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Abstract

We provide a new proof of the known partial regularity result for the optimal trans-
portation map (Brenier map) between two Holder continuous densities. Contrary to
the existing regularity theory for the Monge-Ampere equation, which is based on the
maximum principle, our approach is purely variational. By constructing a competitor
on the level of the Eulerian (Benamou-Brenier) formulation, we show that locally, the
velocity is close to the gradient of a harmonic function provided the transportation
cost is small. We then translate back to the Lagrangian description and perform a
Campanato iteration to obtain an e-regularity result.

1 Introduction

For a € (0, 1), let py and p; be two probability densities with bounded support which are
C% continuous, bounded and bounded away from zero on their support and let T be the
solution of the optimal transportation problem

THpo=p1

min /Rd 1T (z) — x|*po(z)dr, (1.1)

where with a slight abuse of notation Ttpy denotes the push-forward by T of the measure
podz (existence and characterization of T" as the gradient of a convex function v are given
by Brenier’s Theorem, see [17, Th. 2.12]). Our main result is a partial regularity theorem
for T

Theorem 1.1. There exist open sets EE C spt pg and F C spt p1 of full measure such that
T is a CY*-diffeomorphism between E and F.

This theorem is a consequence of Alexandrov Theorem [18, Th. 14.25] and the following
e—regularity theorem (plus a bootstrap argument):



Theorem 1.2. Let T be the minimizer of (1.1) and assume that po(0) = p1(0) = 1. There
exists (v, d) such that if

1

1 - o «
(2R)d+2/B 7=l e+ (2R)d+2/3 T =l prdet+ B [pola on+ B (1] o < (),
2R 2R

then, T is CY® inside Bp.

Theorem 1.1 was already obtained by Figalli and Kim [10] (see also [9] for a far-reaching
generalization), but our proof departs from the usual scheme for proving regularity for the
Monge-Ampere equation. Indeed, while most proofs use some variants of the maximum
principle, our proof is variational. The classical approach operates on the level of the
convex potential ¢ and the ground-breaking paper in that respect is Caffarelli’s [5]: By
comparison with simple barriers it is shown that an Alexandrov (and thus viscosity) solu-
tion 7 to the Monge-Amp-ere equation is C*, provided its convexity does not degenerate
along a line crossing the entire domain of definition. The same author shows in [6] by
similar arguments that the potential 1) of the Brenier map is a strictly convex Alexandrov
solution, and thus regular, provided the target domain spt p; is convex. The challenge of
the e—regularity theorem in [10] is to follow the above line of arguments while avoiding the
notion of Alexandrov solution, that is, without having access to the comparison argument
by below. The e—regularity theorem in [10] in turn is used by Figalli and De Philippis as
the core for a generalization to general cost functions by means of a Campanato iteration.
On the contrary to these papers, we work directly at the level of the optimal transportation
map 7', and besides the L> bound (4.11) given by McCann’s displacement convexity, we
only use variational arguments. The main idea behind the proof is the well-known fact
that the linearization of the Monge-Ampere equation gives rise to the Laplace equation [17,
Sec. 7.6]. We prove that if the energy in a given ball is small enough, then in the half-sized
ball, T" is close to the gradient of harmonic function (see Proposition 4.6). This result is
actually established at the Eulerian level (i.e. for the solutions of the Benamou-Brenier
formulation of optimal transportation, see [17, Th. 8.1] or [3, Chap. 8]), see Proposition
4.3. It is for this result that we need the outcome of McCann’s displacement convexity,
cf. (4.11), since it is required for the quasi-orthogonality property (4.26). Our argument
is variational and proceeds by defining a competitor based on the solution of a Poisson
equation with suitable flux boundary conditions, and a boundary-layer construction. The
boundary-layer construction is carried out in Lemma 3.4; by a duality argument it reduces
to the trace estimate (3.10). This part of the proof is reminiscent of arguments from [1].
Once we have this approximation result, using that by classical elliptic regularity, harmonic
functions are close to their second-order Taylor expansion, we establish “improvement of
flatness by tilting”, see Proposition 4.7. This means that if the energy in a given ball is
small then, up to a change of coordinates, the energy has a geometric decay on a smaller
scale. The last step is to perform a Campanato iteration of this one-step improvement.
This is done in Proposition 4.8, where we use our last fundamental ingredient, namely the

‘here [pla,r = SUP, yepp, % denotes the C%%—semi-norm.



invariance of the variational problem under affine transformations. This entire approach to
e-regularity is guided by De Giorgi’s strategy for minimal surfaces (see [12] for instance).
Let us notice that because of the natural scaling of the problem, our Campanato iteration
operates directly at the Ctlevel for T, as opposed to [10, 9], where C%“regularity is
obtained first.

The plan of the paper is the following. In Section 2 we gather some notation that
we will use throughout the paper. Then, in Section 3, we recall some well-known facts
about the Poisson equation and then prove estimate (3.14), the proof of which is based on
the trace estimate (3.10). In the final section, we prove Theorem 1.2 and then Theorem 1.1.

Motivated by applications to the optimal matching problem, we are currently work-
ing together with M. Huesmann on the extension of Proposition 4.6 to arbitrary target
measures. A previous version of this paper treating the simpler case of transportation
between sets is available on our webpages. Since the proofs are more streamlined there,
we recommend to read it first.

2 Notation

In the paper we will use the following notation. The symbols ~, 2 < indicate estimates
that hold up to a global constant C', which typically only depends on the dimension d
and the Holder exponent « (if applicable). For instance, f < ¢g means that there exists
such a constant with f < Cg, f ~ g means f < g and ¢ < f. An assumption of the
form f < 1 means that there exists ¢ > 0, typically only depending on dimension and
the Holder exponent, such that if f < e, then the conclusion holds. We write |E| for the
Lebesgue measure of a set F. Inclusions will always be understood as holding up to a set
of Lebesgue measure zero, that is for two sets F and F, E C F means that |F\F| = 0.
When no confusion is possible, we will drop the integration measures in the integrals. For
R >0 and z, € RY, Br(zo) denotes the ball of radius R centered in xzy. When zq = 0, we
will simply write Bg for Br(0). We will also use the notation

f= L f
Br

|Brl J5,

For a function p defined on a ball Br we introduce the Holder semi-norm of exponent
ae(0,1)
p(z) = p(y)|
[Pla.r == sup P
r#YyEBR |z =yl

3 Preliminaries

In this section, we first recall some well-known estimates for harmonic functions.



Lemma 3.1. Given f € L*(0By) with average zero, we consider a solution ¢ of

—Ap=0 inB
8 14 e (3.1)
=1 on 0By,
where v denotes the outer normal to 0B,. We have
[wers [ r (3.2)
B1 0B;
sup (|V3[” + [V + Vo) S | Vel (3:3)
By By
and for every r < 1, letting A, := B1\ By,
[werse [ 3.9
Ay 0B1

Proof. We start with (3.2). Changing ¢ by an additive constant, we may assume that
fBl ¢ = 0. Testing (3.1) with ¢, we obtain

Vol = [ fe
B1 0B

(LA (L)
(LA (L)

where we used the trace estimate in conjunction with Poincaré’s estimate for mean-value
zero. This yields (3.2).

Estimate (3.3) follows from the mean-value property of harmonic functions applied to Vi
and its derivatives.

We finally turn to (3.4). By sub-harmonicity of [V|? (which can for instance be inferred
from the Bochner formula), we have the mean-value property in the form

/ Vp|* < / |Vp* forr <1.
9B, 0B

Integrating this inequality between r and 1, using Pohozaev identity, that is,

8 2
a- [ 1wl = [ veel- [ () (35)
Bi 9B B, \ 9V

where V. is the tangential part of the gradient of ¢, and (3.2), we obtain (3.4). O
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We also need similar estimates for solutions of Poisson equation.

Lemma 3.2. Given g € C%*(B}) such that g(0) = 0, we consider a solution © of

—Ap = in B
{a@ cr o (36)
v _’del(BBl) fBl g on 1
where v denotes the outer normal to 0B,. We have
sup (IV%]* +1Vel*) S llan (3.7)
1
In particular,
IVel* < lglass (3.8)
B
and letting for r <1, A, := B1\Bi_,, it holds
[ 196 S rlal. (39)

Proof. Estimate (3.7) follows from global Schauder estimates [15] and the fact that since
9(0) =0, lgllz=(B1) S [gar- O

We will need a trace estimate in the spirit of [1, Lem. 3.2].

Lemma 3.3. Forr <1, letting A, := B1\B1_., it holds for every function 1,

(/ | w —W)m <2 (/ | iwor) R [ [ ol e

where (z) = fol Y(t, z)dt.

Proof. By a standard density argument, we may assume ¢ € C1(A, x [0,1]).
Because of fol IV(p— )2 < fol V1|2, we may rewrite (3.10) in terms of v 1= 1) — ¥ as

1 1/2 ) 1 1/2 1 1
s ([ wer) s ) o
) Sr v v,
</o /831 ) < 0o JA, r(d+1)/2 0o JA,

1/2
Since for every x € 0B;, fol v = 0, we have (fol v2> < fol |0yv|, so that it is enough to

prove
1 1/2 1 1/2 1 1 1/2
2 < 172 / / v 2) + / (/ 2)
) Sr v _ ) .
</831/0 ) ( A JO Vol r(d+1)/2 Ay \JO



. 1 5\ 1/? . 1 o .
Introducing V' := (fo 1)2) and noting that [VV[* < [|Vu|?, we see that it is sufficient

to establish
1/2 1/2 1
(/BB V2> <t/ (/ |VV\2> + @i /\V\ (3.11)
1 r

We now cover the sphere dB; by (geodesic) cubes @ of side-length ~ r in such a way that
there is only a locally finite overlap. Then the annulus A, is covered by the corresponding
conical sets (),. By summation over () and the super-additivity of the square function, for
(3.11) it is enough to prove for every )

1/2 1/2 1
(/QVQ) <l (/ \vvﬁ) +—(d+l /\V\

Since @), is the bi-Lipschitz image of the Fuclidean cube

(2
/ V2 < r/ IVV|? + |V| (3.12)
{0} (0,r)=1 (0.r)
1.

By rescaling, for (3.12) it is sufficient to consider r =
inequality we have for every 2’ € (0,1)4"

) it is enough to establish

By a one-dimensional trace

1 1
|V(O,:L”)|§/O |81V<1’1,$/)|d1’1—|—/0 |V (21, 2")|dx;.

Taking squares, integrating and using Jensen’s inequality, we get

/ V2§/ |61V|2+/ V2
{0}x(0,1)-1 (0,1)4 (0,1)4

2
Using Poincaré inequality in the form [,V S [0 [VVI* + (f(m)d |V|) , we obtain
(3.12). O

This trace estimate is used in a similar spirit as in [1, Lem. 3.3] to obtain

Lemma 3.4. Let f € L*(0B; x (0,1)) be such that for a.e. x € 9By, fo z,t)dt = 0. For
r > 0 we introduce A, := Bi\B1_, and define A as the set of pairs (s, q) wzth Is| < 1/2
and such that for ¢ € C*(By x [0,1]),

/Ol/Tsﬁtw—i-q-Vz/J:/ol aBlfz/;. (3.13)

. . 1/(d+1)
Provided r > (fo faBl f2) we then have

inf // —\q|2<7*/ f2. (3.14)
(Sq EA 0 oB1

iiFor (s,q) regular, (3.13) just means d;s+divg = 0in A,, s(-,0) = 5(-,1) =0, ¢-v = 0 on dB;_,. x (0, 1)
and ¢-v = f on 0B x (0,1)




Proof. We first note that the class A is not empty: For ¢ € (0, 1), let u; be defined as the
(mean-free) solution of the Neumann problem

—Auy = —‘A—lr‘ Jom, [ in A x(0,1)

Gu — f on 0B; x (0,1)
%ﬂ‘j =0 on 0B;_, x (0,1),

and set q(z,t) := Vuy(x). The definition s(z,t) := —fo divg(z, z)dz = |A | fo faB f then

ensures that (3.13) is satisfied, and r > (fo faBl £2)° yields |s] < 1/2.
As in [1, Lem. 3.3], we now prove (3.14) with help of duality:

slng/ /T_‘ "= (sqm|fs1/2sip{/OI/T%W_/OI/TS@WM'Vw
4
[ 1)
ot [ | e
+/0 /aBlfw},

where the swapping of the sup and inf is allowed since the functional is convex in (s, q)
and linear in v (see for instance [4, Prop. 1.1]). Minimizing in (s, ¢), and using fol
which allows us to smuggle in ¢ := fol 1, we obtain

at [ g =sw{= [ [ Joverionn+ [ o}
s~ [ [ J0vvr+ioun+ [ [ sw-n)
o{= [ [ 30ver +jow)
AL L) ([ o))

1/2
With the abbreviation F := ( fol /. . f2> we have just established the inequality

ENe / slar < sup{F (/Ol/aBlw—@)?)l/z -1/ J v |atw|}-

=0

IN
wn



Using now (3.10), where we denote the constant by Cj, and Young’s inequality, we find
1/(d+1)
that provided r > (2CoF)* "™ (in line with our assumption r > (fol Jom, f2> )

wt [ Yap<sw{tezrr oL [ [ aw =L [ [ ol
ot ), gl s GG F T+ Cogg | oWl =5 ] 1o

1
SFQT:T/ 12
0 Jom

This concludes the proof of (3.14). O

Y

4 Proofs of the main results

Let po and p; be two densities with compact support in R? and equal mass and let T be
the minimizer of

min /Rd T (z) — x|*po(z)dr, (4.1)

THpo=p1
where by a slight abuse of notation T'§p, denotes the push-forward by 7' of the measure

podz. If T is the optimal transportation map between p; and pg, then (see for instance [3,
Rem. 6.2.11])

T(T(2)) =z, and  T(T'(y))=vy  forae. (x,y) € sptpy X sptp;. (4.2)
By another abuse of notation, we will denote 7! :=T".

Now for t € [0,1] and # € R? we set Ty(x) := tT(x) + (1 — t)x and consider the
non-negative and R%valued measures respectively defined through

p('? t) = Tifipo and J(v t) =Tt [(T - [d>p0] . (43)

It is easy to check that j(-,t) is absolutely continuous with respect to p(-,t). The couple
(p, 7) solves the Eulerian (or Benamou-Brenier) formulation of optimal transportation (see
[17, Th. 8.1] or [3, Chap. 8], see also [16, Prop. 5.32] for the uniqueness), i.e. it is the
minimizer of

L -
mm{/ / ~|5* : dp+divi=0, p(-,0) = po, p(~71):p1}7 (4.4)
0 Jrd P

where the continuity equation including its boundary conditions are imposed in a distri-
butional sense and where the functional is defined through (see [2, Th. 2.34]),

1
1
yanyy
[ gl = h
0 JR +o0

8

2

y
I\ gy it < p,

dp

otherwise.



Since T is the gradient of a convex function, by Alexandrov Theorem [18, Th. 14.25], T is
differentiable a.e., that is for a.e. xg, there exists a symmetric matrix A such that

T(z) =T(x) + A(x — z9) + of|x — z¢]).

Moreover, A coincide a.e. with the absolutely continuous part of the distributional deriva-
tive DT of the map 7. We will from now on denote VT'(zg) := A. For t € [0,1], by [17,
Prop. 5.9], p(-,t) (and thus also j) is absolutely continuous with respect to the Lebesgue
measure. The functional can be therefore rewritten as

! 1 ! 1
/ / —|5]? =/ / —|j*(z, t)dxdt,
0 JRd P 0 JRd P

Lkt = ki@ O if plz,t) #0
p )

where

0 otherwise.

Moreover, the Jacobian equation
p(t, Ty(x)) det VTi(x) = po(x), (4.5)

holds a.e. (see [18, Ex. 11.2] or [17, Th. 4.8]) and in particular, p,(7'(z)) det VT'(z) =
po(z).

The proof of Theorem 1.2 is based on the decay properties of the excess energy
E(po, p1, T, R) := R2][ 1T — z|?po. (4.6)
Br

As will be shown in the proofs of Proposition 4.8 and Theorem 4.9, up to a change of
variables it is not restrictive to assume that po(0) = p1(0) = 1.
Before proceeding with the proof of Theorem 1.2, let us gather few useful lemmas.

Lemma 4.1. Let T' be a minimizer of (4.1) and assume that % < po < 2n By and that
E(po,p1,T,1) < 1. Then,

1/(d+2)
sup [T —z| + |77 — 2| < ( |T—ZL‘|2p0) . (4.7)
B3 By

As a consequence,
Ti(Biss) € Bsie- (4.8)

Moreover, fort € [0, 1], we have for the pre-image

T, "(Bi2) C Bsa. (4.9)



Proof. We begin with the proof of (4.7). Since we assume that % < po < 2, it is enough to
prove that

1/(d+2)
sup|T—x|+|T_1—x|§( |T—x|2) :
B

B34

We first prove the estimate on 7. Let u(x) := T'(z) — z. By monotonicity of 7', for a.e.
x,y € By,

(u(z) —u(y)) - (z —y) = ~|z - y[*. (4.10)
Let y € Bsy be such that (4.10) holds for a.e. x € B,. By translation we may assume
that y = 0. By rotation, it is enough to prove for the first coordinate of u that

1/(d+2)
u1<o>5(/3 |u|2) .
1/4

Taking y = 0 in (4.10), we find for a.e. x € By
u(0) -z < u(z) -z + |2* < fu(z)* + 2]

Integrating the previous inequality over the ball B,.(re;), we obtain

u(0) - rer < ][ uf? + 72,
By(re1)

Bl

Optimizing in r yields (4.7). We now prove the estimate on 7T~!. By the above argument
for T'in the ball B,/5 instead of By, it is enough to show that T*I(Bg/4) C Byjs. Assume
that there exists y € Bsjy and z € R? with T'(z) = y but |z| > 4/5. Let then z €
83%(%+%) N [z,y]. By monotonicity of T,

0< (T(@) - T(2) - (- 2)

=W—2) (-2 +(-T0() (-2
1

< —fe— 2l +la — 2lIT() ~ 2

< |z —Z| —i+ sup |T'—z| |,

40

5(3+9)

which is absurd if £(po, p1,7,1) < 1 by the L*> bound on 7" on the ball B%(

3.4y,
1ts)

10



Since (4.8) is a direct consequence of (4.7), we are left with the proof of (4.9). If z € R?
is such that T3(z) € By, then by (4.7) in the form of |73(0)| = o(1), where o(1) denotes a
function that goes to zero as E(po, p1, T, 1) goes to zero,

1
Ut o(1) 2 [T(x) - TiO)P
= t*|T(z) = T(0)]* + 2t(1 — ¢)(T(x) = T(0)) - @ + (1 — t)*|2|?
(4.10) 2 2 21,12
> t*|T(x) = T(0)]" + (1 —t)*|x]
1
> 5 min {IT(z) = T(0)] |z} .
From this we see that x or T'(z) is in B%Jro(l) C Bsyy. In the first case, (4.9) is proven
2

while in the second, we have thanks to (4.7) that z € T-}(T'(z)) C T_l(B%jLO(l)) C By
from which we get (4.9) as well. O

Our second lemma is a localized version of McCann’s displacement convexity (see [13,
Cor. 4.4]).

Lemma 4.2. Assume that po(0) = p1(0) =1 and that E(po, p1, T, 1) + [polas + [p1]a1 < 1.
Then for t € [0,1], it holds

sup p(t, ) < 1+ [poJos + [P1losr (11)
B2
Proof. We start by pointing out that since po(0) = p1(0) = 1 and [pola1 + [p1]ag < 1 we
have for i =0, 1,
B1

For every t € (0, 1), the map T; has a well-defined inverse p(t,-)—a.e. (see the proof of [17,
Th. 8.1]) so that for x € By/s, (4.5) can be written as

@)
PT) = T T, (@)

1/d

By concavity of det(-)'/* on non-negative symmetric matrices, we have

det VI(T; M (z)) > (det VT (T} Y (2)))"
~1(p)) = P @)
By (4.5), det VI'(T; *(z)) = Sy SO that
_ 1t _ ¢
p(t.2) < (po(T; () (p(T(T7H(2))))

Since E(po, p1,T,1) < 1 and (4.12) holds, by (4.9) and (4.7), we have T, '(By/2) C By and
T(T;'(By2)) C By. By (4.12), we then have

pt,x) < (L4 [polan) ™ (L [pi)an)'

which by Young’s inequality concludes the proof of (4.11). O

1—

11



We now can turn to the proof of Theorem 1.2. We first prove that the deviation of the
velocity field v := j—i from being the gradient of a harmonic function is locally controlled by
the Eulerian energy. The construction we use is somewhat reminiscent of the Dacorogna-
Moser construction (see [16]).

Proposition 4.3. Let (p,j) be the minimizer of (4.4). Assume that py(0) = p1(0) = 1
and that

E(po: p1,T,1) + [polas + [pr]an < 1. (4.13)
Then, there exists @ harmonic in By and such that
L
[ vt s [ ] 2Pl + ok (414
Bi)s 0o JB P

and
d+2
d

! 1 . 2 ! 1 <12 i 2 2
—|j = pVel]* S —|J + [polaq + [p1lan- (4.15)
0 JByjp P 0o JB P

Remark 4.4. The crucial point in (4.15) is that the right-hand side is strictly super-linear
in fol fBl %|j|2, and at least quadratic in [pola1 + [p1]a1-

Proof. Without loss of generality, we may assume that fol 5, %| J|? < 1 since otherwise we
can take ¢ = 0. Notice that since py(0) = p1(0) = 1, thanks to (4.13), if we let

Y = [pola,1 + [p1]a1 and p = p1 — po,

we have by (4.11)
p<1+7 (4.16)

and since py(0) = p1(0) =1,

Sup |9p] < [pola + [p1)an < 7. (4.17)
1

Step 1 [Choice of a good radius| Using (4.16), and Fubini, we can find a radius R €

(1/2,1) such that
1 ‘ 1 . 1 1 I
/ /Ws/ / ws/ / L (4.18)
9Bgr J0 B, JO 0o JB P

with the understanding that R is a Lebesgue point of r — j € L*(0B,) with respect to the
weak topology. Notice in particular that (4.18) implies that j € L?*(Bg). We claim that
for every function ¢ € H'(Bg x (0,1))

1 1
/ / PO+ ]V = / Fr [ CtDp -0, (4.19)
0 JBgr 0 JOBr Br

iii

we consider here are larger class of test functions than C1(Bpr x [0,1]) since we want to apply (4.19)
to the function ¢ defined in (4.21).

12



where f := j - v denotes the normal component of j. To this purpose, for 0 < ¢ < 1 we
introduce the cut-off function

1 if |tf] <R—c¢
ne(z) := ij‘ ifR—e<|z|<R
0 otherwise

and obtain by admissibility of (p, 7)

[ netct o =<0 = [ [ acaro+vicn) -

//naOth+neVC ]——//
R2 BRr\BRr—_«

Letting £ go to zero and using the above Lebesgue-point property of R, we obtain (4.19).

Step 2 [Definition of ¢| We will argue that it is enough to establish

1 1 1 1 %
[ —|j—pv¢|25(/ / —W) L (4.20)
0o JBRr P 0o JB, P

where ¢ is defined via

{—qu’ — & in Bp (121)

%z? on 0Bg,

with f := fol fdt and is estimated as

1
_ 1.
/ |V<P|2§/ / =[5 + 7. (4.22)
Br 0o JB P

Moreover, defining for 1 > r > 0, A, := Br\Bpg@-r), we will show that

vor ([ e, (423)
Ar OBRr

By (4.19) applied to ¢ = 1, we get

/ 5p = = f_7

so that (4.21) is indeed solvable. We decompose ¢ = ¢ + ¢ with ¢ and ¢ solutions of

—Ap =0 in Bp —Acﬁz(?p in Bp
aso—f—i-yd 1aB)fB d on 0Bg, %:_WIBR&) on 0B,

(4.24)

13



Applying (3.2) from Lemma 3.1 (with the radius 1 replaced by R ~ 1) we have,

) ) . ) (4.18)&(4.17) p1 1 ) )
[owers [ wers [ Fraswwr s [ e
B2 Br 9Br Bgr 0o JB, P

and thus (4.14) holds. Since by (3.8) from Lemma 3.2 (with the radius 1 replaced by
R~ 1),

/B IVl* S (4.25)
R

estimate (4.22) is obtained by

1
- R 1.
/ \Wﬂ\%/ \WJI2+/ |V<p\2§/ / I o
Br Br Br 0 By P

Similarly, (4.23) follows from (3.4) and (3.9).
Assume now that (4.20) is established. We then get (4.15):

// —|j = pVel = // ~|j = pVE + pV|?
BR BR
// ~|j — pVe| +// p| Ve[
BR Br

420 416&(425 ) i? )
(/ / U\) + 7~
B P

Step 3 [Quasi-orthogonality] We start the proof of (4.20). In order to keep notation
light, we will assume from now on that R = 1/2. Here we prove that

! 1. _ ! 1,. ~
// w-st// mﬁwvw/|wﬂ (4.26)
0 JBy, P 0 JBy,y P Bi/s

Notice that if p = 0 then 7 = 0 and thus also 7 — pVp = 0, so that the left-hand side of
(4.26) is well defined (see the discussion below (4.4)). Based on this we compute

1 [t 1, _ 1 /! 1. ! 1t _
5/ / —|J—st0|2=§/ / —|]|2—/ / J-V<p+§/ / p|Vo|
0 JBy, P 0 JBy, P 0 JBy 0 JB;
1 /1 1 1 p N 1 _ N
=§/ / —|J|2—/ / (1-%) \WJ\Q—/ / (1—V§) Ve
0 JBy,y P 0 JBy 0 JBy
(4.16) 1 [1 1., 1—~ (! _ ! . _
< 5/ / il = —— / / |V<p|2—/ / (j—V§)-V
0 JBy,y P 0 JBy 0 JBi
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Using (4.19) with ¢ = ¢ and testing (4.21) with ¢, we have

Aiéwo—vw-vazé&ﬂa(ﬂﬁ—f):a

where we recall that f = fol f. This proves (4.26).

Step 4 [The main estimate| In this last step, we establish that

a+2
d

' Lo ~12 ' Lo\ 2
//—mj/WMﬂ//wQ a2 (4.27)
0 JBy, P Bi)s o JB, P

Thanks to (4.26) and (4.22), this would yield (4.20). By minimality of (p, j), it is enough
to construct a competitor (p,j) that agrees with (p,j) outside of By x (0,1) and that
satisfies the upper bound given through (4.27). We now make the following ansatz

(5.7) = (tpr + (1 —t)po, V) in Byjp-r x (0,1),
’ (tp1+(1_t)p0+57v6+Q) n A?" X (071)7

with (s,q) € A, where A is the set defined in Lemma 3.4 with f replaced by f — f and the
radius 1 replaced by 1/2. Notice that if |s| < 1/2, by (4.13) and py(0) = p1(0) =1,

1

- <7 4.28
157 (4.28)

Thanks to (4.21) for @, (3.13) for (s, ¢) and (4.19) for (p, 7), (. j) extended by (p, j) outside
of Byjs x (0,1) is indeed admissible for (4.4).

' . g\ V@)
By Lemma 3.4, if r > (fo faBl/Q(f = f) )

LfLQMQSTA{L&MU_TF' (4.29)

, we may choose (s, q) € A such that

By definition of (7, ),

1 1
1~ - 1 - -
/l/ :UP—/‘IVMQS/]/ PPN W@P—/‘ Ve[
0 JByp P B2 0 JBijpa_p tP1 + ( - )'00 Bijaa—r)

1
1
+/]/ ~|V5+q)*. (4.30)
0o Ja, P
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The first two terms on the right-hand side can be estimated as

/1/ 1 \V90|2 ‘VQO‘Q / / 1_p0>+<1_t)<1_p1>‘v§5|2
0 Biysay B+ (L= H)po Bis(1-r) tpyr+ (1 —1t)po
(4.13) )
S 7/ Vol
Byja(1-7)

s </tL1UF+7) (1.31)

We now estimate the last term of (4.30):

428
// |V +4q* S // Ve + |qf?

(4 29) , s
|V¢\+r/ (F=T)
A 0By

(4.23) N
S / e
0By 2

Taking r to be a large but order-one multiple of

(Aié&p“jy>ule<(AiA&pﬁ>l h (L )
yields o
// ~|w+q|2<</ /B |]|2) (/0 /&%U'Q*VZ)-

Plugging this and (4.31) into (4.30),

d+1 1 1
//Jﬁ/’WW(U/\ﬂ mﬂ//wmﬂ
By P B2 By P 0 JB P
d+2
' A 2
5(/‘/ 4ﬂ) i,
B P

d+2 :
where we have used Young’s inequality and the fact that 2 > dil This proves (4.27). O

Remark 4.5. The quasi-orthogonality property (4.26) is a generalization of the following
classical fact: If @ is a harmonic function with g—f = f on OBy, then for every divergence-
free vector-field b with b-v = f on 0B

|h—V¢F=1/ o — [ Vel
B1 B1

so that the minimizers b of the left-hand side coincide with the minimizers of the right-hand
side. See for instance [14, Lem. 2.2] for an application of this idea in a different context.

B1
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We now prove that (4.15) implies a similar statement in the Lagrangian setting, namely
that the distance of the displacement T'— x to the set of gradients of harmonic functions
is (locally) controlled by the energy. This is reminiscent of the harmonic approximation
property for minimal surfaces (see [12, Sec. II1.5]).

Proposition 4.6. Let T' be the minimizer of (4.1) and assume that py(0) = p1(0) = 1.
Then there exists a function ¢ harmonic in Byg, such that

d+2
/ T~ (2 + V)P0 < E(por o T, DA + [l + [ (4.32)
Byys

and
/ Vo2 < (oo, o1, T, 1) + [0l + [ (4.33)
By /s

Proof. To lighten notation, let £ := E(po, p1,T,1). Notice first that we may assume that
E + [polZ 1 + [p1]% 1 < 1 since otherwise we can take ¢ = 0.

We recall the definitions of the measures

p<3t>:::7}up0 and j(yt):::j}ﬂ[<7’—-[d)pd.

We note that the velocity field v = j—i) satisfies v(Ty(z),t) = T'(z) — = for a.e. = € spt pg

(this can be seen arguing for instance as in the proof of [17, Th. 8.1]). Hence, by definition
of the expression %|j|2 and that of p,

' L ' 2 ' L 2
L] osit= [ [ wkdo= [ [ reafm s [ 7-aPa-
0 JBy, P 0 JBy) 0 JT,71(By)s) B

By Proposition 4.3, we infer that there exists a function ¢ harmonic in B;/4 such that

1
1 . d+2
/ / L oVl < €8 L2 tlp2,  and / Vel? < €+l ol
B4 By s

(4.34)
We now prove (4.32). By the triangle inequality we have

/ T (SHWJI/)ON// r+VsooTt\po+// Vo — Vo T|po.
By /s By /s Biys

Using that for ¢ € [0, 1], |T}(x) — x| < |T(x) — x|, the second term on the right-hand side
is estimated as above:

1 (4.8)
/ / Vo —VeoTi|’p < Sup |V2<p|2/ / T, — z*po
0 JBys Bs /16 Byys

(3.3) ,
<e / Vgl
By

(4.34) ) )
S & (5 + [po]a,l + [pl]ml) :

17



We thus just need to estimate the first term. Recall that v = j—i satisfies v(T}(x),t) =

T(x)—x, so that we obtain for the integrand T'(z) — (x4 V(T;(z)) = (v(t,-)

= Vo) (Ti(x))

for a.e. = € spt pg. Hence, by definition of p and by our convention on how to interpret

517 = pVol* when p vanishes,

// (2 + Voo T) 2 = // o — Vpl*dp
By /s T¢(By/g)
:// L= pogp
0 JTi(Bys) P

= / / =i — oVl S EFT +[pol, + [p1)an
0 By P

O

Analogously to De Giorgi’s proof of regularity for minimal surfaces (see for instance
[12, Chap. 25.2]), we are going to prove an “excess improvement by tilting”-estimate.
By this we mean that if at a certain scale R, the map T is close to the identity, i.e. if
E(po, p1, T, R) + R**([po]%1 + [p1]51) < 1, then on a scale OR, after an affine change of
coordinates, it is even closer to be the identity. Together with (4.32) from Proposition 4.6,
the main ingredient of the proof are the regularity estimates (3.3) from Lemma 3.1 for

harmonic functions.

Proposition 4.7. For every o’ € (0,1) there exist 0 = 0(d, o, ') > 0 and Cy(d, a, ') >0

with the property that for every R > 0 such that py(0) = p1(0) =1 and

g(p07 P1, T7 R) + RQa([pO]i,R + [pl]iR) < ]"

there exist a symmetric matriz B with det B =1 and a vector b with
1
B —1d]* + 25 [b1° < E(po, o1, T, R) + B> ([0l r + [o1)e )

such that, letting X == pi(b)d, & := B 'z, § := AB(y — b) and then
T(2) = AB(T(x) = b), po(&) :=po(w) and  pi(§) = A""pi(y),
it holds py(0) = p1(0) =1,
A =17 S E(po, p1, T, R) + R* ;]2 g,

and

E(po, pr, T, OR) < 0*E(po, pr, T, R) + CoR* ([Po]i,R + [Pl]i,R) .

18
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(4.36)

(4.37)

(4.38)

(4.39)



Proof. By a rescaling # = R~'x, which amounts to the re-definition 7'(Z) := R~'T(R%)
(which preserves optimality) and b= R~'b, we may assume that R = 1.

As in the previous proof, we will let £ := E(po, p1,T,1). Let ¢ be the harmonic function
given by Proposition 4.6 and then define b := V(0), A := VZp(0) and set B := e~4/2, so
that det B = 1. Using (3.3) from Lemma 3.1 and (4.33) from Proposition 4.6, we see that
(4.36) is satisfied. By definition of A and since p1(0) = 1, and [po|a1 + [p1]ar S 1,

(4.36)
A =17 = [p(0) =1 < o] S (E*+ D) o]

Using Young’s inequality with p = a~! and ¢ = (1 — a)~! we obtain for § > 0,

IN—12< 55+%[p1]2 (4.40)

a,l?

where C, is a constant which depends only on a. In particular, taking 6 = 1 we obtain
(4.38). X
Defining p; and 7" as in (4.37) we have by (4.36) and (4.35)

1T — &|%po :][ IAB(T —b) — B '2|*pg
By BBy
S T (B b - (B P
By Bag
ST B 6 (8107,
Bag

where in the last line we used (4.40) with § = # and the fact that po <1 on By. We split
the first term on the right-hand side into three terms

PR I
Bag

< ][ T — (2 + Vo) 2o + ][ (B — 1d — A)afpo + ][ Vo —b— Azl
Bag Bag

Bag

<][ T — (2 + V)|?po + 0*|B™2 — Id — A> + sup |V — b — Ax|?.
Bag

Y
Bag

Recalling B = e=4/2, A = V%¢(0), and b = V¢(0), we obtain

B . @3y as
072 |T—aPpo S 6072 (5d+1 + ool + [m]i,l) +[V2p(0)[* + 6 sup [Vie

Bg BQ@
+ 0’6+ 67 [p)2 4

(3.3)&(4.33) (d42) o2 5 2 \2 . 2 2 2
< 0 Eart + (5 + [polas + [Pl]a,l) +0 (5 +lpolas + [/)l]a,l)

+ 626+ 67 ([polas + [m]21) -
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Since % < 2and € + [po]2 ) + [m]5, < 07 (recall that 6 has not been fixed yet), this

simplifies to
072 (T — a2y S 0-HDETT 4 026 + 072 ([pol2, + [m2) (4.41)
By
We may thus find a constant C'(d, «) > 0 such that
072 T —afpo < C (07 @DeF 10%) 4072 (2, + I01]2,)
By

We now fix 6(d, o, ) such that C¢*> < 36>, which is possible because o’ < 1. If & is
small enough, CO-H+ it < %6’2‘“5 and thus

072 |T —x*po < 0*E+ 072 ([po)21 + [p1]21) -
By

O

Equipped with the one-step-improvement of Proposition 4.7, the next proposition is
the outcome of a Campanato iteration (see for instance [11, Chap. 5] for an application
of Campanato iteration to obtain Schauder theory for linear elliptic systems). It is a
Campanato iteration on the C'® level for the transportation map 7" and thus proceeds by
comparing 7" to affine maps. The main ingredient is the affine invariance of transportation.
Proposition 4.8 amounts to an e-regularity result.

Proposition 4.8. Assume that po(0) = p1(0) = 1 and that

E(po, p1, T, 2R) + R*([po] on + [p1la2r) < 1, (4.42)
then T is of class CY in Bg, with

[VTor S RE(T.2R)Y? + [polazr + [pi]azr.

Proof. By Campanato’s theory, see [8, Th. 5.1], we have to prove that (4.42) implies

1
Sup Sup min ————~
2(14+«
‘TOGBRrgéR Ab 7’( )

][ T — (Az +b)|* S RT*E(T,2R) + [poli or + (1] 25 (443)
Br(xo)
Let us first notice that (4.42) implies that for every zy € Bg
E = R2][ |T — SU|2p0 <1 and R* ([po]ng —+ [pl]a,2R) < 1. (444)
Br(wo)

Therefore, in order to prove (4.43), it is enough to prove that (4.44) implies that for r < 3R,
1

min — T — (Az +b)* S 7°* (R7*E + [polaar + [o1]azr) - (4.45)
’ Br(l'())
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=

Replacing po by po(zo)tpo and p; by p1(x) ' p1(zo + (%) (+ — x0)) and thus T by

1

Ty + <m)E (T' — x¢) which still satisfies (4.44) thanks to po(0) = p1(0) = 1 and (4.42),

po(zo)
we may assume that po(zo) = p1(zo) = 1. Without loss of generality we may thus assume

that zo = 0.

Fix from now on an o € (a,1). Thanks to (4.44), Proposition 4.7 applies and there
exist a (symmetric) matrix By of unit determinant, a vector b; and a positive number \;
such that T} (x) := \ By(T(Byz) —by), pi(x) := po(Biz) and pl(z) := A\ o1 (A "By le+by)
satisfy

& = E(pps p1, T1, OR) < 67 E + CoR* ([pols p + [0 r) - (4.46)
If T is a minimizer of (4.1), then so is Ty with (pg, p1) replaced by (p}, pi). Indeed,
because det By = 1, T} sends p} on p} and if T is the gradient of a convex function 1
then 77 = Vi, where ¢;(x) := A\ (¢(Byz) — by - Byx) is also a convex function, which
characterizes optimality [17, Th. 2.12]. Moreover, for ¢ = 0, 1

[P aor < (1 +C(EV? + R [pola,r + R® [Po]a,R)) [Pi) .- (4.47)

Indeed, (we argue only for p} since the proof for p} is simpler), using that A\, * By ' Byr+b; C
Bpr by (4.36) and (4.38),

P oon = A4 sup LA By a4 b)) — pr(A By 4 by)|
lla, -1 o
z,y€Bor |:E - y|
_ ot gy OB b)) — Ay By b))
' ayebon MBI B+ by) — (A By 4 by

< )\fd|)\lefl‘a sup |p1(>\le;1ZE + bl) - pl()\lefly + b1)|

SO eBen AT B +by) — (A By + by

< )\f(d+a)‘B—1|a sup ‘pl@jl) - p1<y/>|

= \1 1 ' € BR ‘.T/ _ y/|a

= A\ B o] k-
By (4.36) and (4.38), we get (4.47).
Therefore, we may iterate Proposition 4.7 K > 1 times to find a sequence of (symmetric)
matrices By with det By = 1, a sequence of vectors b, a sequence of real numbers )\, and
a sequence of maps Ty such that setting for 1 < k < K,
Ti(x) == MeBi(Tia (B)=bi),  po(x) := pg (Bra) and  py(x) == A pi (N By ta+by),
it holds pf(0) = p¥(0) =1 and

Ex = E(pg, pY, Thiy 0" R) < 07 Epy + Co* VR ([p5 2 gror g + (07 o grig) » (4.48)
By — Id]* S Epr + 05 R* ([Péfl]i,ok*IR + [Plffl]i,ekflR) ’ (4.49)
m\bkﬁ S Ekr + R ([0 o grer g + 101 o g 1) (4.50)

(4.51)

X — 1P S & + HQkQRa[Plf_l]i,ak*lR-
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Arguing as for (4.47), we obtain that there exists C)(d, «) > 0 such that

[P aorr < <1 + Cy (51121 + R*0* ([pt apr-1r + [Péfl]a,ek—lRD PF agr1r  (4.52)

Let us prove by induction that the above together with (4.44) implies that there exists
Cy(d, a, ') > 0 such that for every 1 < k < K,

o laorn < (L+0")[0i agn, 07 < Co (E+ R*[polar + R [pilar) . (4.53)

This will show that we can keep on iterating Proposition 4.7.

By (4.46) and (4.47), (4.53) holds for K = 1 provided Cy = Cpf2*. Assume that
it holds for K — 1. Let us start by the first part of (4.53). Notice that the induction
hypothesis implies that

K—2
[0 apr-1r < H (1+60*)[piar < Cslpila,r, (4.54)
k1

where Cj := [[7,(1 + 0**) < co. From (4.53) and (4.54) for k = K — 1 we learn that we
may choose the implicit small constant in (4.44) such that we have

1<k<K-—1 1<k<K-—1

1/2
4 (90‘ ( sup «9%“&) +R* sup  [pflaorr + [pf]a79k3> < 1.

Plugging this into (4.52), we obtain the first part of (4.53) for k = K.
Let us now turn to the second part of (4.53). Dividing (4.48) by 6?** and taking the sup
over k € [1, K|, we obtain by (4.54),

sup 972ka5k S 92((1’,04) (5 + sup 9*2]{)0&5}6) 4 CgCgRQa ([pO]Z,R + [/71]2{,1«2) )
1<k<K 1<k<K-—1

Since o > a, 02~ < 1 and thus

sup 07208, < (1— %=1 [€ + CoC2R™ ([pol2 o+ [1)2.0)]

1<k<K

Choosing Cy := (1 — 0% =)~ max {1, CyC2} we see that also the second part of (4.53)
holds for k = K.

Letting Ak = Hle )\Z’, Ak = BkBk—l s Bl and dk = Ele()\kBk)()\k—lBk—l) s ()\sz)bza
we see that Ty(x) = Ay AT (Afx) — di. By (4.49), (4.53) and (4.54),

A = Id)* S €+ R*[po]s g + R [p]% p < 1, (4.55)

so that Bigep C A;(Bgrg). By the same reasoning, we obtain from (4.51),
A — 1] < 1. (4.56)
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We then conclude by definition of T} that

1 1
min 7][ T — (Ax +b)]* < 7][ T — APAT A e + AT A )
b B Z(ngR)

Ab (LoFR)2 Lot (O*R)2J,
1 ][ —1A—1 2
= |A, A (T — )|
(O*R)2 5, "
(4.55)§(4.56) 1 ][ e |2
TS —x
~ (R, "

(4.53) 2ka 200 - 12 20 . 12
5 0 (5 + R [po]a,R + R [pl]a,R) .

From this (4.45) follows, which concludes the proof of (4.43).
U

With this e-regularity result at hand, we now may prove that 7" is a Ot diffeomorphism
outside of a set of measure zero.

Theorem 4.9. For E and F two bounded open sets, let py : E — R and p; : F — R be
two C%* densities with equal masses, both bounded and bounded away from zero and let T be
the minimizer of (4.1). There exist open sets E' C E and F' C F with |E\E'| = |F\F'| =0
and such that T is a C** diffeomorphism between E' and F'.

Proof. By the Alexandrov Theorem [18, Th. 14.25], there exist two sets of full measure
E; C E and F; C F such that for all (zg,y0) € Fy x Fy, T and T~ are differentiable

at xo and g, respectively, in the sense that there exist A, B symmetric such that for a.e.
(x,y) € E X F,

T(x) = T(wo)+A(z—zo)+o(|z—zo|)  and  T7(y) =T (yo)+B(y—yo)+o(ly—yo)-

(4.57)
Moreover, we may assume that (4.2) holds for every (xo,y0) € F1 x Fj. Using (4.2), it is
not hard to show that if T'(xg) = yo, then A = B~ and then by (4.5)

p1(yo) det A = po(o). (4.58)
We finally let ' := Ey N T (F}) and F' := T(E') = F; N T(E;). Notice that since T
sends sets of measure zero to sets of measure zero, |E\F'| = |F\F’'| = 0. We are going to

prove that £' and F’ are open sets and that T is a C** diffeomorphism from E’ to F".
Let xy € E’, and thus automatically yo := T'(x¢) € F’, be given; we shall prove that T is
of class C1* in a neighborhood of z. By (4.57) and the fact that py and p; are bounded
we have in particular

.1 5
}%1111)0 2 . T — yo — A(x — x0)|“po = 0. (4.59)
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We make the change of variables & = A~Y2%& + 2, y = AY?§ + 1, which leads to T(:i") =
A*1/2(T(:E)A—y0), and then define py(2) := po(xo) ' po(x) and py () == polxo) =" det™ Apy (y).
Note that 7" is the optimal transportation map between py and p; (indeed, if T' = V4 for
a convex function v, then 7' = V¢, where 1(2) = ¥(x) — yo - &) and that by (4.58),
p0(0) = p1(0) = 1. Moreover, since py and p; are bounded and bounded away from zero,
po and p; are C%% continuous with Holder semi-norms controlled by the ones of py and py,
so that

lim R ([po]a.Br + [P1]a.r) = 0.
R—0

Finally, the change of variables is made such that (4.59) turns into
lim —4 |7 — 2> = 0.

Hence, we may apply Proposition 4.8 to T to obtain that 7' is of class C1* in a neighborhood
of zero. Similarly, we obtain that T1is C'* in a neighborhood of zero. Going back to
the original map, this means that 7" is a C'%* diffeomorphism of a neighborhood U of
on the neighborhood T'(U) of T'(xg). In particular, U x T'(U) C E’ x F’ so that E' and F”
are both open and thanks to (4.2), T is a global C* diffeomorphism from E’ to F'. O

Remark 4.10. If ¢ is a convex function function such that V¢ =T, Theorem 4.9 shows
that in ¢p € C**(E") and it solves (in the classical sense) the Monge-Ampére equation
which s now a uniformly elliptic equation. If the densities are more reqular then by the

FEvans-Krylov Theorem (see [7]) and Schauder estimates we may obtain higher reqularity
of T.
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