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NOETHER RESOLUTIONS IN DIMENSION 2

ISABEL BERMEJO, EVA GARCIA-LLORENTE, IGNACIO GARCIA-MARCO, AND MARCEL MORALES

ABSTRACT. Let R := K|[z1,...,x,] be a polynomial ring over an infinite field K, and let I C R
be a homogeneous ideal with respect to a weight vector w = (wy,...,w,) € (Z1)™ such that
dim (R/I) = d. In this paper we study the minimal graded free resolution of R/I as A-module,
that we call the Noether resolution of R/I, whenever A := K[x,,_441,...,Z,] is a Noether nor-
malization of R/I. When d = 2 and [ is saturated, we give an algorithm for obtaining this reso-
lution that involves the computation of a minimal Grobner basis of I with respect to the weighted
degree reverse lexicographic order. In the particular case when R/I is a 2-dimensional semigroup
ring, we also describe the multigraded version of this resolution in terms of the underlying semi-
group. Whenever we have the Noether resolution of R/I or its multigraded version, we obtain
formulas for the corresponding Hilbert series of R/I, and when I is homogeneous, we obtain a
formula for the Castelnuovo-Mumford regularity of R/I. Moreover, in the more general setting
that R/I is a simplicial semigroup ring of any dimension, we provide its Macaulayfication.

As an application of the results for 2-dimensional semigroup rings, we provide a new upper
bound for the Castelnuovo-Mumford regularity of the coordinate ring of a projective monomial
curve. Finally, we describe the multigraded Noether resolution and the Macaulayfication of either
the coordinate ring of a projective monomial curve C C [P}, associated to an arithmetic sequence or
the coordinate ring of any canonical projection 7,.(C) of C to IP?{l.

Keywords: Graded algebra, Noether normalization, semigroup ring, minimal graded free resolution, Cohen-
Macaulay ring, Castelnuovo-Mumford regularity.

1. INTRODUCTION

Let R := K|xy,...,x,] be a polynomial ring over an infinite field K, and let / C R be a
weighted homogeneous ideal with respect to the vector w = (wy,...,w,) € (Z7)", ie., I is
homogeneous for the grading deg,,(z;) = w;. We denote by d the Krull dimension of R/I and
we assume that d > 1. Suppose A := K[z,_qi1,...,T,] is a Noether normalization of R/I,
i.e., A — R/I is an integral ring extension. Under this assumption R// is a finitely generated
A-module, so to study the minimal graded free resolution of R/I as A-module is an interesting
problem. Set

F 0 — Buen, Al=5p0) 2 -+ 25 @pepy Al—504) ~2 R/T — 0
this resolution, where for all : € {0,...,p} B; denotes some finite set, and s; , are nonnegative
integers. This work concerns the study of this resolution of R/, which will be called the Noether
resolution of R/I. More precisely, we aim at determining the sets 5;, the shifts s;, and the
morphisms ;.

One of the characteristics of Noether resolutions is that they have shorter length than the min-
imal graded free resolution of R/[ as R-module. Indeed, the projective dimension of R/ as
A-module is p = d — depth(R/I), meanwhile its projective dimension of R/I as R-module is
n —depth(R/I). Studying Noether resolutions is interesting since they contain valuable informa-
tion about R/I. For instance, since the Hilbert series is an additive function, we get the Hilbert
series of R/I from its Noether resolution. Moreover, whenever I is a homogeneous ideal, i.e.,
homogeneous for the weight vector w = (1,...,1), one can obtain the Castelnuovo-Mumford
regularity of R/I in terms of the Noether resolution as reg(R/I) = max{s;, —¢ |0 < i < p,
S Bz}
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In Section 2 we start by describing in Proposition 1 the first step of the Noether resolution of
R/I. By Auslander-Buchsbaum formula, the depth of R/ equals d — p. Hence, R/I is Cohen-
Macaulay if and only if p = 0 or, equivalently, if R/I is a free A-module. This observation
together with Proposition 1, lead to Proposition 2 which is an effective criterion for determining
whether R/I is Cohen-Macaulay or not. This criterion generalizes [Bermejo & Gimenez (2001),
Proposition 2.1]. If R/I is Cohen-Macaulay, Proposition 1 provides the whole Noether resolution
of R/I. When d = 1 and R/I is not Cohen-Macaulay, we describe the Noether resolution of
R/I by means of Proposition 1 together with Proposition 3. Moreover, when d = 2 and z,, is a
nonzero divisor of R/I, we are able to provide in Theorem 1 a complete description of the Noether
resolution of R/I. All these results rely in the computation of a minimal Grobner basis of / with
respect to the weighted degree reverse lexicographic order. As a consequence of this, we provide
in Corollary 1 a description of the weighted Hilbert series in terms of the same Grobner basis.
Whenever [ is a homogeneous ideal, as a consequence of Theorem 1, we obtain in Corollary 2 a
formula for the Castelnuovo-Mumford regularity of R/ which is equivalent to the one provided
in [Bermejo & Gimenez (2000), Theorem 2.7].

In section 3 we study Noether resolutions when R/1 is a simplicial semigroup ring, i.e., when-
ever [ is a toric ideal and A = K[z, _441, ..., ;] is a Noether normalization of R/I. We recall
that I is a toric ideal if [ = I 4 with A = {ay,...,a,} C N®and a; = (a4, ..., a;y) € N%; where
I 4 denotes the kernel of the homomorphism of K-algebras ¢ : R — Klt1,..., t4]; z; — t% =
9 -ty foralli € {1,...,n}. If we denote by S C N the semigroup generated by ay, . . . , a,,
then the image of ¢ is K[S] := K[t*|s € S| ~ R/I4. By [Sturmfels (1996), Corollary 4.3],
I 4 is multigraded with respect to the grading induced by & which assigns degg(z;) = a; for all
i € {1,...,n}. Moreover, whenever A is a Noether normalization of K[S] we may assume with-
out loss of generality that a, _q; = w,_que; foralli € {1,..., d}, where w, _q4; € Z' and
{e1,...,eq} is the canonical basis of N?. In this setting we may consider a multigraded Noether
resolution of K[S], i.e., a minimal multigraded free resolution of K[S] as A-module:

0 — Bues, A5 o Do g A s 2 K[S] — 0,
where S; are finite subsets of S forall i € {0,...,p} and A- s denotes the shifting of Aby s € S.
We observe that this multigrading is a refinement of the grading given by w = (wy, ..., w,) with
w; = Z?Zl a;; € ZT; thus, 14 is weighted homogeneous with respect to w. As a consequence,
whenever we get the multigraded Noether resolution or the multigraded Hilbert series of K[S],
we also obtain its Noether resolution and its Hilbert series with respect to the weight vector w.

A natural and interesting problem is to describe combinatorially the multigraded Noether res-
olution of K[S] in terms of the semigroup S. This approach would lead us to results for sim-
plicial semigroup rings K [S] which do not depend on the characteristic of the field K. In gen-
eral, for any toric ideal, it is well known that the minimal number of binomial generators of /4
does not depend on the characteristic of K (see, e.g., [Sturmfels (1996), Theorem 5.3]), but the
Gorenstein, Cohen-Macaulay and Buchsbaum properties of K[S] depend on the characteristic
of K (see [Hoa (1991)], [Trung & Hoa (1986)] and [Hoa (1988)], respectively). However, in the
context of simplicial semigroup rings, these properties do not depend on the characteristic of K
(see [Goto et al. (1976)], [Stanley (1978)] and [Garcia-Sanchez & Rosales (2002)], respectively).
These facts give support to our aim of describing the whole multigraded Noether resolution of
K|[S] in terms of the underlying semigroup S for simplicial semigroup rings.

The results in section 3 are the following. In Proposition 5 we describe the first step of the
multigraded Noether resolution of a simplicial semigroup ring K [S]. As a byproduct we recover
in Proposition 6 a well-known criterion for K[S] to be Cohen-Macaulay in terms of the semigroup.
When d = 2, i.e., I 4 is the ideal of an affine toric surface, Theorem 2 describes the second step of
the multigraded Noether resolution in terms of the semigroup S. When d = 2, from Proposition
5 and Theorem 2, we derive the whole multigraded Noether resolution of K [S] by means of S
and, as a byproduct, we also get in Corollary 3 its multigraded Hilbert series. Whenever [ 4 a is
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homogeneous ideal, we get a formula for the Castelnuovo-Mumford regularity of K[S] in terms
of S, see Remark 1.

Given an algebraic variety, the set of points where X is not Cohen-Macaulay is the non Cohen-
Macaulay locus. Macaulayfication is an analogous operation to resolution of singularities and was
considered in Kawasaki [Kawasaki (2000)], where he provides certain sufficient conditions for X
to admit a Macaulayfication. For semigroup rings Goto et al. [Goto et al. (1976)] and Trung and
Hoa [Trung & Hoa (1986)] proved the existence of a semigroup S’ satisfying S C S’ C S, where
S denotes the saturation of S and thus K[S] is the normalization of K [S], such that we have an
exact sequence:

0— KI[S] — K[S'] — K[S'\S§] — 0

with dim(K[S'\S]) < dim(K[S])—2. In this setting, K'[S'] satisfies the condition S5 of Serre, and
is called the Sy-fication of K [S]. Moreover, when S is a simplicial semigroup, [Morales (2007),
Theorem 5] proves that this semigroup ring K [S’] is exactly the Macaulayfication of K [S]; indeed,
he proved that K[S’] is Cohen-Macaulay and the support of K|S’ \ S| coincides with the non
Cohen-Macaulay locus of K [S]. In [Morales (2007)], the author provides an explicit description
of the Macaulayfication of K'[S] in terms of the system of generators of I4 provided K[S] is a
codimension 2 simplicial semigroup ring. Section 4 is devoted to study the Macaulayfication of
any simplicial semigroup ring. The main result of this section is Theorem 4, where we entirely
describe the Macaulayfication of any simplicial semigroup ring K [S] in terms of the set Sy, the
subset of S that provides the first step of the multigraded Noether resolution of K[S].

In sections 5 and 6 we apply the methods and results obtained in the previous ones to cer-

tain dimension 2 semigroup rings. More precisely, a sequence m; < --- < m, determines
the projective monomial curve C C P’ parametrically defined by z; := s™it"»~™ for all
i€ {l,....n—1}, 2, = s™, 2, = t™. If we set A = {a1,...,a,41} C N? where
a; :== (my, my, —m;),a, := (m,,0) and a,1 := (0, m,), it turns out that the homogeneous coor-
dinate ring of C is K[C] := K|[x1,...,%p41]/I4 and A = K|x,,, x,11] is a Noether normalization
of R/14.

The main result in Section 5 is Theorem 5, where we provide an upper bound on the Castelnuovo-
Mumford regularity of K [C], where C is a projective monomial curve. The proof of this bound
is elementary and builds on the results of the previous sections together with some classical
results on numerical semigroups. It is known that reg(K|[C]) < m, — n + 1 after the work
[Gruson et al. (1983)]. In our case, [L’'vovsky (1996)] obtained a better upper bound, indeed if
we set mo := 0 he proved that reg(K[C]) < maxj<;<j<n{m; — mi—1 +m; —m;j_1} — 1. The
proof provided by L’vovsky is quite involved and uses advanced cohomological tools, it would be
interesting to know if our results could yield a combinatorial alternative proof of this result. Even
if L’vovsky’s bound usually gives a better estimate than the bound we provide here, we easily
construct families such that our bound outperforms the one by L'vovsky.

Also in the context of projective monomial curves, whenever m; < --- < m,, is an arithmetic
sequence of relatively prime integers, the simplicial semigroup ring R/I4 has been extensively
studied (see, e.g., [Molinelli & Tamone (1995), Li et. al (2012), Bermejo et al. (2017)]) and the
multigraded Noether resolution is easy to obtain. In Section 6, we study the coordinate ring of
the canonical projections of projective monomial curves associated to arithmetic sequences, i.e.,
the curves C, whose homogeneous coordinate rings are K[S,] = R/I4,, where A, := A\ {a.}
and S, C N? the semigroup generated by A, for all » € {1,...,n — 1}. In Corollary 5 we give
a criterion for determining when the semigroup ring K[S,] is Cohen-Macaulay; whenever it is
not Cohen-Macaulay, we get its Macaulayfication in Corollary 6. Furthermore, in Theorem 7 we
provide an explicit description of their multigraded Noether resolutions. Finally, in Theorem 8 we
get a formula for their Castelnuovo-Mumford regularity.
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2. NOETHER RESOLUTION. GENERAL CASE

Let R := Klxy,...,x,] be a polynomial ring over an infinite field K, and let I C R be
a w-homogeneous ideal, i.e., a weighted homogeneous ideal with respect to the vector w =
(Wiy...,wy) € (Z7)". We assume that A := Klx,_441,...,%,) is a Noether normalization
of R/I, where d := dim(R/I). In this section we study the Noether resolution of R/I, i.e., the
minimal graded free resolution of R/ as A-module:

1) F 0 — Buen, Al—=5p0) —2 -+ 5 Bepy Al—s00) 2 R/T — 0,

where for all 7 € {0, ..., p} B; is a finite set of monomials, and s, ,, are nonnegative integers.
In order to obtain the first step of the resolution, we will deal with the initial ideal of [ +
(Tn—gs1, - -, x,) With respect to the weighted degree reverse lexicographic order >,.
We recall that >, is defined as follows: z® >, 27 if and only if
o deg, (z%) > deg, (27), or
o deg (1) = deg,(z”) and the last nonzero entry of o« — 3 € Z" is negative.

For every polynomial f € R we denote by in (f) the initial term of f with respect to >,.
Analogously, for every ideal J C R, in () denotes its initial ideal with respect to >,.

Proposition 1. Let B, be the set of monomials that do not belong to in (I + (Tp—gi1,-..,%n))
Then,

{2+ 12" € By}
is a minimal set of generators of R/1 as A-module and the shifts of the first step of the Noether
resolution (1) are given by deg, (x*) with z® € B,.

Proof. Since A is a Noether normalization of R/l we have that B, is a finite set. Let B, =

{z*,...,z*}. To prove that B := {2®* + I,...,x% + I} is a set of generators of R/I as
A- module it suffices to show that for every m0n0m1a1 =l B " ¢ in(I), one has that
2 +1 € R/I can be written as a linear combination of {z® +1,..., x ak + I}. Since {z™ + (I +

(To—dity ey @n))y ey 2 + (I 4+ (Tp_gy1, .-, xn)) } isa K-basis of R/(I 4+ (Xp_ay1,- -5 Tn))s
we have that g := 2 — Ele Xixz® € I+ (Tp_gi1,--.,T,) forsome \j, ..., Ay € K. Then we
deduce that in (¢) € in (I + (zp—g41,--.,xn)) Which is equal to in (1) + (zp—g41, - - -, Zn), and
thus in (g) € in (I). Since 2’ ¢ in (I) and 2% ¢ in(I) for all i € {1,...,k}, we conclude that
g=0andz’® +1 = (Zle Aiz®) 4+ I. The minimality of 53 can be easily proved. O

When R/I is a free A-module or, equivalently, when the projective dimension of R/[ as A-
module is 0 and hence R/I is Cohen-Macaulay, Proposition 1 provides the whole Noether reso-
lution of R/I. In Proposition 2 we characterize the Cohen-Macaulay property for R/ in terms
of the initial ideal in () previously defined. This result generalizes [Bermejo & Gimenez (2001),
Theorem 2.1], which applies for I a homogeneous ideal.

Proposition 2. Let A = K[z,_qy1, ..., T, be a Noether normalization of R/I. Then, R/I is
Cohen-Macaulay if and only if x,,_qy1, . . . , T, do not divide any minimal generator of in (1).

Proof. We denote by {e, | v in By} the canonical basis of @®,ep, A(—deg,(v)). By Proposition 1
we know that ¢ : @yep, A(—deg,(v)) —> R/I is the morphism induced by e, — v + I € R/I.
By Auslander-Buchsbaum formula, R/I is Cohen-Macaulay if and only if v is injective.

(=) By contradiction, we assume that there exists & = (ay,...,qa;,) € N” such that 2% =
it xﬁ” is a minimal generator of in (/) and that a; > 0 for some i € {n —d+1,...,n}.
Setw =z -z, smce in(/ + (xn di1s -« Zn)) = n(I) + (Tp—ds1, - - -, Tn), Wwe have that
u € By. We also set ¢ = xf:f d‘f:f ---x9 € Aand f the remainder of x* modulo the reduced
Grobner basis of I with respect to >,. Then z* — f € I and every monomial in f does not

belong to in (I). As a consequence, f = >'_, c;z%, where ¢; € K and 2% = v;2% with v; € By
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and 2% € Aforalli € {1,...,t}. Hence, 2%¢e, — >.._, civ’ie,, € Ker(vy) and R/I is not
Cohen-Macaulay.

(«=) Assume that there exists a nonzero g € Ker(¢)y), namely, g = > 5 gueys € Ker(¢y)
with g, € Aforallv € By. Then, }_ .z g,v € I. We write in (g) = cx®u withc € K, 2* € A
and u € By. Since x,_441, ..., T, do not divide any minimal generator of in (), we have that
u € in (1), a contradiction. O

When R/I has dimension 1, its depth can be either 0 or 1. When depth(R/I) = 1, then R/I
is Cohen-Macaulay and the whole Noether resolution is given by Proposition 1. When R/ is not
Cohen-Macaulay, then its depth is 0 and its projective dimension as A-module is 1. In this setting,
to describe the whole Noether resolution it remains to determine B, v, and the shifts s; , € N for
all v € B;. In Proposition 3 we explain how to obtain B; and ); by means of a Grobner basis of
I with respect to >,.

Consider x; : R — R the evaluation morphism induced by z; — x; fori € {1,...,n — 1},
T, — 1.

Proposition 3. Let R/I be 1-dimensional ring of depth 0. Let L be the ideal x1(in(1)) - R. Then,
By =ByNL

in the Noether resolution (1) of R/ and the shifts of the second step of this resolution are given
by deg,,(uxl), where u € By and §,, := min{d | uz? € in(I)}.

Proof. For every u = z{" ---z."7" € By N L, there exists § € N such that ux® € in(I); let &, be
the minimum of all such 6. Consider p, € R the remainder of ux%* modulo the reduced Grobner
basis of I with respect to >,,. Thus uz’* — p, € I is w-homogeneous and every monomial 2"
appearing in p, does not belong to in(7), then by Proposition 1 it can be expressed as 2” = v,
where (5, > 0 and v € B,. Moreover, since uxf;* >, x7, then 3, > 6, and v >,, v. Thus, we can

write

with m,,, = cx®v € A = K[x,] a monomial (possibly 0) for all v € By, u >, v.

Now we denote by {e, | v in By} the canonical basis of @,cp, A(— deg,(v)) and consider the
graded morphism )y : ®,ep, A(— deg,,(v)) — R/I induced by e, — v+ I € R/I. The above
construction yields that

hy = "L‘iu(eu - Z muvev) S Kef(wo)

vEBg
u>v

for all u € By N L. We will prove that Ker(1)) is a free A-module with basis
C:={h,|ueByNL}.

Firstly, we observe that the A-module generated by the elements of C is free due to the triangular
form of the matrix formed by the elements of C. Let us now take g = > 5 gue, € Ker(p)
with g, € A, we assume that g € ®,¢cp5,A(—deg,(v)) is w-homogeneous and, thus, g, is either
0 or a monomial of the form cz% with ¢ € K and 8, € N for all v € B;. We consider 1)y :
Duep, A(— deg,,(v)) — R the monomorphism of A-modules induced by e, — v. Since ¢y(g) =
0, then the polynomial ¢’ := 1y(g) = > uep, Jut € I and in(g') = cajw for some w € By,
v € Nand ¢ € K. Since in(¢’) € in(/), we get that w € By N L and v > 6,. Hence,
g1 = g — cx)l 3" h,, € Ker(¢y). If gy is identically zero, then g € ({h, |u € By N L}). If gy is
not zero, we have that 0 # in(vy(g1)) < in(¢(g)) and we iterate this process with g, to derive
that {h, | u € By N L} generates Ker(1)g). O
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The rest of this section concerns I a saturated ideal such that R/ is 2-dimensional and it is not
Cohen-Macaulay (and, in particular, depth(R/I) = 1). We assume that A = K[z,,_1,z,] is a
Noether normalization of R/I and we aim at describing the whole Noether resolution of R/I. To
achieve this it only remains to describe B;, ¢, and the shifts s; , € N forall v € B;. In Proposition
4 we explain how to obtain B; and ¢/; by means of a Grobner basis of I with respect to >,. Since
K is an infinite field, I is a saturated ideal and A is a Noether normalization of R/I, one has that
T, + Tx,_1 is a nonzero divisor on R/I for all 7 € K but a finite set. Thus, by performing a mild
change of coordinates if necessary, we may assume that x,, is a nonzero divisor on R/1.

Now consider x : R — R the evaluation morphism induced by x; — z; fori € {1,...,n—2},
z; — 1forie {n—1,n}.

Proposition 4. Let R/ be 2-dimensional, non Cohen-Macaulay ring such that x,, is a nonzero
divisor. Let J be the ideal x(in(1)) - R. Then,

BlzBoﬂJ

in the Noether resolution (1) of R/I and the shifts of the second step of this resolution are given
by deg, (uz’ |), where u € By and 6, := min{d | uz®_, € in(I)}.

Proof. Since x,, is a nonzero divisor of R/ and [ is a w-homogeneous ideal, then x,, does not
divide any minimal generator of in (I). As a consequence, for every u = z{* - --z"5> € By N J,
there exists 6 € N such that uz’ _, € in([I); by definition, d, is the minimum of all such 4.
Consider p, € R the remainder of uz’* , modulo the reduced Grobner basis of I with respect to
>,. Then ux‘s“ — pu € I is w-homogeneous and every monomial z° appearing in p, does not
belong to in(7), then by Proposition 1 it can be expressed as 7° = vxﬂ "tabn where 8,1, 8, > 0

and v € By. Moreover, we have that uxn_l >,, #” which implies that either 3, > 1, or 3, = 0,
Bn_1 > 0, and u >,, v. Thus, we can write

= D afuvt ) T

vEB( vEBY
uU>wv

with f,, € K[z, 1] forallv € By, u >, v and g,, € A forall v € B,.

Now we denote by {e, | v in By} the canonical basis of &,ep, A(— deg,(v)) and consider the
graded morphism ¢y : ®,ep, A(— deg,,(v)) — R/I induced by e, — v+ I € R/I. The above
construction yields that

hy = xiu—leu - Z xfzu—lfuvev - Z TnGu, €0 € Ker(¢o)

vEBg vEBy
uU>v

for all u € By N J. We will prove that Ker(z)) is a free A-module with basis
C:= {hu|u€80ﬂj}

Firstly, we prove that the A-module generated by the elements of C is free. Assume that
EUEBOOJ quh. = 0 where ¢, € A for all u € By N J and we may also assume that x,, does
not divide g, for some v € By N J. We consider the evaluation morphism 7' induced by z,, — 0

and we get that > o 7(qu) T(hu) = D epyny (@) (200 1eu+zveso 20" | fu,€s) = 0, which

implies that 7(¢q,) = 0 for all u € By N J and, hence, x,, | ¢, for all u e BO N J, a contradiction.
Letustake g = > 5 guey € Ker(¢g) with g, € A, we assume that g € e, A(— deg,, (v))
is w-homogeneous and, thus, g, is either 0 or a w-homogeneous polynomial for all v € B,.
We may also suppose that there exists v € By such that x,, does not divide g,. We consider
Vo : Buep, A(— deg,(v)) — R the monomorphism of A-modules induced by e, ~— v. Since
¥o(g) = 0, then the polynomial ¢’ := ¥o(9) = Y. ,cp, gut € I and in(g’) = ca])_,w for some
w € By and some ¢ € K, which implies that w € By N J. By definition of §,, we get that v > 9,
hence g, == g — ca) 3" h,, € Ker(y). If gy is identically zero, then g € ({hy, |u € By N J}).
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If g1 is not zero, we have that 0 # in(ty(g1)) < in(v0(g)) and we iterate this process with g; to
derive that {h, |u € By N J} generates Ker(t).
UJ

From Propositions 1 and 4 and their proofs, we can obtain the Noether resolution F of R/I by
means of a Grobner basis of / with respect to >,,. We also observe that for obtaining the shifts
of the resolution it suffices to know a set of generators of in (). The following theorem gives the
resolution.

Theorem 1. Let R/ be a 2-dimensional ring such that x,, is a nonzero divisor. We denote by G
be a Gréobner basis of I with respect to >,,. If 6, := min{d | uz?_, € in (I)} for all u € By, then
F 10— Buen, Al—deg, (1) — Suwn_1) —5 Bpen, A(— deg,,(v)) % R/T — 0,

is the Noether resolution of R/I, where

woi @UEBOA<_degw<U)> - R/[7
ey — v+1

and
U1 Buep, A(—deg,(u) — dywn—1) —> @(SveBoA<_ deg,,(v)),
€y 'rnu—leu - ZUEBO fuv Cv

whenever ) i fu,v with f,, € Ais the remainder of the division of uxf;‘_l by G.

From this resolution, we can easily describe the weighted Hilbert series of R/1.

Corollary 1. Let R/I be a 2-dimensional ring such that x,, is a nonzero divisor, then its Hilbert
series is given by:
E . tdegw(v) _ Z s tdegw(u)—kéuwn,l
v 0 u 1
(1 — twn—1)(1 — twn)
In the following example we show how to compute the Noether resolution and the weighted
Hilbert series of the graded coordinate ring of a surface in A%..

HSg(t) =

Example 1. Let I be the deﬁmng ideal of the surface of A%, parametrically defined by f, := s* +
S, fo =t 4513, f3 1= §?, fy .= t* € K|s, t]. Using SINGULAR [Decker et al. (2015)], CoCOA
[Abbott et al. (2015)] or MACAULAY 2 [Grayson & Stillman (2015)] we obtain that whenever K
is a characteristic 0 field, the polynomials {g1, g2, g3, g4} constitute a minimal Grobner basis of
its deﬁning ideal with respect to >, with w = (3, 4,2, 2), where g, = 2xox3 — 231y + X3T4 —
2323, gy = x] — 22323 + x5 — 2x1x3x4 2x3x4 + 2372, g3 = a3 — 2w9m] — 373 + 7} and
g1 = 22319 — Tiw31y + Ty — 320 — 22323 + 2223 In particular,

in (1) = (z923, 23, 25, 2325).

Then, we obtain that

_ ; — — — 2 — .3
o By ={u,...,ug} withuy :=1, ug := 1, ug := Tg, Uy ‘= T, Us := T1X2, Ug := T,
4
o J= <x27x1> C K[x17x27x37'r4]’ and
L Bl = {U3}

Since x3 divides a minimal generator of in (I), by Proposition 2 we deduce that R/ is not Cohen-
Macaulay. We compute 53 = min{d | usz € in (I)} and get that 55 = 2 and that r3 = —x4us +
(x3x4 — 232%)uy is the remainder of the division of usz3 by G. Hence, following Theorem 1, we
obtain the Noether resolution or R/1:

" ADA(-3) 0 A(—4)a

F:0— A(-8) — BA(—6) @ A(—T) ® A(—9) — R/I — 0,
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where 1) is given by the matrix
—x3xy + 23]
0
T4
0
0

Moreover, by Corollary 1, we obtain that the weighted Hilbert series of R/ is
I+ 4+t +t0+ 17— +¢°
(1 —1¢2)2 '
If we consider the same parametric surface over an infinite field of characteristic 2, we obtain

that {x3 + 13 + x3x4, 23 + 2323 + x} is a minimal Grébner basis of I with respect to >, the
weighted degree reverse lexicographic order with w = (3, 4,2, 2). Then we have that

HSR/[<t) =

By = {v1 := 1,09 := 21,03 1= T, vy := T1X2},

and By =, so R/I is Cohen-Macaulay. Moreover, we also obtain the Noether resolution of R/ 1

Fi0=A®A(-3)® A(—4) D A(=T) = R/T = 0
and the weighted Hilbert series of R/ 1 is
1+82 4+t 17
(1 —1¢2)2

HSpg/(t) =

To end this section, we consider the particular case where [ is standard graded homogeneous,
ie., w = (1,...,1). In this setting, we obtain a formula for the Castelnuovo-Mumford regularity
of R/I in terms of in (/) or, more precisely, in terms of 5y and B3;. This formula is equivalent to
that of [Bermejo & Gimenez (2000), Theorem 2.7] provided z,, is a nonzero divisor of R/1.

Corollary 2. Let R/I be a 2-dimensional standard graded ring such that x,, is a nonzero divisor.
Then,
reg (R/I) = max{deg(v),deg(u) + , — 1 |v € By, u € B1}

In the following example we apply all the results of this section.

Example 2. Let K be a characteristic zero field and let us consider the projective curve C of P},
parametrically defined by:
35 8 x5 =15

T =51 — st7, Ty = s7t, T3 = s4t4, Ty =S5

A direct computation with SINGULAR, COCOA or MACAULAY 2 yields that a minimal Grobner

basis G of the defining ideal I C R = Klz1,...,x5] of C with respect to the degree reverse
lexicographic order consists of 10 elements and that

. 4,4 3 2 .2 2 2 2 2

in (1) = (21, ¥, T]x3, T1T3X, TI T2, T1T5, T1TaT3, THT3, LTy, T3).
Then, we obtain that the set By is the following

BO = {U1 = ]_,UQ = T1,Us = To,Uy ‘= T3, U5 ‘= l‘%, Ug = T1X2, U7 1= IL‘%,
Ug ‘= 13, Ug = Tax3, U1 ‘= les’ Ui = l‘g, U9 = ZL‘%I‘;},}
and the ideal J is
2 2 2 4
J = (z], m123, 5, 5323, T5) C R.

Thus, By = {us, us, uip, ui2}. Fori € {5,8,10, 12} we compute ¢;, the minimum integer such
that uixji € in (I) and get that 0, = 019 = d12 = 1 and dg = 2. If we set r; the remainder of the
division of w;xy for all i € {4,8,10,12}, we get that

oy = —.T4l’§b1 + 2.T4$L’5b4 + l’5b6 + l’5b7,
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® g = SL’Z.T}g;bg + .T5b11,
o 10 = Tiwsby + 347508 + (2 — w45)by, and
o 1y — xix%bl + z4x5b6 + x§b7.
Hence, we obtain the following minimal graded free resolution of R/I

F 0o A(—3) & A3(—4) B A@ A3 (—1)A>(=2) & A3(—3) = R/I — 0,
where 1) is given by the matrix

T4x2 0 0 —rir?
0 0 —13zs 0
0 0 0 0
—2w4x5 —T3T5 0 0
Ty 0 0 0
—T5 0 0 — T4 x5
—T5 0 0 —l‘%
0 23 —3x4T5 0
0 0 xyws—a22 0
0 0 Ty 0
0 —T5 0 0
0 0 0 Ty

Moreover, the Hilbert series of R/ is
14 3t + 5t% + 23 — 3t
(1—1)? '

HSpg(t) =
andreg(R/I) = max{3,4 — 1} = 3.

3. NOETHER RESOLUTION. SIMPLICIAL SEMIGROUP RINGS

This section concerns the study of Noether resolutions in simplicial semigroup rings R/I, i.e.,
whenever I = I4 with A = {ay,...,a,} C N¥and a,_q;; = w,_q¢; foralli € {1,...,d},
where {e;, ..., ey} is the canonical basis of N¢. In this setting, R/I4 is isomorphic to the semi-
group ring K[S], where S is the simplicial semigroup generated by .A. When K is infinite, 14
is the vanishing ideal of the variety given parametrically by z; := t% for all i € {1,...,n} (see,
e.g., [Villarreal (2015)]) and, hence, K[S] is the coordinate ring of a parametric variety. In this
section we study the multigraded Noether resolution of K[S] with respect to the multigrading
degs(x;) = a; € S; namely,

Fi0— s, A s 2o @ es A s 25 K[S] — 0.

where S; C S forall i € {0,...,p}. We observe that this multigrading is a refinement of the
grading given by w = (w1, ...,w,) with w; := E;l:l a;; € Z%; thus, 14 is w-homogeneous and
the results of the previous section also apply here.

Our objective is to provide a description of this resolution in terms of the semigroup S. We
completely achieve this goal when K [S] is Cohen-Macaulay (which includes the case d = 1) and
also when d = 2.

For any value of d > 1, the first step of the resolution corresponds to a minimal set of generators
of K[S] as A-module and is given by the following well known result.

Proposition 5. Let K[S] be a simplicial semigroup ring. Then,
So={seS|s—a; ¢Sforallie {n—d+1,...,n}}.

Moreover, 1y : @ses,A - s — K[S| is the homomorphism of A-modules induced by eg — t°,
where {es | s € Sy} is the canonical basis of Dscs, A - S.
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Proposition 5 gives us the whole multigraded Noether resolution of K[S] when K [S] is Cohen-
Macaulay.

In [Goto et al. (1976), Theorem 1] (see also [Stanley (1978), Theorem 6.4]), the authors provide
a characterization of the Cohen-Macaulay property of K'[S]. In the following result we are proving
an equivalent result that characterizes this property in terms of the size of Sy. The proof shows
how to obtain certain elements of Ker(t)y) and this idea will be later exploited to describe the
whole resolution when d = 2 and K'[S] is not Cohen-Macaulay.

Proposition 6. Let S be a simplicial semigroup as above. Set D := ( 1 Wn— d+l> /1724 - 7.8),

where (72 : 7.8] denotes the index of the group generated by S in 7. Then, K[S] is Cohen-
Macaulay <= |Sy| =

Proof. By Auslander-Buchsbaum formula we deduce that K[S] is Cohen-Macaulay if and only
if 1)y 1s injective, where 1)y is the morphism given in Proposition 5. We are proving that vy is
injective if and only if |Sy| = D. We define an equivalence relation on Z%, u ~ v <= u—v €
Z{wn_gi1€1,- - .,wpeq}. This relation partitions ZS into D = [ZS : Z{w,_ai1€1, - -, wWneq}]
equivalence classes. Since

7878 ~ (Zd/Z{wn_dHel, . ,wned}) [ (ZS)Z{wn_gi1€1, .. ,wneq}),

we get that D = (Hfil wn_dH) /724 : Z.S]. Moreover, the following two facts are easy to check:

for every equivalence class there exists an element b € Sy, and S = Sy + N{w,,_q11€1, ..., wneq}-
This proves that |Sy| > D.

Assume that |Sy| > D, then there exist u,v € S; such that u ~ v or, equivalently, u +
Efil AiWn_dvi€i = v + Ef | HiWn—ayie; for some X\;, pu; € N forall ¢ € {1,...,d}. Thus
TN gy apie, — bt - atie, € Ker(ty) and ¢y is not injective.

Assume now that |Sy| = D, then for every s1,s0 € Sy, 51 # Sz, we have that s; % sp. As a
consequence, an element p € @,cs,A4 - s is homogeneous if and only if it is a monomial, i.e.,
p = cx“es for some ¢ € K, x* € Aand s € Sy. Since the image by vy of a monomial is
another monomial, then there are no homogeneous elements in Ker(1)) different from 0, so 1)y is
injective. U

From now on suppose that K'[S] is a 2-dimensional non Cohen-Macaulay semigroup ring. In
this setting, we consider the set

A={seS|s—ay1,s—a, €Sands—a, —a, 1 ¢ S}.
The set A or slight variants of it has been considered by other authors (see, e.g., [Goto et al. (1976),
Stanley (1978), Trung & Hoa (1986)]). We claim that A has exactly |Sy| — D elements. Indeed,
if we consider the equivalence relation ~ of Proposition 6, then ~ partitions ZS in D classes
C1,...,Cp and it s straightforward to check that [ANC;| = |SyNC;| — 1 foralli € {1,..., D}.
From here, we easily deduce that |A| = |Sy| — D. Hence, a direct consequence of Proposition 6
is that A is nonempty because K [S] is not Cohen-Macaulay. Furthermore, as Theorem 2 shows,

the set A is not only useful to characterize the Cohen-Macaulay property but also provides the set
of shifts in the second step of the multigraded Noether resolution of K[S].

Theorem 2. Let K|[S| be a 2-dimensional semigroup ring and let
A={seS|s—ay1,s—a, €Sand s —a, —a,_1 ¢ S},
as above. Then, S; = A.

Proof. Set B, the monomial basis of R/(in(/4), Z,—1, ), Where in (I 4) is the initial ideal of 14
with respect to >,,. For every u = 27" - - - 2% € B, we set §,, > 1 the minimum integer such that
uz’ | € in(I4). Consider p, € R the remainder of uz’* | modulo the reduced Grébner basis of
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I 4 with respect to >, then uxfl“_l — pu € I4. Since I 4 is a binomial ideal, we get that p, = x”

for some (71, . ..,7,) € N™. Moreover, the condition x* > 2" and the minimality of §,, imply that
Y, > 0and ,_; = 0, so 27 = v,z with v, € By. As we proved in Proposmon 4, if we denote
by {e,|v € By} the canonical bas1s of Byep, A(—degg(v)) and hy, = 2°* e, — 3™ e,, for all
u € By, then Ker (7)) is the A-module minimally generated by C := {h |u € B;}. Let us prove

that

{degg(h,)|lue B} ={seS|s—ap-1,5s—a, € Sand s —a,—1 —a, ¢ S}.
Take s = degg(h,) for some u € By, then s = degg(h,) = degg(u)+0,a,—1 = degg(vy) 4o, tn-
Since d,, v», > 1, we get that both s—a,,—1,s—a, € S. Moreover, if s—a,,_1—a, = Z?:l 0;a; €
S, then xi"_’llu — x’\xn+1 € I 4, which contradicts the minimality of &,,.

Take now s € S such that s—a,_1,s—a, € Sand s—a,,_1—a, ¢ S. Since s—a,_1,s—a, € S,
there exists s, s” € Sp and vy, Y2, A1, A2 € Nsuch that s—a,, = s'+~v1a,_1 +720a, and s —a, . =
s"+ Aa,_1+ Aea,. Observe that v5 = 0, otherwise s—a,,_1 —a, = §+71a,_1+ (12— 1)a, € S,
a contradiction. Analogously A\; = 0. Take u,v € By such that degg(u) = s and degg(v ) s".
We claim that u € J and that §,, = 7;. Indeed, f := ux)' | — va)? € I 4 and in(f) = uz)" |, so
u € By. Moreover, if there exists 7' < d,, then s — a,,_; — a,, € S, a contradiction. O

One of the interests of Proposition 6 and Theorem 2 is that they describe multigraded Noether
resolutions of dimension 2 semigroup rings in terms of the semigroup S and, in particular, they
do not depend on the characteristic of the field K.

Now we consider the multigraded Hilbert Series of K [S], which is defined by
HSK[S] Z $5 = Z til . tfld7
seS $=(81,..-,840)ES

When d = 2, from the description of the multigraded Noether resolution of K[S] we derive an
expression of its multigraded Hilbert series in terms of Sy and S;.

Corollary 3. Let K[S] be a dimension 2 semigroup ring. The multigraded Hilbert series of K|[S]

is:
ZSGS@ ts - 28681 ts
Q=) —t5m)

HSks)(t) =

Remark 1. When K|[S] is a two dimensional semigroup ring and S is generated by the set A =
{ai,...,a,} CN? ifwesetw = (wi,...,w,) € N" withw; := a;1 + a;o foralli € {1,...,n},
then 1 4 is w-homogeneous, as observed at the beginning of this section. The Noether resolution of
K |[S] with respect to this grading is easily obtained from the multigraded one. Indeed, it is given
by the following expression:

F:0— @(b1,b2)681A(_(bl —+ bg)) £> @(bl,bQ)GSOA(_(bl —+ bg)) ﬂ) K[S] — 0.

In addition, the weighted Hilbert series of K|[S] is obtained from the multigraded one by just
considering the transformation tt5? +— t*1 %2,

When wy = -+ = wy, then I 4 is a homogeneous ideal. In this setting, the Noether resolution
with respect to the standard grading is

0

F 20— @y A= (b1 + ba) /1) 5 Dy pyeso A= (b1 + bo) fwn) 2 K[S] — 0.
Thus, the Castelnuovo-Mumford regularity of K|S] is

@) reg (K[S]) = max ({bl 021 4y by) € 30} U {bl 02 by by € 31}) |

w1 w1

Moreover, the Hilbert series of K|[S| is obtained from the multigraded Hilbert series by just con-
sidering the transformation t{ 15> s t(@1t+az)/w,
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4. MACAULAYFICATION OF SIMPLICIAL SEMIGROUP RINGS

Given K|[S] a simplicial semigroup ring, the semigroup ring K [S'] is the Macaulayfication of

K|[S] if the three following conditions are satisfied:

(HScds,

(2) K[S'] is Cohen-Macaulay, and

(3) the Krull dimension of K|S’ \ S]is < d — 2, where d is the Krull dimension of K[S].
The existence and uniqueness of a K [S’] fulfilling the previous properties for simplicial semigroup
rings is guaranteed by [Morales (2007), Theorem 5]. In this section we describe explicitly the
Macaulayfication of any simplicial semigroup ring in terms of the set Sy. For this purpose we
consider the same equivalence relation in Z? as in proof of Proposition 6, namely, for s, s, € Z¢

S1 ~ Sg <= S1 — S92 € Z{wn,dJrl@l, . ,wned}.

As we have seen, Sy C Z% is partitioned into D := wy,_g41 - - Wy / [Zd : Z8] equivalence classes
St ..., SP. For every equivalence class S we define a vector b; in the following way. We
take S* = {s1,...,s:}, where s; = (8j1,...,8;4) € N¢ forall j € {1,...,t} and define
bi = (bi1,...,biq) € N? as the vector whose k-th coordinate by, equals the minimum of the k-
th coordinates of sq,..., s, this is, by := min{sy,..., s }. We denote B := {by,...,bp}
and

(3) S =B +N{w, gqu1€1,...,wneq}

The objective of this section is to prove that K[S'] is the Macaulayfication of K[S]. The main
issue in the proof is to show that dim(K[S’ \ S]) < d — 2. For this purpose we use a technique
developed in [Morales & Nhan (2003)] which consists of determining the dimension of a graded
ring by studying its Hilbert function. More precisely, for L an w-homogeneous ideal, if we denote
by h(i) the Hilbert function of R/L, by [Morales (1985), Lemma 1.4], there exist some polyno-
mials Q1, ..., Qs € Z[t] with s € ZT such that h(ls + i) = Q;(I) foralli € {1,...,s}andl € ZT
large enough. Moreover, in [Morales (2016)], the author proves the following.

Theorem 3. Let L be a w-homogeneous ideal and denote by h : N — N the Hilbert function
of R/L. If we set h®(n) = >, h(i), then there exist s polynomials fi,..., fs € Z[t] such that
hO(ls+1) = f;(1) foralli € {1,...,s} andl € Z" large enough. Moreover, all these polynomials
fi, ..., fs have the same leading term ct®™ (/L) /(dim(R/L))! with ¢ € Z*.

In the proof of Theorem 4, we relate the Hilbert function of K[S’ \ S| with that of several
monomial ideals and use of the following technical lemma.

Lemma 1. Let M C Ky, ...,y4) be a monomial ideal. If for all i € {1,...,d} there exist
x®* € M such that x; { %, then dim(K [y, ...,y4)/M) < d — 2.

Proof. Let us prove that M has height > 2. By contradiction, assume that M has an associated
prime ‘B of height one. Since M is monomial, then so is 8. Therefore, 8 = (x;) for some
i€ {l...,d}. Hence we get that M C VM C ‘P = (z;), a contradiction. O

Now we can proceed with the proof of the main result of this section.

Theorem 4. Let K[S] be a simplicial semigroup ring and let 8" be the semigroup described in
(3). Then, K[S'] is the Macaulayfication of K[S].

Proof. Ts is clear that S C &’. In order to obtain the result it suffices to prove that S’ is a semi-
group, that K[S'] is Cohen-Macaulay and that dim(K[S" \ S]) < dim(K|[S]) — 2 (see, e.g.,
[Morales (2007)]).

Let us first prove that S’ is a semigroup. Take s1, s, € &', then there exists 7,5 € {1,...,D}
such that s; = b; + ¢1 and s, = b; + ¢, for some ¢y, c2 € N{w,,_qt1€1,...,wpeq}. Then s; + 5o =
bi +bj +c1 +co. Wetake k € {1,..., D} such that b, ~ b; + b;. By construction of B we have
that b, = b; + b; + c3 for some ¢35 € {wy,_q11€1,. .., wneq} and, hence, s; + s, € S'.
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To prove that &’ is Cohen-Macaulay it suffices to observe that B = {b € S’ |b—a; ¢ S’ for all
i€ {l,...,d}} and that |'B| = D, so by Proposition 6 it follows that S’ is Cohen-Macaulay.

Let us prove that dim (K[S"\S]) < d—2. Forall s = (s, ..., 5,) € N™ we consider the grad-
ing deg(t®) = >, s; and we denote h, i’ and T the Hilbert functions of K[S], K[S'] and K[S'\
S| respectively, then h = h/ — h. Moreover, we have that b’ = S hyand h = S22 h; where
Ri(d):=|{s €S| degt®* =dand s ~ b;}| and h;(d) := |{s € S| degt® = d and s ~ b;}|. For
eachi € {1,..., D} we define a monomial ideal M; C k[yi,...,y,] as follows: for every b € S
such that b ~ b; we define the monomial m; := yf .. ~y§d ifb = b + Zle Biwn_q.i€; and
M; = ({my|b € S,b ~ b;}). We consider in K[y, ..., yq| the grading deg,,(y;) = w,_q1; and
denote by h¢ the corresponding w-homogeneous Hilbert function of K[y, ..., y4]/M;. We have
the following equality h¥'(\) = h;(Z?Zl bij + \) — hi(ijl b, + A) because y° ¢ M, <
b; + Zle Biwn—aqri€; € 8"\ S. Hence, we have expressed the Hilbert function hof K [S\ &' as
a sum of D Hilbert functions of K[y, ..., y4]/M;, for some monomial ideals M, ..., Mp and,
by Lemma 1, dim(K[y1,...,y4)/M;) < d — 2. Thus, by Theorem 3, we can conclude that the
dimension of K|S’ \ S] equals the maximum of dim (K [yy, ..., y4]/M;) < d — 2 and we get the
result. B

We finish this section with an example showing how to compute the Macaulayfication by means
of the set Sy. Moreover, this example illustrates that even if K'[S| = R/I4 with I 4 ahomogeneous
ideal, it might happen that the ideal associated to K [S’] is not standard homogeneous.

Example 3. We consider the semigroup ring K[S], where S C N? is the semigroup generated by
A= {(1,9), (4,6), (5,5),(10,0),(0,10)} C N2 Then, K[S] = R/I4 and I4 is homogeneous.
If we compute the set Sy we get that

So = {(0,0),(1,9),(2,18), (3,27), (13,17), (4,6), (5,5), (6, 14), (7,23), (8,12), (9,11)} .

Moreover we compute D = 100/[Z¢ : ZS] = 10 and get S* = {(0,0)}, S? = {(1,9)},
S% = {(218)}, §* = {(3,27),(13,17)}, S° = {(4,6)}, S° = {(5,5)}, §" = {(6,14)},
S8 = {(7,23)}, S¥ = {(8,12)} and S = {(9,11)}. So, the Macaulayfication K[S'] of K|S] is
given by 8’ =B + N{(10,0), (0, 10)}, where

B ={(0,0),(1,9),(2,18),(3,17),(4,6),(5,5), (6,14),(7,23),(8,12), (9, 11) }.
Or equivalently, S’ is the semigroup generated by
A" =1{(1,9),(3,17), (4,6), (5,5), (10,0), (0,10) }.

We observe that K[S'] ~ K|[x1,...,x¢]/L4 and that I 5 is w-homogeneous with respect to w =
(1,2,1,1,1, 1) but not standard homogeneous.

5. AN UPPER BOUND FOR THE CASTELNUOVO-MUMFORD REGULARITY OF PROJECTIVE
MONOMIAL CURVES

Every sequence m; < ... < m,, of relatively prime positive integers with n > 2 has associated
the projective monomial curve C C P}, given parametrically by x; := s™it"™»~™ for all ¢ &
{1,...,n =1}, 2, = 8™, 2,41 = t™. If we set A := {a1,...,a,11} C N? where a; :=
(mi,my, — my),a, := (my,0) and a1 := (0,m,), it turns out that I4 C K[zy,...,T,41] is
the defining ideal of C. If we denote by S the semigroup generated by .4, then the 2-dimensional
semigroup ring K [S] is isomorphic to K[xy, ..., z,1]/L4, the homogeneous coordinate ring of
C. Hence, the methods of the previous sections apply here to describe its multigraded Noether
resolution, and the formula (2) in Remark 1 for the Castelnuovo-Mumford regularity holds in this
context (with w; = m,,). The goal of this section is to use this formula to prove Theorem 5,
which provides an upper bound for the Castelnuovo-Mumford regularity of K[S]. The proof we
are presenting is elementary and uses some classical results on numerical semigroups. We will
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introduce now the results on numerical semigroups that we need for our proof (for more on this
topic we refer to [Rosales & Garcia-Sanchez (2009)] and [Ramirez Alfonsin (2005)]).

Given myq, ..., m, a set of relatively prime integers, we denote by R the numerical subsemi-
group of N spanned by m,, ..., m,. The largest integer that does not belong to R is called the
Frobenius number of R and will be denoted by g(R). We consider the Apery set of R with respect
to m,, 1.e., the set

Ap(R,m,) ={a€R|a—m, ¢ R}.

It is a well known and easy to check that Ap(R,m,,) constitutes a full set of residues modulo
m,, (and, in particular, has m,, elements) and that max(Ap(R,m,)) = g(R) + m,. We will also
use an upper bound on g(R) which is a slight variant of the one given in [Selmer (1977)] (which
was deduced from a result of [Erdos & Graham (1972)]). The reason why we do not use Selmer’s
bound itself is that it is only valid under the additional hypothesis that n < my. This is not a
restrictive hypothesis when studying numerical semigroups, because whenever m; < --- < m,,
is a minimal set of generators of R, then n < m;. In our current setting of projective monomial
curves, the case where m; < --- < m,, is not a minimal set of generators of R is interesting by
itself (even the case m; = 1 is interesting); hence, a direct adaptation of the proof of Selmer yields
that

) 9(R) < 2m, | 5| —m..

for every m.. > n. Note that m,, > n and then, such a value 7 always exists..
We first include a result providing an upper bound for reg( K’[S]) when K[S] is Cohen-Macaulay.

Proposition 7. Let m; < ... < m,, be a sequence of relatively prime positive integers withn > 2
and let 7 € {1,...,n} such that m. > n. If K[S] is Cohen-Macaulay, then

reg(K[S)) < | (2my | 5| = me +ma) o |

In particular, if my > n, we have that reg(K[S]) < Lmn (2 + L) — IJ :

n mi

Proof. We consider the equivalence relation ~ of Section 4. Indeed, since now ZS = {(z,y) |z +
y = 0 (mod m,,)}, then we have that ~ partitions the set Sy in exactly m,, equivalence classes.
Moreover, since K [S] is Cohen-Macaulay, we have that

e cach of these classes has a unique element,
[ 81 = @, and
o reg(K[S]) = max {blanI” | (b1, by) € 80} (see Remark 1).

Let us take (by,by) € Sp, then (by,by) = 3.~ aza; and (by + by)/m, = Y27 oy. Moreover,
we claim that b; € Ap(R,m,,). Otherwise, by — m,, € R and there would be another element
(c1,c2) € Sy such that (¢q, o) ~ (b1, by), a contradiction. Hence, by (4),

And, from this expression we conclude that

n—1
b1+b2 m,
p— ;la < (2m . m, +my,)/my

When m; > n, then it suffices to take 7 = 1 to get the result. 0

And now, we can prove the main result of the section.
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Theorem 5. Let m, < ... < m,, be a sequence of relatively prime positive integers with n. > 2.
If we take T, \ such that m. > n and m,, — my > n. Then,

(2ma [ ] = me A ma) (2 [P ] + mA)J —2.

n n

reg(K[S]) < m (M — Myp—1)

n mi Mmn—"mMnp-1

In particular, if my > n.and m, —m,_1 > n, then reg(K[S]) < Lmn (é + L4 éﬂ —4.

Proof. We consider E one of the equivalence classes of ZS induced by the equivalence relation ~.
First, assume that Sy N E has a unique element which we call (b, by). Then, S; N E = (), and the
same argument as in the proof of Proposition 7 proves that % < (2my | 22| —my +my,)/ma.

Assume now that So N E = {(x1,11), ..., (zp,y.)} wWithr > 2and 21 < 29 < -+- < x,. We
claim that the following properties hold:

(@ 1 =29 =+ =z, (mod my,),

() y1> - >yrandy; =yp = -+ =y, (mod my,),

(c) 1 € Ap(R,m,,),

(d) y. € Ap(R’,m,), where R’ is the numerical semigroup generated by m, — m,_1 <
My — My < o0 < My — M < My,

e SiNE={(x2,11), (x3,92), ..., (zr,y-—1)}, and

) max{% | (b1, by) € So N E} < max{b;ﬂ%@ | (b1, bs) € S1 N E} 1

Properties (a) and (b) are evident. To prove (c) and (d) it suffices to take into account the following
facts: S C Rx R/, and forevery b; € R, by € R’ there exist ¢1, co € Nsuch that (by, ¢s), (¢1,b2) €
S. To prove (e) we first observe that

SNE={b+ AXmy,,0) 4+ u0,m,)|be SN E, \ueN}.

Take now (z,y) € S; N E and we take the minimum value ¢ € {1,...,r} such that (z,y) =
(i, i) + A(my,, 0) + (0, my,) with A, u € N; we observe that

e \ > 0; otherwise (z,y) — (m,,0) ¢ S,

e 1 = 0; otherwise (z,y) — (Mp, my) = (2, y;) + (A —1)(m,,0) + (1 —1)(0,m,) € S, a
contradiction,

e y > y,_1; otherwise ¢ = r and, since (z,y) — (0,m,) € SN E, we get that u > 1,

o v < w;44; otherwise (x,y) = (@iy1,Yir1) + N (my,0) + p/(0,m,,) with X', i/ > 1, a
contradiction, and

e x> x;41; otherwise (z,y) — (0,m,) ¢ S.

Hence, (z,y) = (xi11,y;) and St N E C {(x9, 1), (23,92), ..., (T, yr—1)}. Take now i €
{1,...,r—1}, and consider (z;41,y;) € S. Since (z;,v;), (Ti11,Yir1) € E, x; = 241 (mod my,)
and y; = y;41 (mod my,,), then (z,41,y;) € E. We also have that there exist 7,6 € N such that
(@it1,Yi) — (M, 0) = (@3, y3) +7(my, 0) € S and (wi11,4:) = (0, M) = (Tis1, Yir1) +0(0,my) €
S. We claim that (z;41,v;) — (my,, m,) ¢ S. Otherwise there exists j € {1,...,r} such that
(Tig1 =My, yi—my) = (24, y;)+ N (my, 0)+4/(0, m,, ); this is not possible since ;1 —m,, < T;+1
implies that j < 4, and y; — m,, < y; implies that j > i + 1. Thus, (z;41,y;) € Si and (e) is
proved. Property (f) follows from (e).
Moreover, since x; € Ap(R, m,), the same argument as in Proposition 7 proves that

(5) nrn < (2mn {%J —m; + mn) Jma,

My

and a similar argument with y,. € Ap(R’, m,,) proves that

my, n
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And, since,

56i+1+3/z'_1<l’r+y1_1<56’1+3/1+56r+yr
my oMy, oMy, my

) L

Y

putting together (5), (6) and (7) we get the result. If m; > n and m,, — m,,_; > n, it suffices to
take 7 = 1 and A = n — 1 to prove the result. U

It is not difficult to build examples such that the bound provided by Theorem 5 outperforms the
bound of L’vovsky’s. Let us see an example.

Example 4. Set n > 6 and consider m; = n+iforalli € {1,...,n— 1} and m,, = 3n, then we
can take T = 1 and A = n — 1 and apply Theorem 5 to prove that

4 1 1
< = 4=
reg(K[S]) < {i’m <n+n+1+n+1>J 4 =13,

meanwhile the result of L'vovsky provides an upper bound of 2n + 1.

6. NOETHER RESOLUTION AND MACAULAYFICATION OF PROJECTIVE MONOMIAL CURVES
ASSOCIATED TO ARITHMETIC SEQUENCES AND THEIR CANONICAL PROJECTIONS.

Every sequence m; < ... < m,, of positive integers with n > 2 has associated the projective

monomial curve C C P given parametrically by x; := s"it™» ™ forall: € {1,...,n—1}, =, =
s™n gy =t Ifweset A = {ay, ..., a,,1} C N? where a; := (m;, m,—m;), a, := (my,,0)
and a,,.1 := (0,m,), it turns out that I 4 C K|[xq,...,2,,1] is the defining ideal of C. Moreover,

if we denote by S the semigroup generated by A, then K[S] ~ K|xy,...,z,1]/14 is adimension
2 semigroup ring and the methods of the previous sections apply here to describe its multigraded
Noether resolution.

In [Li et. al (2012)], the authors studied the set Sy whenever m; < --- < m,, is an arithmetic
sequence of relatively prime integers, i.e., there exist d,m; € Z* such that m; = m; + (i — 1) d
foralli € {1,...,n} and gcd{m, d} = 1. In particular, they obtained the following result.

Theorem 6. [Li et. al (2012), Theorem 3.4]
So = {([-L| mn —jd, jd) | j€{0,...,m, —1}}

From the previous result and Proposition 6 we deduce that K[S] is Cohen-Macaulay (see also
[Bermejo et al. (2017), Corollary 2.3]), we obtain the shifts of the only step of the multigraded
Noether resolution and, by Corollary 2, we also derive that reg(K[S]) = [(m, —1)/(n—1)] (see
also [Bermejo et al. (2017), Theorem 2.7]). In the rest of this section we are using the tools devel-
oped in the previous sections to study the canonical projections of C, i.e., forallr € {1,...,n—1}
and n > 3 we aim at studying the curve C, := ,.(C) obtained as the image of C under the projec-
tion 7, from P to P! defined by (p1 : -+ Pry1) = (P1: - i Dpo1 i Drg1 : - 5 Pny1). We
know that the vanishing ideal of C, is I 4,, where A, = A\ {a,} forallr € {1,...,n — 1}. Note
that C; is the projective monomial curve associated to the arithmetic sequence msy < --- < m,
and, thus, its Noether resolution can also be obtained by means of Theorem 6. Also when n = 3,
C, is the curve associated to the arithmetic sequence m; < mg. For this reason, the rest of this
section only concerns the study of the multigraded Noether resolution of C, forr € {2,...,n—1}
and n > 4.

Remark 2. Denote by C,, and C,, .1 the Zariski closure of 7,(C) and m,,1(C) respectively. Then,
both C,, and C,, .1 are projective monomial curves associated to arithmetic sequences and, thus,
their Noether resolutions can also be obtained by means of Theorem 6. More precisely, the corre-
sponding arithmetic sequences are m; < -+ < my_1 forCyand1 <2 < --- <n—1forC,,
i.e., C,y1 is the rational normal curve of degree n — 1.



NOETHER RESOLUTIONS IN DIMENSION 2 17

We denote by P, the semigroup generated by A, forr € {2,...,n—1} and n > 4. Proposition
8 shows how to get the semigroups P, from S. In the proof of this result we will use the following
two lemmas, both of them can be directly deduced from [Bermejo et al. (2017), Lemma 2.1].

Lemma 2. Set q := [(my; —1)/(n —1)] € N; then,
(@ ¢g+d+1=min{be Z* |bmy € >, ,Nm;}
(b) ¢ + 1 =min{b € Z* |bm,, € 3.~ Nm;}
©) (¢g+d)ay+a; = ajpi+qa, +dayq foralli € {1,...,n—1}, wherel :==m;—q(n—1) €
{1,...,n—1}.

-----

r>mj.

Proposition 8. Set ¢ := [(m1 —1)/(n—1)] and | :=my — q(n — 1). If r < my, then

(a.1) forr =2,
8\772:{ {pa; +as +Nap1 |0< u<qg+d—1,\€N}, ?fl;én—l,
{pa; +as+Napi1 |0 < u<qg+d,\ €N}, ifl=n-—1,
@2) forre{3,...,n—2}, S\ P, ={a, + Aap+1 | A € N}, and
@.3) forr=n—1,
S\P :{ {an_1+pa, +Aap1 | 0<pup<g—lor0<A<d-1}, ifl#n—1,
n-t {an_14+pa, + a1 | 0< p<qgor0<A<d-—1}, ifl=n-—1.
If r > my, then
(b.1) forr =2, S\ Py = {pa; +as + Aapy1 |0 < p, A <d—1},
(b.2) forr e {3,...,n =2}, S\ P, = {a, + Aap11 |0 < A< d—1}, and
®.3) forr=n—1,8\Pr1 ={an1+ pa, +Xay1 | p € N,0< A< d—1}.

Proof. We express every s € S as s = aqaq + €;a; + apa, + apyp1ani1, With ag, ap, a1 € N,
i€{2,...,n—1}and ¢ € {0,1}. Whenever ¢;, = 0 or i # r, it is clear that s € P,. Hence,
we assume that s = aja; + a, + a,a, + i 10,41 and the idea of the proof is to characterize the
values of aq, o, vy SO that s € P, in each case.

Assume first that € {3,...,n — 2} and let us prove (a.2) and (b.2). If a; > 0 or cv,, > 0, the
equalities a; + a, = ay + a,_; and a, + a, = a,+1 + a,_1 yield that s € P,, so it suffices to
consider when s = a, + a,11a,41. If 1 < my, then by Lemma 3 we get that s ¢ P, because the
first coordinate of s is precisely m,. This proves (a.2). If r > m; and o, 11 > d, then the equality
a, + da,1 = day + a,_, yields that s € P,.. However, if o, 11 < d we are proving that s ¢ P,..
Suppose by contradiction that s € P, and o, < d, then

®) S=a+annanpn = > B

JE{L et 1\{r}
for some §; € N, thend > 1+ o1 = 251 i1y gy Bj- Moreover, observing the first coordi-
nates in (8) we get that m, = 3", ¢y Bjmy. Hence, my+(r—1)d =3 .0) 4\ Bi(ma+

..........

(j — 1)d) and, since ged{my,d} = 1, this implies that d divides (3_;; .\ 55)

Since the p’roof of (a.1) is similar to the proof of (a.3) we are not including it here. So let
us prove (b.1). Assume that r = 2. If o,, > 0 the equality as + a,, = a3 + a,_1 yields that
s € Po, so it suffices to consider when s = aja; + a, + o, 1a,41. If @ > d, then the identity
day+as = az+day,q yieldsthat s € Py. For oy < d,if o, 1 > d, the equality ayay+as+da, 1 =
(o1 + d + 1)a; also yields that s € P,. Thus, to conclude (b.1) it only remains to proof that
s & Py when oy, a1 < d. Indeed, assume that aja; + as + apy1Gny1 = Zje{m ..... 1) Bjaj.
Observing the first coordinate of the equality we get that oy + my = Zje (13,0} Bjm;, but
ap+mg <mg < ---<Mmy,so P3=---= [, = 0. But this implies that 3; = a; + d + 1 and,
hence, 3,1 < 0, a contradiction.
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Assume now thatr = n—1. If oy > 0, the equality a; +a,,_1 = ay+a,_o yieldsthats € P, _,
so it suffices to consider when s = a,,_1 + a,a, + a,110,+1. Whenever s € P,,_1, then s can be
expressed as s = Zje{l =2t} Bja;, if we consider both expressions of s, we get that

) Zje{l,...,n72,n,n+1} Bi =14 an + any1, and
(ll) Zje{l,...,n—Q,n} /Bjmj = Mp—1 + QM.

If v, 11 < d we are proving that s ¢ P,,_;. Assume by contradiction that s € P,,_;. From (ii) and
Lemma 2 we deduce that 53, < «,,. Moreover, if we expand (ii) considering that m; = m;+(i—1)d
foralli € {1,...,n} and that gcd{m,,d} = 1, we getthatd divides > ", r; 5 Bj—n—1=
Qni1 — Bny1, acontradiction to 0 < a1 — Bryr < d.
Case 1: my > n— 1. Assume that s € P,,_;. By (ii) and Lemma 3 we have that 5,, < «,, so there
exists jo € {1,...,n — 2} such that §;, > 0. As a consequence, if we add d — (3,,m,, in both sides
of (ii) we get that (o, + 1 — Bo)mn = 3250y oy Bimy —my, +myon € 375, 1y Nmy.
Hence, by Lemma 2 we have that o, > o, — 3, > ¢q. If l <n—1,fora, > q, a1 > d
the equality of Lemma 2 (¢ + d)a; + a1 = an_1 + qa, + da, 1 shows that s € P,_;. This
proves (a.3) whenever | < n — 1. If l = n —1, for o, > ¢+ 1, a,, > d, again the equality
(¢g+d+1)a; = (¢ + 1)a, + da, 1 shows that s € P,,_1. It only remains to prove that if «,, = ¢;
then s ¢ P,. Assume by contradiction that a,—1 + qan + nt1@nt1 = D e nonniny Bid-
Then, the first coordinates of this equality yield that m,, 1 + gm,, = > jell,n—2.n} Bjm; and
we deduce by Lemma 3 that 3, < ¢ and, hence, there exists jo € {1,...,n — 2} such that
6]’0 > (. We denote ﬁn,1 =0, )‘j = Bj for all] € {1, R ,n} \ {jo,jo - 1}, )‘jo = 6]'0 -1,
Njo+1 = Bjo+1 + 1, then adding d in both sides of the equality and using Lemma 2, we get that
(g+)my, = (g+d+mi =3 aAm; € > Nm;. However, \; # ¢ +d + 1,
An # q + 1, so applying iteratively the equalities a; + a; = a;—1 +aj;1 forall2 <i < j<n-—1
we express Zje{l,...,n} A\jmy as pmy + egmy + pamy, with pg, gy, € Ny ko€ {2,...,n — 1},
e, € {0,1}. Ttis clear that iy # ¢ + d + 1 and that p,, # ¢ + 1 and one of those is nonzero, so
this contradicts the minimality of ¢ +d + 1 or ¢ + 1.

To prove (b.3) it only remains to prove that if a,, 1 > d, then s € P,,_1, but this easily follows
from the relation a,,_1 + da,+1 = dag + ap—1—p, - O

From the previous result and Proposition 5 it is not difficult to obtain the following corollary,
which provides the shifts of the first step of a multigraded Noether resolution of K[P,] for all
r € {2,...,n — 1}, namely (P,)o := {s € P,|s — an,s — an+1 ¢ P,}. Indeed, Corollary 4
describes (P,.)o from the set Sy given by Theorem 6.

Corollary 4. We denote t,, := pay + ag for all jp € N. If v < my, then

(a.1) forr =2,
(7;2>0:{ (So\{tu|0<p<q+d—1}HU{t,+a,|0<p<qg+d—1}, %fl;én—l,
(So\{t,|0<p<q+d})U{t,+a,|0< p<qg+d}, ifl=n-1,
@2) forre{3,...,n—=2}, (Pr)o=(So \ {a}) U{a, +a,},
@.3) forr=n—1,
(Pot)o = (So \ {an-1}) U{an_1 + qan, + dan41}, ifl#n—1,
n-1Jo (So\{an_1})U{an1+ (¢ + Va, +day1}, ifl=n—1.
If r > my, then
(b.1) forr =2, (Pa)o= (So\ {t, |0 < pn<d—1})U{t, +an t,+day1|0< p<d—1}
(b.2) forr € {3,...,n—2}, (P.)o = (So \ {a,}) U{a, + an, a, + dan1}, and
.3) forr=n—1, (Pn_1)o = (So \ {an-1}) U{an_1 + days1}.

From Corollary 4 and Proposition 6, we get the following characterization of the Cohen-
Macaulay property for this family of semigroup rings taking into account that D in Proposition 6
equals m,, in these cases.
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Corollary 5. K[P,| is Cohen-Macaulay <= r < mjorr =n — 1.
Moreover, as a consequence of Theorem 4 and Corollary 4, we get the following result.
Corollary 6. Forallr € {2,...,n — 2} and r > my, the Macaulayfication of K|P,| is K[S].

In order to get the whole multigraded Noether resolution of K[P,] forall r € {2,...,n — 2}
and » > my, it remains to study its second step. By Theorem 2, its shifts are given by the set
(P)1:={s€P.|s—an,s—ay1 € Prand s — a, — a,11 ¢ P, }.

Corollary 7.
(P = {pay + as + ap, + dayyqy | €40,...,d—1}}, ifr=2andm; =1,
LT ay + an + dang ), ifre{3,...,n—2and my <r.

As a consequence of the above results, we are able to provide the multigraded Noether resolu-
tion of K[P,| forallr € {2,...,n— 1}.

Theorem 7. Let q,1 € N be the integers q := [(m; —1)/(n—1)] and | :=my — q(n — 1). If we
set sy 1= ((ﬁw my, — Ad, )\d) € N? forall \ € {0, ..., m,, — 1}, then the multigraded Noether
resolution of K[P,] is given by the following expressions:

e For my > 2, then
0— <@T£§,i¢AlA : 3)\) 52 <@Ae/\1 A-(sy+ an)) — K[P2] = 0,

where Ay == {pu(n—1)—1|1 < pu<qg+d+e},ande =1ifl =n—10re =20

otherwise.
e Forr € {3,...,n—2} andr < my, then

0— (@T:no_,i\;én—rA . 3)\) ®A-(a+a,) — K[P,]—0
o forr=n—1<my, then
0— (@T:”Ofi?ﬂfl . S)\) DA (a,1+ (¢+€)a, +day1) = K[P, 1] — 0,

where e = 1ifl =n — 1, or e = 0 otherwise.

e Formy = 1, then
mp—1
EBA:O,A¢A2A "8\
S
0= @renA- (x+an+dani1) > ®ren,A- (sx+an) — K[P2] =0,
©®
Cacnr A - (8x +dani)

where Ny == {u(n—1) —1|1 < p <d}.

e Forr €{3,...,n—2} and r > my, then
(EBT:nOijqén—rA ’ SA)
0= A-(ar+ap + dantr) — S — K[P,] — 0.
A-(a,+a,) DA (a, +dapyq)

o forr=n —1> mq, then

0= (DY A" 5x) DA (a1 + dappr) = K[Pay] — 0.

It is worth pointing out that from Theorem 7 and Remark 1, one can obtain the Noether res-
olution of K[P,] with respect to the standard grading. In addition, the description of (P,); for
all € {2,...,n — 1}, i € {0,1}, allows us to use Remark 1 to provide a formula for the
Castelnuovo-Mumford regularity of K[P,].

Theorem 8. The Castelnuovo-Mumford regularity of K[P,] equals:
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[22=d] +1, ifre{2,n—1}andr < my,

reg(K[P.]) =< 2d, ifr =2and m; = 1, and
[masl], ifred{3,....n—2},orr=n—1landm; <r

Let us illustrate the results of this section with an example.

Example 5. Consider the projective monomial curve given parametrically by:
T = stﬁ, Ty = 35t2, Ty = 37,x5 =1

We observe that the curve corresponds to Co, where C is the curve associated to the arithmetic

sequence my < --- < my, withmy = 1, d = 2 and n = 4. Hence, by Theorem 7, we get that the

multigraded Noether resolution of K[Ps] is

ADA-(1,6)DA-(5,2)®
0—A-(10,18)» A-(11,24) —» A-(2,12)®d A-(6,8) D A - (10,4)69 — K[Ps] —
A-(3,18) ® A-(11,10) d A - (4,24)
By Corollary 3, we get that the multigraded Hilbert series of K|[Ps] is
L 4085 4 65857 + 1151 + 6565° + 1345 + 95 + 1% — 1°65° + 11'45° — #1143
(1 =) (1 —t]) '

Following Remark 1, if we consider the standard grading on R, we get the following Noether
resolution of K[Ps):

HSgpy(t,t2) =

A® A1) A(-2)3
A(-3)*® A(—4)

and the following expression for the Hilbert series of K[Ps)]:

142t 4 3% + 2t — ¢

(1—1)

0— A(—4) @ A(-5) — — K[Py] =0

HSkp,(t) =
We also have that reg(K[Ps]) =
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