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Abstract

We consider time-dependent viscous Mean-Field Games systems in the case of local,
decreasing and unbounded couplings. These systems arise in mean-field game theory, and
describe Nash equilibria of games with a large number of agents aiming at aggregation.
We prove the existence of weak solutions that are minimizers of an associated non-convex
functional, by rephrasing the problem in a convex framework. Under additional assumptions
involving the growth at infinity of the coupling, the Hamiltonian, and the space dimension,
we show that such minimizers are indeed classical solutions by a blow-up argument and
additional Sobolev regularity for the Fokker-Planck equation. We exhibit an example of
non-uniqueness of solutions. Finally, by means of a contraction principle, we observe that
classical solutions exist just by local regularity of the coupling if the time horizon is short.

AMS-Subject Classification. 35K55, 49N70.
Keywords. Variational formulation of Mean Field Games, local decreasing coupling, non-uniqueness.

1 Introduction

Mean Field Games (MFG) theory models the behavior of an infinite number of indistinguishable
rational agents aiming at minimizing a common cost. The theory was introduced in the seminal
papers by Lasry and Lions [19] 20, 2I] and by Huang, Caines and Malhamé [16] to describe Nash
equilibria in differential games with infinitely many players. A large part of MFG literature is
devoted to the study of MFG systems with increasing coupling. Heuristically, this assumption
means that agents prefer sparsely populated areas (indeed concentration costs), and it is well-
suited to model competitive cases. The increasing monotonicity of the coupling ensures existence
and regularity of solutions in many circumstances (see, e.g., [I3] and references therein, or the
courses at College de France by P.-L. Lions [22]); it is also a key assumption if one looks for
uniqueness of equilibria. Although those models have a wide range of applications, they rule out
the possibility to apply the MFG theory to analyse aggregation phenomena, that is when agents
aim at converging to a common state. To cite an example, in [I4], Guéant considered simple
population models where individuals have preferences about resembling to each other. Very few
results exist in this direction and they only deal with very particular cases. See [12], [15] and
[5], for the quadratic and linear-quadratic case. Our goal is to better understand this class of
“focusing” MFG systems, where the coupling is monotone decreasing and it is a local function
of the distribution, so that no regularising effect can be expected. Actually, non-existence, non-
uniqueness of solutions, non-smoothness, and concentration are likely to arise, as shown by the
first author in [I0], where the stationary focusing case is considered. In that paper, it is proven
that there exists a threshold for the growth of the coupling, after which solutions to the MFG



system may not even exist. Indeed, the focusing character of the MFG induces solutions to
concentrate and develop singularities.

Let us enter into the details of the kind of MFG systems we deal with in this paper. In order
to avoid boundary issues and exploit the compactness of the state space, we set our problem on
the N-dimensional flat torus TVV. Let Q = Q7 = TV x (0,T). We consider MFG systems of the
form

—u; — Au+ H(Vu) = —f(x,m(z,t)), in Q,
my — Am — div(VH(Vu)m) =0 in Q, (1)
m(z,0) = mo(z), w(x,T)=ur(z) onTV.

where [Ly modz =1, mg >0, mg € C*(TV) and ur € C?(TY). In the system above, the first
is the Hamilton-Jacobi-Bellman equation for the value function u of a single agent, the second
is the Kolmogorov-Fokker-Planck equation that governs the evolution of the distribution of the
population m.

Even more than in the competitive case, the assumptions on the Hamiltonian H, the growth
of the coupling f and the dimension of the state space will affect the qualitative behavior of the
system. Let us clearly state the assumptions we make throughout the article.

The Hamiltonian H : RY — R is convex, C'(R”), and has super-linear growth: there exist
v > 1, Cyg > 0 such that

Cy'lpl” < H(p) < Cu(lp]” +1), (2)

for all p € RY. Its Legendre transform, L(q) := sup,cpn {p-q— H(p)} satisfies for some Cp, > 0,

Cpllg]” —Cr < L(g) < Cr(lg” +1) (3)
1

for all ¢ € RY, where 7/ is the conjugate exponent of v, i.e. + +
convex.

The local coupling f : TV x [0, +00) — R, f > 0 is continuous in both variables, differentiable
w.r.t. the second variable and satisfies, for o > 0,

% 7= 1. Note that L is strictly

O f(z,m)| < ep(m+ 1)1 (4)

for all (z,m) € TV x [0,+0o0). Note that (4)) implies
cr o ¢ «

for all (z,m) € TV x [0,+0oc), but in general f is not bounded by above. Actually, what is
important here is to have a control on the behaviour of the coupling at infinity, rather than
requiring a restriction on the monotonicity of f, that need not be increasing with respect to m.
Note that f could also depend explicitly on time, without giving any additional difficulty. We
also mention that an additional regular dependence of H with respect to x could be easily added,
provided it preserves the growth requirement and convexity (see in particular (H2) in [§]).
Let

F(z,m) z/ f(z,0)do ¥(x,m) €TV x [0,+00), F(z,m)=0 otherwise,
0
we then have, for all m > 0 and a Cr > 0,
0 < F(z,m) < Cp(m®t +1). (5)

Before stating our results, let us have a look at the ones obtained in [I0] for the stationary
case. In this setting, scaling properties of the system and regularity of the Kolmogorov equation



can be exploited to prove that: if & < 4’/N, there exists a classical solution basically by means of
a control of the “energy” associated to the system. In other words, the decaying of the coupling
is well compensated by the regularising properties of the diffusion. If v//N < a < '/(N —4/),
such a control turns out to be more delicate, as aggregation may become the leading effect.
Therefore, existence of classical solutions can be obtained only under additional assumptions on
the coupling. In both cases, existence is shown by a blow-up method, together with Schauder’s
fixed point theorem. If a@ > +//(N —«'), it is shown that classical solutions may not exist, i.e.
concentration due to the fast decay of the coupling cannot be compensated by the diffusion.

In the evolutionary case, we expect a similar behaviour. Indeed, one of the tools that turns out
to be fundamental for understanding a MFG system of the form (1)) is its variational formulation:
let Ko C LOTH(Q) x LY(Q) be the pairs (m,w) satisfying |w|? m'=" e LY(Q), m > 0 and

/ (mes +w - Vo —Vm - Vy)dedt + mo(z)p(x,0)de =0 Ve € C’g"(TN x [0,7)). (6)
Q TN

then the energy functional £ associated with is defined on Ky o asﬂ

E(m,w) := /QmL (—E) — F(z,m) dxdt+/ up(x)m(z,T) dx. (7)

m T~

The functional £ shares many features with its stationary analogue, associated with the station-
ary problems considered in [I0]. On the other hand, some useful scaling properties are missing
in the parabolic case by the presence of time. Note that, due to the behaviour of f at infinity,
£ is not convex and it may not be bounded from below in general. Hence, the usual variational
methods that link minimizers of this functional to solutions of the MFG system cannot be used
in general for this case. However, if we restrict to the regime av < 4//N, the energy £ becomes
bounded from below; this key fact is proven in Lemma [3.2] Let us comment upon this last
assumption. In the stationary case, using the rescaling properties of the Kolmogorov equation
(that acts as a constraint), it can be shown that it is a necessary and sufficient condition for
the stationary version of the energy functional £ to be bounded from below. In particular, if
a > +//N, by scaling a test competitor one observes that the term — [ F(z,m) prevails on
J mL(—w/m), making the energy unbounded. In the evolutionary case, however, such a pro-
cedure does not apply directly, because any rescaling in the space variable changes the initial
datum and jeopardises the constraint . Nevertheless, this hypothesis is crucial in Proposition
where we prove estimates for a superlinear power of the term

/ mtt dxdt.
Q

in terms of ['mL(—w/m). Such an estimate is based on the Gagliardo-Nirenberg inequality and
parabolic regularity applied to the Fokker-Planck equation.
In what follows we will always suppose

/

i
a < —,
N
so that £ is bounded by below on K: for this reason, we will call this regime sub-critical. Under
this assumption, it can be shown through a convexification procedure that the energy functional
€ possess a minimum that can be linked to a weak solution (in the sense of Definition [3.1)) of the
MFG system. The idea is that variational techniques similar to the ones presented by the second

IThe term mL(—w/m) has to be intended equal to zero if (m,w) = (0,0) and +oo if w # 0 and m < 0.



author et al. in [§], can be applied to prove the existence of a weak solution to the convexified
MFG system. Then it is enough to prove that the solution of the convexified problem provides
a solution of the original one. Moreover, to have convergence of minimizing sequences in L¥+!
we also need (see Lemma [3.3)

- % hen +/ > 2
a<min{777,}: N Wen’Y_l ' (8)
N N+2-—v S when 1 <~ <2

Note that existence of minimizers in the superquadratic case, i.e. 7 > 2, is more delicate, and
requires additional restrictions on a.

When +' > N + 2, thanks to Corollary more regularity can be proven for weak solutions,
that are indeed classical ones.

When 2 < 4" < N +2, we are able to prove the existence of classical solutions only under the
additional hypothesis

a < min {M M} .
N N+2—+
In this case a penalisation argument allows to obtain a sequence of solutions applying Theorem
Then a series of a priori estimates will show the convergence of the sequence to a classical
solution of the original problem. These estimates rely on some blow-up techniques for which the
hypothesis on a and the requirement v/ > 2 (i.e. H is subquadratic) are necessary.

The main theorems are then the following. See Remark [2.1]and Definition [3.1] for the expected
regularity of (u,m).

Theorem 1.1. Suppose that , hold, v/ > N + 2 and

/

y
< —.
YSN

Then, there exists a classical solution (u,m) of such that (m, —mVH(Vu)) is a minimizer
of £ in Ky o.

Theorem 1.2. Suppose that , hold, 1 <~ < N +2 and

/ /
a < min 1,77 .
N N+2—+

Then, there exists a weak solution (u,m) of such that (m,—mVH(Vu)) is a minimizer of £
m K:'y’,a-

Theorem 1.3. Suppose that , hold, 2 <+ < N +2 and

- . ,.Y/ 7/72
[0} mimn-<s —, -~ (-
N' N+2—+

Then, there exists a classical solution (u,m) of such that (m, —mVH(Vu)) is a minimizer
of £ in Knysa-

A convexification argument has already been used by Briani and Cardaliaguet in [7] to prove
the existence of classical solutions for the case of energy functionals where the coupling is a
regularising function of m. In their setting, the energy is not necessarily convex, but it is
bounded by below. Their result is part of a more general analysis on stability of solutions in
MFG having multiple equilibria.



Up to our knowledge, the only examples of non-uniqueness of solutions available in the liter-
ature for the evolutionary problem are the ones presented in Briani and Cardaliaguet [7], Bardi
and Fischer [], by the first author in [I1], and in the recorded courses at College de France by
P.-L. Lions [22]. Here, we present a new example (see in particular Section that involves a class
of MFG systems where f(z,m) = f(m), ur = 0 and mo = 1. We show that the solution corre-
sponding to a minimum of £ is not equal to the trivial solution (@, m) = ((t—T)(f(1)+H(0)),1).
This follows by construction of a suitable competitor (m,w) for which £(m,w) < £(1,0). Note
that non-uniqueness is obtained in [7, 1] in cases where H € C? and T large enough (if H € C?
uniqueness for small time horizon T holds, see [3, []), while in [4] an example with Lipschitz
Hamiltonian and T > 0 arbitrary is discussed. In our examples, Hamiltonians can be C1#? with
0 < S < 1, and non-uniqueness of solutions shows up for all T' > 0.

Finally, one should expect similar features for the stationary and non-stationary problems
when the time horizon T is large. Conversely, if T" is small, the two settings may exhibit different
behaviours. As mentioned before, existence of solutions might be false in the stationary case when
the coupling is very strong. On the other hand, in the parabolic case a standard contraction
argument applies: we prove the existence of a classical solution of for small T, without
requiring any assumption on the growth at infinity of f.

Theorem 1.4. Suppose that f,H € C3, up € C*8 and mg € C?V for some 0 < v < f < 1.
Then, there exists T* > 0 such that for all T € (0,T%], has a classical solution.

The idea is to exploit the local regularity of f and H (note that in Theorem f need not
be with controlled growth nor H to be convex); even if the coupling is very strong, during a
small time interval the distribution m remains close to the initial datum mg, without developing
singularities. Note that the contraction mapping principle ensures that solutions are unique in
a neighborhood of (ug, mg), see in particular Remark

We mention that the contraction theorem has already been used by Ambrose [Il 2] in the
MFG setting, to prove the existence of small, locally unique, strong solutions over any finite
time interval in the case of general local couplings, if mg is chosen sufficiently close to a uniform
density or if other “smallness” conditions are satisfied.

The paper is organized as follows: we first collect embedding theorems and estimates for
the Hamilton-Jacobi equation and Fokker-Planck equation. Section [3|is devoted to the proof
of Theorems and A non-uniqueness example is shown in Section [l Finally, the
appendix contains the proof of the existence of classical solutions for small T'.
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2 Notations and preliminaries

In the sequel, we will use the notation K = K, ,, and write explicitly the subscript if does



not coincide with v/, . P(TV) will denote the space of probability measures, endowed with the
standard weak™ topology.

We begin with the definition of some particular Banach spaces involving time and space weak
derivatives. Let Q = Qr = TV x (0,T) and » > 1. We denote by W,>1(Q) the space of functions
u € L"(Q) having weak space derivatives D?u € L"(Q) for any integer multi-index £ such that
|8] < 2, and weak time derivative u; € L"(Q), equipped with the norm

lullwz1 gy = llullr@) + lwllr@ + D IDZullLrq)-
1<]8|<2

Similarly, W}%(Q) is endowed with the norm

lullwoig) = lullir@) + Y 1DFullr@)-
18l=1

Finally, we denote by H"'(Q) the space of functions u € W;"°(Q) with u; € (W,,°(Q))’, equipped
with the norm

ull @) = Hu||W,%=U(Q) + ||UtH(W:;°(Q))/~

For a given Banach space X, LP((0,T),X) and C*?([0,T], X) will denote the usual Lebesgue
and Holder parabolic spaces respectively.

Remark 2.1. Under the standing assumptions on the Hamiltonian , in particular if H €
CHRY), we will say that (u,m) is classical solution to in the following sense (with a slight
abuse of terminology): first, u is (at least) C? in the x-variable and C! in the t-variable, and
solves the HJB equation in the classical sense. Second, m is a weak solution of the Fokker-Planck
equation. Since VH(Vu) is just bounded a priori, one expects m to be in L((0,T), H*(T™)) N
L>((0,T) x TV) and Holder continuous, while m; € L2((0,T), H~1(TY)) (see, e.g. [I7, Chapter
3]). Note that scarce regularity of VH is the only obstruction for m to be a classical solution:
if H e C?% a € (0,1), by Schauder estimates m is indeed classical (for example, as in Theorem
. In this way, we can deal with model power-like Hamiltonians of the form

H(p) = Culpl”, ~v>1
We recall here some embedding properties enjoyed by H™'(Q).
Proposition 2.2. The following embeddings hold.

(i) If 1 <r < N+2, then H"'(Q) is continuously embedded in L*(Q), for all 1 < { < S\][VJ:E?:

(ii) If r > N 42, then H"'(Q) is continuously embedded in L*(Q), for all 1 < £ < oo.

(iii) If r > N + 2, then there exist v,0 € (0,1) such that H"'(Q) is continuously embedded in
cov ([0, T],C%%(TV)).

(iv) If 1 <r < N + 2, then H™'(Q) is compactly embedded in L'(Q), for all 1 < { < %VJ;;?:

Proof. A proof of the continuous embeddings (i) and (i) can be found in [24] Theorem 7.1]
(see also [6, Theorem 6.2.2 (i), and refs. therein]), in the case Q = RY x (0,T), that is, for all
@€ H Y (RN x (0,T)) it holds

Gl ey x0,1)) < Cllttllagr1 @™ x(0,1)) 9)



for some C' > 0 not depending on %. To derive the same embeddings for @ = TV x (0,7T), it is
sufficient to construct by standard methods a linear operator extending continuously H™! (T x
(0,7)) to HY(RYN x (0,T)). In particular, fix any x € C5°(RY) such that y = 1 on [0, 1]V.
Then, any u € H™ (TN x (0,T)) can be extended naturally to a function on RY x (0,T) that is
periodic in the z variable, i.e. u(z,t) = u(x + k,t) for all k € Z¥ and a.e. (z,t) € RN x (0,T).
Let @(xz,t) = x(z)u(z,t), then one has

|Gl 3¢r1 &~ x0,7)) < C1llullggr1 oy x0,1)) (10)

for some positive constant C; that depends only on the choice of x. It is then sufficient to
combine (9), and the fact that u = @ on [0,1]" to conclude (i) and (ii).

As for (i), see [6, Theorem 6.2.2 (ii)].

Finally, the proof of (iv) of relies on the so-called Aubin-Lions-Simon Lemma. Let 1 < r <
N + 2. Note first that W' (TV) is reflexive and separable. Therefore, L"((0,T), (W (TNY)
is isomorphic to (L" ((0,T), W (TN))Y, and the latter space coincides with (W:,’O(Q))’. Since
WEO(Q) coincides with L™((0,T), W (T™)), we have that the space H™1(Q) is isomorphic to

E={ueL((0,7),W-" (TN)), us € L"((0,T), (W (TV))}.

As WLT(T¥V) is compactly embedded in L"(TV), and L"(T¥) is continuously embedded in
(W' (TN))'| the Aubin-Lions-Simon lemma (see in particular [27, Corollary 5]) states that E is
compactly embedded in L"(Q). Hence, H™'(Q) is compactly embedded in L"(Q) and the result
follows for 1 < /¢ < r.

Let now u, be a bounded sequence in H"!(Q); we may extract a subsequence u,, that
(N+2)r
N+2—1r"

converges to u strongly in L"(Q). For any r < ¢ <
0 < 0 < 1 such that

by interpolation, there exists

6 -6
||unk — Un, ”LZ(Q) < ||unk — Un; ||L’(Q)Hunk - unj' ! (N+2)r — 0,
LNF2=7(Q)
(N+2)r
as j,k — oo, being u,, bounded in H™(Q) and hence in LN+§2—T(Q) by (i). Therefore, up,
converges strongly in L‘(Q) also. O

The following is a classical Holder regularity result for Hamilton-Jacobi equations with
quadratic or sub-quadratic Hamiltonians.

Proposition 2.3. Let Q be a bounded domain of RN and H € C(RN). Suppose that v is a
classical solution to

—vy — Av+ H(Vo) = W(z,t) inQ=Qx(0,7), 7>0
and that for some K > 0,
i) ol s IW e s I Pl gy < K,
i) |Hp)| < K(]p]* +1) for all p e RY.

Then, for all ' CC Q, there exists C > 0, 8 > 0 (depending on K,, but not on 1), such
that
[Vollgo.s@rxo,7)) < C-

Proof. See [17, Theorem V.3.1]. O



2.1 Regularity of the Fokker-Planck equation

In what follows, let m € L'(Q) and A be a measurable vector field such that m is a weak solution
of the Fokker-Planck equation

{mt —Am+div(Am) =0 in Q, (11)

m(z,0) = mo(x) on TV.
Suppose |A|’Y/m € LY(Q), for a4’ > 1, and set E to be the quantity
E = / |A[" m dadt.
Q

In this section we will state some regularity results and a priori estimates for m, depending on
E, that will be used in the sequel. We stress that our aim here is to obtain regularity of m in
terms of |A|m!/7’, rather than in terms of |A| itself. The former quantity is indeed associated to
the energy of the system. The exponent 7' and « used in this section are not necessarily linked
with the ones given by the hypotheses on H and f (unless otherwise specified).

Note that, by setting w := Am on the set {m > 0}, and w = 0 where m vanishes, the couple
(m,w) solves

my — Am +div(w) =0 in @,
m(z,0) = mo(x) on TV,

and E can be rewritten as £ = fQ |w/m|7/m dxdt. Recall that £ < +o0, since we assumed
|A|""m € L*(Q). The proof of the following result follows the lines of [24, Proposition 3.2].

Proposition 2.4. Let m € L*(Q), for some £ > 1, be a weak solution of , and v be such
that
SRR P (12)
oy V)L
Then, there exists C > 0, depending on T, £, N,~" and ||[V'mo||pr(r~y, such that

’ 1
Imllar(q) < CLEMY [mll g + 1), (13)

where «y is the conjugate exponent of ~y'.

Proof. We first assume that m is a smooth function; we will remove this requirement at the end
of the proof. Let ¢ € C*1(Q) be a test function such that (-, 7) = 0. Then, being m a weak
solution,
/ m(—pr — Ap — A- Vo) dadt = mo(x)e(x,0)dz.
Q I

Hence,

mo(z)p(x,0)dr

‘/ m(—pr — Ap) dxdt‘ <
Q ™

+ / |AlmM Y m =Y | V| dadt,
Q
and, applying twice Holder inequality in the last term, we have

4 1
mo(@)¢(w,0)dz| + EYY [m]| /o) Vel gy (14)

TN

‘/ m(—p — Ap) dzdt‘ <
Q




where, r is as in .
Let now i = 1,..., N be fixed, and ¢ € C*1(Q) be the solution of

—py — A = |0p,m|""20,,m in Q,
{w(x,T) =0 on TV. (15)
Note that, by standard parabolic regularity (see, e. g., [I'7, Theorem IV.9.1]),
||7/)||Wf;1(Q) < C|8g;m[" HLT'(Q) - C||azim|‘z:(lQ)7 (16)
where 7’ is the conjugate exponent of r. Moreover, ¥(x,0) = — fOT Yy(x, ) ds on TV, therefore,

using Holder inequality,

/ Oz, mo(x)¢(x,0) dz
’]I‘N

< /Q |0z 0 (@)r (2, 8)| dwds < TY7(|0g,mol| Loy [l v
< C”w”Wf;l(Q)' (17)
If we now let ¢ = 0,,% in , integrating by parts, we obtain

[ (v - s s < + BV )l 19 o)

TN
and by and the fact that ¢ solves (15)),

/Q@ximrdxdt = ’/Qamm(—wt — Av) dxdt‘ < CH¢||W?/,1(Q)(1+E1/7l||m||1LQQ)).

Hence, using again ,

T T ! 1 r
IVmll5 o) —/Q|Vm| dedt < C(EYY |lml| /7 + 1) (18)

By Poincaré inequality and (16)), since ﬁ fQ mdxdt = 1, we infer

@) + T < CEYY |m||7 . +1). (19)

”mHLT(Q) < ”m - 1| LY(Q)

Finally, we multiply the Fokker-Planck equation by any test function (that may not vanish
at time T) ¢ € C*1(Q) to get

’/ mtcpd:vdt’ ‘/ Vm - Vgpdxdt' + BV Hm||1/7 ||Vc,0HLT,(Q)
< (IVmllz @) + B mll )V el
> miiLr(Q) m LE(Q) @l e (@)
where Holder inequality has been used for the integral of A - Vem as in . Hence

1
el o @y < CEYY [mllitg, + 1),

and by and we conclude.
If m is not smooth, consider a regularised sequence (m,,w,) := (M &,, w*&,), where &, is

a (space-time) smoothing kernel. Then, (mp)t — Amy, + div(w,) = 0 holds, and . is verified
with E, = f |wy,/mp|Y my, dedt. Since E,, — E as n — oo, see [9], eq. (2 19) in Lemma 2.7,
we obtain in the general case (actually, it is enough to invoke weak lower semicontinuity of

the functional fQ |w/m|"" m dz, ensured by convexity, to conclude).
O



)
The following is a crucial estimate that links the energy term ( fQ mot! dxdt) ,forad>1,

with the quantity E. The assumption « < 4'/N basically allows to apply the Gagliardo-Nirenberg
and interpolation inequalities.

Proposition 2.5. Let m € L“TY(Q) for some 0 < a < 4'/N, be a weak solution of . Then,

there exist C > 0 and § > 1, depending on T, o, N,~v and |[Vmgl| - o/ (at1) , such that
L ~'+a (TN)

(/Q m> ! dxdt)6 <C(E+1). (20)

Proof. Since ||m||p1(qy =T, if a = 0, we are done. Suppose then o > 0. Proposition applies
with £ = a + 1, so m € H"1(Q), where r = v'(a +1)/(y' + «). Hence, m(-,t) € WET(TY) for
a. e. t€(0,7). Let n :=r(N + 1)/N. By the Gagliardo-Nirenberg inequality (see in particular
[25] p. 125-126]), there exists C' > 0 such that for a.e. ¢,

I Oll e < € (|Vm<-,t>| Loy M O T, + ||m('7t)|L1(1rN)) ,

thus, by the fact that [y m(.,t)dz =1 for a. e. t € (0,T),

m"(z,t)de < C </ |[Vm(z,t)|" dz + 1) .
TN TN
If we now integrate the previous equality over (0,7, in view of , it follows that

N 1 1 4
Imllni)™ < CUmll g BYY +1).

It is now crucial to observe that o < +//N implies 1 < a + 1 < 7. Indeed,

Al YN+~
- ) P 1.
n=r—y— =+l N

Arguing by interpolation, there exists some 0 < § < 1 such that ||m/||fa+1(g) < C||m||9Ln(Q), S0

Il S ™ < Clmll g B + 1),
which implies
Imll 22 N < e+ ).
The inequality then follows setting ¢ := H'Y/(NZQ/I(QN)*”,. Note that § > 1 since /(N +
1)/(ON) =~ >+"/N > a.

O

We next state a proposition that gives a bound on the H™1(Q) norm of the solution of the
Fokker-Planck equation in terms of FE, for certain values of r that depends on 7' and N.

Proposition 2.6. Suppose that £ < K and |[m/|| gy < K, for some K > 0,

zoe(l,%) ifv < N +2,
by € (1,+00) if v/ > N+ 2.

10



Let r be such that

N+2 - /
re (1, N+3*7’) if v < N+2, (21)

r e (1,79 if v > N+ 2.
Then, there exists C > 0 depending on K,r,T,N,~' such that

Il < C-

Proof. Let the sequences /,,, 7, be defined by induction as follows: for a given ¢, let r,, be such
that

11 (1 1) 1 S 1

e V) b A

(N+2)ry,
N+2—7r,°

Moreover, £, 1 := ie.

11 1 1 n 1)\ 1
lbpyr T N+2 o N42 v )l

We use here the convention 1\2;2[2) =0, when v > N +2. Since 1 < {5 <

are increasing sequences. Indeed, we have

N+2 ,Y/a rnagn

by NA42—
lny1 B v'(N +2)

1
n_*/+1<1
Y

as soon as Y > N + 2, 0ras€n<$+_27/.

In the case v/ < N+2, £,, converges to NJ_X;F2 7,
(1), (ii) and Proposition we have that

while r,, converges to . By Proposition

N+3

1
1l nss ) < Cllmllagrnrigy < CLEYY [m] Y o) + 1),

so we obtain the assertion by iterating the last inequality a finite number of times.
As for the case v/ > N + 2, one argues in a similar way, with the difference that ¢,, — +oo
and r, — 7.
O

Together with the embedding results of Proposition [2.2] Proposition [2.6] allows to prove the
strong convergence of a (sub)sequence of weak solutions m,,, as shown in the following corollary.

Corollary 2.7. Let (m,, A,) be a sequence solving the Fokker-Planck equation in the weak
sense. Suppose that

:/ | A My dadt < K
Q

and [|my| e gy < K for some K > 0,

by € (1, N]X;Qw) if Y < N +2,
£y € (1,400) if v > N+ 2.

Then, up to subsequences, m,, converges:

e strongly in L'(Q) for any £ € [1 ,m), if v/ < N+2,

11



e strongly in L*(Q) for any £ € [1,+00), if v/ > N +2,
o in CO9(Q) for some @ >0, if ¥ > N + 2.

Proof. By Proposition my, is bounded in H"™!(Q), for all r defined as in .

If v < N+2, for any £ € [1, Ni\_[;fy/), we can find 7 € (1, %), < Ni\_’;_z,y, < N+2, such

that ¢ € [1, %ijz_)i) and m,, is bounded in H™!(Q). Hence it is sufficient to apply Proposition
2.2 (iv) to obtain that m,, converges strongly (up to subsequences) in L*(Q).
If v/ > N + 2 then for any ¢ € [1,400) we can find 7 € (1,7'), 7 < N + 2, such that

el %&;27);?) and m,, is bounded in H™1(Q). Therefore we can apply Proposition (iv) to

obtain that m,, converges strongly (up to subsequences) in L*(Q).

If v/ > N +2, we can find 7 € (1,7'), ¥ > N + 2, such that m,, is bounded in H™!(Q). Hence
by Proposition (iii), m,, is bounded in some C%¥([0,T], C%? (TV)) (compactness follows by
choosing § < min{¢’, v}).

O

2.2 Known results on convex MFG

For the reader’s convenience, we rephrase here some of the results from [§] that will be used in
Section [3] in the setting of this paper. We consider a MFG system of the form

—uy — Au+ H(Vu) = p(z,t,m(x,t)), in Q,
my — Am — div(VH(Vu)m) =0 in Q, (22)
m(z,0) = mo(z), w(x,T)=ur(x) onTV,

where the Hamiltonian, mg(-) and ur(-) satisfy the same hypotheses as before and the coupling
p: @ x[0,400) = R is continuous in all variables, strictly increasing with respect to the third
variable m, and there exist a > 0 and C4 such that
1
Ch
As noted in [8], p can depend explicitly on time. Moreover, we ask the following normalization
condition to hold:

m® —Cy < p(z,t,m) < Cym® + C4 Ym >0. (23)

p(x,1,0) =0  V(z,t) €Q. (24)
Let a,y be the exponents defined by the hypotheses on H and p, and define

g { WtYAEN) g > 3 o { e

400 if a<3 +00 if a<3
The following theorem corresponds to Theorem 3.3 in [g].
Theorem 2.8. Assume that holds true and let u satisfy in the weak sense

{ (1) —ut—Au+ H(Vu) < p(z,1)
(i) w(z,T) <up(zx),

with 8 € L@tV (Q), ur € L®°(TN). (Here (a4 1)’ is the conjugate exponent of a + 1). Then,
if u is bounded below, we have

lull oo 0,7y, 7 0ny) T llullo(@) < C,

with a constant C' depending on T, o, N, v, Cpr (appearing in [2)) and on ||B|| pcarvr gy, lur|l Lo ray -

12



This Lebesgue estimate holds typically for sub-solutions of Hamilton-Jacobi equations and is
a consequence of the divergence structure of the second order term.

Thanks to the above regularity for u and estimate on f, we look for weak solutions
(u,m) € LP(Q) x L**H(Q).

Definition 2.9. We say that a pair (u,m) € L?(Q) x L**t1(Q) is a weak solution to (22), if
(i) the following integrability conditions hold:

Vu € LV(Q), mL(VH(Vu)) € L*(Q) and mVH(Vu) € L'(Q).

(ii) Equation (I)-(i) holds in the following sense: inequality
—uy — Au+ H(Vu) < p(z,t,m) inQ, (25)
with u(-,T) < up, holds in the sense of distributions,
(iii) Equation (I)-(ii) holds:
my — Am —div(mVH(Vu))) =0in Q, m(0) =mg (26)
in the sense of distributions,

(iv) The following equality holds:

/Qm(x,t)(p(x,t, m(z,t)) + L(VH(Vu)(z,t)))dzdt (27)
+ /1rN (m(z, T)ur(x) — mo(x)u(x,0))dx = 0.

The following theorems correspond to Theorem 6.2 and to a part of Theorem 6.4 in [§].

Theorem 2.10. There exists a unique weak solution (u, m) to the MFG system . By unique-
ness, we mean that m is indeed unique and u is uniquely defined in {m > 0}. Finally, there
exists a solution which is bounded below by a constant depending on ||ur||c2(rv)y-

Theorem 2.11. Let (u,m) be the unique solution to the MFG system and define w =
—mVH(Vu). Then the couple (m,w) is a minimizer for

/QmL (—%) + U(z,t,m)dxdt + /JI‘N ur(x)m(z,T) dz,

over the set IC, where

U(x,t,m) :/ plz,t,o)do Y(x,m) € TV x [0,+00), W(x,t,m)=+oo otherwise.
0

3 Existence of solutions

In this section we discuss the existence of solution for the MFG system . We begin giving the
definition of weak solution. / )
Let o,y be the exponents defined by the hypotheses on H and f, and o < min {WN, ﬁ—v/} .

Let ¢ be defined as in Section 2.2}

; v
+00 if a<y;

13



Definition 3.1. We say that a pair (u,m) € L?(Q) x L*T(Q) is a weak solution to (I]), if it
satisfies Definition 2.9 with p replaced by the coupling — f.

Using the estimates obtained for the solution of the Fokker-Planck equation, we are able to
prove that the energy functional £, defined as in , is bounded from below over the set K.

Lemma 3.2. There exists c € R such that

c= inf E(m,w).
(m,w)eK

Moreover, suppose that for a sequence (m™, w™) € IC, there exists e € R such that E(m™,w™) <
e for alln € N. Then, for some c¢; (depending on e), and for alln € N

n'y'
/(m”)o‘“d:rdt+/ (“”)L,_ldxdtgcl.
Q Q (m”

Proof. Let (m,w) € K, hence m € L*t1(Q), w € L'(Q). Since m is a weak solution of the

Fokker-Planck equation with drift A = w/m, we may apply Proposition to infer the existence
of C >0 and ¢ > 1 (depending on the data), such that

5 ~
m*Hdzdt )| <C ﬂdmdt +1]. (28)
Q Qm !
Moreover, by and , we have that

’

|wl”

Emow) = C;"

QmV !

dzdt — C'F/ m®*dzdt — ||lur| ey — CpT (29)
Q

é
>C (/ m““da:dt) — C’F/ mo T dzdt — lur|| Lo (rvy — C,
Q Q

which has a finite infimum, since § > 1.
In order to prove the second assertion, it suffices to use (28)) for the sequence (m™,w™),

rewriting as
"’

C’Ll/Qw,_ldxdt < E(m™,w") +CF/Q(m")a+1dxdt+ luz | L ony + CrT

(mn)
, 1/5
w7 /
<c+C| | Sl —dwat+1)
o (mn)Y'=

and by we conclude. O

We prove now that, up to subsequences, a minimizing sequence of £ converges (in different
spaces, according to the value of 7') to a minimizer.
A key point here is that, thanks to the convexity of mL(w/m), lower semicontinuity of | omL (w/m)
in a strong topology will immediately imply weak lower semicontinuity w.r.t the corresponding
weak topology. In turn, (strong) lower semicontinuity can be easily verified in L'(Q) x L'(Q).
This result will be used several times in the following. We also refer to [26] Chapter 5] for a
proof of lower semicontinuity in a more general setting.

14



Lemma 3.3. Let (m™, w™) € K be a minimizing sequence, that is

E(m™,w") 2= c:=  inf E(m,w). (30)
(m,w)eK

¢
Then, up to subsequences, m"™ — m strongly in L*(Q) and w™ — o weakly in L7+ (Q), where:

o (el 555, f1<y <N +2

‘N
o (el 4+00), ify > N+2.

Moreover, if v/ > N + 2, then m™ — m in C%%(Q) for some 6 > 0.
In particular, we can always take £ = o+ 1 in the above statement, and, up to subsequences,
m"™ — m a.e. in Q. Then, the couple (m,w) is a minimizer of £ in K.

Proof. Let (m™,w™) € K be a minimizing sequence. By choosing n large enough, £(m™, w™) <
c+ 1, and Lemma implies that

jw" "
/Q dedt S C1

for some ¢; > 0. Note that since m'™ is a weak solution to the Fokker-Planck equation with drift
A" = w™/m",

’ n ’Yl
/|A"|7 m”dxdt:/ (lwlda:dtgcl. (31)
Q Q

mn)ﬁ/’fl

The thesis for m™ follows applying Corollary In all cases, m € L*TH(Q) (since a+1 < N]X;_Qv,
by ) and, up to subsequences, m"™ — m a.e. in Q.
Concerning w", for all ¢ such that m,, — m strongly in L*(Q), by Holder inequality

¢
‘o g 7’71 n|y' ~F -1
/ |wn|f/1571 :/ |wn|f/1171 < ||m”HZ[(“éf)1 </ dedt) <C.
Q {mn>0} Q

e
Hence, w™ converges weakly to w in L7+ (Q) and we can take in particular £ = o« + 1. The
fact that the limit (m,w) is a minimizer readily follows by weak lower semicontinuity of £, that
is ensured by convexity, and strong convergence of m,,. O

3.1 A convex problem

In order to find a link between the minimizer of £ and the solution of 7 being the energy & not
convex in (m,w) due to the presence of the term — fQ F(x,m)dxzdt, we convexify it by adding a
term that vanishes in m, the limit of the minimizing sequence m™. Therefore, let us define

E(m,w) = E(m,w) —l—/ G(z,t,m)dzdt,
Q

where for (x,t,m) € Q x [0, +00)

cy+1

G(z,t,m) = )

[(m+1)** — (m(x,t) +1)*+] -

S L m(a,1) + 1) (m — i, )
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and G(x,t,m) = +o0o otherwise. Then, for (x,t,m) € Q x [0,400)

1
g(axt,m) = amG(x,t,m) = ﬂ(m + 1)a -
Omg(x,t,m) = OpmG(z,t,m) = (cy + 1)(m + 1)1,

Note that G(z,t,m(t,z)) = OmG(z,t,m(t,x)) = 0 for all (x,t) € Q, and O, G(z,t,m) > 0 for
all m > 0, so that G(x, m) > 0 everywhere. Moreover,
cy+1

o (m(z,t) +1)* <

cy+1

S 00+ ~(m+1)° -

_etl
8]

(=f+9)(z,t,m) < (m+1)* (m(z,t) +1)%. (32)

Lemma 3.4. £ is convex on K, and it is strictly convex with respect to m, that is
_ — - 1
Eltm+ (1 —71)p, 7w+ (1 —7)v) < 7E(M,w) + (1 —7)E(p,v) — 57(1 - 7')/ P(m, p) dedt
Q

for all T € [0,1], (m,w), (u,v) € K, where ¢(z,y) = min{(z + 1)*~ L, (y + 1)* 1}z — y)%.
Note that if m, u € LT (TV) satisfy fQ Y(m, p) dedt <0, then m = p a. e. in Q.

Proof. Tt is standard to show that (m,w) — [, mL (=) dwdt + [1x ur(z)m(z, T) dz is convex.
It is then sufficient to note that Opm(—F + G)(z,m) = =0, f(z,m) + (cf + 1)(m + 1)~ >
(m +1)*~!, because of (). O

We consider now the MFG system associated to &:

—uy — Au+ H(Vu) = —f(x,m) + g(x,t,m),
my — Am — div(VH(Vu)m) =0 in Q, (33)
m(z,0) =mo(x), u(z,T)=ur(x) on TV.

Proposition 3.5. If v > 1, there exists a weak solution (@,m) to the MFG system ,
such that the couple (T, mVH(V#)) is a minimizer of the (convex) energy functional € in K.
Moreover, if v > N + 2, such a solution is classical.

Proof. 1. We consider first the case 1 <’ < N + 2.

In order to apply the standard variational theory for convex systems, see [§] and Section
we need to truncate m because estimate has left and right bounds which depend on (z,t),
while this is not the case for .

1.1 Let us, therefore, consider the truncated function mp; defined for M > 0, as

_ | m(x,t) V(zr,t) €@ st 0<m(xt) <M,
G { M otherwise

and the truncated energy functional

En(m,w) :==E(m,w) +/ G (z,t, m)dxdt,
Q

where for (x,t,m) € Q x [0, +00)

cy+1

cy+1
ala+1)

G]\/[(.’L‘,t,m) = o

[(m+1)* — (ma (2, t) +1)*1] - (s (z, ) +1)* (m—mpr (2, 1)).
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and Gps(z,t,m) = +oo otherwise. Then, defining for (z,¢,m) € Q x [0, +00)

Cf—‘rl _Cf—‘rl

(&%

gu (z,t,m) := 0, Gy (m,t,m) = (m(z,t) + 1) (mar(x,t) + 1),

we have, in particular, that for (z,¢,m) € @ x [0, +0)

Cf—|-1 Cf—l—l

%—f(x,O)-l— ! (m+1)* == (MA1)* < (—f+gu) (@, t,m) < %(mH)Q—T(MH)Q.

@
Thus &7 (m,w) is strictly convex w.r.t. m and it is precisely a functional of the type studied in
[8]. Indeed the coupling —f + gas is strictly increasing and continuous w.r.t. m and satisfies
. Note that it should also verify the normalization condition . This condition is satisfied
modifying Gy with Gps + (f(x,0) — gar (2, t,0))m. Since

+1 +1
0< f(,0) = gs(,,0) < O = L 4 Lo (0 4 1),

this will only modify the constants in the right hand side of the previous inequality for — f + gas.

Therefore, for all M > 0, Theorem gives us a weak solution (ups, mas) such that ups is
bounded below by a constant depending on ||ur|/cz and on |[H(Vur)||co-

1.2. We have now to show the stability of solutions with respect to this approximation. We
follow Section 6.4 in [8]. Note that it is enough to set A = Id in their second order MFG system
in order to obtain our truncated convex problem. On the one side, we are in a simpler case than
the one in [g], since we are only approximating the coupling function —f + ¢g with the sequence
— f+gur, while all the other data are not approximated. On the other, even if — f + g converges
locally uniformly to —f + g, the limit —f + ¢ satisfies the more general inequality , where
the right and left bounds depend also on (z,t) (not only in m). However, we have the additional
information that they are bounded in L'*= (Q), since i € L*+1(Q). Note that the fact that the
sequence — f + gps depends also on time does not add any difficulty as stated in the introduction
of [8].

Let wyr := —mpyVH(Vuyy). By Theorem the couple (mar, wyr) is a minimizer for € ;.
Proceeding as in [§] (or as we did for the minimizing sequence (m™,w") in Lemma [3.3), we can
prove that
|wn [’

7(mM)7,71 <C

LY(Q)

and for all M > 0, ¢ — mp(t) are uniformly Holder continuous with respect to the stan-
dard weak* topology in P(T%), see Lemma 4.1 in [8]. Hence, up to a subsequence, (mas,wyr)

Imarlletr@) + lwnmll v@en  +
L 7+ (Q)

‘(a+1)
converges weakly in LT1(Q) x L5 (@) to some (m,w) and mp(t) converges to m(t) in
C°([0,T), P(TN)) as M — +oco. It follows that (1m,w) satisfy @ m!'~" € L}(Q) and for all
p € C3°(TN x [0,T))

0= lim (mumer +wn - Vo + marAp)dedt + mo(x)e(x,0)dx
M —+o00 Q TN

:/ (Mmpr + W - Vo +mAp)dedt + mo(x)e(x,0)dz.
Q ™
Hence (m, w) satisfies (6) and belongs to K.

We claim that

limsup inf Epy(m,w)< inf E(m,w). 34
limsup inf_ M (m, w) o (m, w) (34)

17



Indeed,

limsup inf Ep(m,w)
M—+o00 (m,w)ek

< limsup/ mL (—E) — F(xz,m) 4+ Gp(x, t,m) dedt +/ ur(z)m(z,T)dz,
M—+o00 JQ m N

for all (m,w) € K. Now, the locally uniform convergence of G to G gives, by dominated
convergence theorem,

limsup/ Gy (z,t,m)dxdt = lim Gz, t,m)dedt = / G(x,t, m) dxdt.
M—+00JQ M —+o00 Q Q
Hence,
limsup/ mlL (—E) — F(x,m) + Gy (z,t,m)dxdt + / ur(z)m(z, T)dz = E(m,w)
M—+o00JQ m TN

for all (m,w) € K. Thus,

limsup inf Epn(m,w) < E(m,w)
M—+o0 (mw)eK

for all (m,w) € K and holds.
Let us now show that

liminf &y (mar, war) > E(m, 0).
M —~+oco

Recall that, by convexity, we have that (m,w) — mL(—w/m) is weakly lower semicontinuous,

hence 5
lim inf / may L (—wM) dadt > / L (—?’) dadt,
M —+o00 Q mpr Q m

moreover by the definition of F' and G; we have that
—F(x,m)+ Gy (z,t,m) = / —f(z,0) + gm(z,t,0)do V(z,t,m) € Q x [0, +00),
0

—F(xz,m) + Gp(z,t,m) = 400 otherwise.

Hence —F+G)y is lower semicontinuous and by convexity of —F+G s, weak lower semicontinuity
follows. Thus, by strong convergence of mjys to m in L®T1(Q), we have the convergence of
fQ Gy dxdt to fQ G dxdt, hence

liminf/(—F(x,mM)—i—GM(ac,t mM))dxdt>/( Fla, i) + G, t,m)) dadt.
M—+oco Q

Finally, by the weak* convergence of my(T) in P(T?) we have

li T)dx = dz.
M—I>IEOO TN uT( )mM * /]I‘N UT ) v

Hence,

Jl\ginoi; En(mar, war) =

liminf/ masL (_wM> —F(x,mM)—I—GM(x,t,mM)da:dt—i—/ ur(x)mpr(x,T) da
Q

M—+o0 mmr TN

> / L (-ﬁ”) — F(z,m) + G(z,t, 1) dxdt+/ ur(z)im(z, T) dz
Q m TN

= &1, w).
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Therefore, thanks to ,

E(m,w) < liminf Epr(mar, wyr) < limsup  inf  Ep(m,w) < inf  E(m,w).

M—+o0 M—+o0 (mw)ek (m,w)ex
thus
E(m,w) = lim Ey(muy,wy)= Ilim min Ey(m,w) = min E(m,w).
( ) M—+o0 M( M ]\/[) M—+o00 (m,w)eX ]\/1( ) (m,w)er ( )

In particular (7, w) minimizes £, and

lim [ muyL <—“’M) dadt = / il <—ﬁ”> dadt
M —+oc0o Q mar Q m

and

lim [ (= F (2, mar) + G (o, £ mng)) dadt = / (—F (2, ) + Gla, t,m)) dudt.
M —+oco Q Q

Since —F + GGj; are bounded below and —F + G is strictly convex, an argument using Young

measures as the one in [8], gives us the strong convergence of every subsequence of (m s, wps) to
_ "(at+1) _
a minimizer (m,w) of &, in LoT1(Q) x L %a (Q). Due to strict convexity of £ w.r.t. m, the

minimizer 7 is unique, and by strict convexity of L, we have uniqueness of w/m where m > 0.

By optimality, w = 0 when m = 0 (otherwise ﬁlL(*%) = 400), hence uniqueness follows also

for @w. Being the minimizer unique, the full sequence (mas, wys) strongly converges to (M, w).
1.3 We are left to prove that we can find a weak solution for from the minimizer (m,w).
Let Bar(z,t) := (—f +gar)(z, t,mar(x,t)) on Q. Thanks to the growth condition on — f 4+ gas

and the uniform bound of mjs in L**t1(Q), the sequence By weakly converges in Li*s (Q) to 8.
Being wujs uniformly bounded by below, Theorem gives

lunt |l oo 0,7y, 7 (avy) + luntllzo @) < C,

where

alN—~
i 2
+00 if a< ¥

i { Nota) o

Hence, up to a subsequence, uy; weakly converges to @ in LY(Q). Moreover, proceeding as in
[8] we can prove that Vuys converges weakly to V@ in L7(Q). Hence by convexity of H we have
that (i, §) satisfies

—y — A+ H(Vi) < inQ,

in the sense of distributions.
By Lemma 5.3 in [8] (which does not involve the coupling function hence it holds even for
our limit functions), we have

T .
Lo+ [ (e (-5)
TN 0 Q m
Moreover, for all M > 0, being (ups, mps) a weak solution of with coupling function — f + gy,
we have that is satisfied. For a.e. (z,t) € Q,

v
o

(35)

(=F+Gun)" (z,t, Brr)+(—F4+G ) (x, t, mar) = Bar(z, €)mar(z,t) = (= f+gn ) (@, t, mar)mas(x, t),
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(here, (—F 4+ Gjr)* is the Legendre transform of —F + Gy with respect to m), hence, by the
definition of wj; and By,

/ (—=F + G (@, t, Bar) + (=F + Gar)(z, t,mar) + marL (-“””) dzdt
Q mm

+/ urmp (T) — upr(0)modz = 0.
TN

Following Step 3 of the proof of Proposition 5.4 in [§] we can prove that

limsup/ UM(O)mdeS/ @(0)myg.
M—s+o00 JTN ™

Hence passing to the limit in the previous identity, due to the convexity of the functionals
involved, which implies weak lower semicontinuity, we have

/ (=F + G)*(x,t,8) + (—F + G)(x, t,m) + mL <—1~D) dxdt + / urm(T) — a(0)modz < 0.
Q m T

N
Using the convexity of —F 4 G, one obtains
(—F +G) (w,t,B) + (—F + G) (&, t,m) — Bla, yin(a, 1) > 0. (36)

Therefore (35]) is an equality, hence by Lemma 5.3 in [§], we have @ = —mVH (V). Moreover
holds a.e., hence 8 = (—f + g)(-,-,7). This proves that (@,m) is a weak solution for (33).
Note that this also implies that

N

/ (—F +G)*(x,t,8) + (=F + G) (=, t,m) + mL (—7{}) dxdt + / urm(T) — a(0)modx = 0.
Q m T

2. Suppose now that v/ > N + 2, so that, by Lemma m € C%%(Q), for a § > 0. Then,
Theorem 6.4 in [8] applies directly giving a weak solution (@,m) to our convex MFG problem
([33), with no need to truncate m, since there exists M such that 0 < m(z,t) < M for all
(z,t) € Q.

We just have to show that the weak solution (@, M) enjoys more regularity and it is indeed a
classical solution of (33). Indeed, by Corollary also m € C%9(Q), hence § := (= f+9)(-,-,m)
is Holder continuous on Q; moreover, we know by [8] that the pair (, ) is a minimizer of

inf [ (=F+ Q)" (z,B(z,t)) dadt —/ u(0, x)mo(z) dx, (37)
(uw.8)eK Jg T~

where K is the set of pairs (u, 8) satisfying (u, 8) € L?(Q) x L@+t1'(Q), (where (a +1)" is the
conjugate exponent of o + 1 and 1 is as in Definition , and

—u; — Au+ H(Vu) < inQ,

and u(T,-) < wup(-) in the sense of distributions. We may then consider the classical solution uq
to

—(u1)¢ — Auy + H(Vuy) = B(z,t) inQ,
u(T,-) = up(-). Then, by comparison, the couple (121,3) is still a minimizer of , so (u1,m)
is also a solution to (again by Theorem 6.4 in [§]). Since u; € C%(Q), m is a weak solution
of the Fokker-Planck equation in the sense of Remark
O
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Since the existence of a solution of the convexified problem has been established, we are now
ready to conclude the proofs of Theorems and

Proof of Theorem[I.1] and Theorem[I.4 We just need to show that the solution (@, m) of
given by Proposition is such that m = m and W = w, where (m,w) is given by Lemma
This will immediately imply that (@,m) = (4, m) is not only a solution of , but also a
solution of (T)), and the couple (m, —mVH(Vi)) is a minimizer of £ in K.

We observe that £(m,w) > E(m,w) (since G > 0), so

E(m,w) = (m’ilrul)felcé’(m, w) > (m,ifvl)felcg(m’w) = &(m,w) = E(m, ).

Hence (1, w) is also a minimizer of £. By strict convexity of £ with respect to m, m = m, and
by strict convexity of L we have that = = = on the set where i = m > 0. Being w = 0 when
m = 0, we also have w = w, as wanted.

O

3.2 2< v <N +2: smooth solutions

We show in this section that, when 2 < 7/ < N + 2, we can find smooth solutions through a
penalisation argument under additional hypothesis on «.
We consider the approximated (or penalised) Lagrangian

_n

N3 (N3 g e RN n >0,

Ly(q) == L(q) + lq

and the associated functional

m N

Ep(m,w) = /Qan (—E) — F(x,m) dzdt +/ ur(z)m(z,T) dx.

Note that the minimization of &, has to be performed on Kni3. C Ky o. We are basically
increasing the growth of L in order to gain regularity for minimizers of the energy. In particular, if
L grows faster that |g|*2, a solution of the Fokker-Planck equation, that enters in the constraint
IC, enjoys automatically Holder regularity (see Corollary . Note that a similar penalisation
argument has been implemented in [23] in the stationary setting. For any fixed n > 0, L,(q)
behaves like |q|V*2 as |g| — +o00, namely

ey VP = ey < Lylg) < eyl 2 + 1),

for all ¢ € RY and some positive ¢, (depending on 7). The corresponding family of Hamiltonians
H, satisfy
_ N+3 N+3
hoy I Y2 — hy < Hy(p) < hy(Ip| Y2 +1),

together with additional bounds independent of 7. In particular, we have by that

—CL < —L(0) < Hy(p) = Slﬂl&[p ~q—Ly(q)] < s%gv[p ~q—L(q)l =H(p) < Cu(lp|” +1), (38)

where C' does not depend on 7. Moreover,

IVH,(p)] < C(Ip]"~" +1). (39)
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Indeed, by the definition of the Legendre transform,
Ly(VHy(p)) = VHy(p) - p — Hy(p) VpeRY.

Therefore, by (38,

-1

— 4 C ’
CLUVH D))" = Co < Ly(VHy(p) < [VHy ()| - [pl + C < =5=[VH,(p))[" + Clp|" + Cr,

which implies (39), as v/7' =~ — 1.
When 7 > 0 is fixed, H,, satisfies with v = %—ig, hence its conjugate v/ = N +3 > N + 2,
so Theorem applies. In particular, there exists a classical solution (u,,m,,) of

—up — Au + H,,(Vu) = —f(:z;m(m,?f)),

my — Am — div(VH,(Vu)m) =0 in Q, (40)
m(z,0) =mo(x), u(z,T)=ur(x) on TV,
such that, setting w,, := —m,,VH(Vu,), then (m,, w,) is a minimizer of &, in Ln13 .. We will

show that (u,,m,) converges as n — 0 to a solution of the original problem. Before proving
Theorem [1.3| we state some a priori estimates that will be crucial to pass to the limit.

Lemma 3.6. For all { € [1, Nf;fv,), there exists Cp > 0 such that

[mnllLeqy < Ce. (41)

Proof. We observe that &,(m,w) < & (m,w) for all n < 1 and (m,w) € Kn43,,. Hence,
Ep(my, w,) =min&, < min&; for all n < 1. Since

Ly(q) = L(q) + NL”\CJIN”’ > Ot gl —Cu,

arguing as in Lemma [3.2] and recalling that m,, solves the Fokker-Planck equation with drift
A, =VH,(Vu,), we get

/Qm%““dxdt+ /Q IV Hyy (V)| my dadt < C.

Then we can apply Corollary 2.7] to conclude. O

Lemma 3.7. Suppose that
< . ,Y/ ,_Yl _ 2
min{ —, ——— 5.
“ N'N+2—~
Then, there exists C > 0 such that
M|l @) < C (42)
for allp > 0.

Proof. By contradiction, let M,, > 0,z, € TV be such that

0 < M, :=my(xy,t,) = max my(z,t) > o0, asn—0.
(z,t)eQ
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1. Let us define the following blow-up sequences

vy(z,t) = a;’,*zun(anranx,thraf]t), oy (z,) = mn(:anranx,thra%t), a, = M;O‘/W*Q),

A
(43)
for all (z,t) € Q, = {(z,t) € RN : (2, 4+ ayz, t, + a2t) € Q}. Then, (vy, uy) solves
—(vn)e — Avy + ﬁn(vvn)/\: — o (@, i)
(n)e — Apy(z) — div(VH, (Voy(z)) py(2)) =0 in @y, (44)

pin (z, —ty/a2) = J\%nmo(x77 + ayx),
oy (, (T = ty)/a2) = 0@/_21@(9577 + a,x) on T, ,

where T,, = {z : z,, + a,z € TN}, ﬁn(p) = a;;lHn(a%_’/p), oz, p) = a;;/f(acn + ayx, Mypiy).
Note that

a, —0 asn—0,
and ﬁ,, satisfies for some C; > 0

—a) €y < Hy(p) < Cr(lp|” +a)') < Ci(lpl? + 1) (45)

for all n > 0 and p € RN, by . Similarly,

IVH,(p)| < C(lp|"~* + 1), (46)
by .
Moreover, p, <1 on @, and
0 < folw, ) < Cra) (M +1) < Cp(a2 +a]) (47)

for all n, by . Moreover, since 7' > 2, p1,, and v,, are bounded (uniformly in 7) in W?2°(T,)
at initial and final time respectively.
2. We show that v, and its gradient are bounded on @,,. It suffices to observe that

_ r_ (T —t
Uy(2,t) = a) 2 sup up(z) + Cra) ( 5 1 _ t> ,
z€TN an

’_ . , , T_ +
vy(@,t) = a3 = il ur(e) = (Cnay +Craj + Cray) ( e t)
n

are supersolutions and subsolutions respectively of the (backward) Cauchy problem for the HJB
equation in . Hence,

-C< Qn(zat) < vy(2,t) < vy(2,t) <C on Qy (48)

by the Comparison Principle. Proposition applies with an arbitrary choice of a ball Q' =
Bi(xp), as , , hold with constants that do not depend on xg, thus

Vgl Lo (B1 (20) % (~t /a2 (T—tg) fa2)) < C.

Therefore, ||V, L~(q,) < C.
3. The rescaled distribution u,, is a solution of the following linear equation

()t = Apy = div(®y(z, 1)) in Qy,
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where @, (z,t) = Vfln (Vg (x,t))pn(z,t) is bounded in L>°(Q,) uniformly with respect to 7, by
the previous step and . Note that || itself is bounded by one. Thus, by classical parabolic
regularity (see, for example, [I7, Theorem V.1.1]), we conclude that ||uy|co.6/2(0,17,c0.0 (7)) < C
for some ¢ > 0. It follows that j, is bounded away from zero in a neighbourhood of zero, as
tn(0,0) = 1. Therefore, for any fixed ¢ > 0, there exists some neighbourhood U of (z,t) = (0,0)
and § > 0, depending on ¢ but not on 7, such that

/U (1y)" dzdt > 6. (49)

We may choose ¢ so that

N+2<£< N +2
«
7/_2 N—|—2—’y”

by the assumptions on «. Thus, in view of ,

(N+2)

1 a1
/ uhaédmdt=:ﬂ4gjg (i + @y, by + a20) dedt = My 7 [y ey = 0
n n n

as 7 — 0, by the assumptions on o and the fact that M, — oo, but this contradicts .
O

Proof of Theorem[1.3 Once L*°(Q) estimates on m,, are in force, we just have to improve the
bounds on (u,,m,) to pass to (classical) limits in ([40). The Maximum Principle and
guarantee that u, is bounded in L*°(Q). Then, by Proposition and , Vu, is
bounded in some Holder space, independently on 7. Note that such a bound can be extended
to (0,7] by the regularity of the final datum wy. Standard parabolic estimates then provide
classical regularity of u,: indeed, one may apply first [I7, Theorem V.1.1 or Theorem III.10.1] to
the Fokker-Planck equation to obtain Hélder continuity of m, and use Schauder estimates [L7,
Section IV.5] to the HIB equation to conclude. Finally, note that also —w,/m, = VH(Vu,) is
bounded in L*°(Q) independently on 7. Therefore, the penalisation term fQ Moy [wy, /gy [N T3
in &, vanishes, implying

min & — min & asn— 0.
KN+3,a KN+3,a

O

Remark 3.8. Note that the penalization procedure leads to a minimizer of £ in Kny3 o, rather
than in the natural and larger constraint set K/ .

Remark 3.9. In Lemma the rescaling is designed so that (v, it,)) solves the Hamilton-Jacobi-
Bellman equation

—(vy)e — Avy + H, (Vv,) = — fy (@, 11y,

where |f,| < 1 on @ for all . Then, gradient bounds [|[Vv,[|r~,) < C are used to run
an argument by contradiction; those bounds are obtained by first estimating [|vy|[z~(q,) < C
through a comparison principle. Lipschitz estimates then follow.

Note that gradient estimates available in the literature usually depend on bounds on the
solution itself. On the other hand, for stationary HJB equations, namely

A — Av(x) + H(Vv(x)) = F(z),

it is possible to prove Lipschitz estimates that do not depend a priori on ||v[| (), for example
by means of the Bernstein method (see [18]). This key fact has been used in [I0] to prove
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existence of classical solutions to in the stationary case, for a wider range of couplings f. If
similar estimates were available also in the time dependent case, i.e. |Vv,||L=(q,) < C, with C
depending on || fy [z~ (q,)» lvn(-, T)llz~(q,) but not on [[v||z~(g) and the time horizon T', then
it would have been possible to have Lemma in the whole range o € (0,+'/N), and hence
the existence of classical solutions. Note that our v, and f, are space-periodic, but the period
a;l — oo as n — 0, so periodicity disappears in the blow-up limit.

4 A non-uniqueness example

The aim of this section is to prove that, under additional assumptions, has multiple solutions.
Consider f(z,m) = f(m), ur =0 and mo = 1. Note that the corresponding system

—uy — Au+ H(Vu) = —f(m(x,t)) in Q,
—Am —div(VH(Vu)m) =0  in Q, (50)
m(z,0) =1, u(x,T)=0 on TV,
has always a trivial solution (@,m) = ((¢ — T)(f(1)+H(0)),1). We look for a solution to
that is not the trivial one.
We will require that for some b > 2, ¢ > 0,
o 0<L(q)<clg® forall|g <1,

51
o f'(m)>c forall|m|<2. (51

Note that implies that H cannot be of class C? in a neighborhood of p = 0. As an example,
if L(q) = %|q|® with b > 2, then H(p) = b=L|p|7=1 € CL 71 (RN).

Proposition 4.1. Under the assumptions of Theorem and , for any T > 0 there exist
at least two (different) classical solutions to (50).

Proof. In view of Theorem [L.1] there exists a classical solution (i, m) of () such that the couple
(m,w) = (m,—mVH(V4)) is a minimizer of £. By adding a constant to £, we may assume that
F(1) =0, hence £(1,0) = 0. Our aim is to show that (@, m) cannot be the trivial solution; this
will be achieved by proving that £(m, —mVH(Va)) = ming E(m,w) < £(1,0) = 0.
In order to build a suitable competitor (m,w), let us consider u(z) := 1+ ep(x), where € > 0
will be chosen later and ¢ € C?(TY) is a non-trivial eigenfunction of the Laplacian, i.e.

—Ap=Xp onTV

for some A > 0. Note that [y pdz = 0. Set v(z) := Vu(z) = eVe(z). In order to connect the
initial datum mo =1 to p at t = T/2, we define on Q

m(z,t) =1+ () (u(x) = 1) =1+ e((t)p (@),
w(z,t) := ((t)v(z) + ;C'(t)VSO(x) = eVp(2)[¢(t) + A7 (1)),

where ¢ : [0,7] — R is a smooth function which is zero at t = 0 and equal to one in the interval
[T/2,T]. One easily verifies that (u,m) € K. Moreover, there exist constants C1,Cs depending
on T, but not on € < ¢q, such that by

T T
/ mL —B) dxdt < c/ / 1+ o' V(¢ + A1) P dadt < C1 T, (52)
N
/ / m)daxdt > / / ) +ef(DCp+ 5 S22 dwdt > CoTeR. (53)
™ ™
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Therefore, by choosing € small enough,

T
£(m, w) = / [ L () F(m) dedt < T(Cre" — Coe?) < 0= £(1,0)

Hence, the minimum of £ is not achieved by (1,0), and (@, m) cannot be the trivial solution.
O

Remark 4.2. The conclusion of Proposition [£:1] holds if one replaces the assumptions of Theorem
with the assumptions of Theorem or Theorem In the latter case, the non-trivial
solution minimizing the energy £ has to be intended in the weak sense.

Also condition can be weakened: the construction of a minimum of £ that is not the
trivial solution can be achieved by means of a couple (u,v) satisfying the constraint

Ap+ div(v) =0 on TV, / pwdr=1, pn>0,
TN

such that
Es(p,v) = /TN ul (-Z) — F(u) da < L(0) — F(1).

In other words, this can be seen as requiring that the energy functional £g associated to the
stationary version of is not minimized by the couple (1,0). Such a p has to be “connected”
to the initial datum in order to serve as a competitor for the time-dependent problem (as in the
proof of Proposition. If H € C?, one will be able to produce (m, w) so that £(m,w) < £(1,0)
only if T is large enough by the aforementioned uniqueness results.

A Existence for small T

To prove existence in the small time-horizon regime, we implement a standard contraction map-
ping principle (see, for example, [28, Chapter 15]). This tool has already been used in [II 2] in
the MFG framework to prove existence of solutions to , but with a different spirit: existence
for arbitrarily large 7' but initial data close to m = 1, or other “smallness” conditions (in the
mentioned works, the functional space setting is indeed different).

Let us rewrite in integral form; set v(-,t) := u(-,T —t) for all ¢t € [0,T], then, by the
classical Duhamel formula

{v(m,t) = AuT(a:) ft e(t_g)Aq)”[v m|(s)(z)ds,

m(x,t) = (z +f (t=9)AD™ [y, m](s)(z)ds, (54)

where

v, m|(s)(-) := f(m(-, T = s)) = H(Vu(-, ),
O™ v, m](s)(:) := div(VH (Vu(-, T — s))m(s)) Vs € [0,T],

and e*® is the (strongly continuous) semigroup associated with the parabolic equation ¢; = A,
defined on suitable Holder spaces (see iii) below). Note that (54) has the form of a forward-
forward system for v, m. Here, the local regularity of H, f plays a role, rather than the time
direction in the two equations or the behaviour of f at infinity: we just assume f, H € C* and do
not require and to hold. We stress that this argument could be adapted to more general
MFG systems (congestion problems, ur depending on m, ...).

Let us define X* := C([0,T], C**(TN)) for all integers k and v € (0,1). We will need the
following facts: let 0 < v < 8 < 1, then
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Z) Ifhe CQ(RN) and ||gl||cl,u('H‘N)7 ||92||01‘U(TN) < K, then Hh(gl) — h(gz)”c’l‘u(TN) < C||91 —
g2llcrv oy, for some C' = C(h, K,v) > 0.

i) |lgrg2llcvrvy < Cllgillevamyllgzllos vy for all gy € C¥(TN), g2 € CP(TV).
24v-8

iii) ||€tAu||C2,u(TN) < Ct— =2 ||U||CU,B(TN), HetAuHCz,B(TN) < Ct_%”uHCl«ﬁ(’ﬂ‘N) for all t €
(0,1].

Ttems 4) and ) follows by computation; as for iii) see, for example, [28] p. 274]. Recall also that
C?7(TV) is continuously embedded into C*#(TV).

Remark A.1. Note that the contraction mapping principle implies also uniqueness of solutions
in the set Z, (see below), that is, there is only one equilibrium (u,m) that is close to the
final-initial data (ur, mg).

Proof of Theorem[1.7 Fix 0 < v < 8 < 1 so that ur € C*#(T) and mg € C?>¥(T). Then,
Qv X2P x X2V — X8 and @™ 1 X2 x XY — X%B, Let a > 0 and

Z, = {(v,m) € X*# x X*" : v(0) = up, m(0) = my,
lv(t) —urllcz.srny < a, [[m(t) —mollc2.v vy < aforall t € [0,T]}.  (55)

Let (v,m) — (0,7) := ¥(v,m), where

o(t) = etPugp — fg et=)A2Dv[v, m](s)ds,
m(t) = et®mg + fot et=)2D™ [y, m](s)ds.

Our aim is to prove that ¥ has a fixed point, by means of the contraction mapping theorem.
First, we claim that ¥ maps Z, into itself when T'= T'(a) is small. Indeed,

tA tA

e P ur — urllczeavy < af2,  |leCmo —molc2y vy < a2

if ¢ is small, by continuity of the semigroup e*®. Moreover,

t
/ et=)2PY v, m](s)ds
0

t
< [ e 20 o) ()0 ds
czay)  Jo

t
< c/ (t — )22V v, m](s)||cre(ryyds < C1TH? < a/2
0
whenever T is small (here, C, Cy, ..., are positive constants depending on a, but not on T).
Similarly,
soV:Z, — Z,.
To show that ¥ is a contraction, note that for all s € [0,T7,

< oTB-v)/2 < a/2,

¢
/ =A™y, m)(s)ds <
0 C2:v (TN)

[ [v1, m1](s) — @™ [v2, m2](s)|co.s(rr) <

< IVH(NVui(T = s))(ma — ma)|[cre vy + [|me [VH (Vo (T = s)) = VH(Vvo(T = s))][lcr6 ()
< CIIVH(Vui(T = 8))llcrsanyllma — mal|crs vy + [Imallcre oy [[(Vor = Voo )(T = s) [l oy
< Ci(llma — mallozw (ovy + [o1(T = 8) — vo(T' = 5)[|c2.58 (1))
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Therefore,

<

/ 8 (@™ vy, ma](s) — D™ vz, ms)(s)) ds
C2,U(TN)

0

t
_24v-8
SC/(FS) = ([lm1 = mallczw @ny + [[01(T = s) = v2(T = )| c2.8(7v) ) ds
0

S CT(ﬁ—V)/Q SElpT](Hml - m2||cz,u(TN) + ||U1(T — 3) — UQ(T — 3)||C2,ﬁ(TN))
se|0,

< lm1 — mal|x20 + [lv1 — va x2.5.

by eventually reducing 7T'. In a similar way, one shows that

< lmy —mallx20 + |lv1 — val[x2.8,

t
/ DAY vy, my](s) — @V [va, ma)(s)ds
0 028(TN)

hence W is a contraction; its fixed point in Z, is a solution to , and hence a classical solution
to by classical Schauder regularity results.

O
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