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On large deviation probabilities for empirical distribution of
branching random walks: Schroder case and Bottcher case

Xinxin Chen* and Hui Hef

April 12, 2017

Abstract: Given a super-critical branching random walk on R started from the origin, let Z,(-) be

the counting measure which counts the number of individuals at the n-th generation located in a

given set. Under some mild conditions, it is known in [5] that for any interval A C R, Z”Z%g;‘)

converges a.s. to v(A), where v is the standard Gaussian measure. In this work, we investigate

the convergence rates of
Za(V/nA)
Pl ————-rv(4 A
(B —>2),

for A € (0,1 —v(A)), in both Schréder case and Bottcher case.
Mathematics Subject Classifications (2010): 60J60; 60F10.
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1 Introduction and Main results

1.1 Branching random walk and its empirical distribution

Branching random walk, as an interesting object in probability theory, has been widely considered
and well studied these years. The recent developments can be referred to Hu-Shi [15], Shi [25].
On the other hand, this object is closely related to many other random models, for example,
multiplicative cascades, random fractals and random walk in random environment (see e.g. Hu-
Shi [14, 16], Liu [19, 20]).

Generally speaking, in a branching random walk, the point processes independently produced
by the particles, formulated by the number of children and their displacements, all follow the
so-called reproduction law. However, in this work, we consider a simpler model by assuming that
the number of children and the motions are independent. Let us construct it in the following way.

We take a Galton-Watson tree T, rooted at p, with offspring distribution {py;k > 0}. For any
u,v € T, we write u < v if u is an ancestor of v or u = v. Moreover, to each node v € T \ {p}, we
attach a real-valued random variable X, and define its position by

Sy = Z X..

p=<u=v

Let S, := 0 for convenience. Suppose that given the tree 7, {X,;v € T \ {p}} are i.i.d. copies
of some random variable X (which is called step size). Thus, {Sy;u € T} is a branching random



walk. For any n € N, we introduce the following counting measure

Zn()= > s

|v|=n,0eT

where |v| denotes the generation of node v, i.e., the graph distance between v and p. Apparently,
Zy = do.

In this article, we always suppose that pg = 0, p; < 1. Note immediately that {Z,,(R);n > 0} is
a supercritical Galton-Watson process with mean m := ), kpr, > 1. Assume that m < oo, the
martingale -
Zn(R)

mn

converges almost surely to some non-degenerate limit W if and only if > klogkpr < oo (see e.g.
[4]). Naturally, a central limit theorem on Z,(-), was conjectured by Harris [12] and was proved
by Asmussen-Kaplan [2], then was extended by Klebaner [18] and Biggins [5]. It says that if the
step size X has zero mean and finite variance o2, for A € Ay := {(—oc0,z];z € R},

Zn(Vno?A) _

W, =

lim v(A)W, a.s. (1.1)
n—oo
where v is the standard Gaussian measure on R. Let Z,(-) := ZZ:((R)) be the corresponding empirical

distribution. Then,

lim Z,(Vno?A) =v(4), a.s. (1.2)

n—oo

What interests us is the convergence rates of (1.1) and (1.2).

In the literature, Asmussen and Kaplan [2] proved that if z, = (0y/n)z + o(y/n) with z € R,
then
lim E ((m*”Zn((—oo,a:n]) — V((—oo,a;])W)2> =0.

n—oo
Recently, Chen [6], under some regular assumptions, proved that as n — oo,
Zn(Vno?A) 1 1

where £(A) is some explicitly defined random variable. Later, Gao and Liu [10] generalized this
convergence for a branching random walk in some random environment. They also, in [11], obtained
the second and third orders in this asymptotic expansion. In particular, if A = R, one can refer
to [13] and [3] for convergence rate of W,, to W. Furthermore, by taking A a singleton, the local
version of this convergence has been investigated by Révész [24], Chen [6] and Gao [9], even in
higher dimensions.

In this paper, we aim at understanding the so-called large deviation behaviour of the convergence
(1.2), by considering the decaying rate of the following probability

P (Zn(\/nUQA) —u(A) > A) , (1.4)
with A > 0 a small constant.

In fact, this problem has been investigated by Louidor and Perkins [21] by assuming that py =
p1 = 0 (Bottcher case) and that X is simple random walk’s step. Recently, Louidor and Tsairi [22]
extend this result to the Bottcher case with bounded step size by allowing dependence between
the motions of children and their numbers. However, if X is not bounded, its tail distribution will
be involved in the arguments and many regimes will appear in the asymptotic behaviours of (1.4).

In what follows, we will consider (1.4) in the Bottcher case by assuming that the step size X
has either Weibull tail distribution or Gumbel tail distribution. Also, we will study this problem
in the Schoder case where p; > 0 = py.



1.2 Main results

In the following of this paper, we always assume that ,

E(ef1411) = Zpkeek < 00, for some 6 > 0, (1.5)
k>0
and that
X is symmetric, with E[X?] =¢% = 1. (1.6)

Remark 1.1. The assumption of symmetry of X is not necessary, but simplifies the proof. As
long as A(-), defined in (1.9) below, is finite on an open interval including 0, our arguments work.
The exact value of E[X?] does not play crucial role in our arguments either, but simplifies notion.
We only need that X satisfies the classic central limit theorem.

Before stating our main results, we first introduce some notations. Let A be the algebra gener-
ated by {(—o0,z],z € R}. For p € (v(A),1) with A € A\ 0 such that v(A) > 0, define

Ta(p) = inf {Jz] : (A — 2) > p} (L7)
Ja(p) = inf {y supr((4-2)/ VI ) 2 € 0 1]} | (18)

We say that X fulfills Cramér’s condition if E[e"*] < oo, for some x > 0. In this case, we can
define the so-called logarithmic moment generating function and its inverse: for any ¢ € R and
s e Ry,

A(t) =:log E[e*] €[0,00] and A7l(s):=inf{t > 0: A(t) > s}, (1.9)

with the convention that inf () = sup{t > 0: A(t) < oo}.

Theorem 1.1 (Schroder case). Assume that p1 > po = 0 and X fulfills Cramér’s condition. For
p € (v(A),1), if Ia(p) < oo and I4(p) is continuous at p, then

lim 7= log P (Z,(viid) 2 p) = ~A"(log - )La(p).

n—oo

Remark 1.2. If we replace Cramér’s condition in above theorem by P(X > z) ~ e™**"

with A > 0 and 0 < o < 1, then using same idea of proving (1.10) below, we may have

as z — o0

lim —Llog P (Z,(vA) > p) = —Ma(p)°.

n—00 nOé/2

Theorem 1.2 (Schroder case). Assume that p1 > pg = 0. For p € (v(A),1), if [a(p) = oo and
Ja(p) is continuous at p, then

Tim logP (Z,(v/iid) > p) = (log ) Ja(p).

The next theorems concern the Bottcher case where pg = p; = 0. If I4(p+) = I4(p) < oo, the
decaying rate of (1.4) depends on the tail distribution of X, and also on the tree structure. In the
following two theorems, we study two typical tail distributions of step size X: Weibull tail and
Gumbel tail. Besides, we introduce

b:=min{k > 1:p; >0} and B :=sup{k >1:p; > 0} € [b, 0].

Theorem 1.3 (Bottcher case, Weibull tail). Assume that pgo = p1 = 0. Suppose P(X > z) =
O(1)e=*" as z — oo for some constant a >0 and X > 0. Take p € (v(A),1) such that Ia(p) < oo
and I4(p) is continuous at p.



1. Ifa <1 and B > b, then

lim —logP (Z,(vnA) > p) = —Xa(p)*. (1.10)

n—oo N /

2. Ifa>1 and B > b, then

. (lnn)~! . 2logblog B \** o
— > = — . .
nh—>ngo ne/2 log P (Zn(v/n4) > p) a(log B —logb) Aa(p) (1.11)

3. If B =0, then there exist Cy, > cq > 0 such that

—Cly, <hni1nf / log]P’( w(v/nA) > p) <hrnsup / log]P’( w(VnA) > p) < —ca.
(1.12)

Theorem 1.4 (Bottcher case, Gumbel tail). Assume that po = p1 = 0. Suppose P(X > z) =

@(1)6‘62& as z — oo for some constant o > 0. For p € (v(A),1) such that I4(p) < oo and I4(p)
s continuous at p, we have
lim n” %@ log [—log P (Z,(v/nA) > p)] = (yala(p)log b)att (1.13)

(14a)log B
(1+«)log B—logb -

where yq 1=

Remark 1.3. To obtain the exact decaying rates, we take advantage of the randomness of the
embedding tree in the arguments. However, if we consider a reqular tree (B = b) and motions
with Weibull tail, such idea does not work any more and the situation becomes more delicate. We
believe that in this case, there is a close link between the decaying rate and the a.s. convergence
(1.3).

To accomplish this work, we also state the result when X is bounded, which is obtained by
Louidor and Tsairi in [22].

Theorem 1.5 (Bottcher case, Theorem 1.2 of [22]). Assume that po = p1 = 0. If ess sup X = L
for some 0 < L < oo, forp € (v(A),1) such that 14(p) < oo and 14(p) is continuous at p, we have

Jim nil/Q log [~ 1ogP (Z,(vnA) > p)] = A(p}/logb. (1.14)

The following result is universal, regardless of the tail distribution of X, when I4(p) = oc.
Theorem 1.6 (Bottcher case, Theorem 1.2 of [22]). Assume that pg = p; = 0. Forp € (v(A),1)
such that 14(p) = oo and J4(p) is continuous at p, we have

lim llog[ logP (Zn(vnA) > p)| = Ja(p)logb.

n—oo N

At the end of this section, let us say a couple of words on strategy of proofs, which is partially
inspired by that of Loudior and Perkins. To have {Z,(y/nA) > p}, we take an intermediate
generation t,, and suppose that most individuals at this generation are positioned around x+/n, so
that finally Z,(v/nA) = vn_, (Vn(A — 2)) ~ v(-2 (A —z)) 2 p. This brings out the definitions
of I4(p) and J4(p). If I4(p) < oo, we take t, = o(n ) otherwise, we take t,, = ©(n). Moreover, the
effort made up to generation t¢,, depends not only on branching but also on motions, which brings
out the different treatments in different regimes.

The rest of this paper is organised as follows. In Sect. 2, we present some basic facts on random
walks and branching random walks which will be used frequently in our proofs of main results. We
study the Schroder case in Sect. 3, where Theorems 1.1 and 1.2 are proved. In Sect. 4, Bottcher
case is treated. Theorems 1.3 and 1.4 will be proved. Let C1,C5,--- and ¢, co,--- denote positive
constants which might change from line to line.



2 Preliminary results

In this section, we present some well-known facts and useful lemmas, which will be applied fre-
quently in the next sections. Denote by v, := Px % - - - % Px, the distribution of a X-random walk
—

n times
at the n-th step. Recall that v represents the standard normal distribution on the real line. The

following lemma states some basic facts about v and v,.

Lemma 2.1. Let A€ A\ D and p € (0,1).

1. The mapping (a,b) — v(aA +b) € C*(R?). Moreover, it is Lipschitz on b and is uniformly
continuous on K X R for any compact set K.

2. If 0 < I4(p) < oo, then there exists x € R with |x| = I4(p) such that v(A —x) > p.

3. 0 < Ja(p) < 1 and there exists x € R and r € (0,1) with r = Ja(p) such that v((A —

x)/V1—=r1)=p.
4. If p > v(A), then either 0 < Ia(p) < oo or Ia(p) = oo, Ja(p) € (0,1).

5. (i) Let A :={x € A: B(x,e) C A} be the e-interior of A, and AT := UyecaB(x,€) be the
e-neighbourhood of A. Then

AZ CNyelcjpe(A—y) and A\ A7 C (9A)F
and
Uyel—e/2,e/21(A—y) C AT and AT\ A C (0A)F,
where (DA)7 is the e-neighbourhood of DA and lim. o v((0A4)F) = v(0A) = 0.
(ii) Moreover,

sup [V(AF — ) — V(A — 2)| = sup [p(AF \ A — )| < supp((9A — 2)F).
z€R zeR T

If Leb(-) is the Lebesgue measure on R, we have Leb(0A) = v(0A) =0, and

supv((0A — 2)7) < Leb((0A)F) — 0, ase ] 0.

x
6. Asv(0A) =0, for any | > 1, we have the following uniform convergence,

lim  sup sup |v,(vn(ad + b)) — v(aA+b)| =0.

N0 gefi—1,1] beR

In fact, (1)-(4) and (6) can be found in Lemmas 2.1, 2.2 and 2.4 of [21], (5) is a basic property.
So we feel free to omit its proof.

Let M be the collection of locally finite counting measures on R. For any ¢ € M which is finite,

we can write it as
[q

=1

with z; € R and |¢| < oo the total mass. For convenience, we write z € ¢ if ({z} > 1. Let {Z5}
be the branching random walk started from Zg = (. Similarly, let ZTCL() be the corresponding
empirical distribution. Because of (1.5), we have the following lemma, borrowed from [21].



Lemma 2.2. There exists C1,Cy > 0 such that for all A > 0 sufficiently small and n > 1, for any
finite { € M,

P(Z54) > =S va(A—2) +A | < Cre @2, (2.1)

e

1
<]
The same holds if >, +A are replaced by <, —A, respectively.

The next two lemmas are slightly stronger versions of (1.2).

Lemma 2.3. Let A € A\ (. Let {an : n > 1} and {b, : n > 1} be two deterministic sequences
such that a, — 1 and b, — 0. Then as n — oo,

Zn(Vn(anA+b,)) 25 v(A). (2.2)
Lemma 2.4. Take the same assumptions as in Lemma 2.3. Then for any finite { € M, asn — oo,

/T a.s. Zmeg V(A - x)ww
ZY™ (V(anA + by)) ©% S (2.3)

where \/nC =3 -0y m and {W?® 1z € (} are i.i.d. random variables distributed as W.

Proof. For any A € A and z € R, as n — oo,

0
an\/ﬁ A a.s
M—WV(A—.%’) 228,
mn
This convergence, together with the branching property of Galton-Watson process, gives
_ Y pec V(A —2)W®
7Y (JnA) Ly S . (2.4)
E:}:EC we

We thus conclude by Lemma 2.3. ([l

When p; > 0, denote by x the so-called Schroder constant with
m~X = py. (2.5)

We also recall here a result from Lemma 13 in [8]. Note that Z,(R) = |Z,| for the counting
measure Z,,.

Lemma 2.5. If p1 > 0, then there exists a constant C's > 0 such that

P(|Z,| = k) < C3 @ A (kxlp?)> , Vk,n>1. (2.6)

The next lemma is the well-known Cramér theorem; see Theorem 3.7.4 in [7]. Recall that v,
the distribution of a X-random walk at n-th step.

Lemma 2.6. If E[e"X] < oo for some k > 0, for any a >0 and £ > 0, as n — oo,

lim ! log vp((—(a + €)n, —an]) = —y(a) := —sup{at — A(t)}. (2.7)

n—oo N t>0

For a < 0, we have a similar result with v(a) = y(—a). This result follows immediately from
Cramér’s theorem, which says that for any a > 0,

.1
nlggo Elog Vn((—00, —an]) = —v(a),

where the rate function v(a) > 0 and convex.



3 Schroder case

3.1 Proof of Theorem 1.1: I4(p) < oo and [, is continuous at p

In this section, we are going to demonstrate Theorem 1.1.

For the lower bound, we will make a single branch up to some generation O(y/n), and the
random walk along this branch moves to the level zy/n so that the descendants at the n-th
generation behave like Z,(/nA) ~ v(A — x) > p with high probability. For the upper bound,
we will begin with a rough bound. Then an iteration method will be applied to improve the bound
and to obtain the exact limit.

3.1.1 Lower bound
Recall A(t) = log E[e*X], (1.9) and (2.7). Define

B log L +~(a
Rpy) i inf B T
a>0 a

One could check that

Alpr) = A_l(logpll) € (0,00). (3.1)

Lemma 3.1. (Lower bound) If all assumptions in Theorem 1.1 hold, then for any e > 0,

lim n \/lﬁ log P (Z,(vi4) 2 p) = ~(La(p) + A log --). (3.2)

Proof. Since I4(p) is continuous at p, by (2) of Lemma 2.1, there exist z € R, 0 > 0 such that
v(A—z)>p+9d and |z|=1Ia(p)+e.

We only consider the case where x < 0. The case where x > 0 can be treated similarly. For any
a>0,let Cy:= % and t,, := |Cyy/n]. Note that —aC, = x. Observe that for any n > 0,

P(Zn(VnA) = p) 2 P (Z(VnA) 2 p, Z;,(R) = Zy, ((—a(l + n)ta, —aty]) = 1)
which by Markov property at time t,, implies that,

P(Zn(v/nA) > p)
> P

(Z1,(R) = Z,((=a(l + )tn, ~at,) = 1) inf  P(Z, (VnA)=p)
yE(—a(l4+n)tn,—aty]
= piws, (—(a(l + n)tn, —at,)) inf P (Znt, (VA —y) > p). (3.3)

ye((1+nzv/n,zv/n]

It remains to treat the probability on the right hand side. Let A(x,7n) = Ny e((149)2,2)(A — Y0)-
Observe that for any y € (—a(1 + n)Cyy/n, —aCqy/n],

Tt WA = 3) 2 ooty WA Goan) = Zor, (Vi (Lt )

On the other hand, by (5) of Lemma 2.1, for > 0 small enough,

v(A(z,m)) > v(A—x)—6/2>p+4/2.



It follows that

inf P (Zp_t,(VnA—1y)>p
ye((1+n)zv/n,ay/n] ( ml ) )

> 8 (2, (v (S22 ) 20)

Vi —t,
> P <Zntn <m (\/%A(x,n)» > u(A(z, 7)) — 5/2) ,

which, as n — oo, converges to 1 in view of Lemma 2.3. Going back to (3.3), this means that for
n > 0 small enough and n large enough,

- 1
B(Za(vVnA) 2 p) 2 5piw, ((—a(1 ), —atn]>.
This yields that

C,
hmlnf T logP (Zn(vnA) > p) > Cylogpr + hmlnf — log v, (( a(l+n)t,, —atn]>,

which, by (2.7), implies

l1m1nf710gP( n(VnA) > p) > -C, <1ogpl1 +’y(a)) .

As the limit on the right hand side does not depend on a, we obtain that
log o+ 7(a)

lim inf flog]P’( n(Vnd) = p) = —(Ia(p) + ) inf —F——— = —(La(p) + &)A(p1),
which implies the lower bound. O

Remark 3.1. If X is a simple random walk, then we have
A(p1) = log <1 +4/1 —p%) —logp; € (0, 00).

3.1.2 Upper bound

In this subsection, we are going to show that

hzri)solip T log P (Zn(v/nA) > p) < —Ia(p)A(p1). (3.4)

We believe that the strategy of lower bound is somehow optimal. For the upper bound, we
consider also some intermediate generation of order O(y/n), where, to get {Z,(v/nA) > p}, the
population size should be atypically small and the extreme positions should be close to +14(p)+/n.

For € € (0,1/2) small, a € Ry, define
N(a) = la(l —e)v/n] and By :=[-1a(p)(1 —e)vn, 1a(p)(1 —e)Vn].
Moreover, there exists § € (0,p — v(A)) small enough such that

sup v(A—z)<p-—2o. (3.5)
2€Bn/\/n
The following lemma states the idea presented at the beginning of this section. It gives also a

rough upper bound. Let Mp be the collection of all locally finite counting measures on R which
vanish outside B; i.e., Mp = {¢ € M : {(B°) = 0}. Recall that |(]| is the total mass of ( € M.



Lemma 3.2. Suppose that all assumptions in Theorem 1.1 hold. Then there exists o > 0, such
that for a = I4(p)a and n large enough,

P(Zn(ay(Bp) = 1) = 0n(1)P(Zy(v/nA) > p) (3.6)
Moreover, we have
P(Zn(vVnA) = p) = (1 + 0n(1))P(Zn(a) € MB,,|Zn(a)| < 1, Zn(VRA) = p). (3.7)
Consequently, there exists some constant Cy > 0 such that for alln > 1,

P(Zn(VnA) > p) < CypAPE—VE .

Proof. The proof will be divided into two subparts.
Subpart 1: We shall prove (3.6). Observe that by symmetry of vy and Markov inequality,

P(Zna)(Bg) 2 1) < 2P (Ziva) ([La)(1 — )V, +00)) = 1)
< 2E | Zy(o) ([La(p)(1 - £)v/n, +00)) |
=2m" Dy, ([IA(P)(l —e)vn, +OO))-

By Chernoff bound of Cramér’s theorem, one sees that

V@ ([IA(p)(l — oW, +oo)) - uN(a)< [L“G@N(a), +oo) ) < exp {—N(@)7 (IA(p)) } |

which implies that

P(Zy (o) (BS) > 1) <2e~N@O(H42)—logm)

9~ Vi(1=e)(ar (AP —alogm) (3.9)
Meanwhile,
lim a(7(Ia(p)/a) ~ logm) = La(p) lim T =18
awCLV A\D)/a ogm) = Apa—ﬂroo a
v(a) + log - _
=1 lim ——— P > [,(p)A(py).
ap) lim ” > La(p)A(p1)

where the inequality follows from the definition of A(p;). Therefore, for any o € (0,1) small enough
and any € > 0 small enough, with a = I4(p)«a, we have

. 1 . _
limsup —=1log P(Zn(a)(By) 2 1) < —(1 +€)La(p)Alp1)-

vn

Therefore, in view of the lower bounded obtained in Lemma 3.1, one could choose a@ > 0 and
g0 > 0 sufficiently small such that for ¢ € (0, o),

P(Zn(a)(By) = 1) = on()P(Zn(vnA) = p),

which is just (3.6).
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Subpart 2: We turn to prove (3.7) and (3.8). According to (3.6), to bound P(Z,(y/nA) > p),
we only need to consider P(Zy(,) € Mp,, Zn(y/nA) > p). Note that by Markov property at time

N(a),
P(Zn() € MB,, Zn(VNA) = p) = > P(Zy) = C Zn(vnA) > p)

= > PUnw = OP (2 nw(VRd) 2p) . (3.10)

By (1) and (6) of Lemma 2.1, we have
z
Sup [V, n(a) (VA — 2) — v(A - %)\ = on(1).

2€Bn,

So, by (3.5), for n large enough and any ¢ € Mp,, one has

z 1
p>supv(A——)+0>— Vp—N(a)(VNA — 2) 4+ 6/2.
p A= )02 1 e (VA =) 0

Therefore, (3.10) becomes
]P(ZN(CL) € MB,“ Zn(\/ﬁA) > p)
< Z P(ZN(a) ]P’(ZC (\fA mZVn Na)( fAz)+5/2)

ze(C

which, by Lemma 2.2, is bounded by C1 > -c g, P(Zn(a) = <)6_02|C|52/4. This gives that

(3.11)

P(ZN(a) € MB,: Zn(VnA) > p) < C1 Y P(|Zn()| = k)"
k=1

As a consequence of (2.6),

P(Zn(a) € My, Zu(\/nA) > p) < capy . (3.12)

Furthermore, following the same arguments to get (3.11), we have

Zn(VnA) = p) < C1 Y P(|Zy()| = k)e "
k=n

S 016—01n

= 0n(1)P(Zn(v/nA) > p), (3.13)

P(Zn() € MB,, |ZNn@)| =1

where the last equality follows from Lemma 3.1. Then (3.6) and (3.13) yield that

P(Zn(\/ﬁA) > p)
<P (Zn(@) ¢ MB,) +P(Zn@) € MB,, Zn(v/nA) > p)
= on(1 ) ( n(VnA) > )+P(ZN()€MBna\ZN | <n,Zu(vnA) > p),  (3.14)

which, together with (3.12), gives (3.7) and (3.8).
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More generally, for p, = 1+ 0,(1), we also have

_ o )
P(Zn(v1(pnA)) > p) < Ce B o la@al=2)vn,
The arguments above still work by remarking (1) of Lemma 2.1 which says that

sup |v(pnA) — v(A)] = O(|pn — 1)) = 04 (1)
AcA

and that

sup [v(A —z) —v(A-y)| = O(ly — 2|).
AcA

In what follows, we fix a > 0, the real number taken in the previous lemma and take € € (0, g).
Here is the key lemma for the iteration of the upper bound.

Lemma 3.3. Suppose that all assumptions in Theorem 1.1 hold. Take p, =1+ 0,(1). If we have

log P(Zn(\/ﬁPnA) > p)

lim sup NG < —LIx(p), (3.15)
n n
for some L > 0, then
logP(Z,, nA) >
lim sup 128 (\/\ﬁp V2D p(yL), (3.16)
n n

where

1
F(L) := «ainf | log — —ulL L
(L) a;IéR(ogpl—Fv(u) u >+

with a > 0 chosen in Lemma 3.2.

Remark 3.2. By Lemma 3.2, we could take L = alog pil. One can see that F(L) < A(py) for
L < A(p1) in Lemma A.1.

Proof. Recall that a = al4(p) is fixed here. By (3.7), it suffices to consider P(Zy(q) € M, ,|Zn()| <
ny Zn(v/npnA) > p) with N(a) = [a(1 — ¢)y/n]. In the rest of this proof, we write N and B for

N(a) and By, respectively. Let pl, := py, ;L/fN. We observe that given {Zy = (},

Zn(Vipad) = Zy_n(VipaA) < max Z;_n(vVn— N(p,4)), (3.17)
where the last inequality follows from the elementary inequality

k
Y a; a;
izt % < max —, VYa;>0,b; >0.

— 9

Y bi T oisk bi

Then (3.17) gives
P(Zn € Mp,|Zn| < n, Za(vVnppA) > p)
<P (ZN € Mg, |Zn| <n, max Z:_n(Vn— N(ph A)) > p) . (3.18)
z€ZN

For any M > 0, let us consider a partition on B:

(1 —e)vnup < (1 —e)vnup < -+ < (1 —¢e)v/nuy,
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where u; 11 —u; = n:= QIAT(M with ug = —I4(p) and up; = I4(p). Then the r.h.s of (3.18) is less
than

M-1
IP’(U {ZNEMB,]ZN\<n, max Zﬁ_N(\/n—N(p;A))Zp}>,

et 2€ZNNJ;
where Jy = [(1 — €)y/nug, (1 —&)y/nu1] and
Ji= (1 —e)vnui, (1 —e)vnuiy1], 1<i<M-—1.
It follows from Markov property that

P(Zy € Mg, |Zn| < n, Zn(v/npnA) > p)

M-1

<Y Pav=QP ( max 72 (v = N(p,4)) > p)
i=0 CeMp[l<n Feend
M-1

<> P(Zy =0 > P(Zon(Vn— N(p,A) - 2) > p)
=0 ¢eMp,|¢|<n zeCNJ;
M-1

IN

> B2y =0 | P (Zuon (V=N (A5, — (1 =jw)) 2 p). (3.19)

i=0 | (eEMp,[¢|<n

~

The last inequality holds for n > 0 and n large enough, because that for n sufficiently large, for

any z € J;, we have
V= N(p,A) — = C V= Ny (Af, — (1 - 2)us),
where A;n = UzeaB(x,2n) is the 2n-neighbourhood of A. Observe that for any 0 <i < M — 1,
Y Pn=0C) < nP(Zn| <n,Zy(]) > 1)

CGMBv‘Clgn
< n]EHZN|;]ZN| STL] VN (Jz) (320)

Again, by (2.6),
EllZxl; 1Zx] < n] < nP(Zx] < 1) < csn*tipY. (3.21)

On the other hand, by (2.7) and Chernoff bound,
vy (J;) < e~ N infu;<usuzy, V(w/a), (3.22)

With (3.19) in hand, plugging (3.21) and (3.22) into (3.20) yields that

P(Zy € Mp,|Zn| < 1, Zn(\/npaA) > p)

M-1
< 03nx+2p~i\7 Z e~ NVinfu;<u<u; g 7(u/a)p (Zn_N (, /r — NP;L(A;_U —(1- 6)%)) > p> . (3.23)
=0

It remains to bound P <Zn_N(\/n - Np;l(A;n —(1—-2)u;)) > p). Here we are going to use the as-

sumption (3.15). We first consider A;n —(1—¢)u; and the corresponding [ Af —(1-e)us (p). According
n 7

to (5) of Lemma 2.1, we have for any = € R,

A((@A);n) +v(A—1z)> V(Ag'n —z) > v(A—x).
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We take 1 > 0 sufficiently small (i.e., M large enough) so that A\((9A)%") < §/2, which ensures
that for any v € R,

Ta—u(p—0/2) < IA;n_u(p) < Ta—u(p). (3.24)

Moreover, by (3.5), Sup,<y<u,, V(A;_n — (1 —¢e)u) <p-—4/2. So, we can apply (3.15) and obtain
that

1 _
. + .
llﬁsgp ﬁ log P (Zn_N(\/n - N ;L(A277 —(1-2)u)) > p) < - L[A;n—(l—a)ui(p)
< - LIAf(lfe)ui (p - 5/2)
Let us now introduce z4(p) :=inf{z > 0: v(A—2z) > p} and z_(p) := inf{z > 0: v(A+x) > p}.
Clearly I4(p) = z+(p) N x—(p). For u € (uo,unm),
Ta—u(p) = (24(p) = w) A (2 (p) + u).

By (1) of Lemma 2.1, we can choose ¢ > 0 sufficiently small such that z4(p —/2) € [z+(p)(1 —
g),x+(p)). This brings that

Ta—(—epu (P = 6/2) = (1 = &) (24 (p) — wi) A (2 (p) + ui)).

It implies that

timsup —— loa P (Zn (v~ N7ty (43, — w)) > p) < ~L(1 —&)((w+(p) — ) A (- () + ).

n—o0

As a result, (3.23) entails that

1 _
limsup —=logP(Zy € Mg, |Zn| <n, Zn(VnppA) > p)

n—o0

<=9, iy falosra, it /) + L) - w) Ao () + o)}

<—(1-¢) inf {alogpl1 + ay(u/a) + L((z+(p) —u) A (z—(p) + u))} +nL, (3.25)

up<u<Lups

as uj+1 — u; = 1. Observe that for any ug < u < uyy,

olog -+ 4 (u/a) + Lr+(p) —u) > int {alogpll T ay(ufa) + Lias () - u>} ,

and
g -+ a(u/a) + Lo () +0) 2 it {alog -+ ar(ufa) + Lie-() +1)].

Recall that a = al4(p) and that the symmetry of the distribution of step size implies that v(u) =
v(—u). Therefore,

inf {alogpll Fav(u/a) + L(4(p) — ) A (2—(p) + u>>}

up <uLups

> inf {atog 0+ ar(u/a) + Lies ()~ 0 ) A i falog -+ a(u/a) + Lo () + )}

= ilellfR {alogpll + avy(u/a) + Lu} + L(z+(p) Nx_(p))

= F(L)14(p),

which, together with (3.7)and (3.25), implies (3.16), by letting n | 0 and £ | 0 in (3.25). We
complete the proof. O
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Now we are prepared to prove (3.4).

Proof of (3.4). We begin with the rough bound in (3.8). Let Ly = —alogp; and
Ly = F(Lp_1), Vk>1.

In view of Lemma (3.3), by iteration, we get that for any k£ > 0,

hmsup—nlogﬂb( w(vVRA) > p) < —I14(p)Lg.

n—o0

By Lemma A.1, limg_, L, = A(p1). We thus conclude (3.4).

3.2 Proof of Theorem 1.2: I4(p) = o0

The idea of the proof is mainly borrowed from Louidor and Perkins [21, Section 2.3.2]. Recall that

Ja(p) = inf {y : sup,ep v((A — 2)/vVI—y) > p, y € [0,1]}.

Lemma 3.4. Suppose that all assumptions in Theorem 1.2 hold. Then
1 _
hII_l)iIlf - log P (Z,(v/nA) > p) > Ja(p)logps. (3.26)

Proof. Since J4(p) is continuous at p, then by (3) in Lemma 2.1, for any ¢ > 0 small enough, we
may find r € (0,1), z € R and 6 > 0, n > 0, such that

Ja(p) —e <r <Ja(p)+e and v(Nycp—naztn(A—y)/V1—1)2>p+ad.

Set
tn=rn+xvn; m=n—ty; By:=[(x—n)Vn, (x+n)Vn]
Observe that
P(Zn(vVnA) > p) > P(Zn(vnA) > p, Zi, € Mp,,|Zt,| =1).

Applying Markov property at time t,, implies that
(Z(vﬁA)>p)>PU%n€A4&wuﬁ|—1)Hﬂlm Zy,, (VnA) > p)

=prvy (B, inf Zm(VnA —y)>p
P Bn) oy e Ot 2

A-y
>p1 Vin ( ) < (\/7pn yElz—n,x+n) (\/7)) > )
where p, = \(} Do, By Lemma 2.1,
(A—y) A—y
Um (\/ﬁpn myé[w—n,x-{—n} 1—r yE[ac n,z+1] (\/7) On(l)'

So for n large enough,

A-y A-y
Um (\/ﬁpn Nyelz—n,z+n] ( )> zv <my6[ar—77,:c+77]<1\/fr)> —30/2>2p+4d/2
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This, together with Lemma 2.1 entails that
P(Z,(vnA) = p)

> A-y A-y
Zpinytn (Bn)P <Zm (\/ann Oyelz—naz+n] H) 2 Vm (\/ﬁpn Olyele—n,a+1] ( T— )> - 5/2>

>py v, (Vilz — 0,2 + 1)) (1 + 0n(1)).

<

Note that vy, (v/n[z —n,z +n]) = O(1) by classical central limit theorem. As a consequence,

lim inf — logIP( w(vVnA) > p) > rlogpr > (Ja(p) +€)logpi.

n—oo

We obtain (3.26) by letting € | 0. d

Lemma 3.5. Suppose that all assumptions in Theorem 1.2 hold. Then for any e > 0 small enough,

lim sup 1 log P (Z,(v/nA) > p) < (Ja(p) — €)log p1. (3.27)

n—oo N

Proof. For € € (0, Ja(p)) small enough, set ¢, = [(Ja(p) — €)n]. Then

P(Zn(VnA) = p) = > P(Z;_, (vVnA) > p)P(Zy, = (). (3.28)

CeM

By the definition of J4(p), there exists ¢ > 0 such that for &’ € [e, 2¢],

sup v Ay <p-—20. (3.29)
yER 1—Jalp) +¢

(1) and (5) of Lemma 2.1 show that for n large enough,

Vn y
|Z”” n(Vna=y) |<|Z (A=) o<

This implies that

P (25, (VnA) = p) <P | Zi_, (Vid) > |Zun (VA —y)+5/2 |,

ye(C

[S

which by Lemma 2.2 is less than Cre~C2°IKl/4, Going back to (3.28) and using (2.6), we have

P(Zn(vnA) > p) < Y Cre @ LlAP(Z, = ()

CeM
oo
=" CiB(|Z,| = kpe~
k=1
[e.e]
<es Y pir ke < egpln (3.30)
k=1
This yields (3.27) immediately. O

Theorem 1.2 follows directly from the lemmas 3.4 and 3.5.
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4 Bottcher case

In this section, we suppose that pg = p1 = 0. As we claimed in the introduction, different tail
distributions of step size bring out different regimes. To obtain Theorems 1.3 and 1.4, we need to
treat the sub-exponential and the super-exponential decaying tails differently.

4.1 Proof of Theorem 1.3: step size has Weibull tail distribution
4.1.1 Proof when step size has (sub)-exponential decay

In this section, we assume that 2 < b < B < oo, P(X > 2) ~ e ™" as z — oo with a € (0,1],
A > 0 and also that I4(p) < oo and I4(-) is continuous at p = v(A) + A. We are devoted to
proving

lim — log P(Z(v/iA) — 1(A) > A) = —ALa(p)°. (4.1)

n—oo na/2

Lower bound of (4.1): Suppose that at the first generation, the root gives birth to exactly b
children, denoted by p1,- -, pp. Moreover, suppose that their positions are S,, € [(x —n)v/n, (z +
nvnl, Sy, € [=M, M] for 2 < i < b. Here we take M > 0 such that

P(|X| < M) > 1/2.

As I4(+) is continuous and finite at p, for any € > 0 small enough, there exist x € Randn > 0,5 > 0
such that

inf  v(A-y)>p+6, |z[=1Ialp)+e.
y€[z—n,z+n]

By Lemma (2.4), given E := {|Z1| = b, S,, € [(z —n)v/n, (x +1)v/n|, Sy, € [-M,M],Vi=2,--- b},

b .
liminf Z, (yird) > PTOWLE 2 imp VAW

where W;, ¢ =1,2,--- b are i.i.d. copies of W. This shows that

)

lim inf P(Z, (v A) > p|E) >P (lirginf Zn(VnA) > p+ 5/2]13)

n—od
>p (p+ O)W1 + 30, v(AW;
N Yoy Wi

2p+6/2>

::CA7P767b'

Since B > b, W has a continuous positive density on (0,00); see Athreya and Ney [4, Chapter II,
Lemma 2]. So Cy4 sy is a positive real number. Consequently,

P(Zn(VinA) ~ v(A) > A) 2P (Zu(vA) > p[E) P(E)

1

b—1
Zo (e I 1 0,) (3)

Taking limits yields that

1 _
lirginf 73 log P(Z,(v/nA) —v(A) > A) > —X(Ia(p) + € —n)“.
n—oo N

Letting € | 0 and 7 | 0 gives that

1
lim inf
n—00 na/

5 l0gP(Z,(VnA) — v(A) > A) > =Aa(p)*.
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Upper bound of (4.1): Take an intermediate generation t, = |tlogn| with some ¢ > 0. Let
B, =[(—1a(p)+¢)vn, (La(p) —€)y/n] with € > 0 small enough. Note that there exists § > 0 such
that
sup v(A—z) <p—20. (4.2)
x€[—1a(p)+e,la(p)—e]

Observe that
P (Zn(\/ﬁA) = p)
< P(Z,(By) > 1) +P(Z, € Mg, Zo(v/nA) > p)
< 2P(Z, ((Talp) — )V, 00) > 1)+ Y P(Z, = OP(Z5_,, (VnA) > p). (4.3)

(EMB,
On the one hand, by Markov inequality,
P(Zy, (1a(p) =€)V, 00) > 1) < E[Z, (La(p) — )V, 00)] = m" v, (1a(p) — €)V/n, 00).  (4.4)
It is known (see [23]) that

— Q_A(IA(p)_a)ana/2+0(na/2) a < 1’

)

Vin ((1a(p) =€)V, o0) {< e~ - La)- AR O-X ] o = 1 (4.5)

where for o = 1, we use Markov inequality again by noting that E[fe~(*~9)X] < oo for € € (0, \).
On the other hand, for any ¢ € Mp,, because of (4.2), one has

1 T
— v(A——)<p-4.
2 A

Again by (6) of Lemma 2.1, for n large enough,

|ZVn o (VnA—z)<p—105/2.

e

[S

This, combined with Lemma 2.2, implies that

P(Z, ., (Vnd) > p) <P | Z_, (VnA) K,Zun 0 (VA = 2) +6/2

zel
<Cye Mo/, (4.6)

In view of (4.4), (4.5) and (4.6), (4.3) becomes

P (Zn(v/nA) > p)
< omtre~ A=) La(p)=e)*n*/2+o(n®/2) | Z P(Z,, = ¢)e~C2ICI8%/4
(eMp,
< thn6_(A_E)(IA(p)_a)a"a/Q-‘rO(na/Z) + C'le—C7bt"7

as |Z;,| > bi». We take t > Tlogp SO that bi» > n®/? and hence
P(Z5_,, (ViA) > p) < e~ A-ITa)=e)n®Po(n/2)

We thus obtain that

lim sup
n—oo N%

/2 log P(Z;,_;, (VnA) 2 p) < (A — &) (Talp) —2)",

which, together with the lower bound above, concludes (4.1).
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4.1.2 Proof when step size has super-exponential decay

In this section, we assume that the tail distribution of step size is P(X > z) ~ ™" with a > 1.
The embedding tree is assumed to be random with 2 < b < B < 400. We are going to prove the
following convergence: for p € (v(A),1) such that I4(p) is continuous and finite, we have

. (lnn)ot _ 2logblog B \**
lim Y Jog P (Z,(vRA) > p) = — A u(p)®, 1
o ne/2 08 ( (Vnd) 2 p) a(log B — logb) AP) (47)
with the convention that aag;gglflgogb) = 21<C)ng if B = oo.

Lower bound of (4.7): According to the definition of I4(p), for any 6 > 0 small enough, there
exist xg € R, € > 0 and 1 > 0 such that

Ia(p) < |zo| < La(p) + ¢, inf v(A—y)>p+o0.
y€[zo—n,z0+n]
Take an integer d > b such that pg > 0. (If B < oo, then we choose d = B. If B = oo, we will let
d — oo later.) Let ¢, = |t1logn — tologlogn| with some t1,t2 > 0. Then for sufficiently large n,
let

. {loglogn—i—tnlong 2logblogd

log d ~ a(logd — logh)

Let us construct a tree t of height ¢,, in the following way. First, t;, s, :={v € t: |v| <ts—sp}is
a b-regular tree. Using Neveu'’s notation, let U := U,>1 N} U{p} be the infinite Ulam-Harris tree, to
code the vertices. Here denote u* = (1,--- ,1) to be the first individual of the (¢, —s;)-th generation
in the lexicographic order. Next, t(u*) is a d-regular tree and {t(u) : u # u*,|u| = t,, — s, } are
all b-regular trees, where for any u € t, t(u) := {v € t : u < v} is the subtree of t rooted at wu.
Recall from the very beginning of this paper that 7 is the embedded Galton-Watson tree. Let
Ti, ={uv €T :|u|l <t,}. Define the following event

Erpvd ={T, = t,Su € [(zo — )V, (zo +n)V/n], for all ju] =t, s.t. u € t(u*)}, (4.8)

which means that all the descendants of u* at the ¢,-th generation are positioned in the interval
[(zo —n)v/n, (o + n)y/n]. Tt follows immediately that

P (Zn(v/nA) > p) > P (Zn(v/nA) > pl&, b.a) P(Er, p.a) (4.9)
and that
P(Er,0a) = 2518 " PH(Su € [(z0 — )V, (z0 + n)v/n], Vu € t(u"), |u] = t), (4.10)

where Pt = P(-|T;, = t). To bound the probability on the RHS of (4.10), let us take the following
labels (step sizes):

n
XUE (:Co_g)t (8 )
n n

(20 + 1) Vn

) — Vp<v=<u*
27ty —sn |’ p -

and
Xy € [-M,M], Vovetu)and |v] <tp,
where M is a fixed real number such that P(X € [-M,M]) > 1/2. Observe that for n large

enough, for any u € t(u*) s.t. |u| = t,,

Su € [(:zo - g)\f — M sy, (o + g)\/ﬁ—k Msn} C [(zo — n)v/n, (xg + n)v/nl.



As a consequence,

P*(Su € (zo — n)v/n, (w0 +n)v/n], Vu € t(u”), Ju| = tn)

>p <X€ [@0_")“5 <xo+”>ﬁDt”S” « T P e M

27t 2°t, — sn

1<k<sp

1 2dsn n o
> <2) " exp {—)\(tn R <\:U0| - 5) no‘/Q} .

Here we take t; = ﬁgb and to = % so that

/2 1 no/2 .
a1 = (o)X gy > d > b

(logn)*
Therefore, by (4.10),

a a/2 /2
M\ a1 T n
P(E, ba) = exp {—)\ (|9«"0| - 5) ot (logn)™! +o <(10g n)a_1> } :

It remains to bound P (Z,(v/nA) > p|&;, .4). Define

Mo={¢eM:|{|=d™ + bt — b C([(wo — )V, (20 +1)v/n)) > d}.

For any ¢ € My, by considering only the particles in [(xg — n)v/n, (To + 1)v/n],
dsn

A— - inf A—
|C| xz:eg f "= T dsn 4 bln — b5 yefao—n,zo-+n] /( 2
logn
*logn+1(p+6)’

which, combining with (5) of Lemma 2.1, implies that for n large enough,

|ZV” 0, (VnA—1x)>p+45/2.

e

[S

This means that for any ¢ € My,

Zy 1, (VnA) = ZVn w(VA =) =6/2 5 C{Z;, (VnA) = p},

R
as p =v(A) + A. Note that Z;, € My given &, p 4. Then by Lemma 2.2, we have

P(Zn(vVnA) > pl&, b.d)
>P |25, (vVnA) > ml Zyn o (VA — ) —§/2

z€e( C:Ztn eEMpy
 Ope-Cadm8 /e 1
-2’
for all n large enough. This implies that
- 1
P(Za(v/7A4) 2 p) = SP(E,pa),
which, together with (4.11), gives

)al

.. . (logn a-1
liminf =2 log P(Z,(v/nA) 2 p) > )\(|:1;0| )T .

Then we get the lower bound by letting 6 | 0 and d 1" B.

19

(4.11)

(4.12)
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Upper bound of (4.7): Again, by the definition of I4(p), for any § > 0 small enough, there
exist n > 0 such that
sup v(A—y)<p-4.
[y|<Ia(p)—n

Let By, := [(—1a(p) + n)v/n, (IA( ) —m)vnl, ty, = %8 logn]. Observe that for any ¢ € M,

1 € 1 €
D ILCRNAR I MR SRy D DITER

z€CNBy, z€CNBY
¢(Br)

<l
which is less than p — 0/2 as soon as C(ff) < §/2. Further, by (5) of Lemma 2.1, for all n large

enough,

p—5+

M = {CEM:<(|?|C)<5/2} CeM:é,zgun_tn(\/ﬁA—x)Sp—é/ﬁl - (413)

By conditioning on {Z;, = (} for any ( € M, we observe that
P(Zn(VnA) = p) <P(Zy,(By) > 6/2) + P(Zu(vnA) = p, Z;,(By) < 6/2)
=P(Z,(B;) > 6/2) + 3 P(Z, = OP (Z,, (VnA) 2 p),
¢eMy
which, by (4.13), is bounded by

Zun 0, (VnA —x)+5/4

ze(C

P(Z;, (Bg) >6/2) + Y B(Zy, = P <Z5 w(VRd) 2 7

¢eM
Note that |Z;,| > b'". In view of Lemma 2.2,

> P(Z, = QP | Z_,, (VnA) > ‘Zun o (VnA—x)+6/4 | < Cre=eob™,

CeM ‘C ze(
Since P(Zy, (BS) > §/2) < P(Zy, (BS) > §b /2), then
P(Za(v/RA) = p) < B(Z, (BS) = 86" [2) + Cre~o". (4.14)

It remains to bound P(Z;, (BS) > &b /2), which will be investigated separately in two cases:
B = o0 and B < oo.

First case: B = co. Note that by Markov inequality and symmetry of X,
P(Z,(By) = 6b"/2) <P(Zy,(By) 2 1)
<miw, (B5) < 2w, (|(La(p) =m)vm, ) ).

Then (1) of Lemma A.2 implies that

1 a—1
lim sup (28
n—o00 n//2

2logb
a

a—1
1ogP<ztn<Bs>zabtn/2>s—A( ) (Lalp) — )"

0/2

Ag bin > 02 5 1 ta 1, in view of (4.14), we get

2logb
o

) (Ia(p) — )"

which, with the help of (4.12), proves (4.7) in the case of B = oo by letting n | 0.

1 a—1
limsup%bgp( Zn(vVnA) >p) < =) <
na

n—o0
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Second case: b < B < co. The proof will be divided into three subparts.

Subpart 1: Recall that t,, = Lﬁgb log nJ Let s, = V” log bfc)zgajglog log"J. For n large enough, we

have dbi» /4 > B*~. Observe that

P(Zy, (By) 2 6b" /2) < 2P (Zt,((La(p) — n)v/n,00) = B*") .

Recall that up to the t,-th generation, the genealogical tree T;, is Galton-Watson. Set I(n) =
(L4(p) — n)y/m. Then

P(Zy, (Ia(p) — n)v/n,00) > B™) =Y "P(T;, = t)P* > susimy = B
t

|u|=tn,uet
Observe that
Z 1{Su>[(n)} > B & C U ﬂ {Su > I(n)} s (415)
|u|=tn, uct JCtip, | T|=Bsn ueJ
where t;, = {u € t : |u| =t,}. This yields that
P(Z,, (Ia(p) — n)v/n,00) > B*) < Y P(T =t) > p* (ﬂ {Su > I(n)}) (4.16)
t JCti,, |T|=Bsn ueJ

We claim that for any t and J C t;, with |J| = B*",

~ AM(alp) —m)vn —t.)"

1 a—1
(tn — Sp + Bl/(a—l),l)
(4.17)

Pt < ﬂ {Su > I(n)}) < ClotnBsnef)\n& 4 (Clon)tnBsn exp
ueJ

(4.17) will be proved in Subpart 2. Notice that

t Btn
#{J Cty,, [T =B} = <|£;§n|> < <BSH>,

which, together with (4.17) and (4.16), gives

~ Malp) =m)vn —ta)"

1 a—1
(tn — Sp + Bl/(a71)71>

Btn _ @ sn
P(Z;, (BS) > db' /2) < (BSn> x | c1otn B e + (c10n)" P exp

na/2

Note that B%» < 0 5= and
ogn)
tn tn tn B
B _ (B ) < B < BtnBS'n‘
BSn (BSn)'(Btn _Bsn)| - (Bsn)' -
Then
no/2 no/2
t,B°1 =0(1
" ogn ( )(logn)%‘*2 < (logn)>—1’
((Talp) — m)v/n — ta)" ne/2

=T =iy et (177 (Ta(p) = )™ + on(1))
(tn—anrm) b (logn)a-t
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2logblog B So

where T = a(log B—logh)* S0

)\na/Q 3
P(Zy,(BS) > 6b™ /2) < exp {_(logn)al (T (Lalp) — )™ + On(l))} :
In view of (4.14), we conclude that
1 a—1 _
timsup "B 105 B(Z, (v d) = p) < AT (Iap) — )",
n—00 ne

which, by letting n — 0, gives what we need. .

Subpart 2: This subpart is devoted to demonstrating (4.17). For any 7, define t7 = {v € t :
p<v=u,u€ J} One sees that

LHS of (4.17) <P* [ Y [X,[>I(n),Vue J

p=v=3u
<Pt [ sup | X,|>n | +P | sup | X, < n; Z | Xy > I(n),Yue J|. (4.18)
vety vet s p=<v=u

It follows from the tail distribution of X that there exists ¢;1 > 1 such that
P(|X| > z) < ¢j1e” ", Vz > 0.

As a consequence, we have

Pt (Sup | Xy > n) < [t7|P(|X]| > n) < ety B¥re M. (4.19)
vet s

Meanwhile,

P sup [Xo| <m; > Xy > I(n),Vue T

vet s p=v=u

z,ENN[O,n),vEL 7 vEty

< pt {1 Xo| € [xp, 2o + 1]} | 1
Z m {min z (xv+1)2l(n)}

we€T pLv=u

(4.20)

z,€NN[0,n),vEL 7

S Z clltnBsn e_AZvetj xffl ,

min >, zy>I1(n)

{UEJ p<v=u }

where I;(n) = I(n) — t,. We need to bound R.H.S. of (4.20). To end this, we CLAIM that

from {z,,v € tz}, one can construct a rooted deterministic tree t?; with labels z, = 0 and
{zy,v et \ {p}} C {2y, v € t7} such that

dag = > (@), min rp>min Yz, > L(n), (4.21)

u|=tn,uct*
vEL 7 vety [ul=tn, I p=<v=u p=<v=u

and that t7; contains a single branch up to the generation ¢, — sy, then it has the B-regular struc-
ture up to the generation ¢,,. The detailed construction will be postponed to Subpart 3.
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With the help of (4.21), we get that

R.H.S. of (4.20)
= Zvet} (I:)a

<l B plts] sup e 1 . (4.22)
zHEN,zi<nvet?; { min > m;ZIl(n)}
Ju|=tn p=<v=u
Note that miny,=, - ,<,<, 25 = f1(n) leads to 30,y >, <<, @3 = I1(n) B, which means

ko tn Z T*

* lu|=1 “u
P Y ae ¥ S )
=1 |u|:z i=14+ko

with kg = t,, — s,,. Note that

17 ZS kO;
Bi7ko kg < i < tp,.

#{uet}:m]:i}:{

_ Z\u\zi T,

Write z} = E‘M:i xy for i < kg and z] = Hihg for kg < i < t,. So we have

Yminjy—, Spemaziziim} < Lstn s g )y

k3

Consequently,

_A % *
sup ¢ ey (0% < sup e 7 1, .
{ min > x>0 (n)} x5 €NN[0,n),vet?; { zi>n (n)}

z3ENN[0,n),veL?;
u|=tn p=<v=u

Moreover, as « > 1, by convexity of x — x on R, we obtain that for kg < i < t,,,

« . Z :-.%'* @ . .
> (an) =B (SpE) = B REe

|u|=i

and Z|u‘:i(:r:;j)a = (z})* for 1 <1i < ko. Again using convexity implies that, for any p; > 0,

ko tn
@)= @)+ > BT
vet* i=1 i=ko+1
ko th
=> @)+ D BT (wE)”
i=1 i=14ko

v

tn k %k tn ‘—k} 11— =% aQ
ko + Z Bikoy (Ziglxi+2il+koBz o p; Iz> .

tn i—ko,,—
i=1+ko ko + 224k B0

By taking p; > 0 such that B™%0;1~® = 1, one sees that given >_.."  z¥ > I1(n), we have

t t a
n i—kg\ 1—a n
> (@) > (k0+ > B—ﬁ) (fo)
vEL* i=1+ko i=1

((Za(p) —m)vn —ta)®

2 1 a—1"
(tTL - Sn + Bl/(afl)_1>

(4.24)
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With (4.18), (4.20) and (4.19) in hand, plugging (4.24) and (4.23) into (4.22) yields that

L.H.S. of (4.17)

Jin B _ AMZalp) = m)v/n — tn)*

n,—An®
< ety B e M + (Clln €xp 1 a—1
(tn — Sp + Bl/(a—l),l)

(4.25)

We have completed the proof of (4.17).

Subpart 3: We now explain how to construct {z7,v € t*}. Recall that ko = t,, — s, and |Zf| is

the number of particles at the k-th generation in t. Then

| ZF 4| = B V1 < i <ty — ko = sy
This shows that there are sufficiently many particles in t. As always, we say that s, := ) p<v<u Tv
is the position of u € t and z,, its displacement. For each u € t and that x(u) is the number of its
children, if it is selected to be in t*, z} = x,, (but its ancestor line might be changed, so might be
its position).

At the (t, — 1)-th generation, there are at least B*»~! particles in t. Let us rearrange them
according to their positions: Suy 2 Su) = S gy > ---. We only take u¢;,j=1,--- , B!
(together with their descedants) to be in t*. Those particles are said to be selected. For uy), if
k(u(jy) = B, we jump to consider u(;;qy. Otherwise, we prune B — r(u;)) unselected particles at
the ¢,,-th generation and graft them to u(;. The fact that |an| = B®" ensures that u;) finally has
B children for any V1 < j < Bs»—1,

Suppose that we have already got the B! particles with their descendants for the generation
ko+1i+ 1 of t*. We are interested in their parents at the (ko +i)-th generation in t, the number of
which is at least B’. We rearrange them according to their positions: Swi) > Sw(y) > " Sw iy >
. We select wj), j=1,-- , B" with their descendants in t*, For wyj), if /i(w(j)) = B, we jump
to consider u(j;). Otherwise, we prune B — x(w(;)) unselected particles at the (ko + i + 1)-th
generation together with their descendants and graft these subtrees to wy;.

We continue this backward construction until the kg-th generation where there is only one
particle in t*. We then take directly all its ancestors in t to establish the single branch of t*.

In the following figure, we give an example of this construction. The horizontal axis represents
generations and the vertical axis represents positions of particles. In FigA, from the tree t, we
choose B*®*" particles in J and colour them in red. In FigB, we subtract all the ancestors of
the red particles and remove the others. In FigC, we do the pruning and grafting for the last
two generations as explained above. In FigD, we get the final labelled tree t* in blue while the
red particles are those chosen in J. The blue dashed lines link the particles and their added
descendants at each step.
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FigA: Original tree FigB: The choosen particles and their ancestors

T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4

FigC: Reconstruct the last generations FigD: New labelled tree

Observe that only a part of the particles in t has been selected and that the positions at the
final generation of t* are all getting higher. (4.21) is satisfied.
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4.1.3 LDP when the tree is regular

Unfortunately, the arguments above do not all work when the embedding tree 7T is regular. We
could only get the upper and lower bound for the large deviation behaviours:

— Co < liminf — — /2 logP (Zn(vnA) — v(A4) > A)
< limsup — / 5 logP (Zn(VnA) —v(A) > A) < —co. (4.26)
ne

n—oo

Lower bound No matter whether a < 1 or a > 1, we only consider the first generation and
suppose that

Su € [(x —=m)Vn, (x+n)Vn], Vu|=1,
where |z| = I4(p) + € with inf cjp_y oqm V(A — y) > p+ 6 for some §,7,e > 0. Given E := {5, €

[(z = n)vn, (z +n)vn],V|u| = 1},
liminf Z,(v/nA) > p + 6.

n—0o0

Then
P (Zy(VnA) = v(A) > A) >P(S, € [(x —n)v/n, (x +n)v/nl,V]u| = 1; Z,(VnA) > p)
>P(Zy(vnA) > p|E)P(E),

where

hmlnf]P)( w(vVnA > p|lE) > IP’(hmlan (vVnA) > p|E) = 1.
On the other hand,
B(E) = P(X € [(x =)V, (@ +n)v/n])" = (14 0, (1))e 0,
We thus deduce that

liminf —— ! logP (Zn(vVnA) — v(A) > A) > —Xb(z — 1)~

n—oo N /2

We obtain the lower bound in (4.26) with Co, = Ab(14(p))“.

Upper bound When « < 1, the arguments in Section 4.1.1 still work for regular tree. So the
upper bound is obtained with ¢, = A(14(p))® in the case of a < 1.

When o > 1, (4.14) still holds. So, for B, = [—(La(p) — n)v/n,(La(p) — n)yv/n] and t,, =
Lakgblog74
P(Zn(vnA) — v(A) > A) < P(Z;, (BS) > 6bin /2) + Cre ™",

Observe that

Z,(By,) LiSul>(1a(m)—n) v Sy
—nr Vo — < .
btn Z btn - (IA (p Z bt'n

lul=tn

Moreover, |S,| <> | X | implies that

p=v=3u

2, (BS) |Su Z
b = ) Z . s( kZZ:

\UI tn
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It follows that

7 X“ —con®
P(Zu(Vid) ~ v(4) > A) <P S 2 6a) v | + e
k=1 |u\:k
b Ix ) P
=P ST > (5(La(p) - VAl | + Creon
k=1 |u\:k

By convexity of x — x¢, for any ug > 0, one sees that

tn

>y e

tn

=223 X

(67

k=1 |u|=k k=1 |u|= k
<(§:M) ) 12 ful =k HED™ P (g X))
= Zk 1 Mk
a IZ Z b~ k: a’X |a
k=1 |u|=k

where p = Y 72, k. We are going to take a decreasing sequence py, = k=2 so that u < oco.
Therefore, for any 6 > 0,

P(Za(ViA) — v(A) = A)

a— - - @ « —con®/
PSS T b X > [0(Ta(p) — m)Vn)® | + Cremen

k=1 |u|=k

tn
_ 6 a _ ana/Q _ _ — a
<e =% (La(p)=m) E [exp{6 E g b kﬂilg Xy} + Crem ™" . (4.27)
k=1 |u|=k

We then show that for 6 > 0 sufficiently small such that supy>, Ob—F k21 < \/2, there exists
¢y > 0 such that

tn
E eXp{GZ Z b_kﬂilc_a’Xu‘a} < eCAGt%a71
k=1 |u|=k

In fact, by independence,

tn tn
Eexp{0> S bl X[} | = H H E [exp{ab—kkw—lnxu\a}

k=1 |u|=k

Il
i :

H <1+/ gb—ka(oz—l)e@b*kkﬂo‘*l)x]p(’Xu’a Zx)dx)
_ 0
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The tail distribution of X shows that P(|X| > z) < c11e7**" for any = > 0. It follows that

tn

tn o
E exp{ez Z b—ksz(a—l)|Xu|a} §H H <1+011/ Ob_kk:Z(a_l)egbkk2<aU”"_/\”Cdx)
0

k=1 |u|=k k=1 |u|=k
ﬁ H (1 e Hbfka(afl) >
- Nk 2(a—1
ey X — Ob—Fk2(a=1)
t
- Hbfkkg(a*l) oy 01201
< exp Z Z CH)\ _ Hb_ka(a_l) <ennn
k=1 |u|=k

Plugging it into (4.27) yields that

3 ) - _n)ene c 2a—1 o
B(Zy(ViA) — v(4) > A) < ¢ et ADTI IRy g meone/2,

Recall that ¢, = O(logn). We have

lim sup
n—oo N

<72 108 P(Zu(VnA) — v(4) > A) < —ca.

4.2 Proof of Theorem 1.4: step size has Gumbel tail distribution

In this section, we assume that the tail distribution of step size is of Gumbel’s type, in other words,
P(X > ) ~e® with a > 0, for  — co. In what follows, we are devoted to demonstrating that
if 1, is finite and continuous at p = v(A) + A, then

lim n~ 250 log [~ log P (Z,(vnA) — v(A) > A)] = (yala(p)logh)=1 (4.28)

n—oo

(14«)log B
(14+«)log B—logb*

The ideas of proof are similar to that used in Section 4.1.2. However, we do not need to assume
B >b.

where y, =

4.2.1 Lower bound of (4.28)
As stated in Section 4.1.2, for any sufficiently small § > 0, there exist g € R, €, > 0 such that

inf v(A—z)>p+6, Ia(p) <zo—n<x0<Ialp) +e.
ly—zol<n

Take d > b an integer such that py > 0. (Again, if B < oo, then we choose d = B. If B = 0o, we
will let d — oo later.) Let

(14 «)logd
(1+ a)logd —loghb

ty = {mwfm_%g”J s = {thlogb

Atn,Ya(d) =
log b logd J Yald)

where ¢t > 0 will be determined later on. With these d, t,, sy, recall event &, 45 from (4.8). It
follows that

P(Zn(VnA) —v(A) 2 A) = P(Zn(vnA) — v(A) = A&, a)- (4.29)

Define
M = {¢ € M:[¢| =d* +b" =%, (([(z0 = )v/n, (zo +n)vn]) > d*}.
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We have for any ¢ € Mo,

dsn
|q§j Ty il p(A—y) > (p+ ),

po=re - bt” bsn + d5n yelzo—n,mo+n) n—+1

which, together with (5) of Lemmma 2.1, implies that for all n sufficiently large,
1
ml > Unet, (VRA—z) > p+5/2.
z€e(C

Note that, Z;, € Ma, given &, 45. Consequently,

(Z (\/>A) > p7gtn,d b)
= Z P(Zt, = ¢ €y ap)P (thtn(\/ﬁA) > P)

¢eEM2

> Z P(Ztn :CS gtn,d,b)ED n tn(\/>A

CEM2
> P(E;, a) (1 — Cre~CaIC1%/4),

Zyn tn \/>A—$)_5/2

Id] 2
where the last inequality follows from Lemma 2.2. As [¢| > b'", for n large enough,

1

P(Zn(vnA) —v(4) > A) > ) P(&,.ap)- (4.30)

Recall that u* = (1,--- ,1) with |u*| = ¢, — s,,. It remains to consider P(&;, 45), which by (4.10) is

P(Er,ap) > 1)1 P (Su € [(w0 — )/, (w0 +n)v/n], Yu > u”, [u] = t,). (4.31)

We suppose that for any ancestor of u*: u = u*,

Let X = (xoya(d) log b)%""l and t = l‘fgab‘

X, € |:X’I’L2(a+1 _)(n2(a+1) + 277 o¢+1):| ’

and that for any descendant of u*: uv* < u s.t. |u| <tp,

1 1

« « 1
X, € [(Xo‘n%lﬂ”) — (Jul + sn —tn)logd) ° (Xo‘nm — (|ul + sn —tn)logd)a + an} :

This ensures that for any descendant u of u* at the t,-th generation, its position .5,, satisfies

Su — [(t —sn)Xn2(a+1> +Z (XO‘ kn~ X@+D logd) n2<a+1>] <n/n/2,
k=1
where as n — oo, t, =~ tn2<aa+1), Sp R %tn and
1 Sn a 1 1
(t — 50) XD 3 (Xa — kn T log d) ® pIerD
k=1
log b ogat
e} 1
—f[( & )tX—i—/ ¢ (Xa—xlogd)ad$+0n(1)]
logd 0

= Vn(zg + 0,(1)).
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So for all n large enough, we have

Su € [(mo —n)V/n, (o + 1m)v/n], Yu* < u, |[u| =t,.

As a result,

P*(Sy € [(xo —m)v/n, (xo +n)v/n], Yu™ < u, [u| = t,,)

tn_ n
>P (X € [An?@+D  Xn2@aD + %nz(alﬂ)]) s
dk

Sn 1 o 1
X HIP(X c [(Xanwm ~klogd)", (X°nT= T — klogd)" +2’7tn2<al+1>D
k=1

d8”+1 a Sn a
]. _ a,, 2(a+1 a, 2(a+1)
> (2 cﬁg n exp —(tn—sn)eX n2(e+1) —deeX n2e+D —klogd |
k=1

Plugging it into (4.31) implies that

dbtn o o
tn optn [ 1 oy 2(af1) o 2(at1)
P(&ap) > plg pgb <2> c’i’é exp {—tneX n } = exp {—(1 + on(l))tneX n } .

Going back to (4.30), we hence conclude the lower bound by letting d 1 B.

4.2.2 Upper bound

Let By, := [(—1a(p) + n)v/n, (La(p) — n)v/n], tn, = {tn%ﬁmJ with some ¢ > 0. Recall (4.13). One
sees that for any ¢ € M and n large enough,

S

§5/2} C

é’ZVn_tn(\/ﬁA—x) <p—04/4
ze(C

Again, similar to (4.14), we thus have

P(Z,(VnA) — v(A) > A) < P(Z, (BS) > 8" /2) + Crecb™. (4.32)

Here we need to treat P(Z;, (BS) > dbi» /2) separately in the two following cases.

Upper bound: B = o« In this case, y, = 1. By Markov inequality, we have

P(Z0,(B;) > 6" /2) < 2b"E[Z,, (BS)

4

= b, ((Ta(p) = )V, )

In view of (2) of Lemma A.2, one has immediately,

lim inf —— log [ log P(Z, (B) > b /2)] > (IA(pt)—”)

N—=00 1 2(atl)

o a3 T o\«
In (4.32), b'» = exp{tlogbn2@+D }. We choose t = Ja®)=m2T o that tlogb = (I“(’Z#) . We
(logb) a+1

thus conclude that

lminf —— log [~ log B(Z, (Vi) — v(4) > A)] > (La(p) — 1)y log )77

n—oo ng(a+1>
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Upper bound: b < B < oo Following the same idea applied in (4.16), we take

ty,logh — logn
n=|————1, ko =t,
§ { log B Js ko
It follows from the Gumbel tail distribution of X that

and reconstruct the special subtree t

there exists ¢;3 > 1 such that
P(|X|>xz) < ¢3¢ , and Vz > 0.

Similarly to (4.16), (4.18), (4.20) and (4.19), one sees that

P(Z,(By) = 6b™ /2)
clgtnBS"efen + BTt BT max  exp{ — Z @)™ A1 (4.33)
x;jzo,uetj} "
Stn a1 (n) uety

Note that
T el > tz_: T el +§: S v ZBk e
k=1 |u|=Fk k=1 |u|=k+tn—sn
T VM)

uet’,
where M > 0 is chosen so that = +— €*” is convex on [M, 00). Immediately, D ful =kt —sn el

Bke(zzg‘#)a. So,
tn—Sn Sn
R S S Y8
uet’;
where 7} = %. Let 2, := max{(Z})* + (k — tn + sn)+1log B;1 < k < t,}. Then,
Z (@)% > Bn _ pontl M
uet?
Plugging it into (4.33) implies that
P(Zy;, (BS) > dbtn /2) < e~ (Hon(In® 4 9(¢13Bp)tn B max  exp{—e=" 4+ B T1eMT) . (4.34)
z;‘iZO,uEt}
Sy T2

Note that {>>j, &} > I1(n)} implies

t s
n n /a
<D T < (b —s)EV Y (S0 —klogB)
k=1 k=1

(1))n2(a+1> Let K, :==Z,n 2+, Then

1 b tlogb/log B 1/a
( B9 | on(l )) tEY 4 / <Kn ~zlog B) dx
0 +

logB
1 K%-&-l/a
logb | o)) e 4 O
(14 a)log B

and =, > s, log B = (tlogb+ o

(La(p) — ) +on(1

IN

log B
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In view of the right hand side of (4.34) where ¢, B%» < %bt", we take ¢ such that ¢, logb < Z,. In
other words, t < K, /logb. This choice entails that

log B —logb

K711+1/a < og 0og + On(l) +

>71 — n(1).
log Blogb ) = La(p) =+ on(1)

S
(1+a)logB

Thus, setting X = [(14(p) — 1)yaq log b]a%l and t = ﬁ, we have

Ky, > X(1+0,(1)), b < Xm0 and t,B°" logn <« AT

@

As =, = K,n2@+D) applying this to (4.34) yields that for sufficiently large n,

P(Ztn (Bg) > (5bt"/2> §67(1+0n(1))n0‘ + 2(613Bn)tnBSn exp {_BX(1+on(1))n2(a+1) + Cl4tnBsn}
<e(+on(e™™ | oy {—(1 + 0p(1))elTa@)=nya log b 3T n 2@1) } .
Therefore,

lim inf ——— log[— log P(Zs, (BX) > 6b' /2)] > [(I4(p) — n)ye log b]35T

n2(o¢+1)

@

Going back to (4.32), as b'» = e*"*“ we conclude that

lim inf —— log[ log P(Zy (viiA) — v(A) > A)] 2 [(La(p) — n)ya log b1,

n 2(e+1)

which ends the proof of the upper bound of Theorem 1.4 by letting n | 0. U
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A Appendix

Lemma A.1. If Ly < A(p1) and Ly = F(Ly,) = ainfyer(—logpr + v(u) — uLy) + Ly for any
k >0, then the sequence (Ly)g>0 is non-decreasing and

. X . ’Y(a) —logp1
1 L. =A = inf ————=——,
Jim Ly = A(py) = inf ———

Proof. This sequence (Ly)x>1 is non-decreasing, so its limit exists. In fact, if L € (0, A~ (log -)),

we have F'(L) > L, in other words, "
inf {(1/a) — Lufa} +log — — inf {y(u) — Lu} + log — > 0
i u/a) — Lu/a — = inf {y(u) — Lu — >0.
ueR’y gpl ueRfy gpl -

Note that the rate function 7 is convex, so we only need that 7/(u) = L and the infimum is
log p% —A(L) > 0.

Note that if Ly < 6 := A(p1), log p% = A(#), and

L1 = a(A0) — A(Ly)) + L < OzA/(O)(@ —Lp)+ L <6.
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Hence, limy oo Ly = Loo < 6. Here aA’(6) < 1 because we need to take o > 0 small so that

7(a) —log py
1 —al > inf N/ T 08P1
ay(l/a) — alogm > ér>10 "

=40.
In fact, either 1/ac > sup,eg, A'(t) > A’(6), or there exists ¢/, > 0 such that 1/ = A’(t;/,) and
then v(1/a) = tt/“ — A(t1/q). This follows that

ay(l/a) — alogm =t/ — a(A(t /o) +logm) > 6.

As A(t) > 0, we have t1,, > 6. Consequently, A'(6) < A'(t;/,) = 1/c.
On the other hand, as Lo < L < 6,

Lyy1— Ly, = a(A(0) — A(Ly)) > oA (L) (0 — L) > oA (L) (0 — Ly) > 0.
This shows that 8 — L, — 0. U
The following lemma concerns large deviation probabilities of sums of independent random

variables. The results are possibly well-known to some experts or implicitly contained in some
articles.

Lemma A.2. Suppose that {X;}i>1 is a sequence of i.i.d. random wvariables, having the same
distribution as X. X is symmetric.

(1) If P(X > ) = O(1)e ™" as 2 — oo with some A\ > 0 and a > 1, then for a > 0, and for a
sequence of integers (t,) such that t, = o(n%) and t, — oo, we have

10g}P’(ZX >a\f) < —Xa®.

lim sup
n—oo

(2) IfP(X > z) = @(1)6‘61& as x — oo with some o > 0, then for any a > 0 and any sequence
ty, T oo such that t, = o (¢>,

(logn)2/o‘+1

(e}

tn
t,
liminf log | —log P E X;>ayn|| >a®
1=

Proof. Tt suffices to consider P (30" | X;| > a\/n). Observe that

P(i\XiIZa\/ﬁ> SIP’( sup ]Xi|2n>+P<i|X\>a\f sup |X<n>. (A.1)

i1 1<i<tn i1 1<i<ty,

Proof of (1): Note that there exists ¢;5 > 0 such that for any x > 0,
P(|X| > ) < cj5e ",

Apparently,

P ( sup | X;| > n) < t,P(|X| > n) < cratne . (A.2)

1<i<ty
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Meanwhile,

tn
P (Z\Xil > ay/n, Sup bd <n>
i=1
= Z <Z|X|>a\f sup |X|<n|X|€[g:hxl+1)>
1<i<

z;€[0,n)NNi=1,-- i=1

< > P(|1Xi| € s 2 + 1], V1 < i < t)
2521 z;>a/n—tn;
z;€[0,n)NN,i=1,-- ,tn,
< Z i exp { Y ZfE }
x; >af tn;
Tq E[O TL)ﬁNz 1, ,tn

— )"
< X p{ S =

Zz 1 %4 >ay/n—tn;
xz; €[0,n)NN,i=1,--- ,tp

< (negs)™ eXP{ Alavn = b)? } : (A.3)

el

where in the last inequality we use the fact that the convexity of mapping x — x® for a > 1

tn tn o
S oa =t (Zfﬂ“) > lavn i)t
t ty

i=1 n

implies

Plugging (A.2) and (A.3) into (A.1l), we obtain that

logP<Z|X|>af> < —Aa“,

a

lim sup 5
n—oo N< o/

which suffices to conclude (1) of Lemma A.2.
Proof of (2): Similarly, for any € > 0 there exists some constant c¢16 > 1 such that

in
P (Z | X;| > a\/ﬁ> < cigtae™" +P <Z | Xi| > avn, sup |X;] < n)
i=1

i—1 1<i<ty,

@

< cistne™® A+ (cagn)™ eXP{ (I—¢)e ()" } ; (A.4)

a TN
E e”’ >exp4q max z¥p >expq | ==L .
— 1<i<tn tn

¢
[5% -
_ . > g%
hgnlnfn 72 log[ logIP’<§ | X >a\/ﬁ>] >a

=1

where we use the fact

Consequently,

We have completed the proof. O
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