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Approximate Distribution of the Low-Rank
Adaptive Normalized Matched Filter Test
Statistic Under the Null Hypothesis

Guillaume Ginolhac, Member, IEEE, Philippe Forster, Member, IEEE

Abstract

In this paper, we propose to derive an approximate theoretical distribution under the null hypothesis
of the Low-Rank Adaptive Normalized Matched Filter (LR-ANMF). This detector is used to detect a
target when the disturbance is composed of a Low-Rank Gaussian contribution (called clutter) and an
Additive White Gaussian Noise (AWGN). In the LR-ANMEF, the estimated covariance matrix is replaced
by the estimated orthogonal projector onto the subspace clutter. The method to derive this distribution is
based on a perturbation analysis and assumes that the steering vector is far from the clutter and a large
Clutter-to-Noise Ratio (CNR). Simulations on a STAP example validate our theoretical result and the

impact of both hypotheses is also studied.

Index Terms

Adaptive detection, Low-Rank, Approximate Distribution, Perturbation Analysis, STAP

I. INTRODUCTION

Several applications, e.g. RADAR or SONAR, consist of detecting a known signal, the so-called steering
vector, embedded in a disturbance. In this context, Likelihood Ratio Test and Generalized Likelihood
Ratio Test (GLRT) have been developed. When the covariance matrix of the disturbance is known, the
theoretical performances of the developed detectors are well known even for subspace signals [1], [2]. But
in practice the covariance matrix is unknown. From so-called secondary data, assumed to be independent

and to share the same distribution as the observation under test, E.J. Kelly [3] derived the Generalized
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Likelihood Ratio Test (GLRT). The theoretical Pfa and Pd has been also computed. Another solution
has been proposed by [4]: the detector is first derived by assuming a known covariance matrix and the
Maximum Likelihood Estimator (MLE) of the covariance matrix is then plugged in the previous detector.
The theoretical Pfa and Pd have been also computed and have showed close performance compared to
Kelly’s detector.

Nevertheless, these detectors need a large number of secondary data, K, to reach correct performance,
i.e. K ~ 2m (where m is the data size) [5], [6]. Since this number m may be large in some applications
(e.g. STAP), it is important to derive detection techniques for small K compared to m. To achieve this
goal, many ways have been and are still investigated in the array processing community. For example, a
Reduced-Rank (RR) STAP algorithm based on an AR model is proposed in [7]. In [8], a combination
between the possible persymetric structure of the covariance matrix and the Extented Factor Approach
(EFA) allows a great reduction of the number K. Li and al propose in [9] a new cost function to build an
EFA algorithm based on a low-rank approximation. Another approach is to integrate a priori information
about the clutter to improve STAP filtering [10][11]. For slow moving target, [12] derives a RR STAP
based on a min-max algorithm. When the disturbance is structured as a sum of an Additive White Gaussian
Noise (AWGN) and a Low-Rank (LR) contribution (the so-called clutter in RADAR or SONAR) this
number K of secondary data can also be reduced. For example, the LR adaptive filtering only needs
K = 2r (where r is the clutter rank) when classical adaptive filtering needs K = 2m to reach the same
performance [13], [14]. In a context of a disturbance composed of a LR clutter and an AWGN and by
assuming to know the projector onto the subspace clutter, we obtain the LR Normalized Matched Filter
(LR-NMF) [2][15][16]. Its theoretical performance are obtained in [15]. Since the covariance matrix of
the clutter is not known in practice, it has to be estimated from secondary data. The structure information
about the reduced rank of the clutter covariance matrix can be taken into account in the covariance
estimation step in order to improve the detection performance. For example, several recent works propose
to constraint the estimation of the covariance matrix to be reduced rank [17], [18], [19], [20], [21] in
order to improve the accuracy of the estimation. In these works, the proposed algorithms estimate the
eigenvectors and the eigenvalues (and other parameters in non gaussian case) of the covariance matrix.
In this paper, we are only interested in the estimated eigenvectors to build the estimated projector onto
the subspace clutter. In a gaussian clutter, it is well known that the Maximum Likelihood Estimator is
then obtained through the Eigen-Value Decomposition (EVD) of the Sample Covariance Matrix (SCM).
By plugging this estimate in the LR-NMF, we obtain the so-called LR Adaptive Normalized Matched
Filter (LR-ANMF). Other LR adaptive detectors have also been developed and can be found in [22],
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[23], [24]. Unfortunately for all these detectors and in particular for the LR-ANME, the theoretical Pfa
and Pd are not derived in the literature.

We propose in this paper to derive an approximate theoretical distribution of the LR-ANMF test
statistic under the null hypothesis by means of a perturbation analysis [25]. As in previous works [13],
[14], [26], [27], [28] on theoretical performances based on this approach, we assume the steering vector
is orthogonal with respect to the clutter subspace for mathematical tractability. We also assume that the
Clutter-to-Noise Ratio (CNR) is large which is a common assumption in RADAR or SONAR. Numerical
simulations are performed for a Space-Time Adaptive Processing (STAP) application. STAP is a technique
used in airborne phased array radar to detect moving target embedded in an interference background
such as jamming or strong clutter [29]. While conventional radars are able to detect target both in the
time domain related to target range and in the frequency domain related to target velocity, STAP uses an
additional domain (space) related to the target angular localization. The consequence is a two-dimensional
adaptive filtering technique which uses jointly temporal and spatial dimensions to cancel interference and
to improve target detection. In most cases, the disturbance in STAP is known to be composed of a
LR-clutter plus an AWGN where the rank is easily deduced [30]. Results in this context validate our
theoretical result even in the cases of non orthogonality of the steering vector with respect to the clutter
subspace and of low CNR.

Paper is organized as follows: section II presents the problem statement, section III contains the main
result of the paper which is the approximate distribution of the LR-ANMF under Hy hypothesis and
section IV shows the results of different numerical simulations.

The following convention is adopted: italic indicates a scalar quantity, lower case boldface indicates a
vector quantity and upper case boldface a matrix. 7 denotes the transpose operator and 7 the transpose
conjugate. F [ ] is the expected value operator. CN (a, M) is a complex Gaussian vector of mean a and
of covariance matrix M. I,,, is the m x m-identity matrix. x?(n) is a Chi-square random variable with n
degrees of freedom. .#.(a,c?) is complex Gaussian random variable of mean a and variance 0. Vector

e; is the vector with only one non-zero component equal to 1 at index ¢. ~ means "distributed as".

II. PROBLEM STATEMENT

The stated problem is to infer if the received signal x € C™*!, corrupted by an additive disturbance,

also contains a complex signal a. One also has a set of K secondary data {x;} which are signal free
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realizations of the disturbance. The two hypotheses are then:

Hy:x=c+n Xk =C +1ng, k€[l K] W
Hi:x=a+c+n xp=c;+ng kecll,K]
a is the desired signal and is equal to ad(®) where d is the steering vector, « is an unknown deterministic
parameter and © is an unknown deterministic vector. n € C"™*! (or ng) ~ CN(0, AL,,,) is the AWGN
complex vector. ¢ € C™*! (or c;) ~ CN(0,C) is the Gaussian clutter. Consequently, the covariance

matrix of the secondary data can be written as R = C+\I,,, € C"™*™. Moreover, the clutter is considered

of low-rank r!. Hence, rank (C) = 7 < m and one could write the eigendecomposition of C and define:
T
C= Z )\iuiqu )
i=1

where \; and u;, 7 € [1;r] are respectively the non zero eigenvalues and the associated eigenvectors of
C.

We define the following unitary matrices:
U, = [uiuy...u
3)
UU = [ur+1 Up42 ... um]
where wu;, ¢ € [r + 1;m] are the eigenvectors associated to the eigenvalue .

We define the projector onto the clutter subspace II. and the projector onto the orthogonal of the

clutter subspace l'IcL =1, —II. [13], [14]:

-
II. = Zuiufl
i=1
T
m- = Im—ZuiuiH
i=1

A preprocessing on the observation vector is first done in order to remove the clutter, and we retrieve

4

a complex signal detection problem defined by the following binary hypothesis test:
Hp:r=Ullx=n, rp=ngk, k€[l K]

Hy:r=Ullx=dy+ny ry=ngx, ke[l K]

&)

The detection problem is solved considering the white noise power ng unknown. The used detection test

corresponds to the Normalized Matched Filter in its low-rank version, denoted by LR-NMF [15]:

- |d(©)/II x| 2
ALR(@) - (d(g)HHCLd(G))(XHHCLX) 50 7 “

'The rank is assumed to be known in this paper as in STAP applications according to Brennan’s formula [30]: 7 = N +
(M — 1) % 8 (N is the number of sensors, M the number of pulses and 8 depends on radar parameters). If not, it is possible

to estimate it for example with new methods based on Random Matrix Theory tools [31].
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H,
where = 71 means that the H; hypothesis (respectively Hp) is decided if the test Ar(®) is over
H

0
(respectively under) the threshold 7). In the following, the parameter ® is omitted.
Since IT} is not known in practice, we have to estimate it from the secondary data {x;,}. The classical

estimation is based on the Eigenvalue Decomposition of the Sample Covariance Matrix (SCM):

K r m
A 1 Ao Ao
R = EZXkaH = Z)\iul-uZH + Z )\iul-ufl (7)
k=1 i=1 i=r+1
where )\; and 1; are the estimated eigenvalues and eigenvectors. Finally, the estimated projectors are:
T
5 oo H
II. = Zuiui (8)
i=1
m
ol e N H
I = L, —TL= ) aa ©
i=r+1

Then, using the estimate fICl, the LR-Adaptive NMF (LR-ANMF) detector can be written as:

. dHf[J_ 2 H,
App = —J9ILx & (10)
(dHTILd) (xH It x) H,

III. APPROXIMATE DISTRIBUTION OF THE LR-ANMF UNDER Hy HYPOTHESIS

As in previous works on LR-STAP theoretical performance analysis [13], [14], [26], [27], [28], the
following usual assumption is made for mathematical tractability: the projection of the steering vector
onto the true interference subspace is negligible, i.e. uf{ d =~ 0 for ¢ = 1,...,r. This just means that
the tested steering vector is not fully embedded in the clutter ridge. We will check in next section by a
simulation that the theoretical result is also valid even in a case of non orthogonality of the tested steering

vector with respect to the clutter subspace. From the structure of R, we have the following relations:
Rd=)\d , R_ld:§d and IId=d . (11)

Without loss of generality, we decide that the norm of steering vector d is equal to 1. We finally assume
that the CNR is large which leads to: Aq,..., A, > A. This assumption is realistic in many applications
as in STAP. Moreover, it is well known that in low CNR regime, a simple detector without the estimated
covariance matrix or the estimated projector is good enough. Nevertheless as for the orthogonality
assumption, we will perform a simulation in the next section under low CNR conditions to check the
validity of our theoretical result.

Main result is given in the next subsection while its proof is next derived in the last subsection.
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A. Main result

Proposition 3.1: The LR-ANMF of Eq. (10), ALR, can be expressed as a function of 6 independent

random variables:

2
ArLr ~ ALR,, = ﬁ (12)
B
with
= b — X1 X35
1 K <r1A351 (13)
8 = |bl|2 + X22 — %X1X3§R(b181 + X282)

where X ~ /3x2(2r), X ~ /5x2(2(m — 1 — 1)), X5 ~ \/Ex2(2E), 51~ N(0,1), 52 ~ NL(0,1)
and by ~ N,(0, 1) are independent random variables.

Let us discuss about the meaning of this main result. First, we recall that this result is obtained by
a first order approximation. Therefore, it is an approximate distribution of the LR-ANMF under the Hy
hypothesis. Nevertheless, this result leads to interesting remarks. First by inspecting proposition 3.1, we
conclude that the approximate distribution of the LR-ANMF under Hj does not depend on the structure
of the clutter subspace. Therefore, the LR-ANMF is approximately CFAR: under Hj, it depends only
on the rank, r, the data size m and the number of secondary data K. To determine a threshold as a
function of the Pfa, we need only to perform a Monte Carlo simulation and the time computation is
here instantaneous whereas a Monte Carlo simulation of the Eq. (10) could be dramatically important
especially for large m, involving in that case very large matrices. Moreover, the simulation of the clutter
could be difficult in several practical cases (the clutter scenario is not always known in practice). Finally,
the hypothesis that the projection of the steering vector on the true interference subspace is negligible is
not critical under Hy hypothesis. Indeed as in classical adaptive detectors, it will be difficult in practical
cases to set a threshold as a function of the parameters contained in ® (e.g. in STAP, the angle of
arrival and the target speed). Moreover, we will inspect in the simulation section that the derived result
in proposition 3.1 remains valid even if this hypothesis is not completely fulfilled (the same study has

been also made in [28]).

B. Proof of proposition 3.1

The proof is first based on the two following propositions:
Proposition 3.2: Define AR as AR = R — R. Up to the first order with respect to AR, we have:

|dPIIfx — dPIIF ARMx — d"M AR I x|?
(dHTIHd — dHTIE ARMd —d¥M ARTI ) | (14)

1
C(xFAOIx—xHIIL AR Mx—xHM AR T} x)

ALr =~ ALr,
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where M is the pseudo-inverse of C:

1
M = ; )\—iuiufl. (15)
Proposition 3.3:
2
ALR, ® AR, = ol (16)
B
with
= M\/2(dfp —dfs
( y) an
= A(b]* — 2R(b"Sy))
where
b,b;, ~ CN(0,IL})

K
S = % D k=1 bkka

The proofs of both propositions are given in the appendix.
In the sequel, the parameter A is omitted in o and 3 because it cancels in the ratio (16). From Eq. (16),
the proof is next based on some invariance properties of AL R, With respect to unitary matrices. Let Q;

and Q2 be two unitary matrices:

a=d"Qi'Qib - d"Q{'Q1SQ} Qe (19)
. . Im—r 0 . .
Matrix Q; is chosen so that Q;d = e; and QT Qff = . Matrix Q2 is chosen so that
0

00 _
QchQg = . In this way,
0

= efff)—e{{sy

_ o (20)
= [|b|* - 2R(b"Sy)
0 0 -~ I, O - -
where y, v, ~ NC | 0, ,b,by~NC o, [ and S = & ZkK:1 by
0 I 0 0
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Simplification with respect to y: We can write:
1
y = Xju with X = §X2(2r) 21)

where u is a unitary vector and X; is independent of u. It is easy to check using invariance properties
with respect to unitary matrices transformation that the distributions of « and 3 conditioned on u do not
depend on u. Then, the distributions of « and S are equal to their conditional distributions and we can

choose u at our convenience. We take u = e,,,_,+1 which yields:

HT, HQ
= e'b—Xje;'Se;_rq1

- o (22)
— BJ2 - 2X,R(BSenr11)
Simplification with respect to b: We can write:
- 1
b = b1e; + Xou with Xy = \/2)(2(2(771 —-r— 1)) (23)

where u = (Oug ... Up—r0.. .O)T is an unitary vector composed of m — r — 1 non-zero values. X5
is independent of u and b; ~ N.(0,1). As for the previous simplification, we check using invariance
properties with respect to unitary matrices transformation that the distributions of « and S conditioned
on u do not depend on u. Then, the distributions of « and /3 are equal to their conditional distributions

and we can choose u at our convenience. We take u = ey which yields:

a = b—X eHSem_r
1 1€] +1 ) (24)
8 = |1)1’2 + X22 — 2X1§R((bl X50... O)HSem_TH)
Simplification with respect to S: Let us study the term (b; X20...0)”Se,, 11 in Eq. (24):
(bl X2 0... O)ngmfrJrl =
0
~H
y
1 PIAREEE @5)
F(leQO-HO) (ble> . 1
YK
0
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The result of the multiplication of the two last terms is a vector where each element is NV(0, 1) distributed.

Therefore, these two last terms of Eq. (25) can be written as follows:

0
yi
. 1
1| = X3u with X5 = 5X?(zK) (26)
yi
0

and u an independent unitary vector with K components. By using X3, Eq. (25) becomes:
(b1 X20...0)7Sey i1 =
%Xg(bl X50.. O)H (Bl .. BK) u
S
' 27)

59
%Xg(bl XQO. . .O)H . . u

where only the two first lines are of interest. They are i.i.d with each element is N.(0, 1) distributed.
As for the first and the second simplifications, we check using invariance properties with respect to
unitary matrices transformation that the distributions of « and 8 conditioned on u do not depend on u.
Then, the distributions of « and 5 are equal to their conditional distributions and we can choose u at
our convenience. We take u = e;. Then, « and 3 can be rewritten as given in the proposition which

concludes the proof.

IV. NUMERICAL SIMULATIONS

To validate our theoretical result, the STAP processing application is chosen. The purpose of STAP is
to detect a moving target thanks to an uniform linear antenna composed of N sensors receiving M pulses.
The response of the ground, the clutter c, is the superposition of a large number of points, the clutter
patches, allocated at a fixed distance around the airborne radar. According to Brennan’s formula [30],
the clutter rank is known and is lower than the data size. In STAP application, ® = (0;v) where 6 is

the DoA (Direction of Arrival) and v the object relative speed.

A. Parameters

We consider the following STAP configuration. The number N of sensors is 8 and the number M of

coherent pulses is also 8 (m = NM = 64). The center frequency and the bandwidth are respectively
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equal to fo = 450 MHz and B = 4 MHz. The radar velocity is 100 m/s. The inter-element spacing is
d= ﬁ (c is the celerity of light) and the pulse repetition frequency is f, = 600 Hz. The clutter rank is
computed from Brennan rule [30] and is equal to » = 15. Therefore, the clutter has a low-rank structure
since r = 15 < m = 64.

The CM C of the Gaussian clutter is computed using the model presented in [29]. The identity matrix
is next added to build the CM R. The CNR is defined by:

Tr(C)

CNR =
A

(28)

For the steering vector d, we always choose a DoA equal to 0°. The choice of the speed will depend
on the simulation. For large speed, the assumption uf{ d = 0 for ¢ < r will be fulfilled. On the contrary,
the hypothesis is no more valid when the speed becomes small.

In the same STAP configuration, K secondary data have been simulated. These secondary data allow
us to obtain the SCM R.. From the EVD of the SCM, the adaptive detector LR-ANMEF of Eq. (10), A LR>
is computed. Moreover, the first order version of the LR-ANMF of Eq. (14), ALR], is also obtained.
The final computation of the LR-ANMF of Eq. (16), ALR“L, is easily obtained by the trials of only 6
random variables. We also give the LR detector distribution [15] derived with the true projector, denoted

LR-NMF and given in Eq. (6).

B. Validation

First, results for Pfa as function of the threshold are shown in Fig. 1 for K = m and for K =
2r. The difference between the LR-ANMF distribution given by the Monte Carlo simulation and our
approximate distribution is the same for both values of K. We also notice that the LR-ANMF and LR-
NMF distributions are very close for K = m whereas the LR-ANMEF distribution is close to the proposed
approximate distribution for K = 2r. This result is really interesting when using the LR-ANMF detector
in standard conditions for K: for a given Pfa, it allows to determine a threshold more precisely than the
LR-NMF distribution. We can also notice that the distributions of A, R, and Ap R,, are very close which
shows that the error comes mainly from the first order approximation.

For a threshold of n = —10 dB, we compute the Pfa for the three detectors Arr, Ap Ry Ar R,, as a
function of K and the result is shown in Fig. 2. We notice that the error increases as K decreases. Since
the theoretical result is based on a first order approximation, this result is logical.

Now, we propose to validate our theoretical result with respect to the two hypothesis: uZH d ~ 0 for

Vi < r and large CNR. The behavior of the Pfa as a function of the CNR in the top of Fig. 3 is shown.
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Threshold (dB)

—*Experimental
-5-Experimental after 1st order approx
~o-Theoretical

LR-NMF

Probability of False Alarm

24 22 20 18 16 14
Threshold (dB)

Fig. 1: Pfa as a function of threshold evaluated with 100000 iterations. For Az g (black star), A R, (square red), Ar R, (blue
diamond) and Arr (green plus). K = m on the top and K = 2r on the bottom. m = 64, r = 15, CNR = 30 dB. Large
target speed (V; = 10 m/s).

—*-Experimental
-5-Experimental after 1st order approx
~-Theoretical

Probability of False Alarm

i I i
50 100 150 200 250 300 350 400 450 500

Fig. 2: Pfa as a function of K evaluated with 100000 iterations. For Apr (black star), AL R, (square red) and Ar R, (blue
diamond). m = 64, r = 15, CNR = 30 dB, n = —10dB. Large target speed (V; = 10 m/s).

The bottom of Fig. 3 shows the Pfa as a function of the tested speed (parameter of the steering vector
d). When the speed is close to 0 m/s, we recall that the assumption ul’d = 0 is not valid anymore.
Both results show that our theoretical result is valid even for small CNR and small tested speed (where

the assumptions are no more valid). We conclude that these assumptions needed to derive the theoretical
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calculus are not critical in practical issues.

—Experimental
-E-Experimental after 1st order approx
~6-Theoretical

Probability of False Alarm

1 T -
—Experimental

-5-Experimental after 1st order approx
~-Theoretical

Probability of False Alarm
/
!

i
B 10 12 14 16 18 20
Target Speed (m/s)

Fig. 3: Pfa as a function of CNR with V; = 10 m/s (top) and of the tested speed with CNR = 30 dB (bottom) evaluated
with 100000 iterations. For Apg (black star), ALRl (square red) and ALRM (blue diamond). m = 64, r = 15, K = m,
n = —10dB.

V. CONCLUSION

In this paper, we derived an approximate distribution of the LR-ANMF under the null hypothesis. The
disturbance is composed of a Gaussian LR clutter plus an AWGN and the estimated projector is built
from the EVD of the SCM. The approach has been based on a perturbation analysis. The obtained result
showed that the LR-ANMF is approximately CFAR. Moreover, it allows to provide a quasi-instantaneous
threshold for a given Pfa without any knowledge of the clutter scenario and more precisely than the
theoretical distribution of the LR-NMF. In a STAP context, we validated our theoretical result and showed
its good robustness to the different hypotheses.

Further theoretical investigations must be conducted to investigate the limits of our theoretical result
in terms of CNR and distance to the clutter subspace. An extension to non Gaussian distributions could

be also considered.
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VI. APPENDIX
A. Proof of proposition 3.2

Since all considered estimators have been shown consistent, the LR-ANMEF is evaluated for large K by
means of a perturbation analysis [25]. Starting from the perturbations on R, II. and f[cL the estimated
LR-ANMF detector of Eq. (10) is reduced to a compact form thanks to a first order approximation.

Let AR = R — R be the covariance estimation error on R. This estimation error induces an error on
the estimates fIC and fIcl It is shown in [25] that the projector estimates are given up to the first order

with respect to AR by:

A~

II., ~ II.+ dI1.
R ; (29)
- ~ II' —6II,
where 611, is equal to:
oI, = II:ARM + MARII: (30)

In what follows, all equalities are valid up to the first order with respect to AR.

By replacing Egs. (29) and (30) in Eq. (10), we finish the proof.

B. Proof of proposition 3.3

The numerator of Eq. (14) can be expressed as:

dfIItx — dFIIFARMx — dFMARII x =

. (31)
do1Itx — dPIIE ARMX = dF I  x — AP I RMx

since d?M = 0 and AR can be replaced by R because d/! IT-RMx = 0. Let us introduce the following

variables:
II'x = (IT'n) = \'/?b where b ~ CN(0, IT})

(32)
M!/2x = M'/2¢c 4+ MY?n ~ M'/2¢c = y ~ CN(0,TL,)

For the second variable, the strong CNR hypothesis has been used. Similarly:
IIRMY?2 = IIFE S0 xxiM!Y/?

A2 K H 1/2 (33)
= g 2k—1DrYy = \/28

and Eq. (31) becomes finally:
d"TI x = \'/2(d"b — d¥ Sy) (34)

Let us turn to the denominator. From hypotheses on d, we have for the first term of Eq. (14):

d1rtd — AT ARMd — d’MARIT d = 1 (35)
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For the second term, we have similarly:
xA T x — x7TTFARMx — xPMARIT x =
xATI x — XHHCLIA{MX — XHMIA{HCLX = (36)
Abf b — A2 IILRM /2y — A2y HM/2RIT b
By using the matrix S of Eq. (18), we have:
<At x — xHIIFARMx — xPMARII x =

(37)
AIIbl? = bfSy — y"Sb) = A(||b||* — 2R (b Sy))

which concludes the proof.
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Caption of Fig. 1: Pfa as a function of threshold evaluated with 100000 iterations. For Arr (black star), Az g,
(square red), ALRth (blue diamond) and Arr (green plus). K = m on the top and K = 2r on the bottom. m = 64, r = 15,
CNR = 30 dB. Large target speed (V; = 10 m/s).

Caption of Fig. 2: Pfa as a function of K evaluated with 100000 iterations. For A (black star), Azg, (square red)
and /A\LRM (blue diamond). m = 64, r = 15, CNR = 30 dB, n = —10dB. Large target speed (V; = 10 m/s).

Caption of Fig. 3: Pfa as a function of CNR with V; = 10 m/s (top) and of the tested speed with CNR = 30 dB

(bottom) evaluated with 100000 iterations. For ALr (black star), ALRI (square red) and ALRM (blue diamond). m = 64,
r=15, K =m, n= —10dB.

April 1, 2016 DRAFT



