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Adaptive Attitude Tracking Control of Rigid Body Systems
with Unknown Inertia and Gyro-bias

Abdelaziz Benallegue, Yacine Chitour, Abdelhamid Tayebi

Abstract—This note presents a new adaptive attitude tracking con-
troller for rigid body systems, with unknown inertia and unknown gyro-
bias, using inertial vector measurements. The proposed control scheme
guarantees almost global asymptotic convergence of the attitude and
angular velocity to their desired values. Simulation results are provided
to illustrate the effectiveness of the proposed approach.

I. INTRODUCTION

The rigid body attitude tracking problem is still relevant, despite
having been extensively studied in the literature for several decades.
Several solutions have been proposed in the literature in the full state
measurement case (i.e., attitude and angular velocity available for
feedback) using different attitude representations, see for instance,
[1]-[3]]. Since there is no sensor that directly measures the orien-
tation, the explicit use of the attitude in the control law calls for
efficient attitude estimation algorithms (observers) that reconstruct
the attitude from the measurements provided by some appropriate
sensors, such as inertial measurements units (IMUs) typically includ-
ing a gyroscope, an accelerometer and a magnetometer. The attitude
can be determined using either static reconstruction algorithms [4]
which are vulnerable to measurement noise, or dynamic attitude
estimation algorithms such as Kalman-type filters [S] and nonlinear-
complimentary filters [6]]. The attitude tracking problem with biased
angular velocity measurements has been treated in [7] assuming that
the attitude is available for feedback. In [8]], the attitude control
problem has been addressed in the presence of unknown angular
velocity bias, using IMU measurements, assuming that the rigid body
inertia is known. In [9], [10], for instance, the attitude stabilization
problem has been solved without attitude and angular velocity
measurements and without the knowledge of the inertia matrix. The
proposed control schemes rely directly on measurements in the body
frame of some known inertial vectors. The extension to the case of
trajectory tracking remains an open problem. In [11] the adaptive
attitude tracking problem, with unknown inertia, has been addressed
using the measurement in the body frame of a single (non-constant)
inertial vector, assuming perfect angular velocity measurements. This
observer-based controller is mainly suitable for non-stationary flights
such as in satellite applications.

In [[12], the attitude tracking problem using IMU measurements,
with unknown angular velocity bias and unknown inertia has been
addressed. Two control laws were presented; the first one considers
only the case of biased angular velocity measurements, and the
second one is an extension to the case of unknown inertia matrix.
The second controller which considers unknown inertia and gyro-
bias simultaneously, relies on the use of the attitude observer of [6]
which provides attitude estimates to be used in the tracking control
law. The overall certainty-equivalence-type adaptive control scheme
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that has been proposed (without proof) seems to rely on a conjectured
separation principle.

In the present work, we aim to solve the attitude tracking problem
in the case where 1) the rigid body inertia is unknown, 2) the
measured angular velocity is biased with an unknown constant bias,
and 3) the attitude is not directly available for measurement. To
handle the three above mentioned constraints simultaneously, we
derive an adaptive control scheme that relies only on biased angu-
lar velocity measurements and body-frame measurements of some
known inertial vectors. The control design relies on a transformation
that allows to linearly parameterize some terms in the system’s
vector field with respect to the unknown inertia matrix [3|], [9], [13],
[[14]]. Our approach is different from the one proposed in [12f, and
does not rely on the certainty-equivalence principle with separate
observer/controller design, but rather relies on a direct injection
of the measurements in the control law, and the stability of the
interconnection observer-controller is proven as a whole. Moreover,
the number of adaptations and the order of the proposed tracking
controller are lower than that of [[12].

II. BACKGROUND
A. Preliminaries

The quaternion set Q is a four-dimensional vector space over the
reals, which forms a group with the quaternion multiplication denoted
by “®”, which is distributive, associative but not commutative. The
multiplication of two quaternions P = (po,p) and Q = (qo,q) is
defined as

P®Q = (pogo —p"q, pog+ qop+p x q), )

and has the quaternion (1, 0) as the identity element. Note that, for a
given quaternion Q = (qo, ), one has QOQ ! = Q@ 'oQ = (1,0),
where Q7! = (‘T‘%ﬁf .

Note that in the case where @ = (qo, ¢) is a unit-quaternion, the
inverse is given by Q! = (go, —q).

The unit quaternion @ = (qo, ¢), composed of a scalar component
go € R and a vector component ¢ € R3, represents the orientation
of the inertial frame Z with respect to the body-attached frame B,
and are subject to the constraint ¢Z + g¥q = 1. The rotation matrix,
related to the unit-quaternion (), that brings the inertial frame into the
body-attached frame, can be obtained through the Rodrigues formula
R = R(Q) with the mapping R : S* — SO(3) is defined as

R(Q) Ls + QQ%S(Q) + 2SQT(q)
(46 — ¢" )13 + 299" + 2¢0S(q)

where I3 is the 3-by-3 identity matrix and S(x) is the skew-
symmetric matrix associated to the vector z € R? such that
S(z)V = x AV for any vector V € R3, where A denotes the vector
cross product of R3. Note that R(Q) = R(—Q) for every Q € Q
and R defines a two-sheet covering of SO(3) by Q, i.e., for every
R € SO(3) there exist exactly two distinct quaternions satisfying
R(Q) = R. As a consequence every vector field f defined on Q so
that f(—Q) = —f(Q) for every Q € Q defines a vector field f on
SO(3).

(@3]



Throughout this paper, we will denote by (0, X) the quaternion
associated to the three-dimensional vector X. A vector xz expressed
in the inertial frame Z can be expressed in the body frame 5 by
x5 = RTxz or equivalently in terms of unit-quaternion as (0, zB) =
Q' ®(0,z7) ® Q, where Q is the unit-quaternion associated to R
by (@). ,

Let us define the following mapping vect : R™*"™ — R™, such
that for a given matrix A € R™*™, we associate the vector vect(A) =
[v1,...,vn]T, where v;, ¢ = 1,...,n, are the row vectors of the
matrix A.

B. Equations of motion

In this work, we consider a rigid body whose rotational dynamics
are governed by
YR : {

where w is the angular velocity of the rigid body expressed in the
body-attached frame 13, 7 is the external torque applied to the system
expressed in B and I, € R®**® is a symmetric positive definite
constant inertia matrix (assumed to be unknown) of the rigid body
with respect to B of the form

Iw=71— S(w)hw,

I Iie I3
Iy=| Iia I2 I3
I3 I»z 133

III. MAIN RESULTS
A. Problem statement

Let us define the desired attitude trajectory in terms of the rotation
matrix R4(t) governed by the following dynamics,

Rd = RdS(de

with wq(t) being the desired angular velocity vector.
An equivalent desired unit-quaternion Q4(t) is defined as Rq(t) =
R(Qa(t)). Its dynamics are governed by

Q4 = %Qd © (0, wa). @)

The following assumptions are used throughout the paper:

Assumption Al. The rigid body is equipped with sensors that
provide measurements (in the body-attached frame) of con-
stant and known inertial vectors 7; € R®, i =1,...,n > 2.
At least two vectors, among the n inertial vectors, are non-
collinear. The vector measurements in the body-attached
frame are denoted by b; € R3, i = 1,...,n. The vectors
r; and b; are related by b; = RTr;.

Assumption A2. The attitude (Q) or R) is unknown (i.e., unavail-
able for feedback).

Assumption A3. The measured angular velocity is assumed to be
biased, so that the relation between the actual and measured
velocities is given by

W= Wm + 6,

where ¢ is the unknown constant bias, w and w,, are the
actual and the measured velocity vectors respectively.
Assumption A4. The inertia matrix I is assumed to be unknown.
Assumption AS. The desired angular velocity vector wq and its
first to sixth derivatives are bounded.
Our objective is to design a control input 7 guaranteeing Almost
Global Asymptotic Convergence (AGAC) of the body attitude and
angular velocity to their desired values, under the above assumptions.

This means that there exists an equilibrium point Eq (in the appro-
priate state space) such that, for almost every initial condition (with
respect to the Lebesgue measure in the state space), the corresponding
trajectory of the closed loop system converges to Fq.

B. Linearly parameterized model for the control

Let us consider Assumptions A3 and A4 and define the following
parameters

6, = 6eR?
0 = S(8)Id € R?,
0 = (]117122,1337123,[13,112)T € R6,
0s = wect(S(8)I, — S(Iyd)) € R,
e = [6f o7 of |eRr®™.

Using the second equation of (3), we can write the following

Ib(d) —d)d) = —(S(wm)Fl(wm) +F1 (wd))eg — Fz(wm)04 - 02 +;'),
(

where Fi(w) is defined as

wi w2 w3 O O O O O O
Fw=]0 0 0 w w2 w3 0 0 0
0 0 0 0 0 0 w1 w2 w3

The model given by Equation (3) can be written in a linear parame-
terizations form as

Ip(@ — 6q) = —G(Wm, wa)O + T, ©)
with

G(wm,wa) =[ Iz S(wm)Fi(wm) + Fi(wa) Fo(wm) | € R®*'®

We also assume that wqy verifies the following additional assump-
tion.
Assumption A6. We assume that
lim sup | det Js(wq, wa)| > 0, @)

t— oo

where the 15 x 15 matrix-valued function J5(wq4,wq) is given by
L Hs(wa,Wa)]
Js(wa, wa) = :
5 .
d [Hs(wa, )]

where Hs(wq,wq) is a 3 X 15 matrix-valued function of the time ¢
given by

Hs(wg,wq) = [ S(wg — 0)Fi(wg — 0) + Fi(wa) Fa2(wg —9) }

Assumption A6 is tailored to insure the following convergence
result.

Lemma 1. Let § € R® and wy : [0,00) — R? satisfying Assumption
AG6. Assume that there exists a measurable function ¥ : [0, c0) — R
such that lim;_, oo J5(wa,wq)¥(t) = 0. Then liminf; o ¥(t) = 0.
Proof: Assumption A6 implies that lim inf; o ||.J; || is finite

and since ¥ = J(S_l(Jg\I/) one immediately deduces the conclusion.
]

Remark 1. Assumption A6 can be seen as a persistence of excitation
condition for the biased desired angular velocity wq—§ together with
its first six time derivatives.



C. Control design

Define n vectors b¢ and n vectors b; correspondmg to the desired
and estimated vectors such that b¢ = RYr; and b; = R"r;, for
i=1,...,n

According to the model given by (), we propose the following

adaptive control law
T:G(wm,wdfél)éJrzwfaw, 8)

with @ = w,, + él — wq and

Zy = Z'}’z b'u Zp = ZPZ

where a > 0, 7; > 0 and p; > O are constant scalar gains.
The attitude estimator is given by

Q= %Q@(O,w), ©)

with © = w,, + él — Zp.
The adaptation scheme is given by

01 = T1Proj(—(z + 2,), 01, 0m),

. % A (10)
© =TIy Proj(—G(wm,ws — 61)7©,0,0,,),

with |[01(0)]|| < 6., and ||©(0)|| < O. The matrices I’y and Tz are
real symmetric positive definite. The positive parameters 6,, and O,
are the upper bounds of 61 and O, i.e., || <O, ||O|| < Om. The
projection operator Proj is defined on R™ x R™ x R as follows:

nin2

Proj(z,§,y0) = ¢ — —— 2 11
TOJ(ivayyo) T 4(62+26y0)”+1y2y’ ( )
with . IR, 5
m = @9 — )" if TG > v,
0 otherwise,
n = 055"z +/(0.557x)2 4 p2,

where € and p are arbitrary real positive constants and n is an
arbitrary positive integer. Let § be a constant vector in By, = {y €
R™ | lyl| < wo}, §(0) € By, and § = §—g. Consider the adaptation
algorithm §j = Proj (z,9,yo), then the following properties hold |15
for every t > 0:

Pr) (90| <o +e

P2) 7g(t)TP7‘Oj(*ZB7Q(t),y0) S xT
Ps3) Proj(z,9,y0) € C".

It is worth pointing out that the choice of this smooth projection
algorithm is motivated by some technical reasons in the proof of
our theorem that will be provided later. In fact, we will require the
parameters estimates to be at least six times differentiable, and hence
the integer n involved in the projection mechanism has to satisfy
n > 6.

y(@).

D. Convergence analysis

Let us define the estimation error R = RR” and the tracking error
R= RRY of the attitude that correspond to the unit quaternion errors
Q=Q0Q " = (@9 and Q= Q©Q," = (d, ) respectively.
The estimation error dynamics are given by

- 1-T D ~
= do -3 R(w - @) ]
= . = ) 12
¢ = |2l smaets |0
Withw—&):zp+0~1.
The tracking error dynamics are given by
. o 1T
G= 0] =| s st | 09

where w — wg = @ + él, with 0~1 =0, — él.
Before stating our main results, we recall the following useful
lemma given in [16] that will be used throughout the paper.

Lemma 2. Assume that there are n vectors b;, i = 1, ..., n measured
in the body attached frame, corresponding to n known inertial vectors
ri, o = 1,...,n. Assume that the constant parameters ~y; and p; are
strictly positive and at least two vectors among the r; vectors are
non-collinear. Then, the following properties hold

1) The vectors z, and z, satisfy

2 = > wSOb = —2R] (G0l — S(@)W>G,  (14)
20 = > piS(bbi = —2R" (@] — S@)W,a,  (15)
i=1
where the matrices W, = —>"  vS(r:)? and W, =

=3 piS(ri)? are real symmetric and positive definite. If
the gains v, pi, © = 1,...,n, are such that W., and W, have
two by two distinct eigenvalues, the following holds true.

2) zy = 0 is equivalent to (Go = 0,4 = vy) or (o = £1,4 = 0),
where vy is a unit eigenvector of W.,.

3) z, = 0 is equivalent to (Go = 0,§ = v,) or (§o = £1,4 = 0),
where v, is a unit eigenvector of W,,.

The closed loop attitude error dynamics are given by

: ; 15T R+ 6
Q:[‘IPF[_ 20 (@ 61) ] . as)
q 2(GoI + S(q))Ra(w + 61)
G { o } _ [ God Wpd — 54" RO }
q —(I = qq")WoG + 5(d0l + S(7)) R6r
) an
Lo = —ai + 2y — G(Wm, Wa — 91)6, (18)
01 = ~T1Proj(—(zy + 2,),01,60m), (19)
6 = ToProj(—Glwm,iq — 0)79,0,0,) - (20)
where 6; = 6; —6; and © = © — ©.
Note that these dynamics are non-autonomous. Define X =

(Q,Q,@,0:,0) in the state space X := S x S* x R® x R? x R'®.
Note that X has dimension 30. The above dynamics can be written
as

X = f(Xv Rd(t)vwd(t)vwd(t))a

where f is a time-varying vector field defined on X'. Now, one can
state our main result in the following theorem:

21

Theorem 1. Consider the rigid body dynamics (@) with the adaptive
control scheme ®B)-(I0), resulting in the closed loop attitude error
dynamics given by (I6)-@0). Then under Assumptions AI-A5 and
the gains ~;,p;, 1+ = 1,...,n, are chosen such that W., and W,
have two by two distinct eigenvalues, all the signals of the closed
loop-system are bounded and
1) 1img— o0 (01(2), w(t) — wa(t)) = (0,0), limi— oo (qo(t), 4(t)) =
((£1,0) or (0,v5))  and  limie0(qo(t), () =
((£1,0) or (0,v,)) where v, and v, are, respectively,
the unit eigenvectors of W, and W,,.
ii) The undesired equilibria characterized by qo = 0 and/or §o = 0
are unstable.
iii) If, in addition Assumption A6 is satisfied, then lim;_, (:)(t) =
0.
iv) Moreover, if the gain matrices W., and W, satisfy the following
condition

Amin (M) —TrM — aTrl, " > 0, for M € {W,, W,}, (22)



then, for almost any initial condition Xo € X, the corre-
sponding trajectory of [ZI) converges to a point of 1 =
{((£1,0),(£1,0),0,0,0)}.

Proof. Let us consider the following Lyapunov function candidate
Vo= 20"WyG+23 Weq+ s0" L
+ L07T7'0, + 1671 'e '

The time derivative of 23), in view of (I6), (I7), (I8) and Property
P,) of the projection operator, is given by

(23)

1% < —awT@ — zfzp. (24)

According to (24), V is non-increasing along trajectories of the
dynamical system, implying that &, ¢, ¢, 6, and © are bounded
and V' converges to a non negative limit. One checks easily that 1%
is bounded for every trajectory of the system, implying that V is
uniformly continuous, hence that V — 0. On the other hand, the
time derivative of z, and z, are given by

—S(w — 01 )2p + <Zpl
S(wa)zy + <Zpl b‘i b;) > (w — wq),

which are clearly bounded. Since, for any given trajectory of the
closed loop system, V is bounded, one deduces that @ — 0 and
zp — 0 as time tends to infinity. Using Lemma IZL one sees that
(GoI — S(q))W,G@ — 0 as time tends to infinity, which implies that
either (go,q) — (£1,0) or (Go,q) — (0,v,) where v, is a unit
eigenvector of W,. Since §o and ¢ are bounded, and in view of
the previous results, it is clear that go — 0 and ¢ — 0. Hence, in
view of one can conclude that 0; — 0 then ¢ tends to infinity.
Using (9), and the fact that z, — 0 and Z, is bounded, it can be
concluded that §; — 0 and therefore zy — 0. Using Lemma ,
one concludes that either (Go, §) — (£1,0) or (go,q) — (0,v,) as
t tends to infinity, where v, is a unit eigenvector of W,. We just
proved item (i) of the Theorem.

Zp

b; ) (20 + 01),

2y

Now, let us prove item (ii). From earlier proven facts, it is clear
that lim; 0o O(t) = ©; with ||©;]| < 20,, + €. The undesired
equilibria characterized by go = 0 and/or go = 0 are given by X; =
(vy,v,,0,0,0;), X2 = (v4,0,0,0,0;) and X3 = (0,v,,0,0,0,).
Let us show that X1 = (§ = v, =v,),0 =0, 6, =00 = Q) is
unstable. The proof of instability of X and X3 follow similar steps
and hence omitted here.

The proof consists in showing that there exists X; =
(g5, 4q ) (3@,G"), ™" .01, 0" ) € X arbitrarily close to X1 such that
V(G ¢, &", 07,0%) < V (vy,v,,0,0,0;). This, with the fact that
V' is non-increasing on X proves the instability of X;.

Let us apply small rotations on the unit-quaternion (0,v,) and

(0,v,); that is
(2)o(3) (o Tiin) o

(£)-
(8)-(2)2(3)- (i)

*ﬁT’UW
flovy + S(v4)7]
*ﬁTUP
Movp + S(vp)7

Letting AV = V(§*,7",@",0;,0%) — V(vy,v,,0,0,0,), one
gets
AV = +ioTnet + 167707 + %é*Trflé*
- %9§F51@z+2(ﬁo — DAy +2(S (i) )W (S(7)vy)
+ 2(770 - 1)/\p + 2(5(77)09) WP(S(ﬁ)UP)' 27

where we used the fact that W, v, = A\yv, and W, v, = A v, since
v, and v, are the unit eigenvectors associated, respectively, to A,
and \,.

Let us pick 7} = €v, and 7] = €v,, with |€| and || arbitrarily small.
The unit-quaternion (7o, 77) = (1 — &2, év,), corresponds to a rotation
about v, by an angle 0z = 2 arcsin €. Similarly, The unit-quaternion
(f0,7) = (1 — &, €v,), corresponds to a rotation about v, by an
angle 6 = 2 arcsine.

With this choice, leads to

AV = +io""Le"+ 10;"T 07 + 16776

18I0, + 2072 — DA, + 202 — DA, D)
It follows that AV < 0 as long as
E=1-1p >
oy (@ TLe" +677T 07 + 67T, '0" — 6T, '6), 29)
or
€ =1-7>
4)\ (@ T % + 91TF 191 + @*TP 19* _ élegl(:)z), (30)

Consequently, there exist @™, 07, € and € arbitrarily small in
magnitude, and ©* arbitrarily close to ©;, such that X7 is arbitrarily
close to X1 and AV < 0. Since the Lyapunov function V' is shown
to be non-increasing, it is clear that X is unstable.

Now, under the additional assumption A6, we prove item (iii). Notice
that éTF; '© admits a limit as ¢ tends to infinity and therefore, to
prove the lemma it is enough to prove that lim inf; . |©(t)|| = 0.
Notice also that the projection algorithm is smooth and all the
parametric estimation errors are bounded as well as their first to
sixth time derivatives. Since @ — 0 and & is bounded, it is clear
that & — 0, which in view of (I8) and the fact that z, — 0 implies

that G (wnm,wa — 01)O tends to zero at ¢ goes to infinity. Defining

Gq:=G(wa—01,wq) =[ Iz Hs(wa,wa) ], (€20
one can easily show that
G(wm,wd — él) —Gqg— 0,

as t tends to infinity, since (w—wq) — 0 and 6, — 0. Consequently,
Gi©® — 0 ast goes to infinity. Since £, (GdG)) is bounded, one
deduces that < (GdG) is uniformly continuous, and hence tends to
zero as t tends to infinity. Using Property P3), and the boundedness
of all signals involved in the closed-loop system, one can easily show
that © tends to zero. The latter fact combined with the convergence
to zero of % (Gd(%) yield that @@ tends to zero as ¢ tends to
infinity. One can also show that Gd6 is sufficiently differentiable,
thanks to property P3) of the projection algorithm. Therefore, by an
easy induction argument, it can be concluded that, for 0 < k < 5,
d® Gy
dtk

lim 6=
t—o0

(03,00)"
Gdé = éz + Hg(wd,d}d)\ll(t).

Setting U(¢) := , one has

(32)

Differentiating (32)) and using the fact that f — 0 and ¥ — 0,
one concludes that < S Hs(wa,wq)¥ — 0 as ¢ goes to infinity. Using
similar arguments, one can show that tkk Hs(wg,wq)¥ — 0 as ¢ goes
to infinity, for 1 < k < 5. Consequently, lim¢—, o Js(wq, wq) ¥ (t) =
0, where Js(wq,wq) has been defined in Assumption A6. Accord-
ing to Lemma |1} it follows that lim: . ¥(¢t) = 0, and con-
sequently, in view of (32), lim—o f2(t) = 0. This proves that
liminf; o0 [|©(t)]| = 0.
Right now, We have proved that



o The trajectories of (ZI) converge to the following subsets of
S? x S x R? x R® x R'® given by

Q1 = {((£1,0),(£1,0),0,0,0)},

Q2 = {((£1,0),(0,v5,),0,0,0), j =1,2,3},

Qs = {((0,vs),(£1,0),0,0,0), i = 1,2,3},

Qi = {((0,v4),(0,v;,),0,0,0), i =1,2,3; j =1,2,3},

with v, and v;, are unit eigenvectors of W, and W, respec-
tively for 1 <¢ <5 < 3.

o The equilibria of the subsets Qs, Qs and 4 are unstable.
Now, we will show that from almost all initial conditions, the closed
loop trajectories will converge to Qy if condition is satisfied,
which proves the last statement of the theorem.

Let X4 be an element in some QZ and write a trajectory as

z(-) = Xeqg + Z()
where
Z = (Zgy, 23, Zgo, Zq, Za, 2§, Z )

First note that @ = Z5 and we set zy, = Z, and z, = Z, with

Zy = =2R7 (M Zggvy — S(03)Wo Zg + ZggWo Zg — S(Z3) W, 23] ,
if @ = (0,v,), and

Zy = —2Rj W, 24 + (Zgo Is — S(Z3)) W,y Zq)
if @ = (1,0) and

7z, = J—r?ZT[IS (Zg(és )—)W(Z %)vp — S(vp)WpZq

0 )WpZg),

if @ = (0,v,), and

Zy = —2R" (W, Zg + (ZayIs — S(Z3)) W, Zg) ,
if Q = (1,0).

If Qeq = (0, v,), the corresponding quaternion constraint yields

Zgo+ |l vy + 23 |P=1, (33)
and then
(Zay+ || Z3 |I°) + 203 Zz = 0. (34)
Similarly, if Qeq = (0,v,), one deduces from the corresponding
quaternion constraint that
(Zao+ | Za |II?) + 20, Zg = 0. (35)

If Qeq = (1,0), the corresponding quaternion constraint yields

(Z2+ || Z3 |I%) + 224, = 0, (36)

and similarly, if Qeq = (1,0), one deduces from the corresponding
quaternion constraint that

(Z2+ | Z; 1) + 224, = 0. (37

We will actually prove that the points of the state space converging
to the undesired equilibrium points in 22, {23 and 24, form a set of
measure Zero. -

Consider, for instance, a point in 22, let say X, =
((1,0),(0,v,),0,0,0) where v, is a unit-length eigenvector of W,.
If z € ]R3, we use ml to denote the vector in the two-dimensional
plane vy given by 2 = z— (vl z)v, and W, the restriction of W,
to Up Recall first that the dimension of the state space X is equal
to 30 and, by using the equations (33) and (36), one deduces that

z3+ 1 27 I

7~ 2
I Zq | o0 = —
Ly 1— (22,4 1124 12)

1+1-T2Z 2 7

The reduced variable Z,..4 is given by
Zred = (24, 230, 25 %, 2, Z6) "

belongs to a smooth manifold M., of dimension 30. Fix a neighborhood
N of the origin for the reduced variable so that the projection operators
are equal to the corresponding identity operators in N. Then, as long as
the corresponding trajectory lies in AV it obeys to the following dynamics

Zred = A(t)Z’r‘ed + F(tv Zred): (38)

where A(t) and F'(¢, Z,q) are given in the appendix.

We decomposed the error dynamics in (38) into a linear part and a
super linear one, i.e, there exists a positive constant Cp such that F’
verifies an estimate of the type

H F(t7 Zred) IIS Co ” Zred ”27 ‘diVF(tv Zred)‘ < Co “ Zred ”7
for every (t, Zreq) € R4 X Meq. Note also that the time-varying matrix
A(+) does not depend on Z,..4 and its trace is constant and equal to

(40)

Since the matrix W), satisfies (22), the right-hand side ¢ of (@0} is strictly
positive. Assume now that the conclusion of the theorem does not hold
true and more particularly, that there exist a measurable subset set J of
X with positive measure such that all trajectories of 2I) starting in J
converge to Xcq. Let J(t), the image of J at time ¢ by the flow (¢, 0)
of the reduced dynamics. Since J(t) converges to {Xcq} as t tends to
infinity, one can assume, with no loss of generality, that J is chosen
close enough to X4 so that J(t) lies in the neighborhood N for every
t > 0 and therefore (¢, 0) is the flow associated with the time-varying
equation (38). Moreover, if m(J(t)) denotes the measure of J(t), then
m(J(t)) must tend to zero as ¢ tends to infinity.
On the other hand, one has for ¢t > 0,

m(J(t)) :/m) dZ; =/J\det(t,Z)|dZ,

where det(t, Z) denotes the determinant of D (t,0, Z), the differential
of ¥(t,0, Z) with respect to the initial condition Z € J. Recall that, for
every t > 0, one has

ad(t, Z)
ot

By taking into account (39) and (@0), one deduces that det(t, Z) > e&*/2
for ¢ large enough, hence m(J(t)) > e§*/2m(J) which tends to infinity
as t tends to infinity. We reached a contradiction.

For the other equilibrium points of Qz, Qg and Q4, one proceeds
similarly to show that there does not exist a measurable subset J of
X with positive measure and such that trajectories of ZI) starting in
J would converge to that equilibrium point. Therefore, for almost any
initial condition X € X, the corresponding trajectory of (ZI) converges
to a point of ;.

TrA(t) = 4\, — TtW, — oTrl; ' = €.

= (TrA(t) + divF(t,9(t,0, Z))) d(t, Z), d(0,Z) = 1.

O

The following proposition provides a useful result that will help
in the design of the parameters +; and p; satisfying (22).

Proposition 1. Let r1 and r2 be two non-collinear 3-dimensional
vectors. Let 13 = 11 X 12 and 0 € (0,7) the angle between 11
and ro. Set R; = ||rs|| > 0 for i = 1,2 and Rs = Ry R>sin(6).
Ifw,=-— 21 1 YiS(ri)? defined in Lemma [2) I then the following
hold true:
a) The eigenvalues of W., are equal to \y = R%’yl + R%’yg, A2 =
R3vs+ 2 (1++v/1— D) and A3 = R3vs + 3 (1 — /1 - D),
with D = L7172 502 (6)

)‘1
b) Setn = . Note that D = 4?%“7’2)(;). Then, Condition (22

is satzsﬁed, zf the parameters ~; and o are chosen such that
2aTrl,” !

> 1-+v1=-D’
(41)

2’Y2

n#1, 4R35y = M(1+3V1—D), A



Proof. First of all, notice that ||r3]] = R3 > 0and 0 < D < 1 since
r1 and 72 are non-collinear and 1 # 1. Set e; = [1 0 0], e2 =
[cos(8) sin() 0]7, e3 = [0 0 1]7 and E = [e1 e2 e3] and R, =
(% % %] Then the matrix U = ER;! is clearly orthogonal.
Finally, set j1; = RZv; for i = 1,2,3 and W = — 32°_ 11;S(es)*.
It is immediate to see that W = UW,U”, implying that TV and W,
have the same eigenvalues. Moreover, a direct computation shows
that

W= (23:1 i)l — 23:1 pieie] =
s + e sin(6) — 2 cos(0) sin(0) 0
—p2cos(0)sin(6) 1 + ps + p2 cos? @ o0
0 0 H1 + 2
(42)
Straightforward calculations lead to the result of item (a). We next
define 2 and ~3 according to the definition of 77 and the second part
of Eq.(#T). This choice implies that A3 < A2 < A1. Finally, the third
part of Eq.(@#T) imposes a choice on y; and yields that Condition (22)
is satisfied.

O

IV. SIMULATION RESULTS

In this section, we present simulation results showing the effective-
ness of the proposed adaptive attitude trajectory tracking controller.
We have considered for the simulations the inertia matrix [, =
diag (0.0797,0.0797,0.1490), the gyro bias § = [0.2,0.1, —0.1]
and the inertial vectors 71 = [0,0,1]" and r> = [1,1,1]" /+/3. The
simulation sampling time is 0.01sec. The control parameters have
been chosen as v1 = 72 = 2, p1 = p2 = 10 and a = 2. The
adaptation gains are I'y = 1 and I's = 1. The parameters of the
projections are given by n = 6, ¢ = 0.1, p = 0.1, 6, = 0.3
and ©,, = 0.3. The desired angular velocity vector wq has been
chosen to satisfy the persistency excitation condition mentioned in
assumption A6. We performed two simulation tests Testl and Test2
to show the performance of the proposed control scheme and confirm
the avoidance of the unwinding phenomenon. In the first simulation
test, we considered the following initial conditions: w(0) = [0, 0, 0],
Qa(0) = [0.8,0,0.6,0]7, Q(0) = [-0.8,0,0.6,0]7 and Q(0) =
[1,0,0,0]". In the second simulation test, we considered the same
initial conditions except for ), where we started the scalar part of
the unit quaternion from a negative value, i.e., Q(0) = [~1,0,0,0].
Figure 1 shows the evolution of the four components of the unit-
quaternion tracking errors with respect to time for Testl and Test2,
respectively. Figure 2 shows the evolution of the unit-quaternion
estimation error with respect to time for Testl and Test2 respectively.
We can clearly see that the unwinding phenomenon is avoided since
both equilibria given by O are asymptotically stable. Figures 3
and 4 show the norm of the input signals and the angular velocity
tracking error respectively. Fig. 5 shows that the parameter error 6,
converges to zero relatively fast, while the rest of the parameter errors
© converge to zero relatively slow. This is due to the fact that only
6 depends on the richness of the reference signal.

V. CONCLUSION

A new adaptive attitude tracking control scheme, relying on inertial
vector measurements, has been proposed for rigid body systems with
unknown inertia and unknown angular velocity bias. Global bound-
edness of the system state variables and almost global asymptotic
convergence of the body attitude and angular velocity to their desired
values are proven. The convergence of the adaptive parameters to
their true values is guaranteed under some kind of persistency of
excitation condition on the reference trajectories. Compared to [12],
the proposed control scheme involves fewer parameter adaptations

Fig. 2: Unit-quaternion estimation error @ for Testl and Test2

35

25

| 7 || (N.m)

15

05 \m\ {\ (\

“ﬂw Ww l\ﬂ,\w N(\V”\”\“’ ‘\,[Ww M | VWV f} wﬂq

10 15 20 30
Time (scc)

Fig. 3: Input torques || 7 ||.

2

181

16

141

121

1k

0.8

I (wa = w) || (rad/s)

06

0.4

0.2 ‘M%

0
0 5 10 15 20 25 30 35 40 45 50
Time (sec)

Fig. 4: Angular velocity errors || w — wq ||

lower order dynamics and avoids the unwinding phenomenon. The
performance of the proposed controller is illustrated through some
simulation results.
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APPENDIX

The expressions of A(t) and F(t,Zreq) are given by

0 3Ra 1 R4 0

0 A 0 0 —10l'R 0

0 0 Molz — Wi 0 1S(w,)R 0
A(t) = B P 4 _ 2 P - , 43
®) —2I; ' RTW, 0 A 0 —al;* 0 ~1,'Gy “3)

—2T1RIW, =2\, '1R"v, 2I1R"S(v,)(\ol2 — W;") 0 0 0

0 0 0 [GY 0 0

5((ZagIds + S(Z3))Ra(Zs + Zp)]
Zay (2000, Zg + 23 W, Zg) — 524 RZ;

F(t, Zred) = MoV ZqZg + 5(ZaoIds + S(Z3))RZg))* 44)

=21, 'Ry (ZaoIds — S(Z3) )W~ Zg — 1, ' G(Za + Z5, T1(Zy + Z,)) Zg

—2T1 R} Zg, 1ds — S(Z4)) W, Zq) — 201 R ((Zgo s — S(Z3)) W, Zq)
FQGT(Zw + 25, T1(Zy + Z,)) Zs


http://dx.doi.org/10.2514/3.20418
http://dx.doi.org/10.2514/3.19717
http://dx.doi.org/10.2514/1.22452
http://dx.doi.org/10.2514/1.53111
http://dx.doi.org/10.2514/2.4310

	Introduction
	Background
	Preliminaries
	Equations of motion

	Main Results
	Problem statement
	Linearly parameterized model for the control
	Control design
	Convergence analysis

	Simulation results
	Conclusion
	References
	Appendix

