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Abstract

In this work, we study optimal and suboptimal control strategies for the treat-
ment of a polluted water resource by using aside a continuous bioreactor. The
control consists in choosing the inlet volumetric flow rate for filling the bioreac-
tor with contaminated water from a considered resource (lake, reservoir, water-
table...). The treated outflow returns to the resource. We tackle an optimization
problem which aims to minimize the time needed to reach a prescribed mini-
mal value of contamination in the resource by choosing the input flow. Next,
we study the influence of inhomogeneities of concentrations in the bioreactor,
considering a system based on partial differential equations which describe its
dynamics. We show that applying the optimal feedback control derived for per-
fectly mixed bioreactor does not allow to reach the target with small diffusion
parameters as it drives the bioreactor to washout (the bioreactor equilibrium
with no biomass). In this case, a suboptimal feedback (which reaches the target
in finite time) is obtained with the help of a Hybrid Genetic Algorithm. Fur-
thermore, we consider that the fluid flow velocity of the water entering into the
bioreactor follows either a uniform or a nonuniform profile, showing that the
optimal volumetric flow rates obtained with the uniform profile are not optimal
if the profile is nonuniform, even when high diffusion coefficients are considered
in the model.
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1. Introduction

The decontamination of water resources is a major environmental issue in the
areas of prevention of eutrophication and wastewater treatment. Eutrophication
is a process whereby water resources becomes too rich in organic material and
mineral nutrients. Household products (phosphorus detergents) and products
used in agriculture (nitrate fertilizers) are the main causes of pollution of water
resources. As a result, some plants (in particular planktonic algae) can grow
rapidly and reduce the available oxygen of the aquatic ecosystem resulting, for
instance, in the death of local bio-organisms (such as fishes). The activated
sludge process is a way of eliminating eutrophication from water resources. The
process uses biomass (i.e., bacteria) to feed with substrate (i.e., the organic
contaminant) in wastewater, producing a high quality effluent for a reasonable
operating and maintenance cost. It consists of several interrelated components:

e A tank where the biological reaction occurs, called bioreactor. Bacteria
thrive as they travel through the bioreactor and they multiply rapidly
with sufficient food (substrate).

e A waste water source that feeds the bioreactor.

e A settler situated at the bottom of the bioreactor, separating bacteria from
the clearer water. This accumulated bacteria is called activated sludge.

e A means of collecting the activated sludge, either to return it to the biore-
actor or to remove it from the process.

The optimization of activated sludge processes has received a great attention in
the literature (see, e.g.,[1], [2] and [3] for reviews of the different optimization
techniques that have been used in bioprocesses). The objective is usually to con-
trol the inlet flow rate of the bioreactor for attaining a prescribed target (e.g., a
small prescribed amount of pollutant at the bioreactor outlet) in a finite given
time. Particularly, the maximization of bacteria production in a well mixed
fed-batch bioreactor has been studied using different optimization techniques,
as Pontryagin Maximum Principle (see [4]), Genetic Algorithms (see [3, d, 7, [g])
or Hybrid Stochastic-Deterministic Methods (see [4], [9]). The effects of varying
the inlet flow velocity and the substrate concentration input in bioreactors have
been studied as well (see for instance [10], [11], [12] and [13]). The bioloﬁjal pu-

rification of waste water is an example of application of bioreactors (see [14], [15]

and [14]).

In this work, we consider a natural resource polluted with a substrate concen-
tration S;. The objective of the treatment is to decrease S;, as fast as possible,
to a target value Sy, by using a bioreactor. The bioreactor is fed from the re-
source with a volumetric flow rate @@, and its output returns to the resource with
the same flow rate Q. Typically, introducing biomass in the resource is avoided
because of the risk of having bacteria growing in competition with other popu-
lations that also need oxygen. Therefore, we assume that the resource contains



only undesirable chemical substrate, that we assume to be uniformly spatially
distributed all the time. To do so, the bacteria present in the bioreactor are
filtered by a settler at the output so that they do not enter the resource (see

FigurdI]).

This problem was tackled in HE] under the assumption of having a well-mixed
environment, i.e., the concentration of substances were assumed homogeneous
both in the water resource and in the bioreactor. Nevertheless, the activity
of the bacteria inside the bioreactor induces a gradient of substrate concentra-
tion, which can be negligible or not, depending notably on the ratio between
the advection and diffusion effects of the physical system. We aim at studying
the influence of this gradient on the optimal inlet volumetric flow rate. Follow-
ing HE], we characterize the optimal policies among constant, time-dependent
and feedback controls and study the possible benefits of using non-constant flow
rat“% Additionally, our optimization results are compared with those obtained
in |15].

bioreactor
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r

<
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g
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Figure 1: Connection of the bioreactor with the resource

The paper is organized as follows: Section Blintroduces an ODE model describ-
ing the behavior of the contamination in the water resource and two models
describing the dynamics of the bioreactor, using ODEs and PDEs, respectively.
In Section Bl we state the optimization problem, which aims to minimize the
time needed to decontaminate the water resource. We also present the opti-
mization methods used in both ODE and PDE models. In Section Ml we explain
the numerical experiments carried out for the optimization problem and shows
the results. Section [0l draws the conclusions after the comparison between the
numerical results obtained with the ODE and PDE models.



2. Mathematical modeling

Here we detail the mathematical models used to describe the dynamics of
the bioreactor and the water resource. More precisely, in Section 2.I] we present
an ODE system under the assumption of uniform concentration of contaminant
in the resource. We justify such an assumption for very large resource volumes
for which the treatment takes long time. The output flow @ induces then a very
small dilution rate of the contaminant in the resource compared to the diffusion
of the contaminant, that maintains an (almost perfectly) homogeneous distri-
bution in the resource. As the bioreactor volume is much smaller, the induced
advection could make the assumption of homogeneous concentrations inside the
bioreactor questionable depending on the process characteristics (reactor shape,
agitation, diffusivity...). Then, in Section 22 we introduce two different models
which describe the behavior of the concentrations inside bioreactor.

2.1. Water resource model

Since we assume homogeneous distribution of substrate in the water resource,
its dynamics can be described as follows HE]

A5 = Q(Spue — ) >0, "
Sr(o) - Sr,Ov

where S, (mol/m?) is the concentration of substrate in the water resource; V
(m?) is the water resource volume; @ (m?/s) is the volumetric flow rate and Sou¢
(mol/m?) denotes the concentration of substrate concentration at the outlet of
the bioreactor, which is calculated differently depending on the mathematical
modeling considered for the bioreactor.

The explicit solution of () is

S t s T
Se(t) =e Jo Llds (/ Q‘(/S) Sout (5)elo g 4 Sr,o) . (2)
0

2.2. Bioreactor Models

Section 2.2.1] presents an ODE system under the assumption of uniform
concentration of substances in the bioreactor and Section introduces a
PDE system in order to study the influence of inhomogeneities in the tank.
In both sections, pu(-) (s7!) denotes the growth rate function, which refers to
the growth rate of the biomass in function of the substrate concentration. We
assume that

u(+) is increasing and concave with p(0) = 0. (3)

An example of such a growth rate function is given by the Monod equation
(see, e.g., [15], [17] and [1]), which is used to relate microbial growth rates in
an aqueous environment to the concentration of a limiting nutrient. Its general
expression is:

S
w(S) = :UmaxK TS’ (4)



where g is the specific growth rate of the microorganisms, S is the concentration
of limiting nutrient for growth, fimax is the maximum specific growth rate of the
microorganisms and K is the half-mazimum kinetics constant, i.e, the value of
S for which p(S5) = #52=. We observe that pmax and K are empirical coeffi-
cients, that differ between species and are based on the ambient environmental
conditions.

2.2.1. Homogeneous distribution in the bioreactor
We consider the following bioreactor model to describe the dynamics of the
bioreactor (see [15]):

%:_u(S;)Bb+V%(Sr_Sb) t>0,

45— u(5,) By — LB, t>0, ®)
Sp(0) =Sbo  Bp (0) = By, o,

where Sy, (mol/m?3) and By, (mol/m?) denote the concentration inside the biore-
actor of substrate and biomass, respectively, V4, (m?) is the volume of the biore-
actor and Y is a yield coeflicient, which can be set to 1 without loss of generality
(see for instance [18]).

If Q and S, are constant, classical equilibria analysis for the bioreactor (see [18])
shows that system (B) has two equilibria, £y = (S;,0) and Ey = (S{7(Q), Sy —
SP(Q)), where S{*(Q) fulfills Q@ = Vi,u(SiF(Q)). Moreover, Ey is unstable and
E, is globally asymptotically stable (excluding the case where By, o = 0) when
Q < Vb,UJ(Sr)

Definition 2.1. We call washout the equilibrium state Ey, i.e., the bioreactor
equilibrium with no biomass.

A nondimensionalization analysis of systems (D) (sce [19]) and () (sce [18])
provides us with a time scale for the bioreactor, 7, = W (|4l o = pmax if the

Monod function (@) is considered), and for the water resource 7, = V%Tb' Since
a reasonable hypothesis is to assume that the volume of the resource is much
larger than that of the bioreactor, i.e., V > V}, one has that 7. > 7,. Thus,
one can consider that the dynamics of (B is faster than that of (1) and then

make the quasi-steady state approximation, setting
Sout (t) = Sgs (Q(t)) (6)

in system (). We point out that the hypothesis Q(t) < Vpu(S:(t)) can be
rewritten as Sp°(Q(t)) € [0,5:(t)). We observe that, when 7, > 7, the model
given by (), is not needed and we can use (d),(6) instead.

Remark 2.2. Since the mapping Q — SP°(Q) giwen by Q = Vuu(Sy(Q)) is
a bijection from [0,400) to [0, V||1t]lee) we will equivalently use the notations

Q= Q(SF) and S = S{P(Q).



2.2.2. Inhomogeneities in the bioreactor

Many works available in the literature consider non perfectly mixed biore-
actors, such as tubular bioreactors with one dimensional spatialization (see for
instance @], ], @], ], ﬂﬂ], ]) It is of interest to consider tubular
reactors with two spatial variables in order to study radial inhomogeneities of
concentrations in the bioreactor. Two dimensional spatialization bioreactors are
introduced, for instance, in the book of Dochain and VanRolleghem HE] Partic-
ularly, model (2.154)-(2.159) presented in page 56, describes the behavior of the
substrate and biomass concentrations in the bioreactor by using an advection-
diffusion-reaction equation and a reaction equation, respectively. Moreover,
Dochain and VanRolleghem consider Dankwerts boundary conditions for the
substrate concentration, which are typical for continuous flow bioreactors (see,
e.g., [24,127)). Here, we modify model (2.154)-(2.159) presented in [26], by using
and advection-diffusion-reaction equation together with Danckwerts boundary
conditions also for the biomass.

Remark 2.3. A typical representation of a bioreactor is a tank as depicted in
Figure[@(a), with a small inlet aperture at its top (through which polluted water
enters the reactor) and a small outlet aperture at its bottom (through which the
treated water leaves the reactor). In Section[Z.2.2, following the model developed
mn [@] for fluidic mizers and for the sake of model simplification, we neglect the
possible effects coming from the size and collocation of these apertures. To do
that, we only model an intermediate part of the bioreactor, denoted by Q* (dark
part of Figure[2(a)), assuming that the volume of the removed part is negligible
compared to the total bioreactor volume.

Let the vertical cylinder denoted by Q* be the domain used for modeling the
bioreactor. A typical outline of Q* is depicted in Figure[2H(b). At the beginning
of the process, there is a certain amount of biomass inside * that reacts with the
polluted water entering the reactor through the inlet I'}, (the upper boundary of
the cylinder). Treated water leaves the reactor through the outlet I'} ; (the lower
boundary of the cylinder). Taking into account that the device’s geometry (see

Q Lo L
D ’ I L
!
(a) 3D Reactor (b) 3D Reactor simplification  (c¢) 2D Reactor simplification

Figure 2: Typical domain representation of the bioreactor geometry.

Figure [))-(b)) is an empty solid of revolution, it can be simplified and described



by using a 2D domain ) (see Figure ([2)-(c)) using cylindrical coordinates. Thus,
in the simplified model the domain is the rectangle Q = [0, L] x [0, H], where
Fsym = {0} x (0, H) is the axis of symmetry; I'i, = (0, L) x {H } is the bioreactor
inlet; and T'oyy = (0,L) x {0} is the bioreactor outlet. We denote I'yan =
0\ (Tin UTgut U T'sym ), where null flux is assumed.

We consider the following advection-diffusion-reaction model to describe the
dynamics in the bioreactor:

% = 15 (rDsG) + £ (Ds52) —u. G — u(Sp) By in (0, +00) x ©,
o = 10 (rDp %) + L(Dp ) — w92 + u(Sp) By in (0,400) x ©, -
Sp(0,7,2) = Sho in Q,
By(0,7,2) = By in

where (r,z) are the cylindrical coordinates; Dg (m?/s) and Dg (m?/s) are
the diffusion coefficients of substrate and biomass, respectively, when diffus-
ing throughout the water in the vessel, and u = (0, u(t,r, 2)) is the fluid flow
velocity field, where u, (m/s) is its vertical component (radial components of
the velocity field are neglected).

System (@) is completed with the following boundary conditions:

DS% —u:Sp = —u.S; (1) on (0, +00) x T,
DB% —wu,By =0 on (0, +00) x iy,

(8)
B = =0 on (0,400) % (Tt U Tsym);
%:%:0 on (0,+OO)><F0ut'

We express the variable Sy (t) to be used in system (Il as the substrate con-
centration at the outlet of the bioreactor at time ¢. When considering general
flow velocity fields, we have to take into account that both substrate concentra-
tion and outlet flow velocity may depend on the position of the exiting particle.
Thus, we considered an average value of the exiting substrate concentration
weighted by the flow velocity and computed as

S ua(t,z,y,0)Sy(t, z,y,0) dzdy
ff‘zut Uz (tv €, Y, O) dilfdy

Sout (t) -

When expressed in cylindrical coordinates, it is calculated as

0277 fOL Tus(t,7,0)Sy (t,7,0)drdd fOL ruz(t,r,0)Sy(t,r,0)dr

Sout(t) =
' 027T fOL ru(t,r,0)drdd fOL ru(t,r,0)dr




We consider two types of flow velocity fields, which do not change along the
z-axis (more general fields can be considered by using the Navier-Stokes equa-
tions).

e Homogeneous flow velocity field: As a first approach, we consider that
the vertical component of the flow velocity field is taken as u,(t,r, z) =
uy(t) = —Q(t)/A, where @ (m?/s) is the volumetric flow rate defined in
Section 2] and A ( 2) is the area of the basis of the cylinder. In this

case, Sout(t) fo rSp(t,r,0)dr.

e Nonhomogeneous flow velocity field: As a second approach, we con-
sider that the flow velocity field has the shape of a paraboloid of revolution
(other choices could be also considered), which is classical in Fluid Dy-
namics for ideal cases (see, for instance, the example given in page 41
of @]) and more realistic than the previous homogeneous flow velocity
profile. More precisely, the vertical component of the flow velocity field
is taken as wu,(t,7,2) = u,(t,r) = —C(L? — r?), where C is chosen so
that the volume covered by half of the paraboloid of revolution is equal
to @ (m®/s). Since the volume generated is V = CZL*, we conclude

that C( ) = 27%(? and thus u.(t,7) = QSL(Z) (L? — 7?). In this case,
out fO L2 - 7" Sb(t r, O)d?”

Remark 2.4. A nondimensionalization analysis of system (7)-(8) (see [34))
2

. : : . : _ H? H?
provides us with a time scale for the bioreactor, that is T, = max(D—S, D
H 1

pr—s m), where Umax 15 a suitable scale for the ﬂow velocity component u. .
For the water resource, the time scale is 7, = V ”H” (see Section [Z21)). For
the cases where 7. >> T, (for instance, when the volume of the resource is much
larger than the volume of the bioreactor), one can consider that the dynamics
of (M)-@8) is faster than that of ({d), i.e, for a reasonable process time for the
bioreactor, the changes in the entering substrate and the fluid flow velocity are
negligible (therefore, they can be treated as constants). Consequently, when deal-
ing with time intervals of the order of 1., we consider that the bioreactor is in
quasi-steady state, which we approzimate by taking the solution of (1)-(8) at
time t, with t large enough (see [31)).

3. Optimization problem

We consider the optimization problem consisting in making decrease the
substrate concentration of the water resource, to a prescribed value Sy, > 0
(mol/m?), in a minimal amount of time by choosing a suitable control strategy
for the input variable Q.

Definition 3.1. We denote by Xg and X the initial state and the state at an
arbitrary time, respectively. Therefore, when considering system (), (@) %o =
Sro and ¥ =S, € [0,+00); and when considering system (1), (7)-(3) we have
20 = (SI‘,O7 Sb,O; Bb10> and E = (Sr, Sb, Bb) (S [O, +OO) X (LOO(Q))2



Definition 3.2.

1. For each initial state g we consider the set of admissible time-dependent
control functions given by Q°F = {Q : [0, +00) — [0, +0o0) Lebesque mea-
surable such that Q(0) < Vuu(Sro), where Sy is initial state of system
@).@) (or system @), [)-@)}. A functional Q) = Q(To;-) € QOF is
called an open loop-control and in the following is denoted by QO.

2. We consider the set of admissible state-dependent control functions given
by QFB = {Q : [0,+00) — (0,4+00) (resp. Q : [0,+00) x (L=(Q))? —
[0,400)) such that system (@),(d) (resp. (@),(7)-(3)) admits a unique

absolutely continuous solution for any initial condition ¥y and Q(X) <
Vou(Sy)}. A functional Q € QFB is called a feedback control and in the

following is denoted by QFB. B

Signal flow graph representations of the two control strategies defined above are
shown in Figure[3

REAL SYSTEM

observation (t=0)

CONTROLLER
CONTROLLER observation _ Qf®
QUL (¥) REAL SYSTEM

(a) Open-Loop control (b) Feedback control

Figure 3: Signal flow graph representations of the considered control strategies.

Remark 3.3. The stability analysis of the ODE system (3), presented in Sec-
tion [ZZZ71) stated that in order to avoid washout (see Definition[21]) a suitable
condition for the flow rate Q is Q(X) € (0, Vouu(Sy)). When using the ODE-PDE
system (1), (7)- (@), we have presented two possible effects which may cause inho-
mogeneities in the bioreactor: small diffusion of substances and nonhomogeneous
fluid flow velocity profile. In the first case, the entering substrate diffuses slowly
through the tank and thus, smaller flow rates are needed in order to guarantee
that the biomass has enough time to be in contact with the substrate and decon-
tamination occurs. In the second case, a nonhomogeneous profile may produce
that in some regions of the bioreactor, the liquid is ejected faster than if we use
the homogeneous flow velocity profile, and hence, smaller flow rates are needed
in order to assure that the substrate and biomass react in the whole tank. Con-
sequently, one can conclude that the bound Q(X) € (0, Viouu(Sy)) is also suitable
when using the ODE-PDE system (), [7)-(9).

1The definition of Qf B will be modified in Remark for a special case that we will
studied in this paper



Remark 3.4. A particular case of open-loop is when @ is constant, which in
the following we will be denote by Q€. For each initial state Yo we consider
the set of admissible constant control functions given by Q¢ = {Q : [0, +00) —
[0,4+00) : Q(t) = ¢ for all t > 0, with ¢ € [0, Vo i(Stim)) }-

Remark 3.5. For an initial state Yo, we call open-loop representation of the
feedback QB to the time function Q¥B(-) = Q¥B(X(-)) where X(-), is the solu-

tion of the system (either {d),({d) or (), (7)-(9)) with initial state Xy.

Remark 3.6. For cases where 1, < 7y, we can assume that system (), [7)-(9)
is in quasi-steady state (see Remark[2]). In this situation, we can approximate
the state of the system by ¥ = Sy and open-loops and feedbacks can be assumed,
respectively, functionals of the form Q9L (-) = QOF(S,0;-) and S, — Q¥E(S,),
where Q¥B € QFB = {Q : [0,4+00) — (0,4+00) such that system (), (7)-(@)
admits a unique absolutely continuous solution for any initial condition Xy and

Q(Sr> < Vb,u(Sr)}'

Given an initial state X, the optimization problem when using open-loops can
be formulated as follows:

{ Find QOM°Pt(.) € QL such that

T(2, Q7)) = min | TS0, QOM()) (10)

where T'(X9, Q°%(+)) denotes the time required to achieve S;(T(2g, Q°L("))) =
Siim when solving system (0),([@) (or system ([d),[@)-(@)) with the flow rate
Q = QOF(-). If the target is not achieved we set T'(Xo, Q9 (+)) = +oo.

The optimization problem when using feedback controls can be formulated
as follows:

{ Find Q¥B°Pt ¢ QFB | such that for every initial state

T(S0, QPR () = min  T(S0, Q7P()), (11)
QFBGQFB

where T'(Xo, QP () denotes the time required to achieve S,(T'(3o, Q¥B("))) =
Siim when solving system ([0),([@) (or system ([d),[@)-(@)) with the flow rate
Q = QFB. If the target is not achieved we set T'(Xg, Q¥B(-)) = +o0.

In Section Bl we solve these problems considering ODE system ([I),([6]) and
in Section B2l we use ODE-PDE system ([I), [@)-(@).

3.1. Optimization problem with ODE system (), (@)

When using ODE model (), (@), we assume 7, > 7,. We distinguish between
the cases in which @ is a constant open-loop control or a feedback control. The
case where @ is a time-varying open loop is derived from the case in which @
is a feedback control (as explained in Remark B10).

10



8.1.1. Case 1: Constant open-loop control

Given an initial state X9 = Sy o € [0,400) we look for an optimal constant
Q%°Pt € QF solution of (). Under assumption (@), if control variable @Q is
equivalently replaced by control variable Si** (see Remark 2:2]) and if we denote

SSS’C = {S¥ = SP¥(Q) such that @ € Q°}, then problem (I0) becomes

Find SSS’C’Opt € Sgs’c such that
T(S,0, S5 = min  T(S, 0,52, (12)

qs,C qs,C
5p=Cesy

where T'(Sy 0, S%) denotes the time required to achieve Sy(T(S 0, STC)) =
Siim when solving system ([),([6]) with the control variable S = Sgs’c. We now
present some theoretical results that are proved in [13], about problem (2.

Lemma 3.7. If Q is constant (i.e., S is constant), one has

1 Seo — SF°
T(Seo, S57°) = ooy It < T | (13)
Tulsy )\ Stim — 557

Moreover, assuming Sy > Siim, optimization problem [IZ) has a unique solu-
tion.

We approximate the solution of problem (I2]) by computing

SIHCOPY —arg min _T(Sy 0, ST, (14)

SES,CESSS,C,N
N . ,
where SSS’C’ = {55}, with N € IN large enough and S5 = % Stim-

3.1.2. Case 2: Feedback control

In this case, we look for an optimal feedback Q¥ B-°Pt € QFB solution of ().
Under assumption (@), if control variable @ is equivalently replaced by control
variable S3 and if we denote Sf*"” = {S®* = §%5(Q) where Q € QFP}, then
SasFBopt — a3 (QFB.opt) ig called an optimal feedback. As proven in [15], we
have the following result.

Lemma 3.8. An optimal feedback ;" P : [0, 400) — R must fulfill

; Vi ; ;
qs,FB,opt __ . b qs,FB qs,FB
Sy = arg Sgs*Fgléggs*FB v p(SET7) (S Sr) (15)

or, equivalently,
M/(SSS,FB,opt)(Sr _ Sgs,FB,opt) _ M(Sgs,FB,opt)_ (16)

Moreover, Q¥B°Pt(.) (see Remark[30) is decreasing along any optimal trajec-
tory.

11



Remark 3.9. The fact that the open loop realization of the feedback QFBopt
1s decreasing along time can be interpreted physically as follows: as time goes
on, the substrate in the water resource is decreasing and the water that enters
the bioreactor is less polluted. Therefore, if Q(-) does not decrease, the biomass
has not enough time to be in contact with the substrate in order to grow, and
eventually becomes extinct.

Remark 3.10. If QFB°Pt js solution of problem ([Il) when using system (), (@),
given an initial state o = Sy € [0,+00), the open-loop representation of
QYBoPt (see Remark[33) is solution of problem (I0).

3.2. Optimization problem with ODE-PDE model (), (7)-(9)

In the case where inhomogeneities are considered, we recall that Syt is
computed as described in [@). As in Section Bl we consider the cases in which
@ is chosen as an open-loop control or as a feedback control.

8.2.1. Case 1: Constant open-loop control

Given an initial state 3o € [0, +00)x (L>(£2))? (or X € [0, +00) for the cases
where 7, < 7, see Remark B.6)), we look for an optimal constant Q°P* € Q¢
solution of problem (IT]), that we approximate by taking N equidistant points
in the interval (0, V4, u(Sim)) proceeding as in problem ([I4]).

8.2.2. Case 2: Time varying open-loop control

Given an initial state 3¢ € [0, +00) x (L>=(Q))? (or Xg € [0,+00) for the
cases where 7, < 7, see Remark B.6l), we look for a time variable function
QOLort € QO close to a solution of ([0). With that aim, we consider a family
of time varying functions with 5 optimization parameters, denoted by Qo, @1,
@2, Q3 and Q4. Those optimization parameters correspond to the value of the
flow rate QOL(-) at five different given fixed times tq, t1, t2, t3 and t4, starting
from time to = 0, so that function Q% is given by Q°(t;) = Q; (i =0,...,4),
QO%(t) is calculated with the monotone piecewise cubic hermite interpolation
method, with null derivatives at o and t4 (sce for instance [32]) for ¢ € (t;,ti41)
(i=0,...,3), and QOF(t) = Q4 for t > t,.
Following Remark B.9] we only consider decreasing time functions Q(-). Thus,
we compute the optimization parameters Qg, @1, @2, Q3 and @4 with the
following constraints

Qo> Q1> Q2> Q3> Qa.

To that end, we consider the optimization parameter Qg € [0, Vi,u(Sr,0)) and
we define new optimization parameters aq, as, ag and oy in [0, 1] such that the
interpolation data are given by

Q1 = a1Qo, Q2 = 2@, Q3 = az@Qq, Q4 = Q3.

Therefore, we approximate Q©™°P!(.) by a function defined by interpolation, as

: . t  opt opt
explained above, and where the corresponding vector v°P* = (Qg"", a™", ag"”,
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t ty . .
as™ agP") is solution of

{ Find v°P* € (0, Vi, iu(Sr0)) x (0,1)* such that )
OL,opt ()} — : OL /.

T(E()vQ ( )) ’YE(O,VbH{gi,I;))X(O,l)‘lT(ZO’Q ( ))7

where T'(X9, Q°%(-)) denotes the time required to achieve S,(T(2q, Q°L(-))) =
Slim when solving (with any suitable solver; see e.g. Section 1) system ()
coupled with ([7)-([@) with the flow rate Q = Q°L(-). We solve problem ([7) with
the Hybrid Genetic Algorithm (HGA), and its parameters, presented in @]
The HGA is a global optimization algorithm based on a combination between
a Genetic Algorithm (which, without requiring the computation of the gradient
of the cost function, performs a first coarse global search of the solution) and a
Steepest Descent method (which performs a refined local search of the solution).
The suitability of this method to solve computationally expensive optimization
problems has been shown in ﬂﬁ]

3.2.3. Case 3: Feedback Approximation

In this case, we look for an optimal feedback QFB:°Pt ¢ QFB solution of
problem (II)). To this end, proceeding similarly as done in Lemma for
perfectly mixed bioreactors, we perform a suboptimal strategy as a greedy policy
that consists in choosing a control maximizing the instantaneous decrease of the
contaminant concentration in the resource.
For cases where 1, < 7;, we assume that the feedback only depends on S,, i.e.,
Y =5, (see Remark [B:6) and we approximate the feedback function that we are
looking for by solving the following optimization problem: Given an arbitrary
resource substrate concentration S € [0, +00) and a small time interval At > 0
(chosen of the order of the water resource time scale 7, in order to assure that
the bioreactor is in quasi-steady state during the time interval At)

Find QFB°Pt(S) € [0, V4u(S)) such that
(18)
SY(S, QFB’Opt; At) = minQFBG[Oyvb#(S))Sr(S, QFB; At),

where S,(S, Q¥B; At) is the solution (computed with any suitable solver; see e.g
Section 1)) of system () coupled with (@)-([@) at time At, with S = Sy and
Q = QFB(S). Since 1, < 7 the bioreactor is in quasi-steady state and the
choice of the concentration values Sy, o and By, ¢ does not have influence on the
solution of problem (I8). Particularly, we take Sp0 = Bpo = S. We estimate
the solution of problem (&) by taking N equidistant points in the interval
(0, Voue(S)) and proceeding as in problem (I4l). Then, in order to obtain a
function of the form

QVBoPt . (S Sio] — [0, Vou(Seo))
(19)
S — QFB’Opt(S)v

we solve problem (I8) for a range of concentration values S € S = {S;}/ 1},

where I € IN is large enough and S; = Sy 0— %(Sr,o_slim)- Finally, QFB-°Pt(9)
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is calculated with the monotone piecewise cubic hermite interpolation with null
derivatives at Sy and S, ¢ (see [32]) for S ¢ S.

For cases where 71, < 7, is not satisfied, we approximate the feedback function
that we are looking for by solving the following optimization problem: Given
arbitrary concentration values (S, sp, by,) € [0, +00) x (L>°(Q2))? and a small time
interval At > 0
Find Q¥B:oPt(S sy, by,) € [0, Viu(S)) such that
(20)
Se(E, QFPOPY At) = mingrs o,y u(5))S: (S, QFP; At),

where S, (S, Q¥B; At) is the solution (obtained with a suitable numerical solver;
see e.g. Section ) of system (Il) coupled with (T)-(@) at time At, with 3¢ =
(S, sp,bp) and Q = Q¥B(S, sp,by). We estimate the solution of problem (20)
by taking N equidistant points in the interval (0, V;,u(S)) and proceeding as in

problem ([I4]).
Then, in order to obtain a function of the form

QTP [Stim, Sl X (L=(Q))2 — [0, Vou(Sro))
(21)
(S, Sb, bb) — QFB’Opt(S, Sb, bb),
we solve problem (20) for a range of concentration values (.5, sy, by) in the set
M = {(S, sp,bp) : Fi € {1,...,1 +1} such that S =5, € S, s, € Sp; and
bb S Bb,i} where Si = Sr,O - ‘;1 (Sr)o - Slim), Sbﬂ' == BbJ' = {Si)j}je] with
J CNand S;; = 57 If (S, sp,bp) ¢ M, we compute the mean value of the

concentrations s and by, in the bioreactor (which we denote by 5, and bb) by

2/ / rsp(r, z) dzdr / / rby(r, z) dzdr
= _ _Jo Jo
B L?H ’

and Q¥BOPY(S sy, by,) is approximated by Q¥B:oPY(S 3y, bb), which is given by
spatial interpolation. More specifically, Q¥B°PY(S, 5y, by,) is calculated with a
suitable trilinear or neighbor interpolation method depending if (.S, sp, by) is or
not inside the convex hull of M.

Remark 3.11. Solution of problems (I8) and (24) are approximations of the
solution of problem (I1l) which, as shown in Section [{.3, provide satisfactory
results.

4. Numerical Experiments

In this section, we first introduce the numerical solvers used for computing
the solutions of systems (), (@) and ([),([@)-(@). Then, in Sectionsd2and [L.3]we
present the numerical results obtained when looking for constant and feedback
controls, respectively. Notice that in order to shorten the presentation of this
work, the results obtained when looking for time varying open-loop controls has
been included in Section 3l

14



4.1. Numerical solvers used for systems (), (@) and (@), (7)-(D)

The solution of system (),([6) was computed numerically by using a fourth-
order Runge-Kutta method and the solution of system (), ([@)-([@) was computed
numerically by coupling a fourth-order Runge-Kutta method with a Finite Ele-
ment Method (see M]) The computational experiments were carried out with
a 2.8Ghz Intel 17-930 64bits computer with 12Gb of RAM. We used a triangular
mesh with around 600 elements. A numerical simulation of system (II),(T)-
@) with time step At = 100s and final time 10°s, computed using MATLAB
(mathworks. com) and COMSOL Multyphisics 5.0 (www.comsol. com), takes ap-
proximately 12 seconds.

Model parameters were taken following [19, [35]: 1(-) was the Monod Func-
tion (see @) with fimax = 1 (s71) and K = 1 (mol/m?). For the bioreactor and
water resource volumes we took V4, = 1 (m?) and V = 1000 (m?), respectively.
In order to obtain a cylinder of volume V3, = 1 (m?), we used a 2D bioreactor
domain with H = L = 0.68 (m). We considered a case for which the time scale
of the bioreactor was comparable to the time scale of the water resource by using
diffusion coefficients Dg = Dg = 0.01 (m?/s). We also consider a case where the
time scale for the bioreactor was much smaller than the time scale of the water
resource by using diffusion coefficients Dg = Dg = 100 (m?/s). When comput-
ing a constant open loop control (see Section B22Z]), N = 100 was chosen to solve
problem (I4]). When computing a time-varying open loop (see Section[32.2)), the
interpolation times were to = 0 (s), t1 = 20000(s), t2 = 40000(s), t3 = 60000(s)
and t4 = 80000(s). Those values where taken equidistant and having estimated
experimentally that the time needed to achieve the prescribed value in the re-
source is around 10°s. Finally, when computing a feedback (see Section B.2Z.3),
problems ([I8) and (20) were solved by using the MATLAB functions interpl
and interp3 (see https://www.mathworks.com/moler/interp.pdf)), respec-
tively, with At = 100 s.

Remark 4.1. The model parameters considered here were chosen as in m/ n
order to obtain a straightforward comparison between the methodologies proposed
in this article and the ones introduced here. Of course, they could be replaced
by other values found in the literature.

4.2. Constant Open-Loop Control

In this Section, we solve numerically the optimization problem (I0) when the
volumetric flow rate @ is considered a constant. More specifically, Section [£.2.1]
shows the numerical results for the ODE system (II),(@]), obtained by solving
problem ([d)), and Section 22 shows the numerical results for the ODE-PDE
system (d),[d)-(@), obtained as explained in Section BZTIl Then, in Section
we make a comparison of the results obtained in Sections 2.1l and
in terms of the optimal constant open-loop controls and the time needed to
achieve the prescribed value of substrate concentration in the water resource,
Stim. We also compare systems (), (@) and [),[@)-[@) in terms of the minimum
substrate concentration achieved in the water resource if the constant flow rate
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obtained for system ([I),(@]) is used in system (), ([d)-(@). Simulations were done
with initial substrate concentration in the resource S;o = 10 (mol/m?®) and
with Sjm = 0.1 (mol/m?). These simulations were also performed for S, o =5
(mol/m?) and similar conclusions were obtained.

4.2.1. ODE system (), (@)
In this Section we solve the optimization problem (4] using system (), (@)

with N = 200. The optimal constant open-loop is Qgg%t =0.0790 (m?/s) and

the corresponding decontamination time is 7'(S; o, 8’8%) = 81830 (s).

4.2.2. ODE-PDE model (1),(7)-(@)

In this Section we solve the optimization problem (I0)) using the model given
by system (),[@)-[@). We denote Qg")pt and Qg’f{)pt the optimal constant flow
rates when considering the homogeneous and the nonhomogeneous flow velocity
fields, respectively. Equivalently, we denote Sfach and S%\g{ch the minimum sub-

. . . . C,opt - .
strates concentrations achieved in the water resource if Q5p5p is used in system

@),([@-@). For these concentration values, the flow rate Qg’sg is high enough
to drive system (), ([@)-(@) to washout (see Definition 2T]), i.e., the biomass be-

come extinct and no more reaction is produced.

We distinguish between the cases where the time scale of the bioreactor is
much smaller than the time scale of the water resource (i.e., 7o < 7v) and the
case where that condition is not satisfied.

e Case 1, < 732
Table [Tl shows optimal constant open loops and the corresponding decon-
tamination times. The substrate concentrations achieved in the resource
are SH | =0.08569 (mol/m?®) and SN, = 0.1177 (mol/m?).

r,ac r,ac

Sro | Q™| T(Seo, Q™) | QNG | T(Se0, V™)
(mol/m?) | (m’/s) (5) (m*/5) (s)
10 0.0778 81840 0.0594 110420

Table 1: ODE-PDE model: case 1, < 7+. Values of the optimal constant open-loops Qg’Opt

and Qggpt and the corresponding decontamination times for Sy o = 10 (mol/m3).

e Case 1, ~ 7y:
In this case, the optimal constant open loop also depends on the ini-
tial state at the bioreactor. Since we aim to compare the optimal con-
stant open-loop controls obtained for the ODE system (I),(@) and the
ODE-PDE system (), ([)- (@), we estimate a function of the form S, o —
Q5" (S,.0) by solving problem (IT) for a range of initial states in the set
M defined to solve problem [20Q) with I =1 and J = {1,2,4,10}. Then,
Qg")pt is approximated by computing the mean value of the set of opti-
mal constant open-loop controls obtained for the different initial states.
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This procedure is also used to obtain the optimal constant Qg’f{)pt and the

SNH

: H
substrate concentrations Sy, ., and S,

r,ac

Table 2] shows the optimal constant flow rates and the corresponding de-
contamination times. The substrate concentrations achieved in the re-

source are Sfach = 0.1524 (mol/m?®) and SN, = 0.1776 (mol/m?).

,ach —

Seo | QY | T(Sk0, Q5P | QS | T(Se0, QR
(mol/m?) | (m?/s) (s) (m?/s) (s)
10 0.0547 102190 0.0442 129160

Table 2: ODE-PDE model: case 1, =~ 7. Values of the optimal constant open-loops @

and Qgﬁpt and the corresponding decontamination times for Sy o = 10 (mol/m3).

4.2.8. Discussion
An interesting study is to check if the optimization results obtained in

C,opt
H

Sec-

tions 2.1l and 2.2 are similar. We make the comparison for both flow velocity

fields, described in Section 2.2.2]

e Homogenous flow velocity field: We can observe from results in
C,opt

Sec-

tion EE2.T] and Table [I] that the volumetric flow rates Qg5k and Q%Opt

(obtained with the ODE-PDE system (), ([@)- (@) when 7, < 7;) are signifi-
cantly close and the decontamination times are comparable (the difference
is below 1% for both values of S, ). Nevertheless, from results in Section
2T and Table @ one notice that the flow rate Q5" (obtained with the
ODE-PDE system (),([@)-(@) when 7, ~ 1) is around 70% of the value of

8’8?. Furthermore, from the value SH

r,ac

, we conclude that if the

con-

stant Qg’]g%t is applied in system (I),([@)-(@) in the case where 7, ~ T,
the bioreactor is driven to washout (see Definition 1]) before the decon-
tamination target is achieved. These results seem to indicate that when
high diffusions are considered, the optimal constant controls obtained with
the ODE model are similar to those obtained with the ODE-PDE model,
whereas for low diffusion coefficients the ODE-PDE model exhibits better
results, in the sense that it provides smaller volumetric flow rates which
favor that the biomass does not become extinct in the bioreactor before

the target is achieved (see Remark B3).

e Nonhomogeneous flow velocity field: We can observe from results in
Section 2.1l and Tables [ and 2 that the volumetric flow rates g’ﬁ’pt,

obtained with the ODE-PDE system (), [@)- (@) in the cases where 7, < 7

and 7, ~ 7, are around 75% and 60% of the value of the flow rate Qgg%t,

respectively. Furthermore, from the values Si\lf

o, we conclude that if the

constant QGr is used in the ODE-PDE system (I, (@)- (@), the bioreactor
is driven to washout (see Definition 21]) before the decontamination target
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is achieved. These results seem to indicate that when the nonhomogeneous
flow velocity field is considered, model ([),([d)-(@) exhibits better results,
in the sense that it provides smaller volumetric flow rates which favor that
the biomass does not become extinct in the bioreactor before the target
is achieved (see Remark B.3]).

4.3. Feedback

In this Section, we look for an optimal feedback, denoted by Q¥ B:°Pt solution
of problem ([I]). More specifically, Section A3 shows the results for the ODE
system (), (@), obtained using Lemma [B.8 and Section 32 shows the feedback
approximations for the ODE-PDE system ([),([@)- (@), obtained when solving the
suboptimal problems (I8 and (20). Section also shows the feedback syn-
thesis (see definition below) of the optimal time varying open-loops, obtained
when solving (7). Then, in Section E.3.3] we make a comparison of the results
presented in Sections [3.1] and in terms of the feedback control. Fur-
thermore, we compare models ([I),(@) and (),[@)-@) in terms of the minimum
substrate concentration achieved in the water resource if the optimal feedback

obtained for system (II),(6]) is used in system ({I),([7)-(@).

4.8.1. ODE model (),(d)
As detailed in Section B2 if the Monod equation () is taken, the optimal
feedback, denoted by Qg%ﬁpt, fulfills

onePt = Vou(SP PP = Viu(VEK2 + K - S, — K).

4.8.2. ODE-PDE model (1),(7)-(3)

As a first approach, we solve problem ([[II) by solving optimization problems
[I8) and [20) (considering a feedback approximation, as described in Section
B23), for both homogeneous and nonhomogeneous flow velocity fields, denot-
ing the solution by QEB’ON and Qg%om, respectively.

In order to compare with time varying open-loop controls (see Section B.2.2)), as
a second approach we solve problem ([l by solving the optimization problem
(@) and then taking the feedback synthesis of the time varying open-loop, i.e.,
for any time ¢ with corresponding values Q(t) and X(¢), we can reconstruct the
map X(t) — Q(t), that can be seen as a state-dependent control function, which
in the following we denote by QgL’Opt(E) and QSI;I’OM(E), for the homogeneous
and the nonhomogeneous flow velocity fields, respectively. Equivalently, we de-
note Sfach and ng{ch the minimum substrate concentrations achieved in the
water resource if Qg}%’gpt is used in system (), ([T)-(@). For these concentration
value, the flow rate QRE%, , is high enough to drive system (@), (@)-(@) to washout
(see Definition BJ), i.e., the biomass become extinct and no more reaction is

produced.

Simulations have been conducted for substrate concentration S,o = 10
(mol/m?) Sip = 0.1 (mol/m3).
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e Case 1, < 7y
Figure [ shows the similarities between the feedbacks obtained with the
two approaches described above. More precisely, Figure @ (a) shows the
feedbacks Q>°P" and Q§"°"*(¥) and Figurddk(b) shows the feedbacks
g%"’pt and Qgﬁ’(’pt (3), while the corresponding decontamination times
are shown in Table[3l Note that, for the sake of comparison, Table Bl also

includes the decontamination times T'(S;.o, 8’8?), obtained in Section

- OL.opt
- Qx ™ (X)
__FB.opt
L 06 NH
— RSN
~ FB,opt
¥ —wH
EOA _..OL,opt D)
= ()
0.2
/% 4 6 8 10 %2 4 6 8 10
S, (mol/m?) S, (mol/m?)

(a) Homogeneous flow velocity field (b) Nonhomogeneous flow velocity
field

Figure 4: ODE-PDE model: case 1, < 7. Comparison between the feedback approximations
QFB-oPt (depicted with solid lines) and QOL-°Pt (depicted with dashed lines).

T(Se0, Qi) (8) | T(Se0, Q") (s) | T(Se0, Q5) (s)
49870 48040 81840
T(Sr0. QN ™) (8) | T(Sr0, Q™) (8) | T(Sr0. Quig™) (s)
64770 63990 110420

Table 3: ODE-PDE model: case 7, < 7r. Decontamination times obtained with system
@,@D-@), Sr,0 = 10 (mol/m3) and controls QFB-oPt QOL.oPt and QC:opt,

e Case 1, =~ 7y:
In this case, time varying open loops and feedbacks depend on the biore-
actor state. Since we aim to compare the optimal feedback obtained for
ODE model (), [@) with the two feedback schemes obtained for ODE-PDE
model (), (@)- (@), we approximate functions of the form S, — Q1> °"*(S,)
and S, 0 — Qn"""(S,.0; ). Inorder to compute Q5> P*(S,) (or QP (S:))
we solve problem (20) for (S, sp,by) in the set M, defined to solve prob-
lem ([I8), with I = 20 and J = {1,2,4,10}. Thus, for each S € S,
QFBoPY(S) is approximated by computing the mean value of the set of
optimal feedbacks Q¥B:°PY(S, sy, by,) with (S, sp,b,) € M. Similarly, in
order to compute QgL’Opt(Sr_ro; -) we solve problem (), taking X9 € M
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with T = 1 and J = {1,2,4,10}. Then, each component of vector ~°P
is approximated by computing the mean value of the set of its optimal
values obtained for the different initial states. This procedure is also used
to obtain the average optimal time varying open loop Qg’ﬁpt (Sr.0;-) and

: H NH
substrate concentrations S, ., and S .

Figure [ shows the similarities between the feedbacks obtained with the
two approaches described above. More precisely, Figure BF(a) shows the
feedbacks QEB’Opt and QgL’Opt (2), obtained when considering the homo-
geneous flow velocity field. Figure Bl (b) shows the feedbacks QE};’I’ON and

gﬁ’(’pt (X), obtained when considering the nonhomogeneous flow velocity
field. The corresponding decontamination times are shown in Table [
Note that, for the sake of comparison, Table @ also includes the decon-
tamination times T'(S,.0, Qob), obtained in Section EEZIl The substrate

concentrations achieved in the resource are Sr})lach = 9.9888 (mol/m?) and

Shaen = 9-9836 (mol/m?).
0.4 0.4
- QOLov (3) ggl‘”‘“(z)
FB,opt _ ,opt
03 —Qu v 0.3 N

2 4 10 2 10

6 8 4 6_ 8
S, (mol/m?) S, (mol/m?)

(a) Homogeneous flow velocity field (b) Nonhomogeneous flow velocity

field

Figure 5: ODE-PDE model: Case 1, ~ 7. Comparison between the feedback approximations
QFB:opt (depicted with solid lines) and QO™°Pt(%) (depicted with dashed lines).

T(Sr.0, Qi ™) (8) | T(Sr0, Qi) (8) | T(Se0, Q™) ()
58900 57610 102190
FB,o OL,o C,o

T(Sr.,()v NH pt) (S) T(Sr.,Oa NH pt) (S) T(Sr,Oa NHpt) (S)
74050 74180 129160

Table 4: ODE-PDE model: case 7, < 7r. Decontamination times obtained with system
@,@-@), Sr,0 = 10 (mol/m3) and controls QFB-oPt QOLoPt and QC:opt,

4.3.83. Discussion
An interesting study is to check if both approaches, described in Sections
3.2.2 and B.2.3] present similar numerical results. From Figure @] and Figure
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one can observe significant similarities between the two volumetric flow rates
QFBPt and QOT°Pt(X), being the first one a bit faster than the second one in
most of the cases. This result is not surprising, since the open-loop approach
takes into account the concentrations only at initial time, while the feedback
strategy is intrinsically more robust.

Another interesting study is to check if the optimization results obtained in
Sections 3] and 3.2 are similar. We make the comparison for both flow
velocity profiles, described in Section 2.2.2)

e Homogenous flow velocity field: In order to analyze the similarities
between the obtained optimal controls Qg%’gpt, EB’Opt and QgL’Opt(E),
we plot them in Figure It is easy to observe that the volumetric
flow rates Qf"°P" and Q5" P*(¥) (obtained with the ODE-PDE system
[@,[-@) in the case where 7, < ;) are significantly close to the flow
rate Qg%’gpt (in fact, QFB °P% and Qg%ﬁpt seem indistinguishable in Fig-
ure B (a)). Nevertheless, the flow rates Qpy°" and Q""" (2) (obtained
with the ODE-PDE system (0),([@)-(@) when 7, ~ 7;) are much slower
than Qppe’". For instance, for S, = 10 (mol/m?) the values of Qg """
and QOL °PY(%) are around 35% the value of QgBD’Ept. Furthermore, from
the value S | we conclude that if the constant control QgBD’Ept is used

in system (@), (@)-@) the bioreactor is driven to washout (see Definition
21) before the decontamination target is achieved. These results seem
to show that when high diffusions are considered, the optimal controls
obtained with the ODE and ODE-PDE models are similar, whereas for
low diffusion coefficients the ODE-PDE model exhibits better results, in
the sense that it provides smaller volumetric flow rates that favor that the
biomass does not become extinct before the target is achieved.

e Nonhomogeneous flow velocity field: In order to analyze the similari-
ties between the obtained optimal controls Qg pa’", Q™" and QULPY (%),
we plot them in Figure [l It is easy to observe that the volumetric
flow rates QFB °P% and QOL °PY(%), obtained with the ODE-PDE system
@),@-@) when 1, < 7 and 7, &~ 7y, are respectively around 75% and
35% the value of the flux gBD’Ept. As a result we can conclude that
the ODE-PDE systems exhibits better results when computing the opti-
mal feedback, in the sense that it provides smaller volumetric flow rates
that favor that the biomass does not become extinct before the target is
achieved.

Comparison between the considered control strategies

Here, we compare the open-loop and feedback controls obtained in Sections
129 and 321 From Tables Bl and @, one can observe that the decontamina-
tion times obtained using time-varying open loops and feedbacks are similar.
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0.6]
o
~
el
=04
&5
0.2
4 6 8 1 4 6 8 1
S, (mol/m?) S, (mol/m?)
FB, FB, FB, oL,
(a) ()DEpt vs Qg ort (b) Q(:»DEpt vs Qp Opt(z)

Figure 6: Homogeneous flow velocity field: Comparison between the feedback obtained for the
ODE model (depicted with solid line), the feedback obtained for the ODE-PDE model when
7, < 7r (depicted with dashed lines) and the feedback obtained for the ODE-PDE model
when 7, &~ 7 (depicted with dotted lines).

2 4 6 8 10 2 4 6 8 10
S, (mol/m?) S, (mol/m?)
FB,opt FB,opt FB,opt OL,opt
(a) Qope vs Qny™" (b) Qopg’ vs Qi (%)

Figure 7: Nonhomogeneous flow velocity field: Comparison between the feedback obtained
for the ODE model (depicted with solid line), the feedback obtained for the ODE-PDE model
when 7, < 7p(depicted with dashed lines) and the feedback obtained for the ODE-PDE model
when 7, &~ 7v (depicted with dotted lines).

However, the feedback approximation exhibits two advantages with respect to
the time-dependent control: it is more robust to possible changes on the sys-
tem conditions and, once obtained, it can be applied in other scenarios without
additional computational cost. Finally, one can see that the decontamination
times among constant controls are twice larger than those among time-varying
open loops and feedbacks.

5. Conclusion

In this work, we have focused on the modeling of the problem of water
treatment by using continuous bioreactors. We have presented two mathemat-
ical models, assuming homogeneity or inhomogeneity of substrate and biomass
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concentrations in the bioreactor. We have also made a difference between con-
sidering that the fluid flow velocity in the bioreactor is homogeneous through
the inlet, or follows a nonhomogeneous profile.

We have tackled an optimization problem which aims to minimize the time
needed to clean the polluted resource, by choosing an optimal bioreactor volu-
metric inflow rate. In the case of considering homogeneity of the contaminant
in the bioreactor, it is possible to obtain analytically an optimal flow rate from
previous theoretical results. In the case of considering inhomogeneity of the
contaminant in the bioreactor, we show here how to obtain an optimal flow rate
using an hybrid genetic algorithm. The results show that, in the cases where the
time scale in the bioreactor is comparable with the time scale of the resource
(for instance, by using Dg = Dg = 0.01 (m?/s)), the optimal flow rates are
smaller than the optimal flow rates obtained for the mathematical model which
considers homogeneity in the bioreactor. In any case, the decontamination time
can be substantially reduced if feedback controls are used instead of constant
controls.

Our goal was to compare the numerical optimization results obtained for the
ODE and ODE-PDE models presented for coupled system between the biore-
actor and the water resource. The results show that when the time scale of the
bioreactor is much smaller than the one of the water resource, (for instance, by
using Ds = Dp = 100 (m?/s)), the ODE-PDE system with homogeneous flow
velocity field approaches the ODE system. Contrarily, the ODE-PDE system
with nonhomogeneous flow velocity field does not approach the ODE system in
the sense that, when using the control strategy that is optimal under the homo-
geneous assumption in the bioreactor, the biomass becomes extinct and it is not
able to make the substrate in the water resource decrease to the objective value.
Let us notice that the nonhomogeneous flow velocity field has been presented
in order to approach a more realistically behavior of the reactor (see M]) An
important conclusion is that an optimal feedback derived for perfectly mixed
bioreactor can lead a bioreactor with non negligible diffusion terms to washout,
preventing the desired decontamination objective to be reached, while a simple
open loop control, obtained with the method presented in this work, can solve
the problem.
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Abstract

In this work, we study optimal and suboptimal control strategies for the treat-
ment of a polluted water resource by using aside a continuous bioreactor. The
control consists in choosing the inlet volumetric flow rate for filling the bioreac-
tor with contaminated water from a considered resource (lake, reservoir, water-
table...). The treated outflow returns to the resource. We tackle an optimization
problem which aims to minimize the time needed to reach a prescribed mini-
mal value of contamination in the resource by choosing the input flow. Next,
we study the influence of inhomogeneities of concentrations in the bioreactor,
considering a system based on partial differential equations which describe its
dynamics. We show that applying the optimal feedback control derived for per-
fectly mixed bioreactor does not allow to reach the target with small diffusion
parameters as it drives the bioreactor to washout (the bioreactor equilibrium
with no biomass). In this case, a suboptimal feedback (which reaches the target
in finite time) is obtained with the help of a Hybrid Genetic Algorithm. Fur-
thermore, we consider that the fluid flow velocity of the water entering into the
bioreactor follows either a uniform or a nonuniform profile, showing that the
optimal volumetric flow rates obtained with the uniform profile are not optimal
if the profile is nonuniform, even when high diffusion coefficients are considered
in the model.
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1. Introduction

The decontamination of water resources is a major environmental issue in the
areas of prevention of eutrophication and wastewater treatment. Eutrophication
is a process whereby water resources becomes too rich in organic material and
mineral nutrients. Household products (phosphorus detergents) and products
used in agriculture (nitrate fertilizers) are the main causes of pollution of water
resources. As a result, some plants (in particular planktonic algae) can grow
rapidly and reduce the available oxygen of the aquatic ecosystem resulting, for
instance, in the death of local bio-organisms (such as fishes). The activated
sludge process is a way of eliminating eutrophication from water resources. The
process uses biomass (i.e., bacteria) to feed with substrate (i.e., the organic
contaminant) in wastewater, producing a high quality effluent for a reasonable
operating and maintenance cost. It consists of several interrelated components:

e A tank where the biological reaction occurs, called bioreactor. Bacteria
thrive as they travel through the bioreactor and they multiply rapidly
with sufficient food (substrate).

e A waste water source that feeds the bioreactor.

e A settler situated at the bottom of the bioreactor, separating bacteria from
the clearer water. This accumulated bacteria is called activated sludge.

e A means of collecting the activated sludge, either to return it to the biore-
actor or to remove it from the process.

The optimization of activated sludge processes has received a great attention
in the literature (see, e.g.,[3], 4] and [5] for reviews of the different optimization
techniques that have been used in bioprocesses). The objective is usually to
control the inlet flow rate of the bioreactor for attaining a prescribed target
(e.g., a small prescribed amount of pollutant at the bioreactor outlet) in a
finite given time. Particularly, the maximization of bacteria production in a
well mixed fed-batch bioreactor has been studied usirﬂlag different optimization

1)

techniques, as Pontryagin Maximum Principle (see , Genetic Algorithms
(see [7,18,19,[10)) or Hybrid Stochastic-Deterministic Methods (sce [6], ]) The
effects of varying the inlet flow velocity and the substrate concentration input in
eontinnons bioreactors have been studied as well (see for instance [12], [13], [14]
and ﬂﬁ]) The biological purification of waste water is an example of application
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Figure 1: Connection of the bioreactor with the resource

In this work, we consider a natural resource polluted with a substrate con-
centration S;. The objective of the treatment is to decrease S;, as fast as
possible, to a target value Sy, with the help of a bioreactor. The bioreactor is
fed from the resource with a volumetric flow rate @, and its output returns to
the resource with the same flow rate ). Typically, introducing biomass in the



resource is avoided because of the risk of having bacteria growing in competition
with other populations that also need oxygen. Therefore, we assume that the
resource contains only undesirable chemical substrate, that we assume to be
uniformly spatially distributed all the time. To do so, the bacteria present in
the bioreactor are filtered by a settler at the output so that they do not enter
the resource (see FigurdI]).

This problem was tackled in ﬂﬂ] under the assumption of having a well-mixed
environment, i.e., the concentration of substances were assumed homogeneous
both in the water resource and in the bioreactor. Nevertheless, the activity
of the bacteria inside the bioreactor induces a gradient of substrate concentra-
tion, which can be negligible or not, depending notably on the ratio between
the advection and diffusion effects of the physical system. We aim at studying
the influence of this gradient on the optimal inlet volumetric flow rate control
problem. Following [17], we characterize the optimal policies among constant,
time-dependent and feedback controls and study the possible benefits of using
non-constant flow rates. Additionally, our optimization results are compared
with those obtained in [17].

The paper is organized as follows: Section 2 introduces an ODE model de-
scribing the behavior of the contamination in the water resource and two models
describing the dynamics of the bioreactor, using ODEs and PDEs, respectively.
In Section [B] we state the optimization problem, which aims to minimize the
time needed to decontaminate the water resource. We also present the opti-
mization methods used in both ODE and PDE models. In Section dl we explain
the numerical experiments carried out for the optimization problem and shows
the results. Section [l draws the conclusions after the comparison between the
numerical results obtained with the ODE and PDE models.

2. Mathematical modeling

Here we detail the mathematical models used to describe the dynamics of
the bioreactor and the water resource. More precisely, in Section 2.1l we present
an ODE system under the assumption of uniform concentration of contaminant
in the resource. We justify such an assumption for very large resource volumes
for which the treatment takes long time. The output flow @ induces then a very
small dilution rate of the contaminant in the resource compared to the diffusion
of the contaminant, that maintains an (almost perfectly) homogeneous distri-
bution in the resource. As the bioreactor volume is much smaller, the induced
advection could make the assumption of homogeneous concentrations inside the
bioreactor questionable depending on the process characteristics (reactor shape,
agitation, diffusivity...). Then, in Section we introduce two different models
which describe the behavior of the concentrations inside bioreactor.



2.1. Water resource model
Since we assume homogeneous distribution of substrate in the water resource,
its dynamics can be described as follows ﬂﬂ]

O = L(Sous — ) >0,

(1)
Sr(o) = Sr,(h

where S, (mol/m?) is the concentration of substrate in the water resource; V
(m3) is the water resource volume; Q (m?/s) is the volumetric flow rate and Syt
(mol/m?) denotes the concentration of substrate concentration at the outlet of
the bioreactor, which is calculated differently depending on the mathematical
modeling considered for the bioreactor.

The explicit solution of () is

t
Si(t) = e~ Jo FHds < / Q‘(/S)Sout(s)efos Hdrgs 4 sr,o) . (2)
0

2.2. Bioreactor Models
Section [ZZT] presents an ODE system under the assumption of uniform
concentration of substances in the bioreactor and Section introduces a
PDE system in order to study the influence of inhomogeneities in the tank.
In both sections, u(-) (s7!) denotes the growth rate function, which refers to
the growth rate of the biomass in function of the substrate concentration. We
assume that
u(+) is increasing and concave with p(0) = 0. (3)

An example of such a growth rate function is given by the Monod equation
(see, e.g., [17], [21] and [22]), which is used to relate microbial growth rates in
an aqueous environment to the concentration of a limiting nutrient. Its general
expression is: g

M(S) = ,UfmaxK sk (4)
where p is the specific growth rate of the microorganisms, .S is the concentration
of limiting nutrient for growth, piyax is the maximum specific growth rate of the
microorganisms and K is the half-mazimum kinetics constant, i.e, the value of
S for which p(S) = 5=, We observe that pmax and K are empirical coeffi-
cients, that differ between species and are based on the ambient environmental
conditions.

2.2.1. Homogeneous distribution in the bioreactor
We consider the following bioreactor model to describe the dynamics of the
bioreactor (see [17]):

dS _ _uSBy L Q(5 —S,) >0,

B — (k) By — & By t>0, (5)

Sp(0) = Sho  Bu(0) = By,



where S}, (mol/m?) and By, (mol/m?) denote the concentration inside the biore-
actor of substrate and biomass, respectively, V4, (m?) is the volume of the biore-
actor and Y is a yield coefficient, which can be set to 1 without loss of generality
(see for instance [22)).

If @ and S, are constant, classical equilibria analysis for the bioreactor (see @])
shows that system (@) has two equilibria, By = (S;,0) and Ey = (S{°(Q), S, —
SE(Q)), where S{F(Q) fulfills Q@ = Vyu(S2°(Q)). Moreover, E; is unstable and
E, is globally asymptotically stable (excluding the case where By, o = 0) when
Q < Vb,U/(Sr)

Definition 2.1. We call washout the equilibrium state E-, i.e., the bioreactor
equilibrium with no biomass.

A nondimensionalization analysis of systems () (see [2d]) and () (see [22))
provides us with a time scale for the bioreactor, 7, = m (l2llso = Hmax if the
Monod function @) is considered), and for the water resource 7, = V%Tb. Since
a reasonable hypothesis is to assume that the volume of the resource is much
larger than that of the bioreactor, i.e., V' > V4, one has that 7. > 7,. Thus,
one can consider that the dynamics of (B is faster than that of () and then
make the quasi-steady state approximation, setting

Sout (t) = SSS(Q(t)) (6)

in system (). We point out that the hypothesis Q(t) < Viu(S:(t)) can be
rewritten as Sp°(Q(¢)) € [0,5,(t)). We observe that, when 7, > 7,, the model
given by @),®) is not needed and we can use (III) (IEI) instead. Furthermore;

Remark 2.2. Since the mapping Q@ — Si™(Q) given by Q = Viou(SiH(Q)) is a
bijection from [0,4+00) to [0, Vp|ltt|leo), —tve—can—tse—as—the—ODE-modelfor—the

SCRIC

Pue—to—the—bijection—mentioned—above; we will equivalently use the notations
Q = Q(SF) and S = SPP(Q). Giving-afunectionSp—is—eguivalentto—give—a
Junction-Q—and-viceversa:



2.2.2. Inhomogeneities in the bioreactor

Many works available in the literature consider non perfectly mixed biore-
actors, such as tubular bioreactors with one dimensional spatialization (see for
instance [24], [23], [2d], [27], [28], [2d]). 1t is of interest to consider tubular
reactors with two spatial variables in order to study radial inhomogeneities of
concentrations in the bioreactor. Two dimensional spatialization bioreactors are
introduced, for instance, in the book of Dochain and VanRolleghem @] Partic-
ularly, model (2.154)-(2.159) presented in page 56, describes the behavior of the
substrate and biomass concentrations in the bioreactor by using an advection-
diffusion-reaction equation and a reaction equation, respectively. Moreover,
Dochain and VanRolleghem consider Dankwerts boundary conditions for the
substrate concentration, which are typical for continuous flow bioreactors (see,
e.g., [28 B1]). Here, we modify model (2.154)-(2.159) presented in [30], by using
and advection-diffusion-reaction equation together with Danckwerts boundary
conditions also for the biomass.

Remark 2.3. A typical representation of a bioreactor is a tank as depicted in
Figure[Z-(a), with a small inlet aperture at its top (through which polluted water
enters the reactor) and a small outlet aperture at its bottom (through which the
treated water leaves the reactor). In Section[Z23, following the model developed
m [@] for fluidic mizers and for the sake of model simplification, we neglect the
possible effects coming from the size and collocation of these apertures. To do
that, we only model an intermediate part of the bioreactor, denoted by Q* (dark
part of Figure[2-(a)), assuming that the volume of the removed part is negligible
compared to the total bioreactor volume.

Let the vertical cylinder denoted by Q* be the domain used for modeling the
bioreactor. A typical outline of 2* is depicted in Figure 2H(b). At the beginning
of the process, there is a certain amount of biomass inside 2* that reacts with the
polluted water entering the reactor through the inlet '}, (the upper boundary of
the cylinder). Treated water leaves the reactor through the outlet I'} ,; (the lower
boundary of the cylinder). Taking into account that the device’s geometry (see

Q‘ I:Vm Fuan

|

(a) 3D Reactor (b) 3D Reactor simplification  (c) 2D Reactor simplification
Figure 2: Typical domain representation of the bioreactor geometry.

Figure ([@2)-(b)) is an empty solid of revolution, it can be simplified and described



by using a 2D domain 2 (see Figure (2)-(c)) using cylindrical coordinates. Thus,
in the simplified model the domain is the rectangle Q = [0, L] x [0, H], where
Isym = {0} % (0, H) is the axis of symmetry; I';, = (0, L) x { H} is the bioreactor
inlet; and Touy = (0,L) x {0} is the bioreactor outlet. We denote Iy =
0\ (Tin UT oyt U Tsy ), where null flux is assumed.

We consider the following advection-diffusion-reaction model to describe the
dynamics in the bioreactor:

v =19 (rDs %) + L (Ds %) —u. %2 — u(Sy)By,  in (0,400) x Q,

0B, = 1.0 (rDp%8e) + Z(Dp2Br) —u, 282 + 4(S,)B,  in (0, +00) x Q,

(10)
Sb(07 T, Z) = Sb,O in Q,

By (0,7,2) = By o in Q,

where (r,z) are the cylindrical coordinates; Dg (m?/s) and Dg (m?/s) are
the diffusion coefficients of substrate and biomass, respectively, when diffus-
ing throughout the water in the vessel, and u = (0, u,(¢,7,2)) is the fluid flow
velocity field, where w, (m/s) is its vertical component (radial components of
the velocity field are neglected).

System ([I0) is completed with the following boundary conditions:

Dg aaszb —u,Sp = —u, S (t) on (0, +-00) X Tin,

Ds aatib —w.By =0 on (0,400) x Ty,

% = 88% =0 on (07+OO) X (Fwall U Fsym);

9S8, _ 9By _

52 = 5 on (0,+00) X Tout.

We express the variable Syt () to be used in system (I) as the substrate con-
centration at the outlet of the bioreactor at time ¢. When considering general
flow velocity fields, we have to take into account that both substrate concentra-
tion and outlet flow velocity may depend on the position of the exiting particle.
Thus, we considered an average value of the exiting substrate concentration
weighted by the flow velocity and computed as

S uz(t 2, y,0)S(t, 2, y,0) dady
fr‘* + U’Z(tv T, Y, 0) dxdy

Sout (t) ==



When expressed in cylindrical coordinates, it is calculated as

Sot) j-027r foL ruz(t,r,0)Sy(t,7,0)drdd fOL ru,(t,r,0)Sy(t,r,0)dr (12)
o fo% fOL ru,(t,r,0)drd fOL ru(t,r,0)dr .

We consider two types of flow velocity fields, which do not change along the
z-axis (more general fields can be considered by using the Navier-Stokes equa-
tions).

e Homogeneous flow velocity field: As a first approach, we consider that
the vertical component of the flow velocity field is taken as w,(¢t,r, z) =
u,(t) = —Q(t)/A, where Q (m?/s) is the volumetric flow rate defined in
Section Bl and A (m?) is the area of the basis of the cylinder. In this

case, Sout(t) = 2 fOL rSy(t,r,0)dr.

e Nonhomogeneous flow velocity field: As a second approach, we con-
sider that the flow velocity field has the shape of a parabolloid of revolu-
tion (other choices could be also considered), which is classical in Fluid
Dynamics for ideal cases (see, for instance, the example given in page
41 of @]) and more realistic than the previous homogeneous flow veloc-
ity profile. More precisely, the vertical component of the flow velocity
field is taken as w,(t,r,2) = u.(t,r) = —C(L? —r?), where C is cho-
sen so that the volume covered by half of the paraboloid of revolution is
equal to @ (m®/s). Since the volume generated is V = C3L*, we con-

clude that C(t) = iQ—L(f) and thus u,(t,r) = fQWQ—L(f)(L2 —r?). In this case,

Sout(t) = 7 [ #(L2 = 12)Sy(t, 7, 0)dr.

Remark 2.5. A nondimensionalization analysis of system (ID)-(ID) (see [34])
2

. . . . . o H? H?
provides us with a time scale for the bioreactor, that is T, = max(D—S, D
H 1

P m), where umax 15 a suitable scale for the flow velocity component ..
For the water resource, the time scale is T, = Vlbm (see Section [Z21)). For
the cases where 7. >> 1, (for instance, when the volume of the resource is much
larger than the volume of the bioreactor), one can consider that the dynamics
of {ID)-(11) is faster than that of ), i.e, for a reasonable process time for
the bioreactor, the changes in the entering substrate and the fluid flow velocity
are negligible (therefore, they can be treated as constants). Consequently, when
dealing with time intervals of the order of 7, we consider that the bioreactor is
in quasi-steady state, which we approximate by taking the solution of {I0)-([I1)
at time t, with t large enough (see [34)).



in €,

10 9By, 8
r Or (,DB or ) + 0z mn Q’
Ds—; u Sy = —u, on Ty,
(13)
OB qs
Dp =2 u.By” =0 on Iy,

on Fwall U Fsym-,

=0 on Fout7

3. Optimization problem

We consider the optimization problem consisting in making decrease the
substrate concentration of the water resource, to a prescribed value Sy, > 0
(mol/m?), in a minimal amount of time by choosing a suitable control strategy
for the input variable Q.

Definition 3.1. We denote by g and X the initial state and the state at an
arbitrary time, respectively. Therefore, when considering system (), ([d) %o =
Spo and ¥ = S, € [0,400); and when considering system (1), (I0)-(I3) we have
Yo = (Sr,O7Sb,07Bb,O) and X = (Sr,Sb,Bb) S [0,—1—00) X (LOO(Q))Q.

Definition 3.2.

1. For each initial state X we consider the set of admissible time-dependent
control functions given by Q°F = {Q : [0, +00) — [0, 4+00) Lebesgue mea-
surable such that Q(0) < Vou(Sro), where Sy is initial state of system
). @ (or system @),@D-TB)}. A functional Q) = Q(So;-) € QO
is called an open loop-control and in the following is denoted by QO.

2. We consider the set of admissible state-dependent control functions given
by QB = {Q 1 [0,+00) — (0,+00) (resp. @ : [0,+00) X (L(R))2 —
[0,+00)) such that system (1),(d) (resp. (@), ID)-ID)) admits a unique

absolutely continuous solution for any initial condition Lo and Q(X) <
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Vou(S:)}. A functional Q € QFP s called a feedback control and in the
following is denoted by QFB.

Signal flow graph representations of the two control strategies defined above are
shown in Figure[3

REAL SYSTEM

observation (t=0)

CONTROLLER
observation

Q" ()

(a) Open-Loop control (b) Feedback control

REAL SYSTEM

Figure 3: Signal flow graph representations of the considered control strategies.

Remark 3.3. The stability analysis of the ODE system (A), presented in Sec-
tion [Z22]) stated that in order to avoid washout (see Definition[21]) a suitable
condition for the flow rate Q is Q(X) € (0, Vou(Sy)). When using the ODE-
PDE system (), Id)-(12), we have presented two possible effects which may
cause inhomogeneities in the bioreactor: small diffusion of substances and non-
homogeneous fluid flow velocity profile. In the first case, the entering substrate
diffuses slowly through the tank and thus, smaller flow rates are needed in order
to guarantee that the biomass has enough time to be in contact with the substrate
and decontamination occurs. In the second case, a nonhomogeneous profile may
produce that in some regions of the bioreactor, the liquid is ejected faster than if
we use the homogeneous flow velocity profile, and hence, smaller flow rates are
needed in order to assure that the substrate and biomass react in the whole tank

e R BEEEEE planation—of-the—second—case). Consequently, one
can conclude that the bound Q(X) € (0, Vou(Sy)) is also suitable when using the

ODE-PDE system (), (I0)-(12).

Remark 3.4. A particular case of open-loop is when Q is constant, which in the
following we will be denote by Q. For each initial state ¥y we consider the set
of admissible constant control functions given by Q¢ =4Q—+10+oc)—{0+oc):

T

— 3

IThe definition of QF B will be modified in Remark for a special case that we will
studied in this paper
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Remark 3.5. For an initial state g, we call open-loop representation of the
feedback Q¥B to the time function Q¥B(-) = Q¥B(X(-)) where X(-), is the solu-

tion of the system (either [1),(d) or (d),(I0)-(I2)) with initial state Xo.

Remark 3.6. For cases where 1, < T, we can assume that system (), (Id)-
(I2) is in quasi-steady state (see Remark[Z2). In this situation, we can ap-
prozimate the state of the system by ¥ = S, and open-loops and feedbacks can
be assumed, respectively, functionals of the form QL () = Q9L (S, 0;-) and
S, = QYB(S,), where QFB € QFB = {Q : [0,4+00) — (0,+00) such that sys-
tem (@), ID)-{I2) admits a unique absolutely continuous solution for any initial
condition Lo and Q(Sy) < Vou(Sr)}.

Given an initial state g, the optimization problem when using open-loops can
be formulated as follows:

Find QO%°P(.) € QO such that
T(S0, QM7 ()) = min | T(%0,QO%(), (14)
where T'(Xg, Q9%(-)) denotes the time required to achieve S.(T'(Xy, QOF(+))) =

Siim when solving system ([II),[@) (or system (I),([I0)-(2)) with the flow rate
Q = QO (-). If the target is not achieved we set T'(Xo, QO (+)) = +oo.

The optimization problem when using feedback controls can be formulated
as follows:

T(So, QFBoPE()) = min  T(So, Q¥B(4)), (15)

Find Q¥B°Pt ¢ QFB | such that for every initial state
QFBEQFB

where T'(29, QB (+)) denotes the time required to achieve S,(T(2g, Q¥B(-))) =
Siim when solving system ([II), (@) (or system (I),([I0)-([2)) with the flow rate
Q = QYB. If the target is not achieved we set T'(Xg, Q¥B(+)) = +oc.

In Section Bl we solve these problems considering ODE system (), (@) and
in Section we use ODE-PDE system (), (I0)- ([T2).

3.1. Optimization problem with ODE system (1), (@)
When using ODE model (), ([@]), we assume 7, > 7,. We distinguish between
the cases in which @ is a constant open-loop control or a feedback control. The

case where () is a time-varying open loop is derived from the case in which @
is a feedback control (as explained in Remark B1T]).

3.1.1. Case 1: Constant open-loop control

Given an initial state £y = Sy € [0,400) we look for an optimal constant
QC°Pt ¢ QC solution of (). Under assumption (@), if control variable @Q is

12



equivalently replaced by control variable Si* (see Remark [Z2) and if we denote
8¢ = (8% = §%(Q) such that Q € QF}, then problem (Id) becomes

Find S3>9°P* € §#C such that
T(Se0, SECPY = min  T(Sp, S, (16)

as,C - eqs,C
5p=Cesg

where T'(S,.0, 5%) denotes the time required to achieve Sy(T(S; 0, SIC)) =
Siim when solving system (), () with the control variable SP° = Sgs’c. We now
present some theoretical results that are proved in ﬂﬂ], about problem ([I6]).

Lemma 3.7. If Q is constant (i.e., S{° is constant), one has

‘ 1 S 0— qu,C
T(S,0,535) = In [ =22 b __ ). 17
( ,05 P ) %N(S‘SS’C) <Slim B SES,C) ( )

Moreover, assuming Sy > Shim, optimization problem [I8) has a unique solu-
tion.

Lemma 3.8.

We approximate the solution of problem (@l by computing

Sgs,C,opt = arg min T(Sr,Oa 585,0)7 (18)

Sgs,cesgs,C,N
as,C,N __ roas N ; Qs i .
where Sy = {8y, }it1, with V € N large enough and Sp"; = 557 Stim-

3.1.2. Case 2: Feedback control

In this case, we look for an optimal feedback Q¥ B-°Pt € QFB solution of ([[H).
Under assumption (@), if control variable @ is equivalently replaced by control
variable S and if we denote SP"" = {S%° = §35(Q) where Q € QFP}, then
SSS’FB’Opt = SP(QFB°PY) is called an optimal feedback. As proven in ﬂﬂ], we
have the following result.

Lemma 3.9. An optimal feedback S,ib’FB’Opt : 10, +00) — R must fulfill

Vi
qs,FB,opt __ . Vb qs,FB qs,FB
SPERr =g pin | Ru(SPSEE -5) (9

or, equivalently,
M/(SES,FB,opt)(Sr o Sgs,FB,opt) _ 'LL(SSS,FB,opt). (20)

Moreover, Q¥B°Pt(.) (see Remark[33) is decreasing along any optimal trajec-
tory.
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qs,FB,opt o >
SEEIEOPUYG Y = 2+ K S — K

Remark 3.10. The fact that the open loop realization of the feedback QFB-°Pt
s decreasing along time can be interpreted physically as follows: as time goes
on, the substrate in the water resource is decreasing and the water that enters
the bioreactor is less polluted. Therefore, if Q(-) does not decrease, the biomass
has not enough time to be in contact with the substrate in order to grow, and

eventually becomes extinct. M&#}&m&é@e&é@;—when—v%%ﬁé%,—bw&ass—ge%
, el ) ; b vee Definition 2 1),

Remark 3.11. If QFB°Pt js solution of problem [I3) when using system (), (@),
given an nitial state o = Sy € [0,4+00), the open-loop representation of
QYBoP (see Remark[33) is solution of problem (13).

3.2. Optimization problem with ODE-PDE model (), (I0)-({12)

In the case where inhomogeneities are considered, we recall that S,y is
computed as described in ([IZ). As in Section Bl we consider the cases in
which @ is chosen as an open-loop control or as a feedback control.

3.2.1. Case 1: Constant open-loop control

Given an initial state X € [0, +00)x (L>(£2))? (or X € [0, +00) for the cases
where 7, < 7, see Remark B.6]), we look for an optimal constant Q€°Pt € Q€
solution of problem (Id), that we approximate by taking N equidistant points
in the interval (0, V4, u(Sum)) proceeding as in problem (IS]).

8.2.2. Case 2: Time varying open-loop control

Given an initial state 3¢ € [0, +00) x (L>®(Q))? (or g € [0,+00) for the
cases where 7, < 7, see Remark B.0l), we look for a time variable function
QO ¢ QO close to a solution of ([4). With that aim, we consider a family
of time varying functions with 5 optimization parameters, denoted by Qo, @1,
@2, Q3 and Q4. Those optimization parameters correspond to the value of the
flow rate QO (-) at five different given fixed times tg, t1, t2, t3 and t4, starting
from time ¢y = 0, so that function Q®% is given by Q% (t;) = Q; (i =0,...,4),
QO (t) is calculated with the monotone piecewise cubic hermite interpolation
method, with null derivatives at ¢, and ¢4 (see for instance [37)) for ¢ € (t;,ti41)
(i=0,...,3), and QOF(t) = Q4 for t > 1.

Following Remark B.I0] we only consider decreasing time functions Q(-). Thus,
we compute the optimization parameters Qy, @1, Q2, Q3 and @4 with the
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following constraints

Qo > Q1> Q2> Q3 > Qu.
To that end, we consider the optimization parameter Qo € [0, Vou(Sr o)) and
we define new optimization parameters g, as, as and oy in [0, 1] such that the
interpolation data are given by

Q1 = a1Qo, Q2 = 2@, Q3 = az@Qq, Q4 = Q3.

Therefore, we approximate Q©™°Pt(.) by a function defined by interpolation, as

. . t  opt _opt
explained above, and where the corresponding vector v°P* = (Q¢™, a™", as™",

t opty : :
as™, ayP") is solution of

{ Find 7°P* € (0, Vo uu(Sr0)) % (0,1)* such that 1)
OL,opt ()} — : OL/.

T, Q) = ovantimxionsl For @)

where T'(29, Q9% (+)) denotes the time required to achieve S,(T(32q, Q°L(-))) =
S)im when solving (with any suitable solver; see e.g. Section 1)) system () cou-
pled with (I0)-(T2) with the flow rate Q = Q°%(-). We solve problem (ZI]) with
the Hybrid Genetic Algorithm (HGA), and its parameters, presented in @]
The HGA is a global optimization algorithm based on a combination between
a Genetic Algorithm (which, without requiring the computation of the gradient
of the cost function, performs a first coarse global search of the solution) and a
Steepest Descent method (which performs a refined local search of the solution).
The suitability of this method to solve computationally expensive optimization
problems has been shown in [3d)].

Remark 3.12.

3.2.8. Case 3: Feedback Approximation

In this case, we look for an optimal feedback Q¥B°Pt € QFB solution of
problem ([I&). To this end, proceeding similarly as done in Lemma for
perfectly mixed bioreactors, we perform a suboptimal strategy as a greedy policy
that consists in choosing a control maximizing the instantaneous decrease of the
contaminant concentration in the resource.
For cases where 7, < 7, we assume that the feedback only depends on S, i.e.,
Y = S, (see Remark B.0) and we approximate the feedback function that we are
looking for by solving the following optimization problem: Given an arbitrary
resource substrate concentration S € [0, +00) and a small time interval At > 0
(chosen of the order of the water resource time scale 7, in order to assure that
the bioreactor is in quasi-steady state during the time interval At)

Find Q¥B°PY(S) € [0, Vi, u(9)) such that
(22)
SY(S, QFB’Opt; At) = minQFBG[O’VbN(s))Sr(S, QFB; At),
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where S,(S, Q¥B; At) is the solution (computed with any suitable solver; see e.g
Section E.T) of system (Il) coupled with (I0)-([2) at time At, with S =Sy and
Q = Q¥B(S). Since 7, < 7 the bioreactor is in quasi-steady state and the
choice of the concentration values Sy, o and By, ¢ does not have influence on the
solution of problem ([22)). Particularly, we take Sy, o = B = S. We estimate
the solution of problem [@2]) by taking N equidistant points in the interval
(0, Vouu(S)) and proceeding as in problem ([I8). Then, in order to obtain a
function of the form

QPP [Stim, Srol  —> [0, Vou(Sk))
(23)
S N QFB,opt(S),
we solve problem (22)) for a range of concentration values S € S = {S;}/ 1]
where I € N is large enough and S; = Snof%(sr,ofshm). Finally, QFB©Pt(S9)
is calculated with the monotone piecewise cubic hermite interpolation with null
derivatives at Sy, and Sy (see M]) for S ¢ S.

For cases where 7, < 7, is not satisfied, we approximate the feedback function
that we are looking for by solving the following optimization problem: Given
arbitrary concentration values (S, sp, by,) € [0, +00) x (L>°(€))? and a small time
interval At > 0

Find QYB°PY(S, sy, by,) € [0, Vi, uu(S)) such that
(24)
Se(E, QFBOPY At) = mingrs o,y u(5))S: (S, QFF; At),

where S, (S, Q¥B; At) is the solution (obtained with a suitable numerical solver;
see e.g. Section ET)) of system () coupled with (I0)-({I2) at time At, with
Yo = (S, sp,bp) and Q = QFB(S, s, b,). We estimate the solution of problem
24) by taking N equidistant points in the interval (0, V;,u(S)) and proceeding
as in problem (I].

Then, in order to obtain a function of the form

QFP Pt [Stim, Sro] X (L>(2))2 — [0, Vou(Sio))
(25)
(S; Sbabb) — QFB’Opt(S7 Sbvbb)a

we solve problem (24)) for a range of concentration values (.5, sy, by,) in the set
M = {(S,sp,bp) : i € {1,..., ]+ 1} such that S = 5, € S, s, € S; and
b, € Bbﬂ'} where S; = Smo — %(Sr,() — Slim), SbJ' = Bbﬂ' = {Si7j}jej with
J CNand S;; = % If (S, sb,bp) ¢ M, we compute the mean value of the

concentrations sy, and by, in the bioreactor (which we denote by 5, and Eb) by

L H L H
2/ / rsy(r, z) dzdr 2/ / rby(r, z) dzdr
- o Jo by, = —J0_Jo
L2H ’ L2H ’

Sp =
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and QYBOPY(S, sy, by,) is approximated by Q¥B:°PY(S 5y, by,), which is given by
spatial interpolation. More specifically, Q¥B°P*(S 5y, by,) is calculated with a
suitable trilinear or neighbor interpolation method depending if (S, sp, by,) is or
not inside the convex hull of M.

Remark 3.14. Solution of problems (23) and ([24) are approzimations of the
solution of problem ([IH3) which, as shown in Section [{-3 provide satisfactory
results.

4. Numerical Experiments

In this section, we first introduce the numerical solvers used for computing
the solutions of systems ([I),[@) and (),([Id)-(T2). Then, in Sections 2 and E3]
we present the numerical results obtained when looking for constant and feed-
back controls, respectively. Notice that in order to shorten the presentation of
this work, the results obtained when looking for time varying open-loop controls
has been included in Section

4.1. Numerical solvers used for systems (1), (d) and {d@),{ID)-(13)

The solution of system ([II),([d) was computed numerically by using a fourth-
order Runge-Kutta method and the solution of system (I),([I0)-([I2) was com-
puted numerically by coupling a fourth-order Runge-Kutta method with a Fi-
nite Element Method (see @]) The computational experiments were carried
out with a 2.8Ghz Intel i7-930 64bits computer with 12Gb of RAM. We used
a triangular mesh with around 600 elements. A numerical simulation of sys-
tem (), (I0)-(I2) with time step At = 100s and final time 10°s, computed using
MATLAB (mathworks. com) and COMSOL Multyphisics 5.0 (www.comsol. com),
takes approximately 12 seconds.

Model parameters were taken following [17, [19]: 1(-) was the Monod Func-
tion (see @) with pmax = 1 (s71) and K = 1 (mol/m?). For the bioreactor and
water resource volumes we took Vi, = 1 (m?) and V = 1000 (m?), respectively.
In order to obtain a cylinder of volume Vi, = 1 (m?®), we used a 2D bioreactor
domain with H = L = 0.68 (m). We considered a case for which the time scale
of the bioreactor was comparable to the time scale of the water resource by using
diffusion coefficients Dg = D = 0.01 (m?/s). We also consider a case where the
time scale for the bioreactor was much smaller than the time scale of the water
resource by using diffusion coefficients Dg = Dg = 100 (m?/s). When comput-
ing a constant open loop control (see Section B2.1]), N = 100 was chosen to solve
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problem ([I8). When computing a time-varying open loop (see SectionB2:2]), the
interpolation times were to = 0 (s), t; = 20000(s), to = 40000(s), t5 = 60000(s)
and t4 = 80000(s). Those values where taken equidistant and having estimated
experimentally that the time needed to achieve the prescribed value in the re-
source is around 10°s. Finally, when computing a feedback (see Section B.2.3)),
problems ([22)) and ([24]) were solved by using the MATLAB functions interpl
and interp3 (see https://www.mathworks.com/moler/interp.pdf)), respec-
tively, with At = 100 s.

Remark 4.1. The model parameters considered here were chosen as in m] n
order to obtain a straightforward comparison between the methodologies proposed
in this article and the ones introduced here. Of course, they could be replaced
by other values found in the literature.

4.2. Constant Open-Loop Control

In this Section, we solve numerically the optimization problem (I4]) when the
volumetric flow rate @ is considered a constant. More specifically, Section [£.2.]
shows the numerical results for the ODE system ([I),(@d]), obtained by solving
problem ([I8), and Section 222l shows the numerical results for the ODE-PDE
system ([I),([I0)-([I2), obtained as explained in Section 321l Then, in Section
we make a comparison of the results obtained in Sections LZ.1] and
in terms of the optimal constant open-loop controls and the time needed to
achieve the prescribed value of substrate concentration in the water resource,
Siim- We also compare systems ([{I),[@) and ({),[I0)-(I2) in terms of the min-
imum substrate concentration achieved in the water resource if the constant
flow rate obtained for system ([I),(@) is used in system (I),[I0)-(T2). Simu-
lations were done with initial substrate concentration in the resource S, =5
and-10 (mol/m3) and with Sy, = 0.1 (mol/m?). These simulations were also
performed for S, o =5 (mol/m?) and similar conclusions were obtained.

4.2.1. ODE system (), (d)
In this Section we solve the optimization problem (I8) using system (), ()
with N = 200. The optimal constant open-loop is Qgg%t = 0.0790 (m?/s) and

the corresponding decontamination time is 7'(S; o, gg%t) = 81830 (s). Fablelll

showstheresults:
g (]mg]gﬂ 3} QC,Opt (1@435‘) T—(S QC,optEE;
5
10

Table 1: OPE-
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4.2.2. ODE-PDE model (), {I0)-(12)

In this Section we solve the optimization problem (I4]) using the model given
by system (), [@0)- (). We denote Q5" and QS5 the optimal constant flow
rates when considering the homogeneous and the nonhomogeneous flow veloc-
ity fields, respectively. Equivalently, we denote Sr wen and Sf,fch the minimum
substrates concentrations achieved in the water resource if Qgg%t is used in sys-
tem ([),(Id)-(TZ). For these concentration values, the flow rate Qggg is high
enough to drive system (II),([Id)-([I2) to washout (see Definition 21J), i.e., the
biomass become extinct and no more reaction is produced.

We distinguish between the cases where the time scale of the bioreactor is
much smaller than the time scale of the water resource (i.e., 7o < 7) and the
case where that condition is not satisfied.

e Case 1, < Ty:
Table 2 shows optimal constant open loops and the corresponding decon-
tamination times and-TableBlshows-the-substrateconcentrations-achieved
intheresouree: The substrate concentrations achieved in the resource are

S = 0.08569 (mol/m?) and SN}Y, = 0.1177 (mol/m?).
Sro | Q| T(Se0, Q™) | QG | T(Sr0, QN™)
(mol/m?) | (m?/s) (s) (m®/s) (s)
5 00758 2750 0-:058+ 98490
10 0.0778 81840 0.0594 110420

Table 2: ODE-PDE model: case 1, < 7.

and QC ,opt

(mol/mé{)

Values of the optimal constant open-loops Q;

C,opt

and the corresponding decontamination times for twe—initial-values Sy o= 10

Sro—{molmd)
r7

SH (]FHE] Z]?]BS)
r,ach

SNH (]EH ol Z]?]HS)
r,ach

5 0:08404 01153
10 0:08569 04177
Table 3:
ﬂe&H&b&Qo%h%wed—m—sy&éem—m (IﬂII) dm-fer—twe—}mtml—vaiueﬁﬁsrﬁ

e Case 7, ~ Tt
In this case, the optimal constant open loop also depends on the initial
state at the bioreactor. Since we aim to compare the optimal constant
open-loop controls obtained for the ODE system (I),([d) and the ODE-
PDE system (dI),([I0)-(2), we estimate a function of the form S,o —
Qg’OPt(Sr,O) by solving problem (Id) for a range of initial states in the set
M defined to solve problem (24) with 7 =1 and J = {1,2,4,10}. Then,
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Qg’()pt is approximated by computing the mean value of the set of opti-
mal constant open-loop controls obtained for the different initial states.
This procedure is also used to obtain the optimal constant Qg’f{)pt and the
substrate concentrations Sﬁ en and Syiéh

Table @ shows the optlmal constant flow rates and the corresponding

decontamination times and—FableDlshows—thesubstrate—conecentrations
achieved—n—theresource: The substrate COIICBIItIatIOHb achieved in the

resource are SH

=0.1524 (mol/m?) and SN

=0.1776 (mol/m ).

,ach r,ach
Sr,O E’Opt T(Sr,07 E’Opt) Sopr T(Sr,0> Sgpt)
(mol/m?) | (m?/s) (s) (m?/s) (s)
=S 0.0540 —leiy 0.0435 e
10 0.0547 102190 0.0442 129160

Table 4: ODE-PDE model: case 1, = 7.

Values of the optimal constant open-loops Q;

C,opt

and QC °P® and the corresponding decontamination times for two-different-initial-vakies Sy o=

10 (mol/m3)

4.2.8. Discussion
An interesting study is to check if the optimization results obtained in Sec-

tions 2T and L2.2] are similar. We make the comparison for both flow velocity
fields, described in Section 2.2.2

e Homogenous flow velocity field: We can observe from results in Sec-

tion EL2Z1] and Table 2 that the volumetric flow rates QO’Opt and Qg")pt
(obtained with the ODE-PDE system (II),[I0)-([I2) when 7, < 7,) are
significantly close and the decontamination times are comparable (the dif-
ference is below 1% for both values of S, ). Nevertheless, from results
in Section EEZ1] and Table [ one notice that the flow rate QS °P* (ob-
tained with the ODE-PDE system (II),([[0)-(I2) when 7, ~ 7;) is around
70% of the value of Qgg%t Furthermore, from the values S lach We con-
clude that if the constant QOS5 is applied in system (I),([d)-(2) in the
case where 71, &~ 7y, the bioreactor is driven to washout (see Definition
2T)) before the decontamination target is achieved. These results seem to
indicate that when high diffusions are considered, the optimal constant

controls obtained with the ODE model are similar to those obtained with
the ODE-PDE model, whereas for low diffusion coefficients the ODE-PDE
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model exhibits better results, in the sense that it provides smaller volu-
metric flow rates which favor that the biomass does not become extinct in
the bioreactor before the target is achieved (see Remark B3]).

Nonhomogeneous flow velocity field: We can observe from results in
Section EEZT] and Tables 2 and @ that the volumetric flow rates Q™" ob-
tained with the ODE-PDE system (), [I0)-([2) in the cases where 1, < 7,
and 7, ~ 7y, are around 75% and 60% of the value of the flow rate Qgg‘E’t,

respectively. Furthermore, from the values Si\gih we conclude that if the

constant Qg’]g%t is used in the ODE-PDE system (), ([0)-(T2), the biore-
actor is driven to washout (see Definition 2]) before the decontamination
target is achieved. These results seem to indicate that when the nonho-
mogeneous flow velocity field is considered, model (),([I0)-([12]) exhibits
better results, in the sense that it provides smaller volumetric flow rates
which favor that the biomass does not become extinct in the bioreactor
before the target is achieved (see Remark B3]). The-influence-of thenon-
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4.3. Feedback

In this Section, we look for an optimal feedback, denoted by Q¥ 2Pt solution
of problem (IH). More specifically, Section [£.3.1] shows the results for the ODE
system (), (@), obtained using Lemma [3.9] and Section shows the feedback
approximations for the ODE-PDE system ({I),([I0)-(I2), obtained when solving
the suboptimal problems (22 and ([24]). Section also shows the feedback
synthesis (see definition below) of the optimal time varying open-loops, obtained
when solving (ZI]). Then, in Section we make a comparison of the results
presented in Sections [£31] and in terms of the feedback control. Further-
more, we compare models ([I),([d) and ([),([I)-(I2) in terms of the minimum
substrate concentration achieved in the water resource if the optimal feedback

obtained for system (), (@) is used in system (), (I0)- (2.

4.3.1. ODE model (1),(d)
As detailed in Section B2l if the Monod equation (@) is taken, the optimal
feedback, denoted by Qoo fulfills

oo = Vou(SE PP = Vyu(VE2 + K - S, — K).
/.3.2. ODE-PDE model (@), {0)-(@2)

As a first approach, we solve problem (IH) by solving optimization problems
@2) and @24)) (considering a feedback approximation, as described in Section
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B23)), for both homogeneous and nonhomogeneous flow velocity fields, denot-
ing the solution by Q5P and QE2°P", respectively.

In order to compare with time varying open—loop controls (see Section B.2Z72), as
a second approach we solve problem (IH]) by solving the optimization problem
1) and then taking the feedback synthesis of the time varying open-loop, i.e.,
for any time ¢t with corresponding values Q(t) and X(t), we can reconstruct the
map X(t) — Q(t), that can be seen as a state-dependent control function, which
in the following we denote by QgL’Opt( ) and QOL °PY(x2), for the homogeneous
and the nonhomogeneous flow velocity fields, respectively. Equivalently, we de-

note S]r o, and SNII ach the minimum substrate concentrations achieved in the

water resource if Qg%;pt is used in system (d),([I0)-(I2). For these concentra-
tion value, the flow rate QPEY | is high enough to drive system (I),(T0)-([2)
to washout (see Definition [ZT]), i.e., the biomass become extinct and no more

reaction is produced.

Simulations have been conducted for substrate concentration S,o = 10
(mol/m?) Sy, = 0.1 (mol/m?).

e Case i, < 7
Figure [l shows the similarities between the feedbacks obtained with the
two approaches described above. More precisely, Figure [BF(a) shows the

feedbacks QL2 °P" and QOM°P! (%) and Figure BH(b) shows the feedbacks
QFB °Pt and QOL °PY(¥3), while the corresponding decontamination times
are shown in Table[@ Note that, for the sake of comparison, Table G also

. . . . C.opt . . .
includes the decontamination times T'(S; 0, Qopp ) Obtained in Section

0.8, 0.8 OLont
L,Op
Q™ (B)
__FBopt
N 06 NH
Q -------- ;“—B opt
@0'4 _QgL,opt
> QD)
0.2
0 2 4 6 8 10 0 2 4 6 8 10
S, (mol/m?) Sy (mol/m?)

(a) Homogeneous flow velocity field (b) Nonhomogeneous flow velocity
field

Figure 5: ODE-PDE model: case 1, < 7. Comparison between the feedback approximations
QFB:opt (depicted with solid lines) and QO™°Pt (depicted with dashed lines).

e Case 1, ~ 73:
In this case, time varying open loops and feedbacks depend on the biore-
actor state. Since we aim to compare the optimal feedback obtained for
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T(SnO’ gB,opt) (b) T(Sr707 gL,opt) (b) T(Sr,o, g,opt) (b)
49870 48040 81840
T(Se0, Qai ™) (5) | T(Seo, Qi ™) () | T(Sro, Qnit™) (5)
64770 63990 110420

Table 6: ODE-PDE model: case 73, < 7r. Decontamination times obtained with system
@,@- @), Sr,0 = 10 (mol/m?) and controls QFB-oPt QOL-OPt and QC.opt,

ODE model (), with the two feedback schemes obtained for ODE-
PDE model (I),([0)-([I2), we approximate functions of the form S, —
QEPoPY(S,) and 8,5 — QOMPH (S, 0;-). In order to compute Q5P P(S,)
(or QP (S,)) we solve problem (24 for (S, sy, by,) in the set M, defined
to solve problem ([22)), with I = 20 and J = {1,2,4,10}. Thus, for each
S € S, QFB°PY(S) is approximated by computing the mean value of the
set of optimal feedbacks QB°Pt(S, sy, by,) with (S, sy, by) € M. Similarly,
in order to compute Qngpt(Sr,(); -) we solve problem (2]), taking ¥y € M
with I = 1 and J = {1,2,4,10}. Then, each component of vector ~°P*
is approximated by computing the mean value of the set of its optimal
values obtained for the different initial states. This procedure is also used
to obtain the average optimal time varying open loop Qggpt (Sy,0;+) and

; H NH
substrate concentrations 57, and S .

Figure [ shows the similarities between the feedbacks obtained with the
two approaches described above. More precisely, Figure [6F(a) shows the
feedbacks QEB’Opt and QgL’Opt(Z), obtained when considering the homo-
geneous flow velocity field. Figure Gl (b) shows the feedbacks Qgg’(’pt and

I?HI;’Opt(Z), obtained when considering the nonhomogeneous flow velocity
field. The corresponding decontamination times are shown in Table
Note that, for the sake of comparison, Table [ also includes the decon-
tamination times T'(S; o, 83%), obtained in Section 2.1l The substrate

concentrations achieved in the resource are SEaCh = 9.9888 (mol/m?) and

SNH = 9.9836 (mol/m?). Table[llshowsthe substrateconcentrations

4.3.8. Discussion

An interesting study is to check if both approaches, described in Sections
3.2.2 and B.2.3] present similar numerical results. From Figure Bl and Figure
one can observe significant similarities between the two volumetric flow rates
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Figure 6: ODE-PDE model: Case 1, =~ 7. Comparison between the feedback approximations
QFB:opt (depicted with solid lines) and QO™ Pt (%) (depicted with dashed lines).

T(Se0, Qi) (8) | T(Se.0, @) (s) | T(Sk0, Q™) (5)
58900 57610 102190
FB,op OL,o C,o
T(Sr,OvQNH' It) (s) T(Sr,o, NH pt) (s) T(SI',Oa Nupt) (s)
74050 74180 129160

Table 8: ODE-PDE model: case 7, < 7r. Decontamination times obtained with system
@, - @), Sr,0 = 10 (mol/m?) and controls QFE-0Pt QOLOPt and QC:opt,

QFBoPt and QOT°PY(X), being the first one a bit faster than the second one in
most of the cases. This result is not surprising, since the open-loop approach
takes into account the concentrations only at initial time, while the feedback
strategy is intrinsically more robust.

Another interesting study is to check if the optimization results obtained in

Sections 311 and are similar. We make the comparison for both flow
velocity profiles, described in Section

e Homogenous flow velocity field: In order to analyze the similarities

between the obtained optimal controls Qg%}gpt, EB’Opt and QgL’Opt(Z),

we plot them in Figure [l It is easy to observe that the volumetric

flow rates Qf"°P" and Q$"°P*(%) (obtained with the ODE-PDE system

(@D, @)-(@2) in the case where 1, < 7;) are significantly close to the flow

rate Qg%gpt (in fact, QEB’ON and Qg%ﬁpt seem indistinguishable in Fig-

ure[ZH(a)). Nevertheless, the flow rates Q5>°P" and QO™°P!(%) (obtained

with the ODE-PDE system ([II),[I0)-([I2]) when 7, & 7) are much slower

than Qppe’". For instance, for S, = 10 (mol/m?) the values of Q"""

and Q""" (2) are around 35% the value of QoeP". Furthermore, from

the value Sﬁach, we conclude that if the constant control Qg%’gpt is used

in system ([I),([I0)- (2] the bioreactor is driven to washout (see Definition
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21)) before the decontamination target is achieved. These results seem
to show that when high diffusions are considered, the optimal controls
obtained with the ODE and ODE-PDE models are similar, whereas for
low diffusion coefficients the ODE-PDE model exhibits better results, in
the sense that it provides smaller volumetric flow rates that favor that the
biomass does not become extinct before the target is achieved.

e Nonhomogeneous flow velocity field: In order to analyze the similari-
ties between the obtained optimal controls Qg%gpt, g%opt nd QOL PL(y),
we plot them in Figure B It is easy to observe that the volumetric
flow rates QL' and Q1" (X), obtained with the ODE-PDE system
@D, @-{@2) when 7, < 7 and 7, ~ 7y, are respectively around 75%
and 35% the value of the flux Qg%ﬁpt. As a result we can conclude that
the ODE-PDE systems exhibits better results when computing the opti-
mal feedback, in the sense that it provides smaller volumetric flow rates
that favor that the biomass does not become extinct before the target is
achieved.

2 4 6 8 10 2 4 6 8 10
S, (mol/m?) S, (mol/m?)
( ) QgBDEpt QEB,opt ( ) QFB ,opt QgL,opt(E)

Figure 7: Homogeneous flow velocity field: Comparison between the feedback obtained for the
ODE model (depicted with solid line), the feedback obtained for the ODE-PDE model when
T < Tr (depicted with dashed lines) and the feedback obtained for the ODE-PDE model
when 7, & 7 (depicted with dotted lines).

Comparison between the considered control strategies

Here, we compare the open-loop and feedback controls obtained in Sections
and From Tables [6l and B one can observe that the decontamina-
tion times obtained using time-varying open loops and feedbacks are similar.
However, the feedback approximation exhibits two advantages with respect to
time-dependent controls: it is more robust to possible changes on the system
conditions and, once obtained, it can be applied in other scenarios without addi-
tional computational cost. Finally, one can see that the decontamination times
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2 4 6 8 1 2 4 6 8
S, (mol/m?) Sy (mol/m?)

FB,opt FB,opt FB,opt OL,opt
(a) ODEp vs Q' ” (b) QODEP vs Qu 7 ()

Figure 8: Nonhomogeneous flow velocity field: Comparison between the feedback obtained
for the ODE model (depicted with solid line), the feedback obtained for the ODE-PDE model
when 7, < 71 (depicted with dashed lines) and the feedback obtained for the ODE-PDE model
when 7, &~ 7+ (depicted with dotted lines).

among constant controls are twice larger than those among time-varying open
loops and feedbacks.

5. Conclusion

In this work, we have focused on the modeling of the problem of water
treatment by using continuous bioreactors. We have presented two mathemat-
ical models, assuming homogeneity or inhomogeneity of substrate and biomass
concentrations in the bioreactor. We have also made a difference between con-
sidering that the fluid flow velocity in the bioreactor is homogeneous through
the inlet, or follows a nonhomogeneous profile.

We have tackled an optimization problem which aims to minimize the time
needed to clean the polluted resource, by choosing an optimal bioreactor volu-
metric inflow rate. In the case of considering homogeneity of the contaminant
in the bioreactor, it is possible to obtain analytically an optimal flow rate from
previous theoretical results. In the case of considering inhomogeneity of the
contaminant in the bioreactor, we show here how to obtain an optimal flow rate
using an hybrid genetic algorithm. The results show that, in the cases where the
time scale in the bioreactor is comparable with the time scale of the resource
(for instance, by using Ds = Dp = 0.01 (m?/s)), the optimal flow rates are
smaller than the optimal flow rates obtained for the mathematical model which
considers homogeneity in the bioreactor. In any case, the decontamination time
can be substantially reduced if feedback controls are used instead of constant
controls.

Our goal was to compare the numerical optimization results obtained for the
ODE and ODE-PDE models presented for coupled system between the biore-
actor and the water resource. The results show that when the time scale of the
bioreactor is much smaller than the one of the water resource, (for instance, by
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using Dg = Dp = 100 (m?/s)), the ODE-PDE system with homogeneous flow
velocity field approaches the ODE system. Contrarily, the ODE-PDE system
with nonhomogeneous flow velocity field does not approach the ODE system in
the sense that, when using the control strategy that is optimal under the homo-
geneous assumption in the bioreactor, the biomass becomes extinct and it is not
able to make the substrate in the water resource decrease to the objective value.
Let us notice that the nonhomogeneous flow velocity field has been presented
in order to approach a more realistically behavior of the reactor (see MD An
important conclusion is that an optimal feedback derived for perfectly mixed
bioreactor can lead a bioreactor with non negligible diffusion terms to washout,
preventing the desired decontamination objective to be reached, while a simple
open loop control, obtained with the method presented in this work, can solve
the problem.
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