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ISOTOPES OF OCTONION ALGEBRAS, G2-TORSORS AND
TRIALITY

SEIDON ALSAODY AND PHILIPPE GILLE

ABSTRACT. Octonion algebras over rings are, in contrast to those over fields,
not determined by their norm forms. Octonion algebras whose norm is iso-
metric to the norm ¢ of a given algebra C are twisted forms of C' by means of
the Aut(C)-torsor O(C) — O(q)/Aut(C).

We show that, over any commutative unital ring, these twisted forms are
precisely the isotopes C%? of C, with multiplication given by z *y = (za)(by),
for unit norm octonions a, b € C. The link is provided by the triality phenome-
non, which we study from new and classical perspectives. We then study these
twisted forms using the interplay, thus obtained, between torsor geometry and
isotope computations, thus obtaining new results on octonion algebras over
e.g. rings of (Laurent) polynomials.

Keywords: Octonion algebras, isotopes, triality, homogeneous spaces, torsors.
MSC: 17D05, 14L30, 20G10.

1. INTRODUCTION

The aim of this paper is to give a concrete construction, over unital commutative
rings, of all pairwise non-isomorphic octonion algebras having isometric norm forms.
To this end we develop the framework of triality over rings. We begin by outlining
our philosophy and intuition.

Let C be an octonion algebra over a unital, commutative ring R. In particular
C' is equipped with a multiplicative, regular quadratic form g. Then every auto-
morphism of C is an isometry with respect to ¢, but the converse is far from being
true. More precisely, the automorphism group of C' is a 14-dimensional exceptional
group scheme of type Gs, while the orthogonal group of C' has dimension 28. De-
spite this, if R is a field or, more generally, a local ring, then every octonion algebra
whose quadratic form is isometric to ¢ is isomorphic, as an algebra, to C'. This was
proved false by the second author in [Gi2] over more general rings, using torsors
and homotopy theory to study the homogeneous space SO(q)/Aut(C).

This space measures, in a sense, the gap between the (special) orthogonal group
of ¢ and the automorphism group. Our initial observation in the current work is
that any element of the spin group of ¢ induces an isomorphism from C to a certain
isotope O with a,b € Sc(R), the 7-dimensional unit sphere of C, that is the
sphere for the octonionic norm on C. The algebra C%? is simply the module C
with multiplication x * y = (xa)(by). As a and b run through Sc(R), we exhaust
the special orthogonal group modulo the automorphism group. As the match in
dimensions (28 — 14 = 7 4 7) roughly indicates, these isotopes essentially account
for the full gap between isometries and automorphisms.

The key to this observation is the phenomenon of triality. Well known over fields,
it was extended to rings in [KPS]. We give another formulation of this phenomenon

The first author is supported by the grant KAW 2015.0367 from the Knut and Alice Wallenberg
Foundation. The second author is supported by the project ANR Geolie, ANR-15-CE40-0012,
(The French National Research Agency).



2 S. ALSAODY, P. GILLE

over rings, in a way more streamlined for our arguments. With this tool we are
able to show that the isotopes above arise naturally as twists of C' by torsors of
the type considered in [Gi2]. Moreover we show that these isotopes account for all
octonion algebras with isometric norms.

The paper is organized as follows. In Section 2, we introduce the isotopes of a
given octonion R—-algebra and recall background information on octonions and their
isotopes. In Section 3, we prove using scheme theoretic arguments that the spin
group of an octonion algebra over any unital commutative ring can be described
in terms of triality and so called related triples. This enables us to give a precise
description of the Aut(C)-torsor II : Spin(q) — Spin(g)/Aut(C). For the sake of
completeness we also give a concrete construction of the spin-triality correspondence
by extending arguments valid over fields in a slightly different way than was done
in [KPS].

Our main results are found in Sections 4 and 6. One the one hand, we show
that the II-twists of C correspond canonically to the isotopes C*® (Theorem 4.6).
On the other hand, in Theorem 6.6, we show that all octonion algebras with norm
isometric to that of C' are obtained in this way. This is done by showing that the
torsor IT gives the same objects as the O(q) — O(q)/Aut(C) (i.e. the corresponding
cohomology kernels coincide). In the same theorem we obtain similar coincidences
for a number of other torsors. We then relate our results to that of so-called
compositions of quadratic forms.

Finally in Section 7 we discuss interesting special cases, such as rings over which
all isotopes are isomorphic, and isotopes which are isomorphic over all rings.

We fix, once and for all, a unital commutative ring R. By an R—-ring we mean a
unital, commutative and associative R—algebra.

1.1. Acknowledgements. We are grateful to E. Neher and K. Zainoulline for
fruitful discussions. To E. Neher we are also indebted for his thorough reading of
an earlier version and his remarks that helped improve the paper. We would also
like to thank A. Asok, M. Hoyois and M. Wendt for communicating their preprint
[AHW] to us.

2. BACKGROUND

2.1. Octonion algebras and isotopy. Isotopy of algebras is a very general no-
tion, which offers a way of deforming the multiplicative structure of an algebra.
The notion goes back to Albert [Al]. We will outline it here in order to derive,
from its generality, the proper context needed for our purposes in a self contained
manner. The contents of this subsection can otherwise be found in [McC].

An algebra A = (A, ) = (A, *4) over R is an R—module A endowed with an R—
bilinear multiplication *. In this generality, neither associativity nor commutativity
nor the existence of a unity is required. For each a € A we write L, or L} for the
linear map x — a*xx on A, and R, or R for the linear map x — x *xa. If A is
alternative, then L,R, = R,L, for any a € A, and we denote this map by B,.

An octonion algebra is an R-algebra whose underlying module is projective of
constant rank 8, and which is endowed with a regular multiplicative quadratic
form. (See also [LPR, §4] for further discussion.) Equivalently, it is a composition
algebra of constant rank 8. (An algebra A is a composition algebra if the underlying
module is finitely generated, faithfully projective, and if A is endowed with a non-
singular multiplicative quadratic form ¢ = g4, referred to as the norm of A. We
moreover always require that composition algebras be unital.) It is known that
locally, composition algebras have rank 1, 2, 4 or 8.
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Two arbitrary R—algebras (A4, *4) and (B, *p) said to be isotopic or isotopes of
one another if there exist invertible linear maps f; : A — B, ¢ = 1,2, 3, such that

fi(xxay) = fa(z) *5 f3(y)

for all z,y € A. The triple (f1, f2, f3) is then called an isotopy from A to B. It
is an easy known fact that isotopy is an equivalence relation. Then A and B are
isomorphic as R—modules, but not necessarily as R-algebras. However, the map
fi: A — B is an isomorphism of algebras between A and (B, *’;), where the new
multiplication on B is defined by

v¥gy = fof (x) x5 fafr H(y).

An algebra (B, «) is said to be a principal isotope of (B, *) if there exist invertible
linear maps g, h : B — B such that 2 %'y = g(z) * h(y) holds for all 2,y € B. Then
we denote (B, *') by B, and note that B and By j are isotopic. Conversely, the
previous paragraph implies that two algebras A and B is isotopic if and only if
A is isomorphic to a principal isotope of B. Thus restricting to principal isotopes
induces no loss of generality

In this paper, we are mainly concerned with unital algebras. Let (A4, *) be an
R-algebra and let g, h be invertible maps on A. Then A, is unital precisely when
there exists e € A such that

g(x)  h(e) = g(e) * h(z) = =
for all x € A. This is equivalent to the condition

g = Rj ., and h=1 = L¥ o
If A is moreover a unital alternative algebra, then by [McC, Proposition 2] the
above implies that g(e) and h(e) are invertible, and denoting the inverses by b and

a, respectively, the above condition becomes

g=R; and h=1L;.
Conversely, for any a,b € A*, the algebra Ag, 1, is unital with unity (ab)='.
fact [McC] shows the following result.

In

Proposition 2.1. Let C be a unital alternative algebra over R and let C' be isotopic
to C. Then C’ is unital if and only if C' ~ Cg, 1, for some a,b € C*.

Here C* denotes the set of invertible elements of C'. If C' is a composition algebra,
then we have the equality C* = {x € C|qc(z) = 0}.
To lighten notation, we will henceforth write A%" instead of Ag, 1, .

Remark 2.2. This construction is stable under base change, i.e. if ¢ : R — S is
a map of R-rings and a,b € S¢(R), then (C*%)g = (Cg)?(®)-¢(®) follows from the
bilinearity of the multiplication. Therefore, we may write Cg’b without ambiguity.

Remark 2.3. If C is a composition algebra with quadratic form ¢, then C’ = C%?
is a composition algebra as well, with norm ¢’ = Ag, where A = g(a *¢ b). Since
q o Laxor = Mg = ¢, it follows that (C,qc) and (C’,qcr) are isometric quadratic
spaces. Note that this isometry maps 1¢ to 1¢v.

2.2. Relations between isotopes. As the previous subsection shows, if C is an
octonion algebra, then any unital algebra isotopic to C' is again an octonion algebra
and is isomorphic to C%® for some a,b € C*. We will simplify the presentation
further by exhibiting some basic isomorphisms between certain isotopes. This is
the content of the following result.

Proposition 2.4. Let C be a unital alternative R—algebra and let a,b € C*.
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(1) In the commutative diagram

Ca,b
Cl,aba Cbab,l
Rb—l La

each arrow is an isomorphism of algebras.
(2) In the commutative diagram

Ba
each arrow is an isomorphism of algebras.
(3) The maps By : C*P — CYb¢ " and B, : €% — C'®1 gre isomorphisms
of algebras. In particular C** ~ C.
(4) The maps Byy-1By : C* — C% "1 and By-1,By : C¥° — C1a™ b gre
isomorphisms of algebras.
Proof. All map are clearly invertible and (1) was established by McCrimmon [McC,

prop. 6]. Assertion (2) is the special case b = a~! of (1). For, (3) We check the
first fact, the second being similar. Given x,y € C, we have

Ba(z*apy) = Ba((za)(by))
= (a(za)) ((by)a) [middle Moufang law]
= (a(za)) (((ba™")a)y)a)
= (a(za)) ((ba™")(a(ya))) [one-sided Moufang law]
= Ba(x) *1,0a-1 Ba(y)-
Finally, (4) follows by combining (2) and (3).

Remark 2.5. Knus—Parimala—Sridharan introduced another kind of isotope [KPS,
Rem. 4.7]. For an R-alternative algebra C' and an element u € C*, they defined
the new multiplication x %,y = (z(yu))u~! on C. We leave it to the reader to check
that the map R, : C — C induces an isomorphism of R-algebras R, : (C,*,) —
(Cy4y1q) =C¥ Bl = O,

O

Remark 2.6. The above proposition in fact implies that if C is a composition
algebra, then any composition algebra C' isotopic to C' is isomorphic to e.g. C1®
with ¢(a) = 1. Indeed, combining items (2) and (3) of the proposition, we have
C/ ~ Ccfl,c ~ Cl,cz.
As multiplication by ¢(c) is an isomorphism cLe Cl’q(crlg, the claim follows.
These relations will be explained partly by triality in Section 5.2.

2.3. Direct summands of octonion algebras. Let C' be an octonion algebra
over R. As for Azumaya algebras, we recall the following fact, which is of course
obvious if 2 belongs to R*. The trace map tr : C' — R is defined by tr(z) = by (z, 1).

Lemma 2.7. The trace map tr : C — R admits a section.

Proof. By means of partition of unity, we can assume that R is local with maximal
ideal M. We know that tr(c) = b4(1, ¢) for each ¢ € C. Since by is a non-degenerate
bilinear form, there exists cx € K = R/ such that tr(cx) # 0. Let ¢ be a lift of
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cr in Cgyon. Then tr(c) € R* so that tr : €' — R is surjective. Thus tr: €' — R
admits a section. O

Let us recall also the next fact.
Lemma 2.8. We have
Rlz{xEC | 2y = yx VyeC}:{xGC | y(zz) = (yz)z Vy,zEC}.

Proof. We prove it for the right hand side (denoted by M) and the middle term
can be done analogously. Let (¢;)i=1,... n be a generating family of the R—module
C. By bilinearity of the product, we have

M= {x € C | ¢(xej) = (eix)ey Vi, j = 1,...,n}.

By using the classical trick to write R as the limit of its finitely generated Z-algebras,
we may assume that R is noetherian, so that M is finitely presented.

Let 9 be a maximal ideal of R. By the corresponding result over fields [SV,
Proposition 1.9.2], we have R/9t = M ®r (R/IM) ~ M /MM . Nakayama’s lemma
shows that Royy = M ®p Rgn. Since it holds for all maximal ideals, we conclude
that R = M as desired. ([

For the next lemma we recall the identity b,(x,ay) = b,(az,y), which implies
that
{y € Clby(ay, ) = 0} = (az)*
for all a,z € C. Here L denotes the orthogonal complement with respect to b,.

Lemma 2.9. Let x € C be an invertible element and let a € C be an element of
trace 1.1 Then
(1) C = Rx @ (az)*, and
(2) =t is a direct summand of C which is locally free of rank 7. Furthermore
the restriction g, of ¢ to x* is a non-singular quadratic form.

Proof. (1) For each z € C, the element

z—q(z) by (az, 2)z
is orthogonal to @z, whence C' = Rz + (@z). The sum is moreover direct since
by(x,ax) = q(z) € R*, so that Az € (az)* only holds with A = 0.
(2) Again we can assume that R is local with maximal ideal 9. Since b, is non-
degenerate, there exists yx € K = Cp/on such that by(zx,yx) # 0 € K. We lift
yx to an element y € C' and we have b,(z,y) € R*. It follows that C = 2+ @ Ry.

To show that g, is a non-singular quadratic form it suffices to consider the case
when R = k is an algebraically closed field. We consider the radical

rad(qy) = {z € 2© | q(z) = by(z,2) = 0}.

Since b, is regular, ()" is of dimension 1, whence it is equal to kz. But ¢(x) # 0,
whence rad(g,) = {0} in any characteristic, and ¢, is non-singular. O

Remark 2.10. If 2 € R*, then a = 3 works, and C = Rz ® (32)" = Re @ 2.

We denote by P(CV) the projective space attached to CV = Hompg(C, R) using
EGA’s conventions. For each R-ring S, the set P(CV)(S) is that of invertible
S—submodules of C's which are locally direct summands of Cg. Each point a of
Sc(S) defines the free S—submodule Sa of Cg. Since a is an invertible octonion,
Sa is a direct summand of C' by Lemma 2.9. We have thus defined an R—map
u:Sc — P(CY). Tt is po-invariant, thus it induces an R-map u : S, — P(CV).2

ISuch an element exists by Lemma 2.7.
2The quotient S is defined and discussed in the appendix.
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Lemma 2.11. The R-map u : S — P(CV) is an open R—immersion. The pro-
jective R—quadric Qc = {qc = 0} C P(CY) is a closed complement of the image of
U.

Proof. Let us first show that u is a monomorphism. We are given an R-ring .S and
z,y € S¢(S) such that u(z) = u(y) in P(CY)(S). Let S’ be a flat R—cover of S such
that zg (resp. y,) lifts to an S'-point 2’ € S (5’) (resp. ¥’ € S¢(S5’). We then
have Sz’ = S’y’. Then 2’ = Ay’ for A € (S')*. By taking the norms we get 1 = \2,
ie. A € pa(S”). It follows that zg =y, € Sc(5') and thus z = y € S¢(S5).

The R—morphism u is thus a monomorphism from a flat R—scheme to a smooth
R-scheme and such that fibres over S are of the same dimension 7. According to
[EGAIV, 4.18.10.5], u is an open immersion.

For the last fact it is enough to check that Q¢ (k) U S (k) = P(CV)(k) for each
R-field k which is algebraically closed. In this case S, (k) = Sc(k)/pe(k) and it
is clear that ) = Q¢(k) NS (k). Further, a point of P(CV)(k) is a line L = kx in
C ®rk. If go(x) = 0, it follows that [kz] € Qc(k). If go(x) # 0, we may write
gc(z) = a=? with a € k*, and then L = [k(az)] € S (k). O

2.4. A result of Knus—Parimala—Sridharan. As in Remark 2.3, given a com-
position algebra C’ whose norm is isometric to Aqc, we can always find an isometry
(C,qc) ~ (C',q¢r) mapping 1¢ to 1¢s. In the following special case, Knus, Pari-
mala and Sridharan noticed that another kind of isotopes describes such objects.

Proposition 2.12. [KPS, Remark 4.7] Assume that R is a connected ring and that
Pic(R) = 0. If C, C' are octonion R—algebras such that there exists an isometry
f:(Crqc) = (C',qcr) with f(1c) = 1, then there exists u € C* such that

f@)ver ) = ((alyu)u?).

According to Remark 2.5, this algebra C’ is isomorphic to Cu U~ C%% hence
is an isotope. Their work, as ours, involves the triality phenomenon, and this
statement is in some sense the starting point of the present paper. However, as
will be seen below, our approach is independent of theirs, and our point of view
via torsors is of a different flavour. Moreover, our take on triality differs as well. A
consequence is the avoidance of discriminant modules, which lightens the burden
of necessary technicalities and enables us to formulate all results over general rings
and without reference to the Picard group.

3. TRIALITY

3.1. Framework and properties. Let henceforth C' always denote an octonion
R-algebra. In particular, C' is endowed with a regular, multiplicative quadratic
form ¢ = g¢ and a natural involution k : = — Z. We denote by Aut(C) its
automorphism group scheme, which is a semisimple R—group scheme of type Go and
is a closed R-subgroup scheme of the linear R—group scheme GL(C'). Let further
SO(gc) be the special orthogonal group scheme [CF, §4.3] associated to ¢¢. This
is a semisimple R—group scheme of type Dy, and the embedding Aut(C) — GL(C)
induces a closed immersion Aut(C) — SO(q¢).

We denote by RT(C) the closed R—subscheme of SO(gc)? such that for each
R-algebra S, we have

RT(C)(S) = { (11,12, t5) € SO@)(S)* |trr(ay) = tr(@) ar(7)

for any S-ring T and any z,y € CT}
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Remark 3.1. Since the multiplication in Cr is T—bilinear, it follows that
RT(C)(S) = {(t1.12,ts) € SO(@)(S)? | ¥y € Cs : ta(ay) = 12(7) L7) } -

Moreover, if (t1,t2,t3) € O(q)(S)? satisfies the above identity, then one can show
that (t1,%2,t3) € SO(q)(S)? and thus (¢1,t2,t3) € RT(q)(S). We will use and show
this later on.

An element of RT(C)(S) for an R—ring S is called a related triple. In fact, RT(C)
is a closed R-subgroup scheme of SO(gc)? (i.e. related triples can be multiplied
component-wise).

Remark 3.2. The definition of related triples here differs from that of [SV] and
[KPS], where instead the condition is

ti(zy) = t2(2)t3(y).

(Le. (t1,t2,t3) is an isotopy from Cg to itself, in the literature sometimes called an
autotopy.) As defined here, a triple is related if and only if it satisfies

ti(xey) =ta(x) e t3(y),

i.e. it is an isotopy with respect to the para-octonion multiplication e on C', defined
by zey =Z . The (non-unital) composition algebra (C, ) is an instance of what is
over fields known as a symmetric composition algebra. This is the approach taken
n [KMRT]. Note that if (¢1,%2,t3) is related in this sense, then (t1, ktak, Kt3k)
is related in the sense of [SV] and [KPS]. It follows that the two definitions give
isomorphic groups.

The following lemma, extended from [E|, shows that the subgroup As of S5 acts
on RT(C) by permuting the ¢;’s. The fact that the action of As takes this simple
form is the main advantage of using this version of the definition.

Lemma 3.3. Let S be an R-ring. For (t1,t2,t3) € SO(qc)(S)3, the following are
equivalent.

(1) (tl,tg,t3) S RT(C)(S)
(2) (tg,t3,t1 S RT(C)(S)
( ) (t3,t1,t2 ERT(C)(S)
(4) The trilinear form Ay defined on Cs by Ag(w, z,y) = bg(w,T 7) satisfies

Aq(tl(w)7t2(x)vt3(y)) = Aq(w,z,y)
for all w,z,y € Cg.

Proof. 1t is readily verified that Ag(w, z,y) = Ay(z,y,w) = Ay(y, w, x). Thus A,
is invariant under cyclic permutations, and it suffices to prove the equivalence of
the first and last statement. Since ¢; is orthogonal, the last statement is equivalent
to

VY, z,y € O : by(t1 (w), t2(w) t3(y)) = be(tr(w), t1(T B)),

which by regularity of ¢ is equivalent to the first statement. (I
Example 3.4. If ¢ € C satisfies g(¢) = 1, then the middle Moufang identity
c(xy)e = (cz)(yc) implies that (Be, Rz, Lz) € RT(C)(R). By Lemma 3.3, the same
holds for (Rz, Lz, B.) and (Lz, B., Rz). These, in a sense, basic triples will be useful
in the sequel.

The following lemma provides other examples of related triples.

Lemma 3.5. Let S be an R-ring and t € SO(qc)(S). Then (t,t,t) € RT(C)(S)
if and only if t € Aut(C)(S).
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Proof. If t € Aut(C)(S), then ¢ commutes with the involution of C's and satisfies
t(zy) = t(x)t(y) for all z,y € Cs. From this it follows that (¢,¢,t) € RT(C)(S).

Conversely, assume that (¢,t,t) € RT(C)(S). To show that t € Aut(C)(S) it
suffices to show that ¢ commutes with the involution. By definition of a related
triple we have

H(z) = t(x) ¢(1) = (1) t(x)
for all z € C. Surjectivity of ¢ implies that £(1) belongs to the centre S1 of Cl,

whereby ¢(1) = al = #(1) for some o € S. Since ¢ is an isometry we get a? = 1.
But then
a=t(1)=t)t1) =a? =1.

Thus ¢ fixes 1 and by the above we get ¢(Z) = t(z) for all z € Cg, as required. O

Thus Aut(C) embeds in RT(C) by means of the diagonal mapping, and we
denote by i : Aut(C) — RT(C) that closed embedding, which we will henceforth
view as an inclusion. We also define f; : RT(C) — SO(C) as the projection on the
ith component, for ¢+ = 1,2, 3.

Proposition 3.6. Aut(C) ~ RT(C)% ~ RT(C)%.
Proof. By the Lemma 3.5, the embedding i maps Aut(C) into RT(C)42, and
the projection f; maps RT(C)4 into Aut(C) and satisfies f o i = Idaut(c) and

io f1 = Idgyp(cyas. The first isomorphism follows as both these maps are functorial,
and the second holds as all elements of S act trivially on the image of 7. (]

The centre of SO(gc)? is pu3 and its intersection with RT(C) is

1
p = ker(pd "5 ).

As the following proposition shows, related triples are determined, modulo po, by
any of their components.

Lemma 3.7. (1) Let (t1,t2,t3) € RT(C)(R) with t; =1d. Then to = t3 = nld for
n € p2(R).

(2) The kernel of f1 is isomorphic to pe embedded in p by n — (1,7m,m) and similarly
for fo and f3.

Proof. (1) The proof is inspired by [E]. Let (¢1,t2,t3) € RT(R)(S) with ¢; = Id.
Then

ta(z) t3(y) =T 7,
or equivalently
ts(y)ta(z) = ya
for any z,y € Cg, whereby
zta(z) = t3 (2)x
for any x,z € Cg. Setting z = 1 gives t = L. with ¢ = t;3*(1), and setting = = 1
gives t; ' = Ry with d = t5(1). Thus in general
z(cx) = (2d)x

for any x,z € C. In particular with z = z = 1 we conclude that d = ¢, and then
z(cx) = (zc)x for all z, z € C. But such an associativity relation only holds if ¢ = n
for some 1 € R1 (Lemma 2.8). Thus t; = t;* = nld. Since e.g. ¢, is an isometry,
this gives

1=q(t2(1)) = q(n1) =17,
whence the claim.
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(2) The first statement shows that the kernel is contained in po. Conversely, if
ts = nld and t3 = nld with n? = 1, then for all z € C,
ti(z) =t (1) = t2(T) t3(1) = n°al = =,
whereby the proof is complete. (I

Given this, we observe the following addition to the above discussion on auto-
morphisms.

Proposition 3.8. A triple (t1,1t2,t3) € RT(C)(S) satisfies t3(1) = t2(1) € pa(S)1
if and only if t1 € Aut(Cg). Moreover, a triple (t1,t2,t3) € RT(C)(S) satisfies
t3(1) =t2(1) =1 of and only if (t1,t2,t3) € is(Aut(C)(9)).
Proof. Assume that ¢; is an automorphism. Then by Lemma 3.5, (¢1,¢1,%1) is a
related triple, and by Lemma 3.7 we have to = t5 = nt; for some 1 € pu2(S), whence
t3(1) = t2(1) € p2(S)1. Conversely assume that t3(1) = t2(1) = 71 with n € pa(S).
Then for all z € Cg,

t1(z) = t1(21) = t2(T) t3(1) = nt2(7),
whence t; = nktak. Similarly one concludes that ¢t = nktsk. Thus for all z,y € Cg,

ti(@)t1(y) = 1’ Ktar(2)rtsr(y) = t2(T) t3(7) = ti(ay),

Thus ¢ is an automorphism and to = t3 = nt;. This proves the first statement and,
with 17 = 1, the only if-direction of the second. The other direction is clear. (I

Theorem 3.9. The R-group scheme RT(C) is semisimple simply connected of
type Dy. Moreover, for any i = 1,2,3, the mapping f; : RT(C) — SO(qc) is the
universal cover of SO(qc).

The term universal cover is understood in the sense of SGA3; see [Co, 6.5.2].

Proof. We start with the first statement. Let Cy be the Zorn octonion algebra over
Z. We know that there exists a flat cover (that is a finitely presented faithfully
flat R-ring S) such that C ®r S ~ Cy ®z S [LPR, Cor. 4.11]. It follows that
RT(C) xr S ~ RT(Cy) xz S and the statement boils down to the case of Cy over
Z.

According to [SV, Prop. 3.6.3] and Remark 3.2 above, RT(Cp) xz Q and
RT(Cy) xzF, (p prime) are semisimple simply connected algebraic groups of type
Dy, in particular smooth and connected. Lemma B.1 then shows that RT(Cy) is
smooth over Z. The affine smooth Z-group scheme RT(Cp) thus has geometric
fibres which are semisimple simply connected, whence by definition, RT(C)) is a
semisimple simply connected Z—-group scheme.

For the second statement, it is enough to deal with f;. According to Lemma
3.7, po = ker(f1) and is a central subgroup of RT(C'). We denote by RT(C) =
RT(C)/p2 the quotient [SGA3, XXI1.4.3.1]; it is a semisimple R—group scheme as
well. Then the induced map f; : RT(C) — SO(qc¢) has trivial kernel. For each
point s € Spec(R), fi_ : RT(C)s — SO(qc)s is a closed immersion between smooth
connected algebraic k(s)-groups of the same relative dimension 28. Hence f1, is
an isomorphism. Since RT(C) is flat over R, the fibre-wise isomorphism criterion
[EGALV, 4.17.9.5] enables us to conclude that f; is an isomorphism. Then f; is a
central isogeny and since RT(C) is semisimple simply connected, it follows that it
is the simply connected cover of the semisimple R—group scheme SO(g¢). O

On the other hand, we have the universal R—cover x : Spin(gc) — SO(qc¢) [CF,
8.4.0.63]. It follows that there is a unique R—isomorphism F : Spin(gc) — RT(C)
such that f; o F' = x. A construction of this isomorphism will be given in the next
subsection.
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3.2. Explicit construction. For coherence, and in order to relate our work to
its predecessors, we will give a constructive proof that the spin group of (C,q) is
isomorphic to the group of related triples on C. A closely related version can be
found in [KPS]. We closely follow the approach of [KMRT] (who work over fields
with 2 # 0), and [E] (who considers fields of any characteristic). It is independent
of the proof given in the previous section. (Conversely, the remainder of the paper
is independent of this section.)

To this end, we write Cl(C,q) for the Clifford algebra of the quadratic space
(C,q), and Cly(C,q) for its even part. Multiplication in Cl(C,q) will always be
denoted by -. Consider the R—group scheme Spin(q) defined, for each R-ring S,
by?

Spin(q)(S) = {u € Cly(C,q)% |u-Cs-u™t = Cs and uo(u) = 1}.
We also introduce the R-group scheme RT'(C'), defined by

RT/(C)(S) = {(tl,tg,tg) S O(q)(S)S |Vx,y S CS . tl(:zjy) = tg(f) t3(§)}

Similarly to RT(C)(S), this is a subgroup scheme of O(gq)?. The reason for intro-
ducing RT'(C) is merely for technical convenience; we will later show that in fact
RT'(C) = RT(C).

Recall from [K, IV.1.2.3] that for any R-ring S, the map incl®Id : C ® S —
Cl(C, q) ® S induces an isomorphism of S—algebras

CliIC®S,q1)~Cl(C,q) ® S,

which obviously preserves the grading and which we shall view as an identification.

Proposition 3.10. Let S be a unital commutative Ting and C be an octonion
algebra over S with quadratic form q. The map o : C — Endg(C & C) defined by

v (o, ')

induces isomorphisms
o' (Cl(C,q),0) = (Ends(C & C),0414)
and
a” : (Cly(C,q),0) = (Ends(C),04) x (Ends(C), o)
of algebras with involution. Moreover o' is a morphism of Z/2Z-graded algebras
with respect to the Clifford and chequerboard gradings.

Here o is the main involution on CI(C,q), o, is the involution on Endg(C)
associated to by, and o4 4 is the involution on Endg(C & C) induced by o,.

Remark 3.11. Note that the entry Lzx (resp. kL,) in the matrix of « is the map
of left (resp. right) multiplication by x with respect to the para-octonion algebra
structure on C' of Remark 3.2. While there are other possible ways to construct the
map «, this choice leads to a cleaner presentation. (See also [KMRT, §35].) We are
grateful to A. Quéguiner-Mathieu for pointing this out. Note moreover that

0 kKR:\ __ 0 Lzk
O‘(z):(nLI 0 )7(12511 0 )
Proof of Proposition 3.10. The map « is linear and satisfies
_ z)Id 0
a(@)? = (5 1 5) = (0 e ) = a@)doac,

whereby it induces a homomorphism o’ as above by the universal property of Clif-
ford algebras. The source of o is, by [K, IV.2.2.3] and [IV.1.5.2], an Azumaya

3The condition w - Cs -u~! = Cg implies, as an easy calculation shows, that the map x —

w-z-u"! is an orthogonal operator on Cg. In [K] this latter property is put into the definition.
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algebra of constant rank 28. Since C is faithfully projective, the target is an Azu-

maya algebra of constant rank 162 = 28. Thus by [K, II1.5.1.18], the map o is an

isomorphism of algebras. It respects the grading by construction, from which fol-

lows that o' is an isomorphism as well. To show that o and o’ are isomorphisms

of algebras with involution, it suffices to show that o/ (0(z)) = 0414(c/(z)) for all

2 € C. But then o(x) = z, and, setting A = &/(x), we have, for any a,b,c,d € C,
bg1q (A(%),(a)) = bg(T b,c) + by((xa), d) = be(bx,€) 4 by(za, d)

as k is an involutory isometry. By the identities by (zv, w) = bq(v, Zw) = bye(z, W),
this equals

by(b, (z¢)) + bg(a, T d) = bgiq ((5).A(3))-
Thus A = 041 4(A) as required. O

Let now C be an octonion algebra over R. The morphism
X' : Spin(qc) — O(qc)

given, for any R-ring S and u € Spin(gc)(S), by u — uy, where for all z € Cg,
up @ u-x-ut maps Spin(gc) inside SO(qc) [K, IV.6]. We moreover define

U2, us by
0
O/(U’) = (163 uz) ?
noting that they are invertible linear operators on Cg as well. We will write u;(S)
for u;, i = 1,2,3, whenever the ring S needs to be emphasized.

Theorem 3.12. Let C' be an octonion algebra over R. The map
F : Spin(qc) — RT'(C),
defined, for each R—ring S and for each u € Spin(qc)(S), by
Fg(u) = (u1(5), u2(S), us(5)),
is an isomorphism of affine group schemes.
The following basic lemma, extended from [E], will be useful.

Lemma 3.13. Let (M, q) be a reqular quadratic module over a ring S, and assume
that f is a similitude with multiplier X € R, i.e. q(f(x)) = Aq(z) for all x € M,
and moreover satisfies by(f(x), f(y)) = by(z,y) for all xz,y € M. Then A = 1.

Proof. We have

by(x,y) = be(f(2), f(y)) = a(f(x) + f(y)) — a(f(x)) —a(f(y))
which, by the hypothesis on f, equals

Aq(z +y) — Aq(z) — Aq(y) = Abg(x,y)
for all 2,y € M. Thus by(x) = Aby (z) € M* for all x € M, whereby b,/ = b/,
and, being invertible

Idp- = Aby (b)) ™" = Md,

whereby A = 1. O
Proof of Theorem 3.12. Fix an R-ring S. We begin by showing that the map Fg
is well defined. To begin with, u;(S) € O(q)(S) for each i. For ¢ = 1, this holds by
construction. For ¢ = 2,3, the fact that o is a morphism of algebras of involution,
together with o(u) = u~?!, implies that
(B0 by(usl@) wi(y) = by(rluus(@),y) = by((w)~ uiw),9) = by(a. ).
Arguing as in [E], we note that for any z € C,

(o (z) = (u-z-ut-u) = (ur(x))a (u).
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Inserting the definition of o/ into this equality yields

(3.2) uskLy = KLy, (myuz and  uzlzk = L——*kus,

ui (x)

and applying both sides of both equations to 1 € C one obtains (substituting = for

)

ug(z) = us(l) w1 (T) and wus(z) = u1(T) ua(1).
Now using the fact that u; and y — 7 are isometries of the multiplicative quadratic
form ¢ on C| this gives

quz(z)) = q(us(1))g(x) and  q(us(x)) = q(uz(1))q(z).
With (3.1) and the above lemma we conclude that us and us are isometries, whence
Fs(u) € O(q)(9)3. To show that Fs(u) € RT'(C)(S), we apply the second equation
of (3.2) to an arbitrary y € C. This gives

u3(ZT Y) = ui(z) uz(y),
whereby (us,u1,u2) is a related triple, and, by Lemma 3.3, so is Fg(u). Thus the
map Fs is well-defined; it is a group homomorphism since Y’ and o’ preserve the
multiplication, and injective since so is /.
To show that it is onto, let (t1,t2,t3) € RT'(C)(S). Then by Proposition 3.10,
(ts,t2) is the image under o of a unique u € Clg(g). The element u satisfies, for
all z € Cg,

/ -1 ts 0 0 Lz ' 0\ _ 0 ktsLarty
(u-w-u) = (Stz) (nLI oﬁ) ( 30 t;l) = (tw%t;ln 3 0 2 )
Using the fact that (¢1,t2, t3) is related together with Lemma 3.3, and the definition

of a related triple, the right hand side simplifies to give

o(u-x-ut) = (R ° Ltloﬁn) = o/ (t1(x)).

t1(z) "
Thus by injectivity, v -z - u~! = t;(z) € Cs. Moreover, since /' is a morphism of
algebras with involution, and since t5 and t3 are isometries, we have

(o () = (04(ts), 0q(t2)) = (85,85 7),
whereby

o (uo(u)) = o’ (u)a”" (o(u)) = (1d,1d),
whence by injectivity uo(u) = 1. Thus w € Spin(q)(S) and Fg(u) = (t1,t2,1t3).
This proves that Fis is surjective, hence a group isomorphism. Functoriality is clear,
and the theorem is proved. ([

Corollary 3.14. The group schemes RT'(C) and RT(C) coincide.

Proof. Tt suffices to show that RT'(C') C SO(q)?, i.e. for each R-ring S and each
(t1,t2,t3) € RT'(C)(S) we have t; € SO(C)(S). Now Lemma 3.3 holds, with the
same proof, if RT(C) is replaced by RT’(C) and SO(gq¢) by O(qc). Thus it suffices
to show that t; € SO(q)(S). But the theorem provides u € Spin(q)(S) such that
t1 = uy, whereby t; € SO(q)(9). O

Proposition 3.15. In the following diagram of affine group schemes, the rows are
ezxact, the vertical arrows are natural isomorphisms, and the squares commute.

’

1— 15— Spin(q)——=S0(¢) —1.
lﬁ/.UQ—>RT (C)—— h SO(q)——1

Here, i and j are defined by setting, for each R-ring S,
e 15(n) =nl and
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b ]5(77) = (Idvnlda Uld);
while F' and x' are defined above.

Proof. Let S be an R—ring and consider the diagram

11— 1> (S)—Spin(g) (S)—=S0(q)(5) ~X~Disc(S),

N |

1— = ps(S)— > RT(C)(S)—L~50(¢) (5) X~ Disc(S)

where SN denotes the spinorial norm and Disc(S) the discriminant module (see

the appendix). The upper row is exact by [K, IV.6.2.6]. If u € Spin(q)(S), then
by the above theorem

froFs(u) = fi(uy,uz, uz) = u1 = x'(u),
whereby the middle square commutes. If n € pa(S), then

Fsou(n) = Fs(nl) = ((n1)1, (nl)2, (n1)3) = (Id, (n1)2, (n1)3).

The left square commutes, since
((n1)2, (n1)3)) = " (nld) = (nld, nld) = n(Id, 1d),

as o' is a morphism of algebras. The statement follows since all maps are functo-
riality is clear, and since Disc(S) is trivial for a faithfully flat R—ring S. O

Remark 3.16. The map x’ : Spin(q) — SO(q) of Proposition 3.15 is a central
isogeny. Since Spin(g) is a semisimple simply connected R—group scheme, x’ is
then a universal cover in the SGA3 sense [Co, 6.5.2]. Since Aut(us) = 1, the map
X’ coincide then with the universal cover x considered at the end of §3.1.

4. TWISTING

4.1. Torsors. We consider the usual action of SO(gc) on the octonionic unit
sphere S¢ = S,.. Recall that

Sc(S) ={c€ Cs|qcs(c) =1}
for any R-ring S. An important point is that S¢ is smooth over R (Lemma A.1).

We have three actions of RT(C) on S¢ and will, throughout, consider the action
of RT(C) on S¢ x S¢ defined by

t.(u, v) = (t3(u), t2(v))
for any t = (t1,t2,t3) € RT(C)(S) and u,v € Sc(S).
We establish now in the ring setting a result by Jacobson over fields of nice
characteristic [J, page 93], see also [Ha, th. 14.69] in the real case. Our proof is
self-contained.

Theorem 4.1. (1) The stabilizer Stabrycy(1,1) is i(Aut(C)).
(2) The fppf quotient sheaf RT(C)/Aut(C) is representable by an affine R—
scheme and the induced map RT(C)/Aut(C) = SZ is an R—isomorphism.

Proof. (1) This follows from Proposition 3.8.

(2) Since Aut(C) is flat over R, it follows that the fppf quotient RT(C)/Aut(C) is
representable by an R-scheme and the induced map h : RT(C)/Aut(C) — S% is
a monomorphism [SGA3, XVI.2.2] . Furthermore RT(C)/Aut(C) is smooth since
RT(C) is smooth [SGA3, V15.9.2.(xii)]. Since RT(C)/Aut(C) and SZ are smooth
over R of the same relative dimension 14, we know that h is an open immersion by
[EGAIV, 4.18.10.5]. The proof that h is an isomorphism boils down, by the trick
used in the proof of Theorem 3.9, to the case of R = Z and C = Cj.



14 S. ALSAODY, P. GILLE

Claim. For each prime p, h, = h xz F, is an isomorphism.

Since h, is an open immersion, it is enough to show that RT(Cy)(F,) acts
transitively on SZ, (F,) and a fortiori to show that for each ¢ = p", RT(Cy)(F,)
acts transitively on S%, (Fy). The coset ¥ := RT(Co)(F,)/Aut(Co)(F,) is the
RT(Cy)(F,)-orbit of (1,1) in S, (F,). Using [Hu, Table page 6], we have

¢ -1 - 1D)*¢° 1) _ (¢ — 1))

¢%(q®> —1)(¢® — 1) o '
On the other hand, since Cj is hyperbolic of dimension 8, we set V = Fg and view
the F,—points of S¢, as the points of V & V" having hyperbolic norm 1, i.e. the
pairs (v, ¢) where v € V and ¢ € V'V satisfy ¢(v) = 1. It follows that S¢,(F,) has
cardinality §(V \ {0}) x ﬁ([["g) = (¢* = 1)¢®. Thus §¥ = ﬂ(S%O (Fq)), implying that
Y = SQCO (F,), and a fortiori that RT(C)(F,) acts transitively on 8200 (Fy)-

The Claim is proved. Now 82CU is a Jacobson scheme, i.e. its closed points are
dense [EGAIV, 3.10.4.6]. Furthermore the mapping S%H — Spec(Z) maps closed
points to closed points (ibid, 3.10.4.7). The Claim implies that the image of h
contains all closed points of SQCO; hence h is surjective. Thus h is a surjective open
immersion and thereby an isomorphism. ([

fs =

By the above, the map IT : RT(C) — S¢ X S¢ given, for each R-ring S and
each t € RT(C)(S), by
Is i t = (t1,t2,t3) = (t3(1),t2(1)),

is a G—torsor in the fppf-topology [DG, I11.4.1.8], where G = Aut(C). Since
G is smooth over R, it is additionally a G—torsor for the étale topology [SGA3,
XXIV.8.1]. We can actually prove a stronger result.

Theorem 4.2. (1) There is a natural bijection
RT(C)(R)\(Sc(R) x So(R)) = ker(H},, (R, Aut(C)) - H}, (R.RT(C))).
(2) The Aut(C)-torsor Il : RT(C) — S¢ X S¢ is trivial for the Zariski topology.

The statement shows that the defect in transitivity for the action of RT(C)(R)
over Sc(R) x S¢(R) is encoded in a nice subset of H (R, Aut(C)), namely a
subset of isomorphism classes of Zariski twists of C.

We write W(C) for the vector R—group scheme of C, so that
W(C)(S) =Cs (=C®rS)

for any R-ting S. Let E be a G = Aut(C)-torsor and let EA® W(C) be the fppf-
twist of W(C) by E. This is the sheaf associated to the presheaf E(C) defined, for
each R-ring S, by
E(C)(S) = (E(S) x Cs)/ ~,

where

(u, ) ~ (v, 2") <= 3g € G(S) : (ug, g '2) = (u/, ).
This is the twisted octonion R-algebra written EC for short. We can proceed to
the proof of Theorem 4.2.

Proof. (1) According to cohomological properties [Gi3, prop. 2.4.3], there is a
natural bijection

RT(C)(R)\(SC(R) X SC(R)) -, ker(Hflppf(R, Aut(0)) 5 HE (R, RT(C)))

induced by the characteristic map which to a point (a,b) € Sc(R) x Sc(R) as-
sociates the class of the G-torsor E** = II"!(a,b). The main point is that the



ISOTOPES OF OCTONION ALGEBRAS, G2-TORSORS AND TRIALITY 15

orthogonal representation Aut(C) — O(qc) factors through RT(C). It follows
that we have the inclusion

ker(i*) C ker (H}ppf(R, Aut(C)) — Hi (R, O(qc)))-

To refine the statement for the Zariski topology, we consider an Aut(C)-torsor E/R
such that its class belongs to the second kernel and want to show that it is trivial
locally for the Zariski topology. Let C’ = BC be the twisted octonion R-algebra.
The map Hg, (R, Aut(C)) — HE (R, O0(qc)) sends [C'] to the isometry class of
the quadratic form ¢/ (which is a twisted form of ¢¢). Since [C'] belongs to the
second kernel, it follows that g is isometric to gqo. According to Bix’s theorem
[B, lemma 1.1], we have that C' ®r Ry ~ C @g Ry for each prime ideal P of R.

In other words, we have E(Rq) # (). But E is of finite presentation over R, so that
E(Ry) = lim E(R)).
iy

For each prime ideal P there thus exists an element fy ¢ P such that E(Ry,,) # 0.
The fy’s generate R where P runs over the maximal ideals of R. In particular there
exists a partition of unity 1z = fi1 + -+ + f» such that E(Ry,) # 0 fori =1,...,n.
Thus E is a G-torsor which is Zariski locally trivial. We have shown (1).

(2) We apply (1) to the coordinate ring R[SZ] and to the universal point
n € S%(R[S%]). Its image by the characteristic map is nothing but the class
of the G—torsor II : RT(C) — SZ. Then (1) yields that II admits sections locally
with respect to the Zariski topology. ([

A natural question to ask at this stage is whether this construction is trivial or
not. We provide here a variant of [Gi2].

Example 4.3. Assume that R = R is the field of real numbers and that C' is
the division algebra of Cayley—Graves octonions. In this case, G = Aut(C) is the
real semisimple anisotropic algebraic group of type G5 and S¢ is the standard real
sphere with equation Z§:1 z? = 1. We claim that the G-torsor II : RT(C) — S%
is non-trivial. If it is trivial, there is a G-isomorphism RT(C) = SZ% xgr G and
in particular the morphism G — RT(C) ~ Sping admits an algebraic retrac-
tion. When taking the real points, we have that the inclusion of topological groups
G(R) — Sping(R) admits a continuous retraction. Therefore for each j > 1, the
homotopy group 7;(G(R),1) is a direct summand of 7;(Sping(R)). According to
the tables [Mi, p. 970], we have m6(G(R),1) = Z/3Z and 7s(Sping(R),1) = 0
whence a contradiction. Thus the G-torsor II : RT(C) — S% is non-trivial. Note
also that the same fibration extended to the field C of complex numbers is still
non-trivial. Proposition 6.10 provides an algebraic proof of this fact.

4.2. Isotopes as twisted algebras. We shall now see how the isotopes of Section
2 appear naturally as the twists above. We are given a,b € S¢(R) and consider
the G-torsor E** = I171(a,b). It gives rise to the sheaf of twisted octonion R-
algebras E**(C). This is the sheaf associated to the presheaf E**(C) defined, for
each R-ring S, by
E*(C)(8) = (I (as, bs) x Cs)/ ~,

where

(6,2) ~ (,2') <= Fg € G(S) : (tg,2) = (t/,g(a')).
Remark 4.4. Note that if IIg(t) = IIg(t), then t~!t' € is(G(S)).

The linear structure on E**(C)(S) is induced by (cf. [DG, 111.4.3.3])

(t,2) + (¢, 2) = (t,z + 17 ') (2"))
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and, for s € S,
s(t,z) = (t, sx),
and the multiplication by
(t,2) - (t,2") = (t, 2ty 1) (a")).

The unity is the class of (t, 1), which is independent of the choice of t € Hgl(ag, bs)
by Remark 4.4. Using this and the fact that ¢(c¢)1 = ¢ for any element ¢ of an
octonion algebra, one finds that the quadratic form of E**(C)(S) coincides with
that of Cg.

The following observation will be useful.

Proposition 4.5. Let a,b € Sc(R) and (t1,t2,t3) € RT(C)(S) for an R—ring S.
Then ty is an isomorphism Cs — C’g’b if and only if t2(1) = nbs and t3(1) = nag
for some n € pa(S).

Abusing notation, we write a and b for ag and bg, respectively.
Proof. If t2(1) = b and t2(1) = a, then
tl (ZL') = tl(ll') = tg(l) tg(f) = E tg(f),

whereby Lzktszkx = t1, and thus wtzk = Lpt;. Likewise ktak = Rqtq1. This implies,
by the definition of a related triple, that for all z,y € Cg,

t1(zy) = Ktar(x)ktsk(y) = Rat1(x)Lot1(y) = t1(2) *ap t1(y).
Since C"%1M° = C? for any i € pa(S), this concludes the if-part.
Conversely, if t; : Cg — Cg’b is an isomorphism, then (t1, kR.t1k, kLpt1K) is
a related triple. Since t1(1) = (ab)~! we get kRut1£(1) = b and kLpt1k(1) = a.
Lemma 3.7 then implies that t2(1) = nb and t3(1) = na for some n € pa(S). O

We can now establish the link between twisted forms and isotopes, and formulate
the main theorem of this section.

Theorem 4.6. Let a,b € Sc(R). Consider, for each R—ring S, the map
0% 1 15" (as,bs) x Cs — C&’,  (t,2) = t1(2).
Then these maps induce a natural isomorphism of fppf-sheaves of algebras
0% E** AC W(C) = W(C™P).
Naturality means that for any morphism ¢ : S — T of R-rings, the diagram

Ba,b

©
E*(C)(5)———Cg"
‘/#7 J{&
Clak b
E“(C)(T)———Cy
commutes. Note that the maps are well-defined by Remark 2.2.
Proof. By the universality of the sheaf associated to a presheaf, it suffices to prove
that for each S such that Hgl(as, bs) # 0, the map @as’b is a natural isomorphism
of algebras. Consider such an S.
Firstly, the map @g’b is well defined, since if (t,z) ~ (t',2') € Hgl(as, bs) x Cs,
then t' = tg and 2’ = g~ !(x) for some g € G(S), whereby
t(@') = tigg~" (x) = ta(2).
Secondly, (:)‘g’b is an algebra homomorphism. Indeed, it is linear, since

0L’ (s(t, x)) = O (t, 52) = t1(s2) = st1(z) = sOL"((t,z))
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for all s € S, and
05" ((t,2) + (t',2)) = O (t,x + 171, (2") = ti(x + 17 11 (2')) = ta(2) + 11 ("),
which by definition is ©%°((t, z))+O0%"((t/,2')). With respect to the multiplication,
05" ((t,2)(t',a") = OF" (¢, xt1 ') (")) = t1 (at1 11 (y)),
and since t € Hgl(a, b), by Proposition 4.5 this equals
t1(2) *ap ity (7)) = t1(2) *ap 1 (y) = OF (8, 2) %4 OF(t,2").

Thirdly, (:)’g’b is injective, since if @g’b((t,x)) = t;(x) = 0, then & = 0 since
t; is invertible, whereby the class of (t,) is the zero element of E“*(C)(9); it is
surjective since given x € C’g’b, any t € IIg' (a,b) # 0 satisfies @‘g’b(t,tfl(z)) = .
Thus (:)“S’b is an isomorphism. It is natural since the commutativity of the square
above is the statement that, for each (t1,t2,t3) € RT(C)(S), we have the equality
t170¢ = bt1, which follows from the definition of 1. O

In view of Remark 2.6 and the discussion preceding it, this implies that any
twisted form of the octonion algebra C, where the twist is effected by the torsor
above, is an isotope. By that remark and the proposition preceding it, one may,
without loss of generality (up to isomorphism), assume that b = 1 or, equivalently,
b = a~!'. This and other variants are discussed in Section 6, where we will also
show that the twists above account for all octonion algebras isometric to C.

5. RELATED CONSTRUCTIONS

5.1. Twisted automorphism groups. We will briefly discuss the automorphism
groups of the twisted algebras. We set G** = Aut(C%%) for a,b € Sc(R). It
is the twisted group scheme of G by the torsor E*?. According to Demarche’s
compatibility [Gi3, §2.4.1], we have a natural identification

Gab {t € RT(C) | t.(a,b) = (a,b)}.

In other words, G*? is nothing but the stabilizer of (a,b) for the action of RT(C)
on S%. From another point of view, it consists of the fixed points of a twisted
As-action on RT(C), which is given explicitly in the following proposition.

Proposition 5.1. Let a,b € Sc(R).
(1) The map
T : RT(C*") — RT(C)
defined, for each R-ring S and each (t1,ts,t3) € RT(C**)(S), by
(tl, tQ, tg) —> (tl, BbRatQREBE, BathBLEBE),

is an isomorphism of R—group schemes.
(2) The transfer under T? of the automorphism (ti,ta,t3) + (t2,t3,t1) of
RT(C*%)(S) is the automorphism

%" : RT(C) — RT(C)
of order three defined on RT(C)(S) for each R-ring S by
(tla tQa tg) — (REBEa LERba BaLb)(tQ) t3) tl)(REBEa LERba BaLb)il-

(3) The group G° is isomorphic to the fized locus of G*°.
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In other words, 0%° = Int(s, ;)0 with s, = (RzBy, LzRy, BoLy) € RT(C)(R),
and o being the standard action of A3, induced by the element o = (123). Note
further that the map 7% is, by construction, compatible with the covering maps
from RT(C*?) and RT(C) to SO(qcas) = SO(qc) given by the projection on the
first component of a related triple.

Proof. The proof of (1) is a straight-forward verification; as is the proof that (2)
follows from (1). For (3) we know that G*® embeds in RT(C%?) as the fixed locus
of the automorphism in (2), the image of which in RT(C) is the fixed locus of the
transfer 5%°. O

5.2. Trialitarian action on the torsor. Since As acts trivially on G = Aut(C),
the trialitarian action of Az on RT(C) induces an action of As on the G-torsor
II: RT(C) — S,

Lemma 5.2. The action of the cycle o = (123) on SZ(R) maps (z,y) to (YT, z).

Proof. We write (z/,y') = o(z,y). We may assume that R is local. Then there
exists t = (t1,t2,t3) € RT(C)(R) such that t3(1) = x and t3(1) = y. Since
o(t) = (ta2,ts,t1), we have 2’ = t;(1) and 3’ = t3(1) = z. We finish by using the
relation 2/ = t1(1) = t2(1) t3(1) =y =. O

This gives rise to the following formulae for isotopes.

Corollary 5.3. Let a,b € Sc(R). Then the R-algebras C*, CP '@ '@ gngd
Cbv 't gre isomorphic.

It is reassuring that these relations can be derived from the known relations of
Section 2.2. Indeed, McCrimmon’s relation establishes an isomorphism cb e ha o
C®" "1 which is isomorphic to C%? by Proposition 2.4.(4).

Remark 5.4. The above correspondence between the orbits of the action of RT(C')
on S¢ X S¢ and the isomorphism classes of the isotopes implies some of the other
isomorphism relations between these. Consider, for instance, the relation C** ~ C.
By Example 3.4, t = (Bg, Ra, L,) belongs to RT(C)(R). Then II(t) = (a,a),
whence C** ~ C. We will exploit this point of view further in Section 7.

5.3. Compositions of quadratic forms. We remind the reader of the notion of
a composition of quadratic forms, which is essentially a generalization of that of
a composition algebra. Let (M, q1), (Ma,q2), (Ms,qs3) be non-singular quadratic
R—forms of common rank. A composition of quadratic forms is a bilinear R—map
f: My x Ms — M such that ¢ (f(ma,m3)) = g2(ma2) gs(mg) for each ma € Mo,
ms € Ms. More precisely, it is the datum M = (M1, ¢1, M2, g2, M3, g3, f) for which
the notion of isomorphism is clear.

Our favourite example is the composition M attached to the octonion algebra
C,ie. My = My = M3 = C and f is the octonionic multiplication. In this case we
have an isomorphism RT'(C)(S) = Aut(Mc)(S) by mapping a triple (t1,t2,t3)
to (t1, ktak, Ktgk) where k stands for the octonionic involution on C. Tt follows that
the R—functor Aut(Mc) is representable by the R—group scheme RT’(C) which is
nothing but RT(C) according to Corollary 3.14.

It follows that the set Hflppf(R, RT(C)) classifies the compositions of rank eight
which are locally isomorphic for the flat topology (or even étale topology) to Mc.
The centre ker(u3 — p2) of RT(C) gives an action of the commutative group
Hi, e (R, ker(u3 — po)) on HE (R, RT(C)). Now H (R, p2) ~ Disc(R) (see
the appendix), and since the exact sequence 1 — p — p3 — po — 1 is split we
have

(5.1) Hflppf(R, ker(pu3 — p2)) = ker(Disc(R)* — Disc(R)).
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We will use this to explain how that action can be understood at the level of
R—forms of M¢. Given non-singular quadratic forms (L1, 61), (L2, 62), (L3, 603) of
rank one and an isometry € : (L2 ®r L3,02 @ 03) = (L1,61), we can modify an
R—-composition
M = (My, q1, M2, g2, M3, g3, f)
as
(L1 ®r M1,01® q1, L2 @r M2, 02 ® g2, L3 @ M3,03 ® q3,€® f).

By (5.1), this gives the action of Hy (R, ker(uj — p2)) on Hi, (R, RT(C)).

Remark 5.5. Let C’ be an R—form of C such that the compositions M ¢ and M ¢
are isomorphic. Then there exists a triple (¢1,t2,t3) of isometries between (C,q)
and (C’,q’) such that

ti(z *xc y) = t2(x) * crt3(y)
for all z,y € C. In view of the introductory part of Section 2, this implies that the
kernel of Hf, (R, G) — Hg, (R, RT(C)) consists of isotopes of C. This confirms
a consequence of the more precise construction given in Theorem 4.6.

6. VARIANTS

One can modify the torsor defined above in several ways in order to describe
octonion algebras under various similarity relations. The aim of this section is to
study these different variants.

6.1. Codiagonal variant. We consider the Aut(C)-torsor II : RT(C) — SZ
and the codiagonal map V : S¢ — S%, a — V(a) = (a,a™'). We denote by
RT(C)V — Sc¢ the pull-back of the Aut(C)-torsor II with respect to V. We
observe that RT(C)Y = RT(C) Xs2 Sc is a closed R-subscheme of RT(C). For
each R-ring S, we have

RT(C)V(S) = {(t1,t2,t3) € RT(C)(S) | t3(1 =1}

= {(tl,tg,tg) S RT(C)( | tl = 1}

In terms of the covering f; : RT(C) — SO(qc) RT(C’) is the inverse image of
the R—subgroup scheme {tl € SO(qe),| t1(1) = 1} We put C; = 1+« C C. By
Lemma 2.9, C is a locally free R—submodule of rank 7 of C' and the restriction g¢,
of gq¢ to C is non-singular. We need to be careful when dealing with the orthogonal
R-group scheme O(qc,); it fits in an exact sequence [CF, 4.3.0.24]

de
1= 80(qc,) = Olge,) = pa — 1
where the special orthogonal R—group scheme SO(qc, ) is semisimple of type Bs.

Lemma 6.1. (1) The restriction map {t € O(qc) | t1(1) = 1} — O(qc,),
f = fic, induces an isomorphism of group schemes

SO(qc 1= {tl S SO(qc | t1 = 1} = SO(qcl)

(2) There is a unique R—homomorphism h : Spln(qu) — RT(C) such that the
following exact diagram commutes

1%N2%Spin(QCl )%SO(qcl)ﬁl

=~ h

f1

1——p;—RT(C)———=SO(qc)——1.

Furthermore h induces an R-isomorphism Spin(qc,) — RT(C)V.
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Proof. (1) In the case of fields, the statement is Proposition 2.2.2 of [SV] but some
precaution has to be taken in characteristic 2 since Springer—Veldkamp work with
the classical theory of algebraic groups which identifies SO(g¢, ) and O(gc,). We
treat that at first.

Case of a field k of characteristic 2. Without loss of generality, we may assume
that k is algebraically closed. The proof of the quoted result shows that the map
v: {t1 € O(qe) | t1(1) = 1} — O(qgc,) induces an isomorphism of abstract
groups SO(qc)1(k) = SO(qc, ) (k). We denote by J = (SO(qc)1)rea the largest
smooth subgroup of SO(gc)1. We then have J(k) = SO(qc)1(k), and the map
J — O(gc,) factors trough a homomorphism v' : J — SO(g¢,) such that the
induced map J(k) — SO(qc, ) (k) is bijective. It follows that v’ is an isogeny so that
J and SO(g¢); have the same dimension as SO(qc, ), i.e. 21. The same reference
shows that the map Lie(v) : Lie(SO(g¢)1) — Lie(SO(gc, )) is an isomorphism, so
that Lie(SO(gc¢)1) has dimension 21, whence SO(qc¢); is smooth [DG, I11.5.2.1]. Tt
follows that J = SO(g¢)1 and that v' : SO(gc)1 — SO(ge,) is an isogeny such
that Lie(v’) is an isomorphism. Thus v’ is étale and the bijectivity of v(k) implies
that v’ is an isomorphism as desired.

General case. By faithfully flat descent, this boils down as usual to the split case
over Z. Using the result over fields, the Z-group scheme SO(gc): has smooth
connected fibres of common dimension 21. Lemma B.1 shows that SO(q¢); is
smooth, hence flat. It follows that the schematic image of SO(gqc,) — O(gc,) is
the schematic closure of v(SO(gc)1 Xz Q) = SO(gc, ) Xz Q, hence is SO(qc, ). The
map v factors trough SO(q¢, ) and we consider then v’ : SO(ge)1 — SO(gc, ). We
conclude with the fibre-wise isomorphism criterion [EGAIV, 4.17.9.5] that v’ is an
isomorphism.

(2) We pull back the extension 1 — po — RT(C) EiN SO(gc) — 1 (see Theorem
3.9) by the composite map Spin(¢c,) — SO(gc,) — SO(qc) and get a central
extension of R—group schemes 1 — ps — H — Spin(ge,) — 1. We observe
that H is a closed subgroup scheme of RT(C). Since Spin(gc¢,) is simply con-
nected, this sequence is (uniquely) split [Co, 6.5.2.(iii)], i.e. there exists a unique
R-homomorphism hg : Spin(gc, ) — H splitting the above sequence. By construc-
tion the following diagram

Spil’l(qu )ﬁso(qcl)ﬁl

h

RT(C)— ~S0(g0)—1

commutes. As explained before, the homomorphism h satisfying that commutativ-
ity is already unique. It remains to be shown that the induced map h? : py — po is
the identity. Over a field of odd characteristic, this follows of [Ga, Example 17.1].
To handle the general case, one can assume again that R = Z and that C' is the
split octonion algebra. Then h* is the identity or the trivial map. It cannot be
trivial since it is not over Fz. We conclude that k! is the identity as desired. It
follows that the diagram

Spin(qu)—>SO(qu)
h
RT(C)—">S0(qc)

is Cartesian so that Spin(qc,) is R-isomorphic to RT(C)V. O
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Since Aut(C) is an R-subgroup scheme of RT(C)V, we obtain an embedding
Aut(C) — Spin(qc, ). Furthermore we have a Cartesian diagram

Spin(gc,)——=RT(C)
lrh ll‘[
v
SC 4>SC XR Sc
where the vertical maps are Aut(C)-torsors. Since the Aut(C)-torsor IT : RT(C) —

Sc X g S¢ is Zariski locally trivial according to Theorem 4.2, it follows that the
Aut(C)-torsor I : Spin(gc,) — Sc is also Zariski locally trivial.

Remark 6.2. The map II; is defined by the identification Spin(gc, ) — RT(C)V.
As far as we know, there is no easier way to define it.

The next result completes Theorem 4.6.
Theorem 6.3. There is a natural bijection

Spin(ac, )(R)\Sc(R) = ker (Hjy (R, Aut(C)) — Hp,, (R, Spin(ac, ) ).

It maps a point a € Sc(R) to the isomorphism class of the isotope cwa ! ~ Ola,

Proof. We proceed is a similar, but simpler, way in comparison to the proof of
Theorem 4.2. There is a natural bijection [Gi3, prop. 2.4.3],

Spin(qc, ) (R)\Sc () = ker (i (R, Aut(C)) — Hbi(R, Spin(ac,)) ).

It maps a point a € S¢(R) to the class of the G—torsor IT; *(a) = II-!(a,a~") which
represents the isomorphism class of the isotope caa by Theorem 4.6. Since
the torsor II; is locally trivial for the Zariski topology, we can replace the flat
cohomology by the Zariski topology on the right hand side. (I

6.2. Orthogonal and adjoint variants. We have seen that the centre of RT(C')
is isomorphic to pg X po by the map (n1,72) = (m1n2,m1,1n2) (before Lemma 3.7).
We consider now one copy po inside RT(C), namely the image of nn — (1,7,7n). We
will refer to this as the diagonal pe, as it induces a diagonal embedding of po in
SZ, via IL

We mod out the mapping IT : RT(C') — S¢ x g S¢ by the action of the diagonal
. This gives rise to the orthogonal variant of II, namely

H+ : RT(C)+ = RT(C)/[,LQ —>(SC XR Sc)/[,l,g.

The R-map f; induces an R-isomorphism RT(C); — SO(gc). We thus have a
Cartesian diagram

(6.1) RT(C)— " ~S0(qc)

n I,

S2C—>(SC XR SC)/[JQ.

where the vertical maps are G—torsors. Let S, = S¢ /2 (see the appendix for
further discussion on quotients of spheres). The above provides us with two projec-
tions pi1,ps : (Sc XR Sc)/lﬁg — S and, correspondingly, two actions of SO(q¢)
on S, which we denote by g e; x for ¢ = 1,2. An important step is the following.

Lemma 6.4. (1) Fori=1,2, the orbit map SO(qc) — S¢, g — ge;[1] admits
a splitting.
(2) Both actions of SO(qc)(R) on S (R) are transitive.
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Proof. We will only do the case ¢ = 1, the case ¢ = 2 being similar.
(1) We consider the R—map S¢ — SO(g¢) which maps an element a € Sc¢(R)
to the orthogonal mapping B,. Since this map is ps—invariant, it gives rise to an
R-map h : S — SO(gc) . We claim that x — h(z)~! is a section of the orbit
map. Let € S, (R) and let S/R be a flat cover such that zg lifts to an element
a € Sc(S). We consider h(z) : C — C. Then h(z)s = B, : Cs — Cg which lifts
(with respect to f1) to the element t = (B,, Rg, Lg) € RT(C)(S). We compute in
5¢(5)
h(z) e1 x5 = p1(t.xs) = [La(a)] = [1]

whence h(x)~1.[1] = 2. Thus x — h(x)~! is a section of the orbit map.
(2) This is immediate from (1).

(I

One can also go further and consider the quotient of RT(C) by the whole centre.
We observe that the Aut(C)-torsor II : RT(C) — S% is po X po—equivariant for
the antipodal action of pa x p2 on S%. Taking the quotient with respect to this
action, we get an R—morphism

II: RT(C) — 8%

where RT(C') = RT(C) /(w2 X p2) is the adjoint R—group scheme of RT(C), which
is isomorphic to PSO(g¢). We consider now the R—homomorphism

i: Aut(C) 5 RT(C) — RT(C).

Lemma 6.5. (1) The R-homomorphism i is a closed immersion and the fppf
quotient RT(C)/i(Aut(C)) is representable by an affine R-scheme.
(2) The R-morphism 11 : RT(C) — SZ is an Aut(C)-torsor and the map
RT(C)/i(Aut(C)) — S% is an R-isomorphism.

Proof. The R-map S% — §20 is faithfully flat. The main point is that taking the
quotient by po X po commutes with base change so that the left hand square of the
following diagram

P

(6.2) RT(C)—~RT(C)—2-PSO(qc)

P

Sz ——=S7.
is Cartesian. The R—group scheme Aut(C) acts on the map P. Since the prop-
erty for that action to define an Aut(C)-torsor is insensitive to a flat cover, II
is an Aut(C)-torsor if and only if II is. Since II is an Aut(C)-torsor, so is II,
and this implies that i is an R—monomorphism and that the fppf-quotient sheaf
RT(C)/i(Aut(C)) is representable by the affine smooth R-scheme SZ. Then
Aut(C) occurs as the fibre of Il at [(1,1)] € SZ(R) so i is a closed R-immersion. [

6.3. Codiagonal adjoint variant. Finally, one may combine the above and con-
sider the quotient of RT(C)Y ~ Spin(qc,) by its centre. The centre of RT(C)V
is po, embedded as n — (1,7,7n) for each R—ring S and 1 € po(S), and Lemma
6.1 implies that RT(C)Y /2 ~ SO(qc, ). Reasoning as in the proof of as in the
preceding cases, we take the quotient of the torsor II; : Spin(gc,) — Sc¢ by pa,
thus obtaining the Cartesian diagram

Spin(qu )—>SO(qC1)

lnl lnl

Sc—— =S,
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The vertical maps are Aut(C)—torsors; indeed this has already been seen for Iy,
and for I, it follows from the corresponding statement for II in the above lemma.
In fact we have the commutative diagram

Spin(qc, ) —>SO0(qc, ) ——>SO0(qc)

m, I, m,
v
Sc Sc (Sc xr Sc)/p2
where V is induced by V : S¢ — S¢ x 'S¢ and is well-defined since V(nz) = nV(x)
for all R-rings S, n € p2(S) and x € S¢(9).

6.4. Equivalence of all variants. The following theorem shows that all variants
considered above are equivalent.

Theorem 6.6. Fori=1,...,8, let
N; = Ker(H, (R, G) — Hf, (R, H;)),

where

H; = Spin(qc,), Hz =Spin(qc), Hz =SO0(¢c), Hs=O(qc),
H; =SO(qc,), Hg=PSO(qc), H7 =GO (qc), Hg=GO(qc),

Then all the sets N; coincide and are subsets of H}, (R, G).

Proof. We have the following inclusions of sets
Ny Na N3 Ny Ng
N5 Ng Ny
and will show the reverse inclusions in three steps.

The sets N1,...,N5. We have already seen along the proof of Theorem 4.2 that
Ny consists of Zariski classes. According to Theorem 4.2 (resp. Th. 6.3), Nz (resp.

Hflppf(R’ G)

Ny) consists of isomorphism classes of isotopes C%? with a,b € S¢(R) (resp. caa’
with a € S¢(R)). Then Proposition 2.4 shows that N; = Ny. On the other hand,
the octonionic involution o¢ provides a splitting of the Dickson homomorphism
O(gc) — Z/2Z. This implies that the map H{, :(R,SO(qc)) — Hi, (R, O(qc))
has trivial kernel, whence N3 = N4. Next we show that the N3 C N,. The
characteristic map ¢ of the G—torsor II; induces the bijection

SO(ac)(R\((Sc xn Sc)/pa) (R) = Ny,

Let [C'] € N3 and let € ((Sc xgr Sc)/p2)(R) be such that ¢(z) = [C']. We
denote by x; its first projection on S~(R). Lemma 6.4.(2) shows that the group
SO(qc)(R) acts transitively on S¢(R). Up to replacing x by a suitable SO(¢q¢)(R)-
conjugate, we may thus assume that z1 = [1] € S (R). The commutative diagram
of po—torsors

Sc X So———=S¢

|

(SC XR SC)/HQLEC-
shows that x lifts to an element (a,b) € S4(R). The diagram (6.1) shows that
II-Y(a,b) = I} '(z) whence C** ~ C’. Thus [C'] € N, as desired. Finally, the
statement for Ny follows from the inclusions N; C N5 C Ns.

The set Ng. To show that Ng C N3, we consider the bijection

PSO(qc)(R)\Sc(R)* = No
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induced by the characteristic map ¢’ of the torsor I from (6.2). Let [C’] € Ng and
let (y,z) € SZ be such that ¢/(y,z) = [C’]. We need show that the PSO(qc)(R)-
orbit of (y, z) contains an element in the image of S¢(R)? under the quotient map.
From Lemma 6.4, this orbit contains (z,1) for some = € S,(R). We now consider
the R—map Sc — SO(Cq) defined by a — Lg for any R-ring S and a € S¢(S).
This map commutes with the pa—action since for any a € S¢(S) and any n € pa(S),

na — Ln—a = LUE = nLEa

and thus it induces an R-map g : S — PSO(q¢). Following the strategy of
Lemma 6.4, given z € S-(R), we pick a flat cover S/R such that xg = ps(a) for
some a € S¢(S), where p denotes the quotient map S¢ — S,. Then with the
notation of the diagram (6.2),

g(‘r)s = fl o P(Lﬁa BaaRﬁ)'

Computing the action of g(x) on (x,1) in S (S), we have

(9(2).(2,1))s = (ps(Ra(a), ps(Ba(1))) = (ps(1),ps(a®)) = (1, 23).

Thus g(z).(z,1) = (1,2?%). Finally, 2% is in the image of pr : Sc(R) — Sc(R).
To see this, consider the map a + a? on S¢. Since it is the trivial map on o, it
induces a map f: S — Sc. Thus f(z) € Sc(R). But then 2% = po f(z) since

ps o fs(xs) = ps(a®) = ps(a)? = 2*.
Thus under the action of PSO(g¢), the element (y,z) is conjugate to the image

of some (a,b) € Sc(R)?, whence C' is isomorphic to C%® and thus [C’'] € N; as
desired.

The sets N7 and Ng. We are given [C’'] € Ng. The exact sequence
1—-0(gc) = GO(ge) = G — 1
gives rise to an exact sequence of pointed sets
R* — Hippi(R, O(q)) — Hyp(R, GO(q)).

Since [gc] € Hflppf(R, O(g)) mapsto 1l € Hflppf(R, GO(q)), there exists A € R* and
an isomorphism f : (C',qcr) = (C,Aqc). Since gor represents 1, g represents A,
i.e. there exists z € C* such that A = ¢(x). Up to replacing f by L;!o f, we may
assume that A = 1 since q¢ is a multiplicative R—form. It follows that the quadratic
spaces (C’,qcr) and (C, g¢) are isomorphic. Thus [C’] € Ny and is in particular a
Zariski class. It follows that Ng = Ny, and since Ny C N7 C Ng we get Ny = N,
as well. O

Our main findings can thus be summarized as follows.

Corollary 6.7. Let C and C' be octonion algebras over R. The following state-
ments are equivalent.

(1) The quadratic forms qc and qor are isometric.

(2) The quadratic forms qc and qor are similar.

(3) There exist a,b € Sc(R) such that C' is isomorphic to C*P.

(4) There exists a € Sc(R) such that C' is isomorphic to C*4~ = €3,

Proof. The set N, classifies the forms of C' whose norm is isometric to ¢o, while
the set Ny classifies those whose norm is similar to go. The first two items are thus
equivalent by Theorem 6.6. Theorem 4.2 gives the equivalence of (2) and (3), while
the last two statements are equivalent by Proposition 2.4. (I
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Remark 6.8. This statement generalizes the result of [KPS] quoted in Proposition
2.12 above. It also recovers Remark 2.6: given a,b € C*, there exists ¢ € S¢(R)
such that C%* is isomorphic to C1¢ ~ C¢¢ . Indeed, we have seen in Remark 2.3
that the norm of the isotope C*? is isometric to qc, and the previous Corollary
applies.

Corollary 6.9. Let C' be a R-form of C such that there exists a non-singular
quadratic R-module (L,0) of rank one such that the quadratic R-form (C’,qcr) is
isometric to the quadratic R-form (L,0) ® (C,qc). Then C' is an isotope of C. In
particular (C',qcr) is isometric to (C, qc).

Proof. We consider the exact sequence of R-group schemes

1 - ps % SO(gc) — PSO(qc) — 1.

It gives rise to the exact sequence of pointed sets
Hflppf(R7 /1’2) Z—*> Hflppf(R’ So(qc)) - Hflppf(Ra PSO(qC))

On the other hand, the exact sequence 1 — SO(qc) < O(qc) — Z/2Z — 1 (which
is split by x) induces a map Hflppf(R, SO(qc)) — Hflppf(R, O(qc)). As explained
in the appendix, there is a group isomorphism Disc(R) ~ Hflppf(R,ug) between
the group of isomorphism class of non-singular quadratic forms of rank one and
Hi (R, pa). The composite map

Disc(R) ~ H} (R, o) = HE (R, SO(qc)) 25 Hioe(R, O(qc))

maps the class of a quadratic R—form (£, ) of rank one to the class of the quadratic
form (£,0) ® (C,qc). The hypothesis that (C’, qcr) is similar to (C,gc) implies
that [C’] belongs to the kernel of the map

Hflppf(Rv G) - Hflppf(Rv PSO(QC))

Theorem 6.6 states that [C’'] belongs to all relevant kernels and therefore is an
isotope. [l

A complement is the following.

Proposition 6.10. With the notations of Theorem 6.6, each flat quotient H;/G
is representable by an affine R-scheme of finite presentation (i =1,...,8). Further-
more the quotient map H; — H;/G is a G-torsor locally trivial for the Zariski
topology. If R P, the G—torsor H; — H;/G is non trivial (i =1,...,8), that is does
not admit a section.

Note that we have already seen the first part of the statement in several cases.

Proof. The representability item boils down to the case of Z and of the Zorn algebra.
Representability then follows from Anantharaman’s theorem [An, Th. 4C page 53];
the fact that the quotient is affine of finite presentation and also the fact that the
quotient map is a G-torsor are due to Colliot-Théleéne and Sansuc [CTS, Cor. 6.12]
for the connected H;’s. This generalizes easily to the non-connected cases (i.e. Hy
and Hg) by embedding H; in some GL,,,. The fact that those G—torsors are trivial
locally for the Zariski topology follows of Theorem 6.6 applied to the coordinate
rings R[H,/G]J.

Assuming that R is a non-zero ring, we want to show that the G-torsor
H, — H;/G is non-trivial. We can then assume that R = k is an algebraically
closed field and would like to find a k-ring S such that Hflppf(S, G)— Hflppf(S’, H;)
is non-trivial. Theorem 6.6 enables us to choose one of the H;’s and we con-
sider then the case of Hs = SO(gc,). Using the beginning of Section 6.3, we
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know that SO(gc,)/G = S,. We take S = k[S,], i.e. the coordinate ring of S,,
and it is enough to show, using the universal point n € S,(S), that the G-torsor
SO(qc,) — 8, is non-trivial.

According to Lemma 2.11, S, is the complement in P(C") of the projective
quadric @ of equation go = 0. We now use the theory of cycles and Chow groups.
We have a localization exact sequence [F, §1.8]

Pic(Q) = CH*(P(CY)) — CH*(S,) — 0.

Let h be a hyperplane section of P(CV). We have CH*(P(CV)) = Zh? and we
know that the hyperplane section h N Q generates Pic(Q). But .i*(h) = h.[Q)]
where [Q] € Pic(P(CY)) (ibid, prop. 2.6.(b)). Finally we have [Q] = 2h (ibid,
Example 1.9.4) which allows us to conclude that CH? (8,) is isomorphic to Z/2Z.
On the other hand, Marlin showed that CH*(SO(gc,)) = 0 [Ma] since SO(qc, ) is
an adjoint semisimple group of type B3. The functoriality of Chow groups yields
that the map SO(qc,) — S, cannot admit a splitting. O

Remark 6.11. The advantage of this proposition compared to Example 4.3 is
that it is algebraic and works, therefore, in any characteristic. Also it shows that
some 2-torsion phenomenon is involved while Example 4.3 was based on 3-torsion.
In their paper [AHW], Asok—Hoyois—Wendt investigate the 2-torsion and 3-torsion
phenomena in the split case by means of cohomological invariants.

7. PARTICULAR CASES

We have seen above that given an octonion algebra C' over R, any octonion al-
gebra with quadratic form equivalent to that of C' is isomorphic to C1¢ ~ C%@
for some a € S¢(R). Two natural questions arise. On the one hand, one may ask
for criteria on a, independent of the base ring, in order that C*® ~ C. This sup-
plements the relations among isotopes of Section 2 and Remark 5.4. On the other
hand one may wish to understand the situation over rings of particular interest.
The aim of this section is to discuss these questions.

7.1. Trivial isotopes. A question that arises in this context is whether one can
characterize those a for which C1* ~ (. In this section we give sufficient condi-
tions for this to hold. They are consequences of the second item of the following
proposition, where, for any ¢ € C*, we define the map 7.7 : C — C by x + cxc?
and 77 : C — C by x — ¢ 2zc™!. The first item, while not necessary for the
sequel, is included for completeness.

Proposition 7.1. Let a € Sc(R).
(1) If there exist c1,...,c. € C* such that Le. -+ Le, (1) = Lez- - - Le(1) = a,
then
BaBa C— Ca,ﬁ
s an isomorphism of algebras.
(2) If there exist ¢y, ... ,c, € C* such that a =1 --- 75 (1), then
Lo R'-- L, R;':C — C¥"
s an isomorphism of algebras.

Remark 7.2. In [E], Elduque proves that over a field K, the image of the map
f1: RT(C)(K) = SO(qc)(K) is precisely

{ﬁBdi|7‘ eN,d; € C*,ﬁq(dl) = 1} .
=1 =1
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When this holds, the first item above gives, together with Proposition 4.5, a precise
condition for the existence of an isomorphism from C to C*%.

Proof. (1) (See also [Pe2].) The hypothesis implies that R, - -- R, (1) = @ and that
q(c1) - q(er) = 1. Thus
(Bz-- Be, R, -+ Rey, L, - -+ Ley) € RT(C),
and the claim follows from Proposition 4.5.
(2) Using the Moufang laws, one verifies that for each ¢ € C* we have

(7.1) LR @) =70 (@)7c () = 7o (@) 7 (9):
If ¢1,...,¢ € C* are such that 7 -7} (1) € S¢(R), then q(c1)?---q(¢,)® =1,
whence (7.1) implies that

(Le, Ry Le, R 7o -7y, 7 - 71) € RT(C)(R).

c1’ ey c1

We then conclude with Proposition 4.5. O

This has the following consequences.

Corollary 7.3. Let a € Sc(R). If either

(1) there exists c € C* with a = c3, or
(2) there exists u € C* such that by(u,1) = by(u,a) =0, or
(3) bg(a,1) =0,
then C%% ~ (C.
Proof. The first item follows from item (2) of the above proposition upon setting

r =1 and ¢; = ¢. For the second, we set instead r = 2, ¢; = u~! and ¢3 = au, and
note that u@ = au. Then ¢3 = (u@)(au) = u? implies that

87 (1) = (au)(u™*(aw)?) = (au)(u™ u?) = (au)u™" = a.

The third item follows from the first since if b,(a, 1) = 0, then a® = —g(a)l = —1
and a = (—a)3. O

As a consequence of the second item, we easily obtain the well-known fact that
over fields, octonion algebras with equivalent quadratic forms are isomorphic.

Corollary 7.4. Let k be a field and let C and C' be two octonion algebras over k
with isometric norms. Then C ~ C".

Proof. 1t suffices to prove that cva ~ C for any a € Sc(k). By the above
corollary, it moreover suffices to show that there exists an invertible u € a* N 1+.
But Lemma 2.9 implies that a* N 1+ is a subspace of dimension at least 6. By
Witt’s theorem, the regularity of go implies the existence of u € a+ N 1+ with
go(x) # 0, and the claim follows. O

Remark 7.5. It is possible to extend this argument to cover the case of octonion
algebras over local rings. This requires some technical work, including a general-
ization of Corollary 7.3. We therefore refrain from carrying it out, referring instead
to the proof found in [B].

7.2. Isotopes of the Zorn algebra. We shall now slightly generalize a result by
Asok—Hoyois—Wendt [AHW, Prop. 4.3.4]. We assume in this subsection that C
is the split octonion algebra. It admits a subalgebra R x R and we know that its
centralizer in G is the standard R—subgroup SLs C G [LPR, Theorem 5.9].

Proposition 7.6. Assume that C is the split octonion algebra. We have
ker (Yo, (R, G) = Hy, (R, Spin(ac))) € Im(H,, (R, SLs) = Hy, (R, G))
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Proof. We reason in terms of octonion algebras. Let [C'] be an element of the
leftmost kernel, i.e. the class of an isotope C’ of C. There exists an isometry
f:(C,qc) = (C',qcr) mapping 1¢ — 1o We put A’ = f(R x R). Then A’ is a
composition R-subalgebra of C’. We consider now the flat sheaf defined by

F(S)= {gzcs-”»cg | g induces fs: (R x R)g — Al }

for each R-ring S. It is clearly representable by an affine R—scheme Y and comes
equipped with a right action of SL3 so that the R—map Y xg SLs — Y xp Y,
(y,h) — (h,y.h) is an isomorphism. Inspection of the proof of Bix’s theorem
[B, lemma 1.1] shows that Y(R) is non empty when R is local. Altogether it
follows that Y is a SLs-torsor locally trivial for the Zariski topology. The G—torsor
Isom(C, C") then arises as the contracted product of the SLs-torsor Y with respect
to the embedding SL; — G. O

The map Hy (R, SLz) — Hy, (R, G) is well understood in terms of octonion
algebras. The set H{ (R,SL3) classifies the pairs (P,6) where P is a locally
free R-module of rank 3 and 6 : R — A3(P) a trivialization of its determinant.
Petersson [Pel, §3] explicitly constructed the R-algebra Zorn(P,#) associated to
(P,0) and its norm form is the hyperbolic form attached to the R—module R ¢ P.
In conclusion, we have shown that an isotope of C' is an R—-algebra Zorn(P, §) such
that the hyperbolic form attached to R @ P is isomorphic to that of R%.

Remark 7.7. (a) The original statement [AHW, Prop. 4.3.4] deals with the case
of a smooth ring over an infinite field and uses A'-homotopy theory. Our proof is
then in a sense much simpler.

(b) The map Hg, (R,SL3) — Hg (R, GL3) has trivial kernel. If P is free, it
follows that (P, ) encodes the trivial class of Hflppf(R, SL3) so that Zorn(P,0) is
the split octonion R—algebra. In particular, if all projective modules of rank 3 are
free, Proposition 7.6 implies that all isotopes of the Zorn algebra are trivial.

Using Swan’s extension of Quillen—Suslin’s theorem [S, Cor. 1.4], we get the
following fact. (In the polynomial case, this was already proved in [KPS, Prop.
7.4].)

Corollary 7.8. Ifk is a field and R = k[tlil, ceey tdil, tdt+1,---,tn], then the isotopes
of the split octonion algebra are split.

7.3. Polynomial and Laurent polynomial rings. We will now consider octo-
nion algebras over polynomial and Laurent polynomial rings. We start with a
preliminary fact about unit spheres.

Lemma 7.9. Assume that R is an integral domain with fraction field K. Let q be
a non-singular quadratic R—form such that qx is anisotropic. Then

Sq(R) = Sq(RIt]) = Sq(R[t*)).

Proof. The assumption implies that the semisimple K—group SO(qx ) is anisotropic.
Thus SO(q)(K[[t™']]) = SO(q)(K((t7!))) by Bruhat-Tits-Rousseau’s theorem
(see [Gil, Th. 1.2]). Since SO(q)(K((t1))) acts transitively on Sq (K ((t71))), we
obtain S, (K [[t1]]) = S, (K ((t1).

We are given a point = € Sy(R[t]); its image in Sy (K ((¢7'))) then belongs to
Sq(K[[1]]), so that the image zx of z in S¢(K[t]) extends to a morphism Py —
S¢xrK. It follows that x x belongs to S, (XK). But KNR[t] = R, whence z € S;(R).
Similarly, working with K((t)), we find S,(R) = S, (R[t*!]). O
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Lemma 7.10. Assume that R is an integral domain with fraction field K. Let C
be an octonion R-algebra such that Ck is not split. Let C' be a Rl[t]-isotope of
C ®gr R[t]. Then C' ~ B ®p R[t] where B is an R-isotope of C'. The same holds
with R[t*1].

Proof. Our assumption is that Ck is not split, equivalently the quadratic form
gc ®r K is anisotropic. Since isotopes of C @ R[t] are parametrized by Sc(R[t]),
the statement follows from Lemma 7.9. O

Since anisotropy is preserved by purely transcendental extensions, we get by in-
duction the following fact which recovers and slightly extends a result by
Knus-Parimala—Sridharan [KPS, Cor. 7.2].

Corollary 7.11. Let k be a field and assume that R = k[tlﬂ, ...,tdﬂ,tdﬂ, ooy tnl,
Let C be a non-split octonion k-algebra. Then all R—isotopes of C ®y R are trivial.

In the case of Laurent polynomial rings over fields, we can generalize this state-
ment as follows.

Proposition 7.12. Assume that R = k[tfcl, ..., tF1) is a Laurent polynomial ring
over a field k of characteristic 0. Let C be an octonion R—algebra such that qc is
isometric to a Pfister quadratic form. Then all R—isotopes of C are trivial.

The proof requires a preliminary statement of the same flavour as Lemma 7.9.

Lemma 7.13. Let A be an integral domain with fraction field K. Assume that 2 is
invertible in A. Let (M1, q1) and (Ma, g2) be reqular quadratic A—forms and consider
the A[t*']—quadratic form q = q1 L tq defined on My @4 A[tT] @ My @4 A[tH1].
We assume that g1 and q2 are K -anisotropic. Then
S0, (K) = Sy (K[t1]) and S, (4) = S, (A[*1)).
Proof. We claim that we have
(1) Sq(K((t)) € My @4 KI[[t] & Mz @4 K[[t]]
and
(1) S, (K (7)) € My 94 K[ @ My 04 K[t

We start with (I). Let m = mq +m2 € M ®4 K((t)) such that g(m) = 1. For
i = 1,2, we write m; = t"'m,; with m, € M; ®4 K[[t]]*. (Recall that KI[t]]* =
K[\ tK[]].)

If mp = 0, then 1 = q(t"2my,) = t?"2T1gy(m,). Since go is K-anisotropic, ga(ms,)
is a unit and we get a contradiction. Thus m; is non-zero. If mo = 0, then
1=gq(t"m,) = t*"1q;(m,). Since ¢; is K-anisotropic, ¢;(m;) is a unit and we get
ny = 0, whence my € My ® 4 K[[t]]*. If m; and ms are both non-zero, then

1= q(t" my + "2 ma) = 2" qu(my) + "2 g2 (1m,)

where 1 (m;) and g2 (ms,) are both units (for the evaluation at ¢ = 0). For evaluation
reasons the only possibility is that n; = 0 and ny > 0. In all cases, the inclusion
(I) holds.

To show (II), the case m; = 0 and mg = 0 are similar to the corresponding
cases in (I). Assume that my, mq are both non-zero and write m; = t~"im, with
m; € M; @4 K[[t71]]* for i = 1,2. We have

L= q(t™"my +t7"2mg) =t qu(my) + t72" gz (ms,)

where ¢1(m;) and g2(ms) are both units (for the evaluation at co). Once again for
evaluation reasons, we have ny = 0 and 2no — 1 > 0 so that ny > 0. The inclusion
(IT) holds.
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Consider now an element @ = my +my € Sq(K[t*1]) where m; € M; ®4 K[t*!]
for ¢ = 1,2. The inclusions (I) and (II) yield that m; € M; ®4 K for i = 1,2.
Furthermore the equation 1 = ¢1(m1) + tg2(m2) implies that ¢1(m1) = 1 and
g2(m2) = 0. The anisotropy of ¢ i ensures that mg = 0. Thus m = m; comes
from Sy, (K) as desired.

The first statement is then established and the second statement readily follows.

[l

Proof of Proposition 7.12. Our assumption is that q¢ is a Pfister form with entries
{(u,v,w)) where u,v,w € R* = k*t¥...tZ. Up to using the multiplicativity prop-
erties of ¢¢ and the action of GL,(Z) on R, we may assume that ¢¢ is isometric to
a quadratic form of one of the following shapes:

(i) u,v,w € k*.

(ii) u,v € k* and w = wyt, with w, € k*.

(iil) u € k*, v = vp_1tp—1, W = Wnt, with v,_1,v, € k*.

(iv) u = up—atn—2, V = Vp_1tp_1, W = Wyt, With u,_o,v,_1,v, € k*.

Since (i) includes the hyperbolic case, we may assume in cases (ii), (iii) and (iv)
that g¢ is anisotropic over the field k(ty,...,t,), and even over k((t1)) ... ((tn)) by
[GP, Cor. 7.4.3].

Cuase (i): Let p be a 3-Pfister form such that p ®; R ~ g¢. Let C}, be an octonion
k—algebra whose norm is p. Such an algebra is unique up to isomorphism. Then C'
is a an isotope of the octonion R-algebra C), ®j R. If p is split (resp. anisotropic),
Corollary 7.8 (resp. Cor. 7.11) shows that C is isomorphic to C), Q R.

Case (i), (iii) and (iv) : We apply Lemma 7.13 with A = k[ti!,... tT1 ], t =t,
and g1 = ((u,v)), g2 = wy, {{u,v)). It follows that
S<<u7v>>(k[ﬁ{d, N ) =S¢ (R).

»¥n—1

Let a € S<<u7v>>(k[t1ﬂ, ...,tT1]). Then the isotope C%% is trivial by Corollary

yYn—1

7.3.(2). We conclude that all isotopes of C' are trivial. O

Remark 7.14. (a) The characteristic zero hypothesis is probably superfluous, it
should work in odd characteristic as well.

(b) Over k[t*!], quadratic forms are classified and in particular diagonalizable [Pa,
Lemma 1.2]. Our statement permits then to classify octonion k[t*!]-algebras and
to recover Pumpliin’s classification [Pu].

(c) Assume that the field k is algebraically closed of characteristic zero. In this case,
the so-called “loop octonion algebras” (that is whose underlying torsor is a loop
torsor) over R = k[tT!,... tF!] are classified [GP, Cor. 11.2] and their norms are
Pfister forms. The statement shows that those octonion algebras have no non-trivial
isotopes.

APPENDIX A. REVIEW ON QUADRATIC FORMS

A.1. Definition. In this work a quadratic module is a pair (M, ¢q) consisting of a
finitely generated and projective R—module M and a quadratic form ¢q: M — R.
For a quadratic module (M, q) we will use the following notation and terminology:
by: M x M — R is the polar form of ¢, defined by b,(m1,ma2) = g(m1 + ma) —
q(m1) — g(m2) and often abbreviated by b = b,. It gives rise to the R-linear map

(A.1) by: M — M"Y = Homgr(M, R), b,(m)(n)=by(m,n).
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The radicals of b, and g are
rad(bg) = {m € M : by(m, M) = 0} = Ker(b),
rad ={m e M:q(m)=0=by(m, M)} C rad(b,).
For S € R-alg the quadratic form qg: Mg — S is the unique quadratic form
satisfying gs(m ® 1g) = ¢(m) ® 1g.
We call a quadratic form ¢ regular if b; is an isomorphism of R-modules, and
non-singular if rad(qx) = {0} for all fields K € R-alg. We list some useful facts.
e Let a € R. The “I-dimensional” form (a): R — R, defined by r — ar?, is
non-singular if and only if a € R*; it is regular if and only if 2a € R*.
e A regular quadratic form is non-singular, and if 2- 1 € R* then these two
properties coincide.
o If g is regular resp. non-singular, then so is ¢gg for all S € R-alg.
e The hyperbolic form on R?*", defined by qnyp(r—n,...,mn) = Y 1y Tir—i, is
regular and non-singular.
o If (M, q) is a quadratic module where M has constant even rank, then ¢ is
regular if and only if ¢ is non-singular.

Following Knus [K, II1.3], we denote by Disc(R) the (commutative) group of
isometry classes of non-singular quadratic forms of rank one over R (also called
discriminant modules) where the product arises from the tensor product. Since o
is the orthogonal group of the form x — 2, the yoga of descent shows that the
group Disc(R) is isomorphic to Hflppf(R, p2) (ibid, II1.3.2).

A.2. Quotients of unit spheres by the antipodal relation. We consider the
unit sphere S, of q This is an affine R—scheme such that for any R-ring S, S,(S) =

{m € MS | q( = 1} We are also interested in the affine R-scheme S defined
by Sq = {m € Mg | q(m) € S*}. We have a closed immersion S, C Sq.

Lemma A.1. (1) The sphere S, is faithfully flat over R and §q s smooth over
R.
(2) If M is of constant even rank 2r > 2, then S, is smooth over R of relative
dimension 2r — 1.

Proof. (1) The map S, — Spec(R) admits a splitting and hence is faithfully flat.
The R-scheme §q clearly satisfies the lifting criterion of smoothness; it is then
formally smooth, hence smooth since §q is of finite presentation.

(2) Using (1), the fibre-wise smoothness criterion [EGAIV, 4.17.8.2] reduces the

proof to the case of an algebraically closed field k. In this case S, is isomorphic to the
affine hypersurface Y., x;y; = 1, which is smooth by the Jacobian criterion. O

The R-group scheme po (resp. G,,) acts on Sy (resp. §q) by homothety. We
come to the quotient scheme S, = S,/p2 = S;/G,, that is the quotient of the unit
sphere by the antipodal relation [SGA3, VIIL.5.1]. We remind the reader that the
quotient map f, : S¢ — S, is finite, faithfully flat and that S, is an affine R-scheme.
Since the morphism fq S — 8, is smooth, we see that S, is smooth over R. We
are interested in the characterlstlc map ¢ : Sg(R) — prpf(R p2) ~ Disc(R).
For each z € S, (R), j?q’l(z) defines an invertible R—module £, which is an R-
submodule of M.

Lemma A.2. (1) Let x € S (R). Let S/R be a flat cover such that x lifts to some
element m € Sy(S). Then L, @r S = Sm.

(2) The restriction of q to Ly is non-singular and ¢(x) = [(Ls,q)] € Disc(R).



32 S. ALSAODY, P. GILLE

Proof. (1) Obvious.

(2) We have to compare the po—torsor E, = f~1(x) with the po—torsor E defined
by E(S) = Isomg((R;1)S, (Ls,q)) for each R-ring S. Let S be a flat cover of R
such that E;(S) # (. There exists m € S4(S) such that fy(m) = zg. By (1),
we have £, ®p S = Sm and an isomorphism wu,, : (R,1)s — (Lz,q), 1 — m.
This isomorphism is po—equivariant; by faithfully flat descent it gives rise to an
isomorphism E, = E of ps—torsors over R. O

APPENDIX B. A SMOOTHNESS CONDITION

Lemma B.1. Let R be a Dedekind ring. Let X be a R—group scheme of finite
presentation, equidimensional with smooth connected fibres. Then X is smooth.

Proof. We denote by K field of fractions of R. Let X be the schematic closure of
Xk in X [EGAIV, 2.2.8.1]. This is a closed R—group scheme of X which is flat. Let
d be the dimension of the fibres of X/R. Let s € Spec(R). According to the upper
semi-continuity of dimensions of fibers [SGA3, VIp.4.1], the x(s)-scheme X, has
dimension > d. On the other hand, .%S is a closed subscheme of X, whereby .%S
is of gimen~sion d. But X is smooth connected so that .%S = X,. It follows that
X =X, as X is flat. The fibre-wise smoothness criterion [EGAIV, 4.17.8.2] enables
us to conclude that X is smooth over R. O
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