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ESTIMATION IN THE CONVOLUTION STRUCTURE DENSITY MODEL.
PART I: ORACLE INEQUALITIES.

By O.V. Lepsk1 * T. WILLER *
Aiz Marseille Univ, CNRS, Centrale Marseille, I2M, Marseille, France

We study the problem of nonparametric estimation under L,-loss,
p € [1,00), in the framework of the convolution structure density
model on R%. This observation scheme is a generalization of two clas-
sical statistical models, namely density estimation under direct and
indirect observations. In Part I the original pointwise selection rule
from a family of ”kernel-type” estimators is proposed. For the se-
lected estimator, we prove an Ly,-norm oracle inequality and several
of its consequences. In Part II the problem of adaptive minimax esti-
mation under LL,—loss over the scale of anisotropic Nikol’skii classes
is addressed. We fully characterize the behavior of the minimax risk
for different relationships between regularity parameters and norm
indexes in the definitions of the functional class and of the risk. We
prove that the selection rule proposed in Part I leads to the construc-
tion of an optimally or nearly optimally (up to logarithmic factor)
adaptive estimator.

1. Introduction. In the present paper we will investigate the following observation scheme
introduced in Lepski and Willer (2017). Suppose that we observe i.i.d. vectors Z; € R i=1,...,n,
with a common probability density p satisfying the following structural assumption

(L.1) p=(0—-a)f +alfxgl, [feF,(R), acl0,1],
where a € [0,1] and g : R? — R are supposed to be known and f : R¢ — R is the function to be
estimated. We will call the observation scheme (1.1) convolution structure density model.

Here and later, for two functions f, g € 1Ly (Rd)

10l = [ fa=2)gulas). z R
and for any o € [0,1], g € Ly (Rd) and R > 1,

Fy(R) = {f € Bra(R): (1-a)f +alf=g] € BRY)}.
Here ‘B(Rd) denotes the set of probability densities on R¢, B, 4(R) is the ball of radius R > 0 in
Ls (]Rd) =L (Rd, I/d), 1 < s < oo and vy is the Lebesgue measure on RA.
We remark that if one assumes additionally that f,g € ‘B(Rd), this model can be interpreted as
follows. The observations Z; € R% i =1,...,n, can be written as a sum of two independent random
vectors, that is,

(12) Zi=X;+¢€¢Y, 1=1,...,n,

*This work has been carried out in the framework of the Labex Archimeéde (ANR-11-LABX-0033) and of the
A*MIDEX project (ANR-11-IDEX-0001-02), funded by the ”Investissements d’Avenir” French Government program
managed by the French National Research Agency (ANR).
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where X;,7 = 1,...,n, are i.i.d. d-dimensional random vectors with a common density f, to be
estimated. The noise variables Y;,7 = 1,...,n, are i.i.d. d-dimensional random vectors with a
known common density g. At last ¢; € {0,1},7 = 1,...,n, are i.i.d. Bernoulli random variables
with P(e; = 1) = o, where a € [0, 1] is supposed to be known. The sequences {X;,i = 1,...,n},
{V;;i=1,...,n} and {¢,i =1,...,n} are supposed to be mutually independent.

The observation scheme (1.2) can be viewed as the generalization of two classical statistical

models. Indeed, the case @ = 1 corresponds to the standard deconvolution model Z; = X; +
Y;, i = 1,...,n. Another "extreme” case o = 0 corresponds to the direct observation scheme
Z; = Xj, i = 1,...,n. The ”intermediate” case a € (0,1), considered for the first time in Hesse

(1995), can be treated as the mathematical modeling of the following situation. One part of the
data, namely (1 —a)n, is observed without noise, while the other part is contaminated by additional
noise. If the indexes corresponding to that first part were known, the density f could be estimated
using only this part of the data, with the accuracy corresponding to the direct case. The question
we address now is: can one obtain the same accuracy if the latter information is not available? We
will see that the answer to the aforementioned question is positive, but the construction of optimal
estimation procedures is based upon ideas corresponding to the ”pure” deconvolution model.

The convolution structure density model (1.1) will be studied for an arbitrary g € Ly (]Rd) and
f € Fg(R). Then, except in the case o = 0, the function f is not necessarily a probability density.

We want to estimate f using the observations Z(™ = (Zy,...,Z,). By estimator, we mean any
Z(™)_measurable map f R* = L, (Rd). The accuracy of an estimator f is measured by the IL,-risk

(p)f F p) 7

RO, 1) = (Bellf = £12) " p € [1,00),

where E; denotes the expectation with respect to the probability measure P of the observations
ZM =(Z1,...,Zy). Also, || - |Ip, p € [1,00), is the Ly-norm on R? and without further mentioning

we will assume that f € L, (Rd). The objective is to construct an estimator of f with a small
L,-risk.

1.1. Oracle approach via local selection. Objectives of Part I. Let F = {ft,t € ‘3:} be a family
of estimators built from the observation Z(™. The goal is to propose a data-driven (based on Z (”))
selection procedure from the collection F and to establish for it an LL,-norm oracle inequality. More
precisely, we want to construct a Z (")_measurable random map t : R — ¥ and prove that for any
p€[l,o0) and n > 1

(1.3) RO [fyy: 4] < 1 inf A (7,) Hp +Con™3, Vf e Ly(RY).

Here C7 and Cy are numerical constants which may depend on d,p and ¥ only.

We call (1.3) an Ly,-norm oracle inequality obtained by local selection, and in Part I we provide
with an explicit expression of the functional A,(-,-,z),x € R? in the case where F = F (Hd) is
the family of ”kernel-type” estimators parameterized by a collection of multi-bandwidths H%. The
selection from the latter family is done pointwisely, i.e. for any z € R?, which allows to take into
account the ”local structure” of the function to be estimated. The L,-norm oracle inequality is
then obtained by the integration of the pointwise risk of the proposed estimator, which is a kernel
estimator with the bandwidth being a multivariate random function. This, in its turn, allows us
to derive different minimax adaptive results presented in Part II of the paper. They are obtained
thanks to an unique LL,-norm oracle inequality.

Our selection rule presented in Section 2.1 can be viewed as a generalization and modification of
some statistical procedures proposed in Kerkyacharian et al. (2001) and Goldenshluger and Lepski
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(2014). As we mentioned above, establishing (1.3) is the main objective of Part I. We will see
however that although A, (-,-, ),z € R? will be presented explicitly, its computation in particular
problems is not a simple task. The main difficulty here is mostly related to the fact that (1.3) is
proved without any assumption (except for the model requirements) imposed on the underlying
function f. It turns out that under some nonrestrictive assumptions imposed on f, the obtained
bounds can be considerably simplified, see Section 2.3. Moreover these new inequalities allow to
better understand the methodology for obtaining minimax adaptive results by the use of the oracle
approach.

1.2. Adaptive estimation. Objectives of Part II. Let F be a given subset of Lp(Rd). For any

estimator f,, define its mazimal risk by R%p ) [ f F] = SUD fcF Rﬁf’ ) [ f f} and its minimazx risk on
F is given by

(1.4) @xm::?ﬁRgWﬁgm.

Here, the infimum is taken over all possible estimators. An estimator whose maximal risk is
bounded, up to some constant factor, by ¢, (F), is called minimax on F.

Let {Fg, Y€ @} be a collection of subsets of L, (Rd, l/d), where 1 is a nuisance parameter which
may have a very complicated structure.

The problem of adaptive estimation can be formulated as follows: is it possible to construct a
single estimator fn which would be simultaneously minimax on each class Fy, 9 € O, i.e.

lim sup ¢, ' (Fg)RP) [fn;Fﬁ} < oo, VI €O?

n—o0

We refer to this question as the problem of minimaz adaptive estimation over the scale of {Fy, ¥ €
©}. If such an estimator exists, we will call it optimally adaptive.

From oracle approach to adaptation. Let the oracle inequality (1.3) be established. Define

fin(F'9) = sup
9

We immediately deduce from (1.3) that for any 9 € ©

inf A, (.4, H “3, Yeo.
= A

lim sup R;l(Fg)Rgp) [f{(,);Eg] < o0.

n—oo
Hence, the minimax adaptive optimality of the estimator fg(,) is reduced to the comparison of the
normalization R, (F,g) with the minimax risk ¢, (Fy). Indeed, if one proves that for any 9 € ©

.. -1
hnlggéf R, (Fy)d;, ' (Fy) < oo,

then the estimator f@(.) is optimally adaptive over the scale {Eg, 9 e @}.

Objectives. In the framework of the convolution structure density model, we will be interested in
adaptive estimation over the scale

Fy = Nra(B,L) NFy(R), 9= (B,7,L,R),
where Ny 4 (5 , E) is the anisotropic Nikolskii class (its exact definition will be presented in Part IT).

Here we only mention that for any f € N4 (,5, E) the coordinate j3; of the vector 5 = (f1,...,084) €
(0,00) represents the smoothness of f in the direction i and the coordinate r; of the vector 7 =
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(r1,...,7q) € [1,00]? represents the index of the norm in which j; is measured. Moreover, I\ (3 , E)

is the intersection of balls in some semi-metric space and the vector L € (0,00)? represents the
radii of these balls.

The aforementioned dependence on the direction is usually referred to anisotropy of the underly-
ing function and the corresponding functional class. The use of the integral norm in the definition
of the smoothness is referred to inhomogeneity of the underlying function. The latter means that
the function f can be sufficiently smooth on some part of the observation domain and rather
irregular on another part. Thus, the adaptive estimation over the scale {Nﬁd (5, I_:), (ﬁ, T E) S
(0,00)4 x [1,00]% x (0,00)?} can be viewed as the adaptation to anisotropy and inhomogeneity of
the function to be estimated.

Additionally, we will consider Fy = Ny 4(5, L) N Fy(R) N Booa(Q), 9 = (6,7 L, R, Q). Tt will
allow us to understand how the boundedness of the underlying function may affect the accuracy of
estimation.

The minimax adaptive estimation is a very active area of mathematical statistics, and the theory
of adaptation was developed considerably over the past three decades. Several estimation procedures
were proposed in various statistical models, such that Efroimovich-Pinsker method, Efroimovich and
Pinsker (1984), Efroimovich (1986), Lepski method, Lepskii (1991) and its generalizations, Kerky-
acharian et al. (2001), Goldenshluger and Lepski (2009), unbiased risk minimization, Golubev (1992),
wavelet thresholding, Donoho et al. (1996), model selection, Barron et al. (1999), Birgé and Massart
(2001), blockwise Stein method, Cai (1999), aggregation of estimators, Nemirovski (2000), Wegkamp
(2003), Tsybakov (2003), Goldenshluger (2009), exponential weights, Leung and Barron (2006),
Dalalyan and Tsybakov (2008), risk hull method, Cavalier and Golubev (2006), among many others.
The interested reader can find a very detailed overview as well as several open problems in adaptive
estimation in the recent paper, Lepski (2015).

As already said, the convolution structure density model includes itself the density estimation
under direct and indirect observations. In Part II we compare in detail our minimax adaptive results
to those already existing in both statistical models. Here we only mention that more developed
results can be found in Goldenshluger and Lepski (2011), Goldenshluger and Lepski (2014) (density
model) and in Comte and Lacour (2013), Rebelles (2016) (density deconvolution).

1.3. Assumption on the function g. Later on for any U € Iy (Rd), let U denote its Fourier

- . d
transform, defined as U(t) := [za U(z)e " 2i=1% yy(dx), t € R%. The selection rule from the family
of kernel estimators, the LL,-norm oracle inequality as well as the adaptive results presented in Part
IT are established under the following condition.

ASSUMPTION 1. (1) if a« # 1 then there exists € > 0 such that

1—a+ag(t) >, Vte RY;
(2) if « = 1 then there exists ji = (u1,...,pq) € (0,00)¢ and Yo > 0 such that

d |
9] = To [J1 +2)7F, W= (tr,...,ts) € RY
j=1

Remind that the following assumption is well-known in the literature:

o

d d ,
To[[a+2) 7 <lgnl<T[[a+2)7, vier.
j=1 j=1
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It is referred to as a moderately ill-posed statistical problem. In particular, the assumption is satisfied
for the centered multivariate Laplace law.

Note that Assumption 1 (1) is very weak and it is verified for many distributions, including
centered multivariate Laplace and Gaussian ones. Note also that this assumption always holds with
e =1—2aif o < 1/2. Additionally, it holds with e = 1 — « if § is a real positive function. The
latter is true, in particular, for any probability law obtained by an even number of convolutions of
a symmetric distribution with itself.

2. Pointwise selection rule and L,-norm oracle inequality. To present our results in an
unified way, let us define fi(a) = ji, « = 1, ji(a) = (0,...,0), a € [0,1). Let K : RY — R be a
continuous function belonging to L (Rd), fR K =1, and such that its Fourier transform K satisfies
the following condition.

ASSUMPTION 2. There exist k1 > 0 and ko > 0 such that

d d
(2.1) / H 1+z&2 t<k1, / H (1+2)H(@dt < k3.
Set H = {ek, k € Z} and let H?¢ = {i_i: (hi,...,hq) : hj € H,j = 1,...,d}. Define for any
h=(hy,... hg) € HY

d
Ki(t) = Vﬁ’lK(tl/hl, cotafha), t€RY Ve =TT hy.

Later on for any u,v € R? the operations and relations u/v, uv, uVo,uAv, u > v, au,a € R, are
understood in coordinate-wise sense. In particular v > v means that u; > v; for any j =1,...,d.

2.1. Pointwise selection rule from the family of kernel estimators. For any h € (0,00)% let
M (-, h) satisfy the operator equation

(2.2) K;(y) = (1- a)M(y, l_i) + oz/Rd g(t — y)M(t, ﬁ)dt, y € RY

For any h € H% and = € R? introduce the estimator fﬁ( )=n"tY" M(Z—=x h)
Our first goal is to propose for any given z € R? a data-driven selection rule from the family of
kernel estimators F(H) = {fz(z), he H?}. Define for any h € H?

Buo.F) = \/zAn(H)zz (@h) , A (B) ZMQ Y

3n 10, hy(hy A 1)k

d
/\n(ﬁ):4ln(Moo)—|—6ln( 8p—|—26z + pj(a)]| In(hy)|;

Moo = [2m)"He YK ||, 1oz +TO "kila1}] Vv

Pointwise selection rule. Let H be an arbitrary subset of #¢. For any h € H and z € R introduce

~

Ryr) = sup (| @) = Fia)] = 400 (e, BV i) = 40, (. 7) | s

ﬁ;{(az,ﬁ) = sup ﬂffn(a:,ﬁ),
feH: 7>h



and define
(2.3) h(z) = arg inf ﬁﬁ(x) +8U; (z, ﬁ)}
heH
Our final estimator is J?H(x) (z), * € R? and we will call (2.3) the pointwise selection rule.

Note that the estimator fﬁ(_) () does not necessarily belong to the collection {fﬁ(), he ’Hd} since

the multi-bandwidth ﬁ() is a d-variate function, which is not necessarily constant on R?. The latter
fact allows to take into account the ”local structure” of the function to be estimated. Moreover,
h(-) is chosen with respect to the observations, and therefore it is a random vector-function.

2.2. LL,-norm oracle inequality. Introduce for any x € R? and h € H¢

Ui(e,h) = sup  Un(w]),  Sgpla,f)= [ Kyt —z)f()va(dt);
feH: T>h Re
where we have put

) 2>‘n (ﬁ) o? (xv ﬁ) 41uoo>\n (ﬁ) 2 ) / 2 )
Un(z,n) = + , ,M) = M*(t —x, t dit).
- \/ " 3 15y mj(nj A 1)) 7 (@) Rd (t =z Mp(t)rad)

For any H C H¢, h € H and z € R? introduce also

7eH

THEOREM 1. Let Assumptions 1 and 2 be fulfilled. Then for any H C H%, n >3 and p € [1,0),

VS €Fy(R), RO (fy 1< %IGII{H{QB;L(-,J”)—|—BE(-,f)+49U;'{(-,E)}Hp+0pn_z.

The explicit expression for the constant C,, can be found in the proof of the theorem.
Later on we will pay attention to a special choice for the collection of multi-bandwidths, namely

Hl = {he H: h=(h,...,h), heH}
More precisely, in Part II, the selection from the corresponding family of kernel estimators will be

used for the adaptive estimation over the collection of isotropic Nikolskii classes. Note also that if
H = H{ ., then obviously for any h = (h,...,h) € HE,,
TEHL e 1<h

isotr”

and we come to the following corollary of Theorem 1.

COROLLARY 1. Let Assumptions 1 and 2 be fulfilled. Then for any n >3 and p € [1,00)

o~

R iy £ <

_1
Ry +Cyn3, Vf €Fy(R).

p

_inf {5 sup  Bg(-, f) +49U; (-, 5)}
heHd qeH , :n<h

isotr isotr

The oracle inequality proved in Theorem 1 is particularly useful since it does not require any
assumption on the underlying function f (except for the restrictions ensuring the existence of the
model and of the risk). However, the quantity appearing in the right hand side of this inequality,
namely

H %gﬂ{w;(.,f) + B, f) +49U;(.,ﬁ)}Hp
6



is not easy to analyze. In particular, in order to use the result of Theorem 1 for adaptive estimation,
one has to be able to compute

sup |t {2850+ Byt 1)+ 4003 )

for a given class F C L,(R?) NFy(R) with either H = H¢ or H = H{ . It turns out that under

some nonrestrictive assumptions imposed on f, the obtained bounds can be considerably simplified.
Moreover, the new inequality obtained below will allow us to better understand the way for proving
adaptive results.

2.3. Some consequences of Theorem 1. Thus, furthermore we will assume that f € Fy (R, D)N
Bq,d(D), q,u € [1,00], D > 0, where

Fyu(R, D) i= {f € Fy(R): (1= a)f +alf g € By3 (D)},
and IB%I(JO’Z)(D) denotes the ball of radius D in the weak-type space Ly (Rd), ie.
]B%EE?(D) = {A\:RY S R | Aluee < D}, [Mlueo =inf {C: vg(x: |T(2)| >3) <C¥7", V3> 0}.
As usual B (D) = B ¢(D) and obviously B (D) D By (D). Note also that Fy1 (R, D) = Fy(R)

for any D > 1. It is worth noting that the assumptlon [ € Fyu(R, D) simply means that the common
density of the observations p belongs to IB%(OO)(D).

REMARK 1. It is easily seen that Fy o (R, R||g||) = Fg(R) if a =1 and ||g||c < 0o. Note also
that Fy oo (R, Qllg]l1) D Fg(R) N By 4(Q) for any a € [0,1] and Q > 0.

2.3.1. Oracle inequality over Fy (R, D) N By 4(D). For any h € H® and any v > 0, let

Bﬁ(vf) = 2B}§(7f) + Bﬁ(af)ﬂ A(ﬁv fvv) = {33’ € Rd : Bﬁ(l’,f) > 2_17}}’

B Inn+ 3% [Inh; B 1 4 |Inh;
(i) = V Sl oy o et g [k

\/’H hz(h /\1) ()’ nH] 1 (h /\1)”‘3()

Jj=1""j
Furthermore let H be either H% or H4

isotr

and for any v,z > 0 define
(2.5) H(v) = {}_i ceH: Gn(ﬁ) <av}, 9H(v,2) {h €N (h) < avz 1/2}

Here a > 0 is a numerical constant whose explicit expression is given in the beginning of Section
3.2. Introduce for any v > 0 and f € Fy (R, D)

Awf) = if va( A, £,0)) + v F2(R)]:
A(v, f,u) = inf inf [ud(A(ﬁ,f’U))JrZ—u];

222 fen(vz)

Ap(v, f,u) = inf inf {/(q ’Bﬁ(x,f)’pyd(dCC)ﬁL’Upz_u].
A

222 Fieq(v,2)



REMARK 2. Note that $(v) # 0 and H(v,z) # 0 whatever the values of v > 0 and z > 2.
Indeed, for any v > 0 and z > 2 one can find b > 1 such that

(Inn + dInb) (nb®)~! < [a2v2z_1] A av.

The latter means that b = (b,...,b) € H(v,z)NH(v). Thus, we conclude that the quantities A(v, f),
A(v, f,u) and Ay(v, f,u) are well-defined for all v > 0.

Also, It is easily seen that for any v > 0 and f € Fy (R, D)

(2.6)  A(v, f,00) = _inf vd(A(H, fiv), Ap(v, f,00) = inf / - |Bg(@, N[ ralda).
heﬁ(v,Z) hEY)(’U,Q) A(h,f,’U)

Put at last for any v > 0, Iy (v) = v~ (14| 1In (v)|)*™, where t(H) = d—1 if H = H? and t(H) = 0
if H=HL,, .

THEOREM 2. Let the assumptions of Theorem 1 be fulfilled and let K be a compactly supported
function. Then for anyn >3, p>1,q>1,R>1,D>0,0<v <7 <oo,u€ (p/2,00],u>q and
any f € Fgu(R,D)NBgq(D)

R fg F1 < 00 [zﬂ(v) - / ﬁvp_l{A(v, £) A A, fu)}do + Ay(@, f,u)| + Cpn 3.

Here C() is a universal constant independent of f and n. Its explicit expression can be found in
the proof of the theorem. We remark also that only this constant depends on q.

The result announced in Theorem 2 suggests a way for establishing minimax and minimax
adaptive properties of the pointwise selection rule given in (2.3). For a given F C Fy (R, D) N
Bq,q(D) it mostly consists in finding a careful estimate for

S(h,3) ==supva(z € RY: By(z,f) >3), VheH, V;>0.
felF

The choice of v,v > 0 is a delicate problem and it depends on S(-, ).
In the next section we present several results concerning some useful upper estimates for the
quantities

Sup{A(v,f) /\A(Uafa u)}a SupAP(v>f7 ll), v > 0
feF feF

We would like to underline that these bounds will be established for an arbitrary F and, therefore,
they can be applied to the adaptation over different scales of functional classes. In particular, the
results obtained below form the basis for our consideration in Part II.

2.3.2. Application to the minimax adaptive estimation. Our objective now is to bound from above
SUp fep RY [fﬁ('), f] for any F C Fy w(R, D) NBg 4(D). All the results in this section will be proved
under an additional condition imposed on the kernel K.

ASSUMPTION 3. Let K : R — R be a compactly supported, bounded function and [ K = 1. Then
d
K(z) =[] K(x;), Vo € R
j=1
Without loss of generality we will assume that ||KC|lec > 1 and supp(K) C [—ck, cx] with cx > 1.
8



Introduce the following notations. Set for any h € H, z € R* and j = 1,...,d

by, f’] :C +uhej)yl(du) — f(x)], bnysj(r)= sup b77 fu( x)
neH: n<h
where (eq,...,e;) denotes the canonical basis of R%. For any s € [1, 00| introduce
B, r(h) = = sup S bhsslle Bisrh) =sup|basll,, j=1,....d.
Fher:n<n fer
Set for anyHEHd, v>0and j=1,...,d,
J(how)={je{l,....d}: h; € Vj(v)}, Vjwv)={heH: Bjr(h) <cv},

where ¢ = (20d) ! [ max(2ck || K|l oo, |K][1)] ~?_ As usual the complement of J(f_i, v) will be denoted
by J (i_i, v). Furthermore, the summation over the empty set is supposed to be zero.

For any 5= (s1,...,54) € [1,00)4, u > 1 and v > 0 introduce
2.7 As(v,F,u) = inf inf 5 [Bys, r(hy)]7 + 27
(2.7) (v.F,w) = inf it [ D v [Bisr(hy)] 42 }
j€J(hv)
(28) As(v,F) = _inf [ D v [Bj,sﬂ(hj)}sj+U_2F3(5)]'
hen®) L 1)

THEOREM 3. Let assumptions of Theorem 2 be fulfilled and suppose additionally that K satisfies
Assumption 3. Then for anyn >3, p>1,q>1,R>1,D>0,0<wv <7 <oo,uc€ (p/2,00],u>
q, 5€ (1,00)%, 7€ [p,00)¢ and any F C Bqg.a(D) NFyu(R, D)

S =

supR( )[f (),f] <c® [ZH(U) +/ Pl [Ag(v,F, u) A Ag(U,F)]dv + 0P Aq(v, T, u)] + Cpn_%.
feFr v

If additionally q € (p,o0) one has also

7up72 [fh( y f1< c® |:ZH(’U) —|—/ P Ag(v,F,u) A Ag(v,F)]dv —i—'qu} +Cyn 2.

Moreover, if q = co one has

— 1

?[u% R(P) [J?H(J’ f]1<c® [ZH(U) + / " Az(v,F,u) A Ag(v,F)]dv + Az, T, u)] "y Cpn 2.
€ v

D=

Finally, if H = 7—[150” all the assertions above remain true for any 5 € [1,00)? if one replaces in

(2.7)~(2.8) Bjs; v (-) by Bj g g()-

It is important to emphasize that C'? depends only on 5,7, g,K,d, R, D,u and q. Note also that

the assertions of the theorem remain true if we minimize right hand sides of obtained inequalities

w.r.t S, ¢ since their left hand sides are independent of s and ¢. In this context it is important to

realize that C®) = C(?)(3,--.) is bounded for any 5 € (1,00)? but C?)(5,---) = oo if there exists
9



j =1,...,d such that s; = 1. Contrary to that C®)(5,---) < oo for any & € [1,00)® if H = HZ .
and it explains in particular the fourth assertion of the theorem.

Note also that D, R,u,q are not involved in the construction of our pointwise selection rule.
That means that one and the same estimator can be actually applied on any

Fc |J BqaD)NFuu(R, D).
R7D7u7q

Moreover, the assertion of the theorem has a non-asymptotical nature; we do not suppose that the
number of observations n is large.

Discussion. As we see, the application of our results to some functional class is mainly reduced to
the computation of the functions B’]'fy s,JF(') j=1,...,d, for some properly chosen s. Note however
that this task is not necessary for many functional classes used in nonparametric statistics, at least
for the classes defined by the help of kernel approximation. Indeed, a typical description of F can
be summarized as follows. Let A\; : Ry — R4, be such that A\;(0) = 0,; T for any j = 1,...,d.

Then, the functional class, say Fg [X(), f'] can be defined as a collection of functions satisfying
(2.9) b0, g4l,,, < Ai(h),  VheH,
for some 7 € [1, 00]. It yields obviously

Bj,r() <A(), j=1,....,d

and the result of Theorem 3 remains valid if we replace formally B;, r(-) by A;(-) in all the
expressions appearing in this theorem. In Part II we show that for some particular kernel K*, the
anisotropic Nikol’skii class Ny 4 (5 , I_;) is included into the class defined by (2.9) with \;(h) = L;h%,
whatever the values of 5 L and 7.

Denote ¥ = (X(-),7) and remark that in many cases Fx[9] C By,q(D) for any ¥ € © for some
class parameter © and q > p,D > 0. Then, replacing B;, r(-) by A;(-) in (2.7) and (2.8) and
choosing ¢ = (q,...,q) we come to the quantities A(v, u, 19) and Aq (U, 29), completely determined
by the functions A;(-),j =1,...,d, the vector " and the number q. Therefore, putting

3=
N

Un(0) = inf (lH(v) + /”Upl [A(v,u,0) A A(v,0)]dv + TP Aq (T, u, ) /\qu> -

0<v<v<oco

-

we deduce from the first and the second assertions of Theorem 3 for any A(-) and 7 and n > 3

(2.10) sup R[5 f] < CP s, (9).
fEFK[Y]

Since the estimator fﬁ(.) is completely data-driven and, therefore, is independent of X() and 7, the

bound (2.10) holds for the scale of functional classes {Fr[0]} .
If ¢ (Fx[9]) is the minimax risk defined in (1.4) and

(2.11) lim sup ¢y, (9) ¢y, (Fx[9]) < 00, VI € O,
n—oo
we can assert that our estimator is optimally adaptive over the considered scale {FK ], ¥ € @}.
To illustrate the powerfulness of our approach, let us consider a particular scale of functional
classes defined by (2.9).
10



Classes of Hélderian type. Let § € (0,00)% and L € (0,00)% be given vectors.

DEFINITION 1. We say that a function f belongs to the class FK(E, E), where K satisfies
Assumption 3, if f € Boo g (maszlydej) and forany j=1,...,d

on,r5]l . < Ljv®, VheH.
We remark that this class is a particular case of the one defined in (2.9), since it corresponds to
Aj(h) = L;h? and r; = oo for any j = ..., d. Moreover let us introduce the following notations
d 24 (a)+1
b | 2p1,(a) + Tyt
0 :62-&-1//3((1)7 S :L(a)n_l In (TL), I _]7 L I

Then the following result is a direct consequence of Theorem 3. Its snnple and short proof is
postponed to Section 3.4.

. ASSERTION 1. Let the assumptions of Theorem 3 be fulfilled. Then for anyn > 3, p > 1,
B e (0,00)% 0 < Ly < Loo < 00 and L € [Lg, Log]® there exists C > 0 independent of L su that
limsup ey, ' (5,L) sup  RP[f5,, /1 <C,

n—00 feFK(E,E)

where we have denoted

t(H) (1-1/p)B(a)

In(n) » &, 7 2+1/B(a) > p;
- - 1Vt (H) a-1/p)B(e)
(2.12) Un(B,L) =9Q In(n) " » 6, " | 24 1/B(a) = p;
B(a)
S 2+1/B(a) <

It is interesting to note that the obtained bound, being a very particular case of our consideration
in Part II, is completely new if a # 0. As we already mentioned, for some particular choice of the
kernel K*, the anisotropic Nikol’skii class Nﬁd(g, E) is included in the class FFg~ [X(),F] with
Aj(v) = LijBJ', whatever the values of E , L and 7. Therefore, the aforementioned result holds on an
arbitrary Holder class N(;o’d(ﬁ_', E) Comparing the result of Assertion 1 with the lower bound for
the minimax risk obtained in Lepski and Willer (2017), we can state that it differs only by some
logarithmic factor. Using the modern statistical language, we say that the estimator fﬁ(.) is nearly
optimally-adaptive over the scale of Holder classes.

3. Proofs.

3.1. Proof of Theorem 1. The main ingredients of the proof of the theorem are given in Propo-
sition 1. Their proofs are postponed to Section 3.1.2. Introduce for any h € H¢

&n ( = —Z 2, h) —BM(Z; —a,h)], =eR%

PROPOSITION 1. Let Assumptions 1 and 2 be fulfilled. Then for any n > 3 and any p > 1

D
2

(i) /R Ef{ SUP an(:c h ’_ n (2, h)] }Vd(da:) < Cpn™2;

11



(ii) /Rd Ef{ ;;S:yi)d [ﬁn($, ﬁ) — 3Up (z, E)]i}yd(dx) < C;,n_g;

(iii) / Ef{ sup [Un(a:,i_i) — 4(7n(m,i_i)}i}1/d(dx) < Cz')nfg.
Rd heHd
The explicit expression of constant C, and Czl) can be found in the proof.

3.1.1. Proof of the theorem. We start by proving the so-called pointwise oracle inequality.
Pointwise oracle inequality. Let h € Hand z € R? be fixed. We have in view of the triangle inequality

31 i@ = F@)] < [Fapi@ = Fi @] + | i@ = @) + | Fi@ - 1@)].

19, First, note that obviously fAﬁ(z)\/ﬁ(x) = Aﬁvﬁ(m) (z) and, therefore,

~ ~ ~

J?H (@) vﬁ(a;) — fﬁ(x)(ac)‘ = fﬁvﬁ @) (x) — fﬁ(x)(x)‘ < ﬁﬁ(a:) + 4(7n (w, H(x) Vv E) +4U,, (af, ﬁ(m))

Moreover by definition, U, (:Jc n) < U (ac 77) for any ?7 c He.
Next, for any h i7 € H? we have obviously U, (:1; hv 7]) < U* (m h) A U (33 n) Thus, we obtain

~ ~ ~

(3.2) i (@) — T (@) < Ry(@) + 80 (2. B()).

Similarly we have

~

(3.3) Fiapi@) = Fi(@)] < Ry (@) + 8Ty (2, ).

The definition of h(z) implies that for any i € H
Ry (%) + 80y (¢, B(x)) + R (2) + 80y (w,h) < 2R (x) + 16Uy (w, h)

and we get from (3.1), (3.2) and (3.3) for any h € H

(3.4) Fiy (@) = J(@)] < 2Rz (@) + 16T (@, 1) + | Fa) = S (@)
20, We obviously have for any E, 7eH?
(@) = Fal@)| < [BpM (20— @, v ) = BpM (21— )| + |6 (2 BV )| + [ (2. 7) |

Note that for any h € H?
EfM(Z, -z, H) = / M(t— =z, H)p(t)l/d(dt)
Rd

= (1-a) /Rd M (t —2,h) f(t)va(dt) + a/R M (t —2,0) [f % g] (t)va(dt),

d

in view of the structural assumption (1.1) imposed on the density p. Note that

(1-a) /Rd M(t— :c,H)f(t)Vd(dt) + a/R M(t—z, H) [f * g (t)va(dt)

d

= /Rd f(2) {(1 — Q)M (z —z,h) + a/Rd M (u,h)g(u — [z — fl?])’/d(du)] va(dz)
12



and, therefore, in view of the definition of M(-, ﬁ), c.f. (2.2), we obtain for any h € H?

(3.5) E;M(Z) —x,h) = . Ki(z — 2) f(2)va(dz) =: Sz(z, f).

We deduce from (3.5) that
[BfM(Zy — 2, h v i) —EgM (21 — 2, 7)) | = |Sga(x, £) = S, f)]
and, therefore, for any h, 77 € H4
(36 |Faug@) ~ Fo@)| < S D) — Sata ]+ lenle. Fv )] + [en (. )]
30, Set for any i € H? and any z € RY

@) = sup, (I (o) = Vs (7)),
neH

wi(x) = sup [Un(a:,ﬁ) — 4(7n (m,ﬁ)]+, wa(x) = sup [ﬁn(az,i_{) — SUn(a:,fz)Lr
heHd heHd

We obtain in view of (3.6) that for any h € H (since obviously & V ij € H? for any h,7j € H%)
(3.7) Ri(z) < Bi(x, f) + 2v(x) + 21 (x).
Note also that in view of the obvious inequality (sup, Fo — sup, Ga)+ < sup, (Fa — Ga)+

(3.8) [ﬁn* (m,ﬁ) - 3U; (m,ﬁ)]+ < qsu?g [ﬁn(ac,ﬁ) — 3Un(ac,ﬁ)]+ =: wa(x)
US

We get from (3.4), (3.7) and (3.8)

’fﬁ(x) (x) — f(:z:)‘ < 232(1', f) +4v(z) + 4 (z) + 48U} (=, E) + 16wy () + ]?E(:L‘) — f(2)].

It remains to note that

~

2(0) — £(@)| < Byl f) + [6n (. F)| < By, £) + Un(a,F) + (),

and we obtain for any he€H and x € RY
Fi (@) = 1@)| < 2B, 1) + By(w, /) + 50(@) + 41 (2) + 49U (2, F) + 16a(a).
Noting that the left hand side of the latter inequality is independent of h we obtain for any = € R?

(3.9) ’.]/C;-l’(x) (x) — f(m)‘ < }%relﬂfi1 {QB%(ac, F)+ Bj(z, f) + 49U, (x, E)} + 5v(x) + 4wy (x) + 16c02(x).

This is the pointwise oracle inequality.

Application of Proposition 1. Set for any = € R¢

Ra(z) = inf {2B:(a, f);) By(x, f) + 49U (2, 5) |



Applying Proposition 1 we obtain in view of (3.9) and the triangle inequality

Il 5] [ Beto] ] [ sdm@y] o] [ Edemey]

1

3

RO g ] <
< HRnH +Cpn3,
where C, = 5(C, )P + 20(0’) The theorem is proved. ]

3.1.2. Proof of Proposition 1. Since the proof of the proposition is quite long and technical, we
divide it into several steps.

Preliminaries. 1°. We start the proof with the following simple remark. Let M (t, ﬁ),t € R,
denote the Fourier transform of M (-, i_i) Then, we obtain in view of the definition of M (-, ﬁ)

(3.10) M(t,h) = K(th)[(1 — @) + ag(—t)] ", t e R%

Note that Assumptions 1 and 2 guarantee that M (-, i_i) el (Rd) N Ly (Rd) for any h e Ml and,
therefore,

MR < @mDEC R MRl = @m) 1 (R,

M=

Thus, putting

Moo :OOHh (hj A1)™Hi(@),

we obtain in view of Assumptions 1 and 2 for any heH?
(3.11) M (- R)||,, < Moo(h),  ||M(-R)]|, < MQHh (hj A1)~H(@)

where My = [(2#)_d{5_1||KH21a¢1 + Talkglazl}] V 1. Additionally we deduce from (3.11)

ISH

@) (R < R IR < M [T a4, i et

Let E(‘, l_i) be either M(-, ﬁ) or MQ(-, l_i) and let Lo (h) denote either Moo(l_i) or Mgo(ﬁ)
We have in view of (3.11)

(3.13) LRV Loo(B) < M2AEin@tm(@Imto)l g e 34
Additionally, we get from (3.11) and (3.12)
(3.14) 1£(R)||2 < MEM2 et Tin(tpy @Il gy ¢ 940,
Set o~ \/fRd (t — =, h (t)vq(dt) and note that in view of (3.14) for any i € H?
_ o (z, I VPrg(dz) = |2 B) |1 < A1 (1p (@) In(hy)|
(3.15) [ (. 1) Prafda) = || £( B[ < MEME S
R4
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Next, we have in view of (3.13)
3.16) o) < o) < MEESIa @)

20, Define for any = € R% and he Hd

(o) =7t (202 ) - (2 )
d i=1
Zn(-f,h) —3111 8p+22 Z 1—|—[,L] ’]n )‘ +2|1n({0-£(x7}_i)}\/{n_3/2£oo(}_£)})‘.
7=1
VE (=, ﬁ) _ L (z, E)W‘f‘ 42y (, ;LZLEOO (h) ;
U~ (2, 1) = o (2, h) %;L(h) +4>\n(h§§oo(h)’

where remind A, (7) = 4In(Muo) + 61n (n) + (8p +26) X0, [1+ pj(@)]| In(hy)).

Noting that sup.cp,|Inz| < [Ina| Vv [Inbd| for any 0 < a < b < oo we deduce from (3.16)
Zn (m, i_i) <M (E) for any = € R? and, therefore, for any heHl

(3.17) VE(x,h) < U*(x,h).

First step. Let z € R% and h € H? be fixed and put b= 8p + 22.
We obtain for any z > 1 and ¢ > 1 by the integration of the Bernstein inequality

2o (z,h 2Loo(R) 19 oL (z,h oo ()14
r{ Iy - LN O o PR SO o

where I' is the Gamma-function.

19. Choose z = 2, (m, E) Noting that for any n € N* and = € R¢

\@Uﬁ(ﬂv,ﬁ) 4[,00(5) _—
Tn +— < 3Lso(h)n

and taking into account that exp {—|In(y)|} <y for any y > 0, we get
Er{|¢5 (@ )| = VE(2,h) 1Y

<2x 3 (q+ 1)n~273L9, (ﬁ)ebz 1(1+u; (@)l In(h ({U (2, h)} \Y {n_3/2ﬁ (h)})2

N

(3.18) < C’él)n_%_:5 (20-b) X2 (14 (@))] In(h ({0 (z, h)} Y {n_3/2ﬁ (h)})2

Here to get the second inequality we have used (3.13) and put C'(l) 2M, 2q3q1ﬂ(q +1).

Set 2(( ) {:J: eRe: (.TU, h) > n*3/2£oo( )}, X( ) = Rd\é’((h) and later on the integration
over the empty set is supposed to be zero.
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We have in view of (3.17), (3.15) and (3.18) applied with ¢ = p that for any h € H¢

(3.19) / (%) B¢ @ 1) U ﬁ)}iw(dx) < O~ erHah) g1 (I (@) In(hy)|
X\(h

where 2 = C{Y M2M2.

20, Introduce the following notations. For any i = 1,...,n set

Wi(2, 1) = 1{|£(Zi - 2. 1) = BL(Zi — 2, R)| = 07 Lo () },

and introduce the random event D(:L‘, ﬁ) = {Z?:l v, (a:, ﬁ) > 2}. As usual, the complimentary

event will be denoted by D(ac, }_i) Set finally 7r(ac, H) = IP’f{\Ill(x, l_i) = 1}.
We obviously have .
3Loo () C UL

Ut (h)

‘Cﬂ(x’ﬁ)llD(x,@ < -

and, therefore,

(3.20) 1D(zﬁ){\<‘? (z, k)| = U-(z,h) } =0,

Applying Cauchy-Schwartz inequality, we deduce from (3.20) that
Ey{|CE (e R)| = US (@, ) Y, < [Ep{|¢5 (. B)| = U (2, 1)} P{D (0, R}

Using (3.18) with ¢ = 2p and (3.13) we obtain for any x € /f(ﬁ)

[

D=

(3.21) Ef{\CL(x,ﬁ)\ — U~ (2, h) }i < C]g3)n—g—3e(2p+2_b/2) i1 (1hp (@) In(hy)| [Pf{D(:p,ﬁ)}] ,

where we have put ngg) = [Cé}l?)] %Mgo

For any A > 0 we have in view of the exponential Markov inequality

Pi{D(z,h)} = PBy{ Z Wi(2,h) > 2} < e P [ (w,h) +1- 7, 7))

= e—”z[(eIA —Vr(z,h) +1]" < exp{—2X +n(e* — V)7 (xz,h)}.
We get applying the Tchebychev inequality 7 (z, i) < n2L52(R) [0£ (z,1)]?. Tt yields
Pi{D(z,h)} <exp{ —2A +nPL:2(R) [oF (2, 7))} (e} — 1)}, Vi e H™

Note that the definition of /'E(ﬁ) implies n3L2 (ﬁ) [O’L (x,f_L')}2 < 1 for any =z € /’\?(ﬁ) Hence,
choosing A =1In2 —2In {n3/2£g01 (ﬁ) o* (z, /;)} we have

P{D(z,h)} < (/AL [o" (2, h)]", vz e X(R).
It yields, together with (3.13), (3.15) and (3.21) and for any h € H¢

(3.22) / ) Ep{|¢5 (2, )| — U (2, F) )2 val(d) < COn~8 2 10-/2) Sy (ot () nihy)
X(h
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where 0;4) = C,§3) (e/2)MS M2Z. Putting 0;5) = C’I(JQ) + 0;4) and noting that 2p 4+ 10 — /2 < 0 we
obtain from (3.19) and (3.22) for any h € H¢

(3.23) / Ep{|¢5 (2, )| = U (2, F) } valda) < CPn~Eel2r10=b2) Sima Aoty ()l nth)]
R4
37. 0o0sin = and Lo = My we get from (3.23) and the definition o
0 Ch g L=M and Lo, = M get from (3.23) and the defi fb
(3.24) / Ef{{fn(:x,l_i)‘ — Uy (z, E) }]j_l/d(dl‘) < 01(25)77,_%67 Z?=1(1+“1(a))“n(hj)|, vh e HY.
Rd

The first assertion of the proposition follows from (3.24) with C), = 0155) Y ohezd € S Ikl

Second step. Denoting x (z,h) = {|7%(=, h) —o?(z, ﬁ)‘ — 8, (z, h) }+, where

o o [ 2X, h 4\, R) M2 (h
n 3n
and choosing £ = M? and L., = M2, we get from (3.23)
(3.25) /Rd Ef{x"(z, ﬁ)}l/d(dw) < C’é‘:’)n_%e(%ﬂo_bﬂ) ?=1(1+“j(a))|ln(hj)l, vh e HC.

Note that oM* (x, H) < ./\/loo(ﬁ)a(x, H) and, therefore, for any = € R? and any h e H4
(3.26) (. 7) < Moo (B)Un (a2, 7).

This implies,
20 (B)5 (@) _ 2\ (B0 B) | 20 (F) Mo (B)Un(, ) 20 (B) Mo ()" (2, )

—_— )

n n n n

where we have denoted x*(z, fz) =M} (i_i)x(x, }_i) Hence

(3.27) O () < Un(o, ) + \/ W (1) Moo (R) [Uz(x, D)+ xeh)]
By the same reason
(3.28) Ul ) < Ou(asF) + \/ D (7)) Moo () [UZ(:E,E) (e B)]

Note that the definition of (/jn (w, ﬁ) and U, (J;, ﬁ) implies that

22, (h) Moo (R)

n

Using the inequality +/]ab] < 271 (|ay| + |[b/yl), v > 0 we get from (3.27), (3.28) and (3.29)

(3.29) < (3/2) min [ﬁn(x,ﬁ),Un(x,ﬁ)]

U, (z, l_i) < (1+ V3/2+ (3/4)y) Uy (, E) + (2y) 'x* (=, i_i),
Un (, l_i) < (1+ (3/4)y)(7n (z, i_i) + (2y) U, (z, ﬁ) + (2y) " (z, E)
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Choosing y = 1/2 in the first inequality and y = 1 in the second we get for any z € R? and heH?

(3.30) (O (2, 1) = 3Un (2, 1)), < X*(,h);
(3.31) [Un(x,f_i) —4ﬁn(m,ﬁ)]+ < X*(w,ﬁ).

Remembering that b = 8p 4 22 we obtain from (3.30), (3.31), (3.25) and (3.13) for any h e He
o~ —. - _p _ d e n i
(3.32) /Rd By [Un (2, h) — 3Un (2, h)]" va(dz) < MZCHIn~ ke 2= (g (D)l
T - e —£ d . n :
(3.33) /Rd Ef[Un (2, h) — AU, (2, h)]" va(dz) < MZCPIn~ ke Zami i (@)lnt)l,

The second and third assertions follow from (3.32) and (3.33) with C}, = M3 01(75)- []

3.2. Proof of Theorem 2. Let f € Fyy(R, D). Introduce the following notations:

-1
a= {196[(61\/%) v (0203)]} ,
where ¢; = MyV2D, ¢ = %= and c3 = 2max {4In(M), (8p + 26) max;—1 41 + pi(a)l}.

3.2.1. Preliminaries. Recall that for any locally integrable function \ : R? — R its strong maxi-
mal function is defined as

1
(3.34) M (x) : szp va(H)
where the supremum is taken over all possible rectangles H in R¢ with sides parallel to the coor-
dinate axes, containing point x.
It is well known that the strong maximal operator A — 9[A] is of the strong (t,t)-type for all
1 <t <oo,ie, if A € Li(RY) then M[\] € Li(RY) and there exists a constant Cy depending on t
only such that

/ A(t)dt, =€ RY,
H

(3.35) [MA])]], < CellAle, € (1, 00].

Let m[\] be defined by (3.34), where, instead of rectangles, the supremum is taken over all possible
cubes H in R? with sides parallel to the coordinate axes, containing point z. Then, it is known
that A — m[A] is of the weak (1, 1)-type, i.e. there exists C; depending on d only such that for any
A€ Ly(R%)

(3.36) Z/d{x  [mA](z)| > ;,} < Couy YA, V3> 0.

The results presented below deal with the weak property of the strong maximal function. The
following inequality can be found in Guzman (1975). There exists a constant C > 0 depending on
d only such that

afes ) 2s) <o [ PO (n, A(f)')d}ol 50,

where for all z € R, In (2) := max{In(z),0}.
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LEMMA 1. For any given d > 1,R > 0, Q > 0 and q € (1, 00| there exists C(d,q, R, Q) such
that for any A € By 4(R) N Bq.qa(Q)

vz |MA(@)] =5} < O, R, Q)3 (L+ ()" 5> 0.

The proof of the lemma is an elementary consequence of the aforementioned result and can be
omitted.

Recall also the particular case of the Young inequality for weak-type spaces, see Grafakos (2008),
Theorem 1.2.13. For any u € (1,00] there exists Cy > 0 such that for any A\ € L; (Rd) and
A2 € Lyoo (]Rd) one has

(3.37) A1 % A2[luc0 < Cull A1 | A2]u,00-

Auxiliary results. Let us prove several simple facts. First note that for any n > 3 for any h e Hq

d
(3.38) An(h) < e3 [m OED 1n(nj)y].

J=1

Second it is easy to see that for any any n > 3,

Fo(7) < Fa () 1(Vi/ Vi), Ga(il) < Gu(BU(Vi/Vy), Wi € (0,000 77> I,
where I(v) = v1(1 + Inv). Since 77 > h implies Vi > Vi and I(v) < 1if v > 1, we have
(3.39) Fo(7) < Fu(h), Gu(7) < Gu(R), Vif,he (0,00)%: 7> h.

Then by (3.38) and the second inequality in (3.39), we have:

AM oo A (17
(3.40) sup y () e
Fend: >k 3N Hj:l 77j(77j A 1)K

S CQC3Gn (ﬁ)

Now let us establish two bounds for || Uy (-, H) Il oo-

1%a. Let u = co. We have in view of the second inequality in (3.11) for any 7 € H?

d
o (2, 7) < VD|M(,7) |, < MovD [ ;2 (0 A1), v € RY
Jj=1

It yields for any z € R? in view of the first inequality in (3.39)

(3.41) sup \/%(ﬁ)a?(aj,ﬁ) < sup cl\/aFn(ﬁ) < cl\/aFn(E)

e 72k " e d: ik
Then gathering (3.40), (3.41) and by definition of a, we have
(3.42) 105 (1) oo < (1960) " [Fn (R) + G (R)].
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1%°b. Another bound for ||U;: (-, ﬁ) |l is available regardless of the value of u. Indeed for any
7 € H? in view of the first inequality in (3.11)

d
o(z,7) < || M( )|, < Mo [[ 75 (nj A1), vz e RY
j=1

It yields for any z € R? and any n > 3

P = In n)+ d_ In Un -
- \/”(”)U(W < sup \/EMOO\/ () + L [ )] VIean MaoGn (B).

d ]
FEM: 7>h " qeNd: iT>h Vi TTG=y j(ng A 1H)

Then gathering with (3.40) again, we have ||U:;(,ﬁ)||oo < [(V2e3nMu) Vv (0203)]Gn(ﬁ) for any
h e Hl and, therefore,

(3.43) inf [|Uy (-, ) oo = 0.
heH

To get this it suffices to choose i = (b, ..., b) and to make b tend to infinity.

20, Let now u < oo. Let us prove that for any 3 > 0, s € {1,u} and any f € Fy (R, D)

(3.44) vy <$ eR?: sup U, (ZE, 7, f) > 3> <cs [53_2F3 (ﬁ)]s,
TEHL: T>h

where we have put Z/{,%(',ﬁ, f) = 2n_1)\n(ﬁ)a2(-,ﬁ') and D=1ifs=1and D= D ifs=u.
Indeed, if s = 1, applying the Markov inequality, we obtain in view of the second inequality in
(3.11) for any 77 € H?

(3.45) Vg (:U eR?: Un (2,17, ) > 3) < 2(n32)_1)\n(ﬁ')/ o? (z,7)va(dz)
— 9(ns2) 1 = A2 2(122)~1 )‘N(ﬁ)
= 2(ng?) " A\ () | M (-, 7)[[; < 2M3 (n5?) T,y ny A 12

Here we have put cg = 2MZ2c3c3 and to get the last inequality we have used (3.38).

To get the similar result if s = u we remark that 02(-,77’) = MQ(-,ﬁ) *p(+) and that MQ(-,ﬁ) €
L;(RY) in view of the second inequality in (3.11). It remains to note that f € Fgu(R, D) implies
pe ]BEIOZ)(D) and to apply the inequality (3.37).

It yields together with the second inequality in (3.11) for any 7 € H?

< ce3 °Fy (7).

(3.46) vy (:L‘ eRe: Un(a:,ﬁ, f) > 3) < [CﬁCuD5_2F,3 (ﬁ)]u
Thus, denoting C' = 1 if s = 1 and C = Cy if s = u, we get from (3.45) and (3.46)

(3.47) Vd<xem<d: s Un (2,7, f) 2;,) <Dy Y ER().
e =h FEH: ﬁZFL
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It remains to note that since 7], h e He and 7> h we can write n; = €™ h; with m; > 0 for any
j=1,...,d. It yields together with the first inequality in (3.39)

d
SR <ErE) X (1 my) e el ().
neEH: ﬁZI_i (m1,...,mq)EN? j=1

Hence, (3.44) with ¢5 = ¢7[egC]® follows from (3.47).
3°. Let cx > 1 be such that supp(K) C [~ck, cx]?. We have

S (. f)| = ‘/Rd Kyt — o) f(Hva(dt)| < Qex) K[| f[)(x), VA € (0,00)".

If h = (h,...,h),h € (0,00), the latter inequality holds with m[|f|] instead of 9M[|f|]. Thus,

(3.48) sup [ By (w, f)| < 3Q2ex) 1K oMl f1](2) + |f(2)], VzeR,
heH

where we have denoted My = M if H = H? and My = m if H = H2

isotr*

Moreover, we deduce from (3.48) and (3.43) putting T%(z, f) = By (z, f) + 49Uy (-, }_i) that

(3.49) %EQ’TE(““” £ < 3Qex) 1K |oeMall fl)(z) + | f(2)]-

3.2.2. Proof of the theorem. For any v > 0 set Cy(f) = {z € R?: T(z, f) > v}, where we have
put T(z, f) = infj ;|75 (=, f)|. For any given v > 0 one obviously has

. p ﬁvp_ly v T Py (dz
(3.50) ITC )2 < p /0 2(Col ) dw + /c,,m T (. f)Pva(dz)

Denoting Wv(f_i, f)={recRe: 49U} (;13, E) > 2719} we obviously have for any heHand v>0
(3.51) va(Co(f)) < va(A(, f,0)) +va(Wo(h, f));

(352)  |T(x, f)Ple,n(@) < 22|Byla, Ny 50 + 98U (2, 2) Ly, G py (2);

IN

IN

(3.53) va(Culf)) < va(r € RY: 3(2ex) | KllooMal £} (@) + |f(2)] > v).

The last inequality follows from (3.49). Set U (3;, fz, f) = SUDjgd. >, Uy, (:z:, 7, f)
1°. Noting that Uy (z, ﬁ) <uy (ac,i_i, f) + (196a)"1G, (f_i) in view of (3.40), we get
(3.54) Wy (h, f) C {x e RY: 49U (2, 1) > 4—10} = Wy(h, f), YheH).
Applying (3.44) with s =1 we deduce from (3.51) that
va(Co(f)) < va(A(h, f,v)) +196%cs0 2F2(R), Vh € $H(v).
Noting that the left hand side of the latter inequality is independent of h we get

(3.55) v4(Co(f)) < max[1,196%c5]A(v, f).
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20, Let us establish the following bounds, where cg is given in the paragraph 2%b. below.
For any u € [1, o],

(3.56) va(Cu(f)) < max[1, e5196%, c5196™ D a®™]{A(v, f) A A(v, f,u)}, Vv > 0.

and for any u € (p/2, o],

(3.57) /c | 0 NPralde) < maxt2?, 09l (v w), o> 0

2%a. Let u = co. We remark that W, (h, f) = 0 for any h € $(v,2) in view of (3.42). Thus, we
deduce from (3.51), (3.52) and (2.6), taking into account that the left hand sides of both inequalities

-

are independent of A

(3.59) w(CD) SAw o0 [T fPvadn) < Ay(0.£,00),
This inequality and (3.55) ensure that (3.56) and (3.57) hold if u = co.
2%b. Let u < co. Applying (3.44) with s = u, we obtain in view of (3.54)
Vd(WU(H, f)) < 051962“D“v*2“F,3“ (i_i) < 51962 D%a?" 2 Y, Vh € (v, 2)
It yields together with (3.51)
(3.59) va(Co(f)) < max|[1, 51962 D% a?"|A(v, f,u).

This inequality and (3.55) ensure that (3.56) holds if u < oco.
What is more, we have in view of (3.40) and (3.54) for any h € H(v)

}U: (.%', f_L') ‘plwv(}_{,f) S QP‘U;: (IB, E, f) ‘plwv(af)

Moreover, applying (3.44) with s = u, we have for any y > 0 and h e (v, 2)
ud(Wy(ﬁ, f) < 519622 DYy 2 f2u (i_i) < 519620 DYy~ 2 (qv)?Uz 7Y,

Hence, if additionally u > p/2, we have for any he (v, 2)

[ i) Pan) < 2 [T )y

Wy (h, f) v
[ee]
= 051962uDua2u2ppv2“z_u/ yP T2y = P v

This yields together with (3.52)

(3.60) /c T DPva(dn) < mas(2?, 98y ().

This inequality ensures that (3.57) holds if u < co.
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39, Recall that f € F,(R) implies that f € By 4(R). Since additionally f € Bqa(D), g > 1,
Lemma 1 as well as (3.36) is applicable and we obtain in view of (3.53)

va(Co(f)) < crov™ ' (1+ |nv|)'™® vy > 0.

It yields for any v > 0 and p > 1
v v

(3.61) p/ vl (Co(f))dv < Clop/ P2 (14 [Ino]) @dv < 3277 (1 + [ Inw])" .
0 0

In the case of t(H) = 0 the last inequality is obvious and if ¢(H) = d — 1 it follows by integration
by parts. The assertion of the theorem follows now from (3.50), where the bound (3.61) is used for
any v < v, the estimate (3.56) for any v € [v, ] and the bound (3.57) with v = v. []

3.3. Proof of Theorem 3. The proof of the theorem is based essentially on some auxiliary state-
ments formulated in Section 3.3.1 below.

Some properties related to the kernel approximation of the underlying function f are summarized
in Lemma 2 and in formulae (3.62). The results presented in Lemma 1 and in formulae (3.63) deal
with the properties of the strong maximal function. In the subsequent proof ci,cs, ..., stand for
constants depending only on 3,q,¢g,K,d, R, D,u and q.

3.3.1. Auxiliary results. Let J denote the set of all the subsets of {1,...d} endowed with the
empty set (). For any J € J and y € R? set y; = {y;, j € J} € RV and we will write y = (y7,95)
where as usual J = {1,...d} \ J.

For any j =1,...,d introduce the d x d matrix E; = (0,...,e;,...,0) where, recall, (eq,...,eq)
denotes the canonical basis of R%. Set also E[J] = 3 jes Ej. Later on Eg = E[f)] denotes the matrix
with zero entries.

To any J € J and any A : R? — R associate the function

Ay 27) =Mz +EU(y - 2)), 2R,

with the obvious agreement A\; = X\ if J = {1,...d}, which is always the case if d = 1.

For any h € H% and J C {1,...d} set K j(ug) =Tles h;llC(uj/hj) and define for any y € R?

(Ko, (y) = L 7ws =y Ay, ur)v g (dug),

where Y is the Lebesgue measure on RV, For any i_i, 7€ HE set
By, (. f) = |Sgy(x. f) = Sy, )]

LEMMA 2. Let Assumption 3 hold. One can find k € {1,...d} and a collection of indezes
{j1 <Jo < --- <jk} € {1,...,d} such that for any x € R% and any f: R - R

k
Bﬁ,ﬁ(x’ f) S Z ( ['Kﬁ\/ﬁ‘ (@] bhjl’f’jl]]l (%) + DKﬁ‘ (@] bhjl’f’jl]]l (ZE)>7
=1
k
By(z,f) < Y. [!Kﬁ\ Obhjl,f,jzh (),  Ji={j,.- 0}
=1
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The proof of the lemma can be found in Lepski (2015), Lemma 2.
Also, let us mention the following bound which is a trivial consequence of the Young inequality
and the Fubini theorem. If A € L¢(RY) then for any t € [1, o0

(3.62) sup [[[K5 0 ALl < ISl VA € H.

To any J € J and any locally integrable function \ : R? — R, we associate the operator

(3.63) M) (w) = sz [ A+ B — )y (at)
(g NN H 5

where the supremum is taken over all hyper-rectangles in RI”! containing 7 = (w;,7 € J) and with
sides parallel to the axis.

As we see 9 ;[)] is the strong maximal operator applied to the function obtained from \ by fixing
the coordinates whose indices belong to J. It is obvious that My[A] = M[A] and My 5[N] = A

The following result is a direct consequence of (3.35) and of the Fubini theorem. For any t € (1, oo
there exists C¢ such that for any A € Lg(R?)

(3.64) sup || [A][], < CellAlle-
JEJ

Obviously this inequality holds if t = co with C,, = 1.

3.3.2. Proof of the theorem. 1°. We start with the following obvious observation. For any
AR SRy, ieRYand J €

(3.65) [Kgz oA s(x) < 2ec||Klloo) M\ (2), Ve R

Putting C; = (2¢x||K||00)? we get for any h, 7 € H? and 2 € R? in view of (3.65) and assertions of
Lemma 2 that

d d
By A(x, f) <2C1 ) supIMy[by, 53] (), Bylx, f) < C1 Y supMy[by, 5] ().

=1 7€3 =173

Thus noting that the right hand side of the first inequality above is independent of 77, we obtain
d

(3.66) Bi(x, f) <5C1 Y supMy by, rs](x), Vo € RY VheHe.
— JeJ
7j=1

Applying (3.64) with t = co, we have for any v > 0 in view of the definition of J(k,v)

By(z, f) < 5C Z Supm(][bhj7f7j:|($)+501 Z sup

M [on,. 1] |

jedo) IS
< 5Ch Z sugimj[bhj,f,j](m)+501 Z Bj,oof(hj)
i) S jeT(hw)
(3.67) < 5C Y supMyby,p)(x) +47 0, VfET.
— Je3
jeJ(hw)
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We obtain for any f € F, v > 0 and 5 = (s1,...,sq) € (1,00)?, applying consecutively the Markov
inequality and (3.64) with t = s,

Vg {A(E, 1, 1))} < l/d<UJ€3 Ujej(i_i,v){m : 5019ﬁj[bhj7f,j] (q:) > (4d)*1v}>
(3.68) < Z v_stbhj7f,jHZ <a Z v [Bj,sj,]F(hj)rj-
je€I(h,v) jeJ(hw)

Noting that the right hand side of the latter inequality is independent of f and the left hand side
is independent of §, we get

3.69 ey b sup{A(v, f) A A(v, fu)} < Ag(v,F,u) A Ag(v,F), Yo >0, §€ (1,00)%
! feF

20, Note also that in view of (3.67), we have for any v > 0

/A (i oy 5 Dl

< e / ‘ > sup My [ba, g5 (2)

A(H,f,v) jEJ(H,v) JEJ

p

vg(dx) + e3vPyy {A(l_i, 7/, v)}

3123 My [bhpfﬂ]( )‘pyd(d:v) + vPyy {A(ﬁ, f, v)}] .

(3.70) <ey [ >

jeJ(hw) A(H’f’”)

For any v >0 and 5 =1,...,d, introduce

Aj(v) = {l‘ cRY: ngfmj [bhyfo] (x) > (4001)_11/}, Aj(v) = A(i_i, 7, v) N Q_lj(v).

Noting that in view of (3.67) for any v > 0 and any j € J(h,v)

Aj(v) C {xe]Rd: 5C Z supimj[bhwfk]( ) >v/8}
keJ (i), ket "
C {xeRd: 5C4 Z supfmj[bh],ﬁ ](:):) ZU/S} ::A*(ﬁ,f,v),

ked(ho)

we deduce from (3.70) that for any ¢ € [p, 00)?

/(ﬂ )|B xf!ydda: ) < ey Z/

Alh
jeJ(h,v)

+c5oP [Vd {A* (H, fs v)} + vy {A(ﬁ, I U) }]
sup My [bh],ﬁ ] HZ + esv? [l/d {.,4* (ﬁ, f,v)} + vg {A(ﬁ, 7, v)}}

JeJ

p
sup My [bp, 7.5] (= )‘ va(dz)
Jey

(3.71) < ¢ Z Pl

j€J ()

It remains to note that similarly (3.68) for any 5 € (1, 00)?

va{ A (R fo)} <er 30 o[l
jej(f_i,v)
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and to apply (3.64) with t = ¢; to the each term in the sum appeared in (3.71). All of this together
with (3.68), applied with 5= ¢ yields for any v > 0 and ¢ € [p, c0)?

/~ 1By (x, /)P va(dz) < co Y VP by g4l < o > Up_qj[Bj’qﬂ"F(hj)rj'
A(R.f) jed(ho) JE€T(hyw)

Noting that the right hand side of the latter inequality is independent of f and the left hand side
is independent of ¢, the we get

(3.72) sup Ap(v, f,u) < cgvPAg(v,F,u), Yo >0, ¢€p, 00)?.
ferF

The first assertion of the theorem follows from (3.69), (3.72) and Theorem 2.
39. Remark that in view of (3.48) and (3.35) f € Bq.q(D) implies

(3.73) 185 )l < [32ex)?IKN1%Cq + 1] D, VA € (0,00)%,

q

where Cgq is the constant which appeared in (3.35). Hence for any v > 0 and q € [p, c0)
(3.74) / 1B )Praldae) < 297 P09 B (- £)][E < crgoP
AR f0) 4

Remind that $(v) # 0, H(v,2) # O whatever v > 0 and 2z > 2, see Remark 2. Hence, in view of
(3.74) for any f
Ap(v, fiu) < lI>1£ [Clovp_q + Z_u] = ¢cypvP ™A

It remains to note that the right hand side of the obtained inequality is independent of f and the
second assertion of the theorem follows from this inequality, (3.69) and Theorem 2.

4°. Since C = 1 we obtain in view of (3.73) for all f € Bog 4(D)
1820, )l o, < [3Qex)?lIKIL +1]D, VA € (0,00)%

It yields for any § € (1,00) in view of (3.68) if q = oo

/A(ﬂ ) |Bj;(z, )| va(dz) < crivg {A(ﬁa f,v)} ez Y v [Bxs,w(hj)}

J€J(h,v)

Sj

Since the left hand side of the obtained inequality is independent of f and the left hand side is
independent of § we conclude that

(3.75) iugAp(v,f, u) < epAs(v,Fou), Yo >0, §e(1,00)"
€

The third assertion of the theorem follows now from (3.69), (3.75) and Theorem 2.
5% We have already seen (Corollary 1), that BE(~, f) < 2sup,eqpn<p Byl f) if h=(h,...,h) €

’Hidsotr. Therefore by definition of BE(" f):
d
(3.76) Bx(-,f) < 5 sup Bi(-,f) <5 sup sup [|Kq 0 b* ;] (2).
" neH:n<h K nEH:n<hj§::1Jeg H 7)‘ n,f,]}J
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where, remind 77 = (1,...,n) € Hl ... We remark that (3.76) is similar to (3.66) but the maximal
operator is not involved in this bound. This, in its turn, allows to consider § € [1, o).

Indeed, similarly to (3.67) we have for any v > 0, applying (3.62) with t = oo

(3.77) B;(z,f) <5 sup Z sup [| K7 Obnfa] (x) +4 ', VfeT.
neH:n<h Ej(ﬁ ) JEeJ

We obtain for any f € F, v > 0 and 5 = (s1,...,54) € [1,00)? applying consecutively the Markov
inequality and (3.62) with t = s;

vi (A f0)) <eis 3 v S o llY e Y o Bl ()]

jeJ(hw) neHm<h jeJ(h,y)

We note that the obtained inequality coincides with (3.68) if one replaces B; s, r(-) by B} 5; w(0). It

remains to remark that Bj s r(-) < B}, p(-). Indeed,

7,85,F

by ri(z) = hm sup by ¢.i(x).
w k=00 hed: e~k <h<v I

Therefore, by the monotone convergence theorem and the triangle inequality for any s € [1, 00)

Bioxh) = suplbvpglls =swp i || sup b
f€F eF koo ll gy e~k <h<h s
< sup lim ||, = sup E 5.5 F(V)-
eF oo Z ] fEF 7,8, F

heH: e k<h<h

The fourth statement of the theorem follows now from (3.69), (3.72), (3.74) and Theorem 2. []

3.4. Proof of Assertion 1. Obviously Fx (ﬁ, ) 00,d(Loo). Thus, we can choose D = Ly, and
q = 0o, which implies u = co. For any v > 0 let k(v ) (hl( ), ..., hq(v)), where

hj(v) =max{h € H: h< (LLoL;'0)"%}, j=1,....d,

and L € (0,1) is chosen to satisfy LLy < c. This in its turn implies LLy < 1.
This choice of h(v) together with the definition of the class Fg (ﬂ , L) implies that

(3.78) J(h(v),v) = {1,...,d}, Yv>0;
(3.79) h(v) € (0,14, Vo e (0,L7].

Moreover, there exists T := T} (5) < 00 independent of L such that

B(e)
(3.80) limsup (Inn)~! sup Z |In (h;(v))| < Ty, Vo= {(5”5(“) 1}

n—00 vEVR =1

m 1
Then set T = e2 T27=145(2) /Ty 1 2(LLg) 25,
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We have in view of (3.79) and (3.80) for all n large enough and any v € V,,

. T+ 2)1 .
(3.81) F,(h(v)) < d( 1+2) n: = < Ton/0nv™ 75
VAT, (hs(0) 574
(3.82) Go(R() < —DF2n (t2)n oy 5t

"I () T R () P

2B8(a) B(a)
Setting T3 = (v/2a"'T3) %@+ and Ty = (a~'T%)5@+1 we obtain in view of (3.81) and (3.82) for
all n large enough

B(a) .
(3.83) h(v) € Hv), Vv e [mﬁ“ahl}, h(v) € H(v,2), Yo € [Typn, 1],
B(a)
It is worth noting that 7 > 1, which implies 7y > 1, and &, @1 — 0,n — co. Choose

_B(a)
v = T46’I’1L+B ® , U= TSSOn'

Since h(v) € H(v) for any v € [v,D] in view of (3.83), we deduce from (3.78) and (3.81) for any §
Ag(v,FK(g, I_;)) < v 2F? (i_i(v)) < T25,07 27V vy e v, 7).

This, in its turn, yields for any §

(3.84) / vpflAg(v,IFK(g, E))dv < T56nZ (v, ),

where we have denoted 75 = T3 {1V |[p— 2 —1/8(a)| 7'} and

Z(v,0) = O o gy + 07O o 1) 10 (B/0) L2100
Moreover, since h(T) € (@, 2) in view of (3.83), we deduce from (3.78) that for any §
(3.85) As(v,Fx(B,L),00) = 0.

At last, putting Ty = Tf_l(l +InT3)"™ | we obtain

(p=1)B(x)
(3.86) l(v) == P (14 |In (0))!® < 766,77 (1 + Inn)*@,

Applying the third assertion of Theorem 3, we deduce from (3.84), (3.85) and (3.86) that

N (p—1)B(c) 7
RO Faoy 11 < OO To8, @ (1 + n)® + T35, Z(0,5) | + Cpn 2.

N[

After elementary computations we come to the statement of Assertion 1. |
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