N
N

N

HAL

open science

Existence of solution to scalar BSDEs with weakly
L'*-integrable terminal values

Ying Hu, Shanjian Tang

» To cite this version:

Ying Hu, Shanjian Tang. Existence of solution to scalar BSDEs with weakly L!T-integrable terminal

values. 2017. hal-01507371v2

HAL Id: hal-01507371
https://hal.science/hal-01507371v2

Preprint submitted on 16 Apr 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01507371v2
https://hal.archives-ouvertes.fr

Existence of solution to scalar BSDES
with weakly L!'T-integrable terminal values

Ying Hu* Shanjian Tang'

April 16, 2017

Abstract. In this paper, we study a scalar linearly growing BSDE with a weakly L'*-
integrable terminal value. We prove that the BSDE admits a solution if the terminal value
satisfies some W-integrability condition, which is weaker than the usual LP (p > 1) integrability
and stronger than L log L integrability. We show by a counterexample that L log L integrability
is not sufficient for the existence of solution to a BSDE of a linearly growing generator.

AMS Subject Classification: 60H10

Key Words Backward stochastic differential equation, weak integrability, terminal condition,
dual representation.

1 Introduction

Consider the following Backward Stochastic Differential Equation (BSDE):

T T
Vet [ pevizods— [ zaw, (1.1)
t t
where the function f: [0,T] x Q x R x R1*? — R satisfies

|f(5,y’ Z)| S Qs +/8|y| +7|Z|’

with a € L(0,7),8 > 0 and 7 > 0.

It is well known that if £ € LP, with p > 1 , then there exists a solution to BSDE (1.1), see
e.g. [5, 4, 1]. The aim of this paper is to find a weaker integrability condition for the terminal
value &, under which the solution still exists .

Set

1/2
b

U, (z) = ze(3 los@t) (A, z) € (0,00) x [0,00).

Our sufficient condition is: there exists A € (0, vQLT) such that

E[WA(€])] < +oo.
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Remark 1.1 Note that the preceding Wy-integrability is stronger than L', weaker than LP for
any p > 1, because for any € > 0, we have,

r < xe(%log(aﬂrl))lm < xeelog(erl)Jr% < eﬁx(x + 1)5’ x> 0.
Moreover, for any p > 1, there exists a constant C, > 0 such that
We will see that even the condition

E[WA([E])] < 400

for a certain \ > VQLT (which implies that |£|logP(|€| + 1) € L') is still too weak to ensure the

existence of solution by giving a simple example in Example 2.3.
Note that if the generator f is of sublinear growth with respect to z, i.e. there exists ¢ € [0, 1),

If(t,y,2)] < a+ Bly| + 7|29,

then there exists a solution for ¢ € L1, see [1].

Our method applies the dual representation of solution to BSDE with convex generator (see,
e.g. [4, 6, 3]) in order to establish some a priori estimate and then the localization procedure of
real-valued BSDE [2].

Let us close this introduction by giving the notations that we will use in all the paper. For
the remaining of the paper, let us fix a nonnegative real number 7' > 0. First of all, (W¢).e(o,7)
is a standard Brownian motion with values in R% defined on some complete probability space
(Q,F,P). (Fi)i>0 is the natural filtration of the Brownian motion W augmented by the P-null
sets of F. The sigma-field of predictable subsets of [0,7] x € is denoted by P.

Consider real valued BSDEs which are equations of type (1.1), where f (hereafter called the
generator) is a random function [0,7] x Q x R x R'*¢ — R and measurable with respect to
P ® B(R) ® B(R'¥?), and ¢ (hereafter called the terminal condition or terminal value) is a real
Fr-measurable random variable.

Definition 1.2 By a solution to BSDE (1.1), we mean a pair (Yy, Zt)icpo1) of predictable pro-
cesses with values in R x R™? such that P-a.s., t — Y; is continuous, t — Z; belongs to L*(0,T)
and t — g(t,Ys, Z;) belongs to LY(0,T), and P-a.s. (Y,Z) verifies (1.1).

By BSDE (&,f), we mean the BSDE of generator f and terminal condition &.
For any real p > 1, SP denotes the set of real-valued, adapted and cadlag processes (Y;f)te[O,T}
such that 1
P

< 400,

1Y lse :=E [”

sup |V;
0<t<T

and MP denotes the set of (equivalent class of) predictable processes (Z;)icpo, 7] With values in

R%d guch that
1/p

T p/2
| Z]| mp ::E[</ |Zs|2ds> ] < ~00.
0

The rest of the paper is organized as follows. Section 2 establishes a necessary and sufficient
condition for the existence of solution to BSDE (1.1) for the typical form of generator f(¢,y,z) =
o+ Py+|z|. Section 3 gives the Wy integrability condition for the existence of solution to BSDE
(1.1) for f(t,y,z) = au + By + y|z|. Section 4 is devoted to the sufficiency of the Wy-integrability
condition for the existence of solution to BSDE (1.1) of the general linearly growing generator.



2 Typical Case

Let us first consider the following BSDE:

T T
Yt:§+/ (as + BY, +vrzs!>ds—/ Z,dW,, (2.2)
t t

where o € LY(0,T), and 8 > 0 and v > 0 are some real constants. We suppose further that the
terminal condition £ is nonnegative. Note that if Y is a solution belonging to class D, then as
ePY; is a local supermartingale, it is a supermatingale, from which we deduce that Y > 0. In
this subsection, we restrict ourselves to nonnegative solution.

For £ € LP (p > 1), BSDE (2.2) has a unique solution. It has a dual representation as follows
(see, e.g. [4, 3])

T
Y; = esssup{E,[e’TD¢|F]} + / P D ads, (2.3)
qeA t
where A is the set of progressively measurable processes ¢ such that |q| <7,
dQ?
e P/
dP T

with . .
1
MY = eXp{/ gedW, — 5/ gsl?ds), te0,7],
0 0
and E, is the expectation with respect to Q9.

Theorem 2.1 Let us suppose that & > 0. Then BSDE (2.2) admits a solution (Y, Z) such that
Y > 0 if and only if there exists a locally bounded process Y such that

T
esssup{E, [’ T Ve|F]} +/ P Vads < Y.
geA ¢

Proof. 1f BSDE (2.2) admits a solution (Y, Z) such that ¥ > 0, then we define a sequence of
stopping times
on =T ANinf{t > 0:|Y;| > n},

with the convention that inf ) = +o0.
As Wd =W, — fos gr-dr is a Brownian motion under @9, we have

On On

(as + BYs + ’7|Zs| - Zst)dS - / stWg

tAon

Y;E/\on = Yon +/

tAon

Applying It6’s formula to e®*Y;, we deduce

On On

eﬁs(as—l—7|Zs| —qus)ds—/ eﬁSstWg,

tAon

eﬁ(t/\an)}/;/\an — eﬁanyon +/

tAon

from which we obtain

On

Eq[eﬁ((’"_m"”)Yan +/ eﬁ(s_t/\”")asds\ft] < Yiro,-

tAon

Fatou’s lemma yields that

T
Eq[eﬁ(Tft)ﬂ]:t] —|—/ P ads < Y.
t
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On the other hand, if there exists a locally bounded process Y such that

T
esssup{E, [’ T Ve|F]} +/ P Vads < Yy,
geA ¢

then we construct the solution by use of a localization method (see e.g. [2]). We describe this
method here for completeness. Let (Y™, Z") be the unique solution in S? x M? of the following

BSDE
T

T
Y = €l eany + / (0 + BY 44|27 )ds — / 20w,
t t

By comparison theorem, Y is nondecreasing with respect to n. Moreover, setting ¢ = v sgn(Z?7),
we obtain

T
Y = Egn [eﬁ(T_t)fl{ggn}‘ft] +/ eﬁ(s—t)asds
t
T
< Egpn [eﬁ(T_t)f\}"t]} + / Pt o ds
t
< Y.
Set
e =T ANinf{t > 0:Y; > k},
and
Ykn(t) = Y?/L\Tk’ Zl?(t) = ZtnltSTk'
Then (Y}, Z}}) satisfies
T T
YEW) =YET)+ [ Luealan+8Y20) 4012 6Nds - [ oW (24
¢ t

For fixed k, Y} is nondecreasing with respect to n and remains bounded by k. We can now
apply the stability property of BSDE with bounded terminal data (see e.g. Lemma 3, page 611
in [2]). Setting Yj(¢) = sup,, Y;*(t), there exists Zj such that lim, Z' = Z; in M? and

Tk Tk
Yi(t) =sup Y} —i—/ (as + BYk(s) + 7| Zk(s)|)ds — / Z(s)dWs. (2.5)
n t t

Finally, noting that

Yiri(EAT) =Yt ATR),  Zit1li<r, = Zili<r,,

we conclude the existence of solution (Y, Z).
O

Remark 2.2 Consider the case d = 1. If BSDE (2.2) admits a solution (Y, Z) such that Y > 0,
by taking q = v and ¢ = —v, we deduce that both (VT and £~V are in LY(Q), which implies
that £Wrl € L1(Q), as

ceWrl < ceWr 4 o= W,

Example 2.3 Letussetd=1,T=1,=0,v=1, p€(0,1), and

£ = esWE-nWilt3i® _ g,



In this case, BSDE (2.2) does not admit a solution (Y,Z) such that Y > 0, as £e™1l does not
belong to L' () by the following direct calculus:

+oo
Efee™il] = L (eBlel—lel 3 _ qyclelg=3lef gy — 4o
21 J o
Whereas it is straightforward to see that for any p > 1, logP (€ +1) € LY(Q).
For X\ > 1, consider the following terminal condition

1y172 1,2
E=exWi—rWiltar® 1 e (—=,1).
(\/X )

We have Uy (&) € L' by the following straightforward calculus:
1 ooy o 1,2 L‘ _ | 102
E[w = — ealelP=plzl+3i® _ p)evxllel=mlo=slel gy < +00,

while BSDE (2.2) has no solution, in view of the fact that £ does not belong to L'(9).

3 Sufficient Condition
Let us now look for a sufficient condition for the existence of a locally bounded process Y such
that

T
esssup{E, [’ T~ Ve|F]} +/ P Dads < Y.
geA t

For A > 0, define the functions ®), and Wy:
D) (x) = e%)‘logQ(x), x>0,

Uy(y) = yeR sG> 0

Then we have
Proposition 3.1 For any x € R and y > 0, we have
ey < Dr(e”) + A Wy(y).

Proof. Set
2
2= (Jlogly +1))"2 >0,

then

y = e2” 1.
It is sufficient to prove that for any = € R and z > 0,

2

6%)\$2_$ + (e%z _ 1)(624-%—1‘ _ 1) Z 0.

It is evident to see that the above inequality holds when z + % —x>0.
Consider the case z + % —x<0. Then z > z + % > 0. Hence

65>\x T (6%22 _ 1) ez—l—%—az 1)
= 6%)\(17%)275 + 6%22+z+§7:v +1 - AT _ Q%ZQ
2 Q%A(ZJF%)Q*% — 6%22
> 0.



Proposition 3.2 Let 0 < A < 5. For any q € A,

1

B[, (el =) 7] < .
[Ba(el B <

Proof. Firstly, by use of Girsanov’s lemma, for 6 € R,
Bl 0 7
= Ele 0 JF g~ [ \qSIsteg I IQs\st‘]:t]

022 (- t)

IN

e

Then we apply

g™}

2 1
Ay = T Vv
\/27‘(‘ Y

to deduce that

&=

[q)A(eftT qsdWs )

Fi]
[e%(ftT gsdWs)? ‘]:]

I
=

\/_yft qdes—— T
\/ﬂ/ | t]

+
< —/—/ OO6(@/7)‘2@"5)‘%@
o 21 J o

1

1—M2(T—t)

Applying the above two propositions, we deduce the following sufficient condition.

Theorem 3.3 Let us suppose that there exists A € (0, ,YQLT) such that

E[¥\(§)] < +oo.

Then r
esssup{E,[e®T~V¢| R} + / P Dads <Yy,
geA t
with
¥, = A7 RO )+ [ Do
= e e € as S’
! T- 2T — 1) A :

and (2.2) admits a solution (Y, Z) such that
Y; < Y.
Proof. Applying the above two propositions, we deduce

E ¢l F) = E[MLE(M) Y|F<E {eftT asdWs ¢

7

IN

E[®y (el ¢9Wo)| F] + eXE[W5(6)|F]

1 2
Sy RARL G

Then we get (3.6) and the rest follows from Theorem 2.1.




4 General Case

Consider the following BSDE:

T T
Y,=¢+ / f(s,Ys, Zg)ds — / ZsdWs, (4.7)
t t

where f satisfies
|f(5,y’z)| Sas—l—ﬁ|y|+7|z|, (48)
with o € L1(0,T),8 > 0 and v > 0.

Theorem 4.1 Let f be a generator which is continuous with respect to (y, z) and verifies (4.8),
and & be a terminal condition. Let us suppose that there exists A € (0, A/QLT) such that

E[WA(IE])] < +oo.

Then BSDE (4.7) admits a solution (Y, Z) such that

1 2 T
Y| < eﬁ(T*t) + exE|W W +/ eﬁ(sft)ozsds.
E o+l +

Proof. Let us fix n € N* and p € N* and set £"P = £t An—& Ap. Let (Y™P, Z™P) be the unique
solution in 8% x M? of the BSDE (|¢™?|, f). Set

f(s,y,2) = as+ By + 7|z,

and (Y™P, Z™P) be the unique solution in S? x M? of the BSDE (|£™?|, f).
By comparison theorem,
VP < [V

Setting gs¥ = 7 sgn(Zs"?), we obtain,

VP < (Y

T
= Egno [eﬁ(T_t)lfn’p]‘}}] +/ P ds.
¢

From inequality (3.6),

V"I <Y,
with
A ! + %E[xlf (I£|)‘f] +/T Bls—) o, g
= e & e agdsS.
! 12T -1 g ' ’

Moreover, Y™P is nondecreasing with respect to n, and nonincreasing with respect to p. Once
again, we apply the localization method as follows to conclude the existence of solution.
Set
7 =T Ainf{t > 0:Y; > k},

and
YR =Yir, 200 = 27 li<q, .
Then (Y;"?, Z;'") satisfies
T T
YU (t) = YV"P(T) —|—/ Lo<r, f(5,Y,"P(s), 2P (s))ds — / Zy P (s)dWs. (4.9)
¢ ¢

7



For fixed k, Yk"’p is nondecreasing with respect to n and nonincreasing with respect to p, and
remains bounded by k. We can now apply the stability property of BSDEs with bounded terminal
data. Setting Yy (¢) = inf, sup, Y,", there exists Z in M? such that lim, lim, Z;"* = Z} in M?
and

Tk Tk
Yi(t) = inf sup YP +/ f(s,Yi(s), Zk(s))ds —/ Z(s)dWs. (4.10)
P n t t
Finally, noting that
Yiri(tAT) =Yt ATR),  Zitili<r, = Zipli<r,,

we conclude the existence of solution (Y, Z).
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