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QUANTUM ERGODICITY ON GRAPHS : FROM SPECTRAL TO
SPATIAL DELOCALIZATION

NALINI ANANTHARAMAN AND MOSTAFA SABRI

ABSTRACT. We prove a quantum-ergodicity theorem on large graphs, for eigenfunctions
of Schrodinger operators in a very general setting. We consider a sequence of finite
graphs endowed with discrete Schrodinger operators, assumed to have a local weak limit.
We assume that our graphs have few short loops, in other words that the limit model
is a random rooted tree endowed with a random discrete Schrodinger operator. We
show that absolutely continuous spectrum for the infinite model, reinforced by a good
control of the moments of the Green function, imply “quantum ergodicity”, a form of
spatial delocalization for eigenfunctions of the finite graphs approximating the tree. This
roughly says that the eigenfunctions become equidistributed in phase space. Our result
applies in particular to graphs converging to the Anderson model on a regular tree, in
the régime of extended states studied by Klein and Aizenman—Warzel.

1. INTRODUCTION

1.1. The problem. Consider a very large, but finite, graph G = (V, E)). Are the eigen-
functions of its adjacency matrix localized, or delocalized ? These words are used in a
variety of contexts, with several different meanings.

For discrete Schrodinger operators on infinite graphs (e.g. for the celebrated Ander-
son model describing the metal-insulator transition), localization can be understood in a
spectral, spatial or dynamical sense. Given an interval I C R, one can consider

e spectral localization : pure point spectrum in I,

e cxponential localization : the corresponding eigenfunctions decay exponentially,

e dynamical localization : an initial state with energy in I which is localized in a
bounded domain essentially stays in this domain as time goes on.

On the opposite, delocalization may be understood at different levels :

e spectral delocalization : purely absolutely continuous spectrum in I,
e ballistic transport : wave packets with energies in I spread on the lattice at a
specific (ideally, linear) rate as time goes on.

In this paper we want to discuss a notion of spatial delocalization. Since the wavefunctions
corresponding to absolutely continuous spectrum are not square summable, a natural
interpretation of spatial delocalization is to consider a sequence of growing “boxes” or finite
graphs (G) approximating the infinite system in some sense, and ask if the eigenfunctions
on (Gy) become delocalized as N — oo. Can they concentrate on small regions, or, on
the opposite, are they uniformly distributed over (Gx) ? Large, finite graphs are also a
subject of interest on their own. Actually, an infinite system is often an idealized version
of a large finite one.

Localization/delocalization of eigenfunctions is believed to bear some relation with spec-
tral statistics : localization is supposedly associated with Poissonian spectral statistics,
whereas delocalization should be associated with Random Matrix statistics (GOE/GUE).
In the field of quantum chaos, the former notion is often associated with integrable dy-
namics and the latter with chaotic dynamics [18],[19], 20]. However, specific examples show

2010 Mathematics Subject Classification. Primary 58J51. Secondary 60B20, 81Q10.
Key words and phrases. Quantum ergodicity, large graphs, delocalization.
1



2 NALINI ANANTHARAMAN AND MOSTAFA SABRI

that the relation is not so straightforward [40, 41}, [35] Understanding how far one can push
these ideas is one amongst many reasons for studying models of large graphs [32], 42} [43].

Recently, the question of delocalization of eigenfunctions of large matrices or large
graphs has been a subject of intense activity. Let us mention several ways of testing
delocalization that have been used. Let My be a large symmetric matrix of size N x N,
and let (1#]);\7:1 be an orthonormal basis of eigenfunctions. The eigenfunction 1; defines

a probability measure SN, |1;(2)|?6,. The goal is to compare this probability measure
with the uniform measure, which puts mass 1/N on each point.

e (> norms : Can we have a pointwise upper bound on [¢;(x)|, in other words, is
l|14]l00 small, and how small compared with 1/v/N ?

e (7 norms: Can we compare ||¢;]), with N/P=1/2°2 Tn [2], a state 1; is called
non-ergodic (and multi-fractal) if ||1b;||, behaves like Nf®) with f(p) # 1/p —1/2.
Related criteria appear in [5].

e Scarring : Can we have full concentration (Y ,cn |j(z)|> > 1 —€) or partial
concentration (Y ,ea [1;(z)[> > €) with A a set of “small” cardinality ? We borrow
the term “scarring” from the term used in the theory of quantum chaos [40)].

e Quantum ergodicity : Given a function a : {1,...,N} — C, can we compare

a(z)|yj(z)|? with & S, a(z) ? This criterion, borrowed again from quantum
chaos, was applied to discrete regular graphs in [9, [7]. Quantum ergodicity means
that the two averages are close for most j. If they are close for all j, one speaks
of quantum unique ergodicity.

As was demonstrated in a recent series of papers by Yau and co-authors, adding some
randomness may allow to settle the problem completely, proving for instance almost sure
optimal £°°-bounds and quantum unique ergodicity for various models of random matrices
and random graphs, such as Wigner matrices, sparse Erdos-Rényi graphs, random regular
graphs of slowly increasing or bounded degrees [29, [30} 22} 28, [13], 14}, [15]. The invariance of
the probability distribution under certain elementary transformations plays an important
role. The completely different point of view adopted in [23], 9] is to consider deterministic
graphs and to prove delocalization as resulting directly from the geometry of the graphs.
Up to now, in this deterministic setting, only eigenfunctions of the adjacency matrix of
regular graphs have been treated, taking advantage of the completely explicit Fourier
analysis on regular trees. The papers [9, 24, [7] give various proofs of quantum ergodicity;
the paper [23] proves the absence of scarring on sets of cardinality N'~¢ and also contains
(although not stated) a logarithmic upper bound on the £*° norms.

The aim of this paper is to prove a quantum ergodicity theorem for eigenfunctions of
discrete Schrodinger operators on quite general large graphs. As we will see, a particularly
interesting point of our result is that it gives a direct relation between spectral delocalization
of infinite systems and spatial delocalization of large finite system. Our result may be
summarized as follows (with proper additional assumptions to be described later) :

“If a large finite system is close (in the Benjamini-Schramm topology) to an infinite sys-
tem having purely absolutely continuous spectrum in an interval I, then the eigenfunctions
(with eigenvalues lying in I) of the finite system satisfy quantum ergodicity.”

1.2. The results. Consider a sequence of connected graphs without self-loops and mul-
tiple edges (Gn)nen. We assume each vertex has at least 3 neighbours. It will be conve-

nient to write Gy as a quotient of a tree Gn ~ by a group ¢ of automorphlsms I'y, that is,
Gn FN\GN, where I'y acts freely on the vertices of GN, i.e. given v € GN, YU = YU
implies 71 = 2. In other words, Gn n is the “universal cover” of Gjy. We will work under
the assumption that the degree of 5]; is everywhere smaller than some fixed D.
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We denote by Vy and Ey the set of vertices and edges of /G?];, respectively. We denote
by Vn and Ey the vertices and edges of Gy, respectively. We assume |Vy| = N and work
in the limit N — oc. N - -

Define the adjacency operator Ay : C&N — CE~ by

(Anfw) =" fw

wn~v

where v ~ w means v and w are nearest neighbours. The operator .ZN is bounded on
62(6‘;). It also preserves the space of I'y-invariant functions on Vy, in other words it
defines an operator on ¢?(Vy), that we denote by Ay (we will drop the index N and
write .A A when no confusion may arise). Consider a bounded function WN VN — R
such that WN(W ‘) = WN( ) for all 4 € T'y. The operator of multiplication by W’TV is
bounded on £2 (EJ\N/) it also preserves the space of I'y-invariant functions on V];, thus it
defines an operator on 02 (VN) that we denote by Wyx. We define the discrete Schrodinger
operators H N = .AN + WN and Hy = Axy + Wy. The central object of our study are
the eigenfunctions of Hy, and their behaviour (localized /delocalized) as N — +oo. The
fact that I'y acts freely implies that Hy is symmetric (self-adjoint) on ¢*(Vy).

For comfort, we will always work under the assumption that Wy takes values in some
fixed interval [—A, A]. This implies that the spectrum of all operators we will encounter

is contained in some fixed interval Iy = [-A — D, A+ D].
We define the Laplacian Py : CVN — CVV by
(1.1) (Pnf)(x
me

where d () stands for the number of neighbours of z. If we introduce the positive measure
on Vi assigning to x the weight dy (), then Py is self-adjoint on £2(Viy,dy).
We shall assume the following conditions on our sequence of graphs:

(EXP) The sequence (Gy) forms an expander family. By this we mean that the
Laplacian Py has a uniform spectral gap in £?(Vi,dy). More precisely, the eigenvalue 1
of Py is simple, and the spectrum of Py is contained in [—1+ 3,1 — g]U{1}, where 5 > 0
is independent of V.

Note that 1 is always an eigenvalue, corresponding to constant functions. Our assump-
tion implies in particular that each G is connected and non-bipartite. It is well-known
that a uniform spectral gap for Py is equivalent to a Cheeger constant bounded away from
0 (see for instance [26], §3).

Our second assumption is that (Gx) has few short loops:

(BST) For all r > 0,

e e Vi pay (@) <}
N—oo N

:0’

where pg () is the injectivity radius at x, i.e. the largest p such that the ball Bg, (z, p)
is a tree.

The general theory of Benjamini-Schramm convergence (or local weak convergence),
briefly recalled in Appendix[Al allows us to assign a limit object to the sequence (G, Wy),
which is a probability distribution carried on trees. More precisely, up to passing to a
subsequence, assumption (BST) above is equivalent to the following assumption.

(BSCT) The sequence (G, Wy) has a local weak limit P which is concentrated on
the set of (isomorphism classes of) coloured rooted trees, denoted FPA,
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Assumption (BSCT) says that (G, Wx) converges in a distributional sense to a ran-
dom system of rooted trees {[T, 0]}, endowed with a map W : 7 — R. More precisely,
the empirical measure of (Gy,Wpy), defined by choosing a root z € Vy uniformly at
random, converges weakly to a probability measure P concentrated on trees.

If [T,o,W] € P4 and A is the adjacency matrix of T, we denote by H = A+ W the
limiting random Schrédinger operator, which is self-adjoint on £2(7).

Call ()\E»N))é»v:l the eigenvalues of Hy on /2(Vy). Assumption (BSCT) implies the
convergence of the empirical law of eigenvalues : for any continuous x : R — R, we have

N—+o00

N
1 N
(1.2) 5 XA ({8 x(H)8) =1 p(x).
j=1
see Remark [A.3]l Here E is the expectation with respect to P, that is,

BN = |, J(T.0 W) dB(T,0W).

The measure p is called the integrated density of states in the theory of random Schrédinger
operators.

We need some notation for our last assumption. Let [T,0, W] € T4 Given x,y €T,
and 7 € C\ R, we introduce the Green function

GV (@,y) = (00, (H — 7))z (7 -

Given v,w € T with v ~ w, we denote by 7*) the tree obtained by removing from the

tree 7 the branch emanating from v that passes through w. We define the restriction
HO) (u, ') = H(u, ') if u,u’ € TOW) and zero otherwise. The corresponding Green
function is denoted by GI*)(-,-:~). We then put ¢, (v) := —G@W) (v, v;7).

(Green) There is a non-empty open set 1, such that for all s > 0 we have

sup E < Z | Tm 63‘+i77°(y)|_5> < 00.
) \y

Ael1,mo€e(0,1 B
To understand (Green), define the (rooted) spectral measure of [T,0, W] € TP vy
(1.3) to(J) = (00, x.7(H)d0) for Borel J C R.

Assumption (Green) implies that supyc;, >0 E(|G7 (o, 0)|?) < oo; see Remark [A4l As

shown in [33], this implies that for P-a.e. [T,0,W] € %D’A, the spectral measure p, is
absolutely continuous in I, with density 1 ImG**%(0,0). Hence, (Green) implies that
P-a.e. operator H has purely absolutely continuous spectrum in [;. This is a natural
assumption since our aim is to prove delocalization properties of eigenfunctions.

Now let (Q,Z)J(N));V:l be an orthonormal basis of £2(Vyy) consisting of eigenfunctions of
Hpy. Pick j € {1,...,N}. The problem of quantum ergodicity is to understand if the
probability measure > ¢y, |¢J(-N) (7)|?6, on Vy is “localized” (essentially carried by o(N)
vertices) or “delocalized” (ideally, close to the uniform measure on Vy, or maybe, to
some other natural measure on Vy, comparable to the uniform measure). More generally,

(N

we want to know if the correlations 1/1](~N) (z)1; )(y), for x and y € Vi at some fixed
distance, approach some limiting object. From a mathematical point of view, the question
was addressed in [9, 24] for eigenfunctions of the adjacency matrix of large deterministic
reqular graphs, and for the adjacency matrix of random regular graphs or Erdos-Rényi
graphs in the recent works [28] [13], 14}, 15]. The main motivation of our paper is to extend
the results of [9] to disordered systems, that is, to non-regular graphs, possibly with a
potential on the vertices or weights on the edges. This necessarily requires a different

method from that of [9], that was specific to regular graphs. New methods to prove
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quantum ergodicity were already explored in [7]. We insist on the fact that, contrary to
[28, [13], 14} [15], 31], our sequence of graphs and potentials are deterministic. The results
may in particular be applied to random graphs and/or random potentials, provided one
knows that Assumptions (EXP), (BSCT) and (Green) hold true for some realizations.
We discuss the relation with existing work more extensively in Section

Let us state the main abstract result; its concrete meaning will be explored afterwards.
For x,y € Vy, and v € C \ R, we introduce the lifted Green function

(1.4) (@, y) = (00, (Hy — N0 )

Recall that we write Gy as a quotient FN\é N Where G N is a tree. We denote by Dy
a fundamental domain of the action of I'y on the vertices of G n. Thus Dy contains NV
vertices of G, each of them projecting to a distinct vertex of G .

Let I; be the open set of Assumption (Green), and let us fix an interval I (or finite
union of intervals) such that I C I.

Theorem 1.1. Assume that (Gn, W) satisfies (BSCT), (EXP) and (Green).

Call ()\§~N))§V:1 the eigenvalues of Hy on (2(Vy), and let (¢§N))§V:1 be a corresponding
orthonormal eigenbasis.

For each N, let a = ay be a function on Vy with supy sup,cy, lan(z)| < 1. For

_ N(s ~ Nis =~ Im gy, (2,%)
v € C\R, define (a)y = Y zevy a(z)®5 (7, 7), where & (T, 7) Then

1
lim lim —
100 N—+oo N ;
A;. der

> G(SU)WJ(‘N) (@) ~ (@)™ i

zeVN 7

Here, T € vN is a lift of z € V.

Corollary 1.2. Under the same assumptions, for any € > 0, we have
1 N) 7.

More generally, we have the following result on eigenfunction correlators, which says
that v, (x)1;(y) “approaches” the real-valued function @ﬁ\\g +i0(Z,9). For technical reasons

0.

3 a@)leyV @)~ (ahym | > e

zeVN

—
N—~+00,1040

we have to assume the (1)) are real-valued. More precisely, we need ;(x)1;(y) to be real
forany j =1,...,N and z,y € Vy with z ~ y. This assumption can be discarded if one
has a uniform control over E[}", ., |1 — |§g(y)§;/(0)|2|_5], this is possible in particular for
the models treated in [7].

Theorem 1.3. Assume that (Gn,Wy) satisfies (BSCT), (EXP) and (Green).
Call (A§N))§y:1 the eigenvalues of Hy on (*(Vy), and let (Q,Z)J(N))j-v:l be a corresponding
orthonormal eigenbasis. Assume the (¢J)§V:1 are real-valued.

Fiz R € N. For each N, let K = Ky be an operator on £*(Vy) whose kernel K =
Ky : VN x Viy — C is such that K(z,y) = 0 for d(z,y) > R (so that K is supported at
distance < R from the diagonal). Assume that supy sup, ey, [Kn(2,y)| < 1.

For v € C\ R, define

. . o Imfﬂ T,y
(15) (K= > K(@§eN(z,5) where @) (i,§)= N(w )
i e Y iepy Im gy (2, 2)
mG'DN,yGVN
Then .
. : (N) (N) _
ti tim 3 [ KoM e - (0,00, [ =0

(N)
)\j el
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The “kernel” above is the matrix of K in the basis (d,), i.e. K(z,y) = (32, Ky)e2(vy)-
To define (L)) properly, we “lift” K to Vn x Vy by letting

(1.6) K(#,9) = K@ y)laistz @p<r

ifx,ye Vy = FN\V'N are the projections of Z,¢ € Vy.

If we know in addition that p(0I1) = 0, where p is the integrated density of states
measure (L.2]), then our main theorems hold with I replaced by I1; see the end of Section [I0l
This is true in particular if (Green) holds on I.

Although we tend to skip it from the notation, the “observables” K and a necessarily
depend on N. On the other hand, they do not depend on j, the index of the eigenfunction
) in the proof, but this dependence cannot be

wild, it has to be at least continuous). We interpret Corollary as follows : for a given
|2

(they are actually allowed to depend on )\E»N

observable a, the average > ,cv, a(x)|¢§-N) (z)]* is close to (a),( for most indices

J
j. Tt follows similarly from Theorem [L3] that Y=, ey, K (x,y)wj(»N) (x)wj(»N) (y) is close to
(K) ) i for most j. One of the subtleties of the result is that the indices j for which
this flOldS may a priori depend on the observables a, K. If we wanted to have a common
set of indices j that do the job for all observables (whose number is exponential in N),
we would need to have an exponential rate of convergence in Theorems [Tl L3l As is
seen in the case of regular graphs and W = 0 [7], our proof gives a rate that is at best a
negative power of the girth, which is itself typically of order log N. So, the result is far

N) +ino

from showing that |¢J(-N) (z)|? is close to the uniform measure in total variation.
Note the presence of the extra parameter 79, in comparison with the case of regular
graphs [9] [7]. This is due to the fact that, generally speaking, the quantities (a) AN
J

and <K>/\(’N)+m0
J
bounded in the limits N — +o0o followed by 79 | 0 (as a result of (A13) and (Green)).

are not necessarily bounded as 79 J. 0 for fixed N. They will however stay

1.3. Understanding the weighted averages. In order to clarify the relevance of Theo-
rems [T and [[.3] we now investigate the meaning of the quantities (a) 1.y, and (K)x; 1iy,-
Let us start with Theorem [Tl A good illustration is to choose ay = 1, the character-
istic function of a set Ay C Vi of size = aN for some o € (0,1), say o = %

In the special case where (Gy) is regular and Hy = Ay, and also for the anisotropic
model treated in [7], the Green function g} (Z,7) does not depend on N, as it coincides
with the limiting Green function G7(Z,y). Moreover, G7(z,Z) = G7(0,0) for all & € Dy.
It follows that (Iay)x;tine = DacAy % = a. So Corollary implies that
\\HAN¢§N) |> ~ o for most 1/1](.N). This shows that most 1/1](~N) are uniformly distributed, in
the sense that if we consider any Ay C Vi containing half the vertices, we find half the
mass of |]¢§N) 2. As we show in the next subsection, such interpretation is also valid for
the Anderson model.

For general models, we cannot assert that (Ia y )i, = o Still, we prove in Section [A.3]
that there exists ¢, > 0 such that for any Ay C Viy with [Ax| > aN, we have

L. L
( 7) 7]0161(10,1) ]{fIE)I;O)}gIl< AN>)\+Z7]() = 4C

Combined with Corollary [L2] this implies

Corollary 1.4. For any a € (0,1), there exists co, > 0 such that for any Ay C Vi with
|An| > aN, we have

e e <) = o
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(N)H2

Hence, while in the simple case had H]lAszj ~ « for most wj(»N), in the general

case, we can still assert that H]l,\]\,?/)](»N)||2 > co > 0 for most ¢§N). This indicates that
our theorem can truly be interpreted as a delocalization theorem. The bad indices j (for
which H]lAN¢J(-N) | < cq) will a priori depend on Ay.

We now turn to the general averages (K),,. Recall that <I>N (Z,9) = Im 7y (@.9)

Y sepy MIN(E,3)
We will show in Section [A.3] that under assumption (BSCT), we have

(1.8) — Z Im g™ (z,2)  — E(ImQAer“(o 0))

Z‘EVN N—ro0

uniformly in A € Iy. This already shows that <I>£/V (Z,7) is of order 1/N, since the denomi-
nator in its expression is of order N. We strengthen this observation by proving that for
any continuous F' : R — R, we have uniformly in A € Iy,

(1.9)
] Img)Hrino 0,v
Z Y F(NOY,, (@ y))N_—QME( 2. F(E(Imgwns(o,;))))'

J:EVN y,d(y,x)=k v,d(v,0)=k

This says that the empirical distribution of (N <I>J7V (:E,g)) (when z is chosen uniformly

at random in Vi and y is then chosen uniformly among the points at distance k£ from

Im G7 (0,v)
E(Im G7(0,0))
distance k from the root o). This is a second way of saying that @{/V(j, ) is of order 1/N :
when multiplied by N, it has a non-trivial limiting distribution.

x) converges to the law of ( ) (v being chosen uniformly among the points at

1.4. Case of the Anderson model. It is important to check that the models covered
by the assumptions of our main theorems are not reduced to the case of the laplacian
on regular graphs, already treated in [9] 24] [7]. Here we consider the important case of
the Anderson model on regular graphs, i.e. the laplacian with a random potential. We
will show that, if the strength of the disorder is small enough, then the assumptions of
Theorem [Tl and [I.3] are satisfied for almost every realization of the potential.

Let T, be the (¢ + 1)-regular tree. Let v be a probability measure on R, supported

n [—A, A], and for every € > 0 let v, be the image of v under the homothety = +— ex
(ve is now supported on [—€A, eA]). Let Q = RT¢, and define P, on Q by P, = ®ueT, Ve-
Given w = (wy) € Q, define W¥(v) = w, for v € Ty. Then the {w,}yeT, are i.i.d. random
variables with common distribution v.. Here € € R is fixed and parametrizes the strength
of the disorder.

Let Gy = (Vn, En) be a (deterministic) sequence of (¢ + 1)-regular graphs with [Viv| =
N. This means that GN = T, for all N. Let Qy = R~ and Py = - Prevy Ve ON Qn.
We denote Q = [Inen Q2n and let P. be any probability measure on Q having P§; as a
marginal on the factor Qy. Given (wy)nyen € 5, so that wy = (Wz)zevy € N, we define
W®N (z) = w, for x € V.

The results of this section are proved in a companion paper [11].

Proposition 1.5. Suppose (Gn) satisfies (BST). Then (BSCT) holds for P¢-almost

every realization of the potential. More precisely, for P¢-a.e. (wn) € 5, the sequence
(GN,W¥N) has a local weak limit Pe which is concentrated on {[Ty,0,WV¥] : w € Q},
where o € T, is fizred and arbitrary. The measure P acts by taking the expectation w.r.t.
P, that is, if D = q+ 1, then

[ o PG 0 WY ARG, W) = [ ([0, W) dPL(w) = Bl F([Tyr0,W))].
9. Q
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From now on we make the following assumption on the random variables:

(POT) The measure v is Holder continuous, i.e. there exist C,, > 0 and b € (0, 1] such

that v(I) < C,|I|® for all bounded I C R.
The following proposition is by no means trivial, it comes from the results of [33] 4].

Proposition 1.6. Fiz 0 < Ay < 2,/q. There exists €(Xg) such that if |e] < e(Ag), then
assumption (Green) holds for the measure P. of Proposition on Iy = (—Xo, Ao)-

Corollary 1.7. If the graphs G form an expander family and satisfy (BST) and if the
disorder € is small enough, the conclusions of Theorems L1 and[L.3 hold true for Pc-a.e.
realization (wy) € Q, with IT1 = (—Xo, \o).

This gives a rich enough family of examples where the assumptions of Theorems [T.1]
and [[.3 hold true. Thus the conclusions of the theorems hold for any observables an, K.
If in addition K is independent on the disorder, some extra averaging takes place, and
we may replace (K)xj, by a simpler average as follows.

Theorem 1.8. Assume that (POT), (EXP) and (BST) hold. Given (wy) € €, let
(YNY)N| be an orthonormal basis of eigenfunctions of HY = An + WN in 2(Vy), with
corresponding eigenvalues (AN)N ;.

Let Ky : VN x Vv = C, supy sup, yevy, [Kn(7,y)| < 1, Ky(2,y) =0 if d(z,y) > R,
and assume Ky is independent of (wy). Fiz 0 < Ao < 2,/q. If le] < €(Xo), we have for
Pe-a.e. (wn),

I im Y@, Kne) — (K| =0,

10l0 N—oo N
AN e(=2o0,M0)

where for v € C\ R
~ ~ 1 EJImgG7(z,y
110 (P = Y K@DE@D) ol 500 = 5 e
z,yeVN

As in the previous theorems, if R = 0, the 1; are arbitrary, while if R > 0, we assume
the v; are real-valued.

For the Anderson model, E. (Im G” (v, w)) depends only on d(v,w) : Ec (ImG"(v,w)) =
E. (ImG"(0,u)) where u is any vertex of T, such that d(o,u) = d(v, w).

In the special case R = 0, we have (an))" = + Y zevy a(z). So choosing ay = 1,
Theorem [[.§] implies the strong form of delocalization given by the uniform distribution
of w](N) on Vy, as explained in Section [[.31

1.5. Relation with previous work . Our main Theorem [[.3] holds for deterministic
sequences of graphs and potentials. For any sequence (G, W) satisfying the assumptions
of the theorem, the conclusion holds for any observable K; in particular, K may depend
on the graphs. As already noted, the result only says something about the delocalization
of “most” eigenfunctions, where the “good” eigenfunctions exhibiting delocalization may
depend on the choice of the observable K.

In the past years, there has been tremendous interest in spectral statistics and delo-
calization of eigenfunctions of random sequences of graphs and potentials. Many papers
consider random regular graphs, with degree going slowly to infinity [46} 27, 13| 14] or fixed
[31, 15], sometimes adding a random i.i.d potential [31]. In particular, the very impressive
papers [13} [14], 15] show “quantum unique ergodicity” for the adjacency matriz of random
regular graphs : given an observable ay : {1,...,N} — R, for most (¢ + 1)-regular

graphs on the vertices {1,..., N} we have that SV, aN(:U)|¢J(-N) (x)|? is close to {ay) for
all indices j. This is a considerable strengthening of Corollary (or of the similar result
in [9]), that only says something for most indices j. This possibility to prove QUE is, of
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course, due to the fact that ay has to be independent of the choice of the graph. It might
well be that a positive proportion of graphs contradicts QUE, if we were allowed to choose
observables ay depending on the graph (this is a completely open question).

When “ergodicity” of eigenfunctions is tested numerically as in [2] 3], it is natural to first
pick a realization of the graph and of the potential, and then test the eigenfunctions one by
one to determine if they can be localized in small parts of the graph. It is then natural to
allow the test-observables to depend on the graph and the potential (which our Theorem
L3 does, but not the results of [I3, [15]), but also on the index j of the eigenfunction,
which neither of the rigourous mathematical results achieves. The numerical results of [3]
seem to indicate that, as soon as a random disorder is turned on, the eigenfunctions will
be localized in small parts of the graph. This is not in contradiction with our results :
the region of localization of ¢jN might depend on j, but our result does not allow to test
this. Note also that the results of [2 [3] were recently questioned in [45], where the authors
argue that N has not been taken large enough to see the delocalization take place.

The paper [12] proves a very important result, saying that if +); is an “almost eigen-
vector” of the adjacency matrix on a random regular graph G, then for almost all G and
all j, the value distribution of ¢;(z) as  runs over {1,...,N} is close to a Gaussian
N(0, 0]2) with o; < 1. Proving that o; = 1 is a challenge; it would amount to proving that
eigenfunctions cannot be localized in small parts of the graph. Our result does not say
this, again because we can only test one observable a at a time. The indices j for which
Corollary proves delocalization depend on a. If we wanted to have a common set of
indices j that do the job for all observables (whose number is exponential in V), we would
need to have an exponential rate of convergence in Theorems [[LT] T3l Our proof gives a
rate that is at best a negative power of the girth (itself typically of order log N).

Finally we would also like to mention the paper [2I], where existence of absolutely
continuous spectrum for percolation graphs on the (¢ + 1)-regular tree is proven, if the
percolation parameter is close enough to 1. Since the absolutely continuous spectrum is
mixed with purely discrete spectrum, one cannot expect a quantum ergodicity result that
claims delocalization of most eigenfunctions, but only a “partial delocalization” result for
a positive proportion of eigenfunctions. These are the contents of [21, Theorem 9]. It
would be nice to investigate what the methods of our paper would give for that model.

1.6. Outline of the proof. We borrowed the name “Quantum Ergodicity” from a result
about laplacian eigenfunctions on Riemannian manifolds [44) [47] 25| [48]. The proof in the
setting of laplacian eigenfunctions on manifolds is made of 4 steps, of unequal difficulty .
These 4 steps are also present in our proof :

Step 0. Define the quantum variance. The goal is to show that this goes to 0 as N — oc.
A novelty of our proof is that we replace the usual quantum variance (I0.I]) by a “non-
backtracking” one (3.3]), where we replace the eigenfunctions 1; by eigenfunctions f;, [ of
a non-backtracking random walk (Section[3). These new f;, 7 are thus eigenfunctions of a
non-selfadjoint problem. This causes new difficulties, that however will be compensated by
the fact that the non-backtracking random walk has simpler trajectories than the “simple”
random walk generated by the adjacency matrix A.

Step 1. Show that the quantum variance is controlled by the Hilbert-Schmidt norm of
K. Although this is obvious for the original quantum variance, this will be much harder
for the “non-backtracking quantum variance” (Section [l).

Step 2. Due to the fact that f;, f satisfy an eigenfunction problem, the quantum
variance is invariant under certain transformations (Section [0l).

Step 3. One should see behind these transformations the emergence of a “classical
dynamical system”. In the setting of laplacian eigenfunctions on manifolds, this is the
geodesic flow. Here, what we get is a family of stationary Markov chains on the set
of infinite non-backtracking paths (Section [6] Remark [6.1]). This step has been called
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“classicalization” by U. Smilansky in a private conversation; this is supposed to mean the
opposite of “quantization”.

Step 4. Iterate the classical dynamical system, use its ergodicity to show that the
quantum variance is small (Section [@)). Here, the ergodicity of our Markov chains (more
precisely, the fact that the mixing rate is independent on N) comes from the (EXP)
condition.

There is an additional step that does not exist in the traditional setting :

Step 5. Translate the result for the “non-backtracking quantum variance” (involving
fj» f7) into a result for the original one, involving the t; (Section [0]). Assumptions
(EXP), (BSCT) and (Green) are used to show that the transformation sending ; to
5, f is well-behaved in the limit N — +o0.

2. BASIC IDENTITIES

2.1. “Quantization procedure” on trees and their quotients. Let G = Gy, G =
(V, E). Most of the time we will drop the subscript N in the notation. As in Section [[2]
we regard G as a quotient: G = F\é, and let 7 : V — V denote the projection. Fix a
fundamental domain D C V for the action of I' on V. Then |D| = |V|.

Each edge {zo, 21} € E, gives rise to two oriented edges e = (29, 21) and é = (21, z)
in the reverse direction. We let o, and t. be the origin and terminus of e, respectively.
We then let Bl, or simply B be the set of all such oriented edges of G. More e generally,
let Bk be the set of non-backtracking paths of length k£ in G. By convention, BO =V.If
w = (zg,...,zx) and ' = (x(,...,2}) € By, we write w ~ o' if Ty = T1,..., L)y = Tk
and (o, ...,z 2},) € Biy1.

These notions descend to the quotient. We denote by By := F\Ek the set of non-
backtracking paths of length k£ in G. By convention, By := V. For k = 1 we let B = Bj.
The set By, is in bijection with the subset D) By, of elements having their origin in D.

Let 74, = CBr (the complex-valued functions on By), J# = @, and Hsy =
DE_o . -

It will be convenient to identify CP* with the I'-invariant elements of CP* or with
cP®. For K € A, and (xg, ..., x) € Ek, we will sometimes use the short-hand notation
K (zg; ) for K(zg,...,x). This is justified by the fact than on 5, the endpoints (zq; zx)
determine the path (zg,...,x) uniquely. We will also use this short-hand notation on
By, although in that case one should keep in mind that K (zg; ) actually depends on the
full path (xq,...,zx).

Any K € (regarded as a I'-invariant element of (CBk) may be used to define an

operator K on the space of finitely supported functions on V with kernel (d,, K 5 ) eE) =

K (v;w). It also defines an operator K¢ on CV, with kernel

zy) =Y K(&7y-7),

vel’

where z,7 € V are representatives of z,y € V. The map K € J4, — K¢ is a priori not

one-to-one. However, if pg(x) > k, then Kg(z,-) determines K (Z, ) uniquely. To see that

K € 74, — K¢ is surjective, consider k : V' x V' — R supported at distance k from the

diagonal, and let K (7,7) = k(7(%), 7(9)) Lgist(z,5)<k (Y € T, dist(Z,v - §) < k})~!. Then

K¢ =k and this coincides with the lift (.6 except at the few points where pg(x) < k.
Define the non-backtracking adjacency operator B : CB — CPB by

(2.1) (Bf)(zo,a1) = > flan,z2)

z2€Nz, \{z0}
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where N, means the set of neighbours of z. Then an element K € J; may also be used
to define an operator Kz on (%(B), with kernel

K(0b1§tb2) if Bkil(bl, bz) 7é 0

0 otherwise.

<5b1aK§5b2>£2(§) = {
Thus <5b1j(\~5b2>£2 ) # 0 only if there is a non-backtracking path of length k in G
starting with the orlented edge by and ending with by.
Finally, K € 44, also defines an operator Kp on CB , with matrix Kp : Bx B = C
given by

B(b1,ba) = K(bi;y
~yel’

where by, by € B are lifts of bi,b2 € B. By linearity, this extends to K € J%,.

Note that if K € 77, then (Y1, Ka¥2)e(v) = Y(o,....z0)e B, ¥1(20) K (20; 2x)P2(zy) for
any ¢; € ¢2(V). Similarly, if f; € ¢*(B), we have

(2.2) (f.Ef)em = Y,  filze,x1)K (zo; z) fo(wp—1,21) ,

(z0,...,xx)EBK

2
(2.3) KB flam = > Y K(zoyzw)f(ar—1,zx)|

(x0,21)€B " g ; (v2528)

where o 1 (wasay) SWMS Over all (z9;x)) € By_o such that xo € NV, \ {zo}. Alternatively,

we may simply sum over (zg;xg) € Bji_o but decide that K(zg;xr) = 0 if the path
(xo,...,xx) back-tracks.

Remark 2.1. The maps K — f(\, K f(\g, K IA(E and K — IA(B associate an operator
to a function on the set of paths. It is tempting to view this as a form of “quantization
procedure” as those used for quantum ergodicity on manifolds.

2.2. Green functions on trees. Assumption (BST) says that our graphs have few
short loops, in other words, that most balls of a given radius look like trees. One of
the ingredients of our proof is that the Green function on trees satisfies certain algebraic
relations, that follow from the fact that removing a vertex (or cutting an edge) from a tree
suffices to disconnect it.

Here we recall some standard facts that hold for an arbitrary tree T' = (V(T), E(T)),
endowed with a discrete Schrédinger of the form H = A + W acting on ¢2(V(T)), where
A is the adjacency matrix and W : V(T') — R is a bounded function. Given v € C\ R
and v,w € T, the Green function is denoted in this section by

G(v,w;7) = (8, (H =) Sw)e2 v (1)) -

If v ~ w, we denote by T("*) the tree obtained by removing from T the branch ema-

nating from v that passes through w. We define the restriction H®!")(u,u/) = H(u,u’)
if u,u’ € T and zero otherwise. The corresponding Green function is denoted by
g(”|“’)(-, -57). We finally denote

-1

G(v,v;y) = -~
()

and  (J(v) = =" (v, v37).

Later on, we will apply these results for (T, W) = (Gy, Wy). In this case the (full)
Green function will be denoted by g}, (z,y), and the restricted one by (J(y). In the case
(T,W) = (T,W) (the random coloured rooted trees of assumption (BSCT)), the Green

function will be denoted by G7(v,w), and the restricted one by () (v). As a general rule,
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the objects defined on the limit (7,)V) will wear a hat * to distinguish them from similar
objects defined on (G, W) (see also Remark [A3).

The Green functions on trees satisfy some classical recursive relations; the following
lemma is proved for instance in [I0]. Given v € V(T'), we denote by N, its set of nearest
neighbours.

Lemma 2.2. For anyv € T and v = E +in € C\ R, we have

(2.4) v=W()+ Z ¢J(u)+2m) and ~=W(v)+ Z ¢ (u) + 0
v weN\{w} b

For any non-backtracking path (vo;vg) in T,

k—1
T Hj:O ’l,)yj+1 (vj)

(2.5) G (vo, vg; ) = oml, :
(2.6) G(vo,vk;77) = (g (v0)G(v1,v;7) = ), (k)G (vo, v—1;7) -
Also, for any w ~ v, we have
(27) Q) = ™% Yw) and CY(w) = 2m]
2. T(v) = —=(J(w) an — () (w) =2m] .
mi Cur(v)
For any v,w € T, we have
(2.8) Gv,w;y) = G(w,v;7).
Neaxt,
| Im ¢ (v)|

(2.9) > \ImQ(U)’:W—W

ueN,\{w} w
Finally, if U ,(w) = Im G(v,w;7), then for any path (vo,...,vx) in T, k> 1,
(2.10) Wy w0 (Vk) = G, (V) W0 (V—1) = Im () (vk) - G(vo, vk—157) -

Corollary 2.3. Given v € C\ R, for any vo,v; € T, vy ~ vy, we have

(2-11) \I]’y,vl (Ul) - C;/o (Ul)\y'y,vl (UO) - C;/o (Ul)\y’y,vo (Ul) + | 170 (vl) |2\II"/7UO (UO) = | Im 170 (1)1)| .

Also, for any non-backtracking path (vo;vi) in T, k > 1, we have
(2.12)

\I/%Uo (Uk‘) - C;/l (UO)\II%M (Uk) - Cgk_l (Uk)\pv,vo (Uk—l) + C;/l (UO)Cgk_l(Uk)\IH,vl (Uk—l) =0.

Proof. By @I0), Wa.u(v1) = G, (01) ¥y (v0) = I, (01)Go0, v0;7)- As Wy, (v0) =
U, 4 (v1), we thus get using (2.6]),

(2.13) G (v1) W0, (v0) — |6, (01) P W0 (v0) = Im ¢, (v1) - G(wo, v157) -
Next, since G(v1,v1;7) = Gégf’(zy;’) and Cﬁltvo) = (3 (v1) 4+ 2m],, we have

(2.14) G(vr,v137) = Gy (v1) G (o, v157) +2m) G(vo, v157) = ¢y (v1) G (v, v137) = (G, (v1)
=)
U,y (v1) = Im ¢ (v1)[Re G(vg, v1;7y) — 1] + Re ) (v1) ¥y (v1)
and thus
U0 (V1) = Gy (V1) Wy (v1) = Im G (v1)[Re G(wo, v157) — 1] — i Im ¢ (v1) Wy (v1)
(2.15) — T ¢, (00) G0, 01 7) — T ¢, (vn)
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This completes the proof of the first claim, by ([2.13]). Next, we use again that W ,,(v1) —
0 (V1) Wy 0 (v0) = Im ¢ (v1)G(vo,v0;7y). In addition, by (215,
O (00) [ W (v1) = €, (1) Wy (v0)] = Im € (01) [, (v0) G (v, v137) = GO (vo)]
= Im ¢, (v1)G(vo, 05 7).,

where the last equality is proved as in ([2.14]). This proves the second claim for k = 1.
Now let k > 2. If we apply (2.10) with v; instead of vy and use (2.6]), we get

o (00) Wy (V&) = G (V0)CD,_, (V) Wy (1) = Tm () () - G (vo, Vk—157) -
The second claim for k& > 2 now follows by (Z.10). O

We conclude by recalling the fact that for Lebesgue a.e. A € R, the Green function has
a finite limit on the real axis almost surely.

Proposition 2.4. There exists a Lebesgue-null set A C R such that, to each A € & :=
R\ A, there is Qx € 2 with P(Qy) = 1, such that if [T,0,W] € Qy, then the limit
G(v,w; A +140) := lim, o G(v,w; A +in) exists for any v,w € T.

Proof. Fix [T,0,W]. By [10, Lemma 3.3, there is a Lebesgue-null set 7,y C R such
that for any A € &7 = R\ Aoy, G(v,w; A + 10) exists for all v,w € T. Let
D ={([T,0,W], ) : the limit does not exist}. Then

(P® Leb)(D) = /9D’A Leb(Dpr.001) AB(T, 0, W),

where D7, = {A € R : ([T,0,W],\) € D}, Since Dy, € A7 0], We have
Leb(D(7 o)) = 0 for all [T, 0, W]. Hence,

0= (P® Leb)(D) :/RIP’(QA)d)\,

where Dy = {[T,0,W] € Z2* : (IT,0,W],A) € D}. It follows that P(D,) = 0 on a
Lebesgue-full set 2. Taking {2\ = D completes the proof. U

3. THE NON-BACKTRACKING QUANTUM VARIANCE

Our strategy follows the one discovered in [7]. We find a transformation turning the
eigenfunctions of A+ W on G = I'\G into eigenfunctions of a “non-backtracking” random
walk. The new operator is not self-adjoint, but this difficulty is superseded by the fact
that the trajectories of non-backtracking random walks (on a tree) are much simpler than
those of usual random walks.

The notation is the same as in the introduction except that we drop the subscript N.
Suppose (1) is an orthonormal basis of eigenfunctions for H = A+ W, say H; = \j1);.

Fix ng € (0,1), let ; = A; +inp and let

filwo,z1) = G (1)~ (1) — (o),
where (J(y) = —g%‘x) (y,y;7y). If B is the non-backtracking operator (2.I]), we have
(BCW fi)(mo,m1) = Y [h(w2) — G (w2)j (1))
z2€Nz; \{z0}
1
= [N\ (@1) = W) (1) — i (@o)] — ¥j(@1) |7 — W) — T
0

= fj(xo, 1) — ino ¥j(z1),

where we used ([2.4]). Hence we get

(3.1) BV f) = fi — ino T4
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where 74 : £2(V) — £%(B) are defined by

(T-¢)(x0,21) = ¥(x0) and (T49)(zo, 21) = P(z1) .
In [7] it was possible to set g = 0, and (B1]) said exactly that f; was an eigenfunction of the
weighted non-backtracking operator B¢ for the eigenvalue 1. At our level of generality,
we do not know if (%% is well-defined on G'y. We have to work with 79 > 0 and let 79
tend to 0 only at the end of the proof, after N has gone to co. Hence, f; is not exactly
an eigenfunction, and our formulas will contain error terms of size 7y that we will need to
estimate precisely, to show that they disappear as N — o0, followed by 7 | 0.
Similarly, if we put

fi (o, 1) = G (o) ™Mby (o) — bj(x1)

we note that f° = ¢f; where ¢ is the edge reversal involution, and we get
(3.2) B*(eCV f7) = f7 —inoT-1; .
Let I be an open interval such that I C I;. We define for K € 74,

1 *
(33 Vatly o (K) = 5 32 |07 Ko )]
)\jEI
The dependence of this quantity on 7 is hidden in the definition of f;, f7. The scalar
product (-,-) is on £2(B) endowed with the uniform measure; cf. ([2.2)).

Remark 3.1. We call (33)) “quantum variance”, in analogy to the quantity bearing this
name in quantum chaos. However, there are some significant differences :
e we use the functions f; and f; instead of the original ¢;. They are (quasi)-
eigenfunctions, respectively of the non-selfadjoint operators B{Y and B*u(%.

e if K is the identity operator Id, we do not have the normalization Varflbmo (Id) = 1.
In fact, in the models treated in [7], we have Var! (Id) = 0, which means that

nbﬂ?o=0
fj and f are orthogonal.

e we did not take the square of ’< Ii.Kp fj>‘ in the definition. This is purely tech-
nical, the square will appear later when we apply the Cauchy-Schwarz inequality.

We will need to extend (B3] to operators K that depend on the eigenvalue A; in a
holomorphic fashion, as spelled out in the following definition. Note that K also depends
on N, also this tends to be implicit in our notation. We let C* = {~ € C,Im~ > 0}.

Definition 3.2. Assumptions (Hol).
We assume that v +— K7 = K}; is a map from v € C* to J; such that :

e For 19 > 0, for each N and (z¢; z}), the function A — K 70 (z4: 2;.) from R — C
has an analytic extension K, to the strip {z : [Im 2| < 79/2}.

e Given no > 0, we have SUP N SUPRe ze1y,| Im z|<no/2 SUP(z0;21) |K]§f,n0(x0;xk)| < +00
and SUpy SUPRe »c 1, | m 2|<n0/2 SUP(zoszx) [0 K R o (03 T1)| < +00. We write || ]|y,
for the maximum of these two quantities.

e For all s > 0,

1 .
(3.4) sup limsup sup — Z |K AT (20 21)|° < +00.
meée(0,1) N—+oo Aely (z0;1)E By

If v — K7 is holomorphic on C*, then it obviously satisfies the first point of the
definition with K,,(z) = K*T"". For instance, if K7 (z¢;z)) has the form 3,5 aEZ()),xk)*y",
then we see that A — K 0 (zg;2) extends to Ky, (z) = 3,50 aEZgM)(z + inp)". Note

that, although v + K7 is not holomorphic, its restriction to an horizontal line is still a
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real-analytic map R 3 X\ — K0 (xzq;x;), as it possesses an analytic extension given by
2 Y >0 agzg,mk)(z —ing)™. So K7 will satisfy (Hol) if K7 does.

Conditions (Hol) are stable under the sum and composition of operators.

We extend (B3] to this setting, by letting

b (K1) = = 2 |1 K5 1)

Ae[

(3.5) Var

Most of the paper is devoted to showing :

Theorem 3.3. Under assumptions (EXP), (BSCT), (Green), if K" € J, has the
form K7 = F, K for the operators F., in Corollary then

. 7y
Tl]t%Nl_lglOOVarnb o (K7) =0.

These v — F, K satisfy (Hol). The fact that this implies Theorem [[3] is proven in
Section [0 that may be read independently of the proof of Theorem [B.3l

4. STEP 1 : BOUND ON THE NON-BACKTRACKING QUANTUM VARIANCE

Given v € C*, we introduce a norm on each .74, k > 1, defined by

! [T G, (20)] , |G ()l
4.1 K 2 —_ # . K x ;x * A.
(4.1) | Hw N (xo;geBk ‘Cgl (1.0)’2 | K (z0; k)| ’kail(mk)‘z

We denote by (-, ), the associated scalar product. The reason for introducing the weight

W will be apparent in Section [ The aim of this section is to prove Theorem .11

Here, we assume that I = (a,b), with [a,b] C I;. This implies that there is 7, such that
(@ —2n,b+2n) C I for all n < nyp. We then assume that n < min(n/2,14p)-

Theorem 4.1. Under assumptions (BSCT), (Green), if K7 € 4, satisfies the set of
assumptions (Hol), then for any interval I = (a,b) as above,

b+2n o4
lim lim sup Var! K")* < D|I] lim lim lim su / KA )12 d.
1040 N oo b Vatun. ? d 1040 70 N 00 P —2n | Ao

In the scheme of 1.6l this corresponds to Step 1. This is more complicated than usual,
due to the fact that we have replaced the orthonormal family (¢;) by non-orthogonal
functions (f;), (f;), and also because K “depends on A;” in (B.5]).

Denote Iy = [—(A+ D),A+ D]. For A € R and 79 € (0,1), let

| Im ¢Fo0 () |1/2

A\ +ing (an $1)

2™ (o)
Then denoting v; = A;j + inp, we have
1 - .
Varnb 170 PY) < % Z Ha’Yj a’Yng]fjH
N )\J‘ el

42) < (w5 (2 fomE )"
el el

We check at the end of the section that

(4.3) vlyﬁ%lfvn_lilif — Z Ha»yflf] <D-|I|.

We now introduce an approximation x of 1; by an entire function, by the usual convo-
lution procedure.
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Fix 0 < n < /2. Let ¢(x) = ﬂ1—1/26_$2 and denote ¢ (z) = e 'é(x/e). Let x be the
convolution x = ¢,3/> * Iy on R. Then x extends to an entire function on C given by

1 2/.3
_ —(z—y)
(4.4) x(z) = peTEmye /Ie (=v)*/n” qy.

Note that 0 < x(z) < 1 for z € R, and |x(2)| < € for |Im z| < 5*. We assume 7 is small
enough so that x > 21; and [x(z)| < e /7 on {z € C: |Imz| < n, d(Rez,I) > 2n}. We
finally note that |%(t1 +ity)| < Cy~3e™ for any z = t1 + ity with t; € Iy and |ta] < n*.

By (4.2)) and (4.3) we have

1
(4.5) lim sup Varl,, o (K")? < lim sup | S ZX ) o, Ky fil*.

N—o0 N—oo

Now by (2.3]), we have

o, KE fiIIP = > S o, (o, w1) PEY (w0; 2) K (w05 yi)
(wo,21)€EB (x2;%1),(Y2;yk)

G () " 0 (@) — vy (@re )]G () ™ 05 (ye) — ¥ (k1))

where (zo;zr) = (x0, 21, T2,...,2%), (xo;yx) = (To,21,Y2,--.,Yk) and with the conven-
tion that K% (zg;x,) = 0 if the path (xg,x1,z9,...,x) backtracks. The function A —
2= —1m &, (wo)

|tAtino (T0, 1) TR extends analytically to the rectangle Z = {z € C: Rez €

Gy ™ (@0)=¢5) "™ (o)
26" (20)¢5, ™ (o)
We denote this by o (0, 1) (which is not the same as |a;4ip, (w0, 21)|?). The same is
true for the other ¢ terms. We denote the extension of A — KA0 (14 25 ) KA (20 9.
by K7 (o; K, yr). Again, if (zo;yx) = (%o; k), this is not the same as | K00 (05 21, )|2.
However, see Lemma [£.4] to compare both.

Given z,y € V and z € C\ R, let

[—(A+D+n),(A+ D +n)],Imz € [-n* n*} through the formula

G (5,y) = (60, (H — 27 16) oy —Z%A ¥i()

z

be the Green function of H on the finite graph G. Then by Cauchy’s integral formula,

1 N
NZ i) llow, K f11% = 5N i > > x(2)ag, (zo,21)
i=1 ZCOX (20,21)€B (w234),(y2:01)
9% (@K, Yk) 9% (Tk, Yk—1)
(4.6) K7 (xo; Tk, Yk) - ‘ — — -
" [ T (@) e (k) ot ()
(@1, k)

— + g% (zp—1,Yx-1)| dz.
kajIIO (yr) }

We now observe that the integral over the vertical segments of the contour do not
contribute as 1,7y | 0. More precisely,

Lemma 4.2. The integral 5= cop F'(2) dz in ([A8) may be replaced by 2Z;N(f£+22;’ F(\+
n*) dA fb+2n F(\—in*)dX\, up to an error term at most Ck,D,AUo_Sn_ZHKH%O —1/n,
Proof. The error is the integral of F'(z) on the two vertical paths {Rez = —A—D—n,Im z €

[=n,1]}, {Rez = A4+ D +n,Imz € [-n*,7%]}, and the four connected components of the
set {Imz=n* Rez € [~A—D—n, A+ D+n]\ (a—2n,b+2n)}. On these pieces, we know



FROM SPECTRAL TO SPATIAL DELOCALIZATION 17

that |x(z)] < e™/". Moreover, |K (zo;zk, yk)| < [|K||2, and |aZ| < Cp ang® by @4).
The Green functions and ¢ terms may be bounded by 47, 2p—1. A factor Ck,p comes from
the number of paths, divided by N. O

Our next aim is to lift this expression to the universal cover G.

Lemma 4.3. Denote z = A+in*. Given R € N*, there is dg ., > 0 such that the integral
2mN b+2n F( )dA in Lemma[{.2 may be replaced by

b+2n
2’L7TN / Z Z Z X(Z)O‘ZO (xo, 1)

pG(20)2dR,k,n T1™T0 (22;21),(Y23Yk)

, @k Uk) @k Uk-1)  TF@—1,0k) | 22y~ -
KZ (.%'O, T, yk) . |: z+in0 ~z—in0 - Z+ino - z—ino + gz (xk717 ykfl):| d)\ s
Ce C ek e}

<d
where () = (J, 1(35k) and Cg; = (j,_,(yk), up to an error term (—’7—#{%(%]2, Rk} +

+)Ck.p,AMg 5||KH2 e’
b+2n F( )dAX in Lemma [[.2 may be replaced by

Similarly, 227r N

b+2n _ _
ZmN / > > > x(®)ag, (w0, 21) K7 (20; Tk, yk)

pc(20)>dR,k,n T1T0 (x2;2k),(Y23Yk)

@) @) F@1,08) | -5
[ Z+ino pZ—ino Z+imo - Z—ino + 9 (Tr—1, Ur— 1)} dA
e G Z

up to an error term (#{pc(mjzdek ! + )Ck D,ATlg 5HKH2 e

Proof. We approximate A — g)‘+i774 (z,y) by a polynomial. Let h,(t) = —(t —in*)~! and
choose g, with ||k, — ¢yllsc < %. Then [|hy(H — X) — ¢y(H — N)|| < &, so g™ (z,y) —
an(H =N (z,y)] < % for any x,y and A. So replacing each g’\“"4 (z,y) by ¢,(H — X)(z,y)

-5 5
Ck,p,an, "IIK [I5,€"

in the sums gives an error term B as in Lemma
Let dg, be the degree of g,. Suppose pg(xo) > dr, + k =: dp . Then it is easy to
see that ¢,(H — X)(zk, yr) = ¢y(H — X)(Zk, Uk), c.f. Lemma[A.l The same holds for the

other edges (z1,yx—1) and so on. The terms with pg(xo) < dgrp,, bring an error term

—#{pG(xojide”“’}Cm. Finally, we replace the qn(H A)(&,§) by g (z,§) which yields

. Chg
again an error of the form —2
This proves the first statement, and the second one is proven similarly. ]

We continue to simplify the expression and record the following.

Lemma 4.4. If we replace o (xo,21)K7 (w0; 21, yx) and afm(ﬂ:o,xl)Kso(xo;xk,yk) n

Lemma [{.3 by ]az+mo(x0,ml)]2Kz+“70(xo;xk)KZH"O(xo;yk), then as N — oo, the error

4

we get is at most Cy, p, AN, 7HKH2 e . We may also replace x(A +in*) by x(\), modulo

the asymptotzc error Cy.p A1y ||K\|n0677577. Finally, we may replace each Cf:im by Cj:im

and Cz 1o Cz "0 modulo an asymptotic error Ck7D7A77077HKH%Oe’75774.
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Proof. We start with a; (w0, 1)K, (z0; 2k, yr). Denote e = (xo,71) and (J = ¢, (o).
We note that

Cz—ir]o _ Cz—i—ino Ci—ino _ Cz—i—ino
e e e e

2Z'Cé5+i770 CEZ*WIO 2Z'C§+i770 Cf*ino

0z, (0, 21) — [+ (g, 1) 2| =

|<ez+mo |
2

1 1

Ceifino Cezfino

CZ*iWO _ Cifino
e e

-3
< CD,AU()

< Cp,ang®|z — 2| = 2Cp ang °n*,

where we used (2.4]) in the first inequality and the resolvent identity in the second one.
Similarly, K#+0 (zq; 25, ) K20 (20; 43 ) is the same as K7 (205 Tk, Yk ), but with each z—ing
replaced by z — ing. It follows that |K} (wo; %k, yx) — K#Hm0 (g5 2 ) K20 (205 )| <
2 5up 0. K (vo; 01) | sup | K (v0; vg)] |2 — 2| < 4| K2, n. Hence, o, (v, 21) K7, (03 7, ) 15
the same as |z4iy, (T0, 21) 2T (30; 25) K #1070 (203 yx,), modulo CD,AU65||K‘|%OU4- This
error is further multiplied by the function y. Bounding the ¢ terms by n,? and |x(2)| by
e’75, we end up with an error term at most

b+2n Cp amy || K2, e’ nt Ain?
’ 3 S 18 (@ Ga)| A
/(1_277 N . . \g ( k yk)’
(zo,z1) (z2;28),(Y2;Yk)

and a similar upper bound for each term involving gkﬂ'"“. Since I, = (a—2n,b+2n) C I,
we may use Remark to deduce that the integrand is uniformly bounded over \ € I,

by Ck,D,Ana7‘|K||370€n5774 as N — oo. Note that |I,)| < |Io| = 2(D + A).

This proves the first claim. The second claim is similar, for example |a7 (0, 21) —
a0 (20, 21)|?| < Cp,ang 2|CZHM0 — ¢ZH0| < 20p ang °n*. Moreover, K (203 21, Yi) i
the same as K90 (xq; x3,) Km0 (2q; y5,) with each z+ing replaced by Z+ing, so the proof
carries on. For the the third claim, note that [x(A £ in%) — x(\)| < sup,c |§)—$X2(z)| ot <
Ce™n. For the last claim, |(¢ZE0)~1 — (¢Z¥im0)~1| < 2Cp. ang*n* as we previously saw

. > L
when analyzing ag , so we get a similar error. O

By virtue of Lemma .3 and 4] denoting z = A 4 in*, we know at this stage that the
expression (4.6]) may be replaced by

1 b+2n 9 i _—
Z Z XAz ping (To, 1) ["KZT (20; 28) K0 (205 Y )

(wo,21)€B (x2;%K),(Y2;YK)

Im 3 (Fe, k) T3 (e Grt) TG (Fr 1,

TN a—2n

Cez:ino Cz—mo g:ino Cifino

€k

!
€k
We now make the expression more homogeneous as follows:

Lemma 4.5. Assume we have made all the replacements in Lemma [{-) If we finally

replace each of the four Im G (Z,4) by Im g=+™0 (%, ), then the error term wanishes as
N — o0, followed by n | 0, followed by ng | 0.

Proof. We only analyze the first error term, the other three are similar.
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Choose p, g, r such that % + % + % = 1, and use the Holder’s inequality,

1 b+2n . e —
=) SY Y XK (g ak) K0 (g )

—2n pc(20)2dR g,y T1T0 (22;2),(Y2;Yk)

‘042-%-"10(9507951)’2

Ce z+ino CZ 10

(Tm g7 (&x, Ge) — Im G717 (i, Gix)) d)\’

5

1/p
< LN (/ > > ’KZH"O(%;$k)Kz+i"°($o;yk)’p dA)
(

z0,21)EB (z2;21),(y2;Yk)

1/q
|@-vino (20, 21) 7|
() 2, 5 [meniin)

20,21)EB (z2;2k),(y2;Y%)

1/r
X </ > > ’Img (Zk, ) — Im GZH0 (&, G ) dA) )
(33071‘1)63 (:BQ,:L‘;C) (yg,yk)

Here [ = fb+2n The first sum is bounded by D*~! S (o) By, T (o5 )|, As-
sumption (Hol) on K implies that

1 .
sup lim sup N Z |K>‘+”’4+”7° (z0; 1)) [*P dX < +o00.
10,1 N—o0 (z0:ak)E By,

Next, by Remark [A.3]
lim — Z v ting (T0, 1)
N—o00 N Ce -Hnogz o

(33071'1 EB (33271'1»@) (y2ayk)
(:Bo;fl‘k) (

,(Y0;yk),T0o=y0=0

21q

dA

‘é‘z+zno (w0, 71)]
Ce z+ino CZ o

2q
dA

and the RHS is uniformly bounded in 7,79 € (0,1) by Remark [A4l Finally, again by
Remark [A.3] we have

REN B SIS ST CR SRS TR ER Al

(%0,21)€B (z2;71),(Y2;Yk)

= /E < Z ’Imgz(vk,wk) — Imgzﬂm(vk,wk)’r) dA.
(vosvk)

,(wo;wy,),vo=wo=0

We check that the RHS vanishes as 7,70 | 0. Let XJ° = Im G0 +10) (1 ) —
Img)‘+in4(vk,wk), XM = Tm G0 (v, wy) — Im GM0 (v, wy,) and Y = Xjo — X",
Denote Y o, w, = D (voivr),(wowy),wo=wo—o- FOr any M > 0, we have [EY>,, ., [Y°]" =
fEZUk’wk ’Ynm’rl\Ynno\gM + IEZUk,wk ’YnnO‘T1|Ynm\>M'

By Proposition 2.4l Y, ., [Y;°|" — 0 for Lebesgue-a.e. A € R and P-a.e. [T,0,W] €
FTPA as 1 4 0. So the first term tends to 0 by dominated convergence. For the second, for
any s > 1, [EY,, [Vl Lymosp < = JES 0 [yrls < MCSS = by (Green). This
vanishes as M — oo. Thus JEY v V0" = 0asn | 0. Similarly, [EY",, ,, [X™]" —
0 as no | 0. Since | X" < 2"~ 1([Y;0|" 4 |X™0|"), it follows that [E 3, w, X" — 0 as
n | 0 followed by 79 | 0. O
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By virtue of Lemma .5, denoting ¥, ,(w) = Im g7 (v, w), the term in parentheses (4.1
may be replaced by

Uoting,in U8)  Worrino,iy Gr—1)  Vertino,ar_r (Uk) N
(4.8) (Cz s g; e s - R - Wi, (Tr-1) ] -
€ €L !/

€k

Recall that e, = (zx—1,2%), €, = (yg—1,yx) and that there are non-backtracking paths
('IO, L1, Tp—1, ,Ik) and ('I(]a Z1y- -5 Yk-1, yk‘) Moreover, pG('IO) > dRJ],k > k.

Suppose ¢}, # e. Then there is a path (v, . .., vs) With vg = T, V1 = Tp—1, Vs—1 = Jk—1
and v; = §. Taking the complex conjugate in (I?:[ZI) noting that W, (w) is real, we

z+m
‘I xk 10($k)‘

see that ([8) is zero. If e = ¢}, (ZI1)) tells us (£8)) equals NETEE
Tk—1

Since pg(zp) > k in Lemma [£3] the paths (xo,z1,29, - ,2x) and (2o, z1,Y2, " ,Yk)
are determined by e and e}, respectively. So the terms in the sum are only nonzero
if (zg, 21,29, ,2) = (x0,21,Y2, -+ ,yg). Hence, if we make all replacements in Lem-
mas [£4] and [£5] modulo the errors appearing in these lemmas, the expression (4.6]) finally
takes the form

1 b+2n

N KFTino
TN a—2n Z Z Z |a2+“70(x0,x1)| | (,I(] xk)|

pc(10)>dR g,y TI™TO (z2;5T))

\Im CZFimo (1) 1 rb+2n
z+f7];0 1 g dAs / (et ||Z+ino di,
Ik 1 (xk‘)’ T Ja—2n

where we used that x(A) < 1 on R. Collecting all estimates on the error terms, taking
N — o0, then 7 | 0, then 19 | 0, then R — oo, we finally get + Z;V 1 xX(A ~)Ha%KijH2 <

- ;:L;]n |[E=tmo)2,,,  dX. Recalling @5), if we prove [@3), then this will complete the
proof of Theorem 411 _
We have [[@0; 512 = Eoenen g w [ [5(0) — G2l (wo)ypy (1) [*. Repeating the

same arguments, we see that modulo snnpler error terms, we have

Y mrs 2 [ Y > o
,\ el E TN Ja—2n pa(z0)>dR. ) T1~T0 z+m0( 0)
[ Weing,30 (F0) — C;j—mo(xO)\I]erino,:h(jO) — G (20) W ying 2 (F1)
+ [T (0) P Wy 3 (81)] A
The term in square brackets is just |Im (ZF(zg)| by 2II)). Hence, using x(\) < 1 we
get % Sonel ||a_,yj_1f;||2 < w for any small > 0, and (3] follows.

5. STEP 2 : INVARIANCE PROPERTY OF THE QUANTUM VARIANCE

In the scheme of §I.6] we are now in Step 2 : using the functional equations (B.1])
and (B.2) satisfied by 5>}, we show that there are certain transformations R, . : s M =
CBr — 1), = CBrr that leave the quantum variance (3.3]) unchanged.

Recall from Section Bl that B(¢? f;) = f; — ino 745 and B*(«.( f7) = fF —ino7—v; if
v = Aj +1inp. So

(BCW)? fj = BEY f — inBCY Ty = fi = imo (I + BEW) 74

Tterating r times,
r—1

(BSW) f5 = f;—imo »_ (B ) orpah; .

t=0
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Similarly

n—r—1

(BN = =g Y (BRC) Ty

/=0
If we define for 7 < n and v € C\ R the operator R} . : 7} — H, by

(R;/L,TK)(xo; Tryk) = G (20)Ca (1) -+ Gy (Tnr 1) K (T Ty k)
: C:anmk (l“n—r+k+1)gn,r+k+l (Tn—rykt2) - C;Hk,l (Tnyk)
we thus get

(f;'k, (R;/LJ,TK)Bf]> = Z [(B*LCW )n—rf]*] (T, T 1) K (Tn—p; Tn—ryk)

(xnfﬁxn—r-kk:)

: [(BCW/J )rfj] (xnfrJrkfla xnfrJrk)
= (B 7, Kp(BCW) ) = (7, K f;) — Onyrj(no, K)

where O, , ;(10, K) is an error term that should vanish as 1 | 0 :

r—1 n—r—1
Onaj(mo, K) = ino Y _(f, Kp(BO) b)) +img > (B 1) 71, KB f;)
t=0 t'=0

r—1n—r—1

5y Z (B*C9)! r_apj, Kp (B ) rahy) .

t=0 t'=

Since this holds for each 1 < r <n and K = K7, we get by the triangular inequality

Zonr,j 770a '

(5.1) Varl, o (K7) < Varl, o ( ZR )

We first show that the latter term may be neglected.

Lemma 5.1. Suppose K7 € 4, satisfies assumptions (Hol) and let I C I,. Then for all
n €N,

1 n 2
EZ n,r,j 7707 ‘) =0.

lim lim sup (

2 2 .
Proof. We have (% Yy er|: Y0, On,r,jl) < Ly (% 0er10nrgl)”. Now, letting
as above v; = A;j + inp,

2 r—1 2
( > |on,m»|) < nScn,r{z (32 | KB B9 )| )

)\jEI t=0 )\jEI

=S (3 [(B) . &3 1))
t'=0

A el
+ g Z ( Z ’<(B*LCW)t,T_1/Jj, KE(BCVJ)tT#/JjM )2} ;
tt  AEl

2
where ¢, = n+r(n—r). So it suffices to show that lim sup (% Soaer ) \) is uniformly
bounded in 79 for each ¢,t'. For the first term, we have

(% 15 KE B ) < v 3 I 51 3 o, K (B P

)\EI )\EI )\6]
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The first sum is uniformly bounded as 7y | 0, by [@3]). Next, by (23]), we have

llow, KF (BO i | = > ST o, (o, 21) PEY (zos )

(w0,21)€EB (z2;71),(Y2;y%)
- K (w03 yk) - [(BE?) 7y thj) (w—1, ) [(BEO) by (-1, Uk »

Arguing as in Section M, applying Lemmas to @4l we get for z = \ + in?,

—Zu 2 K (BON) b5 S > > >

_9 —
AjET a=n pc(20)>dR k,t,n T1T0 (23T k4¢),(Y2;Yk4t)

XN |Qrping (0, 1) PE T (20; 2 ) K0 (20 )

3 b+2n

j:m‘)(xkﬂ)---Cj:f?fl(xk+t)§§:’"°(yk+1) Gt Y)W gy, (Frre) AN

Using Holder’s inequality as in Lemma 5] we see that as N — oo, this quantity is
uniformly bounded in 7, 79 by (Hol) and (Green). One bounds + DN |K Y f;]|? similarly.
Finally,

~ Z 1(BC) s> = Z > (o) PICa (z0) - - G2, ()]

)\ el )\ el (J:(),xt/+1)
3 b+2n

S v 2 X)Wz (20) €57 (20) . G2 () [P X,

N J,_
2 (2024, ) e (@0)2dp

which is asymptotically bounded using Holder’s inequality again as in Lemma O

Using the invariance law (5.1)), Theorem @I with K7 = s, R} K7, and Lemma[5.1]

we deduce the following statement :

Proposition 5.2. Under the assumptions of Theorem [{.1],

lim lim sup Var! K7)?
1040 N—>+£ nb m( )

b+2n
< D|I] lim hmhmsup/ dA.
a

Z R)‘“ 1 +10) g A+i(n* +no)
n0l0 nl0 Nooo Ja—2n

r=1

n A+i(n*+1m0)

6. STEP 3 : A STATIONARY MARKOV CHAIN APPEARS

Denoting v = A + i(n* 4 19) in Proposition [5.2] we are now concerned with estimating

1 Z" 2 Z”
(61) E R;YLJ.KPY — ﬁ <7?,fy K RZL 7./ >
r=1 ~ rr/=1

Suppose r > r’, so that n —r < n —r’. Then

1 [ Im ¢, (o)
(R7 K, R:L,T/KM =N Z W €2 (o) - - - Cln_r(xn—T—l)P
(Io;xn+k)€Bn+k Z1 0
‘Czn ik (1’n,r/+k+1) T C;/n+k_1 (wnJrk)’Q

: K(xnfﬂ xn—r-{-k) anfrﬁ»k (xn—r-i-k-i-l) T an_r’+k—1 (mn—r’-i-k)
| Im C{’L‘yn+k,1 (l‘n_l’_k)|

|<;Byn+k71 (mn-l—k) |2

: C,Iyn—r-ﬂ (.%'n_r) o C,Iyn_,n/ (xn—r’—l)K(xn—r’§ xn—r’—f—k) :
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. Im ¢, -
Letting m1 = Im~y, 2.9) tells us that Y, en; \(z,} [Tm(F, (z0)] = % —m1. Simi-

Im G2,y o @ntk—1))
‘C;/n+k_2(xn+k71)|2 —m- By

larly, we have Zmn+k€/\/—zn+k,1\{mn+k72} | Im C;{n+k71(xn+k)‘ =

iteration, this induces some simplifications :

1 [T ¢,y (@nr)
(6'2) <RZ,TK7R:/L,T’K>7:N Z Sy K(xn—r;xn*ﬂrk)

2
(mn—r§5’3n—w+k)€Bk+r—w |<1'n—7‘+1 (-’Enfr)|

' K(xn—r’; xn—r’-{—k) : C:;:yn,r+k (xnfrJrkJrl) t C:’vyn_T/_Fk_l (xn—r’—l—k)

¢y, @)
Lnor!th-1 |2 _Onﬂ’ﬂ”(nl’K)’

: an—wrl (mn,r) e an—r’ (xn—r’—l) :

|<gn,rl+k,1 (xnfr/qtk)

with the error term

_m
On,rr n, K Z Z |$S+1( ) i gnfr($n7r71)|2

=1 (zs;zntx)

: |<;n—1"’+k (ﬂjn_rl_l’_k_l’_l) e C;/n+k72 (ﬂjn+k_1)|2 : | Im an«kkfl (l‘n_l’_k)|

- K(Tn—r; Tn—rik) anfwrk (Tn—rtkt1) - C;n—r/+k—1 (Tn—r+k)

: C;/nfrjq (:Cn,r) T an,rl (xnfr/fl)K(xnfr’Q xnfr’Jrk)
n+k—1

m \ImCln_r (Tr—r)|
+N Z Z v -

2
Stk (i) (S ()]

2
‘C:L‘n -k (xnfr/‘f’k‘f’l) e 628/71 (1'3/)’

K (T Trmrik) Gy Tk 1) G (T k)
i (@) - C:Zn_w (@n—r 1) K (Tpprs Ty k) -
The expression is slightly nicer if we replace K by Z,K defined by
(6.3) (ZyK)(wo; ) = Gy (1) -+ G, (@) K (o3 k) -

If v — K7 satisfies (Hol) then so does v — Z,K7. Using (7)), we get in that case

1 T ¢ (@)
6.4 RY Z KA/,R’Y I K, = — n—rt1
(6.4) (R}, Z,K"\ R 2K )y = = > R e r—

(xn—T;mnfr’Jﬁk)eBkarfr

: |<33n—7‘ ($n77-+1) e anf'r’ﬁ»kfl (xn—T,+k)|2m¥n—rK’y(xn7T; xn—r-{—k)
: mln,r,f(v(ﬂﬁn*w; Tp—r/tk) * Ugy, oy (Tn—r) - u;:/nﬂ, (@n—r7—1)

[ Im (7 Tn—r'+k)|
. B

Ly /4 k—1 (

_ O ’ 7’]172 K'\/ ,
|<¥n—r’+k_1 ($n_r/+k) n,r,r ( o7 )

where u)(y) is the complex number of modulus 1 given by

(6.5) wI(y) = GGy

Let us define a positive measure p] on By by

(6.6) g [(zo; )] = [Gao (@1) - Copy (@) -

‘mxlcl'o( )‘2 ‘kafl(xk)‘z
Let us also introduce the operator
2 (@) e
(6.7) (SwK)(xo;z1) = M Z | Im ¢ (w—1)| udo (2—1) K (x_1;25-1) -

| Im Cl'l ('IO)| x,léNxo\{xl}
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Then, using (2.7) again, we see that (6.4)) takes the nicer form
1 o
(68) (R} Zo K R 20K )y = <o AS0 VKT m K ) ) = O o, 24 K7)

where we let (mYK)(z;y) = m)K(x;y). Let us also define

2
(6.9) (SyK)(zo; ) = M Z [Tm ) (1) K(x_1;28-1) -
7 | Im ¢, (20)| N\ o1} ’

Such operators would be called “transfer operators” in ergodic theory, or “transition ma-
trices” in the theory of Markov chains. Note that &, has non-negative coefficients and
that S,» just differs from S, by the “phases” uj,(z_1). The effect of adding a phase to
a stochastic operator is a much studied subject in the theory of Markov chains, or more
generally in ergodic theory (see Wielandt’s theorem [36, Chapter 8], or in the context of
hyperbolic dynamical systems [37, Chapter 4]).

v 2
The matrix elements of S, are given by S,(w,w’) = 6 (o) )||IH1 Cho(r—1)| if w =

[Tm ¢7, (o
(zo; 21), W = (x_1;2-1) and W’ ~ w, and Sy (w,w’) =0 otherwise. Recall from §2.1] that
if w= (zg; k), we write W’ ~ w if W' = (z_1,20,...,2%_1) for some z_1 € N, \ {z1}.

Note that S, is substochastic : Y, ecp, Sy(w,w’) < 1 for any w € By, by (2Z9). More
precisely, if w = (zo;z) and 9 = Im~ > 0, then

(6.10) > Syw,w)=1-19

w'EBy,

€7, (z0)[?
Mm@ (wo)|

Taking the adjoint in ¢2(u]), a direct calculation gives

2o (@R)]?
(SyE)(@os ak) = 5 > [ Tm ¢ (@t1)| K (213 Th41) -
| Im (4, ()| Tp1E€ENz, \{zp—1}

The adjoint 87 is also substochastic, with

(6.11) S S3ed) =1 -y O

. ww)=1—-n————.
P 0 G, (o)

Remark 6.1. By (29, for any (xg;xr_1) € Bx_1, we have

(6.12) > p (o3 )] < gy [(w03 1))
mkeNzk_l \{zgr—2}

and for any (x1;x) € Bi_1,

(6.13) oo l(@oi )] < gy [(w15 )]
o€Nz, \{z2}

In (B.I) we take v = A +i(n* +10) (c.f. Proposition 5.2)), and thus 7; = Im~y = n* + 1.
In the limiting case m; = 0, (6.12)) and (6.I3) turn into equalities. Equation (6.12]) is then
the Kolmogorov compatibility condition : it tells us that the family of measures () may
be extended to a positive measure (actually, a Markov measure) on the set By, of infinite
non-backtracking paths. Equality in condition (6.I3]) means that this Markov chain is
stationary. This stationarity is the property that makes the measures p1] nice, and this is

the reason for introducing (somewhat artificially) the weight ﬁ?ﬁiﬁﬁ in (4.J).

This family of stationary Markov chains (indexed by ) is in some sense the “classical
dynamical system” that we were seeking for in §I.6l

Since 11 = n* + 1o is non-zero (but small), we do not actually have exact equality in
(612) and (GI3]). This causes some error terms that we need to control as 1,7y — 0.
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7. SPECTRAL GAP AND MIXING

In this section, we convert the expanding assumption (EXP) into an estimate on the
rate of mixing of the “Markov chains” (x]) defined in ([6.6). Every transitive Markov
chain is mixing, but here we need estimates that are uniform both as N — 400 and as
~ approaches the real axis.

A technical difficulty is that the measures (1)) are not a priori bounded from above,
and the transition probabilities are not bounded from below as v approaches the real axis.
Peaks of (u]), as well as small transition probabilities, tend to “disconnect” the graph
and are bad for mixing. So we will need to show that there are few peaks and few small
transitions (Proposition [7.6]).

Let v] = W,uz be the normalized measure. We denote by ¢2(v]) the set ¢%(By)

endowed with the scalar product (f, g>”Z = > weB, v (w) f(w)g(w).

We anticipate the calculations of Section [I0, where we will need to consider the non-
backtracking quantum variance of operators K., of the form K, = F,K where K is
independent of «, and F, : J, — J4 is a 7-dependent operator for some 1 < k£ <
m + 1, having the form F, = Evd_lSTm %7, 5?, U;’, (9;7, 73;-’, j > 2, or a polynomial
combination thereof. See (I0.3] M0.4] M0.14] M0.8] 10.9] 00.I0) for the definitions. In the
case JF, = md—lsm, the operator depends on an additional parameter T' € N*, that has
to be taken arbitrarily large in Corollary [10.4]

Comparing with (6.8]), this means that we will need to deal with (S, "K VK7 Wl where
now K7 = B,K, K is y-independent, and B, = m“’Z;l}"y 2 Ay — I,

For simplicity, the calculations below are written for £ = 1. This suffices for our
purposes, as we shall see in Section[@ Like in the statement of Theorem [[3] we will always
assume that the y-independent operator K satisfies || K||o := sup, yev [K(z,9)| < 1.

The main results of this section are the two following propositions, that estimate the
norm of &, on proper subspaces. We call F' the space of functions f on B such that f(e)
“depends only on the terminus”, that is, f(e) = f(€') if t. = to. The first proposition
estimates the norm of S, on the orthogonal of F', and the second one estimates the norm
of 83 on the orthogonal of constant functions.

We denote by ¢2(By,U) the set £2(B;) endowed with the scalar product (f,g)y =
+ S een, f(€)g(e). Let Pry be the orthogonal projector on F in ¢2(By,U) :

1
d(te)

(7.1) PryK(e) =

K(€).

e tor=te
We use as a “reference operator” the transfer operator S defined by

S:*(B,U) — (*B,U)
1 /
Sfle) = me(e)

e/~e

where ¢(x) = d(x) — 1. Both S and S* are stochastic, if the adjoint of S is taken in
?2(By1,U). The influence of the spectral gap assumption (EXP) on the spectrum of S is
studied in [8] and we will use these results below.

We denote Q = S*S and Qy = S?*S2. Note that Q(e,e’) = 0 unless there exists e’
such that e ~ €’ and €’ ~ €”. In this case, we say that [e, €'] is a pair; [e,€'] form a pair
iff they share the same terminus. The set of pairs is denoted by P(Bj).

Proposition 7.1. Let ByK € . Let w = Pp. ,ByK be the orthogonal projection of
B,K on FLin (2(v]). Then for any M > 0 we have

ISy wllZy < (1= 3/4M72) - w3y + Cnoaa (By) - [ K13,
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where

M—l

(12) Cyu(B)= s e Y Qo) ByK(e) - ByK()P
K llo=1 [e,e’|€ Badp(M)
M7 Y (OB K () - PruB,K(e)l.
e €Bad(M)

The sets Bad(M) of bad edges and Badp(M) of bad pairs of edges will be defined in
the course of the proof. They correspond to the aforementioned peaks of 1] and problems
of small transition probabilities. If there were no bad edges and bad pairs, Proposition
[Z.1] would be a genuine spectral gap estimate.

Proposition 7.2. Let ByK € 7. Let w = Py ,B,K be the orthogonal projection of
B, K on 1t in (2(v]). Then for any M > 0 we have

[S2wl2, < (1~ M~2e(D, B)) - ]2y + COnara(By) - K%

where c¢(D, 3) > 0 is explicit and depends only on D (upper bound on the degree) and the
spectral gap B of (EXP), and

Mfl

Onmpa(By) = sup — > Qa(e,€')| By K (€) — ByK ()|
K loc=1 le,e’|€Badp(2,M)

+ M2 Z V?(e)]BvK(e) _PI,UBVK(G)IQa
e €Bad(M)

where Py 17 is the orthogonal projector on 1 in ¢*(By,U).
The quantities Cn,a(B5), Cn,m,2(By) are estimated in Proposition [Z771

Proof of Proposition [7.1l Let Q7 = 838, (where now the adjoint is considered in 20)).
The operator Q7 being self-adjoint on ¢2(v]) is equivalent to the relation
(7.3) v (e)Q(e,€') = v] () Q7 (¢ ¢)

for all e, ¢’ € B;. Note that Q7(e,e’) = 0 unless [e, €] is a pair.
Define D7(e) = 3 o QV(e,€’) <1 and M7(e,e’) = DV(€)de—er — Q7 (e, €’).
Then using (.3]), we have the Dirichlet identity

(7.4) —Zyl 1D (e,e)|K(e) — K(e)|> = (K, MTK)

We observe that for any K € ¢2(v]),
(7.5) 1S K [y < 1Ky -
Indeed, denoting (-, -), := (-, -),», we have [|S; K|? = (K,QK), and (K, MK), > 0 by
Dirichlet, so | K|? > (K, D"K), > (K, Q"K), as claimed.
Remark 7.3. The Dirichlet identity shows that
F={KcCB . MK=0={KeCP:(I-QK=0}.

Remark 7.4. If J L F in (*(By,U), then (J,(I — Q)J)y > 2 || J|%.
Indeed, (746,,J)y = 0 for all y € V, so >, J(z,y) = 0 for all y € V and thus

(QJ)(x0,21) = (S§*8J)(wp, 21) = ZE&2T)  As min g(z) > 2, we get |QJ|y < L[|J]|v and

q(z1)?
the claim follows.
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Fix a large M > 0. We call e € By bad if v{(e) > &. We call a pair [e,e'] € P(By)

bad if v{(e)Q" (e, ') < MTA We call Bad(M) and Badp(M) the sets of bad e and [e, ¢/],
respectively.
To prove Proposition [T}, we first note that by (Z4), and letting K., = B, K,

(7.6) J[wly = ISywll} > (w, MTw), = (K, MTES),
=5 > Qe ¢)K,(e) — Ky(e)

[e,e’}eP(Bl)

Mfl
> oON Z e, 6/)‘Kv(e) - Kv(e/)’2
le,e’|€Badp(M)

N | —

M—l

= M~YE,, (I - QK )y — Y. Qe d)Ky(e) - Ky,
le,e’/]€Badp(M)
where we used Q(e,e’) < 1. By Remark [T.4]
<K“/7 (I - Q)K7>U = <Kv - PFvUKw (I - Q)(Kv - PFyUK’Y)>U
3
2 1 1Ky — PF7UK7”%/-
Now

(7.7) HK’Y - PF7UK7”2U > Mt Z V?(e)’Kv(e) - PFvUKﬂ/(e)‘Z
e ZBad(M)
:M_l”Kﬂ/_PF,UKVHE_M_l Z V?(e)‘Kv(e) _PF,UKV(Q)‘Z
e €Bad(M)
> M7 |- M7 Y v(e)lKy(e) - PruKy (o).
e €Bad(M)
We used that [|K, — PruK, |2 > ||w||? since w = Pp1 (K, — PryK,). The result is
obtained by putting together (7.6) and (7.7). O

Proof of Proposition [7.3. We now let QF = 53 *S% (where the adjoint is taken in £2(v])).
Then QJ(e,e’) # 0 iff there exists €’ e, €] such that e ~ e ~ €’ and € ~ €] ~ €”.
We denote the set of such pairs [e, €/] by P2(B1) and let MJ(e,e') = Dobe—er — Qa(e, '),
where Da(e) = Yo Q5 (e,e’) < 1.

Fix M > 0. We say that [e,€/] € Py(By) is bad if v{(e)Qa(e,e') < MTA We call
Badp(2, M) the set of bad pairs in Py(By).

The proof is then exactly similar to Proposition [[.1] replacing the space F' by the space
of constant functions and using [8, Theorem 1.1] instead of Remark [7.4l O

Later on, we will need to iterate the result of Proposition [[.2] considering S%g instead of
ng. Since &7 is not exactly stochastic, Sy does not preserve the orthogonal of constants.

Y 2
Still, we can iterate (G.11]) to get S:;ll = 1—m S, 8 °¢7, where &7 (zo, 1) = Gy ()

 Im gy ()]

Hence, for any K we have <1,S£,K>V = (1,K), —m (X2} §3°¢7, K),. Denoting
201

ZK =) 8K, Z)K =0,
s=0

we see that if K 1 1, then S%lK +mZ K 1L 1.

Proposition 7.5. Let K € J;,. Let w= Py. ,B,K be the orthogonal projection of B, K
on 11+ in £2(v]). Then for any M > 0 we have
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-1 -1
_ 2/2
182wl < (1= M2e(D,B)) " |wlly + > Cnara2(B) 2K oo + 2 Y 120w, -
=0 =1

where Cn a1.2(By) = CNMQ((S2 +mZ)Py1,,B,).

Proof. The proof is by induction on ¢. This holds for £ = 1 by Proposition Assume
the result holds for £. If w L 1, we have just seen that (S2° +n1Z)w L 1 in £2(v]). So
using Proposition and (7.0,

IS5 wl, < [185(S3 +mZowll, +ml|Zew],
_ 1/2
< (1-M72¢(D,p)) NS+ mZowl + Cnaren(By) Y2 1K oo + mil| 2wl
Since ||(S$€ +mZwl| < HS,%EZUH + 1| Zew||, the claim follows. O
The rest of this section is devoted to estimating the “bad” quantities.

Proposition 7.6. Under assumptions (BSCT) and (Green), for any s > 1, there exists
Cs such that for all M > 1 we have

Badp(M
sup limsup sup yf(Bad(M)) < C,M™*  and limsup #aip()
me(0,1) N—oo Re~v€&lr,Imy=m N—oo N

Proof. We have v (Bad) = v]{e : v](e) > %}, so

< O,M~5.

N s+1 1
v{(Bad) < M~°N* Z vi(e)v](e)® = Mfs( ) — Z pi(e)*t.
e€B1 ( eeBl
Recalling the definition of x] (6.6]), and using Remark [A23] we get
N st 1 )+ 1 )+l
) ¥ 2 10" S L w2 )

6631 o'~o

uniformly in Re~ € Iy, for any fixed Im~y = ;. By Remark [A.4] this is bounded by some
constant Cs. The second assertion is proved similarly. O

Proposition 7.7. For allt € N,

Cnm(SinBy) <

()3 (Z Vf(e))l/g (Zvl (> \Bxe,w)r)ﬁ)l/g
)

4> 1/2

+ 2M 20} (Bad(M))'/? (ZV (Z|B (e,w)]
vi)(e 1/4 14
raar i (maony (3 P DEE) T (570 (S o))

€ €

where (Pruvd)(e) = gy So, s, 17 (€), and

(7.8) Cn.2(ShB-)

-1

s 1/3
< 2]\]/{[ #Badp(2, M)1/3 (Z y{’l(e)> (; V?(e)(z ‘37(67“})’)6)

+2M 2] (Bad(M))* (Y v

=2
—
@
~
/N
oy
2
—~
o
S
=
N~——~"
I
N——
—
~
no

)
g
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Similar estimates hold if B., is replaced by Py1 B, where Py. , is the projection on the
orthogonal of constants in ((v]).

We first deduce the following corollary. Recall that the operators 7 from Corollary [10.4]
depend on a parameter T' € N*, and B, = mVZ,Y_lffy. In this section, T is fixed, but will
be taken to +oo in Section 10

Corollary 7.8. For any s > 0, there exists Cs T such that, for all M,

sup limsup sup sup C’N7M(SZWBV) <CsrM™*
m€(0,1) N—oo Revy&li,Im~y=mn teN

and

sup limsup sup sup CN,MQ(S},B,Y) <CsrM™°.
7 €(0,1) N—oo Rev€l;,Imy=m teN

Similar estimates hold if By is replaced by Py1 ,B.
Proof of Corollary[7.8 This will follow from Propositions and [ 7] if we show that

1
(7.9) sup limsup sup N2 < +00
m€(0,1) N—oo Revyel,Imvy=m g V;/(e)
e
(7.10) sup limsup sup PR (Z | B (e, w)]) < +o0
me(0,1) N—oo Revyelr,Imvy=n ¢ "
(¢ =4,6,8) and
. 1 1 YN, Y (S
(7.11) sup limsup sup Z vi (e (") < 4o00.

(N A+ )2
me(,1) N—oo RereliImy=m <~ V1 (€) d(te) tor=te,ton=te

For (Z9), we have by Remark [A.3] that

2 1 Ze:u'l . 71

= 0,0')

uniformly in Rey € I, for any fixed Imy = 7;. So the claim follows Remark [A.4]
Similarly, using é < 1, (CIJ) is uniformly bounded by

1 0 /\ ~ 1 /
E (X oo ft (0 0))E</Z ) ZNNO/ m/ﬂ(o ,O)MY(O ,0)) .

o' ~o0 o' ~o’ 0
We next consider (ZI0). We only treat the cases B, = ?—:EVd*IST7y and B, = ?—:’7’“’, as
they capture all difficulties. We start with B, = ?—:EVd*ISTﬁ.

Let f = — @ 4nd g = —1 where N,(z) = Im §7 (&, &) > 0. If

4mzN'y(x)N'y(y) 4mz<y( ) ( )N"/(y)
e = (r,y), then By(e,w) = f1 70 T2 (P28 (1) 4+ gy 57 Tos (P 2o () Heme,

3 (B, (e,w)| < Z (1721 (P20 () 4 g ZV(PSN‘SW)@D

weV weV

S (PPN ) ) + o] (PN )
s=0
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Thus,

S i@ X 1By ew)]”

weV

T-1
< @D vl @ y) (1 FE(PPAT NG ) ()] + |94 (PPd N, ) ()]),
5=0 (z,y)

which is uniformly bounded by some Cp as N — oo; see Remark [AL5l  Similarly, if

B, = ?—:7’7, then taking f¥ = % we have B, (e,e') = fY0q(e) for e = (z,y). It
follows that Y. |B,(e,€')| = | f¥|. Hence, we get the uniform asymptotic bound

(7.12) E (2 (o, o')) E (Z i1(0,0) rf::’\a> .

o' ~o o' ~o
po’ | |ﬁ7,3| — |mo| |mo| ;
Note that |fo | = \é;’(o')+%7 T RG] = < Sma by @1). So ([ZI2) is bounded
by some C using (Green); see Remarks [A.4] and [A.5] O

Proof of Proposition[7.7. An important point here is to obtain a bound that does not
depend on t. Recalling (7.2]), we first estimate

(713) Y Qe.d)|Sh B, K (e) - Sk B K (€]

le,e’|€ Badp(M)

<4y Qle,e)|SL. B _42 Sty B,K(e)|?,

le,e’l€ Badp(M)

where n(e) = Y e ejcBadp(M) Q(€,€'). Using Holder, this is less than

1/3 1 \/3
3 t 6
(Zre) (Sq) (Shes.ecer)
But again by Hoélder and the fact that Q is stochastic, we have
2
Z n3(e) < Z (Z ﬂ[e,e’]EBadp(M)) (Z Q(ea 6/)3/2) < #Badp(M) .

Next, recalling (67), [69), we have |S},B,K(e)| < (S!|ByK|)(e). As S, and Si* are
substochastic, and v (e)S% (e, €') = v](¢/)S: (€, €), we have

gpl‘ﬂBKy <Z% (Z&@ﬂD(ZQ@#N&MMW)

<ZV1 NS; e )| ByK|(€' <ZV1 By K|(]°

1/3

Collecting the estimates, we showed that (Z.I3]) is bounded by

A (#Badp(M))/3 (Z%)l/g (ZV1 (1B, KI( >])1/3.

€

For the second term in (T.2]), we have

1) Y (OIS B K(e) - PruSh ByK(e)?
e €Bad(M)

<2 Y @ ([SBEle)] + [ProsiiBKle)])

e €Bad(M)
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and again, as Sf/ and S;;t are substochastic,

1/2
S () [8EIB,KI(e)] < v7 (Bad(M W(Zu B:KI)

e €Bad(M)

Also,

S vi(e) [PruSt B, K| (e)]

e €Bad(M)
4 1/2
v} (Bad(M))'/? (ZV ) [PrusS |B,K|(e)] ) .

Using that Ppy is stochastic and Sf/ is substochastic, we have

Zyg(e [PFUS |B,K]|(e ] < Zyl )Pru (e, e) [Si\Bq/K\(e')]Ll
DN (2 1/2
< (Z [(PF;/UKQ)( ) ) <Z V] (e [St |ByK|(e )} )
2 (e)]2 1/2
() (amar)”

e

This yields the first inequality. The second one is proven similarly. O
Remark 7.9. Note that if || K||o < 1, then

2
(7.15) 1B K2 = > v mwK|%§y1(wa@m,
ecB w

SO SUp;;, ~0 M SUP N _, o SUPRe e, Tmy=m1 HB,YKHZ? < Cr by the proof in Corollary [Z.8
For a quantity A(N,~,A) depending on N,~ (and possibly on an additional parameter
A), we will write A(N,v,A) = Or(1)N—s 400,y to mean that, for any given A,

sup limsup sup A(N,v,A) < 4+00.
m€(0,1) N—oo Rev€ly,Imy=m

For instance, if ||K||c < 1, then HB'VKH,Q,;Y = O7(1)N—s400,y- This is true more generally
for ||BA,KH12/Z, with B, = Tg—:ffy s Sy — A, and F, as in Corollary [0.4]

Similarly, for the operator Z; appearing in Proposition [.5], the arguments in Proposi-
tion [L7 and Corollary [Z.8 show that [|Z;W|,7 = Oy7(1) N—+o0,y-

Finally, by Corollary [T.8, sup, Cn,u,2(S%- By) is uniformly bounded by Cs M ~* for any
M and s, as N — +00. We use the notation Op(M~*°)ny_ 1o to express this.

8. TRANSITION MATRICES WITH PHASES

We now consider the operator S~ given in ([6.7). If (M~ K)(xo; zk) = uz, (20) K (z0; 21 ),
where u) (20) is the function of modulus 1 defined in (6.3]), then Sy» = S M.

It is well known that adding phases to a matrix with positive entries will strictly diminish
its spectral radius, unless the phases satisfy very special relations : this is the contents
of Wielandt’s theorem [36, Chapter 8]. This is reflected in Proposition Bl Without the
error term, part (i) says that the norm of S, is strictly smaller than one, in contrast to Sff
(the latter only contracts the norm on proper subspaces, see Section [7]). The contraction
property of S, holds true except in special cases, described in part (ii) of Proposition B.1l
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Note that we are not using Wielandt’s theorem directly, as we want some information
on the operator norm of SZ, instead of its spectral radius. In addition, as in Section [T, we
need estimates that are uniform both as N — oo and as  approaches the real axis.

Recall from Section [7 that B, is an operator J7, — J%, with 1 < k < m. As in
Section [0 the case k = 1 suffices for our purposes, but we need more general operators
Ay A, — A defined in terms of B,. The quantities Cnar(A4,), Cn,m2(Ay) were
introduced in Propositions [(.1] and In particular, Cn ar2(f) corresponds to the case
where A, is the identity operator.

Proposition 8.1. Fiz v € C*, A\K € J4, ¢ € (0,1), M > 0 and a graph G = Gn.
Denote n1 = Im~y. Then

(i) either we have
(8.1) IS5 ALK (125 < (1= ) ALK 5 + Cwvara(4y) - K115
with
Cnar2(Ay) = max{Cnar(Ay), Cnar2(4y), Onar (Sur Ay), Onar2(Sin Ay}
(ii) or there exist 0 : V — R and constants s; with |sj| <1, j = 1,2, such that

’ e~ il0(zo)+6(z1)] |2

5
and

Nzo
e, (o) — sy, eI 0N, < ey g [V 4y (167, + 02 €712 | + Chvas

u, (o) — 2

<eap [ +m € g + 2 NE1%] + Chvar

-
L6}

" 2
where & (xg, z1) = |I|f§<(7 Ei\l)l Y= (m3)(m2)"! and Chm = %%2(1)

Moreover, there is an explicit f(5,D), depending only on the spectral gap 3 and
on the degree, such that cprp < f(8,D)M3 as M — +o00.

In particular, in case (ii),
(82)  [ud,(e0)ud, (20) — srsal% < denrs [ €7 g + 2 1€7I% ] +4CH

Proof. (a) We start with some preliminary inequalities. Denote (-, ), = (-, >l,;/

Let 6; = 3]\4 2, K, = A K and let w = Pp1 K, be the orthogonal projection of K on
Ftin (v ) By the proof of Proposition [T.1]

(w, Mw),, > 81w} — Crvar(A)) [ KI5
By Remark [.3] and the fact that MY = M7, we have
(w, MTw), = (Ky, MTK,), < HKWHZ - ”S“/K“/Hg-
So if f = PrK, = K, —w € F is the projection of K, on F', we have
(8.3) 1 = FIE < 60t (112 = IS4 B 117 + Cnvar (ALK I3 ) -

Similarly, if d, = M ~2¢(D, 8) and C'1 = P;|K,| is the projection of |K,| on 1, then using
Proposition [T.2] we get

(8.4) 11K = C12 < 65" (K112 = IS 1K 2 + Cnara(A) K%, -
Now
' — |1 Ky Hu

<HK . Hf 16 L

'P 1 L A= 1Ll
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(this is true even if f vanishes, if we give an arbitrary value of modulus 1 to TJCL\ in this
case). Also,
AT = 1Bl 2, < HESE= 1L, + HES = 1K (L1,
and
ST = 1IN, < 11Ky = fll -

Finally, || |5, — 1Kl 1], < | 1] = C 1, + 1Kyl — €1 <2 11K, | - C1],. Putting
all these inequalities together, we obtain
(8.5)

- 1K, Hu < 2( Ky = fll, 2] K5 = 1,

1711,

Comparing with (83) and (B4), this says the following : if ||S2 ]K |, is close to || K,
and if ||S, K., ||,, is close to || K ||, then K., must be close to || K- ||, L

that depends only on the terminus. R
Repeating the arguments of (83) with M,»S,~ K, instead of K, then taking f =
PpM Sy Ky € F, we get

(8:6) 1My Sur ISy = fIE < 81" (IS B [17 — 1S5 517 + Onvar (S A 1K) -

Tk where f is a function

Similarly to 84), if C'1 = P|S,» K|, we get
51017 < 5—1 2 2 2 2
18001 =€) < 8 (18812 = [[8218u 15, |+ CovaralSin A KL )

Finally, arguing as in (83]), we have

(8.8) HMmSmK | K H,,

<2 )]Mmsum — ||, + 2|18 Kl = C| 11l = 1180 Kl

(b) We can now start the proof itself. Suppose (i) is not true :
IS5 511 > (1= )2l K5 |15 + Cvara(Ay) - K12

Using (|8 Ky lly < [[Sur Kyl = (185 M K |13, 1S3 By [l < 1S5 1 [l = (1S5 [ Mo K5 1,
1S5 K|l <1182 [Sur Ky ||l and || Ky ||y > [|Sur Ky, We see that we must also have

= 0% -

KA = 18y Mo K |17 < 22 | Ky [|2 — Cvara(Ay) - 1K1,
1K N12 = (182 [ Moy K ||| < 22 || K5 |12 — Crvoar2(As) - | K12,
1Sur Ky lI2 = 1182 18 K |17 < 22 |Sun K |12 — Cnovaa(Ay) - 11K 12
as well as
1Sy By |12 — (1S Ky || < 22 [|Sur Ky [|2 — Cvar2(Ay) - 1K |2, -

Applying ([83), (84) and [B3) to M, K, instead of K, and f = PrpM,~K,, it follows
that
2

(.9) HMK 1 L] < 166+ a5y e 5 2.

Lf1],
Applying B.0), (8.7) and (B.8) yields

(8.10) HMmSmKW KL

/]

2
< 24(07" + 0y ) e 15 + 3e - (17

v
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As f, f € F, we have T%@O,M) = ¢9(@1) and rf%(ﬂ:o,xl) = ¢?'(*1) for some 6,0 : V — R.
Note that in this case, (S,YTfL‘)(xo,xl) = 0(@0) — &7 (21,20)e®0) | where £V (xg,x1) =
‘Ca’cy()($1)|2

m. Applylng S’y to (m), we thus get
2
+ 23 €715 - 1K1

v

S M I — | S, L

f
< 32000 40y e KI5+ 20t €717 - 1 12
Applying M~ and comparing with (8I0), it follows that

(811) |[uZ, (wo)e@ — ') 2

. 2
|80 By = 1K e |” < 2

<(2x324+2x24) (07 +05Y) e+ 42 || €72 + 6¢.

v

Repeating the procedure with K, replaced by S,» K, and f replaced by f, the same
arguments show that there exists ” : V' — R such that

(812) ‘ u’%l (xo)eie'(zo) _ ei@”(rl)

2
D < (112671 4112051 +6) -+ dnf €2

Hence we have proved that u) (zo) is close to both i (0(x0)=0"(x1)) gapd i(0'(z0)=0" (1))

(c) Because of relation (2.7)), the function u satisfies u, (zo) = ul, (ml)%, where n) =
(ma)(m3)~*.

To conclude the proof, we show : if ¢?(?(z0)=0"(@1)) and ¢i(?'(x0)=0"(21)) are close to u”, and
if the function u}, (xo) satisfies the relation above, then this gives constraints on 6,6’, 6"
that imply part (ii) of the proposition.

Let g(xo, 1) = €0@0)=0"(1) and ¢ = (11267 4 1126, 4 6). We have shown in (b)
that [[u?, (z0) — gl|? < ce + 4nf||€7]|2. Recall that we denote by ¢ the involution of edge

.
op o~ n
reversal. Hence, if g(zo, 1) = g(z1,20), 7", we get
zg

(8.13) 19 = w2, (o) 15 = lleg — ul, (z1)|[} < ee + 4n? €77 -
Thus, [|§ — g|? < 4ce + 1677 ||€7]|2. Hence, defining

0(x1)+0’ (z1)] x0)+0'(%o0)]

hi(zo, 1) = nglei[ and  ho(xg,x1) = nzoez‘[e( 7

we get
lh1 = hall = (17 — gll < 4ce + 1607 [|€7]]3 -
Note that the functions hi, he have modulus 1, and Syh1 = hy — 1117 ha, so

18301 = hally < 21851 = hally < 2 ([lhe = hally +0a[|€7]10) < 4e2e2 4 8y [1€7]], -

Consider Py ,h1 = s1, the projection of hy to the space of constant functions. Arguing
as in (84), we can write ||hy — s 1|2 < 65 (||ha]|2 - |82ha||Z 4+ 4CN ar2(1)) - But [[hy]]* —
183 l” = (lha]l + 1S3hal) (lAa ]l = 1S3 hal) < 2([SThy — ] Hence,

Iy = s LI} < 865 e!/2e!/ 4 1606, (1€ ]l + 405 O,z (D)

We observe that [|hy — s1| = [[ng, @@+ @) — 51| = ||gn], €@ @)@ — 51| =
llg — WSH Thus, comparing with (813)),
o
—i(0' (z0)+0' (z1)) ||2
, (w0) = 5 = < 1655 eV22 + 3265 €,
o v

+ 805 ' Cn ar2(I) + 2c= + 817 || €7 |2
This is the first half of (ii) with
(8.14) carp = max{160; 1c'/%, 2¢, 3265 1,8} .
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Remembering that & = 3M =2, 6o = M~2¢(D, 8) and ¢ = (112671 + 112651 + 6), we see
that there is an explicit f(83, D) such that cpr 5 < f(8,D)M? as M — +oo. Note that
|s| <1 since ||h1]|, = 1.

The second half of (ii) is proven similarly, using (812]) instead of (8I1]). Here we take
g (xo, x1) = 0" @)=0"@) pr (g0 21) = n%e*i[e/(xl)”//(“)], s'1 = Pih} and h(zg,21) =
1 il (o) 40" (20)] "

nxo

To prove (8.2)), we write ’

" < 2, (@) o) — s+

5
y 2 1 Nxq
uy, (r0)* — 88’5 nT

o

, where we put 6(zg, z1) = ¢'(zo) + 0'(z1). Since

i0(zq,z Y 2
M[ugl ('IO) — S,ele(l‘()yxl)nzl])

ugl(xo)Qﬁ = u), (wo)uy, (v1), the proof is complete. O

9. STEP 4 : END OF THE PROOF OF THEOREM [3.3]

Our aim is to show that lim, o limy_ 1o Varnb o (FyK) =0, for the operators F., that
appear in Corollary I0.4l A main step was carried out in Proposition [5.2] and the upper
bound was put in a convenient form in (6.8]). We now use the estimates of Sections [7] and
B to complete the proof. We denote B, = 7;—:}} : Ay — A, as in Section [, where Z, is
defined in (6.3]). It should be kept in mind that F, may depend on a parameter T that is
fixed in this section, but will be taken arbitrarily large in the next one.

Recall that we take v = X\ + i(n* + 19), where A, 1,19 come from Proposition In
other words, v = X\ +in; € CT with A € I; and n; = n* + n9. Let K € ., so that

B, K € J,. Applying (6.8), recalling that v = W ., we obtain
1 S ¥ vy IU’Z(Bk) r—r’
(9.1) — > (RLFE R F )y = s > (Sl ByK,ByK),
ror/=1 r’'<r<n
0 n
12 Bk ’_ 1
+ ?\;nQ) Z <B’YK’S£’Y TB’YK>VIZ+_2 Z On7r7r/(?’]17f,yK).
r<r’'<n ror/=1

Fix M very large and take n = M?. We apply Proposition B with e = M2 to
the family of operators {Sﬁ%BvK}j]\fl. Call C’N,M(B ) = maxj 1 CNM2(84j+k 1 7)1/2 .

ﬂY(B)
up(Be)®

C'N M(By) = Or(M™"°)N— 100, thanks to Corollary [Z8

We use the notation in Remark throughout the section. In particular,

Remark 9.1. It is useful to note that the norm ||S v for k > 1 is controlled by the

“f”u %1/
same norm for k = 1. To see this, note that for K € 62(yk), we have (S¥71K) (zo;21) =
Y@kt 1i@-1)ag A(x_py1;21)K(x_ky1;21) for some function A(zx_gy1;21). Here the sum
is over those (z_gi1;2-1) for which the path (z_gy1,2_g192,...,2-1,20,21) does not
backtrack, cf. (Z3). So (8% 1K)(zo;x;) only depends on (zg,z1) : we may define
VK € fz(yl) by ér(zo,x1) = (SETIK) (wo;2p). If 7 2 2(v]) — 2(v]) is the map
(7 ¢)(wo; 1) = d(wo,x1), we have for any j > k, [SI7 " I o] (zos 2x) = (S K) (wo; x,).-
Moreover, [Sy».Z ¢|(xo; xr) = [F (Sur@)](zo; 25). Thus,

IS5 K2, = S5 |, = /(S5 o) 12, (< )) lSi R+

where we used that 37 (sy:0,) k(203 2x) < pa (2o, 21) by (EI2). Hence,

||l/1’

( ) j—k+1
IS5 K117, k( )HS

Hl/1~>1/1 HQSKH?Q °
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But Yo g iiw1)ag, M@—piri@1)| < 1, and pf (20, 21)|[A(@ k413 21)| = pp(@—ps1;71) by

(6.9), ([61) and ([27). Hence,

2
||¢K||;2u = Z M?(%Jl)' Z Az _py1;01) K (T _pg1571)
(wo,21) (T—k+13%-1)zg 1
> ui(xo,71) > IAN@—ps1321)] - | K (2_pgr; 1))
(w0,71) (T—k4+155—1)aq
= Y megm) - [K (e ) | = K7,
(T —gy1571)

5
So [|¢k |2, < %HKHZW Summarizing, we have shown that for any j > k, we have
1 k

k41
H 'YHVk‘)Vk < HS] " HVI‘H’I :
First alternative : For v, ¢ as above, assume that case (i) of Proposition [81lis satisfied
for all the operators { mBWK}jzr Applying &) for Spt B, K, t < j, we obtain if k = 1,

02 ISEB Ky < (=) |B, Ky + 3 max{Conra(SL B2 - 1Kl

For higher k, we apply (A2) to ¢ (w0, 1) = (Sff?lByK)(xo;xk) = (AyK)(zo, 1),
where A, = Sk 'B,, instead of B, K. We get by Remark 0.T]

45+k—1
IS5 By K |y < (1= eV [I1By KLy + 30Nt (By) - 1K |so -

Using the euclidean division 7’ —r — k 4+ 1 = 4m, v + n, ,» with n,,» < 4, we see that for
r—r>44+k—1,

(B, K, S} " B,K), | <er(l - )" B K |12 v+nCNM( v) - Kool By K]l
where ¢, = W <okt ife < % Hence, since 4 + k — 1 < 4k, we have

Sr B, K), (Z Z (B, K, ST "B,K) ”| +4nkHB’7KH12/k)

r'<nr<r'—4k

r’'<nrr!

< [ank +na 3 (1 =y ]I B K12, + 108G ar(By) - 1K o B, K

m=1

n(ck + 4k) z
7||BA,KH3Z +n°Cnm(By) - K [|oo | By K[| -

<

Recall that e = M8 and n = M. Comparing with ([@.1]), we get

1 ¢ 112 (Bg) ( ¢ 2 9 A
[t fKH L) (S K2+ MOCovan(By) - 1K 1B,
1 n
+¥ Z On,r,r’(nhf'yK)-
rr/=1

Second alternative : Now assume case (ii) of Proposition 81l is satisfied; with some
complex numbers s; = s;(N) and some function §. We denote || ||, = || ||€z(yz), Oo(xo; 1) =

(o), 01 (zo; 1) = 0(x1), ng(zo; o) = nJ, and n](zo;xx) = nJ,. Then we have
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Proposition 9.2. Let |K||o < 1. For A K = S5, B, K, we have for any t € N*,

)(B,YK, SAAK), — (5752) (B K, e® S2e 0 A ),

1/4

<t(eamp [e"? + MmO N—toon] + Char) T OT(1)N—sso0y -

Proof. Recall that Sy = Sy M,y with M, the multiplication by ug, (zo). We have

e—il0o+01]

i

2 _— i[0o+0
S AVK — slsg&,ngel[ o+ I}Sﬂf -
1

|85 A K — sTs3e ™ S2e ALK = ALK

12

< |8y M Sy My Ay K — 538, m3 0O S My AR

6—i[90+91]
n{

+ $S,Yngei[9°+€1]SWMmA7K — 515237n8/ei[90+91]&y AK

v

Using (7.5)) and Cauchy-Schwarz, the first term is bounded by
| 15Vl

But u?, 52,77 all have modulus 1, so |ug, (z0) —5ang et < 4 |u), (z0) —Fange
Hence, [[ug, (z0) — 52nde® || 0) < (dearp [ +1mO)N—ss00n] + 40k 11)/* by
the first part of (ii). For higher k, using 3>, (252, pr(zo; xk) < pa(xo, z1) by (612), we
—_— o . (B ' —_— . .
get Hu}l (o) — 827136@[904’91]”#1(”;) < (%)1/4“11,;/1 (o) — 82n362[90+91}“€4(y¥).
Next, ”S’yMu’YA’yK”54(V;/) = ”Sﬁ:ff—leK”Z‘l(u;V)' Arguing as in Proposition [7.7]and Corol-

lary [Z.8] we see this is Or(1) N— o0 ~. Bounding the second term similarly, we get

TN e il00+0
uz, () — sgngellfo+oil

i[90+91] ‘2.

HSSVAVK — slsgewOS,%e*ieoAvK

1/4
< (CM,B [51/2 + 7710(1)N—>+oo,'y} + C]/\QM) / Or(1)N—s+o00/y -

Since ||ByK ||y = Or(1)N—s 400,y (see Remark [C9]), this proves the result for ¢ = 1.

For higher ¢, let X = mewo&ie’wo and Y = 8%, Then ||(X! - YHAK|| =
1326 XTHX = Y)Y ALK < 30 (X = Y)Y A K| Again, [V 1AL Kl =
O1(1) N—s400,y for each i and the claim follows. O

In sums like ([@.I)), we can make packets of size 2¢, and we have for all m and for any ¢

t—1 t—1
(94) D (ByK,SET"BK), — > (51%) (B, K, e S¥ e ™S B K),
r=0 r=0

1/4
< (CM,B [51/2 + 7710(1)N—>+oo,'y} + C}\LM) / Or(1)N—s+00/y -

As we will see below, the size 2t of packets should be chosen so that zf(cMﬂesl/Q)l/4 is small
as M gets large. Remembering that cps 5 < f(D,8)M?3 and e = M8, we take t = M?
with 0 < @ < 1/4. We then group the sum (@) into packets and write

n n—r

S 3 (S BLK, BLK),

r'=1 r=0

> (S5 ByK, B,K),

r’'<r<n

/
n "5 1-22t(a+1)-1

> X Y (SuBK BK),

r'=1 a=0 r=2ta

<

+dnt || By K]J3
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where we estimated n_ oy
‘Z 12 Zt(l_n TJ 1)

ft:(;;l) <S£~, ’_> t 1 <82r+2ta > + Et 1 <82r+1+2ta ’_>. So using @7

(S8'yB,K,B,K),| < 4nt|B,K|?>. Note that

n "5 o7 J 22t(a+1

Z Z > M£mﬂm»

r=2ta

n "5 J 2¢1
Z 2% Z 8182 (B K, 6190827" —zeo(SZta SSE,G—H)BvKﬂ)

)1/4

n
et (ears [£2 + MO N—s100n] + Char) " Or()N—s 00 -

Lemma 9.3. Let |K|lo < 1. For A,K = S2*B,K or S2*"' B, K we have for any L

t—1 2
A » L7c _
Y (51%)" (B, K, e S¥ e ™A K), | < TkOT(l)NHwWHOT(L %) N300y
r=0 C( 75)
1
+mOmMr (1) N— o0y + mOT(l)N—m,v :

Proof. First assume k = 1. We decompose e % A, K = C1+ f where f 1 1 in £*(v]). So
Sg/re*woAvK = C’S%"l + S%”f.
For the term Szr f we use Proposition [.5] which yields, for any L,

r—1
r - /2 —i
1827 flly < (1= L72e(D, B)) """ 1 f Il + Z Cn.pia(e A2 4 2y Z 1Zflv -

By Corollary [Z (recalling that r < ¢ < M), we have Y, CNL[Q( ZHOA,Y)l/z =
tOr(L™°°)N—s 400~ Indeed, the term e~ has no impact, as it can be bounded by 1 in
the proof of Proposition [[.71 We also have || f||, < |4, K|, < [|ByK|ly = Or(1)N—s00,7
and || Z;f]l, = O1,7(1) N—so0,y by Remark [l Thus,

t—1

> (5152) (B, K, S f),

r=0

212 .
: mOT(l)N_m” +tO7 (L") N—s00y + MOMT(1)N—s00,7 -

E‘c})lr the term CS2'1, we have SL1 =1 -1, s S8 =1+ mO(1)N—s00,y by @I0).
us,

t—1 t—1
2(8182)T<BvK7620053r1>u' < | D (5753) By K, € 1), | + Oy (1) N—s00 41 By Kl
r=0 r=0

_ (8182)t -1

B, K, %1
—8182—1 < Y , € >1/

+1mOM () N—s00 || By K|

2
<|\—— Onp(1 B K|, .
< (raiegy + mOM N ) IB K
Since |C] < ||AyK ||, < ||ByK]|,, this completes the proof for k = 1.
For higher k, as in Remark [0.1] we have ||S?{rf||,,k < QY((]Z)) ||S?/r_k+1¢f||y1, where now
¢f(xo, 1) = (SE71f)(wo; ). We then note that f L 1 in ¢2(v)) iff ¢y L 1 in £2(xy).

~
Indeed, <17¢f>l/1 = ljf;/(gc)) <17f>Vk7 since <17¢f>1/1 = Z(mo,xl) Vl(x07x1)(8f{filf)(x0;xk)a
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so applying (6.9), (6.0) and [2.7), the claim follows. Hence, S o, < (1 —

L72C)"2||¢¢ vy, where ¢ = m < 281 for large L. The error terms are the
1 (Bi)

same, this time with || Z;¢¢||,, = O17(1)N—0c,y- Finally, ||of|l,, < L1(B) | £l - O

Starting from (@.5) and applying the lemma, we obtain for | K || < 1,

1 L 1[ 2r? -
(96) ) Z Z( Z'YTB'\/K,B'\/K>V < _{7OT(1)Nﬁ>m,7+tOT(L OO)N*)oo;y
" r'<nr>r t C(D,,B)
1
+MmOMT(D)N—s 400y T 7707 (1) N—s 400y
|8152 — 1|

1/4

+1t (ears [ + mON—to0r] + OP(M™®)N—s00r) " Or(1)N—st00ry

+4n~ || B, K.
Remember that n = M? and t = M® with 0 < a < 1/4. For the term %C(%%) to be
small, we choose L = M® with 0 < 2/ < . For instance, take o = 3/16 and o/ = 1/16.
For the other terms, we have t(cysge'/?)V/4 = O(M*~Y/4) and n='t = M9+ The
terms 11O, 7(1) N—s 400,y tend to 0 as 91 =19 +1n — 0, M and T being fixed. Finally,
1B, K2 = Or(1)ny—» ooy assuming Koo < 1.
We can gather the first and second alternative into one statement :

Proposition 9.4. Let A > 0.

For all M, for all v that fall either into the first alternative or into the second one with
|s](N)s3(N) — 1| > A, we have for ||K||w < 1 and for n = M?,

2 1 {2M1/8

1& oo
Hﬁ S R)FK| < SRl MOT(l)N—)OON +O7r(M™ )N 00y
r=1 v ’

1
+mOM,7(1) N—s 400y + ZOT(l)N*Hroo;y

+Or(M~ YY)y o+ 77%/4OM,T(1)N*>+00,7 .

Proof. The arguments in the proof of (Z.10)) readily show that n—12 Sorpr=1 Onrr (1, Fy K) =
M On7(1)N—s00,y- The assertion follows from (@), [@3) and (@.6)). O

Proposition 9.5. Let I C I with I C I;. There exists ag such that, if a < ag, M is large
enough, n1 is small enough (M > M (a), m < n(a)), and N is large enough :

The sequence s7(N) = s](N)s3(N) (when defined) must satisfy |s7(N) — 1| > a'3, if v
stays in a set of the form Agy = {v:Revy € I,Imy =n,P((W(0) — 7| <a) <1—a}.

Before proving the proposition, let us finally give the

Proof of Theorem [3.3. We apply Proposition and use Proposition to show that we
are in the framework of Proposition

Two cases may happen. Either W(o) is deterministic : there exists Fy such that
POW(0) = Ey) = 1. In that case, we fix a small @ > 0, let J; = I\ [Ey — 2a, Ey + 2a] and
Jo = IN[Eg—2a, Eg+2a). We then write Varl,, . (F,K) = Var}l  (F,K)+Var)?  (F,K).
For Revy € Jp, we have |y — Ey| > 2a, so P([W(0o) — | < a) = 0 and Proposition
applies with @ arbitrarily small. Proposition [0.4] applied with A = '3, thus allows to
control Varflt,no (FyK), while Varffbmo (FyK) = Or(a).

If W(0) is not deterministic, there exists a such that for all E € R, P(|)W(o) — E| <
a) <1 —a. Thus, for any complex v, P()W(0) — | < a) <1 — a. In this case Proposition
may be applied with the fixed value A = a'® and all ~.
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Either way, we showed that there exists ag such that, for all a < a9, M > M(a), we
have for any s and T,

1 [2Mm'/8 CT
9.7) liml V. K)? <|I}? ———Cr+ CsrM™*
( ) ntﬂ% l]znjélop a‘rnb M0 (f’Y ) = ‘ ‘ M3/16 ( ,8) T+ s, T +
+ uryQCTM—l/16 + aCrp.
Taking M — oo followed by a | 0, this completes the proof of Theorem B.3] U

We conclude the section with the

Proof of Proposition [0 We will use the following consequences of (Green) :
e There exists 0 < ¢y < oo such that for all y € C*, Rey € I1, E (Zyw) i (o, y)) <
o, E (Zywo(ﬂ?(@ y))il) < ¢p and E(Zywo ’C@P](O)FQ) < ¢o-
e There exists 0 < ¢; < oo, such that for all v € C*, Rey € I, P(|]2Imm])| >
2r and 2] < 4r71) > 1—cir and P(X,0 [ (y)| < 3771 > 1 — 7.

If ~ falls into the second alternative, then
(9-8) 3, (21)u, (z0) — s7(N)|7
< 4f(8,D)M? [M74 + 7710(1)N—>+oo,v} +4C -

Let ap = (2¢o) ~2(6+3c1)~'2; this choice will become clear later on. Take a < ag. There
exist M (a), n(a) and N(a) such that if M > M(a), m < n(a) and N > N(a), then the
RHS side in ([@.8) is < a?0. We fix p > a2

So take any a < ag, M > M(a), m1 < n(a), and assume towards a contradiction that
we can find a subsequence Nj, = Nj (1) — 400 and a sequence v, € Ay, , falling into
the second alternative on Gy, , such that |s7%(Ng) — 1|* < p. After extracting further
subsequences, let limpy, o0 7% (Ng) = s and vp = limp, 400 V& € C. Then |s — 1|2 < p,
Re~o € I1,Im~y = 1, and by (@8) and Remark [A.3]

(Z a3 ()i (0) — s|*1]° (o, )) < pE (Z ﬂYO(O,y)> ,
y~o y~o
which implies
(ZWO Y (o) — 147 (o, )) < 4pE (Z ﬂ’{°(o,y)> < deop.
Yyr~o Yy~o

By the Cauchy-Schwarz inequality,
1/2 E ﬁ“fo 10 (o) — 1
<Z a2 (y uvo 1’2 (o, y)> > (Zy~0’ (y) y (0) D

E (S yno(i1° (0, ) 1)

y~o
and thus
1/2
(9.9) E(Zmz%y)uy()—u) <4copE<z<ﬂ¥°<o,y>>-1)) < 2012,
y~o y~o

Since the value of g is now fixed, let us omit it from the notation.

Let us write (0(y) = Co(y) = r(0,y)e ?©Y) with + € Ry and # € R. This implies
foly) = €09 and [ig(y)iy(0) — 1] = () + ¢~ (¢V00) — =00

Now (@.9) implies that

(9.10) E ( mlin1 |0 Wo) eew(o,y)|2> < 2cop™?.
y~o©
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Let us call €(o,y) the value of € achieving the min. By (2.7)) we have

2m0 = éy(o)il - io(y) = ’I"(y, 0)716i€(y’0) — 7“(0, y)efie(o,y)
for all y ~ 0. Thus,

(9.11) (Z ’ —i0(0,y) e(o,y)r (y,o)fl — (o, y)) _ %, )
Y~o

=K <Z ‘(ew(y’o) — ¢(o, y)eiie(o’y)) r(y, O)ID

y~o

1/2
< V2c0p''E <Z T(y,o)_2> < 2copt* =115

y~o

It follows by the Chebychev/Markov inequality that
(9.12) S [ D (e(o,y)r(y, 0) L ~ 1(0,y)) — 21,

y~o

<P

with probability > 1 —r.
The probability that [2Im | > 2r and |2/h,| < 3771 is at least 1 — ¢;r. Thus, (@.12)
implies that with probability > 1 — r — ¢17, we have for any y ~ o

(913) r< ‘6(07 y)T’(y,O)il - 7’(0, y)‘ < 7471
Combining (@.12) and ([@I3]), we see that for any y,y’ ~ o,

’e—iG(O,y) — e_i0(07yl) (E(O’ y,)r(y/a O)_l - T(Oa y/)) (E(Oa y)r(ya O)_l - T(O’ y))_1’ < T4 .

The previous identities imply that with probability > 1 —r — ¢y,

(9.14) |e=0(0w) _ =100y < 94,
Now (24]) says that
WOZW(O)_{'ZCO(?/)_}'%?LO— +Z 7(0,y)e 0 oy)+2m0
y~o y~o

Using (@.12) and (@.I4), we get for any fixed ' ~ o,

(9:15) |50 = W(o) — ( > _r(0,y) + €0,y )r(y',0) ™" = (o, y’)>e@'9<07y’)
y~o
<2r*y r(o,y) +r° < 28
y~o
with probability > 1 — r — 2¢;7. Here we used that 3°,,7(0,y) < 57! with probability

> 1 — ¢qr. Since |9 — W(0)| > a with probability > a, it follows that

Z T(Oa y) + 6(0, y,)’r(y,a O)_l - T(Oa y/)
Yy~o0

with probability > 1 —r — 2¢y7 — (1 — a). Taking the imaginary part in (@.I5]), we thus
get |Tm e~ 0| < Q(i% Assume 7; < 3. Then if 7 < a/5, we get |Ime (V)| < 2,
Hence, P(|Im e~©¥)| > 12) < (2¢; + 1)r + 1 — a. But we know that |2Im 7| > 2r, so
taking the imaginary part in (0.12) and using ([@.13)), we also have that | Im e~0(0¥)| > 2
with probability > 1 —r — ¢yr. If (24 3¢1)r < a, this will give a contradiction.

To prove the proposition, we take r = % and choose ap < (2¢0)2(6 + 3cp) 12
Recalling that 2cop/* = 76, we get p'/? = (200)_2(ﬁ)12 > a'3 for a < ag, as required.

We also take M > M(a), and m < min(r3, n(a). O

2&—27“3
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10. STEP 5 : BACK TO THE ORIGINAL EIGENFUNCTIONS

In this section, we show that it suffices to consider the non-backtracking quantum vari-
ance in order to prove quantum ergodicity; in other words Theorem [B.3] implies Theorem
[[3l This part may be read before or after the others.

Given K € J7;, we define the quantum variance by

(10.1) Var!( =¥ Z [(¥j, Ka)]

A€l

where K¢ is as in Section 211
More generally, fix 19 > 0 and suppose K7 € /7, satisfies conditions (Hol). We denote

Var Z ‘<¢J,K>\ +m0 >)

where the subscript 79 indicates that inside the variance, Im~ is fixed and equal to 7.
Denote v; = A +ing, and define

gi(wo, 1) = (1) "M (1) — ¥j(x0)  and gk (wo,x1) = CH (w0) 4y (wo) — vj(x1)

so g; and g; are defined like f7 and f; (Section B), respectively, with ¢ replaced by (. Put
Uarl g
VarnbnO(K'Y Z ‘ gJ,KB]g]>) .

Next, given v € C*, define the function N, : V' — C by

(10.2) N (z) = Im § (&, ),

where Z is a point in G projecting down to G = I’\é Recall the Laplacian P defined in
(LI). We next introduce the operators P, S, St : CY — CV defined by

(10.3) P _ 4 phy S —lTZ_l(T— )Py d & _lips
’ PY_N“/ d’ Tﬁ_Ts:(] o . Tﬁ_Ts:l
for T' € N*, and the operators L7, L£7:CV = CB defined by
2
(10.4) (LY T) (g, 21) = 2, (2 1)2‘ < Jio)______Jo) ) ;
|2m330| N’Y(xl) Cgo(xl)ggl (xO)N“/(xO)
2
(B19) (o, 21) = Kot20)] ( ok - ) '
’2 l‘o‘ (1‘1) Cﬂo(ﬂﬁl)ﬁl (xO)N“/(xO)

Finally, denote Var}m(K — (K)y) = Var,70 (K — (K)41) where 1 € J is the constant
function equal to 1 (so that, with the notation of Section 2T} 1 is the identity operator).

Proposition 10.1. Fizny > 0 and T € N*. For any J € 4, we have

Var}m(J —(J)y)) < Varilbﬂ70 (L' SpJ) + Var!
Proof. We have

Lm0 (L7d7 St ) + Vary, (St — (J),) -

105) (1, (L5 T)pfy) = (M o J)(xl,x())) 05 @o)y (1)
(zo,21)EB

21 (0) G2 (1)

— 3 (L) (ao,n )<|¢§f )|2+|¢% ($1)|2>_

(z0,21)EB x] (l“o) Gz (xl)
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We calculate (g7, (L) BY;) similarly. We then note that

(LB DE@0,21) s 1y g gy — LD E021)
Vi Vi gi(xo) i 2(z1)

21 (20)Co (1)
2 2
using that ‘Cr%(ﬁl' = |C‘wo(fl‘2‘ , by (21). Hence,

— (L) (21,20) =0,

~ . T 2 (x 2
(fr.(L5 D)) =g (L T)pgy = Y. (L¥J)(zo,21) (\%( o] n [thj (21)] )

o ————
(x0,z1)EB x{ (1'0) ;é(.%’l)

o Z (L% J) (w0, 71) (’L(%)‘Q + Wj(xl)P) .

(zo,z1)EB ;{ (iEO) C;% (1’1)
Y ()2 g
Let of} = ﬁ%, and note that a0 = ‘Q—KWOI(QNW by (27)). Then
L L) (zo, Im ¢ N Im ¢ o
(E o) (€))L [IGHE) 1y - INGHED
z1(20) 21 (zo) |G21 (20)] |G (0)Cad (1))
and
- . T ¢ T ¢
(ﬁ Ji{)ﬂxl) _ (£ J{/J)(xoal'l) =9 {I%Ciomlg)aié!](xo) m ¢, 1(-%'0) : i?‘](xl)} ]
2 (1) zo(71) |G (1) |Gt (20) ¢ (1)
Hence,

(F3, (L) B ;) — (g5, (LY T)pg;)

m ;:{1 X m (g (@ z
=20 3 [i(a0) P (a) (Mam+ Im ¢ (1) )

«
o€V T1~ITQ |<:B1(x0)|2 0 |<$0(x1) 331(550)|2 0

+2i Z |9 (o) [? Z ( I G (1) ayl + Im@l(xo)ozxo) J(z1).

zo€V T1~T0 |<$1(x0) x0($1)|2 o |<$1(x0)|2

Im ., (z
Now Im ¢ (1) +Tm ¢, (wo) - (3, (1) [* = [¢3, (wol?[\ai”()iz +1m (, (w0)] = —2Imm3, -

. Im ¢, +Im i 2
| go(l"l”z by (2.7). Since 2Im my, = N,Y(xl)|2m |2 we get ¢ O(Té;?’o(m)ijl((z(;))‘é oleVl” _
—Ny(z1)[2m3 |? . Since a1 = €2, (z0)|? €2, (z0)|?

_ 2o — Lm0
\C;{(ﬂﬁO)P Noy(x1)[2m7, 2 and ag = Ny(zo)|2m7, |? by Gﬂ)’ we thus have

(f7, (L) pf;) — (g}, (LY T)g;)

=20 Y [ibj(wo)Pd(x0)J (wo) — 20 Y [t(x0)|? Z Ny (z1)J

zroeV

= 2i (¢, [(I — Py;)dJ|cvj) -

xo€eV x1~x0

Hence,
Varl (I — P,)J] < Vark, . (£7d"1J) + Vark (£7d 7).
Now note that P (Sr,,J) = £ X1, (T — s + 1)P5J = Sty — J + Sr,J. Hence,
J=I—-P,)SrJ + ‘SN’TWJ,
so for any J € .7,
Vary (J = (J)xting) < Vark [(I — Py)StqJ] + Vary, (St — (J)atin)

< Varky o (L7d 7 SrJ) + Var Wy (LYd7 ST ) + Varl, (St d — ()aging) - O



44 NALINI ANANTHARAMAN AND MOSTAFA SABRI

We now consider K € 477, for m > 0. Define 77 : A4 — 54 and (’)? 1 Q4 — Q) by

2o (1)¢, (x 2 —K(xo,2
(10.6) (T"K)(xg,x1) = |<;C|Yo(x(1)2ﬂzc{1 (xi)?zﬂ_ 1 <7<;0($1()2;{1 (lx)o) + K(x1,$0)> )

(T"K)(z-1,0) s (T7K) (o, 21)

(10.7) (O1K)(z0) = )

xr_1~TQ C‘:L'y—l(xo) xT1~TQ Cl’fyl (1’0)

For m > 2, define U, : 77, — ¢, O, : 7, — A1 and P, : A, — H—2 by

(10.8) (UL E) (@0; 2m) = G (20) T, (2m) K (203 2m)

109) (OpK)Eiznr) = Y GoE)K(rizm)
z_1ENzo\{z1}

+ Z K(xo;ﬂﬁm)gm,l(ﬂﬁm) .
mesz_l\{mm_g}

(10.10)  (PLEK)(z1; Tm_1) = > Gy (0) K (205 Tm )CF,,, (Tm) -
l‘oEle\{$2}7$meNxm,1\{xm*Q}

Proposition 10.2. Fix ng > 0. For any K € 74, we have
Varim(K —(K),) < Var%lb’,]0 (T'K) + Vari]0 (O]K — (O] K).,),
and for any K € J¢,, m > 2, we have

Var}m (K — (K),) < var}lb,m ULK) + var}m(oynK — (0}, K).,) + Vaur}70 (PLK — (PLK),).

Proof. Let K € . We calculate (f;,(T7K)gf;) as in {I0.A). By definition, we have
T K@) (T K)(z1,20) = K(x9,71). So by definition of O, we get

¢ (20)Cag (1)
(5 (THE)Bf) = (b, Kay) — (05, (01 K)a;)
and thus
Vary, (K = (K)s) < Varyy, ,(T7K) + Vary, (O] K = (K)s).
Recall the definition of (K). in (L5]). We claim that
(10.11) (O1K), = (K), .
Indeed, we have (K), = 3 (3;,21)eB K (20, 21)®- (70, 71). On the other hand,

(TVK ) (o, 21) Py (1, 21) > (TYK) (0, 21) P~ (20, x0)
Cao (1) '

(O1K), = >

(zo,x1)€EB (z0,21)EB G (20)
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D, (z1,71) D, (zo,x0) _ 1+<21(5’30)<;{0(x1) —
Bt 260 T e T Gyeng e o m1) by [212) and the fact that Wy.(y) =

U, ,(z), by [28), so that ¢, (z,y) = ®,(y,x). Hence,

e Gy @6 @) K(wo,a)(+ Gy @o)¢h (o) o
<Ol K>PY B (xo%EB ’C,xyo(xl)cg1 (1’0)‘2 -1 ’C,xyo(l'l)ggl (1’0)’2 (I)PY( 0 1)
|6, (20)¢F, (1) 2 K(xoaxl)(l+C30($1)C21(900)) -
" (mogeB ‘Cil?l (DUO)Cmo(ﬂUl)‘Z Cgl (xo)Cﬂo(ml) CI)V( b 0)

Ry ‘Ti([%%mu + TG o)

(x(),l‘l)EB
— [1+ G (o) ¢, (@1)]) = (K), -
This proves the proposition for m = 1. Now let m > 2. It is easily checked that

(f Uni K)pf3) = (W, (K = OR K + Pl K)ay)

and thus

(10.12) Var, (K — (K),) < Vary, . (U K) + Var) (O}, K — P),K — (K),).
‘We now note that

(10.13) (K)y = (O}, K =P K), .

Indeed, we have
(OLK —PrK)y = Yo () K (@13 Tm1) Py (0, Tim1)
(m—l;xm—l)eBm

+ Y K(@osam),_, (@k) @y (0, Tmo1)

(1'0 ;xm)eBm

- Z Ch (z0) K (w03 21)C4,,,_, (@m) Pry (21, Tm—1)

(zo32m)EBm
o (I0.13) follows from (2.12]). Using (I0.12), this completes the proof. O
Remark 10.3. If ¢;(zo)yj(x1) € R for any j =1,..., N and (xg,21) € B, then

5 (TP K)ag) = 3 Giatesto >(m+1m<wo,m
- (x§1)<%7jK><mo,x1>(‘%2 P L)ty
so taking
(10.14) TR (o, 1) = =2 E0GH@D) g o
G (o) Gy (1) + 1
and (O} K)(0) = Sa_yray TELES 4 5y TEMIEE, o g

Varh, (K = (K),) < Vark, , (T7K) + Varl, (MK — (O]K),),

where we used that <6¥K )y = (K)~, which is checked as in (I0.I1]).
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Corollary 10.4. Suppose we have shown that lim,, o limsupy . Vaur%lbm0 (FyK) =0,

lim,,, o lim supy_, ., Varl, no(}—VK ) = 0 for any Fy : I, — 56 that is a polynomial
combination of L7d~ 1ST7A,, U- , T, (97 and 73;7 (T fized), and that

10.15 lim lim limsu Var SrC K — (C K =0,
where C, : A7, — 4 is any polynomial combination ofl/{;/, T, (9]7 and 73]7.

Then it will follow that lim,, o imsupy_, o Varim(K —(K)y) =0 for any K € J,. In
other words, Theorem will follow. L

The same statement holds with TV, O] replaced by T7, O if the eigenfunctions are
real.

Proof. The case m = 0 holds by Proposition 0.1}, and the result follows by induction using
Proposition For example, for m = 2, the conclusion is obtained by taking F of the
form Uy, T'O3, L1d"1S1,0]OF, L7d7 187, P37, and C,, of the form O]O3 and Py. [

Note that all these operators satisfy the assumptions of (Hol) from Definition B.2]
except perhaps 77K and O] K. Indeed, the first two points of (Hol) are clear, and the
third one follows from the bounds in Corollary [L8 The fact that we can not prove the
relevant bound ([B34) for 77 and O is the reason why we assume the eigenfunctions are
real, so that it suffices to deal with 77 and 5?, for which the bounds hold true.

Theorem [B.3] allows to say that lim,, o limsupy Valr%lbm0 (FyK) =0

Since Var! 0 (F,K) is defined exactly like Varl, o (FyK) except that ¢ is replaced by

(, it is clear that it can be shown to vanish asymptotically using the same arguments,
simply replacing ¢ by ¢ when necessary. By Corollary [[0.4] to finish the proof of Theorem
3] it suffices to show (IO.I5H]). This is what we do now.

Recall that we introduced || K|, for K € %, k> 1,in (@J). For K € J, we let

K2 = | Ny K % = Z N(z
:BEV
D ovev MWK ()

We also define (Y,K)(z) = ]\%2) S i)

uniform average of J, we have Y, K = MKy ]\% Fix I = (a,b) C I as in Section [l

(d)u

Proposition 10.5. Under assumptions (BSCT), (Green), if K7 € 7 satisfies the set
of assumptions (Hol), then for any interval I = (a,b) as above,

. Denoting (J)y == + Y.ev J(y) the

lim lim sup Var (ST,,YK'Y ~Y,K")?
M40 N—+o0

DI b-2n Ai(nt+ AFi(nt4 2
< gapa g ligtimsup [ TS0 = Vg KMy 0.

Proof. We follow the steps in the proof of Theorem L1l Let J7 = (‘§T,'y —Y,)K"7 and
1/2 _ ; .
o () = N5/ (x). Then Varl, (J7)2 < (4 ZA er 103, 0511 (% Xaser llan, I 451%). As in
\IIZ K3 x
the proof of (@3], + doNel ||Oé%1¢1||2 S fb+2n 2opc(x)>dp.y N;jno(( )) d) < 7(”':4") for
any small n > 0, since N, (x) = ¥, 3(Z).

) . 31| 4 : :
Hence, limy o lm supy o0 Varh, (77)% < 40 Tim o im supy e & Sy llan, I 262
Now |[la,, JEYi|? = Yeer N 3 (@)| 7 () |4 (x)|?. Arguing as in Section H, we get

_ b+2n . _
¥ 2 o Tl s o [ XN iy ()T ()P0 iy (2) 42
A el a pG(x)>dR n
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where z := A + in*. This is bounded by 2 ;jgg || J= 0|2
and x(A) <1 onR.
Summarizing, we have lim,, o imsupy_, Var% (J7 9\1\ fb+277 || JZFim0]|2

Stine AN, since W, :(2) = N, ()

z+ing dA.
Now recall that St = % ST, P3,and Py = N%/P%, SO that Py = ng ps A(;”. Moreover,

YK = % So denoting v = z + iy, [|K||2 = + Ysev d(z)|K(z)|?, we have

sNK )( ) <N‘/K,Y>U

(d)v d()

1716 = 16 = ¢ 3 \—Zd (P

2

N, K7 (N,K"
<o [y (- )

d

D 2

<2 (-

s=1

N,KY (N,E)y
d (d)u
Here we used (EXP) and the fact that N”dKW — <NZC{>(;> 21 is orthogonal to the constants in
(2(V,d). Indeed, the orthogonal projector onto 1 in (*(V,d) is Py 4J = (L)ay — (v g

(1,1)q (d)u
Since <NZ Do Nuq = N”’Z”KV and é < 1, the proposition follows. O

1

d (A = 3272

N, K7 (N, K"y H) D .
d

Corollary 10.6. For any C., : 7, — 4 as in Corollary[10f and I C Iy, || K| <1,

c|I?
lim i Varl (Sp~,C K — (C,K),)? .
I D Vot (S (G0 <

Proof. Let K! = C,K — (C,K),1. Then Y,K! = 0, since Y,C, K = NLM and

v {du
N,C, K N. . .
(CyK), Y 1 = < ZN;*)U)U Niw <<d;[>]U‘ Hence, denoting z = A +i(n* + 1),

lim lim sup Var (ST,,YCA,K —(CyK),)?

1040 N—+o0
D |I| i T 1 /b+2
1m 11m 11m su
= B2T? n0l0 00 N~>oop a—2n

Now [|CoK[2 = % Ypev NZ(@)(C:K)(@)? < 5 Xev N2 (2)[Cwen,, [C=(z,w)[*. Sim-

ilarly, [(CLK)x| < ﬁ Sou No(2) Y |Cs(x,w)|. For our operators C,, we thus get

|C.K||? = O(1)N—s100, and [{C.K).| = O(1)N—; 40,2, as in Corollary [.8 O
This proves (I0.I5]) and ends the proof of Theorem [L.3] on the interval I.

Suppose further that p(0l;) = 0. As I is open, we have I} = UjenJ; for open in-
tervals J; = (aj,bj). Let J; = (a; +¢,b; — <) with ¢ > 0 small. Then J; C Iy, so

ICoK — (CoK)[2dX.

Je
using (@.7) and Corollary [10.6] we get lim,70 Jolimsupy_,o Varg (K — (K),) = 0. Now

Je I
Vary! (K') = Y20, Vary) (K') 4 Va, ng\ =t J(K’) for any given M. By (AI3) and (Green),

M J¢
we have Vaurm\uJ YK - (K),) < W O(1)N—+00,y- By the convergence of
empirical spectral measures (Remark [A.3)), and using the fact that p(9l;) = 0, we have

. M S
W — p(I; \ UM, J3). Finally, p(I; \ UM, Jz) — 0 as ¢ L 0 and M — +o0.
The conclusion of Theorem D:{l thus holds with I replaced by I.
APPENDIX A. BENJAMINI-SCHRAMM TOPOLOGY

A.1. Generalities. In this appendix we collect known facts on the Benjamini-Schramm
convergence, we refer the reader to [I, [6] [16] (17, [38] for details.
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A coloured rooted graph (G,o0,W) is a graph G = (V, E) with a marked vertex o € V
called the root, and a map W : V — R which we see as a “colouring”; it can also be
regarded as a potential on ¢2(V). This is a special case of what is called a network in [6].
All graphs are assumed to be locally finite, i.e. each vertex has a finite degree.

If G is connected, we denote by Bg(z,7) the r-ball {y € V : dg(x,y) < r}, where dg is
the length of the shortest path between x and y in G.

As in [6], we define a distance between coloured connected graphs by

1
1+«

)

(A1) dioc((G,0, W), (G",o/,W")) =

Qv := sup {T > 0 : 3 graph isomorphism ¢ : Bg(o, |r|) — Bg(d, |r]) with
¢(0) =0 and [W'(¢(v)) — W (v)| < 1/r Vv € Bg(o, LTJ)} .

Two coloured rooted graphs (G, 0, W) and (G', o', W') are equivalent if there is a graph
isomorphism ¢ : G — G’ such that ¢(0) = o’ and W' o ¢ = W. We denote the equivalence
class of (G, 0, W) by [G, o0, W].

Let %, be the set of equivalence classes of connected coloured rooted graphs. Then
djoe turns %, into a separable complete metric space. We may thus consider the set of
probability measures on ¥, denoted by P(%).

Any finite connected coloured graph (G, W), G = (V, E), defines a probability measure
Ua,wy € P(%) by choosing the root z uniformly at random in V:

1
(A.2) Ugw) = V] Z 0G.,V] -
eV

If (Gn,W,) is a sequence of finite coloured graphs, we say that P € P(¥,) is the local
weak limit of (Gn, W) if U, w,) converges weakly-+ to P in P(%.). This notion of
convergence was introduced in [16] and generalized in [6]. In this case, we also say that
(Gp, Wy,) converges in the sense of Benjamini-Schramm.

The subset 924 © 4, of equivalence classes [G, 0, W] such that G is of degree bounded
by D, and W takes values in [—A, A], is compact. It follows that P(%D’A) is compact

in the weak-* topology. Hence, if C{%A denotes the set of finite coloured graphs (G, W),
G = (V, E), of degree bounded by D and colouring W : V' — [—A, A], then any sequence

(G, Wy) C C{%A has a subsequence which converges in the sense of Benjamini-Schramm.
Let C(%D’A) be the set of continuous functions f : %D’A — R.
Then a sequence (G, W,) C Cfﬁ’A has a local weak limit P iff there is an algebra
o CC (%D’A) which separates points, such that for all f € &7,

(A.3) Jim — 3 f([Gn,x,Wn])=/{(%D’Af([G,o,W])dIP’([G,o,W]).

n—o00 ’Vn‘ =yl ;
This follows from the compactness of @b ’A, see [34, Chapter 13].

It may not be very clear how a continuous function on @ P4 1o0ks like, so we give a
basic example. If Br(o,7) is an r-ball, the sets €7 = {[G,z, W] : Bg(x,r) = Br(o,7)}
turn out to be clopen in @P ’A, so the characteristic function x¢, is continuous. Here
Bg(z,7) = Br(o,r) means there exists a graph isomorphism ¢ : Bg(z,r) — Bp(o,r) with
¢(z) = o, Using (A3)), it can be shown that in the special case where there is no colouring,
(Gn) C C{%A has a local weak limit P iff

lim #{x : Bg, (z,r) =2 Br(o,7)}

=P({[G,z] : Bg(z,7) = Bp(o,)})
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for any Bp(o,r). This was in fact the original criterion in [I6]. Using it, one readily
checks that a sequence of (¢ + 1)-regular graphs (G,,) satisfies (BST) iff it converges to
the (g + 1)-regular tree T, in the sense of Benjamini-Schramm, i.e. iff (G,,) has the local
weak limit dr, ,, with o € T, arbitrary. More generally, by considering the clopen sets

¢, = {[G,z,W] : Bg(x,r) is not a tree}, one sees that if (G, W,) C Cﬁl’A has a local
weak limit P that is concentrated on the subset %D’A C %D’A of coloured rooted trees,
then (G,,) satisfies (BST). Conversely, if (Gy,) satisfies (BST) and if a subsequence of
(Gpn, W,) has a local weak limit P, then P must be concentrated on FPA

A.2. Convergence of empirical spectral measures. We now show that Benjamini-
Schramm convergence implies convergence of the empirical spectral measures. This is
already known in some settings [I}, 38, [39]. In this paper we need the variant stated as
Corollary

Given [G,0,W] € 9P v € Ct = {z,Imz > 0} and = ~ y € G, we define (J(y) as in
§2.21 Like in §2.11 By is the set of non-backtracking paths of length k on G.

Let F: (C\ {0})* — C be a continuous function and v € C*. Let

F\([G,0,W]) = > F (¢ (1), ¢ (o), -, G (3), €2 (w5-1)) -

(zo;25)EBs : Tog=0

For s = 1, the sum reduces to 3", ., ~o. One can remark that F, ([G, 0, W]) = Fy([a, o, W))

where G is the universal cover of G and 0, W are lifts of o, W.
Next, given Borel J C R, we define the measure

G,wW
Hs (7) = (G0, W1) b, X (How)ds)
Fix a compact I C R and fix n € (0,1).

Lemma A.1l. Suppose (An,[Gn,0n, W) C I x 924 converges to (A, [G,0,W]) in I x
(Gw)

gPA Then ,u(G"’W") . converges weakly-x to o FA+in:

on, F\A\n+in

Proof. Since all operators H, = Hq, w,) and H = Hg ) are uniformly bounded by

D + A, the supports of the spectral measures is compact, so it suffices to show that for
Gn,Wn
any k € N, 'u(()n,F,Anzrin(tk) — ,u(()FAJ)rm(tk) see [34, Chapter 13].

Let £ € N. Denote v, = A, + 1, v = A+ in. We have

Gnywn G,W
S (@) = S5 ()] = | By ([Gos 0 Wal) B0, HEGG,) = B (G0, W) (80, H 6,)|

We first approximate F' by a polynomial.

We have [CX7(y)] < 77" and [ImQ(y)| = g |(HID — X —in) 71651, . Since

|HEY) — X —inllpepe < A+ D+cr+1 = cforall A € I and 5 € (0,1), we get
| Tm G (y)| > ne™?

So let O C C be the compact region {nc=2 < |z| < n~'}. If F is continuous on
0% C C?*, by Stone-Weierstrass, given R € N*, there is a polynomial Pg of 4s variables
such that sup(,,.., e [F(21,...,225) — Pr(21, 21, .., 225, Z25)| < 5. Hence, for any

A € I and (xg;xs), if ¥ = A\ +in, then

(Ad) |F (G, Qo). (s 1)) — P (G (0), Galao), -, oo )| < 55

Let h,(t) = —(t —in)~. Given € > 0, we may choose a polynomial Q. = Q7 such that
|hy — Qellos < €. It follows that \|hn(Hg|y) —A) — Qe(Hg‘y) — A)|| < e. In particular, if
Z)(z,y) == Qe(Hg‘j) — A)(9,9), we have for any A € I and (z,y) € B,

(A.5) G (y) — Z2(z,y)| <e.
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As Pp is Lipschitz-continuous on 0%, we may thus find C Ry—1 such that

’PR (C;/o(wl)7 e 7C;{s(x8—1)) - PR (Zg(1'07x1), ey Zg(.%'s,l's_l))’ S CR,n_l N %

by choosing € = 5 o . Using (A.4]), we thus get uniformly in A € I, (x;z5),

(A.6) ’F (Cgo(wl%gl(xo)a---aQs(ws—l)) Pr (Z (w0, 21),- Zzg(xs,ws—ﬁ)’ < %7

where we now denote Zr because € is a function of R. Define
Py([Go W)= > Pr(Z}(z0,71),..., Zh(ws, 36 1)) -
(z15%s),x0=0

C . .
Then up to an error ==L it suffices to consider

[P (G 00y Wal) (B, HEGo, ) = Py (G0, W) (00, HE,)]

Let dr be the degree of Qg and choose an arbitrary integer » > dr +s+k =: dr 5 . Then
we may find n,. such that for n > n,., there exists ¢, : Bg, (0n,7) — Bg(o,7) with ||[Wop,—
WallBg, (o) < 1/r. Now (Bons HES0n) = oy Hn(0ns uo)Hp (w0, ur) . . . Hy (ug—1,0n)
and H, (v, w) = Ay, (v, w)+W,,(v)d,(v). This only depends on Bg,, (05, k) and its colouring.
Similarly, the quantity Z},(x,y) corresponding to (G, on, Wy,) only depends on Bg, (v, R)
and its colouring. Since r > dpsy and ¢, : Bg,(0n,7) = Bg(o,r), if we let H, =
Ac + Wy ot on G, we get (8, HES,,) = (00, HES,). Similarly, Py, ([Gn,o0n, Wy]) =
P, ([G,0,Wy, 0 ¢, 1]). Let W), = W, 0, L. Then for n > n,,

Gn W Gw C
o i (89) = gy ()] < 5 + )P%ua, 0, W1 1) {00, HEG) = P (G, 0, W) (80, H 6, .

Writing HE — HF = S8 HE(H,, — H)H™!, we have
k k / -1 CI;,D,A
‘(507 (Hn -H )50>’ < Ck,D,AHWn O — WHBQ(O,T) < T .
A similar argument yields |Py([G, 0, W}])— Py ([G, 0, W])| < % and |P,, (|G, 0, W}])—

P.([G,0,W/}])| < Crps,arlAn— A < M for n > n]. We thus showed that for any

r > dp sk, there exists n! such that if n > n;’, then |,u0n P :quy

C, +CRr,D,s,A+CR,D,s,
D AT PR T RPSAT Tt follows that lim sup,, |pof}’%)(tk) gGFVp (th)] < LD’;%A"“.
Since R is arbltrary, the proof is complete. O
If (G,W) € C{%A, we now define, for v € (C+,
(G,W)
MF Y |V| Z FoFpy -

zeV

Corollary A.2. Suppose (G, W,,) C Cfﬁ’A has a local weak limit P. Fix a compact I C R
andn € (0,1). Then u%Gf_’S;") converges weakly to [,p.a u(()%VQ_m dP([G, o0, W]), uniformly

i X € 1. In other words, for any continuous ¢ : R = R, we have uniformly in A € I,
Z F)\+zn Gnax W, ])<5xa(P(H(Gn,Wn))5x>
‘ n’ €V

F)\-l—ir]([G’ 0, W])<6O’ SD(H(G,W))50> d P([G’ 0, W]) :

N—+o0 JgP:A
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Proof. Given continuous ¢ : R — R, define 3 : I x 424 — R by o\ [G,0,W]) =

Je)d ((),GF,V;\:)LW( ). Lemmal[A. T]states @ is continuous on I X % P-4 _hence, uniformly con-
tinuous. Let @5 ([G,0,W]) = (A, [G, 0, W]). Local convergence means that the measures
UG, w,) (defined in ([(A.2)) converge weakly to P. Thus, for any A € I, [ @xdUq, w,) —
[ @adp, ie. \v_1n|2:v€Vn oN([Gr,z,W,]) = [ &a([G, 0, W])dP([G,0,W]), which is the
statement of the lemma for fixed A € I.

Uniformity in A comes from the uniform continuity of @, which implies that the maps
A= [ @rdU, w,) form a uniformly equicontinuous family. 0

Remark A.3. Taking F' = 1, we get in particular the convergence of empirical spectral
measures. On the other hand, when ¢ = 1, we get in particular that under assumption
(BSCT), if I C R is compact and 1 € (0,1) is fixed, then uniformly in A € I,

1

(A7) N Z F (Cai\(jln(xl)a Cé\l—i—in(x(]), s ’Cé\:jln(xs)’ Cé\:_in(xsfl))
($O§xs)eBs
N:QQE Z F ( Ai\oJrin(Ul)v Ai\;rin(vo)? R zi\jlln( )7 Azi\:rm(vs—l))

(vo;vs)EBs:vp=0
In the paper, we often encounter expressions of the form ¥, (zo,z1) = F'((7,(21), (7, (0))
in the LHS. In this case, we write 197(1)0,1)1) = F(AJO (v1), A;/l (vp)) for the object defined
similarly at the limit. For instance, fi] is defined like p] but on the limiting tree (7, W).
In the particular case of m”, we have m]) = 29;7(20)
It is worth noting that E[S oo F(E ()] = E[Xyeo F(CA;’,(O))] This holds because
% Z(:Bo,l’l (C:Bo (ﬂjl)) N Z(:Bo,l’l (C;L’yl ('IO))

Remark A.4. Using Lemma 2.2] we have |C2’,(0)|3 < [Tm €Y (u)|~* for any u € N, \ {0'}.
In particular, |CA;Y,(0)|S < oo | Im €Y (0”)|75. We thus see by (Green) that for any s > 0,

(A8) s E(mG™T(00) ) <oo,  sup  E(GF(0,0)) < oo,
Ael1,me(0,1) \el1,ne(0,1)

(A.9) sup E \CAJF”’ 00, sup E [SakdEn) 00,
Ael,me(0,1) (y;) ) Ael1,ne(0,1) <3;) )

sup E | Tm ((0)| %) < o0
Ael1,ne(0,1) (yz:w v )

We also have

sup E Z

A~ - ~ y. N 3 s
5\0+m(vl)7 g\ler(UO) o )Hrlﬁ(vt) )Hrm (Ut 1)’ < 00.
ACln€(0,1) | (vgi01)€Bvg=0

Vt—1

To see this, consider for simplicity E[Y(y):v0),00=0 ]CUO (v1)C) ((v2)|®]. This is the limit of

N Z(xo;atz €Bsy |<:vo(x1) :1:1( )|8 This sum is bounded by ( Z(ﬂco;mz)eBg |<;0(x1)|28)1/2 :
(& > (wosz2)eBs |G (z2)[>%)Y/2 for any N. Using [N, | — 1 < D and taking N — oo, we see
the limit is bounded by DE(Y 50 () (0)[2*) V2 E(S 00 (1 (o) )2 < DCs by (B3,
for any A € I; and 1 > 0. Hence, supyer, ;0 E[Y(vo500),00=0 \Cvo(vl) o (v2)]°] < DC.

Remark A.5. Let us now look at quantities such as N D (zo,w1) 2o (@aszn),(weivw) 197 (Tes Tr)|
which we had to control in Section [l
Let xp A yr be the vertex of maximal length in (zo;zx) N (xo; yx), S0 xx A yp = ¢ for

_ k—t—1 .~ e k—1 o
some 1 <t < k. Then §7(Zk,Jr) = 1=0 C%fz(xk—l—lz)nf:t(ytﬂ)Hz:t+1<yl(yl+l), We then
TE
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write % 2 (wo,w1) 2o(waiwn)y(y2iyr) = % 2 (wo,x1) Y 2 (@aian), (y2iyn) e Ayp=ae > USe Holder’s in-
equality, and take N — oo to get a uniform bound involving E[S ., |CY(0/)|*2] and
E[\2mgl’sl], both of which are finite. Hence, % Z(Io,xl) 2(12;$k)7(y23yk) ‘g’v(;ck’gk)’s is uni-
formly bounded as N — oo.

Finally, to see that 3 > ;.4 |£¥]|%[P*d~*N,(z)|* is uniformly bounded in Corollary [Z.8,
bound the sum by Cp (7 Sy |FYPYY2 (& 50, Ny (2)2%)Y2, apply Hélder’s inequality
to the first term, then take the limit.

A.3. Proofs of auxiliary results. We now turn to the proofs of some claims in Section [I1
In what follows, ny € (0, 1) is fixed.
Claim (Lg]). Let x : @P4 s R and F: C — R be continuous. Then under (BSCT),
(A.10)
1 i :
< 2 x(Gyval) X FEY™@9) , — E((T.0) Y F(G™(0,)

N—
rEVN y,d(y,z)=k oo v,d(v,0)=k

uniformly in A € Ip. This is a variant of Corollary when one considers Fj , :
N [Grz, W) = X (G, 7)) Yy aey,e)=k F(§7 (2,y)) instead of F,. In particular, taking k = 0
and y = 1, we obtain (L.g]).

Claim (L9). We may assume F is compactly supported (cf. Lemma [AJ]), hence
y7

uniformly continuous. Let hy(t) = & Y,evy X([Gn, 7)) >y d(y,e)=k F(tTm g}v“"“ (z,y)),

h(t) = E(x((T0)) Svdwo=k F(EIm G (0,0))), let en(A) = N and
T ZiE’DN Im g™ (2,2)

c(\) = =———=t7—. The family hy is uniformly equicontinuous, and as in (A.10)

E(Im G**%10(0,0))
it converges uniformly to h. By (L&), ¢y(A) — ¢(A) uniformly in A. So |hAn(cn(A) —
h(c(A))| = 0 uniformly in A. This proves (L.9]).

We now turn to the proof of Claim (L.7)). Consider the set of (double)-coloured rooted
graphs (G,0,W,a), where now W : V — R and a : V — {0,1}. We say (G,o0,W,a)
and (G',0/, W' d') are equivalent if there is ¢ : G — G’ with ¢(0) = o/, W' o ¢ = W and
a' o¢p =a. We let 4P be the corresponding set of equivalence classes and endow it with
a metric dj,. defined similarly to (A.I]). This amounts to the same definition as before,
except that the colourings now take values in R x {0, 1} instead of R. The notion of local
weak limit may obviously be extended to this situation.

Assuming that (BSCT) holds, then up to passing to a subsequence, (Gn, Wy, 1a, )
will have a local weak limit P concentrated on {[T,0,W,a]}, whose marginals on 7"
coincides with P. The fact that [Ax| > aN implies P(a(o) = 1) > «, since {a(o) = 1} is
clopen in g*\D,A‘ We claim that
E (a(o) Im G (o, 0))

E (Im G0 (0, 0))
uniformly in A € Ip. Indeed, as in Lemma [AT] if F' : Ip x gPA 5 C s given by
F(X, [C:’,x,W, al) = a(x) Im g0 (x,z), then F is continuous. So [ F) UGy, Wy, 1a,, —
J FxdP uniformly in A as in Corollary [A.2l Combined with (L.8]), this yields (A.11). We

next note that for any a > 0,

(A11) m  (Ma g )ating =

N—+oc0

(A.12) inf o E(a(0)m G (0,0))

. > 0.
AeT1,m0€(0,1) a,@(a(o):l)za E (Im g>\+2770 (07 0))

In fact, suppose on the opposite that for all € > 0, we can find A\ € I1,7m9 € (0,1) and a
such that P(a(o) =1) > a and E (a(o) Im GM0 (o, 0)) < e. The latter implies

P (a(o) = 1,Im gM (0, 0) > 61/2) < €2,



FROM SPECTRAL TO SPATIAL DELOCALIZATION 53

On the other hand, since a takes only the values 0 and 1,
P (a(o) =1,Im GM (0, 0) > 61/2> > P(Im GM (0, 0) > €'/2) — P(a(0) = 0).
Thus,
P(Im G (0, 0) > €'/2) — P(a(o) = 0) < €'/2.
Equation (A8) with s = 2 implies that P(Im GA (0, 0) < €'/2) < Ce, for some constant
C < oo independent of \,79. So P(Im G 0 (0,0) > €/2) > 1 — Ce. By assumption,

P(a(0) = 0) < 1 — a. Taking € — 0 we would obtain a < 0, a contradiction. We thus

proved (A12). Since (AIT) holds uniformly in \, we get (L7]).
Finally, as in the proof of (AIl), we may consider the set of double-coloured rooted

graphs (G, o0, W, K), where K is a colouring of pairs of vertices z,y € G, dg(z,y) < R,
with values in {|z| < 1} C C. Assuming (BSCT) holds, up to passing to a subse-
quence, (Gn, Wy, Kx) will have a local weak limit P concentrated on {[T, 0, W, K]} whose
marginals on P4 coincides with P. We then deduce as before that uniformly in A € Iy,

. E (2 ydw.0)<r K(0,y) Tm G2+ (0, y)
(A.13) lim (KN, = = (yIEiIRmQ/\“”“(O,O)) )

N—+oc0
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