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GEVREY ESTIMATES OF THE RESOLVENT AND SUB-EXPONENTIAL

TIME-DECAY FOR THE HEAT AND SCHRODINGER SEMIGROUPS

XUE PING WANG

ABSTRACT. In this article, we prove Gevrey estimates of the resolvent near threshold zero
for a class of second order elliptic operators satisfying a weighted coercive condition. As
application, we obtain large time expansions with sub-exponential time-decay estimates on the
remainder for the heat and Schrodinger semigroups generated by non-selfadjoint Schrédinger
operators. Our results cover the cases of threshold eigenvalue and positive resonances.

RESUME. Dans cet article, nous démontrons les estimations de Gevrey prés du
seul zéro pour la résolvante d’une classe d’opérateurs elliptiques du second ordre
vérifiant une condition de coercivité a poids. Comme application, nous obtenons les
développements en temps long pour les semi-groupes de la chaleur et de Schrédinger
avec les estimations sous-exponentielles en temps sur le reste. Nos résultats couvrent
les cas de valeur propre au seuil et de résonances positives.

CONTENTS
1. Introduction
2. Statement of the results
3. Gevrey resolvent estimates for the model operator
3.1. A uniform energy estimate
3.2. Resolvent estimates at threshold for the model operator
4. Heat and Schrodinger semigroups of the model operator
4.1. Sub-exponential time-decay of the heat semigroup
4.2. Sub-exponential time-decay of the Schrodinger semigroup
4.3. A low-energy estimate on the spectral density
5. Heat et Schrodinger semigroups for perturbed operators
5.1. Positive resonances of non-selfadjoint Schrodinger operators
5.2. The case zero is not an eigenvalue
5.3. Threshold eigenvalue in selfadjoint case
5.4. Threshold eigenvalue in non-selfadjoint case
References

1. INTRODUCTION

This work is concerned with sub-exponential time-decay of local energies for semigroups
e ™ and e as t — +oo where H = —A + V(z) is a non-selfadjoint Schrédinger operator
regarded as perturbation of some model operator Hy = —A + Vy(x) satisfying a weighted
coercive condition (see (2.3)). There is a large literature on large-time asymptotics of solutions.
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For selfadjoint Schrodinger operators —A + V(x) with a real-valued potential V(x) verifying
the decay estimate

V(z)| < C(z)™?, xeR", (1.1)
for some p > 0, where (z) = (1 + ]x\Q)% We only mention [4, 13] for quickly decaying po-
tentials (p > 2), [27] for critically decaying potentials (p = 2) under an assumption of Hardy
inequality for the model operator and [26] in one-dimensional case when this Hardy condition
is not satisfied. For slowly decreasing potentials (0 < p < 2), there are works of [8] when
the potential is negative and [20, 31, 32] when it is globally positive and slowly decreasing.
Non-selfadjoint Schrédinger operators appear naturally in many physical problems. See for
example [6, 19, 15, 23, 24]. In this case, we only quote the works of [9, 28] on dispersive
estimates. In [9], the absence of real resonances is assumed and in [28], only dissipative
Schrodinger operators are considered. In the later case, positive resonances may exist but
outgoing positive resonances (see Definition 2.5) are absent due to the dissipativity of the
operator. Another related topic which partly motivated this work is return to equilibrium of
Fokker-Planck operator with a sublinearly increasing potential such that its gradient decays
slowly. This operator is non-selfadjoint and sub-elliptic. When the potential increases sublin-
early, zero is an eigenvalue embedded in the essential spectrum of the Fokker-Planck operator.
In [29], it is conjectured that the rate of return to equilibrium in this problem should be
sub-exponential in time with a precise power in time explicitly determined by the rate of the
potential. While polynomially decaying remainder estimate is established in [5, 7] by method
of Markov processes, the sub-exponential remainder estimate is proved in a recent work of T.
Li and Z. Zhang ([18]). Note that M. Klein and J. Rama ([17]) study Gevrey estimates in a
different context to analyze large time evolution of quantum resonant states.

Most relevant to this work is selfadjoint Schrodinger operator with positive and slowly
decreasing potential of the form Hy = —A + Vy(z) where V() satisfies the estimates

0 < ci{z) 2 < V() < o)™, z€R", (1.2)
for some constants p €]0,1[ and ¢1,c2 > 0. In [31, 32], D. Yafaev studies the low-energy
spectral properties and proves that in one dimensional case, if Vj(x) is in addition analytic,
then local energies of solutions decay sub-exponentially

le ™|y e = 0@ M), [t = oo, (1.3)

comp

where 8 = ;—Z and c is some positive constant. Making use of semiclassical method, S. Naka-

mura [20] proves, under a virial condition on the potential, the existence and the smoothness
of boundary values of the resolvent

Ro(\ £ 40) (Hog — (A £ i)™t

= lim
e—04
in neighborhood of zero and the heat semigroup verifies for any dimension n > 1

lle ]|, = 0™y, |t| = +oo. (1.4)

2
COmPA)Lloc

Higher dimensional analog of (1.3) remains unknown until now even for analytical potentials
verifying (1.2).

In this paper, we consider non-selfadjoint Schrédinger operators H which are perturbation
of some model operator of the form

Ho=—A+Vo(z), Volz) = Vi(z) — iVa(z),

V1 and V5 being real-valued, where Hj satisfies a weighted coercive condition (2.3) with some
index g €]0,1[. This condition can be compared with (1.2) if 1 is real. Note that if H is a
perturbation of Hy: H = Ho+ O({x)~2~¢) for some ¢ > 0, modifying Vj outside a sufficiently
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large compact if necessary, we can decompose H = j:Io + W(x) where Efo still satisfies the

weighted coercive condition (2.3) with the same index p and W (x) is of compact support. In
the following we only restrict ourselves to compactly supported perturbations of the model
operator Hy:

H=-A+V(zx)=Ho+ W(x) (1.5)

with Hy = —A + Vp(x) satisfying (2.3) and W(x) = V(z) — Vy(z) is a bounded, compactly
supported measurable function.

One of the results proved in this work is the large-time expansion for the Schrédinger
semigroup e~ ¢t > 0, with sub-exponential time-decay estimates on the remainder. Let
the model potential Vj be in the class of holomorphic potentials A introduced in Definition
2.4 (which implies in particular Hy satisfied (2.3) for some p €]0,1[). Let H be compactly
supported perturbation of Hy = —A 4 Vy(x). Then H has at most a finite number of complex
eigenvalues in the region {z € C;0 < argz < 37”} and a finite number of outgoing positive
resonances. We use analytic distortion H () of H outside some large compact set to define
quantum resonances of H as poles of the meromorphic extension of the resolvent R(z,0) =
(H(#) — z)~! from the infinity of the upper half complex plane C. The real resonances of H
are generalized eigenvalues defined through Definition 2.5. It will be proved that the quantum
resonances in C,. are eigenvalues of H and those located in R are outgoing real resonances of
H (see theorem 5.1). Moreover there exists a contour located in the lower half-plane touching
the real axis only at the point 0 such that there is no quantum resonances of H between this
curve and the real axis. We shall prove that the Schrédinger semigroup e *H, ¢ > 0, admits
a large-time expansion of the form

1—p

I | e = > eI —To(t) — Y e P(t) | Xllpempe < Cpe " > 1
AEog(H)NC very (H)

(1.6)
Here x € Cg°(R™), ¢ > 0 is independent of x, r4(H) is the set of outgoing positive resonances
of H (see Definition 2.5), II, is the Riesz projection of H associated with discrete eigenvalue
A, Hp(t) and P,(t) are some operators of finite rank depending polynomially on ¢, arising
respectively from threshold eigenvalue and positive resonance v > 0 of H. See Section 2 for
more precise statement of conditions and results.

The proof of (1.6) combines several technics: threshold spectral analysis for non-selfadjoint
operators, method of quantum resonances and Gevrey estimates of the resolvent at threshold
zero for a class of second order elliptic operators (Theorem 2.1). To prove (1.6), we use both
the technics of analytic dilation and analytic deformation to study R(#,z). The analytic di-
lation is applied to the model operator Hy to show that there exists a resonance-free sector
below the positive half-axis in which a uniform bound holds for the dilated resolvent. Then
we study the analytic deformation of H outside some sufficiently large ball in R™ and prove
the existence of a curve I' in the lower half-plane, intersecting the real axis only at point 0,
such that above this curve, the meromorphic extension of cut-off resolvent xR(z)y from C,
with Im z >> 1 has at most a finite number of poles and those located in ]0, +o00[ are precisely
outgoing positive resonances. In particular, we prove that if the model potential V; belongs
to the class A, zero is not an accumulation point of quantum resonances of H located in the
region above the curve I' and there is a uniform bound for the cut-off resolvent for z near
zero and z above I'. Under some assumption on the eigenfunctions associated with eigenvalue
zero, we compute the resolvent expansion at threshold in presence of threshold eigenvalue and

prove the Gevrey estimates on the remainder. Then (1.6) is deduced by representing ye "y
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as sum of some residue terms and a Cauchy integral of the cut-off resolvent on I'. The sub-
exponential time-decay estimate is obtained from the Gevrey estimates on the remainder of the
resolvent expansion. The method of threshold spectral analysis for non-selfadjoint Schrodinger
operators initiated in this work can be applied to other non-selfadjoint spectral problems (see
Remark 5.4 and [1]).

Real resonances, called spectral singularities by J. Schwartz in [24] in more general frame-
work and exceptional points by Y. Saito in [23], are the main obstacle to understand spectral
properties of non-selfadjoint Schrodinger operators near positive half-axis. In general case, one
only knows that real resonances form a bounded set with Lebesgue measure zero ([23]). In this
work we prove that for potentials belonging to the class A, outgoing positive resonances are at
most finite. We also give some classes of analytic potentials for which real resonances are at
most a countable set with zero as the only possible accumulation point. It will be shown that
each outgoing positive resonance is a pole of the meromorphic extension of the resolvent from
the upper half-plane, hence does contribute to large time asymptotics of solutions as t — +oo.

A key ingredient of the proof of (1.6) is Gevrey estimates on the remainder for the resol-
vent, expansions at threshold zero which will be deduced from Gevrey estimates of the model
resolvent at threshold zero. To establish Gevrey estimates on the resolvent of the model op-
erator Hy at the threshold, we first prove an energy estimate depending uniformly on powers
of weight s € R. This kind of estimate for fixed s has already appeared in [32]. The unifor-
mity on s € R is crucial in present work, because it allows to control norms of the resolvent
in weighted spaces with respect to some parameters (Theorem 3.4), from which we deduce
Gevrey estimates on the model resolvent at threshold zero (Theorem 2.1). To estimate re-
mainders in the asymptotic expansions of the full resolvent R(z) = (H — 2)~! near z = 0, we
make use of Theorem 2.1 for the model operator and operations for operator-valued functions
in Gevrey classes. When threshold eigenvalue is absent, one can iterate the first resolvent
equation and it is sufficient to use Gevrey estimates for the free resolvent at threshold and a
polynomial bound of the full resolvent on some curves. When threshold eigenvalue is present,
we need uniform Gevrey estimates on the remainders on these curves. This explains why the
remainder estimate in Theorem 2.4 (a) is not as good as in other situations.

The organisation of this paper is as follows. In Section 2, we state the main results obtained
in this work. Sections 3 and 4 are devoted to the model operator Hy = —A + Vy(z) verifying
the weighted coercive condition (2.3). In Section 3, we prove Gevrey estimates of the model
resolvent at threshold zero (Theorem 2.1). We first establish a uniform energy estimate which
allows to control the growth of powers of the resolvent at threshold in weighted spaces. Then
Theorem 2.1 is deduced by an appropriate induction. In Section 4, we study spectral proper-
ties of Hy in the right half-plane and establish resolvent bounds along certain curves located in
the right or the lower half-planes where are used respectively for the heat or Schrodinger semi-
groups. As the first application of Gevrey estimates of the resolvent, we prove sub-exponential
time-decay estimates for the semigroups e 0 and e~o and a low-energy estimate on the
spectral density in case when Hj is selfadjoint. Compactly supported perturbations H of the
model operator Hy are studied in Sections 5. We first study properties of real resonances
in Subsection 5.1 and show in Subsection 5.2 how to deduce from Gevrey estimates of the
resolvent the large-time expansion for the semigroups e *# and e~ with sub-exponential
time-decay estimates on the remainder (Theorem 2.2). In Subsection 5.3, we prove Theorem
2.3. Since the method of low-energy spectral analysis used in the proof of Theorem 2.3 is well
known for selfadjoint operators, we only emphasize upon Gevrey estimates on the remainders.
Finally in Subsection 5.4, we study more difficult case of threshold eigenvalue in non-selfadjoint
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case and prove Theorem 2.4. Note that algebraic multiplicity and Riesz projection for em-
bedded eigenvalues are not defined. Instead, we use Birmann-Schwinger method to construct
an explicit representation for the Riesz projection of eigenvalue —1 of some compact opera-
tor. This allows to construct a Grushin problem and to obtain the resolvent expansion under
some condition on the eigenfunction. The main attention here is payed to the calculation of
leading terms in resolvent expansion. The Gevrey estimates on remainders can be proved as
in Subsection 5.3 for seladjoint case and hence the details are omitted in Subsection 5.4.

Part of the results on the model operator Hy are announced in [30].

Notation. We denote H™®, r > 0,s € R the weighted Sobolev space of order r with the
weight (z)® on R™: H™ = {u € §'(R™); |lully.s = [|(x)*(1 — A)2u|| 2 < co}. For r < 0, H™® is
defined as the dual space of H™"~% with dual product identified with the scalar product (-,-)
of L(R™). Set H%* = L?%. B(r,s;r’,s') stands for the space of continuous linear operators
from H"™ to H"*. If (r,s) = (1',s'), we denote B(r,s) = B(r,s;r',s'). Unless otherwise
mentioned explicitly, || - || denotes norm in L?(R™) or in B(L?) when no confusion is possible.
C4+ denote respectively the upper and the lower open half-plane and C4 their closure. Set
C*=C\ {0}. For 6, < 02 and r > 0, S(61,02) denotes the sector

5(91,92) = {Z S C*;91 <argz < 92}
and Q(r, 61,02) is a part of S(61,02) near zero :
Qr,01,02) = {z € S(01,02);|z| < r}.

In this work, the scalar product denoted as (-,-) is assumed to be linear with respect to the
left variable.

2. STATEMENT OF THE RESULTS

The main tool of this work is Gevrey estimates of the resolvent at threshold zero for a class
second order elliptic operators satisfying a weighted coercive condition. Let

Hy=— 00,0 ()00, + Y _ bj(2)ds; + Vo(2), (2.1)
j=1

i,j=1

where % (z), bj(z) and Vy(x) are complex-valued measurable functions. Suppose that a*,b;
are of class C} on R" (i. e., bounded C' functions with bounded first order derivatives) and
there exists some constant ¢ > 0 such that

Re (a¥(x)) > cl,, Vz €R" (2.2)

Assume that Vj is relatively bounded with respect to —A with relative bound zero, Re Hy > 0
and that there exists some constants 0 < pu < 1 and ¢y > 0 such that

|(Hou, u)| > co([[Vul® + [[{z) #ull?), ¥ue H? (2.3)
sup [(z)'bj(x)| < oo, j=1,---,n. (2.4)
T
Condition (2.3) is called weighted coercive condition.
Remark 2.1. If Hy = —A + Vy(z) with Vo(x) = Vi(z) — iVa(x) with real V;. Assume that
—alA + Vi(z) > 7(x) > 0 for some a € [0,1] in sense of selfadjoint operators. If Vo > 0 is

such that for some ¢ > 0
7(z) + Va(z) > c(z) ™2, = eR™ (2.5)
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then the weighted coercive condition (2.3) is satisfied. If Vi(x) is slowly decaying (i. e. Vi(z) >
c(z) =2 for some pu €]0,1] and c > 0), then (2.8) is satisfied by Hy = —A+ Vi (x) — iVa(z) for

any real function Vo which is —A-bounded with relative bound zero.

Note that when we study Schriodinger operators Hy = —A + Vj by technics of analytic
dilation or analytic deformation, if H verifies (2.3), the analytically dilated or distorted oper-
ators obtained from Hj are of the form (2.1) and still satisfy (2.3) if the dilation or distortion
parameter is small. The condition that Vp(z) is —A-bounded with relative bound zero allows
to include a class of N-body potentials.

Under the assumptions 2.2, 2.3 and 2.4, one can show that Hy is bijective from D(Hj) =
H?(R") onto R(Hyp) and R(Hp) is dense in L?(R"). Let Gy : R(Hy) — D(Hp) be the algebraic
inverse of Hy. Denote D = NyerL?**. Then Go(D) C D and Gy is a densely defined, continuous
from R(Hp) N L?® to L**72# for any s € R (see Lemma 3.3). To simplify notation, we still
denote by Gy its extension by density so that G is regarded as a bounded operator from L?*
to L?~2¢. Consequently for any N € N*, G(])V : L% — L25728N i well defined for any s € R.
Let Ro(z) = (Ho — 2)~! for z & o(Hp). Since Re Hy > 0 on L?, 2R(z) is uniformly bounded
for z € S(6) = {25 + 6 < argz < 2F — 4} for each fixed § > 0. From the equation

Ro(z) = Go + 2GoRo(2)
and an argument of density, we deduce that

- i “2(Ry(z) — Gy) =0
® zES(g)I,lz—)0<x> ( O(Z) 0)

in L2(R™). The same limit also holds in B(0, 5;0, s) for any s € R.

Theorem 2.1. Assume the conditions (2.1)-(2.4). Then for any a > 0, there exist some
constants Cy, cq > 0 such that

()~ Te~ D GN ()| 4 [ (2) TG e 1@ (2) 7T < CucM (N + )TN (2.6)

for all N € N* and 7 > 0. Here*yzi—u.

Remark 2.2. Since Re Hy > 0 and Hy verifies (2.3), Hy — X also verifies (2.3) uniformly in
A < 0. Repeating the proof of Theorem 2.1 with Hy replaced by Hy — A\, one can show that

()~ Te= D Ry(WN (2)7|| < Cuel (N + )T N (2.7)

for all N € N* and 7 > 0, uniformly in A < 0. In Section 3, uniform Gevrey estimates for
Ry(z) will be proved for z in larger domains.

Since one has at least formally

dN

dzN
Theorem 2.1 with 7 = 0 says that derivatives of the resolvent of Hy at threshold zero satisfies
the Gevrey estimates of order o = 1+ 7 as operators from L%(R™;dz) to L2(R™; e~*®)" " dz)
for any a > 0. Estimate (2.6) with 7 > 0 will be used when we want to pass the weight
(z)~7 across GY'. It follows from (2.6) with 7 = 0 that there exists some constant C' > 0
(independent of cut-offs x) such that Vy € C§°(R"™), there exists some constant Cy > 0 such
that

Ro(2)]2=0 = NIGH ™,

IXGY |l + 1GE x|l < CyCNNTN WN € N*. (2.8)
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Theorem 2.1 can be applied, for example, to the Laplace-Beltrami operator on some com-
plete and non-compact Riemannian manifolds or to N-body Schrodinger operators with re-
pulsive interactions. In this paper we use Theorem 2.1 to study non-selfadjoint Schrédinger
operators H = —A+V (x) which are perturbation of a model operator Hy = —A+Vy(z), with
Wo(z) = Vi(z) — iVa(x) and Vi, Vs real-valued, satisfying the conditions of Theorem 2.1. As
explained in Introduction, we can assume without loss in some situation that H is a compactly
supported perturbation of Hy:

H=Hy+W(z), W=V-V e Lg,,(R"). (2.9)
Denote
H =-A+ V1(£L‘> (210)
the selfadjoint part of Ho. In order to study large time behavior of the semigroups e tH and
e~ ¢ >0, we introduce two classes of model potentials V and A.

Definition 2.3. Let V be the class of complez-valued potentials Vo(z) = Vi(z) — iVa(x) with
Vi, Vi real-valued such that

Vo is —A-compact and (2.3) is satisfied for some constant p €]0, 1]. (2.11)

and
Hy > —aA and |Va(z)| < C(z) =22 (2.12)
for some constants o, o, C > 0.

Results for the heat semigroup e ¥ will be proved for model potentials Vo € V. To study

the Schrodinger semigroup e~ we will use both technics of analytic dilation and analytic
deformation, hence introduce a class of potentials with more restrictive conditions. Recall that
Vo(z) is sais to be dilation analytic if Vo (e?z) defined for real  admits a holomorphic extension
for 6 in a complex neighborhood of zero and Vy(e?z)(—A +1)~! is a compact operator-valued
holomorphic function for § € C with |6| small ([3]).

Definition 2.4. Let A denote the class of complex-valued potentials Vo(x) = Vi(x) — iVa(x)
for x € R™ with n > 2 such that Hy satisfies (2.3) for some constant u €)0,1[. Assume in
addition that V1 and Vo are dilation analytic and extend holomorphically into a complex region
of the form

Q={zecClz|>c ! |Imz| <c| Rex|}
for some ¢ > 0 and satisfy for some constants ci,co > 0 and R € [0, +00]

[Vi(z)] < c{Rex) ™ 2xeQ, j=1,2, (2.13)
Vo(z) > 0, VxeR", (2.14)
x-VVi(z) < —CQW;, x € R" with |x| > R, and (2.15)
Va(z) > co(x) ™, € R"™ with |z| < R. (2.16)
If Condition (2.16) is satisfied with R = 0, we assume in addition
O<pu<3,ifn=2and0<p<1,ifn>3. (2.17)

Remark that when R = 0, (2.15) is a global virial condition on V; and (2.16) is void; while
if R = +o00, no virial condition is needed on Vi, but (2.16) is required on the whole space
which means that the dissipation is strong. Assume that V5(z) is non-negative and dilation
analytic and extends holomorphically into € satisfying |Va(x)| < C(Rex) 2 for z € Q. Then

potentials of the form
c

Vo(z) = @)

— iVa(z), (2.18)
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satisfy conditions (2.13)-(2.16) with R = 0 if ¢ > 0; and satisfy conditions (2.13)-(2.16) with
R = +o0 if ¢ = 0 and Va(z) > /(z)72*, Vo € R", for some ¢ > 0. If n = 3, Coulomb-type
potential Vy = =2 belongs to the class A if a,b > 0 with a + b > 0.

|z

For Vp € A, one can study quantum resonances of Hy = —A + Vp(z) by both analytic
dilation or analytic deformation outside some large compact ([3, 12, 25]). Conditions (2.15),
(2.16) and (2.17) are used to prove the absence of quantum resonances in a sector below the
positive half-axis and the uniform boundedness of the cut-off resolvent there. See Lemma 4.6

Let Vo € V and Hy = —A + Vy(z). Let H = Hy + W(x) be a compactly supported
perturbation of Ho: W € L&, = {u € L*(R");supp u is compact }. Let o4(H) (0p(H),
resp.) denote the set of discrete eigenvalues of H (the set of eigenvalues of H, resp.). It will
be proved in Section 5 that H has at most a finite number of discrete eigenvalues located on

the left of a curve I' of the form
I'={zeC;Rez>0,[Imz| = C(Re2)"} (2.19)

for some constants C, /> 0 and that there exists a nice bound for the resolvent of Hy on T'.
Complex eigenvalues of H may accumulate to zero from the right-hand side of I'. Note that
zero may be an embedded eigenvalue of H, but we shall see that it is never a resonance of H,
i. e, if u € L*(R™; (z)?*dz) N HE (R") for some s € R such that Hu = 0, then u € H*(R")
which means u is an eigenfunction of H.

More subtle is the role of positive resonances of non-selfadjoint Schrédinger operators.
Recall that if V is of short-range: V(z) = O((x)~!17¢) for some ¢ > 0, A > 0 is called
real resonance of H = —A + V(z) if the equation Hu = Au admits a non-trivial solution

u € HE (R") satisfying one of Sommerfeld radiation conditions:
e:l:i\/X\aﬂ
u(z) = Hﬁ(ai(w) +o0(1)), |z] = oo, (2.20)
x| 2

for some ax € L?(S"1'),ax # 0. X is called an outgoing (resp., incoming) positive resonance
of H if u verifies (2.20) with sign + (resp. with sign —). It is known that if V() is real, then
positives resonances are absent ([2]) and if ImV < 0, outgoing resonances are absent ([21]).
In this paper, we use a slight different definition for real resonances, because our potentials
V(x) may have a complex long-range tail. Let Uy be a complex valued potential such that
(x-V3) Uy, j = 0,1,2, are —A-compact. Assume Im Uy < 0. Then for any A > 0 the boundary
value of the resolvent

(~A+Us—(A+i0) = lim (~A+Uy—2)""! (2.21)

z— A\, Im z>0
exists in B(0, s;0, —s) for any s > % and is Holder-continuous for A > 0. See [22].

Definition 2.5. Let U(x) be a Lebesgue measurable function such that U(x)—Uy(x) is bounded
and of short-range on R™. X > 0 is called outgoing resonance of H = —A + U if —1 is an
eigenvalue of the compact operator (—A + Uy — (A +140)) "YU — Up) in L>~° for s > 1 and

sufficiently close to +. Denote v, (H) the set of outgoing resonances of H. For \ € v, (H),

5
define m(\) as the algebraic multiplicity of eigenvalue —1 of (—A+Uy— (A+10)) (U —Up).
Similarly if ImUy > 0, one can define the set of incoming positive resonances r—(H) and the

algebraic multiplicity m_(X\) for A € r—_(H).

If U is of short-range, our definition coincides with the usual one given in [24]. See also
[23] where complex short-range perturbations of real long-range electro-magnetic potentials
are considered. In fact if U is of short-range, then Uy is also of short-range. In this case, the
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equation
L+ (A =2 'U=(1+(-A=2)""0) 1+ (-A+Uy—2)" (U - Up))

valid for z & o(—A + Up) can be extended up to z = A+140 in B(0, —s), s > 3. It follows that
—1 is an eigenvalue of the compact operator (—A + Uy — (X +40)) "1 (U — Up) if and only if
—1 is an eigenvalue of (—A — (A +i0))"1U. The latter is equivalent with the condition that
the equation (—A + U(xz) — AN)u = 0 admits a solution satisfying the outgoing Sommerfeld
radiation condition.

In the case zero is not an eigenvalue of non-selfadjoint Schrodinger operator H = Ho+W (z),
we prove the following

Theorem 2.2. Assume that zero is not an eigenvalue of H.

(a). Let Vo € V. For any a > 0 there exist c¢q, Cq > 0 such that

lema@ ™ (et NT et | | < Cuet 1> 0, (2.22)
A€o q(H),Re A<0
where
L—p
=—_—F 2.23
B=17, (2.23)

(b). Let Vo € A. Then the set of outgoing resonances r(H) of H is at most finite. There
exists some constant ¢ > 0 such that for any x € C§°(R"™) one has

x [ e H — Z e T, — Z e Pt | x|l < Cxe_”ﬁ t>0, (2.24)
)\GO'd(H)ﬂ@Jr very (H)

Here 11 denotes the Riesz projection associated with the discrete eigenvalue N of H and P, (t)
is an operator depending polynomially on t with coefficients of rank not exceeding m4 (v).

Remark that for A € oq(H)NCy,
e_itHH)\ — e—it)\Q)\(t)

where @) (t) is polynomial in ¢ with rank less than or equal to the algebraic multiplicity of
eigenvalue A. If in addition ImV < 0, then the set of positive resonances r; (H) is empty.
Recall that for any A > 0, one can construct a complex-valued potential V' € C§°(R") with
ImV > 0 such that A is an outgoing positive resonance of H. See [28] for example of incoming
positive resonance with V' € C§° and ImV < 0. The result (2.24) for n > 2 is new even for
the selfadjoint model operator H = Hy. See [31] for a result in one dimensional case.

Consider now the case when zero is an eigenvalue of H. If H is selfadjoint, then H has only
a finite number of negative eigenvalues and both positive eigenvalues and positive resonances
of H are absent. We can apply the known method in threshold spectral analysis for selfad-
joint operators ([13]) to compute low-energy expansion of the resolvent. Theorem 2.1 allows
to estimate the remainder in Gevrey spaces and to prove the following

Theorem 2.3. Assume that zero is an eigenvalue of H and that both H and Hy are selfadjoint.
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(a). If Vo €V, then for any a > 0, there exist some constants cq,Cq > 0 such that

He—a(x>1*l‘ e_tH - Z e_t)\H)\ H < Cae_catﬁ t> 07 (225)
Aeop(H)

(b). Let Vo € A. Then there exists some constant ¢ > 0 such that for any x € C§°(R"),
one has

I [ e — 37 eI | x| < et >0, (2.26)
Xeop(H)
where § = 18 ond II, is the orthogonal eigenprojection of H associated with eigenvalue .
= g genproj 9

The case of threshold eigenvalue in non-selfadjoint case is more difficult, because in this
case the associated algebraic multiplicity and Riesz projection are not defined. There does
not yet exist general method to treat resolvent expansion near threshold eigenvalue. In [9],
threshold eigenvalue of H is studied under several conditions on subspaces Ker (H7) in L?(R"),
j € N*. In this work, we generalize the usual approach in threshold spectral analysis known in
selfadjoint case ([13, 27]) to non-selfadjoint problems. Under the conditions of Theorem 2.1,
GoW is a compact operator on L?(R™). One can show that zero is an eigenvalue of H if and
only if —1 is an eigenvalue of compact operator GoW. Consequently, threshold eigenvalue of
H, if it does exist, is of finite geometrical multiplicity. Although the algebraic multiplicity of
eigenvalue zero of H is not defined, that of eigenvalue —1 of compact operator GoW is well
defined. Let m denote the algebraic multiplicity of eigenvalue —1 of operator GoW. Then
we shall show that there exists some numerical Gevrey function w(z) such that for z near
zero, z € o4(H) if and only if w(z) = 0. (See Proposition 5.12). In addition, w(z) admits an
asymptotic expansion of any order in powers of z: there exist some constants w; € C, j € N,
such that

w(z) =wiz+ -+ wnzy + O]z, (2.27)
for z near 0 and Re z < 0 and for any IV € N*.

Theorem 2.4. Assume that zero is an eigenvalue of H and that there exists some constant
wg # 0 such that

w(z) = wp2® + O(|zF11), (2.28)
for z near 0 and Rez < 0. Then the following results hold.

(a). If Vo € V, then for any a > 0 there exist some constants cq,Cy > 0 such that

e ™ f et = 3 eI () | | < Cae >0, (229)
A€oy(H),Re A<0

where (' = 1:{’; for some integer k > 1 given by Corollary 4.2.
(b). Let Vo € A. Then the set of outgoing resonances r+(H) of H is at most finite and

there exists ¢ > 0 such that for any x € C°(R™), one has

(e ™ — Y eI - Mot) Y. e ™R | x| < Ce ¢t t>0,
Aeog(H)NC4 very (H)
(2.30)
Here 8, I and P,(t) have the same meaning as in Theorem 2.2 (b) and Ily(t) is polynomial
i t of the form

k—1

o(t) = > /Ty, (2.31)
7=0
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where Iy j, 0 < 7 < k — 1 is an operator of rank not exceeding m, m being the algebraic
multiplicity of —1 as eigenvalue of GoW .

Remarks 2.6. 1. If Hy is selfadjoint or if Re Hy already satisfies (2.3) for some p €]0,1]
and pg > p, one can take k =1 in Theorem 2.4 (a) and recovers ' = 3. See Remark 4.1.

2. If threshold zero is an eigenvalue of selfadjoint Schrédinger operator H, the condition
(2.28) is always satisfied and o(t) = g is the eigenprojection associated with the eigenvalue
zero of H. In non-selfadjoint case, under the (2.28), the existence of a resolvent expansion near
threshold can be deduced by standard method of threshold spectral analysis. Now mon-trivial
problems are to check when the condition (2.28) is satisfied and to calculate more explicitly
the term Io(t). In fact a large part of Subsection 5.4 is devoted to proving the following more
explicit results:

o Assume that threshold eigenvalue of H is geometrically simple.
— If (2.28) is satisfied, then Iy 1 is of rank one and is given by

Hok—1 = (-, Jvo)vo (2.32)

for some eigenfunction Vg associated with threshold eigenvalue of H. Here J is
the complex conjugation J : f(x) — f(x);

— If there exists an associated eigenfunction g such that

| tota)?ds =1, (2.33)
then Condition (2.28) is satisfied with k =1 and one has

Ho(t) = Ilo = (-, Jo)wo- (2.34)

Note that although the Riesz projection is not defined for threshold eigenvalue in
non-selfadjoint case, g is a projection from L?(R™) onto the eigenspace associated
with eigenvalue zero of H.

o Assume that eigenvalue —1 of GoW is semi-simple (i.e. its algebraic and geometrical
multiplicities are equal) with multiplicity m and that condition (5.83) is satisfied. Then
(2.28) is valid with k = m and one has Ily; =0, j =1,--- ,m —1 and Iy is given
by

m
oo =Y (- Jt5); (2.35)

Jj=1

where {@j;5=1,--- ,m} and {¢j;7 =1,--- ,m} are two basis of the eigenspace of H
associated with eigenvalue zero.

The method developed in the proof of Theorem 2.4 is general and applies to some other
situations. See Remarks 5.2 and 5.4. At the end of this paper, we give an example such that
threshold eigenvalue of H is geometrically simple and (2.33) is satisfied.

3. GEVREY RESOLVENT ESTIMATES FOR THE MODEL OPERATOR

The starting point of our Gevrey estimates of the resolvent of Hy is a uniform a priori
energy estimate for the model operator Hy. In the sequel, we need to apply this kind of
energy estimates to the Schrodinger operator —A + Vi(x) — iVa(x) and to its analytically
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deformed versions as well. For this purpose, we begin with a class of second order elliptic
differential operators of the form

n

Hy=—" 04,0 ()0, + > _ bj(2)0s, + Vo(x) (3.1)

ij=1 j=1

satisfying conditions (2.2), (2.3) and (2.4).

Denote b = (b1, -+ ,by,) and

|a|oo =  Jax sup la (x)],  |bluee = jpax sup [(@)"bj(z)]. (3.2)

For s € R, denote

[

ps(z) = <1 + B2 ) (3.3)

1
where Ry = M (s) =+ with M = M(co, |a|so, |bloc) > 1 large enough, but independent of s € R.
For each s, ¢ is equivalent to a weight of order s in . Rescaling by the s-dependent function

Ry =M <s>ﬁ in g is crucial in this work, because it allows to prove an energy estimate
uniformly in s € R (Lemma 3.1) and to control the size of constants appeared in the inductive
proof of Gevrey estimates of the resolvent (see (3.26) ). A key estimate for ¢, which is used
in the proof of the following Lemma 3.1 is

2 cps()? n

for some constant ¢ > 0 independent of M and s.

3.1. A uniform energy estimate.

Lemma 3.1. Let Hy be given by (3.1). Under the conditions (2.2), (2.3) and (2.4) with
0 < p < 1, there exist some constants C, M > 0 depending only on |a|ss, |00 and co given
in (2.8) such that

[{z) ™" ps (@)ull + [V (ps(@)u)|| < Cll(2)"ps(x) Houl (3.5)
for any s € R and u € HE (R™) with (z)*™Hyu € L?.
Proof. We calculate (u, p2Hou) for u € C§°:

<U, SoiH(]u)

= (psu, Ho(psu)) + (psu, Z aﬁl‘iaijal']” ©s | u) — (psu, (b- Vys)u))

ij=1
= I+I11+1I11, j (3.6)
where
I = (psu, Ho(psu))
II = (psu, Zn: ((8xi<p5)aij8xju+8xi(aij(8xj<ps)u))>

ij—1
III = —(psu,(b-Vs)u).
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Since ¢s0;;u = Oz;(psu) — (Oz,;¢s)u, one has

[(att, (r,05)a" O 1+ O, (0 (D 05|

(O, p5)u, a" (axj (psu) — xJ‘PS)U) {psu, 8961 (aijDS)U)H
|{(O, 05)u, a" (axj (psu) — wJ‘PS)u) Oz, (psu Zj(a:vj‘PS)UH

laloo (110, 0s)ull (1102, (ws) || + I( zjsﬁs)UH) + ||3xi(90sU)H||(5xj905)U||)
The term I7 in (3.6) can be bounded by

IN

1111 < aloo Q] 1@asps)ull) D (21100, (ws) || + 11(Dr,05)ull)
i=1 j=1
< nPaloo|(Veps)ull [V (wsw)l| + [[(Ves)ull))
<

1
wlale (V)P + (14 DTl
for any € > 0. Clearly, I11 verifies
_ _ 1
L) < @)t (Tl < lyoolel @) Pl + - [(Toul®)  (37)

Taking € = €(co, ||, [b|u,00) > 0 appropriately small where cg > 0 is given by (2.3), it follows
from (2.3) that

|{u, o3 Hou)|

v

1| - 11| — |I11| (3.8)
%O(IIV(%U)IIQ + () Hps(@)ul?) = (u, Wsu)

where W(z) = ¢1|Vips|? with ¢; > 0 some constant depending only on ¢, |a|oc and [b],, -
One can check that

v

45222 z?
Vsl = W(l + 72
< 45%2? o < 45* 2
T O(R2422)27° T R24a27°
Since R? + 22 > 9-2ug2(1=1) (z)?* and Ry = M(s>ﬁ, Ws(x) is bounded by
4er(s)? 22K 4c 9
R2+x2(’05 = 0= (g >2#(’08‘
Noticing that 0 < p < 1, one can choose M = M(co,|a|sc, |b|y,00) > 1 large enough so that

22k 4y
M2(1—p)

)25

0 < W(z) < (3.9)

< 2. Consequently, the above estimate combined with (3.8) gives

Co _
|(u, 02 Hou)| > Z(HV(%U)H2 + [ {2) " Hpsull?). (3.10)
Remark that
_ co _ 2
[(u, @3 Hou)| < [[{x) " psull|[{x)" s Houl| < §H<$> Hosull® + %H(@“%HOUIIQ-

It follows from (3.10) that

2
C, _ o] n
(@) s Houl|* > T%(H<x> Posul> + [V (psuw)?),  u e C5o(R™). (3.11)

By an argument of density, one obtains (3.5) with some constant C' > 0 independent of s € R.
|

The same proof as that for Lemma 3.1 shows that
[{z) " s (@)ull + [V (s (z)u) | < Cl[{z)" s () (Ho — 1)ul (3.12)
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uniformly in s € R, A < 0 and and v € H2 _(R") with (z)***Hou € L.

loc

Corollary 3.2. Under the conditions of Lemma 3.1, there exists some constant C > 0 such
that for any r € R, f € L*>" and u € It[12OC such that Hou = f, one has: u € L*>"~2¥,
Vu € L>" " and

) %l + () " ull < Cll¢2)" 1] (3.13)

Proof. It follows from Lemma 3.1 with s = T;“. [ |

Lemma 3.1 shows that Hy : D(Hy) — R(Hp) := Range(Hy) C L?*(R") is bijective. Let Gy
denote its algebraic inverse with domain D(Gy) = R(Hy). Then one has

HOGQ =1on R(Ho), GOHQ =1on D(Ho) (3.14)

Lemma 3.3. Let D = NyerL?®. Then one has

(a). D C D(Gy). Gy maps D into D and is a densely defined closed operator on L*(R™). If
H is selfadjoint (resp., mazximally dissipative), then —Gy is also selfadjoint (resp., maximally
dissipative).

(b). There exists some constant C > 0 such that
IV (esGop—s(x) M w)|| + [|{x) " psGop—s(x) " w)|| < Cllw]| (3.15)
for allw € D and s € R.

Proof. We first show that D C D(Gy). Remark that Re Hy > 0. Let f € D and u, =
(Ho+¢)~'f, e > 0. Since Re Hy > 0 and Hj verifies the weighted coercive condition (2.3),
Hj + € satisfies also (2.3) with the same constant ¢y > 0 independent of € > 0. Following the
proof of Lemma 3.1 with Hy replaced by Hy + €, one has that for any s > 0

()~ Vue]l + [[{2)* ™ uell < Csll{2)* £l (3.16)

uniformly in € > 0. For s > 2y, this estimate implies that the sequence {u; e €]0,1]} is rela-
tively compact in L2, Therefore there exists a subsequence {uc,;k € N} and u € L? such that
e — 0 and u,, — u in L? as k — +oo. It follows that Hou = f in the sense of distributions.
The ellipticity of Hy implies that u € H?(R"). Therefore f € R(Hy) = D(Gp). This shows
that D C D(Gp). In particular D(Gy) is dense in L?" for any € R. The upper-bound (3.16)
uniform in € > 0 implies that v € L?* for any s. Since Hy is injective by assumption (2.3),
one has Gy f = v and Gg maps D into D. The closeness of Gy follows from that of Hy. The
other assertions of Part (a) can be easily checked.

The argument used above shows that for any w € D, one can find v € D(Hp) such that
Hou = ¢_s(z) Hw. (3.15) follows from (3.5). [ |

Lemma 3.3 shows that for any s, (x) *psGop—s{x) * defined on D can be uniquely extended
to a bounded operator on L?(R"™), or in other words, for any s € R, Gy is bounded from
D(Go) N L** to L*5~2:

[{z) ™ psGoull < Cllgps(x)"ull (3.17)

uniformly in u € D(Go)NL*® and s € R. This implies that Gy maps D into D and G extends
to a continuous operator from L%** to L?*~2* for any s € R. By an induction, one can check
that Gév extends to a bounded operator from L%* to L>* 2NP for any s € R. To simplify
notation, we still denote Gy (resp., Gév ) its continuous extension by density as operator from
L%3 to L?572 (vesp., from L% to L**~2N#). D is a core of Gj)’ for any N > 1.
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3.2. Resolvent estimates at threshold for the model operator.
Theorem 3.4. Let M > 1 be given in Lemma 3.1. Denote
1
with RN = Ron_149)u = M((2N — 1+ 7)p)t=+ (3.18)

IN,r =
N,r

where N € N* and r € Ry and M > 0 is a constant given by Lemma 3.1. Set (xn,) =
(1+ |$N,r|2)%- Then there exists some constant C > 0 such that

(@) "N RGE (x| < OV((2N = 14 m)u) 7™, (3.19)
for any integer N > 1 and any r > 0. Here

24
= — 3.20
=1, (3.20)
Proof. Making use of Lemma 3.1, one can check that operator
In = () NG (e )™ (3:21)

is well defined on D and extends to a bounded operator on L?. To show the estimate (3.19),
we use an induction on N. Since (z) < R(%) for R > 1, it follows from (3.15) that

()™ Gol )1l < C'RE < Cus)” (3.22)
R R
uniformly in s, where R = M(s)ﬁ In particular, when s = (1 + r)p, one has R, =
1
M{(1+1)u)TF = Ry, and
[ < CL{(X +r)w)? (3.23)

for all » > 0, which proves (3.19) when N = 1. Assume now that N > 2 and that one has
proved for some C' > 0 independent of N and r > 0 that

[ In_1]| < CVN"H@2N =3+ r)p)"™=1, (3.24)

Write Iy as
In = (on,) "BV IEGY (a1, ) BN T2 Iy g (o) T )
Notice that
(oxs) < (onorr) € 5ot
N—1,r
for any N > 2. Applying (3.22) with s = (2N — 1 + r)u, one obtains
) = BN Gy () BN 21| < CL((2N = 14 1))

Making use of the induction hypothesis (3.24), one can estimate Iy as follows:

Ml < [ en) "BV Go (e ) BN 2508 | Iy |

(TNr)

TN—1r odr
< ”<xN7T>*(2N+T)uGO<xN’T>(2N*2+7')u” . ||(<N717>)(2N 2+ )HHLOO v

- 1l

ON —1+7 Y(2N—2+r) B B
< Cl{eN —1+7)u)- <§E2N3+T§Z;> L CNTH(@N =34 )V
ON — 1 4 9\ VN-2+7) -
< G (M) CYH@N =1+ 7). (3.25)

v(2m—2+r)
The sequence { (g%:éii)

some constant Cy > 0 independent of m such that

om — 14 )@ =2)
C%%haw> = G2 (3:26)

;m > 2} is uniformly bounded in r > 0. Hence there exists
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for all m > 2 and r > 0. Increasing the constant C' if necessary, one can suppose without loss
that Cy < C and obtains from (3.26) that

IIn]l < CN(@2N — 1+ )™ (3.27)
Theorem 3.4 is proved by an induction on V. |
(3.19) with r = 0 shows that there exists some contant C' > 0 such that
() RG] + (1G> < OV N (3.28)
for all N > 1. Let Ro(z) = (Ho — z)~! denote the resolvent of Hy and
Q_(6)=0Q <5,72T+(5,327T—5> = {zeC*;\z\ <5,g+(5<argz< 3;—6},

with d > 0. Since Re Hy > 0, there exists some constant C7 > 0 such that

[ Ro(2)]] <G " |
From the equation Ro(z) = G + 2GoRy(z), it follows that as operators from L?® to L52H,
s € R, Ro(z) is uniformly bounded for z € Q_(J) and one has

Bt Ro(z) = Go. 3.29
S o o(2) = Go (3.29)

z € Q_(0).

Similarly one can check that for any N € N*, one has

- Ro(2)N = GY. 3.30
> zGQ_l({sr)l,zﬁO O(Z) 0 ( )

as operators from L** to L>*~2N#. By an abuse of notation, we set R(0) = Go. Thus Ro(z)
is defined for z in ©Q_(J) U {0}.

Corollary 3.5. For any a > 0, there exists some constant Cg > 0 such that one has

le= @ Ro(2)N | + [[Ro(2)N e~ ™" || < CNFINN (3.31)
for all N > 1 and z € Q_(6) U {0}. Here’y—ﬁ.

Proof. Since Re Hy > 0, one has

for Rez < 0. Hence ||zRo(z)| is uniformly bounded for z in Q_(6) U {0} (§ > 0 is fixed).
Iterating the first resolvent equation, one has

Ro(2)N = G (1 + zRo(2))N
According to Theorem 3.4 with r = 0, one has for some constant C' > 0 depending on §
[z n,0) "> Ro(2)™[| < [(2n,0) 2N G (1 + [|2Ro(2)]|Y) < CYNTY, (3.32)
for any integer N > 1 and z € Q_(0) U{0}. Let a > 0. Then
e Ro(@) M| < flem " (a0 M e CVNTY

a<x>1_u<$N,0>2N‘u”Loo, consider the function

fr) = et ()2,

To evaluate the norm ||e™

Ry
where r = |z| and Ry = Ry = M((2N — 1)pu)i-» " . One calculates:
f'(r) = /(r) (—Qa( 1) (R +72) + 2N/u"1+“) ;7> 1.

r(R% + r?)
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1
Let A > 1. Since Ry ~ ¢ NT-# for some constant ¢/ > 0 as N — oo, one can check that
Nrltr < yrem r2 if r > ARy for some constant ¢ > 0 independent of A, r and N. Therefore,
if A= A(p,a) > 1 is chosen sufficiently large, one has

f'(r)y <0, r> ARy,

thus f(r) is decreasing in [ARy, +oo[. It is now clear that

_ 1—
lem @ (an o)Vl < sup  f(r) < (AP
0<r<ARN

Corollary 3.5 is proved for some appropriate constant Cj,. |

Proof of Theorem 2.1. Theorem 2.1 for 7 = 0 is a particular case of Corollary 3.5. In the
general case 7 > 0, we apply Theorem 3.4 with 7 = ri and remark that
1
RN,T

(z) < (zny) < (2).
As in the proof of Corollary 3.5, one can show that

- —a 1- T
()~ Gy ()™
< BiBY Ry, |(en) GV TG (2n )| (3.33)

< DlDé\“rru(N + T)%-&-’YN

for some constants Bj, D; > 0, uniformly in » > 0 and N € N*. The proof of Theorem 2.2 is
complete for all 7 =ru > 0 and N € N*. [ |

4. HEAT AND SCHRODINGER SEMIGROUPS OF THE MODEL OPERATOR

As the first application of Theorem 2.1, we show in this Section how to deduce sub-
exponential time-decay estimates for the heat and Schrodinger equations associated with a
model operator of the form Hy = —A + Vy(x) with Vy(x) = Vi(z) — iVa(z), Vi(z) and Va(z)
being real and satisfying Condition (2.3).

4.1. Sub-exponential time-decay of the heat semigroup. To study the heat semigroup
e tHo ¢ >0, we use Cauchy integral formula for semigroups and need an upper-bound of the
resolvent on a contour in the right half-plane passing through the origin.

Proposition 4.1. Assume that Re Hy > —aA for some a > 0 and that the imaginary part of
the potential Vy(x) verifies the estimate

[Va(z)| < Clz)™2*2, Yz € R, (4.1)

for some po > 0. Let p' such that 0 < p/ < min{uo, 1} and 0 < ' < 5. Then there exists
some constant Co > 0 such that the numerical range N(Hy) of Hy is contained in a region of
the form {z;Rez > 0,|Im z| < Cy(Re 2)*'}. Consequently, for § > 0 small enough there exists
some constant My such that

|Ro(2)]] < 20 (4.2)

2|+

for z € O(0) where

O(6) = {z € C*;|2| < §,Rez < d|Tm 2| }. (4.3)
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Proof. For z = (u, Hyu) € N(Hp) where u € D(Hp) and ||u|| = 1, one has
Rez = Re(u, Hyu) > a||Vul?
mz < (u,[Vau) < Cfl ) 2ull.

According to the generalized Hardy inequality ([11]), for 0 < p/ < % and 0 < g/ < g there
exists some constant C,s such that

() 72 ull® < [l ull® < CullIV|* ull*. (4.4)

Let @ denote the Fourier transform of u normalized such that ||4| = ||u|| and 7 = ||Vu||. Then
for 0 < p/ <1 noticing that ||ul| = 1, one has

IV ul? = (gl al® = 11E* @l 225 + NEF @l 72 e<n)
< PPEENEN e gz + T 0 T2 <)
< 272 = 9| Vu| .
This proves that Rez > 0 and |Im z| < Cy(Re 2)* when z € N(Hy). The other assertions of

Proposition are immediate, since o(Hy) C N(Hy) and

1
IRl < G Ny

Remark 4.1. Let Hy = —A + Vi(z) be the real part of Hy. From the proof of Proposition
4.1, one sees that if Vi € V for some p €]0,1[ and if us > u, then the numerical range of Hy
is contained in the sector {z;Rez > 0,|Imz| < CRez} for some C > 0. Therefore the results
of Proposition 4.1 hold with ¢/ = 1. In particular, this is the case if Vo = 0 and Vi € V. Note
that Proposition 4.1 can be applied to operators of the form Hy = —A — i(@%’“ w €0, 1.

Making use of the equation
Kk—1 o
Ro(z) =Y #GI + 2"GERo(2) (4.5)
=0
we deduce from Theorem 3.4 (with » = 0 and N = k) and Proposition 4.1 that for k € N*

and Kk > %, one has
I(z) " Ro(2)|| < © (4.6)

uniformly in z €  and z near 0. It follows that

Gop=s lim R
0 zef%,zﬁ() O(Z)
as operator from L** to L2572 As before we denote Ro(0) = Go.

Notice that under the conditions of Proposition 4.1, one can not exclude possible accumu-
lation of complex eigenvalues towards zero. Making use of Proposition 4.1, one can prove the
following uniform Gevrey estimates in a domain located in the right half-plane.

Corollary 4.2. Under the conditions of Proposition 4.1, let kK € N* be the smallest integer

such that k > % For any a > 0, there exist c¢,C > 0 such that
He—a@**“ﬁ}z (2)|| < CNNAFIN - yN > (4.7)
dzN-1 0 = ) - 4y .

uniformly in z € Og(d) = O(5) U{0}, where O(0) is defined by (4.3).
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Proof. For z € ), decompose Ry(z) as
Ry(z) = A(z) + G5 B(2)
with A(z) = Z;”;é sz%H and B(z) = 2"Ry(z). By Proposition 4.1, ||B(z)| is uniformly
bounded for z € 2. Theorem 3.4 shows that for some constant C
(@)~ B FEGE (e ) ] < Cr{(26+ 7)), (4.8)
)™ C A (wep) ™ < Cr{(2R + 1))

for any r > 0 and |z| < 1. Making use of the relation
Ro(2)" = A(2)Ro(2)" ! + Gf Ro(2)" ' B(2)
one can show by an induction on N that there exists some constant C' > 0 such that
[z on0) ™2V Ro(2) || < CN NA™ (4.10)
for any N > 1 and z € Q. In fact, the case N = 1 follows from (4.6). If (4.10) is proved with
N replaced by N — 1 for some N > 2, noticing that x,n0 = Ty 20(n-1), (4.8) and (4.9) with
r = 2k(N — 1) show that
zinv,0) =2 Ro (2) |
< Cu{(26N = D) ([{@pv—1),0) "N E Ry (2)N Y|
H (@100 R ()N | B(2)])
< CrchleN’yli
for some constant Cy independent of N. Increasing the constant C' if necessary, one obtains

(4.10) for all N > 1 by induction. (4.7) is deduced from (4.10) as in the proof of Corollary
3.5. |

By Remark 4.1, if V; € V for some u €]0, 1] (which implies in particular that H; = —A +
Vi(z) satisfies (2.3)) and Vo = O((x)~2#), then one can take x = 1 in Corollary 4.2 and
the order of Gevrey estimates in Corollary 4.2 is the same as in Corollary 3.5. As another

consequence of Proposition 4.1, we establish the following estimate on resolvent expansion at
threshold.

Corollary 4.3. Under the conditions of Proposition 4.1, assume in addition (2.3) with p €
10,1[. Then for any a > 0, there exist some constants C,c > 0 such that for any z € O(J),
one has for some N (depending on z) such that

N o _1
&7 (Ro(z) = 3 2'GET | < CemH . (4.11)
j=0

Proof. It follows from (4.5) and Theorem 2.1 with 7 = 2xu that for some Cy,cq > 0

N
le= " (Ro(2) = D AGE| < Cacl NYN|2|NH, (4.12)
§=0
for all z € O(4). The remainder estimate can be minimized by choosing an appropriate N in
terms of |z|. For fixed M’ > 1 and z # 0, take N = [—L—]. Then
(caM'|2])7

_1
CéVN'yN‘Z’N+1 < efc|z| v

for z € O(9), where ¢ > 0 is independent of z and N. [ |
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Theorem 4.4. Let Hy = —A + Vy(x) with Vo € V. Then for any a > 0, there exist some
constants cq, Cq > 0 such that
tB

He—a(z)lfﬂe—tHo” + He—tHoe—a(z)l*uH < CeCa . >0, (4_13)

with 5 given by (2.23).

Proof. Let I' be the contour defined by T' = {z;Rez > 0,|Im 2| = C(Re 2)*'} oriented in
anti-clockwise sense, where C' > 0 is sufficiently large. Here p/ > 0 is appropriately small such
that both conditions (2.12) and (4.1) are satisfied. By Proposition 4.1, the numerical range
of Hy is located on the right-hand side of I' and one has

e tHo — ;ﬂ_/et'zRo(z)dz. (4.14)
r

Decompose I as I' = 'y + I'1 where I'g is the part of I' with 0 < Re z < § while I'y is the part
of I with Re z > § where § > 0 is sufficiently small. Clearly, the integral on I'; is exponentially
decreasing as t — oo

| [ e ®Ro(2)dz|| < Ce ™t >0,
Iy

for some constant C' > 0. For z € I'y, denote fn(2) = Ro(z) — Z;V:o sz%H. Then
fn(z) = 2N TIGY T Ry (2).
Then Theorem 2.1 with 7 = 2k shows that for any a > 0 there exist some constants C,C; > 0
such that
le™*@™ ()] < CLEN NN (4.15)
for z € T'y. It follows that

] emem ™ Ro(2)dz
0

IN

7G/I1 VA Z*(ZII
ij %w“w/ el £ | [ e e (2)dz|

IN

@Z@”Nwawwﬁ/w%ﬂﬂw
7=0

1
for some Cy > 0 and for all £ > 0 and N > 1. Parameterizing I'g by z = A £+ icA\# with
A €]0, d], one can evaluate the last integral as follows:

1)
/ |€—tz”Z|N+1|dZ| < Cé\f/ e—t>\>\N+1d>\
Ty 0

ot
= C’évt_N_Q/ e TN dr
0
< Civthfz NN
for some C3,C4 > 0. This proves that there exist some constants By and By > 0 such that

|| e e )" " Ry(2)dz|| < BoBN NN (Ne % + NN¢=N-2) (4.16)
O
for any t > 0 and N > 1. To minimize the remainder, we choose N in terms of ¢ such that

1
N ~( MltBl )T+ as t — 400 for some fixed appropriately chosen constant M;. One obtains

1
I *”*W””R«awnsca%“” (4.17)
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for some C,dg > 0. This proves that there exist some constants C, ¢ > 0 such that
He*“<x>17#e*tH°H <ce >0, (4.18)
with 8 = %ﬁj [}

As a consequence of Theorem 4.4, one obtains that there exists some constant ¢ > 0 such
that

le o f|| < Cre= || f]l, >0, (4.19)

for all f € L?(R") with support contained in {|z| < R}, R > 0. In selfadjoint case, this result
is already proved by S. Nakamura in [20] by different method.

4.2. Sub-exponential time-decay of the Schrodinger semigroup. To obtain sub-exponential
time-decay of solutions to the Schrodinger equation associated with Hy, we take V) € A and

use both techniques of analytic dilation and analytic deformation to study quantum reso-
nances of Hy. It is well known that these different techniques give rise to the same set of
quantum resonances ([3, 10, 12, 25]). The conditions for potentials V{ in the class A are used,
among others, to show that quantum resonances of Hy do not accumulate to threshold zero.
The main task of this subsection is to prove that the resolvent of the analytically distorted
Hamiltonian Hy(6) of Hy verifies Gevrey estimates along some curve located in C_.

Firstly, we use the analytic dilation method to prove that if Vo € A, then quantum reso-
nances of Hy = —A + Vy(x) can not accumulate to zero. Denote Hy(#) the operator obtained
from Hy by analytic dilation:

Ho(0) = —(1+0)"2A + Vo((1 + 0)z)

for 6 € C and 6 near 0. Set Ro(z,0) = (Ho(8) — z)~L. For 0 real, Ro(z,6) is holomorphic in
C4 and meromorphic in C\ Ry. Since Vj € A, there exists some constant § > 0 such that
{Hy(0);0 € C,|0| < ¢} is a holomorphic family of type A. One has

T

Uess(ﬁO(e)) = {ma > 0} (420)

Consequently for Im@# > 0 and |0] small enough, the resolvent Ro(z,0) defined for z € Cy
with Im 2z >> 1 can be meromorphically extended across the positive real half-axis R into

the sector {z;argz > —Im#}. The poles of this meromorphic extension of ﬁo(z,ﬁ) are by
definition quantum resonances of Hy, which are independent of 6 ([3]).

We begin with the following elementary Hardy type inequality.

Lemma 4.5. Letn>2 and 0 < s <n—1. One has

() ™1 5|l < (IVal® + 1) ~*ull) (4.21)

1
2y/(n—1)(n—1-5s)
for all u € HY(R™).

Proof. Letz=rw,r>0and w € S" . For u € S(R"), denote
T

Ly L)
e ==
Then one has
n — r2) — sr?)|u(rw)|?rn—2 pn—l
P — (0= DO ) — ) jutre)

()7 )
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Here F)(r,w) is the derivative of F(r,w) with respect to r. Since n > 2 and u € S one has
S flR+><S"—1 F'(r,w) drdw = 0. Tt follows that

[ e e e as o [ [ e s a2

for any v € S(R"). Inequahty (4.21) follows from the trivial bounds

2\/(n—1)(n—1_5)§ (n_l)"'(":—l—s)rZ

and
2 [ [ (@) Re (um) do < 20 () 0ul] < [Vl + o)l

together with an argument of density. |

Lemma 4.6. Let Vj € A. Then there exist some constants co > 0 and vy €|, 37”[ such that
for 6 € C with |0| sufficiently small and Im6 > 0, one has

a(Ho(6)) N S(—cob,70) = 0 (4.23)
and ,
0D <
[{z) "% Ro(z,0)|| < pRENTE) (4.24)
for z € S(—cob,v0). Here
S(—cob,v0) = {z € C*; —cplm O < argz < vy} (4.25)

Proof. We only consider the case 6 = it with 7 > 0 small enough. Since V =V} —il; € A,
one has

V(1 +it)z) = Vi(z)+ 7z VVia(x)
—i(Va(z) — 7 - VVi(2) + O(72 () ~2H)

for 7 > 0 sufficiently small. Let z = (u, Ho(0)u), v € H? with ||u| = 1. Then,

Rez = (11+)2|yvuu2 (u, (Vi) + O(r () ~24))u, (4.26)
2T
Imz = WHVUII2 (u, (Va(z) = 12 - VVi(2))u)
+(u, O(T% () 72) )u). (4.27)
Since Re Hyp > 0 and satisfies (2.3), there exists ¢ > 0 such that
Rez > c||Vull + [[{z) ™*ul*) (4.28)

for 7 > 0 sufficiently small. If R €]0, 0], one has for some ¢/ > 0
Va(z) — 1 - VVi(x) > d7(x) "2 Vo € R",
which gives that
Imz < —c"7(||Vaul|® + || {x) " ul|?) (4.29)
for some ¢” > 0. This shows that Imz < —C7Rez (C = "¢ !) if R €]0, +00].

If R =0, one has Va(x) > 0 for all z € R and

2

x
Vo(z) — 12 - VVi(x) > CBTW’ Va € R",
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for some c3 > 0. In this case, one has
2

x

u)) + C73|[(z) "Ful?. (4.30)
Lemma 4.5 with s = 1 shows
1 1 1
< —A+
W ey e py A LT
in the sense of selfadjoint operators. For 0 < 1 < 3 when n = 2 and p €]0, 1[ if n > 3, one has
1

o= < 1.
2/n—n—1-p)

This proves that

x? 1 1

IVl + o ) = IV o (o — oy )
> (1= a)(IVul® + [ (=)~ ul?).
Consequently, one obtains
Imz < —C(1 — a)7(|Vul|? + ||(z) " u||?) + C7%||(z) " u|* < —C17Re 2 (4.31)

for some C; > 0 if 7 > 0 is small enough. This proves that the numerical range N(Hg(6)) of
Hy(0) is contained in ¥y where

Y9 ={2z;Rez>0,Imz < -C1Im6Rez}, Im0 >0, (4.32)
for some constant Cy > 0. Since o(Hy(#)) C $¢ and ||Ro(z,0)|| < dist(z, %)L, one has
~ 1
Ro(z,0)]| £ —— 4.33
IRofe O < i (4.33)

for z € C\{0} with —coIm 6 < arg z < 2F—c¢g for some ¢y > 0 small enough. For Vj € A, Ho(0)
verifies Conditions (2.1) — (2.4) uniformly in 6 with Im# > 0 and |0] < 6. Go(0) = Ho(#) "
is well defined as in the case of # = 0 and Theorem 3.4 holds for Go(6). (4.24) follows from
the equation
Ro(z,0) = Go(6) + 2Go(0) Ro(z, 6)
and Theorem 3.4 applied to Go(6). [
In order to obtain sub-exponential time-decay estimates for ye "oy, x € C§°(R™), we use

analytic distortion of Hy outside the support of x. Let Ry > 1 and p € C*(R) with0 < p <1
and p(r) =0if r <1 and p(r) =1 if r > 2. Set

Fy(z) == (1 + 9p(?)> , zeR"™ (4.34)
0
When 0 € R with |0| sufficiently small, z — Fy(z) is a global diffeomorphism on R". Set
Usf(z) = |DFg(x)|2 f (Fo(z)). f € L*(R"), (4.35)

where DFy(x) is the Jacobi matrix and |DFy(x)| the Jacobian of the change of variables:
x — Fy(x). One has
_ 17 |l’| < R07
|DEFy(z)| = { (1+6), lz| > 2Ry (4.36)

Up is unitary in L2(R") for  real with |0| sufficiently small. Define the distorted operator
Ho(6) by
Ho(0) = UpgHoU, . (4.37)
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One can calculate that

Ho(0) = —Ag + V (Fy(z)) (4.38)
where —Ay =t Vg - Vy with

1

| DFy|?
In particular, Vg f = (14+60)"'V f if f is supported outside the ball B(0,2Ry). If V € A, Hy(6)
can be extended to a holomorphic family of type A for # in a small complex neighborhood of
zero. Ho(0) and Ho(6) coincide outside the ball B(0,2Rg) and they have the same essential
spectra. In addition their discrete eigenvalues are also the same so long as they are uncovered
by the essential spectra ([3, 12, 10]). Since Ro(z,6) is holomorphic for z in S(—cof, ), so
is Ro(z,0) = (Ho(8) — 2z)~'. We want to establish an upper bound on Ry(z,60) when z in
S(—cof,v0) which will imply (z)~2*Ry(2,60) is uniformly bounded for z near zero and z in

S(—cob,70)-

Vo= ("DF) . v - (*DF,)~' - (V|DFy)) (4.39)

Remark that if Vj € A, the distorted operator Hy(6) satisfies the conditions (2.3) and (2.4)
with some constant ¢y > 0 independent of Ry > 1 and 6 € C with |6| small. Therefore Lemma
3.1 can be applied to Hyp(f). One can define Gy(6) by

Go(f)=s— lim Ry(z,0)

Re 2<0,2—0

as operators from L% to L**72# and Theorem 3.4 holds for G(6) uniformly in 6 when |6] is
small. To simplify statement, denote

Ro(0,0) = Go(0).
In the following 6 is fixed with |#] small and Im 6 > 0. Although Ry(z,0) and Ro(z,0) have

same poles, their norms may be rather different. In the following Proposition we give an
argument to deduce an estimate on Ry(z,#) for z near 0 from those on Ry(z,6) and Ry(0,6).

Proposition 4.7. Assume the conditions of Lemma 4.6. Then one has o(Ho(0))NS(—cob,70) =
0 and there exists some constant C > 0 such that

[{(z)2*Ro(2,0)|| < <f>, z € S(—cob,v0)- (4.40)

Proof. For z € S(—copf,70) and |z| large, (4.40) follows from Lemma 4.6 by an argument of

perturbation. For z € S(—cof,~o) with |z| bounded, we compare Ry(z, ) with Ro(z,6) for |z|
large and with Ry(0, 8) for |z| small.

Let x € C5°(R™) such that x(z) = 1if |z| < 2Ro. Take x € C5°(R™) such that xx = x. On
the support of 1 — x, Ho(0) = Ho(0). For z € S(—cof,70) and |z| small, one has
Ro(z,0) = Rp(0,0) + zRp(0,0)Ro(z,0)
= Ro(0,0) +zRo(0,0)(X + (1 — X)) Ro(z,0)
= Ry(0,0) + 2Ry(0,0)XRo(z,0)
+2R0(0,0)(1 = X)Ro(2,0)(1 — x)
+2Ro(0,0)(1 — X)Ro(2,0)[(1 + 0) %A, x| Ro(z, 0).
Recall that for Im# > 0, there exists some constant C' > 0 such that
| Ro(z,0)(x) || < C, for z € S(—cof, 7).
By the ellipticity of the operator and the first resolvent equation

Ro(z,0) = Ro(—1,60) + (z — 1)Ro(z,0)Ro(—1,6)
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we derive that

1 Ro(=,0)(1 — A)(z) | < C, (4.41)
for z € S(—cob,v0) and |z| < 1. Therefore there exists some constant C such that
I{2) 7 Ro (=, 0)(2) ~2|| < C1 + Cil2]|[(x) " Ro (2, 0)(z) | (4.42)

for z € S(—cof, 7o) and |z| < 1. This shows that ||{x) ~2*Rq(z, 0)(x)~?#| is uniformly bounded
for z € S(—cof,70) and |z| sufficiently small. (4.40) now follows from Lemme 4.6 and the
second resolvent equation

Ro(z,0) = Ro(z,0) + Ro(z,0)(Ho(0) — Ho(6))Ro(,0) (4.43)

since f]o(ﬁ) — Hy(0) is a second order differential operator with compactly supported coeffi-
cients. |

Let Im6 > 0 and 0 > 0 be small. Set
Q(0,0) ={z € C*;|z] < 6,—dImb < argz < 3% — o6} and Q(0,0) = Q(5,0) U{0}. (4.44)

Corollary 4.8. With the convention Ry(0,0) = Go(0), for any a > 0, there exist some
constants ¢, C' > 0 such that

e ™ Ro(2,0)N|| < CNN™N, N e N* (4.45)
for all z € Q(9,0).

Proof. In the proof of Lemma 4.6, it is shown that ||R(z, )| < Csplz|7! for 2 € Q(6,0) if
§ > 0 is small enough. Since Hy(#) and Ho(6) differ only in a compact set, we deduce from
Proposition 4.7 and (4.43) that
1Ro(2,0)]| < Co=|™!
for z € Q2(0,6). With the above bound, (4.45) follows from Theorem 2.1 applied to Go(#) and
the equation
Ro(z,0)N = Go(0)N (1 + 2Ro(2,0))Y, 2 € Q(6,0).
[ |

Theorem 4.9. Let Vy € A. There exists some constant ¢ > 0 such that for any function
X € C§°(R™) there exists some constant Cy, > 0 such that

Ixe ™oy < Cye= " > 0. (4.46)

Proof. Let R; > 0 such that suppx C B(0, R;). Let U(#) be defined as before with Ry > R
and Hy(0) = U(0) "1 HoU(0). Then one has

xRo(2)x = xRo(z,0)x and Xe*itHOX - Xe*itHow)X

for 6 € R with || small. Since Vj € A, the right hand sides of the above equations can be
extended holomorphically in z to a complex neighborhood of 0. For § € C with 6 near zero
and Imé > 0, Ho(0) is strictly sectorial and the resolvent Ry(z,6) is holomorphic in z € C
with —clm 6 < argz < 7w + ¢ for some ¢ > 0. Making use of Proposition 4.7, one can check
that

xe oy = ! /eitszo(z,G)Xdz (4.47)

=ar .
where ‘ ‘
IV={z=re"r>0tU{z=—re r>0}
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for some n = n(f) > 0 small enough. I" is oriented in anti-clockwise sense.

The remaining part of the proof of (4.46) is the same as in Theorem 4.4 and will not be
repeated here. We just indicate that
N
Ro(2,0) =Y 2/Go(0) + 2+ Go(6)" Ro(2,6)
j=0
for z € IV and z near 0. Theorem 2.1 and Proposition 4.7 show that for a > 0
IXGo(0)Y Ro (=, 0)x (4.48)
)l _
< Cylle™ ™™ " Go(0)N Ro(2,0) () || < CoyimoCal NV
with some constant C; independent of x. By choosing appropriately N in terms of ¢ as in the
proof of Theorem 4.4, one obtains (4.46) with some constant ¢ > 0 independent of . |

Theorem 4.9 generalizes a result of D. Yafaev [31] for one-dimensional selfadjoint Schrédinger
operators to higher dimensions n > 2.

Example 4.2. If n = 3, Coulomb-type potential Vy(z) = ‘ll;Tb with a,b > 0 and a+b > 0
belongs to the class A with = % Consequently, the results of this section can be applied to
Hy = —A + “mb. In particular, for any x € CSO(R3), making use of analytic deformation
outside the support of x, one has xRo(2)x = xRo(z,0)x. Corollary 4.8 shows that xRy(z)x
satisfies Geuvrey estimates of order 3 for z € Qy(0,0) and (4.46) holds with = %

4.3. A low-energy estimate on the spectral density. For the selafdjoint Schrédinger
operator Hy with slowly decreasing potential Vj, it is proved by S. Nakamura ([20]) that
under some additional conditions the spectral density E{()) of Hj satisfies the estimate that
for any N >0

Ej(0) = On(AY), (1.49)
in appropriately weighted spaces, as A — 04. The Gevery estimates of the resolvent at thresh-
old allow to improve this result.

Lemma 4.10. Let Vy(z) = Vi(z) — iVa(x) with Vi(x), Va(x) real. Assume that Vi is of class
C? on R™ and that there exists p €]0,1] and some constants c;>0,75=1,2,3, such that

ci{x)™H < Vi(x) < eofx) T, (4.50)

(- VY Vi(z)] < ealx)™, j=1,2 (4.51)
z-VVi(z) < —c3(z)™?*, |z|> R for some R >0, (4.52)
Va(z)| < ealz) 17H70 ¢ > 0. (4.53)

Then the eigenvalues of Hy are absent in a neighborhood of zero and the boundary values of
the resolvent Ro(A £ 40) = lim, s +1m »>0(Ho — 2)~1 exist for A\ € [0,6] for some § > 0 and
are Hélder continuous as operators in B(0,s;0 —s), s > H_T“

Proof. Let H; = —A + Vi(x) be the selfadjoint part of Hy and Ry(z) = (H; — 2)~!. Then
one knows from [20] that under the condition of this Lemma, R;(A=£10) exists for A € [0, ] for
some 0 > 0 and are Holder continuous as operators in B(0, s;0,—s), s > H?“ Note that the
smoothness assumption on the potential used in [20] is only needed for higher order resolvent
estimates.

One knows that Go 1 = lim,_,o.¢r, R1(2) exists and that G 1V5 is a compact operator in
L*~5 for HT“ <s < W% Therefore the kernel of 1 4 Gy 1V5> is of finite dimension. From
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Lemma 3.3 applied to Go1, one deduces that this kernel is contained in L?>" for any r > 0.
Since (1 +1iGo1V2)u = 0 if and only if Hyu = 0, Lemma 3.1 implies that Ker(1 + iGp1V2) in
L?*7% is trivial. Therefore (14iGg1V2)"! is bounded in L*»~%. By the continuity of R;(z) for 2
near 0 and z ¢ R, one deduces that 14+iR;(2)Vz is invertible in L%~ and its inverse is Holder
continuous in B(L?~*) for z near 0 and z ¢ R . This implies in particular that the eigenvalues
of Hp are absent in a neighborhood of zero and the limits Ry(A+i0) = limzé)\iImDO(Ho—z)*l
exist for A > 0 and small enough and are Holder continuous in A € [0, d] for some 6 > 0. W

Corollary 4.11. Under the conditions of Lemma 4.10, assume in addition that Hy is self-
adjoint (Vo = 0). Denote by Eg(\) the spectral projection of Hy associated with the interval
] — 00, A]. Let s > H?“ Then for any a > 0, there exist some constants cq, Cq > 0 such that

1
e By @)l < Cae M T, 0 <A <4 (1.5)

Proof. Since Ej(\) = 5= (R(A +140) — R(A — i0)), [|[{(z) ~*E{(X){z)~*| is uniformly bounded
for A > 0 and \ near 0, if s > 12

5 (see [20]). Iterating the first resolvent equation, one obtains
for any N € N*

E\(N) =MGYEN(N), 0<A<6. (4.55)

Applying Theorem 2.1 with 7 = s, one deduces that for any a > 0, there exist some constants
Cq, Cq > 0 such that

le= @ ES () (@) 7| < Cacl NYNAN (4.56)
for all N € N* and A €]0,6]. It remains to minimize the right-hand side by choose N in terms
1
of A > 0 such that N &= cA™ 7 as A — 04 for some appropriate ¢ > 0. Then

_1
ANNNAN <0l 7 0< A< 6,

for some constants ¢/, C' > 0. (4.54) is proved. [ |

5. HEAT ET SCHRODINGER SEMIGROUPS FOR PERTURBED OPERATORS

Consider non-selfadjoint Schrodinger operator H of the form

H=Hy+ W(l’) (5.1)
where Hy = —A + Vy(z) with Vo € V and W € L5, ,(R"). Then the essential spectrum

of H is equal to [0,+oo[ and the possible accumulation points of complex eigenvalues of H
are contained in R;. We begin with the analysis of positive resonances for non-selfadjoint
Schrodinger operator H = —A + V(z) with V(x) holomorphic outside some compact set.
Since we are interested in behavior of solutions as ¢ — +o0o, the main attention is paid to
outgoing positive resonances, because incoming positive resonances are invisible in the limit
t — +o00.

5.1. Positive resonances of non-selfadjoint Schrodinger operators. To begin with,
consider a class of non-selfadjoint Schrodinger operators H = —A + V(z) which are com-
pactly supported perturbations of Hy = —A + Vj with Im Vp(z) < 0 and Vp(z) extends to a
holomorphic function in a region of the form {x € C";|z| > R,|Im x| < 0|Rex|} and satisfies
there

Vo(z)| < C(Rex)™” (5-2)
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for some constants R, §,C, p > 0. Suppose in addition (z-V;)/Vp, j = 0,1, 2, are —A-compact.
Then the set 7 (H ) of outgoing positive resonances of H is well defined by Definition 2.5. Since
Hy is dissipative, one has 74 (Hp) = () and the boundary value of the resolvent
Ro(A+1i0) = lim (Hy—2)"" (5.3)
z—A,Im 2>0
exists in B(—1,s;1,—s), s > &, for A > 0 and is Hélder-continuous in A > 0 ([22]). Let Uy be
the analytic distortion defined by (4.35) with Ry sufficiently large. Then Hy

Hy=UgHU, "
defined for # real can be extended to a holomorphic family of type A for § in a complex

neighborhood of zero. For Im# > 0, spectrum of Hp in {z,argz > —clm#} is discrete for
some constant ¢ > 0 and is independent of the function p used in the distortion ([12]).

Theorem 5.1. Let H = Hy+W (z) be a compactly supported perturbation of Hy = —A+Vy(x).
Assume (5.2) is satisfied. Then there exists some constant 6y > 0 such that for Im6 > 0 and
0] < 0y one has

oa(HO)NRy = ri(H) and (5.4)
od(HO)NCy = o4(H)NC4. (5.5)

In particular, outgoing positive resonances of H are at most countable with zero as the only
possible accumulation point.

Proof. Let Ao > 0. Note that positive eigenvalues of H are absent ([14]). If Ao & r+(H),
then —1 is not an eigenvalue of the compact operator Ro(Ag+40)W in L>~% for § < s < p— 3.
Therefore operator 1+ Ro(Ag+40)W is invertible in L?~*. Since A — Ro(A+10) is continuous
as operator from L** to L?>~% we deduce that —1 is not an eigenvalue of Rg(\ + i0)W
for A € R and A sufficiently near Ag. It follows that the boundary value of the resolvent
R(X+i0) = lim,cc, .- R(2) exists and

[{z) " R(A +i0)(z)"*| < C (5.6)
for A near Ay and s > % This proves that for any x € Cg°(R™), xR(z)x is bounded for z € C
and z near \g. Therefore the meromorphic extension of yR(z)x from the upper half-plane is

in fact holomorphic in complex neighborhood of Ag. It follows that Ao & o4(Hy). This proves
the inclusion o4(Hyp) "Ry C ro(H).

Conversely if Ao € r;(H), then there exists a non-zero function u € L*>~* for any s > 3
such that
U= —R0(>\0 + iO)Wu.
Let Ry(z,0) = UgR()(Z)Uo_l and ug = Ugu, for € R. Then one has
Uy = —Ro()\() + 20, Q)Wu (5.7)

if the analytic distorsion is made outside the support of W. Since outgoing resonances of the
dissipative operator Hy are absent, Ry(z, ) defined for Imz > 0 and 6 real can be holomor-
phically extended for § € C with Im6 > 0 and |0| < 6y for some 6y > 0 depending on domain
of the analyticity of Vj. After this extension in 6, Ry(z,#) is holomorphic for z near Ay and
Im z > —cIlmRe z for some ¢ > 0. By (5.7), ug can be extended in 6 for Im6 > 0. ug € L>
because Ro()\o + i0,6) is bounded on L? when Im# > 0. It is clear that ug # 0 when |6] is
small, because

()™ (ug = )| < [[{2) ™ (Ro(ho + i0,0) — Ro(Ao + i0))Wul| < C|0]" (5-8)

for some n > 0 if s’ > 1, because (—A — e2?(X +i0)) ! is Hélder continuous in § € D, (0, 6)
as operator-valued function from L?#® to L?~*. This proves \g is an eigenvalue of Hy with g
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as an eigenfunction when Im6 > 0 and || is small enough. Therefore ry(H) C 04(Hp) which
completes the proof of (5.4).

To prove (5.5), notice that the resolvent R(z) = (H —z)~! is meromorphic in C; with poles
at o4(H) N C4. Let x € Cg°(R™) with x(«) =1 on supp W such that the analytic distortion
of H is made outside the support of y. For § € R and |0| < 6y, one has

xR(z)x = xR(z,0)x (5.9)

for z € C4 with Imz > 1 large enough. Since § — H(0) is a holomorphic family of type A
([16]), the above equality still holds for Im# > 0 and [f| < #y and for z € C; with Imz > 1
large enough. The uniqueness of meromorphic extensions in C; implies that the above equality
holds as meromorphic functions in C,., therefore the poles of the two cut-off resolvents are
the same. Since the poles of R(z,0) are independent of the analytic distortion used ([10]), the
support of the cut-off y can be arbitrarily large. Noticing that

oa(H(0)) N Cy = Uyecge{ poles of xR(z,0)x in Cy }
and the same property for H, we obtain o4(H (0)) NC4 = 04(H) N C4.. [ |

In Theorem 5.1, the condition Im V) < 0 is used to study the outgoing real resonances.
Similarly if Im V{y > 0 one can prove

O'd(Hg) NRy = T_(H) (5.10)

for Im# < 0 and |0] < 0y and r_(H) is at most a countable set. Consequently we obtain the
following

Corollary 5.2. Under the conditions of Theorem 5.1, suppose in addition that Vy(x) is real-
valued for x € R™. Then, real resonances of H = Hy + W (x) are at most countable with zero
as the only possible accumulation point.

The condition on Im V} is not necessary if Vj is of short-range (consequently V' = Vo+W is of
short-range). For simplicity we only give a result in dilation analytic case. Let H = —A+V (z)
with V a dilation analytic short-range potential: Vy(z) = V(e?z) defined for € real extends to
a holomorphic function for 6 in a complex neighborhood of zero:

Vo(x)] < C{x)~7, (5.11)
for x € R™ and |f| < 6y for some C,0p > 0 and p > 1. Then Hy = —e A +V, is a
holomorphic family of type A for 6 € C, 0] < g

Theorem 5.3. Let H = —A 4 V(x) where V(z) is a short-range dilation analytic potential
verifying (5.11) for some p > 1. One has

O'd(Hg) NRy = Ti(H) (5.12)

for £Im 6 > 0 and |0| < Oy. In particular, positive resonances of H form an at most countable
set with zero as the only possible accumulation point.

Proof. The inclusion o4(Hp) "Ry C ry(H) for Imé > 0 can be proved in the same way as
the first part of the proof of Theorem 5.1. It remains to show that v (H) C 04(Hp),Im6 > 0.
Let A € 7 (H). Then —1 is an eigenvalue of the compact operator K = (—A — X\ —40)~'V on
L%, % <s<§. Let

Kg=(—e"2A - X—i0)71Vy = e (—A — 2 (A 4 i0)) "1V,

for ITm 0 > 0, 0] < 0y. Ky is a family of compact operators on L*~* continuous with respect
to # in the half disk

D+(0,00) = {0 e C;Im@ > 0, |9| < 90}
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and holomorphic for # in its interior. In addition,

[{z) ™ (Ko — K)(2)°|| < C|0]" (5.13)

for % < s < £ and for some n > 0. It follows that in any small neighborhood of —1, K has

at least one eigenvalue zg for 6 € D, (0,6) if § > 0 is sufficiently small. Since Ky and Ky are
unitarily equivalent if Im 6 = Im &', zg is independent of Re 6. It follows that zy is independent
of § for Im@ > 0 and |0 < § (Theorem 1.9 in Chapter VII of [16]). Since zp — —1 as § — 0,
it follows that zp = —1 for all § € D, (0,6) if § > 0 is small enough. This proves that A is
an eigenvalue of Hy if # € D4 (0,6) . Therefore r(H) C 04(Hg) which completes the proof
of (5.12) with sign +. The equality with sign — can be proved in the same way. The last
affirmation is immediate since the set of positive resonances of H is equal to r(H)Ur_(H).
|

In the above proof, we showed that if A\ € ry(H), then there exists ¢ > 0 such that —1
is the only eigenvalue of Ky inside the disk D(—1,¢) for all # € D, (0,9). Therefore one can
define the Riesz projection of eigenvalue —1 of Ky by

o= (z — Kp)~"'dz, V0 € Dy(0,0). (5.14)
270 J)p )=z

2

The following result is immediate.

Corollary 5.4. Assume the conditions of Theorem 5.3. Let A > 0 be an outgoing resonance
of H=—A+V. Denote my the Riesz projection of eigenvalue —1 of Ky, 6 € D1(0,6), § > 0.
Then as operators on L*~%, % < s < g, my is continuous for 0 € Dy (0,0) and holomorphic
for 0 in the interior of this half disk.

5.2. The case zero is not an eigenvalue. In this subsection, we study the case zero is not
an eigenvalue of H and prove Theorem 2.2.

Proposition 5.5. Let Hy = —A+Vy(x) with Vo € V. Let W € L*(R"™) with compact support
and H = Hy+ W (x). Assume that 0 is not an eigenvalue of H. Then one has:
(a). There exist some constants c1, i > 0 such that outside the set
Q1 ={z€C;Rez >0 and [Imz| < ¢;|Re 2|},

there are at most a finite number of discrete eigenvalues of H. There exists some § > 0 such
that

IR(2)|| < 01 for z & Qq and |z| < 0. (5.15)
B
(b). The limit
= — 1‘ 1
R(0) =s z—>01,rzlngl R(z) (5.16)

exists in B(0,s; 0,8 — 2ku), K > i, for any s € R and one has

le=*@ " R(2)N || < NN (5.17)

for all N € N* and z € Q_(0) U{0}. Here a > 0 and C,,c, are some positive constants and
Q_(6) ={2€C*|2| <6 F+6<argz < 3T —§}.

Proof. Note that GoW is a compact operator and that 0 is not an eigenvalue of H if and
only if —1 is not an eigenvalue of GoW. So if 0 is not an eigenvalue of H, operator 1 + GoW
is invertible on L2?. From Proposition 4.1, one deduces that 1+ Ro(z)W is invertible for |z|
small and z ¢ €1 and

I(1+ Ro(z)W) 7| < C (5.18)
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uniformly for |z| small and z ¢ €. This shows that 0 is not an accumulation point of o(H )\ ;.
In addition, z — 14 Ro(z)W is holomorphic in C\ ;. The analytic Fredholm Theorem shows
that (14 Ro(z)W)~! is a meromorphic function with at most a discrete set of poles in C \
(with ¢; replaced by a slightly bigger constant in the definition of ;). Therefore the number
of eigenvalues of H in C\ Q; is at most finite. (5.15) follows from Proposition 4.1 and the
equation
R(z) = (1+ Ro(2)W) "' Ro(2).

Noticing that Gy = s-lim,_,0 .¢0, Ro(2) exists as operators from L?3 to L?>%~2kt  one obtains
(5.16) with R(0) = (1 4+ GoW)~1Gy.

To prove that Gevrey estimates of the resolvent R(z), we remark that if F'(z) and G(z) are
two bounded operator-valued functions on some domain €2 satisfying the Gevrey estimates

IFM@)) < Acy (N7 (5.19)

IGM@) < BOY (e (5.20)

for all N € N and z € Qg and for some o > 1 and A, B,Cy,Cs > 0, then F(2)G(z) satisfies
the Gevrey estimates

I(F&) ™M (2)| < ABCY(N1)? (5.21)
for all N € N and z € Qy where
C3 = D, max{C1,Ca} with D, = sup Z (U) < 0. (5.22)
S N!

Here F(V)(z) denotes the N-th derivative of F(z). If F(z) is invertible for z € Qg with

1F(2) 7 < M (5.23)
uniformly in z € g, then the inverse H(z) = F(z)~! satisfies the Gevrey estimates
1M (2)] < MO (NY)? (5.24)

for all N € N and z € Qp, where Cy = MC1D,. Denote G? () the set of bounded operator-
valued functions on ) verifying Gevrey estimes of order ¢ > 1. Since e*a<x>17“RO(z) and
XRo(z) belong to G7(Q_(d)) with

1+
=T
Seeing the uniform boundedness of (1 + Ry(z)W)~! for z € Q_(§), one deduces from (5.24)
that

o=1+7y (5.25)

(14 Ro(2)W) L e G7(Q_(0)).
(5.17) for z € Q_(9) is proved by using the equation
e~ T R(2) = e T Ry (2)(1 + W Ry (2)) 7Y, (5.26)

Corollary 3.5 and operations in Gevrey class G°. |

Making use of Corollary 4.2, one can show that e=%(®" " R(z) € G*7(0y(5)), where O(4)
is defined by (4.3) and Oy () = O(0) U {0}.

Proposition 5.6. Let Vy € A. Assume that zero is not an eigenvalue of H = Hy + W (x).
Then one has

(a). There exists 6 > 0 such that H has at most a finite number of eigenvalues in the sector

S(—=0,m+06)={z€C";—d <argz<m+ 4}
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and for any x € C°(R™), xR(z)x defined for Im z > 0 extends meromorphically into S(—4, 7+
) and there ezists some constant Cy,c > 0 such that

IXR(2)x| < Cx (5.27)
for z € S(=6,m+6) and |z| < c.

(b). The limit xRN (0)y = lim, e g(—5m448),:-0 xRN (2)x exists in B(L?) for any N € N
and one has
xR (2)x|| < C &N NN (5.28)

for any N € N* and z € Qo(9,0) for some 0,Im6@ > 0, where Qy(9,0) is defined by (4.44).

Proof. Let x € Cg°(R™). Let Uy be defined by (4.35) with Ry > 1 such that supp W
and supp x are contained in the ball {z € R";|z| < Ro}. Let H(0) = UgHUe_l. Then
H(0) = Hyo(0) + W and

XR(2)x = x(1+ Ro(2,0)W) " Ro(2,0)x, = ¢ o(H) (5.29)

for  real. H(#) and Hy(#) are holomorphic families of type A for §# € C, with |6] small
(see [16]). For Im# > 0, Ro(z, ) defined initially for Im z >> 1 extends holomorphically into
S(—6,m+6) if 0 < 6 < cIm @ for some ¢ > 0 small enough. Since 0 is not an eigenvalue of H,
—1 is not an eigenvalue of GoW. By Proposition 4.7,

I(Ro(z,0) — Go)W|| < C(|z| + |0])

for z € S(—0,m+0). Therefore —1 is not an eigenvalue of Ry(z, )W if |z| 46| is small enough
and

I(1+ Ro(z,0)W) 1| < C (5.30)

uniformly for z € S(—6, 7+ ), Imé@ > 0 and |z| + |#| small. It follows that (14 Ro(z, )W)~
is a meromorphic function for z in S(—d,7 + ) with only at most a finite number of poles.
Since eigenvalues and positive outgoing resonances of H are among discrete eigenvalues of
H(#) with Im# > 0, (5.30) implies that

(cag(H)Ury(H))N{z;z € S(=d,m+0),|2| <c} =0 (5.31)

for some ¢ > 0. This proves the finiteness of eigenvalues of H in S(—d, 7 + J), because zero
is the only possible accumulation point of eigenvalues of H in S(—4, 7 + J). Estimate (5.27)
follows from (4.40) and (5.29)with fixed Imé > 0. (5.28) can be derived from Corollary 4.8
and (5.29). [ |

Since Im V) < 0 for V) € A, Theorem 5.1 shows that zero is the only possible accumulation
point of r4 (H). The following statement is an immediate consequence of (5.30) and Theorem
5.1.

Corollary 5.7. Assume the conditions of Proposition 5.6. Then the set ri(H) is at most
finite.

Proof of Theorem 2.2 (a). Theorem 2.2 (a) can be proved in the same way as Theorem
4.4 for the model operator Hy. By Proposition 5.5, one can find a contour I' in the right
half-plane of the form

I'={z;Rez>0,|Imz| = C(Rez)"}
for some C, ' > 0 such that o(H) N T = {0} and there are only a finite number of complex
eigenvalues of H located on the left of I'. Let

A=o(H)N{zRez<0or Rez>0and |Imz| > C(Rez)"}.
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Then one has

e tH _ );\e_tHHA = i g e R(2)dz. (5.32)

where 11, is the Riesz projection of H associated the eigenvalue A\. Making use of Proposition
5.5, one can prove as in Theorem 4.4 that

le™a@" ™ (=t 3" et < Cue™t, t > 0. (5-33)
AeA

(2.22) is proved, because if A € o4(H) with Re A > 0, then |e~**II,|| decreases exponentially
int>1. (2.24) can be deduced in a similar way.

(b). According to Proposition 5.6 and Corollary 5.7, there exists some 1 > 0 such that Q,
contains no poles with negative imaginary part of meromorphic extension of xR(z)x from the
upper half-plane. Under the assumptions Theorem 2.2 (b), xR(z)x has only a finite number of
poles in C; which are either discrete eigenvalues or positive outgoing resonances of H. Making
use of (5.29) for some fixed § € C, one obtains the representation formula for ye = y:

1
T or

ye ity Z Res(e " xR(2)x; A)

/ e " R(2)xdz, t>0, (5.34)
A poles in T, Ty

where Res(e ™y R(z)x; \) is the residue of e "*xR(z)x at pole A and ') = {z = re ";r >
0} U{z = —re";r > 0} with n > 0 chosen such that there are no eigenvalues of H on I',, nor
between I';, and the real axis. It is easy to see that

Res(e " xR(2)x; A) = xe "Ly, if A € 04(H),
while for A € ro (H) we can only affirm that
Res(e™"*xR(2)x; A) = xe " Pa(t)x

for some operator of finite rank P)(¢) which is polynomial in ¢. See Remark 5.2 on the rank
of coefficients of Py(t). From Proposition 4.7, one deduces that

C
HXR(Z)XH < @7 zZ € FU? |Z’ >>1,
if » > 0 is small in comparing with Im 6. Therefore the part of integral in (5.34) on I';, N {|z| >
8}, § > 0, decreases exponentially like O(e~¢"), t — +o0, for some c5 > 0. To evaluate the
part of integral on I'y N {|z| < §}, let G(0) = (1 + Go(0)W)1Gy(0), Im6# > 0. Then G(6)
verifies the estimates of Theorem 2.1. Notice that

N
XR(2)x = x | DGO + 2N GO)N T R(2,0) | x
j=0
for Im6@ > 0 and z € Q(J, 0), if the analytic distortion is made outside a sufficiently large ball.
The sub-exponential time-decay of the integral on I'y N {|z| < 6} can be deduced from the

Gevrey estimates on the powers of G(#)? and the resolvent bound
(z) "2 R(=,0)|| < C

for z € (9, 8). The details are the same as in the proof of Theorem 4.9 and are omitted here.
|
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5.3. Threshold eigenvalue in selfadjoint case. In this subsection, we prove Theorem 2.3.
Assume that zero is an eigenvalue of H = Hy + W. Then —1 is an eigenvalue of GoW and
Ker(1 4+ GoW) in L? coincides with the eigenspace of H with eigenvalue zero. The following
decay estimate of eigenfunctions may be known somewhere. We use this result in the con-
struction of an approximative Grushin problem for the cut-off resolvent.

Lemma 5.8. Assume that Hy = —A + V satisfies the condition (2.3). Then there exists
some constant g > 0 such that if u € H*(R™) verifies Hu = 0, then ecole) ™My ¢ L3(R™).

Proof. Let ¢(x) = a{x)'™# a > 0. Let x be a smooth cut-off on R" such that 0 < y < 1,
x(x) =1 for |x] <1 and x(z) =0 for |z| > 2. Set

or(e) = x(F)pl@), B2 1.
Then
IVor(2)] < a(l + =)(@) ™" < 2a(z)™"
uniformly in R > R; where Ry is sufficiently large. Let u € H?(R"). Then one has
(2R Hu,u)| = [(H(ePRu),e?Ru) — ([A, ePR]u, e?Ru)| (5.35)

|(H (e#7u), e#Ru) + 2((|Vipr|*e?Ru — Vg - V(e77u), e u)]
|(H (ePRu), e#Ru)| — (8® + 20)||(z) P ul|* — 2]V (e#7u)|®

v

uniformly in R > R;. Since W is compactly supported,ppr is bounded on supp W uniformly
with respect to R. Making use of the condition (2.3), one obtains for some constants ¢y, C' > 0,

[(H (e27u), e#Ru)| > co([[V (e#Ru)||* + [[{2) e ul|?) — Cllu* (5.36)

for all R > Ry. For a > 0 appropriately small, one deduces that there exists some constant
C1 > 0 such that

()~ ePRul)? + ||V (e7Ru)[|* < Cr(|(e** 7 Hu, u)| + |Ju]]?) (5.37)

for any v € H?(R") and R > Ry. If u € H?(R") such that Hu = 0, it follows that
[(z) " ePrull? + |V (€7 u)||* < Cillul|? (5.38)
for all R > Ry. This proves that () #e¥u € L?*(R") and V(e¥u) € L*(R"). Lemma 5.8 is
proved, provided that 0 < oy < a. [ |

Theorem 5.9. Let Hy = —A + Vy(x) and H = Hy+ W(z) with Vo € V and W € LY

comp*

Assume that 0 is an eigenvalue of H and that both Hy and H are selfadjoint. Let Ily denote
the eigenprojection of H associated with eigenvalue zero. Then there exists some constant
0 > 0 such that

R(z) = -t Ry (z) (5.39)
for z € O(0). The remainder R1(z) satisfies the estimates
[{z) 7" Ra(2) || + | R (2) ()| < Cs (5.40)

for s > 2u and z € O(5). In addition the limit R1(0) = lim,_,o.co@s) Ri(2) ewists in
B(LQ, L2’_5) and for any a > 0 there exist some constants C,,c, > 0 such that

e~ RN ) + RN (2)e= ™| < Cuell NV, (5.41)
for any N € N* and z € Qo(5). Here 0 =1+ 7.
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Proof. We use the Grushin method to study the low-energy asymptotics for the resolvent
of H by using the equation

R(z) = (1 + Ro(2)W) ' Ry(2). (5.42)

Since the method is well-known in selfadjoint case (see [13, 27]), we shall skip over some de-
tails and emphasize on the Gevrey estimates for the remainder. Since Gy is continuous from
L?5T20 to L% for any s, Kerp2s(1 + GoW) is independent of s € R and coincides with the
eigenspace of H associated withe the eigenvalue 0. We need only to work in L(R™).

Let 11, - , 1, be a basis of Ker(1 + GoW) such that

(5.43) can be realized because the quadratic form ¢ — (¢, =W ¢) = (¢, Hy¢) is positive definite
on Ker(1 + GoW). Define Q : L? — L? by

Qf =) (=W, iy, fel’ (5.44)

j=1

Set @' =1— Q. Then @ commutes with 1+ GoW. —1 is not eigenvalue of compact operator
Q' (GoW)Q', hence Q'(1 + GoW)Q' is invertible on the range of ' with bounded inverse.
From Theorem 3.4 with NV = 1 and Proposition 4.1, one deduces that

(Ro(2) — Go)W = O(|2]) (5.45)
for z € O(9). It follows that if 6 > 0 is small enough,
E(z) = (Q'(1+ Ro(2)W)Q) ' Q' (5.46)
is well-defined and continuous in z € O(J) and
IE()| <C (5.47)

uniformly in z € O(d). By Corollary 4.2 with k = 1 (because Hy is selfadjoint) and (5.21),
E(z) satisfies Gevrey estimates

|EM) ()| < cc™ NN (5.48)
for some C’ > 0 and for all z € Oy(9).
Define S : C™ — D(H) and T : L? — C™ by
Sc = chwj, c=(c1, + ,cm) €C™,
j=1

Tf = (<_W¢17f>7 7<_W¢muf>) E(Cm7 fELz-
Set W(z) = (1 + Ro(z)W) and

Ei(z) = S—E(z)W(z)S, (5.49)
E_(z) = T—-TW(2)E(2), (5.50)
E_(z) = —-TW(2)S+TW(z)E(z)W(z)S. (5.51)

Then one has the formula
(1+Ro(2)W) ' =E(2) — Ex(2)BE_1(2) 'E_(2) on H""%. (5.52)

Since E(z), W (z) satisfy Gevrey estimates of the form (5.48) on Oy(6), E+(z) and E_,(z)
satisfy similar Gevrey estimates on Og(d). The leading term of E_,(z) can be explicitly
calculated:

E_(2) = =20 4 2%r(2) (5.53)
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where the matrix W = ((¢j,%%)),<; <, is positive definite and ri(z) satisfies the Gevrey
estimates of order o = 1+ v in Oy(d). Consequently,
\I/_l
E_y(z)7t = —— +71() (5.54)

with 71 (z) uniformly bounded on O(¢) and continuous up to 0 and 71 (2) satisfying the Gevrey
estimates of the form (5.48) in Og(9). It follows that (1 + Ro(z)W)~! is of the form

A
(14 Ro(2)W) "' = 70 + B(2) (5.55)
where
Ay = Su~IT (5.56)

is an operator of rank m and B(z) is uniformly bounded in O(d) and satisfies the Gevrey
estimates

IBM(2)|| < CC'NNN, VYN e N¥, (5.57)

for z in O(§). From the equation R(z) = (1+ Ro(z)W) 1 Ry(2) and Corollary 4.2 with x = 1,
we deduce that

R(z) = - + Ri(2) (5.58)

where R;(z) satisfies
1Ry (2) ()| < C
and
IR (@)e | < Cuea NN
for z in Op(9) and N € N*. This proves (5.40) and (5.41). [ ]

Theorem 5.10. Let Hy = —A + Vo(x) and H = Ho + W (z) with Vo € A and W € L,
Assume that 0 is an eigenvalue of H and that both Hy and H are selfadjoint. Let Iy denote
the eigenprojection of H associated with eigenvalue zero. Then there exist some constants
C,c,0 > 0 such that for any x € C3°(R™) the cut-off resolvent xR(z)x defined for Imz > 0

extends to a holomorphic function in (9, 6) and one has
xox
XR(z)x = — ZO

for z € (0,0) where the remainder Ra(z) is continuous up to z = 0 and satisfies the Gevrey
estimates

+ Ra(2) (5.59)

IRV ()] < CyeVNN, N e N (5.60)
for z € Qy(9,0). Here o0 =1+, Q(6,0) and Qy(9,0) are the same as in Corollary 4.8.

Proof. It suffices to prove (5.59) for x € C§°(R"™) with sufficiently large support. Let
Xo € C3°(R™) such that 0 < xo(x) <1, xo(z) =1 for |2| <1 and 0 for |z| > 2. Set
x .
Xj(z) = Xo(ﬁ)a i=12, (5.61)

where R > Ry is to be adjusted and Ry is chosen such that supp W C {z;|z| < Rp}. Then
x;W =W and x1x2 = x1. Then one has

x1R(z)x1 = x1(1 + x2Ro(z,0)W) 'xaRo(2,0)x1, (5.62)

where the analytic distortion is carried out outside the support of ys2. (5.62) initially valid for
6 real and Im z > 0 allows to extend z — x1R(z)x1 meromorphically into a sector below the
positive real axis when Im# > 0. In the following 6 € C is fixed with Imé > 0. According to
Corollary 4.8, 1 4+ x2Ro(z,0)W and x2Ro(z,0)x1 belong to Gevrey class G7(€(0,0)).
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Let {¢;,7 = 1,---,m},Q and @’ be defined as in the proof of Theorem 5.9. Then —1
is not an eigenvalue of the compact operator Q' (GoW)Q'. Since Q' (x2GoW)Q' converges to
Q'GoW Q' in operator norm as R — oo, —1 is not an eigenvalue of Q' x2GoW Q' for all R > R,
where Ry > Ry is sufficiently large. Then Q'(1 4 x2GoW)Q' is invertible on Range @Q’. So is
Q' (1+ x2Ro(z,0)W)Q' for z € Q(6,0) for some § > 0, because the analytic distortion is made
outside the support of x2 and W. The inverse

Eo(2,0) = (Q' (1 + x2Ro(2,0)W)Q") '@/ (5.63)

is uniformly bounded in z € Q(6,0) (see Proposition 4.7) and by (5.21) it belongs to Gevrey
class G7(£2(9,6)).

Define S; : C™ — L2 and T} : L2 — C™ by

S1 = Xls, T1 = TX1 (5.64)
where S, T are defined in Theorem 5.9. By Lemma 5.8,
SiTi=Q+ 0 B, T\S =1+0( B (5.65)
for some ¢ > 0. Let W(z,0) =1+ x2Ro(z,0)W. Consider the Grushin problem
W(Z,H) Sl T2 m 2 m
( 0 0 ).L ®C™ — L @ C™. (5.66)
One has
W(z,&) Sl E()(Z,e) 51 .
< o s ) < GOt s, ) = 1RG0 (5.67)
where
_ QW('Z¢ Q)EO(za 0) + SlTl - Q (1 - SlTl)W(Z¢ H)Sl
R(z,0) = < T\ Eo(2, ) TS, — 1 . (5.68)

R(z,0) is sum of a nilpotent matrix and a matrix of order O(e=“®'"). Consequently 1+R(z)
is invertible z € Q(4,60) if R > R; is sufficiently large. This proves the Grushin problem is
invertible from the right. Similarly one can show it is invertible from the left, therefore it is
invertible with inverse given by

Ey(z,0) S 1 ( E(z) Ei(2)
( oT1 _le(ze)sl >(1+R(z)) 1. ( B E;(Z) > (5.69)
As usual, one has the formula
(1+ x2Ro(2 O)W) ™ = B(2) — By (2)B—s (:)E_(2). (5.70)

E_4(z) is of the form
E_(2) = —TiW(2,0)S1(1 + O(e™F" ")) + O(|2]?)
By the choice of x1, x2, one has

T\W(z,0)S1 = Ti(1+ Ro(z,0)W)Sy
= 2G1(O)W)S) + O(|z]?) = 2ThG1W Sy + O(|z]?),
where G1(0) = Go(0)? and G; = G2. By the calculation made in the proof of Theorem 5.9,

one sees ¥; = T1G1 5 is an invertible matrix (if R is large enough). Consequently E_ (z) is
invertible for z € S(—d, 7 + §)(c) with inverse of the form.

B () = _2\1}1(1 + 0@ ")) + B(2) (5.71)
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where B(z) uniformly bounded on €2(d,6) and continuous up to 0. This proves the existence
of an asymptotic expansion for y1R(z)x1 for z € (9, 0) of the form

x1R(z)x1 = —g + Ry(2) (5.72)

with Ra(z) uniformly bounded on €2(d, #) and continuous up to 0 and it belongs to G?(20(4, 9)).
To determine U, we remark that since A C V, Theorem 5.9 applied to R(z) with Rez < 0
gives U = x11px1. |

Proof of Theorem 2.3. Theorem 2.3 (a) and (b) are respectively deduced from Theorems
5.9 and 5.10 and the formulas for ¢ > 0

et Z e I, = 2L h%l e P R(z)dz + O(e™) (5.73)
Aeoa(H),Re A<0 T 70+ Jr(e)
—itH —itH _ L : —itz —ct
X |e Z e "I | x = lim e "*xR(z)xdz + O(e™ ) (5.74)
Aeog(H)NR_ 2m =04 Jr, (o)

where ¢ > 0 and
I(e) = {z]z]>€Rez>0,|Imz| =C(Rez)*}U{z;|z| = ¢ |arg 2| > wo}
Ty(e) = {z=re™r>cfU{z=—re r>clU{z2|=¢,—n <argz <7 +n}

for some appropriate constants C,u’ > 0,7 > 0. In particular, n > 0 is chosen such that H
has no eigenvalues with negative imaginary part above I';(¢). Here wy is the argument of the

point zg with |z9| = ¢, Rezp > 0 and Im 2y = C'(Re zo)“/. Remark that the sub-exponential
time-decay estimates are derived from Gevrey estimates of R1(z) and Ra(z) at zero and their
Taylor expansion of order N with N chosen appropriately in terms of t > 0. See the proof of
Theorem 4.4 for e~ o, |

Remark 5.1. As an example of applications of Theorem 2.3, consider the Witten Laplacian
on function defined by

~Ay ='Vy -V (5.75)
where Vi = e"UVeV and U € C2(R"). Then
—Ay =—-A+ (VU)(z) - (VU)(z) — AU(x)
If U € C*(R™;R) satisfies for some p €]0,1[ and c1,Cy > 0,
Uw) > cif)?,  |VU(2)| > er(a)?™", 05U ()] < Oy (x)? (5.76)

for x outside some compact and for « € N" with |a| < 2. Then —Ay can be decomposed as
—Ay = Hop + W(x) where Hy satisfies the conditions of Theorem 2.1 with u = 1 — p and
W (z) is of compact support. Zero is a simple eigenvalue of —Ay embedded in its continuous
spectrum [0, +oo[. As consequence of Theorem 2.3, one obtains the following result. Let po(x)
be a normalized eigenfunction of —Ay with eigenvalue zero:

wo(x) = Ce V@ o = 1. (5.77)

Then for any a > 0, there exist some constants Cy,cq > 0 such that

.
120 f = (0, F)poll < Cae™" " | £ (5.78)

fort >0 and f with e“®” f € L2. Note that the sub-exponential convergence estimate (5.78)
without explicit remainder estimate with respect to f is proved in [7] by the method of Markov
Processes.
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5.4. Threshold eigenvalue in non-selfadjoint case. Finally we study the case zero is
an embedded eigenvalue of the non-selfadjoint Schrédinger operator H. Note that one can
not define in a natural way Riesz projection or Jordan structure associated with eigenvalues
embedded in the essential spectrum. In this Section, we study these notions for eigenvalue
—1 of the compact operator K = GoW, establish low-energy resolvent expansion with Gevrey
estimates on the remainder and prove Theorem 2.4.

Let Vo € V. Then zero is an eigenvalue of H if and only if —1 is an eigenvalue of compact
operator K = GoW on L?(R"). The algebraic multiplicity m of eigenvalue —1 of K is finite.
Let 7y : L? — L? be the associated Riesz projection of K defined by :

1

-1
=g |z+1|:6(z —K) dz
for € > 0 small enough. Then
m = Rank . (5.79)
71 is continuous on L?** for any s € R and 7} : L? — L? is the Riesz projection of K* associ-
ated with the eigenvalue —1.

By Corollary 4.2, Ry(z)W is continuous in z € O(J), where O(9) is defined by (4.3). Denote
) =1—m. 7'(1+ GoW)n' is injective on the range of 7j. The Fredholm Theorem implies
that (7] (1 + GoW)7;)~! is invertible on L2. It follows that

Bi(z) = (m}(1+ Ro(z)W)my)~'m} (5.80)

is well defined on O(6) if 6 > 0 is sufficiently small. In addition Bj(z) is uniformly bounded
there. Since Ro(z)W satisfies Gevrey estimates of order ¢ for z near 0 with Rez < 0 and
|Im z| < —CRez, C' > 0, so does Bji(z). m1(1 4+ Ro(z)W)m is of finite rank. Set

w(z) = det(m (1 4+ Ro(2)W)my). (5.81)

Then 71 (14 Ro(z)W)m is invertible if and only if w(z) # 0. w(z) satisfies the Gevrey estimates
of order ¢ at point z = 0 and has an asymptotic expansion of the form

N
w(z) =Y wiz +0(zI" 1),z € 0(9), (5.82)
j=1
for any N. The following result gives a sufficient condition to find a leading term in the
asymptotic expansion of w(z) as z — 0.

Lemma 5.11. Assume that eigenvalue —1 of GoW is semi-simple (i.e., its algebraic and
geometrical multiplicities are equal). Suppose in addition that there exists a basis {¢1,- -, om}
of Ker(1 + GoW) such that

det({¢j, J@r))1<j k<m # 0, (5.83)
where J is complex conjugation. Then
w(z) =wpz™ + O(|z]m+1), z € 0(9), (5.84)

for some wy, # 0.
Proof. When the eigenvalue —1 is semi-simple, one has

Rank 71 = dim Ker(1 + GoW) = m.
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By Fredholm Theorem for compact operators, —1 is also a semi-simple eigenvalue of (GoW)*
and Rank 7] = m. It follows from relations H; = JHyJ, W* = JWJ that

JWry =n{JW, mJGo = JGom (5.85)
JW(1+GoW) = (14 (GoW)*)JW, (5.86)
(1+GW)JGy = JGo(1+4 (GoW)™). (5.87)

One deduces that JW : Ker(1 4+ GoW) — Ker(1 + (GoW)*) is bijective. Therefore 7; can be

written into the form
m

= (1) (5.88)
=1
for some 1; € Range 7} with (¢;,%r) = 0, and 1p; = JW¢; for some ¢; € Ker(1 + GoW).

One can calculate
m m

mGopk = »_(Gopr, IW )05 = =Y (r: J);

j=1 j=1

for k = 1,---,m. Since {¢1, -+, ¢m} is a basis of Ker(l + GoW), condition (5.83) implies
that

am = det((¢k, J&;))1<k,j<m # 0 (5.89)

In the basis ¢ = {¢1, - , ¥m}, the matrix of w1 (1 + Ro(z)W)m on Range m; takes the form
Mo (mi(L+ Ro(2)W)m1) = —2({pr, Jj))1<k,j<m + O(|2[). (5.90)

Thus (5.84) holds with w,, = (—=1)™a,, # 0. [ |

In the general case, one can prove the following

Proposition 5.12. Let k be given in Corollary 4.2, O(9) be defined by (4.3) and Oy(d) =
O(5) U{0}. Assume that

w(z) = wpz® + O(|z[F+h) (5.91)
for some k € N* and wy, # 0. Then there ewist operators C_;, j = 1,--- , k, with rank less
than or equal to m such that

C_ C_
R(z) = Tkk ot 71 + Rs(2) (5.92)

for z € O(8). The remainder R3(z) satisfies the estimate: 3C, ', 6 > 0 such that
()™ Ra (2) || + [| B3 (2) () || < C (5.93)

for z € O(9). In particular,

ca(H)NO(6) = 0. (5.94)
In addition R3(z) is continuous up to z = 0 and for any a > 0, there exist Cq,cq > 0 such
that

o=@ REO @) + RS (2)e™ | < Cael NOHIN, (5.95)
for any N € N* and z € Og(9).

Proof. Since wy # 0, (1 + Ro(z)W)m is invertible on the range of m; for z € O(§) with
§ > 0 small enough. By Corollary 4.2), it belongs to G1T*7(O(6). Set

BQ(Z) = (7T1(1 + Ro(Z)W)?Tl)_l’iTl.
Then w(z)By(z) has the same continuity properties as 71 (1 + Ro(z)W)m; and
By(z) = z*kB(_Olz + - zilBg)l) + RO(z) (5.96)
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where Bg?, j =1,---,k, are operators of rank < m and R (z) is uniformly bounded for

z € O(8) and belongs to G7(0(5)). Let 1} = 1 — 7. Let By(2) be defined by (5.80). One
can check that

(1+ Ro(2)W)(Bo(z) + Bi(2)) = 1+0(|z]),
(Bo(z) + B1(2))(1 + Ro(2)W) = 1+ 0(|2])

in B(L?). Therefore (1 + Ro(z)W) is invertible for z € O(6) if § > 0 is small enough and
(1+ Ro(2)W) ™" = (Bo(2) + Bi(2))(1 + O(|2]) = Co(2) + RV(2), z€0(5).  (5.97)

where
Co(z) = z7%C9) ... 2719 (5.98)

where Cg?, j =1,---,k, are operators of rank < m and R()(2) belongs to G'T%7(0(8) as

bounded operator-valued function. (5.92) and (5.95) can now be derived from the equation
R(z) = (1+ Ro(2)W) ' Ro(2). u

Combining proofs of Lemma 5.11 and Proposition 5.12, one concludes that if eigenvalue —1
of GoW is semi-simple and if (5.83) is satisfied, then condition (5.91) is true with £ = m and
(5.92) holds. A direct calculation for By(z) using (5.90) gives that C_,, = --- = C_3 = 0 and
C_, is an operator of rank m.

Remark 5.2. Under the conditions of Theorem 5.1, let A > 0 be an outgoing positive reso-
nance of H. Let w1 denote the Riesz projection of eigenvalue —1 of Ro(A + i0)W as operator
on L>~5, % <s<p— % Denote

w(z) = det (m1(1 4+ xRo(2)W)m1)

for z € Cy, where x € C§° with xW = W. Then one can show that w(\) = 0 and w(z) # 0
for z with Im z >> 1. In addition, w(z) extends to a holomorphic function into S(—d, 7 + 6)
for some § > 0. Since X is in the interior of S(—0,m+0), from the uniqueness of holomorphic
functions, one concludes that the order of zero of w(z) at z = X is finite. Therefore there exist
some k € N* and some wy, # 0 such that

w(z) = wp(z = N)F 4+ 0(]z — A[FH) (5.99)

for z in a complex neighborhood of . This means a condition analogous to (5.91) is satisfied for
positive resonances under some analyticity condition on potentials. The proof of Proposition
5.12, along with (5.29) for some fized Im@ > 0, allows to conclude that the meromorphic
extension from Cy of xR(z)x admits an expansion around \ of the form:

C_g C_1

GoaF T

won = )+ Rl (5.100)
for z near A\, where C_; is of rank less than or equal to m(X\) and Rs3(z) is holomorphic in
a neighborhood of A. Here m(\) = Rank 7y is the algebraic multiplicity of eigenvalue —1 of
Ro(A+1i0)W. This shows that for v € r(H), the coefficients of P,(t) in Theorem 2.2 (b) are
of rank not exceeding m (v).

In order to give more precisions on the resolvent expansion of Proposition 5.92, we study
in more details the Riesz projection m; associated with eigenvalue —1 of operator K = GoW.
Assume from now on that eigenvalue —1 of K is geometrically simple:

dimKer(1+ K) =1, Rank m =m. (5.101)
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This condition is equivalent to requiring threshold eigenvalue of H to be geometrically simple.
Operator 1+ K being nilpotent on Range 71, there exists some function ¢,, € range m; such
that

$j=(1+EK)" Vo #0, j=1,---,m. (5.102)

One has
1+ K)pr =0, (1+K)pj=0¢j—1, 2<j<m. (5.103)
@1, , Om are linearly independent. Denote J the operation of complex conjugation J : f —

f. Remark that Hj = JHoJ, H* = JHJ. One has

JWK = K*WJ. (5.104)
It follows that
JWm =i JW. (5.105)
Denote
o5 = Wo;. (5.106)
Then
(1+K%p1 =0, (1+K")g;=0¢;_4, 2<j<m. (5.107)
Since ¢7 # 0, it follows that ¢ # 0 for all 1 < j < m. From this, we deduce that {(b}‘,j =
1,---,m} is linearly independent and JW is injective from Range 7; into Range 7}. Since
Rank m = Rank 7] = m, (5.108)

JW is a bijection from Range m; onto Range 7.

Lemma 5.13. Assume that threshold eigenvalue of H is geometrically simple. Then the
bilinear form B(-,-) defined on Range m by

B(p, ) = (¢, JWy) = - W(z)p(x)y(x) dx (5.109)
is non-degenerate.

Proof. Let ¢ € Range m; such that

[ W@ dr =0
for all ¢ € Range . Since JW is a bijection from Range m; onto Range 7], this means that
¢ € (Range 7})* = Ker 7, which implies that ¢ = m1¢ = 0. So B(-,-) is non-degenerate. W

As a consequence of Lemma 5.13, one obtains the following

Corollary 5.14. If eigenvalue —1 of K is simple (i. e., m = 1), then the eigenfunction ¢ of
H associated with threshold eigenvalue satisfies

- W(z)(¢(x))? dx # 0. (5.110)

Proof. If m = 1, Range m; = Ker(1 + K) is one dimensional and is spanned by ¢. The
non-degeneracy of B(-,-) on Range 71 implies [p, W (z)(¢(z))? dz # 0. [

Lemma 5.15. There exist x; € Ker(1 + K)™ 7! j=1,--- m, such that

where x; = JWx;, 65 =1 if i =7 and §;; =0 if i # j.
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Proof. We use an induction to prove that for any 1 < < m, there exist ¢; € Ker (1+ K)/,
1 < j < such that

B(pis dm—j41) = dij, 1<j<i <L (5.112)
Since ¢1 € Ker (1 + K) and ¢; € Range (1+ K*) for 1 <j<m—1, one has <¢1,¢;¢> =0 for
j=1,---,m—1. By lemma 5.13, one has necessarily ¢; = (¢1, ¢},) # 0. Set

1
©1=—0¢1. (5.113)
C1

Then ¢ € Ker (14 K) and B(¢1, ¢m) = 1. (5.112) is true for I = 1. Assume now that (5.112)
is true for some [ =k — 1, 2 < k < m. Set

k—1
G =k — > Bk, dm—j 1)@ (5.114)

j=1
Then ¢, # 0, ¢}, € Ker (1 + K)* and

B(¢;w¢m—j+1):0, j=1,---,k—1
Since ¢}, € Ker (1 + K)k, one has also

(0, ¢]) = Bk, ¢5) =0 (5.115)

for j = 1,---,m — k, because ¢; = (1 + K*)m=J¢* belongs to the range of (1 4+ K*)* if
1 < j <m—k. By Lemma 5.13, the constant ¢, = B(¢},, $m—k+1) must be nonzero. Set

1
Pk = — Pl (5.116)
Ck

Then (5.112) is proved for | = k. By an induction, one can construct ¢;, 1 < j < m, such
that (5.112) holds with [ = m. By (5.115), one has also B(y;, ¢m—j4+1) = 0 if ¢ > j. Lemma
5.15 is proved by taking xx = ©m—tk+1, 1 < k < m. |

One has the following representation of the Riesz projection ;.

Corollary 5.16. One has

m

mu=Y (ux))¢;, ueL*R") (5.117)

j=1
Proof. Denote 7 the operator m : u — 377" | (u, X})$;. Then it is clear that 72 = 7 and
Range m = Range my. It is trivial that Ker m C Ker 7. If u € Ker m, then (u,xj) = 0 for

j=1,---,m. Therefore u € (Range ﬂ'f)J- = Ker 7 which implies that Ker 7 C Ker 7. This
shows that Ker m; = Ker w. This proves m = 7. [ |

From the proof of Lemma 5.15, one sees that if —1 is a simple eigenvalue of K (m = 1),
then the associated Riesz projection is given by

m = (¢ ) (5.118)
where ¢ is an eigenfunction of K with eigenvalue —1 normalized by
W(z)(p(z))? dz = 1. (5.119)
R
The existence of such an eigenfunction is guaranteed by Corollary 5.14.

To study the singularity of the resolvent R(z) at threshold zero, we use the resolvent equa-
tion

R(z) = (14 Ro(2)W) ' Ry(2)
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for 2 ¢ o(H) and study the following Grushin problem in L? x C™:

< Lt BolaW 5 ) L2 X C™ 5 [ x " (5.120)
where
S C™ = L% c=(ci, - ,cm) %Sc:f:chﬁj, (5.121)
j=1
T: L*=C"f=Tf={fxi) - (fixm) (5.122)
(5.123)

Then ST = m; and T'S = I,,. Since K commutes with its Riesz projection 7, and since 1 + K
is injective on Range 7] where 7j = 1 — w1, 1 + K is invertible on the range of 7}. By an
argument of perturbation, 7} (1 4+ Ro(z)W )7} is invertible on range of 7] for z € O(§) if 6 > 0
is appropriately small and its inverse F(z) is uniformly bounded on O(4) where

E(z) = (71 (1 4+ Ro(2)W) 7)) 17} (5.124)

By the arguments used in Section 6.1, E(z) belongs to the Gevrey class G?(Oy(d)) with
0 =1+ 7. One can check that for z € O(9),

1+ Ro(zx)W S\ ' [ E() E.(2)
( T 0 ) = ( E-(3) E_y(2) ) (5.125)
where
Ei(z2) = (1—=E(2)Ro(2)W)S (5.126)
E_(2) = T(1— Ro(2)WE(2)) (5.127)
_4(2) = =T+ Ro(2)W)S +TRo(2)WE(z)Ro(2)WS. (5.128)

E
It follows that z & o(P

~—

if and only if det E_(z) # 0 and one has
(1+Ro(2)W) ' = E(2) — By (2)E_(2) " E_(2). (5.129)

By operations on Gevrey functions ((5.19) -(5.24)), E_1(z) is m x m-matrix valued Gevrey
function for z € Oy(d). Therefore it has an asymptotic expansion near 0 up to any order

E_(2)=Bo+ Biz+ -+ Byz"+O0(|z2]") (5.130)

where Bj; is some m x m matrix. More precisely, since T'Ro(2)W E(2)Ro(2)WS = O(|z[*),
E_(z) verifies

01 --- 0 biy - o0 bim

- |00 e T N RR(ER
N 1 : :
00 --- 0 bl - o bmm

where

bik = (G1W dx, Xj)- (5.132)
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Note that ¢ and x,, belong to Ker (1+GoW) and x, = JW xum, they are rapidly decreasing,
by Lemma 5.8. One can calculate

1
b1 =  lim (=(1 4+ Ro(M)W)o1, JWxm)
A—0_ A

= — lim (Ro(A\)d1, JW xom) (5.133)
A—0_
= — lim (¢1, JRo(AN)W xm)
A—0_
- <¢17 JXm>
Similarly one can calculate for 2 < 7 <m
bmj = —(Wj, JGoxm) = (¢ — dj—1, T Xm)- (5.134)

Summing up, we have proved the following

Proposition 5.17. det E_(z) is a Gevrey function of order o for z € Oy(d) and has an
asymptotic expansion in powers of z

det B (2) = o1z +---onz™ +O(|]z[M ) (5.135)

for any N, where
01 = —bm. (5.136)

Theorem 5.18. Let Hy = —A + Vy(x) and H = Ho + W(x) with Vo € V and W € L,
Assume that threshold eigenvalue of H is geometrically simple.

(a). Suppose that

det E_(2) = op2" 4+ O(|z|F) (5.137)
for some o, # 0, k > 1. Then there exist operators Cj, j = —k,--- ,—1 with ranks less than
or equal to m such that

C_g C_1

for z € O(5), where C_;, 1 < j < k—1, are of rank less than or equal to m and C_j, is a rank
one operator given by

C_k = <',J(p1>g01, (5.139)

with p1 an eigenfunction of H associated with threshold eigenvalue. The remainder Rs(z)
satisfies the estimates: 3C, p', 6 > 0 such that

1{z) "> R3(2)[| + [ Rs(2) () "] < C (5.140)
for s > 2kpu and z € O(6); and for any a > 0, 3C,, cq > 0 such that
e REV ()] + [R5 ()| < Cacg NUHON, (5.141)
for any N € N* and z € O(9). & is given in Corollary 4.2 and O(9) is defined by (4.3).

(b). Suppose in addition that there exists an eigenfunction o of H associated with eigen-
value zero such that

/ (o(z))?dz = 1. (5.142)
Then Condition (5.137) is satisfied with k = 1 and one has
C_l = —<', J(po)(p(). (5.143)
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Proof. (a). The existence of the resolvent expansion is proved in Proposition 5.12 and
the Gevrey estimates of the remainder can be obtained in the same way as in Theorem 5.9,
making use of Corollary 4.2. We only calculate C_j. Under the condition (5.137), one has

1 tCom E_(2)

E_ — K —k+1 144
WO = Sy = OOl (5.144)
for z € O(0), where
0 0 (_1)m+10.71
c=1 X
0 0
From (5.129), one obtains
(1+ Ro(2)W)™t = —27*kSCT + O(|2|7F). (5.145)
Using the definition of S and T, one sees
(_1)m+1 *
SCTf = L (f. )1 (5.146)

Noticing that

(Gof,xm) = (f, GSJWXm> = (f, JGoWxm) = —(f, Ixm)>
we deduce from (5.42) that

R(z) = % +O(|z| 7 (5.147)
for z € O(9), where C_y is of rank one, given by
(71)m+1

Copf = T<f7 JXm) 1 (5.148)

Since X, and ¢; belong to the one dimensional space Ker (1 + K), C_j can written as

C_rf =(f,Jo1)e1 (5.149)

where ¢; is an eigenfunction of H with eigenvalue zero. This proves part (a).

If (5.142) is satisfied, then m = 1 and one has x,, = d1yg and ¢1 = dagy for some constants
d; # 0. Therefore

o1 =—(¢1,Jxm) = —dida # 0.
Condition (5.137) is satisfied with k = 1. Set

d
o= 1/3—01. (5.150)
ml
Then C_1 = —(-, Jyg)tbo. 1 is an eigenfunction of H with eigenvalue zero and
s I Xm
/ <w0<x))2 do = <¢1b X > -1
R m1
Since threshold eigenvalue of H is geometrically simple, one has vg = +g. This proves
C_l = —<', J(po)(p(). (5.151)
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Remark 5.19. If zero were a discrete eigenvalue of H, then its algebraic multiplicity might be
defined. In this case Condition (5.142) is equivalent with the simplicity of threshold eigenvalue
of H. In Theorem 5.18, we do not make assumption on the geometric multiplicity of eigenvalue
—1 of GoW . In addition, (5.142) does not follow from the simplicity of t eigenvalue —1 of K
(see Corollary 5.14). From Formula (5.131) for E_,(z), one sees that if threshold eigenvalue
of H is geometrically simple and if the eigenfunction associated with threshold eigenvalue
verifies

[ e as o,

then by = 0 and Condition (5.137) can only be satisfied for some k > 2. In this case, the
leading singularity of resolvent R(z) near 0 may take the form % for some k > 2.

To study e ®H in the case H is non-selfadjoint and zero is an eigenvalue of H, we need the

following analog of Theorem 5.10 for selfadjoint operators.

Theorem 5.20. Vy € A. Assume that zero is a geometrically simple eigenvalue of H. Let
X € CP(R™) and §2(8,0), Im@ > 0, be defined as in Corollary 4.8. Under the condition
(5.137), the meromorphic extension of xR(z)x from C, verifies

xXR(2)x = x <C;kk + -+ Cz_l) X + Ra(2) (5.152)

for z € Q(6,0), where C_; is the same as in Theorem 5.18 and the remainder Ry(z) is
continuous up to z =0 and satisfies the Gevrey estimates

IR (2)]| < ¢ oV NN (5.153)

for z € Qo(6,0). In addition if (5.142) is true, then Condition (5.137) is satisfied with k = 1
and (5.152) holds with C_1 = —(-, Jyo)go.

Theorem 5.20 is derived by combining methods used in Theorem 5.10 and Theorem 5.18.
Note that when V) € A, one can apply Corollary 4.8 instead of Corollary 4.2 to estimate the
remainder. The details are omitted.

Remark 5.3. (a). Assume that eigenvalue —1 of GoW is semi-simple with multiplicity m.
Under the condition (5.83), the condition (2.28) is satisfied with k = m according to Lemma
5.11. Using formula (5.88), one can construction a Grushin problem as in the proof of Theorem
5.18 and (5.144) becomes in this case

E (2)7! = % +0(1) (5.154)

where C is a matriz of rank m. Following the proofs of Theorems 5.18 and 5.20, one concludes
that the resolvent expansions given in Theorems 5.18 and 5.20 still hold with k = m and one

has
m

Com=-=Cr=0, C1=) (g (5.155)
j=1
where {¢j,j =1,--- ,m} and {p;,j =1,--- ,m} are two basis of the eigenspace of H associ-
ated with threshold eigenvalue.

(b). Similarly to Proposition 5.12, one can show that in general case of threshold eigenvalue
of H, Theorem 5.20 still holds if condition (2.28) is satisfied and Vo € A. But we can then
only affirm that C_; is of rank < m, for j =1,--- ,k, as in Proposition 5.12.
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Proof of Theorem 2.4. If threshold eigenvalue of H is geometrically simple, Theorem 5.20
implies that outgoing positive resonances are absent in neighborhood of zero. Therefore r (H)
is at most a finite set. The result of Theorem 2.4 for e *# in the case threshold eigenvalue of
H is geometrically simple can be derived from Theorem 5.18 and formula (5.73) when Vy € V
and that for e "# is obtained from Theorem 5.20 and formula (5.74) when V; € A.

Taking notice of Proposition 5.12 and Remark 5.3 (b), one can prove in the same way the
results of Theorem 2.4 in general case.

Remark 5.3 (a) allows to affirm that if eigenvalue —1 of GoW is semi-simple, under the
condition (5.83), one has

m
Moy =0,j=1,---,m—1Land oo =Y (-, i), (5.156)

j=1
where {¢;;j=1,---,m} and {¢j;j = 1,--- ,m} are basis of the eigenspace of H associated
with eigenvalue zero. |

Remark 5.4. The methods of this subsection can be applied to other threshold spectral prob-
lems. For example for non-selfadjoint Schrédinger operator H = —A 4+ V(x) with a quickly
decreasing complex potential V(x) on R3:

V()| < Clx)™",p>2, (5.157)

our method allows to calculate the low-energy asymptotics of the resolvent (H — z)~% if zero
is a resonance but not an eigenvalue. In fact using the same reduction scheme and similar
calculations, one can show in this case E_,(z) takes the form

E_(2)
01 --- 0 by - -0 bym

- e +0(2]=).
| : - :
00 --- 0 bi - bmm

The characterization of resonant state ensures that by,1 # 0. Therefore one can explicitly
calculate the leading term of the asymptotic expansion of (H — z)~! for z near 0 in the case
zero is a resonance but not an eigenvalue.

In [1], Maha Aafarani applies the methods developed here to non-selfadjoint Schréodinger
operators with rapidly decreasing potential and establishes large-time asymptotics of solutions
in cases zero may be a resonance and/or an eigenvalue with arbitrary geometric multiplicity.

Let us end this article with an example of non-selfadjoint operator whose threshold eigen-
value is geometrically simple and condition (5.142) is satisfied.

Example 5.5. Consider the non-selfadjoint Witten Laplacian

—Ay = —A+ (VU)(z) - (VU)(z) — AU(z)
where U € C?(R™;C). Set U(x) = Uy(z) + iUs(x) with Uy, Uy real valued functions. Assume
that Uy satisfies the condition (5.76) with U replaced by Uy and that Us is of compact support
with ||0SUs|| L~ sufficiently small for |a] < 2. Considering —Ay as a perturbation of —Ay,,

one can show that —Ay has only one eigenvalue in a neighborhood of zero which is in addition
geometrically simple. Therefore the eigenfunctions associated threshold eigenvalue of —Ay
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are of the form ceU®) for some ¢ # 0 and one sees that the condition (5.142) is satisfied if
|Uz|| oo is sufficiently small.
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