1\ (alog((1 — z)~1)*
L = — 19
l(aml) (Z) (1 _ Z)a P ( k/’ ) k/" ( )
3. Let V = (tywo)™ a Loy .. (trao) ray ~ay, for (s1,...,8,) € N’ Then

z™M

Liv(z) = Z (n1—t)™ ... (e — &) (20)

ny>...>n,. >0

In particular, for s; = ... = s, = 1, then one has

le(z) = Z Lizglflzl...mgrflml (Z) t3171 .. .t:}r71
N1,...,npe >0
ni

- 2 (ni—t).. (np— 1) 1)

ni>...>n>0

4. From the previous points, one has

La a€Z,beN
{Lis}sec(x) w Clog] w Cl(—23)] w Clet] = Span@{ (1—2) Li“J(Z)}
: weX*
C  spanc{Lis, s }s,...s.ez
@spanc{z*|a € Z}, (22)
a a,beC
{LiS}SEC<X) L Crat (o)) L Crat((zy)) = span(c{ 71 b Li,, (Z)}
( - Z) weX*

C  spanc{Lis, . s, }sy....sneCr
@spang{z*|a € C}. (23)



3 Noncommutative evolution equations

As we said previously Drinfel’d proved that (DE) admits two particular solu-
tions on 2. These new tools and results can be considered as pertaining to the
domain of noncommutative evolution equations. We will, here, only mention
what is relevant for our needs.

Even for one sided # differential equations, in order to cope with limit initial
conditions (see applications below), one needs the two sided version.

Let then 2 C C be simply connected and open and H(2) denote the algebra
of holomorphic functions on . We suppose given two series (called multipliers)
My, My € H(2)4+ (X)) (X is an alphabet and the subscript indicates that the
series have no constant term). Let then

(DE,)  dS = M,S + SM,.

be our equation.

3.1 The main theorem
Theorem 1. Let
(DEy)  dS = MS + SM. (24)
(i) Solutions of (DFE2) form a C-vector space.
(i) Solutions of (DEs) have their constant term (as coefficient of 1x+ ) which

are constant functions (on Q); there exists solutions with constant coeffi-
cient 1o (hence invertible).

(iii) If two solutions coincide at one point zo € Q, they coincide everywhere.
(iv) Let be the following one-sided equations
(DEW) dS =M S (DE®) dS=SM,. (25)

and let S;, i = 1,2 a solution of (DE®™), then S1S5 is a solution of (DE).
Conversely, every solution of (DEy) can be constructed so.

(v) If M;, i = 1,2 are primitive and if S, a solution of (DEs), is group-like
at one point, (or, even at one limit point) it is globally group-like.

Proof. Omitted. O

Remark 1. e FEvery holomorphic series S(z) € H(Q) (X)) which is group-
like (A(S) =S ®S and (S| 1x+)) is a solution of a left-sided dynamics
with primitive multiplier (take My = d(S)S™! and My =0).

e Invertible solutions of an equation of type S = M1S are on the same
orbit by multiplication on the right by invertible constant series i.e. let
Si, i =1,2 be invertible solutions of (DE(l)), then there exists an unique
invertible T € C{X)) such that Sy = S1.T. From this and point (iv) of
the theorem, one can parametrize the set of invertible solutions of (DE3).

4As the left (DE) for instance.




3.2 Application: Unicity of solutions with asymptotic con-
ditions.

In a previous work [3], we proved that asymptotic group-likeness, for a series,
implies® that the series in question is group-like everywhere. The process above
(theorem (1), Picard’s process) can be performed, under certain conditions with
improper integrals we then construct the series L recursively as

logn!(z) it w=af
(L|w) = Jo (EL u))[s]ds if w=a1u
OZ ((%)(L | uzqzy) )[s]ds if w = zourizy.

one can check that
e this process is well defined at each step and computes the series L as below.
e L is solution of (DE), is exactly Gy and is group-like

We here only prove that Gy is unique using the theorem above. Consider the
series T = Le~®0'°8(2), Then T is solution of an equation of the type (DEy)

i) T i)
T = (— T+T(— 26
@ Iy (26)
but lim,_,,, Goe~*01°8(*) = 1 s0, by the point (iii) of theorem (1) one has

Gpe0log(z) — [e=z0log(2) and then Gy = L.
A similar (and symmetric) argument can be performed for G and then, in
this interpretation and context, ® 5 is unique.

4 Double global regularization of associators

Global singularities analysis leads to to the following global renormalization [2]

lim exp <y1 log - i z>7ry(L(z)) = lim exp (Z H,, (n) (Z]j;)k)H(n)

n— o0
k>1

= wy(Z.). (27)

Thus, the coefficients {(Z_,|u) buex+ (i.e. {{ (u)}uex+) and {{Zx|v)}oey~
(i.e. {Cuwi (v)}vey+) represent the finite part of the asymptotic expansions,
in {(1- z)_alogb(l — 2)}apen (resp. {n" HY(n)}apen) of {Liy}uex~ (resp.
{Hy }vey+). On the other way, by a transfer theorem [10], let {7, }yey~ be the
finite parts of {Hy }yey~, in {n"%10g"(n)}apen, and let Z, be their noncommu-
tative generating series. The map v, : (Q(Y), w1, 1y+) — (Z, x, 1), mapping w

5Under the condition that the multiplier be primitive, result extended as point (v) of the
theorem above.



t0 Y, is then a character and Z, is group-like, for A +,. Moreover [15, 16],

¢

Zy=exp(yy) [ exp((S)M) = exp(yy1) Z - (28)
leLynY —{y1}

The asymptotic behavior leads to the bridgeS equation [2, 15, 16]
Zy, = B(y1)my(Z,,) orequivalently Z, = B'(y1)7y(Z.,) (29)

where B(y1) = exp(yy1 — 2 j50(=41)*¢ (k) /k) and B'(y1) = exp(—yy1) B(y1)-
Similarly, there is C;, € Q and B, € N, such that H, (N) —— N®tHCy
and Li, (2) ~7(1 — z)~ (W)=t B~ [4]. Moreover,

Co= I (+lvD™ and By =((w)+w)Cy.  (30)

w:uv,v;ﬁlyo*

Now, one can then consider the following noncommutative generating series :
L™= Y Liyw, H := )Y Hyw, C := )Y Cuuw. (31)
weYy weYy weYy
Then H™ and C~ are group-like for, respectively, A xy and A, and [4]

lim hO (1= 2) ) O L) = lim o (M) O H-(N) =C™, (32)

h(t) = Z (w)+ |w|)1t@ My and  g(t) = (Z t(y)+1y)*. (33)

weYy yeYy

Next, for any w € Y, there exists then a unique polynomial p € (Z[t], x, 1)
of degree (w)+ |w| such that [4]

(w)+h - (w)+h
Ll;(z) = kz_% m = kzo pke—klog(l—z) c (Z[(l _ Z)_l], X, 1)’ (34)
(w)+ el B (w)+fdf
o= ("t = X e @l o
k=0 k=0

where” where (n)e : N — Q mapping i to (n); = n(n—1)...(n—i+1). In other
terms, for any w € Y,k € N,0 < k < (w)+ |w], one has (Li, | (1 —2)7%) =
RIH, | (7)5)-

6This equation is different from Jean Ecalle’s one [9].
"Here, it is also convenient to denote Q[(n)e] the set of “polynomials” expanded as follows

d

Vp €,Ql(n)e], p=>_ pr(n)k, deg(p)=d.
k=0



Hence, denoting p the exponential transformed of the polynomial p, one has
Li, (2) = p((1 — 2)7") and HE (n) = p((n)s) with
w)+fuf (w)+hud
Z pet® € (Z[H], . 1) and () = > TEt* e (@I, x,1).(36)

k!
k=0

Let us then associate p and p with the polynomial p obtained as follows

w)+ w)+ful
Z klpgt® = Z it e (Z[t], w, 1). (37)

Let us recall also that, for any ¢ € C, one has (n)c, = n® = ecloe(™) and,

with the respective scales of comparison, one has the following finite parts

fp.,iclog(l—2) =0,  {(1—2)"log"((1 —2)"")}eezpen. (38)
fp.qaoclogn =0, {n® 1ogb(n)}aez7beN. (39)

Hence, using the notations given in (34) and (35), one can see, from (38)
and (39), that the values p(1) and p(1) obtained in (36) represent

f.p.., Li,(2) =f.p..,, Lig,(2) = p(l)€eZ, (40)
£ Hy(n) =fp., o He (ry(n) = p(1) €Q. (41)

One can use then these values p(1) and p(1), instead of the values B, and C,,,
to regularize, respectively, ¢, (Ry) and ¢y (my (Ry)) as showed Theorem 2 bel-
low because, essentially, B, and C, do not realize characters for, respectively,
(Q(X),w, 1x+, A, ,e) and (QY), w1, 1y«, A, e) [4].

Now, in virtue of the extension of Li,, defined as in (16) and (17), and of
the Taylor coefficients, the previous polynomials p,p and p given in (36)—(37)
can be determined explicitly thanks to

Proposition 1. 1. The following morphisms of algebras are bijective

)‘:(Z[xslﬂ]’“ﬂlX*) — (Z[(l_z 1]’ al)a R +—— Lig,
n:(Q[yﬂa Lﬂ,ly*) — (Q[( )] X, )a S — HS-

2. For any w = ys,,...Ys,. € Yy, there exists a unique polynomial R,, be-
longing to (Z[x7],w, 1x+) of degree (w)+ |w|, such that
Lig, (2) =Li,(2) = p((1-2)7") € (Z[(1-2)7"],x,1),
Hey(r,)(n) =Hy(n) = p((n)e) € (Ql(n)e], x,1).

In particular, via the extension, by linearity, of Re over Q(Yy) and via the
linear independent family {Li,, }x>o0 in Q{Li, }wevy, one has

VEk,l € N, LlRyk w Ry, = LlRyk LlRyl =1Li, Li, = LlykTyz = LlRykTyl .



3. For any w, one has p(x}) = Ry .

4. More explicitly, for any w = ys,,...ys, € Yy, there exists a unique poly-
nomial R, belonging to (Z]x7], w,1x+) of degree (w)+ |w], given by

(s1+--+sr)—
T, 2 (ky+-thp_1)
- e 51 (s1+ 82—k
Ryjogpr = > D D
1 r kl 1{32
k1=0 k2=0 k=0
81+...+Sr—k1—...—kT_1
Ply e P
Ky

where, for anyi=1,...,r, if k; =0 then px, = 27 — 1x~ else, for k; > 0,
denoting the Stirling numbers of second kind by S2(k,j)’s, one has

xﬂlﬂ)m (j—1+1)

b N )2 ! (_1)1(
pkiij:;&(kiaJ)(J-) > TE]

=0

Proposition 2 ([2, 15, 16]). With notations of (14), similar to the character
Yo, the poly-morphism ¢ can be extended as follows

CuJ : (Q(X%L“alX*) — (Z’ Xal)a C|_+_| : (Q<Y>a H"’alY*) — (Za Xal)

satisfying, for anyl € LynY —{y1}, ¢, (mx(1)) = Cwa (1) = v = ¢(1) and, for
the generators of length (resp. weight) one, for X* (resp. Y*), v, =~ and

Now, to regularize {((s1,...,5:)}(s,,....s,)eCr, We use
Lemma 1 ([4]). 1. The power series x:{y and x5 are transcendent over C(X).

2. The family {x§, x7} is algebraically independent over (C(X), w, 1x+) within
(CLXN, v, 1x+).

3. The module (C(X),w,1x=)[xf, x5, (—x0)*] is C(X)-free and the family
{(ag)=F o (at) 2 B RDEEXN forms q C(X)-basis of it.
Hence, {w w (xf)* w(xf) l}ffél;(E*ZXN is a C-basis of it.

4. One has, for any z; € X, C**{(x;)) = spang{(tz;)* w Clz;)|t € C}.

Since, for any ¢ € C, |t|< 1, one has Lig,,)«(2) = (1 — 2)~" and

)k
Hry (o) = Hyet? = exp < ZH%( k) > (42)

k>0 k>1

then, with the notations of Proposition 2, we extend extend the characters
¢, and 7,, defined in Proposition 2, over C(X) w C[z]] and C(Y) w Cly{],
respectively, as follows



Proposition 3 ([4]). The characters (., and e can be extended as follows

G+ (C(X) w Clzi],w, 1x+)  — (G, %, 1¢),
Ve C,|tl< 1, (tx1)* +— lc.
Ve - ((C<Y> Lt C[yﬂa ) 1Y*) — ((Cv ) 1@)7

Ve, |tl<1, (ty)* — eXP(Vt—Z<(”)(;)n):mlﬂ)'

Therefore, in virtue of Propositions 1 and 3, we obtain then

Theorem 2. 1. For any (s1,...,s,) € N'_ associated with w € Y™, there
exists a unique polynomial p € Z[t] of valuation 1 and of degree (w)+ |w|
such that

p(ai) = Ru € (Z[x7], w, 1x+)
p((l_z)_l) = LiRw(Z) € (Z[(l_z)_l]’xal)a
p((n)e) = Hry(r,y(m) € (Qln)d], x,1),
Cu(=s1,.,=sr) =p(1) = (o (Ruw) € (Z,x,1),
V—s1,..., -8y — ﬁ(1> = ,Yﬂ'y(Rw) S (Qa X, 1)

2. Let T(n) € Q[(n)e](Y)) and A(z) € Q[(1 — 2)~Y[log(2)]{X)) be the non-
commutative generating series of {Hry (r,)twey- and {Lir__ ) twex~ :

T:= Z Hry (ryw and A := Z Ligr, (., w0, with (A(z) | zo) = log(2).

weyY* weX*

Then Y and A are group-like, for respectively A and A, and :

T I S L P
T = H e =D and A = H e fry s T
leLynY leLynX

8. Let Z7 € Q(Y)) and Z7, € Z{X)) be the noncommutative generating
series of {Vry (Ru) twey=s and® {{,, (Ray (w)) bwex=, respectively :

Z’Y_ = Z ,Y’ITy(Rw)w and Z; = Z gu_[ (Rﬂy(w))w

wey* weX*

Then Z and Z7, are group-like, for respectively A, and A, and :

N .
7= — H ryrsple g H S (my (1) Py
v L :
leLynY leLynX

Moreover, F.P.,, s 1o T(n) = Z and F.P..,1A(z) = Z meaning that, for
any v € Y* and u € X*, one has

EDopsso (T0) [0) = (Z7 [0) and Ep.._yy (M) | w) = (22, | w). (43)
80n the one hand, by Proposition 2, one has (Z7, | o) = ¢y (o) = 0.
On the other hand, since Ry, = (2z1)* — a7 then Lig, (z) = (1 — 2)72 — (1 —2)1
and Hy, (g, )(n) = (5) — (). Hence, one also has (Z7, | z1) = (., (R ) = 0 and
(Z5 1 21) = Yoy (Ry,) = —1/2.

Ty (Y1)
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