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WEIGHTED AND BOUNDARY L? ESTIMATES FOR SOLUTIONS OF THE
92-EQUATION ON LINEALLY CONVEX DOMAINS OF FINITE TYPE AND
APPLICATIONS

P. CHARPENTIER & Y. DUPAIN

ABSTRACT. We obtain sharp weighted estimates for solutions of the equation ou = f
in a lineally convex domain of finite type. Precisely we obtain estimates in the spaces
LP(Q,87), 8 being the distance to the boundary, with two different types of hypothesis on
the form f: first, if the data f belongs to L” (Q, 52;) , ¥> —1, we have a mixed gain on the
index p and the exponent ¥; secondly we obtain a similar estimate when the data f satisfies
an apropriate anisotropic L? estimate with weight 52;“. Moreover we extend those results
to ¥ = —1 and obtain L”(dQ) and BMO(J2) estimates. These results allow us to extend
the L”(Q,87)-regularity results for weighted Bergman projection obtained in [CDM14b]
for convex domains to more general weights.

1. INTRODUCTION

Sharp estimates for solutions of the g-equation are a fundamental tool to study various
problems in complex analysis of several variables.

In this paper we consider the case of smoothly bounded lineally convex domain of finite
type Q in C". Precisely, we obtain new weighted L? estimates for solutions of the equation
du=f, f being a (0,r)-form, 1 <r<n-—1,in Q.

Our first result is a weighted L? (Q, 52;) estimate (Jq being the distance to the boundary
of Q) with a mixed gain on p and Yy extending results obtained (without weights) for convex
domains of finite type by various authors (for example, A. Cumenge in [[CumOla, Theorem
1.2] and B. Fisher in [FisO1, Theorem 1.1]) (see also T. Hefer [Hef02]).

The second one gives a weighted L (Q, 62;) Y > —1, estimate with gain on 7y, with a
non isotropic hypothesis ||f||ic,, (formula @2.1)) on the form f generalizing the estimate
obtained by A. Cumenge ([CumO1b, Theorem 1.3]) in convex domains of finite type for
p =1 with the “norm” || f||); defined in [BCD98]|. As far as we know, the estimate presented
here (for p > 1) was only stated for strictly pseudoconvex domains in [Cha80, Theorem
1.4 and Remark that follows].

The two last results are L”(dQ) estimates. The first is the limit case of the previous
one vhen ¥ tends to —1 and the second one is a BUYO(JQ) and LP(dQ) estimate with an
hypothesis based on Carleson measure for (0, 1)-forms only.

To prove these results, we use the method introduced in [CDM14a], which overcomes
the fact that the Diederich-Fornaess support function is only locally defined and that it is
not possible to extend it to the whole domain (like W. Alexandre did it in the convex case
in [[Ale01]]) using a division with good estimates, our domain being non convex.

These estimates are used next to generalize an estimate for weighted Bergman projec-
tions obtained in [CDM14b]] for convex domains of finite type.

The study of the regularity of the Bergman projection onto holomorphic functions in
a given Hilbert space is a very classical subject. When the Hilbert space is the standard
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2 P. CHARPENTIER & Y. DUPAIN

Lebesgue L? space on a smoothly bounded pseudoconvex domain  in C”, many results
are known and there is a very large bibliography.

When the Hilbert space is a weighted L? space on a smoothly bounded pseudoconvex
domain Q in C", it is well known for a long time that the regularity of the Bergman pro-
jection depends strongly on the weight ([Koh73|], [Bar92], [Chr96]). Until last years few
results where known (see [ER75], [Lig89], [BG93], [CL97]) but recently some positive
and negative results where obtained by several authors (see for example [Zey11], [Zey12],
[Zey13b], [Zey13a], [CDM14b]], [CDM15], [CZl6], [Zey16] and references therein).

Let Q be a convex domain of finite type m in C". Let g be a gauge function for Q
and define py = g4el’l/ ¢ — 1. Let Pg, be the Bergman projection of the space L (Q, ax),
where @y = (—pp)’, r € Q4. Then in [CDMI14b, Theorem 2.1] we proved that Py, maps
continuously the spaces L (Q,Sg), p €]l 4o, 0 < B+ 1< p(r+1), into themselves.
Here we consider a weight @ which is a non negative rational power of a > function in
Q equivalent to the distance to the boundary and we prove that the Bergman projection
Py, of the Hilbert space L? (Q, ®) maps continuously the spaces L” (Q, 559), pE|l,+oo],
0 < B+1<r+1 into themselves and the lipschitz spaces Ag(Q), 0 < a < 1/m, into
themselves.

This result is obtained comparing the operators Py, and P, with the method described
in [CDM13]. To do it, we use the weighted LP (Q, 62;) estimates with appropriate gains on
the index p and on the power ¥ for solution of the g-equation obtained in the first part.

2. NOTATIONS AND MAIN RESULTS

Throughout this paper we will use the following general notations:

e Q is a smoothly bounded lineally convex domain of finite type m in C". Precisely
(c.f. [CDM144]) “lineally convex” means that, for all point in the boundary dQ of
Q, there exists a neighborhood W of p such that, for all point z € dQNW,

(z+T0)n(DAW) =0,

where Tzl’0 is the holomorphic tangent space to dQ at the point z. Furthermore,
we can assume that there exists a a smooth defining function p of Q such that, for
& sufficiently small, the domains Q; = {p(z) <1}, — <t < &, are all lineally
convex of finite type < m.

e Jg denotes the distance to the boundary of Q.

e For any real number ¥ > —1, we denote by L” (Q, 53;) the LP-space on Q for the
measure 8} (z)dA(z), A being the Lebesgue measure.

o BMO(Q) denotes the standard BM O space on Q and Ay (Q) the standard lipschitz
space.

Our first results give sharp LY (Q, 52; ) , BMO(Q) and Ay (Q2) estimates for solutions of
the d-equation in Q with data in L? (Q, 52;):

Theorem 2.1. Let N be a positive large integer. let v and Y be two real numbers such that
Y > —1and y—1m <y <y <N —2. Then there exists a linear operator T, depending
on p and N, such that, for any d-closed (0,7)-form (1 < r < n—1) with coefficients in
LP (Q, 52;) p € [1,+00], Tf is a solution of the equation 5(Tf) = f such that:

(1) If1<p< "1W+nl)ir§1z;i";)2)(r71), then T maps continuously the space of d-closed

forms with coefficients in LP (Q, 52;) into the space of forms whose coefficients are
in 14 (0,80 ) with § = Lom(y—)

1 .
p mY+n)+2—(m=2)(r—1)’
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(2) If p=m(y+n)+2— (m—2)(r—1), then T maps continuously the space of 9-
closed forms with coefficients in LP (Q 57) into the space of forms whose coeffi-
cients are in BMO(Q);

(3) If p€lm(y+n)+2—(m—2)(r—1),+o0], then T maps continuously the space of
0- -closed forms with coefficients in LP (Q 57) into the space of forms whose coef-

m(y+n)+2—(m=2)(r— l)}
P

ficients are in the lipschitz space Aq () with o = L [1 -

Remark.
e Note that, if ¥ < v, then ”
and (3) is sharper than (1) for

Y'+n +2—(m=2)(r—1
—m(y=Y')

V> m(y+n)+2—(m—2)(r—1),

m(y+n)+2—(m=2)(r—1),

m(y +n)+2—(m—-2)(r—1) {
—m(y—7) '
e For y=7 =0and r = 1, these estimates are known to be sharp (see [CKM93]).
e For m > 2 and r > 2, the above result is strictly better than the one obtain for
convex domains by A Cumenge in [Cum0O1a, Theorem 1.2] and B. Fisher in [FisO1}
Theorem 1.1] and for complex ellipsoids in [CKMO93].

The two next propositions, which are immediate corollaries of the theorem, will be used
in the last section:

Proposition 2.1. For all large integer N, there exists a linear operator T solving the 0-
equation in Q such that, for all p E_[l ,too and all v, —1 < y < N =3, there exists a
constant Cy py > 0 such that, for all d-closed (0,r)-form f, 1 <r < n— 1, we have

/Q T f|? 83dA < Cnpy /Q £1P 8L man.

Proposition 2.2. For all large integer N, there exists a constant €y > 0 and a linear
operator T solving the d-equation in Q such that, for and all p € [1,400] and all v,
—1 <y <N -3, there exists a constant Cy , y > 0 such that for all d-closed (0,7)-form f,
1 <r<n-—1, we have

/Q ITFIPTN §EdA < Cn py /Q |fIP 83dA.

In [CumO1b] A. Cumenge obtained a weighted L'-anisotropic estimate for solutions of
the d-equation for convex domains of finite type, using the punctual norm || f ||} introduced
in [BCDO9§|:

Theorem (A. cumenge [CumO1b]). Let D be a convex domain of finite type. There exists
a constant C > 0 such that, for all o0 > 0 and all smooth d-closed (0,1)-form f on D, there
exists a solution of the equation du = f, continuous on D such that

[ udg tan < s | Iragar.

The estimate given by Theorem 2.1l when p = g = 1 (and then ¥ = y — 1/m) is weaker
than the one given above. Then it is natural to ask if the above estimate can be extended
to weighted L” norms. For example, if D is a smooth strictly pseudoconvex domain it is
proved in [[Cha80, Théoreme 1.4] that: for & > 0, if f is a smooth d-closed form such that

the coefficients of f are in L (D, 8%) and the coefficients of f Adp are in LP (D 5o I/Z)
1 < p <+, o0 >0, then there exists a solution of the equation du = f which is in
L7 (D,8571).

Our next result extends A. Cumenge’s theorem and [Cha80] theorem to (0, r)-forms in
lineally convex domains of finite type for 1 < p < +oo.

mln{(x 1}
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To state it, we need to extend the definition of the punctual anisotropic norm ||. ||} given
in [CDM14a] to the L? context.

We first introduce new quantities associated to the geometry: for z close to the boundary
of Q, let us define

61(z2) = 8a(z),

1 d?L(C)
Gk(z) HJ ]Gj( )/Bég( |C—Z| k)+17

where B, (,)(z) is the pseudo-ball defined by (3.4).
let f be a (0,r)-form whose coefficients are functions; for z close to the boundary and
€ [1,4-oo[, we define

and, for2 <k <n

[Ti=1 7 (z,vi,00(2))

2.1 If@lk,= sup [{fs1,..., V) (D)7 ,
P wl=1 o I a
{k such that n—r+2<k
and k<n}

where 7 (z,v;,0q(z)) is given by formula (3.3).
Note that, if the coefficients of f are continuous, then || f(z)||i; , is also continuous.

Remark.
o If (¢;) is a (z,8(z))-extremal basis (see section[3] after (3.4)), property B) of the
geometry implies that (with the notation (3.3)

[{fivT,. e, (z)|pHT(Z,v,~,5Q(Z)) <

/

S fesE gl Hf,kZSQ

[|=r
and (3.9) and Lemma [3.9show that, for all k, 0y (z) = 7 (z, 8a(z)) so

U TPV Hkluk@ég())
ey~ 3 I .7 | T

I=(i1,e0lr) {k such that
n—r+2<k
and k<n}

But, of course, in general, the second member of this last equivalence is not a

continuous function of z.
o In [CDMI4al, for p = 1, we defined || f(2)|[x = supj,, -1 W and, as

i 1(2,v;,60 ()
before, (3.9) and Lemma[3.9]show that this definition is equivalent to
_ 7 (2,650(2))
sup f(2):ei,... €, )| mn ——=.
b N N S )
lp<lp+1
Thus, when p = 1, the definition || f(z)|| , is equal to ||f(z)|[}x when r =1 and
gives a smaller quantity when r > 2. So, when r = p = 1 we will write indifferently

17 @I or 17 (@)[1e -

o In the case of strictly pseudo-convex domains it is clear that the integrability of

= p
. . . . p fAdp
1£(2)llx  is equivalent to the integrability of [f|” + “—=.
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Theorem 2.2. Forall o0 >0 and all p € [1,4-oo|, there exists a constant C > 0 such that,
for all sm_ooth d-closed (0,r)-form f, 1 <r<n-—1, on Q, there exists a solution of the
equation du = f, continuous on Q such that

1
p so—1 a
/Q|u| 88 dlgcimin{a,l}/gﬂkp%dl.

Remark. Related (but non comparable) estimates can be found in [ACO0, Theorem 4.1] for
strictly pseudoconvex domains and in [Alel 1, Theorem 2.8] for convex domains of finite

type.

This result can be extended to & = 0 to get an L? (dQ) estimate (for p = 1 this was done
in [CDM14al):

Theorem 2.3. For p € [1,+o0| there exists a constant C > 0 such that, for all smooth 0-
closed (0,r)-form f, 1 <r<n-—1, on Q, there exists a solution of the equation du = f,

continuous on § such that
[ wras<c [ sl an.
0Q Q )

For r =1 this result is weaker than the one which can be obtained using Carleson
measure of order 3. Before stating our last estimate let us recall these notions.

A measure U in Q is called a Carleson measure if

1 (Pe(z) NQ)
[l == sup < oo,
v 209,650 O (Pe(2) N0Q)

where Pg(z) is the extremal polydisk defined below in (3.6) and ¢ the surface measure on
Q. W!(Q) will denote the space of Carleson measures on . Then, for € ]0, 1] the space
wh (Q) is the complex interpolated space between the space of bounded measures on Q,
denoted usually W(Q), and W!(Q). Moreover, we denote by BMO(dQ) the BMO-space
associated to the anisotropic geometry on Q. Then:

Theorem 2.4. There exists a constant C > 0 such that, for all p € [1,+eo[ and all smooth

d-closed (0,1)-form f on Q, there exists a solution of the equation du = f, continuous on
Q such that:

o llullgmoiaa) < ClIIIF(E)llcdAlly5
o llulliraa) < ISk yr-1p-

This type of estimates where originally obtained, for strictly pseudoconvex domains,
by E. Amar & A. Bonami in [AB79] and extended to convex domains of finite type by N.
Nguyen in [NguO1|] and W. Alexandre in [Alel1]].

A classical application of Theorem2.2] (for p = 1 and r = 1) is the extension to lineally
convex domains of the characterization of the zero sets of the weighted Nevanlinna classes
(called Nevanlinna-Djrbachian classes in [CumO1b]) obtained by A. Cumenge for convex
domains:

Theorem 2.5. A divisor & in Q can be defined by a holomorphic function f satisfying
JoIn®|f] ngldk < +oo, a0 > 0, if and only if it satisfies the generalized Blaschke condi-
tion [, 8% dAzy_p < +eo.

As the proof of such result using Theorem is very classical we will not give any
detail in this paper.

The two propositions[2.1land 2.2 will be used to generalize some estimates obtained for
weighted Bergman projections of convex domains of finite type in [CDM14b] using the
method introduced in [CDM15]:
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Theorem 2.6. Let D be a smoothly bounded convex domain of finite type m in C". Let ) be
any € non negative function in D which is equivalent to the distance Sp to the boundary
of D and let N be a strictly positive € function on D. Let Py be the (weighted) Bergman
projection of the Hilbert space L* (D, ®) where @ = ny" with r a non negative rational
number.Then:
(1) For p €]1,+o0 and —1 < B < r, Py maps continuously LP (D, 65) into itself.
(2) For 0 < a < 1/m Py maps continuously the Lipschitz space A (D) into itself.

This theorem combined with theorems 2.1] and 2.2] extends to weighted situations the
Corollary 1.3 of [CumOla]

Corollary. Let f a d-closed (0,1)-form on D. Under the assumptions and notations of
Theorem the solution u of the equation du = f which is orthogonal to holomorphic
functions in L*(D, ) (0 = ny") satisfies the following estimates:

(1) If the coefficients of f are in LP(D,8}), —1 < y then:

(a) ueLq(D,5§), withé:%—%and—l <Y <ry-1Yn<y <y if
m(y +n)+2

1§p<m,andq>l;
(b) u€ Ag(D), with o = L [1 = "0EE2] g j € im(y+ 1) +2, o],
(2) If | flly, 83" is in L'(D), =1 <y <r, thenu € L” (D, 8}).

3. PROOFS OF THEOREMS [2.11TO 2. 4]

First, by standard regularization procedure, it suffices to prove theorems2.1] and 2.2l for
forms smooth in Q.

To solve the d-equation on a lineally convex domain of finite type, we use exactly the
method introduced in [CDM14a4l], except for the proof of Theorem2.4] where a modification
of the form s(z, ) is done. We now briefly recall the notations and main results from that
work.

If f is a smooth (0, )-form d-closed, the then

6 =0 ( [ OnkED) - [ ARG

where K,{, (resp. Py) is the component of a kernel Ky (formula (2.7) of [CDMI14al]) of
bi-degree (0,r) in z and (n,n —r—1)in § (resp. (0,r) in z and (n,n — r) in {) constructed
with the method of [AB82] using the Diederich-Fornaess support function constructed in
[DFO3] (see also Theorem 2.2 of [CDMI14al]) and the function G(&) = 5%\, with a suffi-

ciently large number N (instead of G(&) = 1 in formula (2.7) of [CDM 14al).

Then, the form [, f(§) APy(z,8) is d-closed and the operator T solving the d-equation
in theorems2.J]and 2. 2] is defined on smooth forms by

716 = 0 [ OnKRY =T ( [ AOARGD),

where 9 .4 is the canonical solution of the g-equation derived from the theory of the
d-Neumann problem on pseudoconvex domains of finite type.

This formula is justified by the fact that, when the coefficients of f are in L! (Q, 62;)
(y > —1) then, given a large integer s, if N is chosen sufficiently large, the coefficients of
the form [, f({) A Py(z,{) are in the Sobolev space L2(Q). More precisely, it is clear that
lemmas 2.2 and 2.3 of [CDM14a] remains true with weighted estimates depending on the
choice of N:

Lemma 3.1. For r > 1 and y < N, all the z-derivatives of Py(z,{) (—p(8))7 are uni-
formly bounded in Q x Q, and, for each positive integer s, there exists a constant Csnyy
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such that, if f is (0,r)-form with coefficients in L' (Q, 8%),

/\PN )

< .
i Conyllfll (@.87)

As Qs assumed to be smooth and of finite type, the regularity results of the d-Neumann
problem ([KN635[ and [[Cat87]) imply:
Lemma 3.2. For r > 1 and —1 < y < N, for each positive integer s, if f is a d-closed
(0, 7)-form with coefficients in L' (Q,8%) and g = [, f({) APy(z,§), then J N(g)isa

solution of the equation du = g satisfying ’lg*ﬂ(g) H <CsnylIfllr e

L3(Q)
Applying Sobolev lemma we immediately get:

Lemma 3.3. Forr>1 and —1<y<N, sz is a d-closed (0,r)-form with coeﬁ?czents in
LY(Q,8) and g = [, F(§) NPy (z,C), then 9" N (g) is a solution of the equation du =

satisfying Ha N (g H%l(ﬁ) <Clfllposm:

Finally the proofs of our theorems are reduced to the proofs of good estimates for the
operator Tk defined by

(3.2) TK:fH/Qf(C)AK}v(z,C)-

To do it we need to recall the anisotropic geometry of Q and the basic estimates given
in [CDM14a].

For ¢ close to dQ and € < g, & small, define, for all unitary vector v,
(3.3) 7(8,v,€) =sup{csuchthatp ({+Av)—p({) <e,VA €C, |A| <c}.
Note that the lineal convexity hypothesis implies that the function (£, €) — 7(&{,v,€) is
smooth. In particular, § — 7({,v,00(&)) is a smooth function. The pseudo-balls Be (&)

(for ¢ close to the boundary of Q) of the homogeneous space associated to the anisotropic
geometry of Q are

(3.4) Be(C) = {€ = £+ Auwith |u| = 1 and |A| < co(C,u,€)}

where g is chosen sufficiently small depending only on the defining function p of Q.

Let § and € be fixed. Then, an orthonormal basis (vq,v,,...,v,) is called (§, €)-extremal
(or g-extremal, or simply extremal) if vy is the complex normal (to p) at £, and, for i >
1, v; belongs to the orthogonal space of the vector space generated by (vq,...,v;—1) and
minimizes 7 ({,v, €) in the unit sphere of that space. In association to an extremal basis,
we denote

(35) T(vaias) = Ti(CaS)'
Then we defined polydiscs AP ({) by

(3.6) AP:(§) = {z CJerkvk such that |A;| < coATk(C,e)} .

k=1
P:(&) being the corresponding polydisc with A = 1 and we also define
d(&,z) =inf{e such that z € B¢({)},

S0
d(&,z) ~inf{e such thatz € P:({)}.

Remark. Note that there is neither unicity of the extremal basis (vq,v,,...,v,) nor of asso-
ciated polydisk P. (). However the polydisks associated to two different (£, €)-extremal
basis are equivalent. Thus in all the paper P;({) will denote a polydisk associated to any
(£, €)-extremal basis and 7;({, €) the radius of P¢({).
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The fundamental result here is that d is a pseudo-distance which means that there exists
a constant K and, Vo > 0, constants c(a) and C(er) such that

(3.7 for § € Pe(z), Pe(2) C Pxe(6),
and

(3.8) c(0)Pe(8) C Pae(G) C C(@)Pe(8) and P(g)e(§) C aPe(§) C Frae(§)-

Moreover the pseudo-balls B¢ and the polydiscs Pe are equivalent in the sense that there
exists a constant K > 0 depending only on Q such that

1

(39) ZP(8) C Be(0) € KP(Q).

For { close to dQ and € > 0 small, the basic properties of this geometry are (see [Con02]]
and [CDM14al]):

(1) Letw = (wy,...,wy) be an orthonormal system of coordinates centered at §. Then
glo+Bl
Pl & jatBlz 1.
Iw*Iwh I ‘L'(C,W,’,E)aﬁﬁ"
. 9o+B
(2) Let v be a unit vector. Let “;[3 &)= W (C+AV)j3—o- Then

>

1<|a+B|<2m

ap(0)] 7L, v, P ~e,

where m is the type of Q.
(3) If (vi,...,vy) is a ({,€)-extremal basis and y = 1 a;v; # 0, then

;]

1 n
T(C,'}/,E) B jzl Tj(C,S)-

(4) If v is a unit vector then:
(a) z=C+Av e P(8) implies |A| < 7(8,v,€),
(b) z=C+ Avwith |[A] < 1(&,v,€) implies z € CP({).

(5) If v is the unit complex normal, then 7({,v,€) = € and if v is any unit vector and
A>1,

(3.10) Ame(Cv.e) ST(Evae) SAT(C v.e),
where m is the type of Q.

Lemma 3.4. For z close to dQ, € small and § € P(z) or z € Pe({), we have, for all
1<i<n:
(1) ti(z,€) =7(z,vi(z,€),€) ~7(8,vi(z,€),€) where (vi(z,€)); is the (z,€)-extremal
basis;
(2) w(C,€) ~7i(z,€);
(3) In the coordinate system (z;) associated to the (z,€)-extremal basis, )g—Z(C)) S %

where T; is either 7;(z,€) or 7; ({, €).

Proof. (1) is proved in [Con02] (together with the properties of the geometry). (2) follows
the properties of the geometry ((3.7) and (3.8)) and formula (3.14) of Lemma[3.9]and (3)
is a consequence of (1), (2) and the first property of the geometry. (I

Remark. In (1) above (&, vi(z,€),€) is not 7; ({, €) because the extremal basis at z and §
are different but (2) implies that these quantities are equivalent.
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We now recall the detailed expression of K,{, ([CDM 14a] sections 2.2 and 2.3):
Z o’ PO NsA (9p0)" " A (=0) " A (des)" !
S 0,60 (s 0 +p0)

where s is a (1,0)-form satisfying

cle=¢P <5z, 6), ¢ —a) < CI¢ —2|

uniformly for ¢ € Q and z in any compact subset of Q, and

Q(Za KOP ZQ! l 1)

with
G186 =108~ (1-x=0) =P =028 (= — &),
i=1

So being the holomorphic support function of Diederich-Fornaess (see [DFO3|] or Theorem
2.2 of [CDM14a]) and y a truncating function which is equal to 1 when both |z — | and
0q (&) are small and 0 if one of these expressions is large (see the beginning of Section 2.2
of [CDM14a] for a precise definition). Recall that Kj is chosen so that

Fe (p(C)—i— Kios(z,g)) < @,

which implies

G.12) PO+ 25602 1p(0)
The precise choice of the form s is
(3.13) 5(z,6) = Z(Cz 7)d(G—2)

i=1
for all the proofs except for the proof of Theorem 2.4 where a different choice is needed.
The following estimates of the expressions appearing in K,{, are basic (see [CDM14a]):

Lemma 3.5. For § € Poc(z) \ Pe(z) or z € Py (&) \ Pe(§), we have:

Q)+ 50| 2 w0 e 0xD
0

Lemma 3.6. For 7y close to dQ, € small and z, § € P¢(z9), in the coordinate system (&;)
associated to the (2o, €)-extremal basis, we have:

(D101 01 +10:i(6:9) 5 %
2) ’aQ,zc + |20 1 |2040) | < e

821 ~ 7T’
(3) 22 0i(z.6) 9? gi(ZvC) < _E&
BC 9z 8Cjazk ~ TTT

where T; are either T;(z,€), T,({,€) or i (20, €).

Proof. This Lemma follows [DF06] and Lemmal[3.4l O

The preceding lemmas and the properties of the geometry easily give the following
estimates of the kernel K,{,:
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Lemma 3.7. For € small enough and z sufficiently close to the boundary, with the choice

(313 for s, we have:
If§ € Pe(2) orz € Pe(8),

]K}v(z,é)’ < PN

~

ol ree—
2 s o) RS

n—r .
l]

where T, is T(z,€) or ;(§, €).

Proof. Indeed, under the conditions of the lemma, Q(z,{) = %op @) p ZQ,( 8)d (&i—z)

is holomorphic in z and K,{, is reduced to

P&y N A (dz0)" " A (3es)!
r N+n—r"*

2= ¢ (£8G ) +p(8))

Ky(z ) =c

In particular:

Lemma 3.8. For € small enough and 7 sufficiently close to the boundary and s given by
B.L3):
(1) If € < 8ya(z), for § € Pe(z) or z € Pe(£),

1 1

N n—rn 2r—17
i=1 T, | C|

[K(z.0)

where T; is Ti(z,€) or Ti(§, €).
Forl4+r—n<k<N4n—1land§ € Poe(z) \ Pe(z) orz € Poc (&) \ Pe(§):
(2)

p@OF 1
)KI{J(LC)‘ 5 ek n er | C|2r71’
(3) .
O 1 1
vk 0| 5 B e g

where T, is either T;(z,€) or Ti({,€).

Lemma 3.9. Forz € Q, closeto dQ, § small, r€ {1,....n—1}and0 < p <1,

d}L B n—r
(3.14) /PE( M%anrﬂ(&&] “]lef(zﬁ),
and, for oo > 0,
(3.15) |
/ 759(2)?,116&&)5 {5 iy ’“(g’ I (€. 5),, r o2 lffagl’.
lz—¢” (8a(8)+8)* " 1t (8O TIZ) 2(8,6), ifa>1.

Proof. Let us prove (3.14). Let
D ={{ suchthat |{;—z| < 1i(z,0),i <n—rand |§;—z| < 1,—r41(2,0), i >n—r}.

Then the volume of D is V(D) ~ []}Z] 7(z, 8)*1,_+1(z,8)* and, on D, W >

2r—14u . . .

(+> . This proves the inequality >.
Tn—r+1(2,6) X . ~

To prove the converse inequality let us first consider the sets

E = {|C,—z,| <7(z,8),i<n—rand27'1,_,,(z,8) <|¢,—7| 52*l+lr,,,r+1(z,8)}
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where §' = (§—y+1,.--,81) and 7 = (zy—r41,- - -, Zn). Then the volume of Ej is
n—r 2
VE) ST[8) (27" 0 r1(2.8))"
j=1

and, for { € E,

] ] 2r ]“FH
L )
| — g~ \27 g, 44(2,6)
Thus

%NHT %,6)%r11(2,8)'" “(2 l)lf’“‘,

E |z
proving the inequality if » = 1. If » > 2, consider now the sets

E = {|Ci_zi| S Ti(Z75)) i S n—r+ 1 and len7r+1(Z75) S |C”)_Z”| 5 21+1Tn7r+1(1;6)}

where §” = (§—r42,-..,&,) and 27 = (z4—r42, - .- ,Zu). Then the volume of F; is

n—r+1

=< [ %6 (217n7r+1(1;6)>2r72a
j=1

and, for § € F,

2r—14u
% (7es)
§ = T2 4 (2,6) '

Thus
ang i
7(2,8) 00— ry1 (2, 8)7H (2
2r—1 ~ 1 n—r+ )
A |Z C| r—1+u H ( )
finishing the proof of (3.14).

(@.13) is proved similarly considering the sets

E, =Ps5(&)N {z such that dq(z) € {#SQ(C), %SQ(C)}} .
O

We now detail the different proofs of the theorems in the next sub-sections. Recall that,
by Lemma[3.3] we only have to prove the estimates for the operator Ty associated to the
kernel K, ,{,

3.1. Proof of Theorem 2.1
In this proof the form s(z, {) is given by the formula (3.13).

Proof of (1) of Theorem[2.1] 1Tt is based on a version of a classical operator estimate which
can be found, for example, in Appendix B of the book of M. Range [Ran86]:

Lemma 3.10. Let Q be a smoothly bounded domain in C". Let [l and v be two positive
measures on Q. Let K be a measurable function on Q X Q. Assume that there exists a
positive number & > 0, a positive constant C and a real number s > 1 such that:

(1) Jo Kz 0" 8a(f)~*du({) < Cda(z)~*

(2) JolK(z,0)I" 8a(z)~dv(z) < Coa(£)*,
Sor all 0 < & < g, where 8¢ denotes the distance to the boundary of Q. Then the linear
operator T defined by

Tﬂw=LK@QﬂQW@)

is bounded from LP (Q, 1) to L1 (Q, V) for all 1 < p,q < o such that é = % +1i-1
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Short proof. This is exactly the proof given by M. Range in his book: let € be sufficiently
small. Writing

K1 = (IKI1P3a0) ) (1K1 80057 ) 11175,

Holder’s inequality (with é + prl + =1 =1) gives

p—1 1/q
a1 < ([ IKEOI 808 771117 ©au(2))

([ ke sa )7 ( (firorae)”

The first hypothesis of the lemma gives (for € < &)

T < ([ KO 8a(0) 7450 " T 111 (Cau0))

([irrauo)’

Integration with respect to the measure dv(z) gives (using the second hypothesis of the
lemma with €2 q < &)

s—1

/Q|Tf(z)|qdv(z) <c? (/Q|f|pd”)q/p

O

Applying this lemma to the operator Tx (formula (3.2)) with the measures yt = 83dA

and v = 522/ dA, the required estimates on K,{, are summarized in the following Lemma:

Lemma 3.11. Let Ho = rrl(%ir;rml(—%

(1) For N such that —1 < ¢ <y < N —1 and € > 0 sufficiently small,

|| 0] ™ s mrcan ) < saor

(a) For —1 < 7 and N such that max{—1,y—1/m} <y <y<N-—1land e >0
sufficiently small,

I+ 8o (z)7 ¢ e
/Q‘Kzlz(zag)‘ Wdl(z)ﬁ&z(g)

‘We now prove this last lemma.

Proof of (1) of Lemma311l K}, being bounded, uniformly in (z,&), for & outside Pe,(z),
it is enough to prove that

/PSO(Z) ’

for € sufficiently small. As this is trivial if z is far from the boundary, we assume that z is
sufficiently close to dQ.

Let A(z,§) = Ky(z, ) |z {1~ I § € Pago) (2) then 8o(2) ~ 8a(§) and, by (2) of
Lemma[3.8]

Ky 0| ™ 5™ (an() £ 850

59( ) Ho(y+n+1—r)—¢

[15=1 7% (2.0a(z))

(3.16) Az, )| TH 8 (§) M0 <
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Thus, by (3.14), we get

141
ko)
32
= Sa(x) ETrY) < 8(z) ¢

Now, let § € Pi(z) = Pyig, () (2) \ Pyi-1) 5, (o) (2) if N is sufficiently large (N > y+n+1),
by (2) of Lemma[3.8] we have

69(@)77/“078611(@) 5 69(Z)*Ho(7+n+lfr+(2r71)/m) S+E

which gives, by (3.14),

/.() 1(Z,C)‘H“{JSQ(C)*V#Ofed)L(C) < (2i59(1>)7u0(7/+"+17r)*8++
() (2) ",

finishing the proof. 0

IN

Proof of (2) of Lemma[3.11] As in the preceding proof we have to show that

| 1+
o Vaer| @ oo

If z € Ps,(¢) (§) then 8 ({) =~ Sa(z), the estimate (3.16), which is still valid replacing
7j(2,00(z)) by 7;(£,80(8)) (Lemma34land (3.14)), we immediately get

KEOM™ .
/1’59@)(0 5017 80 (2)" ~¥dA(z)

1-(2r— 1)y
Sa(8)” Ho(y+n+1—r)—(y=7)+—=—2—¢

N

= Sq(g) ML Cr )y e
= ()"

Assume 10w 2 € P(£) = Priy )(§)\ Pyt ) (£

If Y — & >0, using 6o (z) < 2’69(@) () of Lemma@and T give

141
KI{/(LC) N~ . — o (yHn+1—r)—(y—7)+ 1-(2r—1)ny
5 Z Edk Z 5 216 m
/P,m @y | 0@TAE 3 (%)
finishing the proof in that case.

If—1<y—€<0,as

—&

(2'8a(£)) "

/ So(z) [77°_ dA(2)

N’)/787P'.0
r18(&1 (jg—gprr)H

; 1= (2r— o 77 ;
Tt (8:260(0) PV 22 (¢,276a(0))
j=1

the proof is done as before using (2) of Lemma[3.8] O
The proof of (1) of Theorem2.1]is now complete. O

Proof of (2) and (3) of Theorem[Z.1l By the Hardy-Littlewood lemma we have to prove the
two following inequalities:

(fg /\KN )}<5£2 z)” !

o if p=m(
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o if p>m(

V: (Jo F(E) AEY(2,0)) | S Sal)*".
Then, using Holder’s 1nequahty these two estimates are consequences of the following
lemma:

Lemma 3.12. Let p > m(y+n+1—r)+2r, p' the conjugate of p (i.e. % + # =1)and

leta=1 [1,%] Then
m p

J

Proof of the lemma. Denote p’ = 1+1 so that »'/p =1 and 1/p = r?ﬁ Note that 1) =

%l < TLI By the basic estimates of KI{, (and the fact that —%pl > —1) it suffices to
estimate the above integral when the domain of integration is reduced to P(z,&).

Assume first that § € Pi(z) = Pais,, (1) (2) \ Pai-15,(;) (2). Then, by (3) of Lemma[3.8] we
have (note that 7/p < 1)

(2.0 8a(0) 7 PaA(L) S salo .

1BalO)]"” ! :
(2i60(2) " 12, 7 (@200(0) o= "

VKN (z0)| <

and by (3.14), we get

/P,-(Z)
_ (21'59(1))17/(0‘7]).

Assume now that { € P_i(z) = Py 1), ) (2) \ Pa-ig, (2 (2)- Then, by (3) of Lemma[3.8]
(for k = —1) and the fact that g (z) ~ 69(@) we have

1 1 1

1

z,¢ )5 - — 5 ;
(&) [T/21 77 (2,27780(2)) |z— ¢! 2770a(2)
and, as before, by (3.14), we have

/Uvmwa%@wWM@>5(w®@W“wzw
Pz

finishing the proof of the lemma.

—@r-bn

VKO 8a(0) T dA(Q) S (Feala) " R

/

= (Sa(2))"* M (2777,

The proofs of (2) and (3) of Theorem[2.]] are complete.

The proof of Theorem[2.1]is now complete.

3.2. Proof of Theorem[2.2]

In this proof the form s(z, §) is already given by the formula (3.13).

For condensing, we introduce a new notation. If U = {u;},,,, is a set of n vectors in
C" for I ={iy,...,ir} CL,={1,2,...,n},ij # iy for j #k, we denote by U; the set

U[ = {uil,...,uir}.
If I is ordered increasingly, we denote by 1 the subset of 1, ordered increasingly, such that
I, =1UL
Writing

Z Kl./ _J

|J|=r—1
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!
the symbol Z ; meaning that the summation is taken over increasing sets of integers J,

if V.= {vy,...v,} is an orthonormal basis, we write

K @000 = 3 (K .05 (V) ) (€6,

l=r

where, denoting by (), the coordinate system associated to V, <K,:,’J(Z, 0); (V, ﬁ)> is

defined by —
Ky (0. 0) 1l = (Ky (.00 (V) ) aa (©).

Thus, as we are able to estimate the kernel only when writing it in suitable extremal
coordinates, to obtain the wanted estimate, we have to write

/ / 1 — o -
KnOAFQ) = > &S (K @0 (LL) ) (F(E):T) ¢ e
(J=r—1 \|I|=r
with a basis L = (Li({))<;<, = (Li)<j<,» extremal at {, and apply Holder’s inequality.
But this cannot be done directly since it is well known that it is not possible to choose
continuously the bases (L;({)); and there is no guaranty that the functions

(KY (@0 (L.I) ) (1)

are measurable. To circumvent this difficulty we will choose bases (L;({)); which are
locally constant (thus not extremal at {) and suitably close to an extremal basis at {. Then
the properties of the geometry and the estimates of the kernel will allow us to conclude.

Let us consider a minimal covering of Q by polydisks P, ;) (2), so that it is locally
finite. Let F be the union of the boundaries of these polydisks (F is closed in Q) and let
us denote by {€;}, the countable family of the connected components of Q\ F. For each
i € N we fix an arbitrary point Z; in Q; and we define the coronas Rf( by

o

U N A i o o3
0= PEQ(Z,-) (Z,') and R, = PZ]‘BQ(Z,') (Z,') \ PZ"'*'EQ(Z,-) (Z,') Jk>1.

Finally we denote I'; the union of the boundaries of the polydisks R}; and I'=y;I;.
Note that both sets F and I" are measurable of Lebesgue measure zero.
We now define our bases (L;({)), for (z,£) € (Q\ F) x (Q\T') as follows:

let z € Q\ F; then there exists a unique i such that z € Q; and a unique k such that

€ R; then we define the vector field L;($) = L. ;({) to be the jth vector of a 2¢6q (Z))-
extremal basis at the point Z; used for the polydisk Py, 7, (Z;) and set

L(&) = (Lj(E))1<jen-
With this definition the expressions
S (ki 2002 (200.L1D)) ) (1(0). TD))
[I|l=r

is a measurable function on Q x Q (because it is the restriction to a set of total measure of
a locally smooth function) and we can write, for z € Q\ F,

u@) = /Q Kz O) A F ()
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The kernel Ky (z,&) being uniformly integrable in the variable ¢ (c.f. [CDMI4al),
17 TN

(17 0s (10200 )| | (0 T

The measurability of the functions

Holder’s inequality gives
wars Y 13 ©
—r—1 = 7T
1J T ravran
@0 (k60 (10.L@)) | [ L)
the facts that F and I" are of Lebesgue measure zero and Fubini’s theorem finally give

\|=r
| mr e @are < Z { /Q\F[Z /Q =0:(1010®))

W|=r Il
y<f<c>,L1<c>>} 8% 1 (2)dn(z) | dn(0) }.

For § € Q\I"let us consider the coronas Q(§) = Ps,(¢)(§) and 0/ () = Pars, () (8) \
Py15,(0)(§), t > 1. We now evaluate the integrals

/(QW@ . ]<sz, 0): (L) .LiD))

Recall that if z € Q; there exists a unique k such that { € R} and L;({) is the j
vector of the 2¥8q (Z;)-extremal basis at Z; chosen before. To 51mp11fy the notatlons we
denote by (), the coordinate system associated to that basis so that L;({) = 3% C Writing

(7. L) 88 (@)anq).

th

everything in those coordinate systems, we have to integrate ‘K,:,’J(z,c YA | |fi(©)|P

over (Q\T)NQ:(§) where fi(§) = (f(§),Li(2)).

First, we remark that K,{,’J (z,O)A dZI is a sum of expressions of the form % where

) 1 n+N—r
D(C,z)=|z—C|’(;OS(Z,CHP(C)) ,

and,

or

with {j1,...,ju—r, I} ={1,...,n}, and, i,...,i,_,,m all different.
Then, using Lemma [3.6] and the properties of the geometry, we obtain the following
estimates:

e For z € Q;N Qv(§), using inequality (312D, (3) of Lemma [3.4] and the fact that
8(8) ~8(Zy), KIL’J(z, ¢) AdE,| is a sum of expressions bounded by

1 [Lier @ (Zs, 60 (%)) 1
H/ 1 ] (2576Q(C)) H;E:an»l Tj (ZS, SQ(C)) |Z* C|2ril ,
and, using (1) and (2) of Lemma[3.4] these expressions are bounded by

1 [Licr7(S,Li(£),60(8)) 1
15177 (£,8(8)) TTj=nrs1%(8,0(8)) |z — ¢
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thus

Ky (2,0) N | 11O S
1 1 1
12522 (£.8a(2)) Turr1(.0a(0)) |o— ¢

This gives (using (3.13)

K (2, ) nd | 1017 857 () (2)

(3.17) 3o (O) 1F (O, -

A9

~ min{a, 1}

/m\F)on(o 17 e,

e Similarly, for z € Q;NQ;(§), t > 1, then § € R with 2/8q({) ~ 2%8q (Z,), and,
using Lemma instead of inequality (3.12) (as in Lemma [3.8] (2)) and (3.10),
)K,},’J(z, N dzl) |/1(£)]? is a sum of expressions bounded by

( 80 (0) )N‘ 1 1 y
78(0)) T2 (E20a(0) Tt (6:28a(0))
%&m 1O,

giving, for N > a4+ r+3,

, 7 o 386 IOk
/(Q\F)QQI(Q)K}V’(LC)M!C, P 5 A § o) Ve

Indeed, if o > 1, z € 0;(§) implies 8a(z) < 2'60(8) and if 0 < @ < 1, using the
proof of Lemma[3.9]

This concludes the proof of Theorem[2.21

3.3. Proof of Theorem[2.3

As f is assumed to be smooth in Q, Theorem 2.I] implies that the form z — u(z) =
Jo KN (z,8) A £(§) is continuous on Q.

The proof starts, as in the previous section, considering the sets F and I" and the vectors
(Lj(C))j. Note that, as F is of Lebesgue measure zero, for almost all € > 0, € < g, &
small, oz ({p = —€}NF) =0, o, being the euclidean measure on {p = —e}. Then, the
proof is done showing that there exists a constant C > 0 such that, for such ¢,

/ ul? doe < c/ 1 2.
{p=—e}\F o

We do it using almost the same proof as in the previous section so we will not give
details. Simply, note that using the same notations for Q;, Q;({) and writing K,},’J(z, A
f(&) in the same extremal bases, (3.17) implies

/ K (AT ()P o) £ 17Dl
({p=—e\F)NQo()

and

< LAk,

K (2.6 ndTl|11(8) P do () S 5

/({PS}\F)ﬂQi(C)
for N > 5 + r. Finally we obtain

ul? .
J o s 1), ar©
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3.4. Proof of Theorem 2.4

Our proof is very similar to the one given by N. Nguyen in [NguO1]] for convex domains.
As this paper was not published, we give some details below.

A standard interpolation argument shows that we only have to prove the BMO estimate.
The form s used in the previous proofs (formula (3.13)) is not well adapted to a BMO-
estimate, so, we change it here and make a choice similar to the one made in [DMO1]:

520 =—p@) Y (T-7)d (G —2)+2(ISCD 3. 0:(8.2)d (&~ ).

where S and Q; are given by equation (3.11)) and ¥ is a smooth cut-off function equal to
0 when p(z) < —1p and to 1 when p(z) > —Mo/2, N sufficiently small. Clearly, for z in a
compact subset of Q and { in Q,

2
|<S(Z,C),Z_ C)l Z |C _Z|
and, on Q x Q,
(s(z,€), 2= ) S 16 —2]
and, as S and Q; are unchanged, formula (3.J) is still valid. Moreover Lemma [3.3] remains
unchanged and the proof of the theorem is reduced to the proof of the same estimate for
the operator Tx (formula (3.2)).
To get the continuity up to the boundary of z — [, Ky(z,{) A f({) we need to prove
the uniform integrability of our new kernel K, 1{, that is the following lemma:

Lemma 3.13. For z sufficiently close to dQ and € sufficiently small, if Ky is the component
of Ky of bi-degree (n,n— 1) in { and (0,0) in z,

| Ikaeoang et
Pe(2)

Proof. Under the conditions of the lemma, the kernel Ky is reduced to

(L)N (3:0)"' 2 (SCI046.9 - p(2) (G-7)) e,
PO+ 45 0) ~p@IE P +1S(C 2 |

_ w _ S€2ei¢a) () (G-7) .
Let us denote P, = Py-1,(2) \ P,-1-1.(z) and 5 = Y TN expressed in the

(z,27'€)-extremal basis.
Let us estimate ¥ for { € P

Clearly 7P(Z)DC'.7Z_'. < \lez\'
For the first term of W, suppose |S({,z)| =27 e. As |0i(¢,z2)| < ri(i,;lfle) (Lemmal[3.6),
we have
SCaega|
D ~ 1 (z,27e)
Conversely, if |S({,z)| < 27 'e, by Lemma[3.3] p(z) > 2 ‘e and
SEaei¢a)] _ RO
D ™ 2-let(z,271€) [§ 2

Then, using lemmas 3.4 B.3land 3.6 on P, |Ky| is bounded by a sum of expressions of
the type

7 (z,27e) 1 (z.27'€) { 1 N 27e N 1
[T=177 (z,27'e)  |[n(z27e)  (z,27le)|C—2> |€—2l]
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Now, by Lemma[3.9]
2(, -1
/ i _ [Ti=i 77 (z.27%¢)
P2

-1.(2) IE—2 ™~ T(z,27')

and, if n > 3,

=R D)
P12 16 —1 P12 |6 —1

n—2

< H Tf (z,2718) Th_1 (z,2718) T, (z,2718> ,

Jj=1

dA 2 1
<1 (z,27') log (7)
/”zzg(Z) 1§ -2 ( ) 7 (2,27'e)

This finishes the proof of the lemma. (]

2

and, if n =2,

We now follow the (unpublished) method developed by N. Nguyen in [NguO1] to prove
the BMO-estimate for the function u(z) = [, Kn(2,8) A f({), z € dQ: for zg € dQ and €
small, denoting By = Pe(z9) N dQ, we have to estimate

1
6 (Bo) Jg,
where o is the euclidean measure on dQ and ug, = m I, Bo u(w)do(w).

Let Q = QN Pee(z0) and Qp = Q\ Q) where C > 0 is a sufficiently large number,
independent of € and z, that will be fixed later. Then

|u(z) — up,|d(z)

o (Bo) | |u(z) —up,|do(z) <L + 1
where, fori=1,2
I,'Z/B0 /Bo /Qi|(KN(Z7C)_KN(W,C))/\f(C)|d),(C)dG(Z)dG(W)_

To estimate I; we simply write
h<20@) [ [ K8 AFOIAOd0).
By JQ

For § € Q let Bi(§) = Bo N (Paiggy¢)($) \ Pai-15y¢y(§)). i > 1 (recall that, by the
choice of ¢ in the definition (3.6) of the polydisks, Psy(¢) (§)NIQ =0). Then, if z € B;({),
writing Ky (z,$) A f(§) in the (£,2/8q(())-extremal basis and using lemmas 3.4l 3.3 and

|0j(&,2)] is bounded by % and |S(&,z)] is bounded from below by 2/8q ()

(because z € dQ), and we get
0a(8)
216a(8)

N-1 2i80/(8) 7(£,Li(8),280(8))
n 216,
117 (¢.28a()) ")
j=1

IKn(z,E) A AdG] S fi(E)l

I
S (E) m”f@)”k,

the last inequality coming from (3.I0). Integrating over B;({) and summing up we obtain
(C being fixed, 0 (By) ~ 6 (Q1NIQ))

o7 S s@ IRIGIIGI
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To estimate I it is necessary to evaluate the difference (Kn(z,$) — Ky(w,§)). When
Q is convex, in [NguOT|] N. Nguyen estimates the derivatives of Ky(-,{) on the segment
[z,w]. Here, this segment is not necessary contained in Q and we introduce two points Z
and W which are cq&-translations of z and w in the direction of the inward real normal at
20, ¢1 being chosen sufficiently large (independent of zy and €) so that the segment [Z, W]
is contained in Q. Thus the segments [z,Z], [Z,W] and [W,w] are contained in a polydisk
P.,¢ (20) (c2 independent of zg and €) and C is chosen sufficiently large so that, if { € Qo,
for all u € P,¢ (z0), the anisotropic distance from { to u is equivalent to the distance from
o zp.

The points z and w being on the boundary of Q, we have to control the variations of

p(0) S (%Q(%C))WIZQJ(C,ZMC]7K 0
=50 +p(0) S(¢.2) S

Let Qi = Price (20) \ Poi-1¢¢ (20), i > 1, and let us estimate the derivatives of Ky, (u, §) for
u € P¢ (z0) (in particular in the three segments) and { € Q;. Using lemmas 3.4 [3.3] and
and the fact that, if u € P.,¢ (20), |p (u)| < c2€, enlarging C if necessary, S(z,u) > 2/Ce
(by Lemma[3.3), writing K}, and f in the (z9,2'Ce)-extremal basis we get

‘—KN ONdG

0 _
—K, ANdG| <
+‘au—l N(”hC) Cl ~
2iCe 7 (20,L1,2'Cé) 1
[T}=1 77 (z0,2Cé) 2iCe 7(z0,Ly,2/Ce)’

On each of the three segments [z,Z], [Z, W] and [W,w] the increase in the direction L; is
bounded, up to a multiplicative constant, by 7 (zg,L;,c2€), and, by (@) of the geometry,

/m
T(Z07Lt2iC8) Z (C_) 7(207Lt7628)a
2

SO

(O] T8, Li8a(8)) (1)
vte &) k) AT 5 g o TR ()

because T (z0,L;,2'Ce) ~ 7({,L;,2'Ce) (Lemma[3.4) and

T (C,L,,Z’Ce) < ‘L'(C,L[,(SQ(C))
2iCe ~ 6a(8)

because 8q (&) < 2/ce. Finally

1\ /" 1
/\KN Ky D) A ROAE 0O 5 (5) aaa [, 170
S IMFE)kdA ||y and the proof is complete.

4. PROOF OF THEOREM[2.6]

We use the method developed for the proofs of theorems 2.1 and 2.3 of [CDM15]].
In [CDM14b]] we proved the following result: let g be a gauge of D and py = g*e' "¢ — 1
then:

Theorem 4.1 (Theorem 2.1 of [CDMI4bl). Let wy = (—po)’, r being a non negative ratio-
nal number, and let Py, be the Bergman projection of the Hilbert space L? (D, ay). Then,
for pell,+e[and 1 < B < p(r+1)—1, Py, maps continuously the space L’ (D, 55)
into itself and, for a > 0, Py, maps continuously the lipschitz space Ay (D) into itself.
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If @ is as in Theorem [Z.6] then there exists a strictly positive %' function in D, @, such
that @ = @y. Then we compare the regularity of Py, and Py, using the following formula
(Proposition 3.1 of [CDM13])): for u € L? (D, ®),

QP (1t) = Py (9u) + (Id — Poy) 0 A (Po(u) A J9) ,

where A is any operator solving the g-equation for d-closed forms in L? (D, w).

We first show that P, maps continuously L” (D, §4) into itself. Let f € LP(D,d5),
D € [2,+00[. For A we choose the operator T’ of Proposition[2.2] with ¥ = r, and we choose
€ and an integer M such that 0 < € < &y, &y as in Proposition[2.2] and p = 2 + Me. Let us
prove, by induction, that Py, (f) € L>**€ (D, 8} fork =0,..., M.

Assume this is true for 0 < k < M. Then by Proposition[2.2]

A(Po(f)ND@) € L D2 (D, 87)
and, by Theorem 4.1}
(Id = Puy) 0 A (Po(u) A D) € L 7VE (D, 5).

As @ is continuous and strictly positive we get Py (f) € L>++1D€ (D, §7).
Thus, P, maps L? (D, §},) into itself for p € [2,4oo[. The same result for p € |1,2]
follows because Py, is self-adjoint.

To prove that P, maps L? (D, 65) into itself, for —1 < 8 <r, we use a similar induction
argument using Proposition2.T]instead of Proposition 2.2}
For A we choose now the operator T of Proposition 2. Tl with ¥ = r, and € such that 0 <

€ < 1/m, and for which there exists an integer L such that § = r — Le. For f € L? (D, 65),
assume Py (f) € L? (D, 55718>, 0 <1 < L. Then, Proposition 2.1 and Theorem 1] imply
(1d— Pay) oA (Po(u) AJp) € L7 (D, 8, "*V%) which gives Po(f) € L7 (D, 8, "*1°).
By induction this gives P, (f) € L? (D, 55 ) , concluding the proof of (1) of the theorem.

The proof of (2) of the theorem is now easy: assume u € Ag(D), 0 < ¢ < 1/m. Let
p < oo such that o = L [1— 22T By part (1), Py(u) € LP(D,8)), by (3) of
Theorem 2.1 A (Pw(u) /\§(p> € Aq(D) (A being the operator T), and, by Theorem [A.1]
(Id— Py) 0A (Pw(u) /\§(p> € Aq(D) concluding the proof.
Remark.

(1) The restriction —1 < < r in Theorem 2.6 (instead of 0 < B+ 1 < p(r+1) in

[CDM14b]) is due to the method because if f € L? (D, 65) with B > r, a priori

Py (f) does not exist.

(2) The restriction r € Q; is not natural and it is very probable that Theorem is
true with r € R.. To get that with our method we should first prove the result of
Theorem[4d.Jlfor r a non negative real number. Looking at the proof in [CDM14b]],
this should be done proving point-wise estimates of the Bergman kernel of a do-
main D of the form

D= {(z,w) € C"™™ such that py(z) + Z |Wl_|2f]i < O} :
with g; large real numbers such that 3" 1/, = r. The difficulty here being that D is

no more ¢*-smooth and thus the machinery induced by the finite type cannot be
used.
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