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The paper proposes a novel stress resultant nonlinear constitutive model for Reinforced

Concrete (RC) panels adapted to cyclic loadings. An analytical multi-scale analysis is

applied by taking a concrete strut with embedded steel reinforcement between two con-

secutive cracks as representative volume element. Some suitable assumptions are adopted

in order to incorporate the most important nonlinear phenomena characterizing reinforced

concrete behavior: concrete damage, concrete cracking, bond-slip stress (at the origin of

the tension stiffening effect) and steel yielding. The model is validated by comparison with

experimental data concerning tension and tension-compression uniaxial tests on RC beams

and a cyclic (non-reversing) shear test on an RC wall.

1. Introduction

1.1. Nonlinear finite element modeling of reinforced concrete panels

Industrial buildings, in particular Nuclear Power Plants (NPP), have to fulfill severe structural requirements according to
the modern design codes. The computational time required for nonlinear structural analyses of this type of large-dimension
Reinforced Concrete (RC) facilities, sometimes necessary for their seismic assessment, is significant. However, the so-called
global or effective modeling approaches can ensure numerical efficiency and robustness. These approaches are characterized
by the use of relatively large size Finite Elements (FE) where the material model represents the reinforced concrete behavior
as an equivalent homogeneous material, as opposed to approaches based on distinct concrete and steel modeling and the
introduction of some kinematic and/or stress transfer conditions. In civil engineering, this type of global modeling strategy
is usually coupled with linear elastic behavior assumptions.

Nevertheless, recent safety requirements for NPP have introduced the necessity of using more realistic models able to
reproduce the actual nonlinear behavior of RC structures, both for static and dynamic load cases. In particular, these models
should be able to take into account the cracking onset and its development, in order to correctly estimate the crack widths
(and also spacing and direction) since engineering design standards provide some bounds to these values to fulfill prescribed
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Nomenclature

Asx;Asy steel section per unit length in the x and y reinforcement directions
A global elastic stiffness tensor
bc volume forces acting on concrete
B global crack stiffness tensor
C global steel plasticity stiffness tensor
Ac concrete stiffness tensor
d damage scalar variable
_D power dissipation surface density
D global crack energy tensor
ex; ey bar spacing in x and y reinforcement directions
Ec; Es concrete and steel Young’s modulus
E global inelastic bond-slip energy tensor
f c; f ct concrete compression and tensile strength
f i threshold functions for nonlinear phenomenon i
f sy steel yield stress
F global steel plastic energy tensor
g ¼ ðgn; gtÞ concrete stresses at cracks: normal and tangential to crack components
Gf concrete fracture energy
G global crack – inelastic bond-slip coupling energy tensor
h thickness of the panel
ko threshold for the energy release rate
kt average tension stiffening concrete stress coefficient
K l local bond-slip stiffness
Kp steel tension stiffening stress tensor
K s concrete tension stiffening energy tensor
Ks global bond-slip stiffness tensor
Lx; Ly characteristic lengths in the plane of the RC panel in x and y reinforcement directions
Mvw geometrical transformation tensor: crack displacement - slip
M

ew geometrical transformation tensor: crack displacement - strain
N in-plane stress resultant tensor
qr ¼ ðqr;n; qr;tÞ thermodynamic force associated with the crack displacement
qs ¼ ðqs;x; qs;yÞ thermodynamic force associated with the steel plastic strain
qv ¼ ðq

v ;x; qv ;yÞ thermodynamic force associated with the inelastic steel-concrete slip
sr crack spacing
srx; sry crack spacing in the equivalent tie beam in x and y reinforcement directions
sr;x; sr;y crack spacing seen by the x; y reinforcement
s ¼ ðsx; syÞ steel-concrete relative slip
v ¼ ðvx;vyÞ steel-concrete slip at crack
v
p ¼ ðvp

x ;v
p
yÞ crack inelastic steel-concrete slip

w ¼ ðwn;wtÞ crack displacement: normal and tangential to crack components
Y energy release rate
cd parameter of the damage function
Cr crack surface
e
c; esx; esy concrete and steel local strain tensors
e
r crack equivalent strain tensor
eps ¼ ðepsx ; epsy Þ steel plastic strain
� generalized membrane strain
fðdÞ damage function
hr crack orientation
_ki plastic multiplier for nonlinear phenomenon i
mc concrete Poisson’s ratio
qc;qsx;qsy concrete and steel reinforcement ratio
r
c;rsx;rsy concrete and steel local stress tensors

s ¼ ðsx; syÞ bond stress
so ¼ ðsox ; soyÞ average tension stiffening effect
/x;/y steel reinforcement bar diameter
wo Helmholtz free energy surface density
X volume of the RVE
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aesthetic, durability and confinement (for NPP) conditions, or to ensure the strength of equipment anchorage. Concrete stiff-
ness reduction (as a critical contribution to the dynamic structural behavior), steel yielding and permanent strains are other
important parameters in structural design which should be accurately assessed.

Concerning RC panels, a relatively important number of global nonlinear models able to reproduce the development of
cracks have been recently developed. They can be split into two categories.

On the one hand, the so-called phenomenological approaches describe cracking in RC panels adopting suitable assump-
tions or laws for all the physical phenomena governing the nonlinear structural response. Since they are developed and cal-
ibrated from an important number of experimental tests, they are the result of a deep understanding of the behavior of RC
structures. Nevertheless, these approaches often lead to models that are only applicable for design cases similar to the exper-
imental campaigns adopted for the calibration, usually only under monotonic loading conditions. Furthermore, their numer-
ical implementation requires computational expensive iterations to satisfy both equilibrium and constitutive modeling
conditions at the local scale and the link with the global scale is not explicitly described. The following constitutive models
belong to this class. The Modified Compression Field Theory (MCFT) of Vecchio and Collins [30] is a fully rotating, smeared,
stress-free crack model where equilibrium, compatibility and stress-strain relations are formulated in terms of average
strains and stresses; an orthotropic concrete model with compression softening and tension stiffening effects is adopted.
The Disturbed Stress Field Model (DSFM) of Vecchio [29] is an extension of the previous model allowing the principal stress
and strain directions to be different by considering the tangential slip at cracks and the transmitted shear stress (aggregate
interlock). The Cracked Membrane Model (CMM) developed by Kaufmann [16] and Kaufmann and Marti [17] and the
Extended Cracked Membrane Model (ECMM) developed by Pimentel et al. [22] can be seen respectively as equivalent of
MCFT and DSFM, respectively, when establishing equilibrium equations directly at cracks, since they both take into account
concrete compression softening and tension stiffening, the former being a rotating crack approach and the latter a fixed crack
one enabling stress transfer through cracks. The SoftenedMembrane Model (SMM) of Hsu and Zhu [15] applies the principles
of ContinuumMechanics to the orthotropic continuous cracked (smeared) RC material. Finally, the PARCmodel developed by
Belletti et al. [1] is developed from equilibrium of an RC strut between two consecutive cracks and accounts for dowel action,
aggregate interlock, bridging effect, tension stiffening, and concrete softening in compression.

On the other hand, several constitutive models based on the global (or stress-resultant) modeling approach are directly
formulated for an FE implementation at the structural element scale: the in-plane stress resultant N is explicitly expressed as
a function of the generalized membrane strains � and n internal variables a ¼ ða1; . . . ;anÞwhose role is to reproduce the non-
linear cyclic response of RC panels. The corresponding evolution laws are formulated within the framework of the Thermo-
dynamics of Irreversible Processes (TIP) (see e.g. [9,10,18,23]), where the state of the material is defined by the Helmholtz

free energy surface density woð�;aÞ, whose gradient define the non-dissipative thermodynamic forces (index nd) by the state
equations:

N ¼ N
nd

:¼ @wo ð�;aÞ
@�

� qd
i ¼ qnd

i :¼ @wo ð�;aÞ
@ai

ð1-1Þ

The index d (hereinafter omitted) stands for dissipative thermodynamic forces (hereinafter thermodynamic forces).
By only considering isothermal transformations, the second principle of TIP, which ensures the condition of a nonnegative

power dissipation surface density _D, can be expressed as:

_D ¼ N : _�� _woð�;aÞ ¼ N : _�� @wo

@�
: _��

X

i

@wo

@ai
� _ai ¼

X

i

qi � _ai P 0 ð1-2Þ

Moreover, in the considered models, the evolution of the internal variables is defined according to the Generalized Stan-
dard Materials Theory (GSMT) (see [13]), which allows a well-defined energetic characterization and entails that the time
integration algorithm is associated with a well-posed minimization problem. According to this theory, the internal variable
evolution is given by the normality rule:

_ai ¼ _ki
@f i
@qi

ð1-3Þ

where the threshold functions f i depend in general on f iðqi;�;a;lÞ, with l a set of variables acting as parameters (without

associated thermodynamic forces). Threshold functions f i are differentiable and convex with respect to qi for any �;a;l set.

Sub/superscripts

i ¼ d; gn; gt; vx;vy; sx; sy nonlinear phenomena
r crack
a ¼ x; y each of the two reinforcement orthogonal directions
x ¼ c; sx; sy each of thematerials of reinforced concrete: Concrete and steel reinforcement in x and y directions
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They define the elastic domain for each nonlinear mechanism by satisfying, together with their associated plastic multipliers
_ki, the Kuhn-Tucker conditions:

_ki P 0 f i 6 0 _kif i ¼ 0 ð1-4Þ

This type of model formulation ensures a high degree of robustness and versatility to any dynamic load case that can
occur during an RC building FE analysis and has shown good performances when applied to plain concrete [24]. GLRC_DM
[20] and DHRC [5,6] are two RC plate nonlinear constitutive models of this type implemented in the Code_Aster FE software
[8]. The first one consists in a damage model while the latter couples irreversible strains (induced by steel rebar debonding)
with concrete damage. Nevertheless, these constitutive models are not always able to reproduce accurately the nonlinear
behavior for RC plates under severe load cases. In particular, their range of validity is limited to a moderate nonlinear
response of RC plates, in the Serviceability Limit State domain, as defined in Eurocode2 (EC2) [3]. Therefore, they cannot give
accurate results concerning the actual local cracking state of RC elements and the yielding of the steel reinforcement bars.

Moreover, it is noticed that GLRC_DM and DHRC models have been built using two different multi-scale analyses: a
heuristic homogenization process for the former and a fully justified numerical averaging method applied on the mechanical
fields on a Representative Volume Element (RVE) for the latter. The multi-scale analysis, often applied in civil engineering to
derive equivalent RC plate constitutive relations, has been introduced in the literature for many decades and applied in dif-
ferent engineering fields. For example, the homogenization technique has been justified using an asymptotic expansion
method on three-dimensional elasticity equations, leading to the well-known bi-dimensional linear plate theory (see [4]),
assuming that both underlying small parameters (the ratio of the thickness over the plate dimensions, and the ratio of
the heterogeneities size over the plate thickness) are of the same order. A first attempt to apply this method to an RC plate,
limited to the linear elastic range, was proposed by Destuynder and Theodory [7]. The authors established the membrane
and flexural equivalent stiffness tensors in terms of stress resultant in the RC plate, after solving the underlying linear elastic
auxiliary problems on a periodic unit cell, or RVE, including both concrete and steel grids, and average value calculations.

1.2. New stress resultant nonlinear model for RC panels

The aim of this paper is to propose a novel stress resultant (global) constitutive model for RC panels suitable for a robust
FE implementation and able to reproduce the nonlinear response under cyclic solicitations in the entire SLS domain. The
onset of steel yielding, which usually characterizes the beginning of the Ultimate Limit State (ULS) of RC elements, is also
modeled.

The previously mentioned phenomenological models are the result of a deep understanding of the behavior of RC. There-
fore, they are a consistent physical basis for the development of the new model and their local scale descriptions focusing on
local displacement and stress variables are adopted. Inspired by these models, the following four physical nonlinear phe-
nomena are considered:

� Isotropic concrete damage in compression,
� Concrete cracking, considering both normal and tangential-to-the-crack displacements and stress transfer,
� Bond stress at the steel-concrete interface caused by their relative slip and causing the tension stiffening effect (e.g. [21]),
� Yielding of steel reinforcement bars occurring locally at cracks, where the maximum (in absolute value) steel stresses are
reached.

The link between these local phenomena on the one hand and the global scale model on the other hand is made by means
of a closed-form multi-scale analysis, adopting suitable assumptions. The principles of this multi-scale analysis applied on a
cracked RC panel are presented in Section 2. The local scale description of the four nonlinear phenomena taken into account
by the model is presented in Section 3.

With the previous elements, a closed-formmulti-scale analysis is applied on an RC panel in the stabilized crack state con-
figuration and is presented in Section 4. Then, Section 5 is devoted to the formulation of the general form of the obtained
stress-resultant constitutive model in the well-defined theoretical framework of TIP and GSMT, which guarantees an effi-
cient FE software implementation, adapted to all types of load paths (including cyclic ones).

Finally, in Section 6, the newmodel is applied to uniaxial pure tension and tension-compression tests on RC beams and to
a global shear cyclic test (without inversion of the sign of the applied force) on a RC wall, in order to highlight its capacity to
reproduce experimental results concerning both global (force-displacement) and local (crack widths) values.

2. Preliminary considerations about the multi-scale approach

The RC panel of Fig. 2-1 submitted to in-plane loads, without flexural effects, is considered. The x and y axes define the
membrane plane and the direction of the two orthogonal groups of steel reinforcement bars, characterized by their diame-
ters /x and /y and spacing ex and ey, respectively. The geometry of the panel is defined by the in-plane dimensions Lx and Ly
and its thickness h. The three different components of the RC panel are identified with x ¼ c; sx; sy for concrete, x steel bars
and y steel bars respectively.
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2.1. Overview of the proposed analytical multi-scale analysis

In the RC panel of Fig. 2-1, two different scales can be identified:

� The local scale (or micro-scale) is the level of the three material components (concrete, x steel bars and y steel bars).
� The global scale (or macro-scale) is the level of the resultant stress N, the generalized strain � and other global state vari-
ables describing reinforced concrete as an equivalent homogeneous material. The FE discretization is done at this scale.

The multi-scale analysis allows obtaining the global scale relationship between the stress resultant and the generalized
strain as a result of the laws describing the physical phenomena occurring at the local scale. Local mechanisms are analyzed
within the RVE of the problem, which is the smallest volume able to represent the physical phenomena governing the global
response of the material (the RVE dimensions are smaller than the spatial distribution length of the nonlinear mechanisms)
and which is assumed to be periodically repeated in space. Therefore, the suitability of the chosen RVE is essential to obtain
representative results at the global scale.

After the choice of a suitable RVE of the problem, the procedure of Fig. 2-2 is applied in order to obtain the global scale
relationship between the stress resultant and the generalized strain. Thus, the proposed multi-scale analysis consists of the
following 5 steps:

(1) Definition of the RVE and its main geometrical and mechanical properties, in Section 4.1.
(2) Definition of the local stress fields rx ¼ r

c;rsx;rsy (stresses in concrete, x steel bars and y steel bars respectively) as
functions of the applied stress resultant N (stress localization), in Section 4.2.

(3) Application of the local constitutive laws to obtain the local strain fields ex ¼ e
c; esx; esy (strains in concrete, x steel bars

and y steel bars respectively), in Section 4.3.
(4) Application of the compatibility equations and the averaging method to obtain the generalized strain field �, in

Section 4.4.
(5) Resolution of the obtained equations in order to establish the N � � relationship and other results of interest at the

global scale, in Section 4.5.

Differently from the homogenization procedure implemented to define the DHRCmodel, where prior FE computations are
carried out to identify the parameters of the global constitutive model before the RC structure FE analysis, it has been
decided to directly address the stress field in order to include the local equilibrium equations in the local state description.
Therefore, a closed-formmulti-scale analysis is retained and performed in Section 4 after assuming a suitable hypotheses set.

Fig. 2-1. Geometry of the RC panel.

RVE

, , , ,

Compatibility
+ 

Averaging

Local constitutive laws

Global constitutive law

Localization

Fig. 2-2. Diagram of the multi-scale analysis.
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2.2. Averaging method

The averaging method, which is a technique to link global and local fields, is based on the definition of the average of a
given local field defined in a volume X as:

h�i
X
¼ 1

jXj

Z

X

�dv ð2-1Þ

This definition is used to calculate the membrane generalized strain tensor � from the average values of the planar com-
ponents of the local strain tensor for a displacement field u as follows:

� ¼ he ðuÞi
X
¼ 1

jXj

Z

X

e ðuÞdv ð2-2Þ

Considering the possibility of a displacement discontinuity sut on a particular piece-wise regular boundary C in the RVE –
typically a crack – (denoting by n the local unit outer normal vector on C and by �s the symmetric dyadic tensor product),
the following extension of (2-2) is made (by application of the Stokes’ theorem):

� ¼ heðuÞi
X
¼ 1

jXj

Z

X

eðuÞdv þ
Z

C

sut�sndS
� �

ð2-3Þ

Since the RC panel consists of concrete and steel bars in the x and the y directions, the total RVE domain X is the union of
the three RC components independent subdomains Xc;Xsx and Xsy, so that the total volume is the sum of the three subdo-

mains volumes:

jXj ¼ jXcj þ jXsxj þ jXsyj ð2-4Þ

Therefore, the stress-resultant tensor N, defined as the resultant on the thickness h of the average stress on the RVE, can
be computed from local stress tensors (application of the macrohomogeneity static equilibrium principle):

N ¼ hhri
X
¼ h

jXj

Z

X

rdv ¼ h
jXj
X

x

Z

Xx

r
xdv ð2-5Þ

The local stress field average is defined in each subdomain Xx as:

hrix � hrxi
Xx

¼ 1

jXxj

Z

Xx

r
xdv ð2-6Þ

Hence, Eq. (2-5) can be expressed as:

N ¼ h
X

x

qxhrxi ð2-7Þ

where the volume fraction of each material component x ¼ c; sx; sy is defined as qx ¼ jXxj=jXj, which satisfy

qc þ qsx þ qsy ¼ 1 using (2-4).

Considering the RC panel of Fig. 2-1, the steel volume fraction is equal to the classical reinforcement ratio used in engi-
neering codes, defined as:

qsx ¼
p/2

x

4hex
qsy ¼

p/2
y

4hey
ð2-8Þ

3. Material modeling at the local scale

The application on a cracked RC panel of the general procedure for the multi-scale analysis presented in Section 2.1
depends on the assumptions on the local material behavior. In particular, in this section the four nonlinear physical phenom-
ena considered in the model formulation are analyzed in order to have all the necessary elements to define the RVE of the
problem and to apply the multi-scale procedure steps of Fig. 2-2.

3.1. Concrete damage

Concrete damage is caused by the onset and development of homogeneous diffuse micro-cracking. It results in a concrete

stiffness reduction which is considered hereinafter as isotropic. Therefore, it is introduced as an internal damage variable d,
scalar, positive and increasing. As usual in Damage Mechanics, this variable directly affects the concrete Young’s modulus Ec

[18], by means of a decreasing convex function fðdÞ, hence inducing an isotropic stiffness degradation. The relationship
between the concrete membrane stress rc and the plane components of the strain tensor ec is given by:
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rc
xx

rc
yy

rc
xy

0

B

@

1

C

A
¼ EcfðdÞ

1� m2c

1 mc 0

mc 1 0

0 0 1�mc
2

0

B

@

1

C

A
�

ecxx
ecyy
ccxy

0

B

@

1

C

A
ð3-1Þ

Therefore, the concrete constitutive law is characterized by a stiffness tensor CcðdÞ defined by the Young’s modulus Ec , the

Poisson coefficient mc and the decreasing convex function fðdÞ, which in this work is retained with the same expression as the
damage functions of GLRC_DM and DHRC models:

fðdÞ ¼ 1þ cdd
1þ d

ð3-2Þ

This damage function produces a bilinear strain-stress response for uniaxial monotonic loading paths when it is associ-
ated to a constant threshold for the energy release rate, see Combescure et al. [5]. The parameter cd defines the tangent slope

of the monotonic loading stress-strain curve (as a ratio with respect to the initial one) in the damage evolution phase, as well
as the secant slope when damage tends to infinite.

3.2. Concrete cracking

Concrete cracking (onset and development of macro-cracks) is seen as localized concrete displacement discontinuities at
an assumed sharp and plane crack surface Cr . It consists in a normal-to-crack component wn (crack width) and in a
tangential-to-crack component wt (see Fig. 3-1), regrouped in the crack displacement variable w ¼ ðwn;wtÞ. Similarly, it
can be defined the vector of the concrete stress at cracks g ¼ ðgn; gtÞ, which has also a normal gn and a tangential gt compo-

nents with respect to the cracks.

Cracking onset occurs when the maximum principal concrete stress rc
1 reaches the concrete tensile strength f ct . In the

model, the orientation hr of the crack (�p=2 < hr 6 p=2) is defined as the perpendicular direction to rc
1 at the cracking onset.

In other words, the classical Rankine criterion is adopted:

FcrðrcÞ ¼ rc
1 � f ct 6 0 ð3-3Þ

When cracking is developed following a hr orientation, the crack spacing (or distance between two consecutive cracks)
can be calculated with the expression given by Vecchio and Collins [30]:

sr ¼
j sin hrj

srx
þ cos hr

sry

� ��1

ð3-4Þ

where srx and sry are the theoretical average crack spacings of the equivalent tie beams in the x and y directions, respectively,

and which can be calculated for example with the expressions given in Model Code 2010 (MC10) [12], EC2 or Huguet [14].
In an RC panel, cracks do not appear everywhere at the same time. As an example, regarding the cracking development in

the RC wall number 3 subjected to a fixed direction incremental loading of the CEOS.fr French national project [25], three
different cracking states can be distinguished:

A’

A 

Fig. 3-1. Concrete displacement discontinuity w ¼ ðwn;wtÞ at a crack.
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(i) The uncracked state, where the relatively weak solicitations do not cause any crack.
(ii) The crack formation state, where one or more cracks exist in the RC panel and their number increases with increasing

loading. The chronological apparition and distribution of cracks are governed by the non-uniform state of stress, the
concrete properties variability (e.g. tensile strength variability) and the influence of the existing cracks. As an example,
the onset of the first crack in the CEOS.fr RC wall number is shown in Fig. 3-2(a).

(iii) The stabilized cracking state, characterized by a fixed crack pattern that does not change even with increasing loading,
even if the crack displacement w evolves. Obviously, this is a somehow idealised state since more cracks may appear
for very important loadings. As an example, the crack pattern of Fig. 3-2(b) can be considered as stabilized (at least in
its right half) as long as no new cracks appear when the load is augmented by 17%, see Fig. 3-2(c).

These cracking states are also identified and described in MC10. It should be mentioned that a change in the loading direc-
tion causes a new stress field that may form new cracks in different directions, even when the stabilized crack state has been
reached. However, for the case of RC panels, when a fixed crack pattern is established a new solicitation does not cause new
cracks unless the new loading direction is different enough from the initial one. This experimental evidence is at the origin of
the fixed crack approaches (e.g. ECMM), as opposed to the rotating ones that update the orientation of active cracks at every
loading step (e.g. MFCT and CMM).

The typical plate finite elements used to model an RC wall may contain few cracks within it. Therefore, the crack forma-
tion state within a finite element can be considered limited in time since the first and last crack onsets occur very closely.
Thus, only two states are taken into account in the formulation of the present model, clearly distinguished by the cracking
criterion (3-3): the uncracked and the stabilized states. Consequently, in Section 4 the multi-scale analysis is performed in
the framework of a stabilized crack pattern and in Section 5 the obtained results are generalized to take also into account the
uncracked phase.

3.3. Steel-concrete bond-slip

Bond stresses s ¼ ðsx; syÞ are transmitted from the x and y reinforcement steel bars to concrete. They occur when a rel-

ative slip s ¼ ðsx; syÞ between these materials appears. In particular, in this work the assumption of a linear local bond-slip

law with a bond-slip stiffness K l in the a ¼ x; y direction is retained:

sa ¼ K lsa ð3-5Þ

Both s stresses and s slip vary along the steel reinforcement bars between two consecutive cracks. At the global scale, the
only visible and measurable concrete-steel relative displacement is the slip at cracks v ¼ ðvx;vyÞ, which can be geometrically

related to the crack displacement w by means of the geometrical matrix MvwðhrÞ:

v ¼ M
vwðhrÞ �w ¼ sin jhr j � cos hrsignðhrÞ

cos hr sin hr

� �

�w ð3-6Þ

Fig. 3-2. Crack pattern in the RC wall number 3 of CEOS.fr project [25] at (a) 900 KN, (b) 3600 KN and (c) 4200 KN load levels.
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Moreover, in the formulation of the global constitutive model the bond slip stress appears under the form of an average
tension stiffening effect so (4-20) which, as shown in (A-5) of Appendix A, can also be expressed as a function of the slip at

cracks v by means of the global bond-slip stiffness tensor Ks defined in (4-23):

so ¼ K
s � v ¼ K

s �MvwðhrÞ �w ð3-7Þ

Finally, the inelastic steel-concrete slip variable vp ¼ ðvp
x ;v

p
yÞ is introduced, the inelastic part of the slip between the con-

crete and the steel reinforcement bars at cracks that allows the formulation of a global nonlinear law for the bond slip stress
by generalizing (3-7):

so ¼ K
s � ðv � v

pÞ ¼ K
s � ðMvwðhrÞ �w� v

pÞ ð3-8Þ

3.4. Yielding of steel reinforcement bars

The steel reinforcement bars are supposed to be a one-dimensional medium and to carry only longitudinal forces. More-
over, their behavior is modeled using an elastic – plastic constitutive law:

r
sa ¼ Esðesaaa � epsa Þea � ea ð3-9Þ

where � denotes the tensor dyadic product, rsa is the membrane stress tensor, Es is the steel Young’s modulus, and esaaa and

epsa are the total and plastic longitudinal strains respectively, for the steel bars in the a ¼ x; y direction. However, since in this
model the yielding of steel reinforcement bars is assumed to be located and concentrated at the crack crossings (see Sec-

tion 5.3.4), the vector variable steel plastic strain eps ¼ ðepsx ; epsy Þ is introduced, which regroups the plastic strains at cracks

of x and y steel bars.

3.5. Summary of the retained state variables

In the framework of TIP, the variables describing the state of the material (state variables) are classified in observable vari-
ables, accounting for the reversible part of the material behavior, and internal variables, which define the irreversible and
history-dependent effects.

The local observable variables identified in this section are the concrete and steel strain tensors ecab and esaaa respectively.

The retained internal variables are associated to each of the four considered nonlinear physical phenomena:

� Damage variable d, accounting for the irreversibility of concrete stiffness reduction,
� Crack displacement w ¼ ðwn;wtÞ, associated with concrete cracking,

� Inelastic steel-concrete slip v
p ¼ ðvp

x ;v
p
yÞ,

� Steel plastic strain at crack crossings eps ¼ ðepsx ; epsy Þ.

4. Analytical multi-scale analysis of a cracked RC panel

As concluded in Section 3.2, the analytical multi-scale analysis (defined by the steps of Section 2.1) is applied to an RC
panel in the stabilized cracking state.

The crack pattern of the RC panel of Fig. 4-1(a) is characterized by the average crack orientation hr (�p=2 < hr 6 p=2) and
the average crack spacing. Since a global approach is considered for the formulation of the model, the crack-to-crack (and
also along one single crack) variation of these parameters is not taken into account when using their average values. The
crack orientation defines the in-plane t � n local axes (tangent and normal to the crack) while z is the out-of-plane axis.
The relationship between overall (x� y) and local (t � n) axes for any vector u is given by:

ux

uy

� �

¼ cos hr � sin hr

sin hr cos hr

� �

� ut

un

� �

ð4-1Þ

4.1. The RVE of the cracked RC panel

In the stabilized cracked configuration of Fig. 4-1(a), the panel is considered as a repetitive succession of straight RC struts

of thickness h (thickness of the panel), oriented in the hr direction and separated by two successive crack surfaces (crack
spacing sr), whatever the distance of two consecutive reinforcement steel bars. Therefore, inspired by the Ritter-Mörsch
scheme, these struts are chosen as the RVE of the problem as presented in Fig. 4-1(b). In the following, it is supposed that
the typical size of the finite elements used to model the RC panel is larger than the smallest dimension of the RVE, and so
larger than the crack spacing. Moreover, the following assumptions are adopted within the chosen RVE:

(i) The local stress fields rx are considered constant along the t direction, because the boundary strains/stresses are con-
stant on the entire crack boundary Cr and the RVE dimension in the n direction is the crack spacing sr � Lx; Ly.
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(ii) All fields are considered constant in the z direction within the panel thickness h. Although in RC structures a concen-
tration of concrete stresses and strains often occurs around the steel bars, this phenomenon is not taken into account
for the sake of simplicity.

(iii) The plane t � z is a symmetry plane.
(iv) The reinforcement steel bars (but also the concrete) are considered uniformly smeared in the RVE, since ex; ey � Lx; Ly,

see Fig. 2-1.
(v) The RVE is not submitted to external body forces (self-weight is considered only at the global scale).

Following the assumptions (i) and (ii), the fields only depend on the n dimensionless coordinate along the n axis, varying
from �1 to þ1:

nðx; yÞ ¼ 2

sr
ð�x sin hr þ y cos hrÞ ð4-2Þ

and the average value (2-1) in the RVE is calculated according to:

h�i
X
¼ h�ðnÞi

X
¼ 1

2

Z 1

�1

�ðnÞdn ð4-3Þ

Following the assumption (iv), steel reinforcement bars and concrete are considered as continuous media into the entire
RVE.

Moreover, only surface forces are applied at the frontier with the adjacent RVE and the N stresses are transmitted
throughout these boundaries. According to the previous assumptions, Eq. (2-7) can be applied not only as an average but
also at any point of the RVE:

N ¼ h
X

x

qxr
xðnÞ 8n 2 ½�1;1� ð4-4Þ

Suquet [28] has shown that, in a homogenization technique, the microscopic internal variables have to be chosen (or
proved to be) piecewise or discrete in the RVE in order to ensure a finite number of macroscopic internal variables when
obtaining the resulting Generalized Standard macroscopic model.

It has been decided to keep this condition in the performed analytical multi-scale analysis. The internal variables crack
displacement w, inelastic steel-concrete slip v

p and steel plastic strain eps are only defined at the RVE boundaries (the crack),

so they do not vary in the RVE. However, the concrete damage variable d may vary in the RVE in a general case, but in order

to satisfy the previous condition of Suquet [28], the assumption of d being constant in the entire RVE is adopted.

4.2. Localization of the stress resultant

In the retained RVE, concrete equilibrium at any point of Xc reads:

r � rcðnÞ þ bcðnÞ ¼ 0 ð4-5Þ

where r ¼ ð@=@x; @=@yÞ and the volume force vector bcðnÞ ¼ ðbc
xðnÞ; b

c
yðnÞÞ. In the a direction, the volume forces are only

caused by the smeared steel bars in the same direction, see assumptions (i) and (iv) of Section 4.1. They are defined as

the product of the na bars contained in an infinitesimal concrete volume qcdv (with dv ¼ jdXj ¼ dx � dy � h) by the infinites-

imal force dFaðnÞ exerted from each of these bars, divided by the infinitesimal concrete volume:

,

,

Crack surface (a) (b) 

Fig. 4-1. Determination of the RVE from the idealization of a cracked RC panel and geometry definition.
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bc
aðnÞ ¼

nadFaðnÞ
qcdv

ð4-6Þ

The differential force is the product of the tangential steel-concrete interface stress saðnÞ by the bar perimeter and by the

differential length da in the a direction:

dFaðnÞ ¼ saðnÞp/ada ð4-7Þ

The steel ratio in the a direction (2-8) can be rewritten as:

qsa ¼ jdXsaj
jdXj ¼ nap

/2
a
4 da

dv
! na ¼ qsadv

p /2
a
4 da

ð4-8Þ

Substituting (4-7) and (4-8) in (4-6), the volume forces acting in concrete due to the interaction with the steel reinforce-
ment bars by means of the bond stress saðnÞ are obtained:

bc
aðnÞ ¼

4qsa

/aqc
saðnÞ ð4-9Þ

Using (4-2) and (4-9), the system of equilibrium Eq. (4–5) becomes:

� sin hr
@rc

xxðnÞ
@n

þ cos hr
@rc

xyðnÞ
@n

þ 2qsxsr
/xqc

sxðnÞ ¼ 0

� sin hr
@rc

xyðnÞ
@n

þ cos hr
@rc

yyðnÞ
@n

þ 2qsysr
/yqc

syðnÞ ¼ 0

8

>

>

<

>

>

:

ð4-10Þ

The boundary conditions for the concrete stress field are given by the stresses at cracks:

rc
nnðn ¼ 	1Þ ¼ gn

rc
tnðn ¼ 	1Þ ¼ gt

�

ð4-11Þ

The nine equations system necessary to determine the nine unknowns of the localization problem (the three plane-stress
tensor components for each of the three components of the RVE) is obtained using the two concrete equilibrium equations
(4-10), the three equations resulting for the stress averaging adapted to the geometry of the RVE (4-4), and the four equa-
tions coming from the constitutive hypothesis of steel bars, which are supposed to carry stresses only in their longitudinal
direction, see (3-9):

r � rcðnÞ þ bcðnÞ ¼ 0

N ¼ h
X

x

qxr
xðnÞ

rsx
xyðnÞ ¼ rsx

yyðnÞ ¼ rsy
xxðnÞ ¼ rsy

xyðnÞ ¼ 0

8

>

>

<

>

>

:

ð4-12Þ

with the boundary conditions given at (4-11).
A closed-form solution exists for the localization problem (4-12). For concrete local stress field, it reads

rc
xxðnÞ

rc
yyðnÞ

rc
xyðnÞ

0

B

@

1

C

A
¼

cot hr
qch

Nxy � 2srqsx
/xqc sin hr

R 1

jnj sxðsÞdsþ gn � cot hrgt

tan hr
qch

Nxy þ 2srqsy

/yqc cos hr

R 1

jnj syðsÞdsþ gn þ tan hrgt

1
qch

Nxy

0

B

B

B

@

1

C

C

C

A

ð4-13Þ

while for steel local stress fields, one finds:

r
sxðnÞ ¼ 1

qsxh
ðNxx � cot hrNxyÞ þ

2sr
/x sin hr

Z 1

jnj
sxðsÞds�

qc

qsx
ðgn � cot hrgtÞ

" #

ex � ex

r
syðnÞ ¼ 1

qsyh
ðNyy � tan hrNxyÞ �

2sr
/y cos hr

Z 1

jnj
syðsÞds�

qc

qsy
ðgn þ tan hrgtÞ

" #

ey � ey

ð4-14Þ

4.3. Local strain fields

The concrete local strain field e
c is simply obtained by applying the concrete isotropic elastic damage constitutive law

defined in (3-1) to the local stress field (4-13):
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ecxxðnÞ
ecyyðnÞ
ecxyðnÞ

0

B

@

1

C

A
¼ 1

EcðdÞ

Nxy

qch
ðcot hr � tan hrmcÞ � 2sr

qc

R 1

jnj
qsxsxðsÞ
/x sin hr

þ mcqsysyðsÞ
/y cos hr

� �

dsþ gnð1� mcÞ � gtðcot hr þ mc tan hÞ
Nxy

qch
ðtan hr � cot hrmcÞ þ 2sr

qc

R 1

jnj
mcqsxsxðsÞ
/x sin hr

þ qsysyðsÞ
/y cos hr

� �

dsþ gnð1� mcÞ þ gtðtan hr þ cot hrmcÞ
1þmc
qch

Nxy

0

B

B

B

B

@

1

C

C

C

C

A

ð4-15Þ

In a similar way, the strain fields of the steel bars esx and esy are obtained by applying the steel constitutive law (3-9) to the
local stress fields (4-14), with the assumption (ensured by the threshold function defined in Section 5.3.4) that the steel
behaves elastically between two successive cracks:

esxxxðnÞ ¼
1

qsxhEs
ðNxx � cot hrNxyÞ þ

2sr
Esx/x sin hr

Z 1

jnj
sxðsÞds�

qc

qsxEsx
ðgn � cot hrgtÞ

esyyyðnÞ ¼
1

qsyhEs
ðNyy � tan hrNxyÞ �

2sr
Esy/y cos hr

Z 1

jnj
syðsÞds�

qc

qsyEsy
ðgn þ tan hrgtÞ

ð4-16Þ

4.4. Compatibility of the average local strain fields

The fourth step of the analytical multi-scale analysis presented in Section 2.1 consists in performing the averages of the
local strain fields and to apply the following compatibility conditions:

(i) The generalized strain in the a direction is equal to the average local elastic strain of the a reinforcement steel bars esaaa
between two consecutive cracks plus the a steel plastic strain epsa variable, localized at the crack crossing. Recall that no
displacement discontinuity exists in the reinforcing steel bars and (2-2) is applied.

(ii) The generalized strain is equal to the sum of the concrete average strain and the crack displacement discontinuity
equivalent strain, as expressed in (2-3).

These conditions can be written in the form of the following five scalar equations system:

�xx ¼ hesxxxi þ epsx
�yy ¼ hesyyyi þ epsy
� ¼ heci þ e

r

8

>

<

>

:

ð4-17Þ

where er is the crack displacement discontinuity equivalent strain field due to cracks corresponding to the second term on
the right side of (2-3):

e
rðw; hrÞ ¼

1

jXj

Z

Cr

sut�sndS ¼ 1

sr
�wn sin hr þwt cos hr
wn cos hr þwt sin hr

� �

�s � sin hr
cos hr

� �

¼ 1

2sr
2wn sin

2
hr �wt sin 2hr �wn sin 2hr þwt cos 2hr

�wn sin 2hr þwt cos 2hr 2wn cos2 hr þwt sin 2hr

� �

ð4-18Þ

since the displacement discontinuity vector at cracks is defined as sut ¼ w ¼ ðwn;wtÞ. The previous expression can be writ-

ten as er ¼ M
ewðhrÞ �w, so that the third order tensor MewðhrÞ defines the geometrical relation between the crack displace-

ment w and the crack displacement discontinuity equivalent strain e
r .

The average of the concrete strain field e
c (4-15) is then calculated by means of (4-3):

hecxxi
hecyyi
hecxyi

0

B

@

1

C

A
¼ 1

EcðdÞ

Nxy

qch
cot hr � mc tan hrð Þ � 2sr

qc

qsxs
o
x

/x sin hr
þ mcqsys

o
y

/y cos hr

� �

þ gnð1� mcÞ � gt cot hr þ mc tan hð Þ
Nxy

qch
ðtan hr � cot hrmcÞ þ 2sr

qc

mcqsxs
o
x

/x sin hr
þ qsys

o
y

/y cos hr

� �

þ gnð1� mcÞ þ gt tan hr þ cot hrmcð Þ
1þmc
qch

Nxy

0

B

B

B

B

@

1

C

C

C

C

A

ð4-19Þ

where soa is the average tension stiffening effect:

soa ¼
Z 1

jnj
saðzÞdz

* +

¼ 1

2

Z 1

�1

Z 1

jnj
saðzÞdzdn ð4-20Þ

As shown in (A-5) of Appendix A, the average tension stiffening bond stress sox and s
o
y is proportional to the x and y steel-

concrete slips vx and vy. Following the generalization of (3-8), this proportionality is modified in order to take into account

the inelastic slip variables vp
x and v

p
y:

jsoaj ¼
1

Ca

ffiffiffiffiffiffiffiffiffiffi

CaK l
p

tanh
ffiffiffiffiffiffiffiffiffiffi

CaK l
p� 	� 1

!

jva � v
p
aj ð4-21Þ
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The coefficient Ca is given by:

Ca ¼ s2r;a
1þ qsaEs

qcEc

� �

/aEs
ð4-22Þ

where sr;x ¼ sr=j sin hr j and sr;y ¼ sr= cos hr are the crack spacings seen by the x and y steel reinforcement bars respectively, see

Fig. 4-1(a).

Taking into account the definition (4-20) and Fig. 4-1(b), in tension (positive values of the difference va � v
p
a) sox has an

opposite sign to hr while soy is always positive. Therefore, the global bond-stiffness tensor postulated in (3-7) is defined as:

K
s ¼ �signðhrÞ

1

Cx

ffiffiffiffiffiffiffiffiffiffi

CxK l
p

tanh
ffiffiffiffiffiffiffiffiffiffi

CxK l
p� 	� 1

!

ex � ex þ
1

Cy

ffiffiffiffiffiffiffiffiffiffi

CyK l

p

tanh
ffiffiffiffiffiffiffiffiffiffi

CyK l

p� 	� 1

 !

ey � ey ð4-23Þ

In a similar manner to the average concrete strain fields, the average strain fields of the steel bars in x and y direction are
obtained by applying (4-3) to the local strain fields (4-16):

hesxxxi ¼
1

qsxhEs
Nxx � cot hrNxy

� 	

þ 2srsox
Es/x sin hr

� qc

qsxEs
gn � cot hrgtð Þ

hesyyyi ¼
1

qsyhEs
Nyy � Nxy tan hr
� 	

�
2srsoy

Es/y cos hr
� qc

qsyEs
gn þ tan hrgtð Þ

ð4-24Þ

4.5. Results of the analytical multi-scale analysis

The solution of the five equations system (4-17), using definitions (4-19) and (4-24), defines the stress resultant N and the
two components of the concrete stress at cracks g as a function of the generalized strain � and the internal variables describ-

ing the retained physical phenomena.

4.5.1. Stress resultant N
The stress resultant N can be expressed as the sum of the average steel and concrete stresses, since eps ¼ ðepsx ; epsy Þ and er

act as the average « inelastic » strain variables for each of the components respectively:

N ¼ qsxhEsð�xx � epsx Þex � ex þ qsyhEsð�yy � epsy Þey � ey þ qchCcðdÞ : ð�� e
rÞ ð4-25Þ

The constitutive law (4-25) can be explicitly expressed as a function of the variables �, w, eps and d:

N ¼ AðdÞ : �� Bðd; hrÞ �w� C � eps ð4-26Þ

The fourth order positive symmetric tensor AðdÞ and the third order tensors BðdÞ and C read:

AðdÞ ¼ qchCcðdÞ þ
X

a

qsahEsea � ea � ea � ea

Bðd; hrÞ ¼ qchCcðdÞ : MewðhrÞ
C ¼

X

a

qsahEsea � ea � ea

ð4-27Þ

4.5.2. Concrete stress at cracks g and average tension stiffening stress in concrete rs

The solution of (4-17) for the concrete stress at cracks g that ensures the displacements compatibility is:

g ¼ ½CcðdÞ : ð�� e
rÞ � r

s�nn;tn ð4-28Þ

which is the nn and tn components of the difference of the average concrete stress and the average tension stiffening stress in
concrete rs due to the bond stress:

rs
xx ¼ � 2srqsx

qc/x sin hr
sox ¼ � 2srqsx

qc/x sin hr
Ks

xxðvx � v
p
xÞ ¼

2sr;xqsx

qc/x
jKs

xxjðvx � v
p
xÞ

rs
yy ¼

2srqsy

qc/y cos hr
soy ¼

2srqsy

qc/y cos hr
Ks

yyðvy � v
p
yÞ ¼

2sr;yqsy

qc/y
jKs

yyjðvy � v
p
yÞ

rs
xy ¼ 0

ð4-29Þ
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5. Thermodynamic formulation of the global model for RC panels

The Helmholtz free energy surface density is derived from the results of the multi-scale analysis of the previous section.

This function is adopted to define the thermodynamic forces associated with the internal variables w, vp, eps and d and the
observable variable � through the state equations. Then, the chosen threshold functions describing the internal state variable
evolution are presented.

5.1. Helmholtz free energy surface density

The Helmholtz free energy surface density of the model is defined as the sum of two different Helmholtz free energy
sources, associated to two different types of stress in the RVE: the steel and concrete average stresses and the tension stiff-
ening stress in concrete (see the three springs of the rheological model of Fig. 5-1). The free energy associated to the average
stresses is obtained by integration of the constitutive law (4-25) with respect to the generalized strain �:

wo
1 ¼ 1

2
qsxhEsð�xx � epsx Þ

2 þ 1

2
qsyhEsð�yy � epsy Þ

2 þ 1

2
qchð�� e

rÞ : CcðdÞ : ð�� e
rÞ ð5-1Þ

The free energy associated to the tension stiffening stress in concrete is obtained by integrating the stress (4-29) with

respect to v ¼ MvwðhrÞ �w and averaging the x term over sr;x=ðqchÞ and the y term over sr;y=ðqchÞ:

wo
2 ¼ 1

2
ðMvwðhrÞ �w� v

pÞ : K
sðd; hrÞ : ðMvwðhrÞ �w� v

pÞ ð5-2Þ

with:

Ks
xx ¼

2sr;xqsx

qc/x
jKs

xxj
qch
sr;x

¼ 2qsxh
/x

jKs
xxj Ks

yy ¼
2sr;yqsy

qc/y
jKs

yyj
qch
sr;y

¼
2qsyh

/y
jKs

yyj ð5-3Þ

The total Helmholtz free energy surface density wo is the sum of the previous two sources of energy wo ¼ wo
1 þ wo

2 and is

explicitly expressed as a function of the state variables �;w;vp; eps; d and the parameter hr:

woð�;w; vp; eps;d; hrÞ ¼
1

2
� : AðdÞ : �� � : Bðd; hrÞ �w� � : C � eps þ 1

2
w � Dðd; hrÞ �w

þ 1

2
v

p � Eðd; hrÞ � vp þ 1

2
eps � F � eps �w � Gðd; hrÞ � vp ð5-4Þ

where Dðd; hrÞ, EðdÞ; F and Gðd; hrÞ are the following second order tensors:

Dðd; hrÞ ¼ qch
t
M

ewðhrÞ : CcðdÞ : MewðhrÞ þ tM
vwðhrÞ � K sðd; hrÞ �MvwðhrÞ

EðdÞ ¼ K sðd; hrÞ
F ¼

X

a

qsahEsea � ea

Gðd; hrÞ ¼ tM
vwðhrÞ � K sðd; hrÞ

ð5-5Þ

and the generic component ijk of the transposed tensor t
M

ew reads t
M

ew
ijk :¼ M

ew
kij .

The parametric dependence on hr is not explicitly indicated hereinafter in order to simplify the notation.

/

/

( )

/

( )

Fig. 5-1. One-dimensional rheological scheme of the proposed global constitutive model.
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5.2. State equations

By definition, the state equations (1-1) are obtained by derivation of the Helmholtz free energy surface density (5-4) with

respect to the state variables. In particular, the constitutive law (4-26) is retrieved by derivation of wo with respect to the
generalized strain tensor �:

N ¼ @wo

@�
¼ AðdÞ : �� BðdÞ �w� C � eps ð5-6Þ

The (dissipative) energy release rate is calculated as the derivative of wo with respect to the damage variable d:

�Y ¼ @wo

@d
¼ 1

2
� : A0ðdÞ : �� � : B0ðdÞ �wþ 1

2
w � D0ðdÞ �wþ 1

2
v
p � E0ðdÞ � vp �w � G0ðdÞ � vp ð5-7Þ

where A
0ðdÞ stands for the derivative of AðdÞ with respect to d (and equivalently for the other tensors).

Analogously, the thermodynamic force associated with w, which is hereinafter called macro concrete stress at cracks, is
defined as:

�qr ¼
@wo

@w
¼ �� : BðdÞ þ DðdÞ �w� GðdÞ � vp ð5-8Þ

The thermodynamic force associated with v
p, named macro bond-slip stress, is calculated as:

�qv ¼ @wo

@vp
¼ EðdÞ � vp �w � GðdÞ ð5-9Þ

Finally, the thermodynamic force associated with eps, which is hereinafter called macro steel stress, reads:

�qs ¼
@wo

@eps
¼ �� : Cþ F � eps ð5-10Þ

In the one-dimensional case, the developed constitutive model can be represented by the rheological scheme of Fig. 5-1,
where it can be seen that the stress resultant N is the sum of steel and concrete contributions by means of their average
stress.

5.3. Threshold surfaces and flow rules

The evolution of the four internal variables of the model (d;w;vp; eps) is defined by means of the threshold functions f i
(i ¼ d; gn; gt;vx;vy; sx; sy) and the associated plastic multipliers _ki, by means of the normality rule (1-3), following the prin-
ciples of GSM theory.

5.3.1. Concrete damage
Concrete damage is controlled by the limitation of the energy release rate in the concrete section qch by means of a con-

stant threshold k0:

f dðYÞ ¼ Y � qchk0 6 0 ð5-11Þ

The flow of the damage variable is given by the normality rule:

_d ¼ _kd
@f d
@Y

¼ _kd ð5-12Þ

where f d and _kd satisfy the Kuhn-Tucker conditions (1-4).

5.3.2. Concrete cracking
As demonstrated in Appendix C, the concrete stress at cracks (4-28) and the macro concrete stress at cracks (5-8) can be

directly related by:

g ¼ ðgn; gtÞ ¼ qr
sr
qch

ð5-13Þ

This result is of great importance since it allows defining the threshold surfaces for the macro concrete stress at cracks qr

and the flow of its associated internal variable crack displacementw using well known physical mechanisms concerning con-
crete stress at cracks g.

In the normal direction, the bridging stress phenomenon is retained to describe the evolution of the normal crack dis-
placementwn as a function of the normal stress gn (or thermodynamic force qr;n). In the tangential direction, aggregate inter-

lock (see [31]) governs the flow of tangential crack displacementwt as a function of the concrete tangential stress at cracks gt
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(or thermodynamic force qr;t). After crack onset, which is defined by the Rankine criterion (3-3), both phenomena are acti-

vated and evolve following the threshold functions defined in this section.
It is noted that other phenomena which affect concrete stress at cracks, like dilatancy stress or dowel effect, are neglected

in the model as a first approximation since it is considered that their influence on results is of second order when compared
to bridging stress and aggregate interlock. In particular, the choice of neglecting the dowel effect is in accordance with the
steel reinforcement bars constitutive equation (3-9), which assumes that they only carry stress along their axis and do not
offer any shear nor bending resistance.

5.3.2.1. Normal crack opening: bridging stress. The definition of the bridging stress law, or the relationship between the normal
stress gn and the normal crack displacement wn, is based on the following principles, which are also graphically shown in
Fig. 5-2:

� The envelope (blue) curve GnðwnÞ is related to an energy dissipation equal to the fracture energy:

Z þ1

0

GnðwnÞdwn ¼ Gf ð5-14Þ

� The envelope curve is equal to f ct before concrete cracking Gnð0Þ ¼ f ct , in order to be in accordance with the Rankine cri-
terion (3-3).

� Unloading (red curve) is done elastically (constant crack opening) until compressive stresses are reached. Under compres-
sive stress, crack recloses with an unloading slope equal to auEc until a crack width reclosing value equal to arwmax

n , where

au accounts for the crack unload slope ratio, wmax
n is the historical maximum crack opening, ar is the crack reclosing ratio.

� Reloading (green curve) is done elastically (constant crack opening) until tensile stresses are reached; at this moment,
crack reopens and the envelope curve is attained at the point corresponding to the unloading onset.

Following the previous principles, the threshold function for the thermodynamic force qr;n is defined by the previously

defined bridging stress law using the transformation (5-13):

f gnðqr;n;w;wmax
n Þ ¼ max

i¼1;2
ðf gniðqr;n;wn;wmax

n ÞÞ 6 0 ð5-15Þ

with:

f gn1 qr;n;wn;wmax
n

� 	

¼ qr;n �
qch
sr

Gnðwmax
n Þ wn

wmax
n

f gn2ðqr;n;wn;wmax
n Þ ¼ �qr;n þ

qch
sr

auEc
wmax

n �wn

sr

� �

H wn � arwmax
n

� 	

ð5-16Þ

where H stands for the Heaviside function, and GnðwnÞ is the nonnegative bridging stress envelope curve depending on the
crack opening of a plain concrete tensile test, which is retained as linear:

GnðwnÞ ¼
f ct � f 2ct

2Gf
wn 0 6 wn 6

2Gf

f ct

0
2Gf

f ct
6 wn

8

<

:

ð5-17Þ

which respects the condition corresponding to the concrete fracture energy Gf (5-14).

Fig. 5-2. Normal-to-crack concrete stress at cracks gn as a function of (a) crack opening wn and (b) average strain in the concrete member; continous

line = elastic phase, dotted-dashed line = f gn1 with wn ¼ wmax
n , dashed line = f gn1 with wn < wmax

n , dotted line = f gn2 .
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The flow of the crack opening _wn is given by the normality rule:

_wn ¼ _kgn
@f gn
@qr;n

¼
_kgn if f gn ¼ f gn1

� _kgn if f gn ¼ f gn2

(

ð5-18Þ

where f gn and _kgn satisfy the Kuhn-Tucker conditions (1-4).

5.3.2.2. Tangential crack displacement: aggregate interlock. The evolution of the tangential crack displacement wt as a function
of the tangential concrete stress gt at cracks is governed by the retained aggregate interlock law of Fig. 5-3(b), which is sym-
metric in both senses of loading and has an initial stress threshold To for the tangential crack displacement onset. These
choices aim at reproducing some of the observed phenomena on the experimental curve of Fig. 5-3(a):

� The loading stress – tangential displacement curve is roughly linear for common tangential displacement values in RC
structures wt 6 0:5 mm:

� The experimental unloading is characterized by a relatively small variation of the tangential displacement wt until 0 tan-
gential stress is reached.

� The cyclic response is symmetric in both tangential loading directions.

It is noted that, in a first approximation, no coupling of the retained aggregate interlock law with the normal concrete
stress at cracks gn has been considered, in order to minimize coupling between the different nonlinear phenomena and
so to improve the robustness of the numerical integration of the model, which has to deal with the evolution of many inter-
nal variables at the same time. However, this coupling is partly taken into account by an adapted choice of To and T1 param-
eters, see Appendix D.

Using the transformation (5-13), the threshold surface of Fig. 5-3(b) for the thermodynamic force qr;t as a function of the

tangential crack displacement wt is defined as:

f gtðqr;t;wtÞ ¼ max
i¼1;2

ðf gtiðqr;t ;wtÞÞ 6 0 ð5-19Þ

with:

f gt1ðqr;t ;wtÞ ¼ qr;t �
qch
sr

ðTo þ T1wtÞ
� �

Hðqr;twtÞ

f gt2ðqr;t ;wtÞ ¼ �qr;tsignðwtÞ
ð5-20Þ

The flow of the crack tangential displacement wt is then:

_wt ¼ _kgt
@f gt
@qr;t

¼
_kgt if f gt ¼ f gt1
� _kgt if f gt ¼ f gt2

(

ð5-21Þ

where f gt and _kgt satisfy the Kuhn-Tucker conditions (1-4).

5.3.3. Steel-concrete bond-slip
Steel-concrete bond slip is defined by its main effect at the global scale, the well-known tension stiffening phenomenon.

Two main principles are used for the definition of the threshold function associated to qv :

(a) 

-8

-6

= ,

1

Tangen�al crack stress 

Tangen�al crack displacement 

(b) 

Fig. 5-3. (a) Experimental and analytical results of Contact Density Model [19] and (b) retained simplified law for the description of aggregate interlock.
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� A stress in concrete equal to ktf ct is supposed to be created when the tension stiffening is fully mobilized in tension load-
ings, in order to reproduce the MC10 tension stiffening effect considered for the crack opening calculation.

� Tension stiffening effect has the same absolute value and an opposite sign when unloading, in order to reproduce the neg-
ative tension stiffening identified e.g. by Zanuy et al. [32].

According these two considerations, for the both directions of reinforcement a, the absolute value of the average tension

stiffening stress in concrete is limited to ktf ct:

jrs
aaj 6 ktf ct ð5-22Þ

The tension stiffening stress can be expressed as a function of the macro bond-slip stress, by considering the definition of
rs
aa given by (4-29):

rs
aa ¼ 2sr;aqsa

qc/a

jKs
aajðva � v

p
aÞ ¼

sr;a
qch

jKs
aajðva � v

p
aÞ ¼

sr;a
qch

q
v;a ð5-23Þ

Therefore, the threshold can be defined from (5-22) and (5-23):

f
vaðqv;aÞ ¼ jq

v;aj �
qch
sr;a

ktf ct 6 0 ð5-24Þ

The evolution of the inelastic steel-concrete slip internal variable is defined by the normality rule:

_vp
a ¼ _kva

@f
va

@q
v ;a

¼ _kvasignðqv;aÞ ð5-25Þ

where f
va and _kva satisfy the Kuhn-Tucker conditions (1-4).

5.3.4. Yielding of steel reinforcement bars at crack crossings
Expressions (4-14) show that, when the RVE is submitted to tension (related to positive values of vx and vy), the maxi-

mum stress in steel reinforcement bars is attained for n ¼ 	1 (at cracks location) both for x and y bars, since soxðsÞ sin hr 6 0

and soyðsÞ cos hr P 0 from (4-23) and (3-8). As the retained model for bond stresses takes into account the negative tension

stiffening (inversion of the sign of the bond stresses sa), the same reasoning can be made for the minimum steel stress in
compression. The steel stresses at cracks are calculated from (4-14) as:

rsxð	1Þ ¼ rsx
xx �

2sr
/x sin hr

sox

� �

ex � ex

rsyð	1Þ ¼ rsy
yy þ

2sr
/y cos hr

soy

!

ey � ey

ð5-26Þ

The previous equations can also be expressed as a function of the thermodynamic force qs and the internal variables w
and v

p:

rsx
xx

rsy
yy

� �

¼ 1

h

qs;x=qsx

qs;y=qsy

!

þ
qc=qsxr

s
aa

qc=qsyr
s
aa

!

¼ 1

h

qs;x=qsx

qs;y=qsy

!

þ K
p � ðMvw �w� v

pÞ ð5-27Þ

where Kp is the second order diagonal tensor defined by:

K
p ¼

X

a

sr;a
qsah

Ks
aaea � ea ¼

X

a

2sr;a
/a

jKs
xxjea � ea ð5-28Þ

Since the multi-scale procedure of Section 4 is performed under the assumption of linear elastic behavior of the steel rein-
forcement bars in the RVE, it is necessary to limit the steel yielding to the boundaries of the RVE, at the crack crossing, see

Section 3.4. This is ensured by imposing a constant yield limit equal to f sy:

f saðqs;a;w1;w2;v
pÞ ¼ jqs;a þ sr;aðK s � ðMvw �w� v

pÞÞ � eaj � qsahfsy 6 0 ð5-29Þ

The evolution of the internal variables of steel plastic strain is defined by the normality rule:

_epsa ¼ _ksa
@f sa
@qs;a

¼ _ksasignðqs;a þ sr;aðK s � ðMvw �w� v
pÞÞ � eaÞ ð5-30Þ

with f sa and _ksa satisfying the Kuhn-Tucker conditions (1-4).

5.3.5. Thermodynamic admissibility

With the previous definitions of the thermodynamic forces, the power dissipation surface density _D given by (1-2) reads:
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_D ¼ Y _dþ qr � _wþ qv � _vp þ qs � _eps ð5-31Þ

which has to be proven to be nonnegative for any load history. It has been chosen to prove the sufficient (but not necessary)
condition of having non-negativity of all of the terms of the previous equation.

The first term of (5-31) is the dissipation rate associated with the damage evolution:

Y _d ¼ Y _kd P 0 ð5-32Þ

since Y P 0:
The second term of the power dissipation surface density is the power dissipated by crack evolution:

qr � _w ¼ qr;n _wn þ qr;t _wt ¼ qr;n
_kgnsignðqr;nÞ þ qr;t

_kgtsignðqr;tÞ ¼ _kgnjqr;nj þ _kgtjqr;t jP 0 ð5-33Þ

The third term of _D is the power dissipated by inelastic slip between concrete and steel bars:

qv � _vp ¼
X

a

q
v;a

_kvasignðqv;aÞ ¼
X

a

_kvajqv ;ajP 0 ð5-34Þ

Finally, the fourth term of (5-31) provides the power dissipated by yielding of steel reinforcing bars at crack crossings:

qs � _eps ¼
X

a

qs;a
_ksasignðqs;a þ sr;aðK s � ðMvw �w� v

pÞÞ � eaÞP 0 ð5-35Þ

This condition is fulfilled if both terms of the summation in (5-35) are nonnegative. This is for all possible loading histo-
ries provided that (see demonstration in Appendix B)

kt 6
qsa

qc

f sy
f ct

a ¼ x; y ð5-36Þ

Finally, combining (5-32)–(5-35) it can be concluded that the developed model is thermodynamically admissible since the
total power dissipation surface density is nonnegative:

_D ¼ Y _dþ qr � _wþ qv � _vp þ qs � _eps P 0 ð5-37Þ

5.4. Summary

Table 1 summarizes the internal variables, thermodynamic forces and threshold functions for the four nonlinear mech-
anisms taken into account by the model.

The constitutive model depends on 18 parameters (some of them need to be defined both in x and y directions, resulting
in 21 numerical values).

The first 5 parameters (6 numerical values) presented in Table 2 define the elastic behavior and they correspond to the
section geometry and the elastic mechanical parameters of concrete and steel reinforcement bars.

The remaining 13 parameters (15 numerical values) govern the nonlinear behavior of the model and are presented in
Table 3.

Most of these parameters are of common practice in civil engineering, since they concern the geometrical characteristics
of the section or basic steel and concrete material properties. The rest of the parameters have to be estimated with formulas
existing in the literature or with the indications given in Appendix D.

6. Numerical application and comparison with experimental tests

The proposed global RC panel constitutive model has been implemented in the DKTG plate finite elements in Code_Aster
FE software. The fully implicit integration scheme of Code_Aster is used, including the computation of a tangent stiffness

Table 1

Summary of the model internal variables, thermodynamic forces and threshold functions.

Mechanisms Internal variables Thermodynamic forces Threshold functions

Concrete damage Damage variable d Energy release rate Y f dðYÞ
Concrete cracking Crack displacement wn w � wn

wt

� �

Macro concrete stress at cracks qr f gnðqr;n;wn;wmax
n Þ

wt f gtðqr;t ;wtÞ
Bond-slip stress Inelastic steel-concrete slip v

p
x

v
p � v

p
x

v
p
y

� �

Macro bond-slip stress qv f
vxðqv;xÞ

v
p
y f

vyðqv ;yÞ
Steel yielding Steel plastic strain epsx eps � epsx

epsy

� �

Macro steel stress qs f sxðqs;x;w; vpÞ
epsy f syðqs;y;w; vpÞ
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matrix, in order to ensure the fulfillment of the constitutive equations, namely the consistency of the internal variables evo-
lutions on each time step. This numerical choice takes full advantage of the theoretical framework adopted before.

It is noted that the numerical implementation of the developed stress resultant model does not suffer in general from
mesh dependency due to strain localization. The retained global modeling approach representing at the same time concrete
and steel reinforcement has led to the definition of the crack spacing sr as a parameter which is determined at cracking onset
by an analytical expression (see Section 3.2) and then remains fixed, affecting the threshold function of the concrete bridging
stress (5-15) and regularizing the energy dissipation surface density due to crack opening Dr over its length:

Dr ¼
Z þ1

0

qr;ndwn ¼
Z þ1

0

qch
sr

gndwn ¼ qch
sr

Z þ1

0

GnðwnÞdwn ¼ qch
sr

Gf ð6-1Þ

For example, an element of dimension msr in the direction orthogonal to the crack (accounting for m cracks) dissipates m
times the energy dissipated by a single crack (fracture energy Gf multiplied by the concrete section qch). However, if the ele-

ment has a dimension (in the direction orthogonal to crack) smaller than the crack spacing and the model presents a global
softening behavior (e.g. because of a low reinforcement ratio), it will suffer frommesh dependency, since the total dissipated
energy will be less than the energy dissipated by one crack. Nevertheless, this problem is rare because:

� The common finite element size in a global approach is typically several times larger than the crack spacing in a RC plate,
which is of the order of 10 cm.

� The proposed model represents the RC composite mechanical behavior that usually shows a positive tangent stiffness,
because the stiffness of the steel reinforcement before yielding often compensates a possible softening behavior of the
concrete part (due to damage evolution or crack opening in tension), see e.g. the force-strain curves of Fig. 6-2. Therefore,
no strain localization in a unique element occurs and the dissipated energy is correctly estimated by considering the total
cracked surface (formed by many elements).

6.1. Monotonic pure tension tests

The model is first validated by comparison with the uniaxial pure tension tests N10-10, N10-14 and N10-20 on RC tie
beams with steel reinforcing bars only in the longitudinal direction of Farra and Jaccoud [11]. In order to show the global
modeling performance of the developed model, only one shell finite element is used for representing a RC beam, as shown

in Fig. 6-1. The length L and width b of the beams are the dimensions of the element while the height is the model parameter

h.
The three tests concern beams with length L ¼ 1:15 m length and 100
 100 mm2 section (b ¼ h ¼ 0:1 m) made by a con-

crete characterized by the experimentally measured Young’s modulus Ec ¼ 29:9 GPa, tensile strength f ct ¼ 2:13 MPa and

compressive strength f c ¼ 29:9 MPa.
The beams are only reinforced in the x direction with one steel reinforcement bar located at the center of the section and

their characteristics are summarized in Table 4.

Table 2

Model parameters for the linear elastic behavior.

Section geometry parameters h [m] Plate thickness

Asa [m2/m] Reinforcement section in the a direction per unit of length

Material elastic properties Ec [Pa] Initial (undamaged) concrete Young’s modulus

mc [–] Concrete Poisson’s ratio

Es [Pa] Steel Young’s modulus

Table 3

Model parameters for the nonlinear behavior.

Concrete tensile behavior f ct [Pa] Concrete tensile strength

Gf [J/m2] Concrete fracture energy

au [–] Ratio of Ec accounting for the unload slope

ar [–] Ratio of reclosing crack opening over maximum historical crack opening

sra [m] Theoretical average crack spacing in the a direction

Concrete damage parameters ko [Pa] Constant threshold of the energy release rate

cd [–] Fraction of Ec corresponding to the asymptotic fully damaged concrete slope

Aggregate interlock To [Pa] Initial crack shear resistance

T1 [Pa/m] Stiffness of the aggregate interlock

Steel yielding f sy [Pa] Steel yielding stress

Bond stresses and tension stiffening K l [Pa/m] Initial local bond-slip tangent stiffness

kt [–] Maximum average tension stiffening coefficient in the concrete

/a [m] Diameter of reinforcement bars in the a direction
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The theoretical crack spacing parameter srx used for the model is assumed equal to the average spacing measured in the
tests: srx ¼ 220 mm for N10-10, srx ¼ 173 mm for N10-14 and srx ¼ 122 mm for N10-20. Thanks to this choice, modeling
errors coming from the calculation of crack spacing by an empirical formula like (D-2) are avoided.

Concerning the concrete tensile strength, the test report indicates that the experimental observed value for f ct for each of
the three tests is 89%, 81% and 63% of the nominal value of 2:13 MPa; these are the retained values for the computations. Two

phenomena cause the f ct decrease: (i) the size effect between the tensile strength test sample and the RC beams and (ii) con-
crete shrinkage, which (as suggested by the authors of the test) is more restrained for the case of large reinforcement bars,

leading to a significant initial tension state in concrete. Then, the theoretical fracture energy Gf ¼ 135 J=m2 given by (D-1) is

also decreased for each beam in order to keep the theoretical value of the post-peak slope f 2ct=ð2Gf Þ of the envelope bridging

stress law (5-17).

In accordance to Appendix D, the local bond-slip stiffness is estimated to K l ¼ 1011 Pa=m and the tension stiffening coef-

ficient is set to kt ¼ 0:6 according to MC10, which is much less than the limit defined by (5-36) for the thermodynamic
admissibility (equal to 2:5, 5:3 and 14:2 respectively for the three tests).

In this test, numerical results are not affected by (i) concrete Poisson’s ratio mc (uniaxial stress state), (ii) steel properties in
the y direction (Asy ¼ 0 cm2=m), (iii) unloading and reloading bridging stress parameters au and ar (no cycling load consid-

ered), (iv) aggregate interlock parameters To and T1 (no tangential displacement in uniaxial test) and (v) damage parameters

cd and ko (since from recommendations in Appendix D, the energy release rate threshold has to be chosen in order to have

damage onset at rd 2 ½f c=4; f c=2�, so concrete threshold stress values never reached in a pure tension test).
In the experimental campaign, N10-14 test has been repeated twice and N10-10 and N10-20 tests have been repeated

three times. The comparison between experimental and numerical results is presented in Fig. 6-2, showing a satisfactory
agreement for both for stress and crack opening values. Actually, there is a slight underestimation of individual crack open-
ings and an almost perfect fit of the total crack opening (the sum of the openings of all the existing cracks in the element/
beam). This is a consequence of the modeling choice made in Section 3.2, consisting in avoiding the representation of the
crack formation phase. In the numerical computation, the element reaches the stabilized crack stage immediately after
the onset of the first crack and the crack spacings stay constant and equal to the final average crack spacing (relatively small),
while in the experimental tests the crack pattern converges to the final stabilized crack state after a transient phase charac-
terized by a few largely-spaced cracks. Therefore, in the experiment, at the onset of the first crack, the crack spacing is much
larger than the average final one and thus the measured crack openings are also larger. Fortunately, this source of error on
crack opening is limited because (i) the crack formation phase is short since few cracks form within a finite element with the
typical modeling size (� 10 cm� 50 cm) and (ii) it affects only the first tension cycle in cyclic loadings.

6.2. Uniaxial cyclic tension-compression test

The experimental test QJ5TC realized by Benmansour [2] is retained to validate the model when submitted to the pseudo-

static uniaxial cyclic tension-compression load history of Fig. 6-3, carried out at low strain velocity (10�3=min). Using the

same FE modeling and notation of Fig. 6-1, the test consists in a RC beam of L ¼ 0:7 m and of 150x150 mm2 section

(b ¼ h ¼ 0:15 m), reinforced with 4 ribbed steel bars of /x ¼ 14 mm diameter with a Young’s modulus Es ¼ 195 GPa and a

yield stress of f sy ¼ 610 MPa. Concrete is characterized by its Young’s modulus Ec ¼ 28:5 GPa, tensile strength

f ct ¼ 2:94 MPa and compressive strength f c ¼ 25 MPa. The effective value for f ct due to the size effect is estimated to be

Table 4

Steel reinforcement bar characteristics for N10-10, N10-14 and N10-20 tests of Farra and Jaccoud [11].

Test Bar diameter /x [mm] Reinforcement ratio [%] Steel Young’s Modulus Es [GPa] Steel Yield limit f sy [MPa]

N10-10 10 0.79 202 590

N10-14 14 1.54 198 569

N10-20 20 3.14 201 530

/2

/2

Fig. 6-1. FE model and boundary conditions for an RC beam of length L and width b submitted to a tension and/or compression load F.
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Fig. 6-2. Comparison between numerical and experimental monotonic test results for N10-10, N10-14 and N10-20 of Farra and Jaccoud [11].
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86% of the value measured on a cylindrical sample of 160 mm diameter and 320 mm height, according to the expression
given by Rossi et al. [26].

Following the recommendations of Appendix D, the theoretical average crack spacing is estimated to sr ¼ 87 mm (D-2);

the theoretical concrete fracture energy of Gf ¼ 130 J=m2 (D-1) is reduced with the square of the concrete tensile strength

reduction due to size effect, so a value of Gf = 96.4 J/m2 is retained; the values of the parameters of cyclic bridging stress
are retained in their low limit ar ¼ au ¼ 0:01 (no tangential-to-crack effects appear in a uniaxial test); a damage threshold

of k0 ¼ 1920 Pa is adopted to set the damage onset at f c=2 with a concrete damage evolution slope of cd ¼ 0:3; bond-slip

parameters are chosen as kt ¼ 0:6 (less than the limit value of kt 6 6:8 established by (5-36)) and K l ¼ 1011 Pa=m, the same
values than in the previous uniaxial pure tension test.

In this test, numerical results are not affected by (i) concrete Poisson’s ratio mc (uniaxial stress state), (ii) steel properties in
the y direction (Asy ¼ 0 cm2=m) and (iii) aggregate interlock parameters To and T1 (no tangential displacement in uniaxial

test).
Fig. 6-4 shows that there is a good agreement between experimental and numerical stress-strain curves in tension, which

implies that concrete cracking (including crack opening-reclosing) and bond-slip phenomena are well modeled. However,
the agreement in compression is less satisfactory because damage is not sufficient to accurately represent the hysteretic
loops in compression. Fig. 6-6 shows the evolution of the dissipated energy in the beam and the contribution of each of
the considered non-linear phenomena, depending on the evolution of the internal variables of the model, as expressed in
(5-37). The evolution of the state variables, graphically represented in Fig. 6-5, shows that the crack opening-reclosing fol-
lows the applied tension cycles, the inelastic slip and the plastic steel strain at cracks are only activated at the last tension
cycles and the damage variable only evolves during compression.

6.3. Application to the non-reversing cyclic shear test on RC wall 3 of CEOS.fr program

The considered experimental test is the RC wall number 3 designed and tested in the framework of the French national
research project CEOS.fr (Comportement et Evaluation des Ouvrages Spéciaux. Fissuration – Retrait / Behavior and Assessment
of Special Structures. Cracking – Shrinkage), already partially presented in Section 3.2.

6.3.1. Experimental test description
The RC wall number 3 of the CEOS.fr program represents a standard RC wall used in nuclear facilities with an assumed

geometrical scale factor of 1/3. The retained dimensions of this mock-up are 4200 mm of length, 1050 mm of height and
150 mm of thickness. Cracking due to bending is prevented by reinforcing the extremities with vertical rebars of 25 mm
and 32 mm diameter and by a height/length ratio of 1/4 which ensures a low slenderness of the wall. The redistribution
of the shear effort in the wall is guaranteed by two horizontal concrete beams with high reinforcement ratio connected
to its upper and bottom edges.

In order to extend the crack formation phase before complete failure, the non-brittleness of the wall is assured by a 1.05%
reinforcement ratio, in both ‘‘top” and ‘‘bottom” layers. Reinforcement is characterized by a bar diameter of /a ¼ 10 mm

spaced by 100 mm, so the steel section is Asa ¼ 15:78 mm2=m. Concrete cover is 10 mm for the horizontal rebars and
20 mm for the vertical ones. The measured steel mechanical properties are: Young’s modulus Es ¼ 200 GPa, mass density

7850 kg=m3 and yield limit f sy ¼ 555 MPa. Concrete experimental properties are: Young’s modulus Ec ¼ 27:4 GPa, Poisson’s
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Fig. 6-4. Force-strain comparison between numerical and experimental results for the tension-compression test QJ5TC of Benmansour [2].
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ratio mc ¼ 0:13, mass density 2200 kg=m3, compression strength f c ¼ 40:0 MPa, tensile strength f ct ¼ 3:5 MPa and fracture

energy Gf ¼ 158 J=m2.

Fig. 6-7 shows how RC wall forms with the steel frame a self-equilibrated system: at the left-bottom side, the horizontal
beam distributes the stress transferred through the wall to the steel frame, where a mortar joint is used to diffuse the hor-
izontal reaction over the height of the beam. The vertical displacements of the wall are restrained by two couples of Dywidag
bars with a 1000 kN pre-stress load. The instrumentation installed on the wall is complex, here the LVDT (Linear Voltage
Differential Transformers) C5, C6, C7, C9 and C10 sensors are highlighted. The first three sensors measure the evolution of
three crack widths, corresponding to the crack pattern formed in the wall characterized by an average crack orientation
of hr ¼ 28�. The difference of displacements between the last two sensors defines the global force-displacement curve which
is used for the numerical comparison in Fig. 6-10, when the cyclic (without inversion of the force sign) load history of Fig. 6-8
is applied.

6.3.2. Modeling of the RC wall
The RC wall is modeled by quadrangular plate finite elements. As seen in Fig. 6-9, realistic boundary conditions have been

represented including the steel frame, which is modeled with beam elements.
Concrete size effect on tensile strength is complex to be estimated in a structure with a non-uniform stress state. Taking

into account the observed and calculated values for the size effect in the RC beams (with smaller dimensions) of the previous

section, the experimental f ct value is reduced by 2=3 and a value of f ct ¼ 2:33 MPa is retained. As previously stated, the value

of the fracture energy has to be reduced with the square of the f ct reduction in order to preserve the theoretical post-peak

slope of the bridging stress curve and thus, a value of Gf ¼ 71:1 J=m2 is used in computations.

Fig. 6-5. Numerical evolution of the state variables.

Fig. 6-6. Numerical energy dissipation for the different non-linear phenomena.
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With the recommendations of Appendix D, concrete damage is supposed to appear in compression at rd ¼ f c=4 and the

asymptotic damage slope is set to cd ¼ 0:3, so (D-3) gives a damage threshold of ko ¼ 1277 Pa. The theoretical average crack

spacings are calculated with (D-2), obtaining srx ¼ 124 mm and sry ¼ 138 mm, which differ due to the different cover in each

direction. Between cracks, a relatively low tension stiffening effect is supposed to be developed in reason of the cyclic load-

ing: kt ¼ 0:2, which satisfies the limit value kt 6 3:4 established by (5-36). As in the previous tests, the local bond-slip stiff-

ness is estimated to K l ¼ 1011 Pa=m. In reason of the cyclic loading and the evolution at the same time of normal wn and
tangential wt crack displacements, the values of the cyclic bridging stress parameters ar ¼ 0:02;au ¼ 0:05 are retained. As
moderate crack openings are expected, aggregate interlock parameters are estimated to To ¼ 0:05 MPa and T1 ¼ 10 GPa=m:

6.3.3. Comparison between numerical and experimental results
The experimental loading history of Fig. 6-8 is applied on the FE model of the RC wall. Fig. 6-10 shows the global force-

displacement curve comparison between the experimental and the numerical results. It is noted that the envelope curve, the
permanent displacements (related to the remaining crack openings, governed by the crack reclosing ratio ar) and the hys-
teretic loops (partially governed when unloading by au parameter) are well represented, especially for the first load cycles.

The numerical and experimental crack pattern evolutions in the RC wall are compared in Fig. 6-11 for three different load
levels: 1500, 2400 and 3600 KN, the last one corresponding to the experimentally observed stabilization of crack pattern. The
numerical crack pattern is represented by the zones where the crack opening internal variable is greater than 0 (color dif-
ferent from blue). The comparison shows that the constitutive model is able to predict that the first cracks appear in the
lower right corner of the wall and then cracking propagates gradually to the left. The experimental average crack orientation
of hr1 � 28� is found in the generated crack pattern in the RC wall far from the edges.

Fig. 6-12 presents a local analysis concerning the measured crack openings in LVDT sensors C5, C6 and C7, located at posi-
tions shown in Fig. 6-7. The experimental crack opening for each sensor at each peak load cycle (see load history of Fig. 6-8)
is compared with the average internal variablewn in the finite element in which each sensor is located. It can be noted that in
the three cases the crack onset is well represented (related to the crack pattern evolution analyzed in Fig. 6-11). The crack
onset and opening evolution with the increasing load is well fitted for all sensors C5, C6 and C7. One part of the slight
observed difference is originated by the punctual measures of crack opening values made by LVDT sensors, which are in
some cases not too much representative of the average crack opening in a zone (or element in this case). As shown by

Fig. 6-7. Scheme of the RC wall of CEOS.fr with the steel frame structure and its instrumentation.
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Fig. 6-8. Cyclic non-reversing load history applied to the RC wall.
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the digital image correlation analysis on the wall performed by Ruocci et al. [27], crack opening is not constant along cracks,
with important variations at the scale of mm and cm because of the roughness of the crack surface.

The global in-plane stiffness reduction of the RC panel at a time T can be estimated by the scalar value KrdðTÞ:

KrdðTÞ ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Y3

i¼1

AiiiiðdðTÞÞ
Aiiiið0Þ

3

s

ð6-2Þ

The distribution of this estimator in the entire wall at the end of the test is shown in Fig. 6-13. The maximum stiffness
reduction (Krd � 0:6) is obtained at the force application point (upper right side of the wall) and at the mortar joint that
transfers the stress to the steel frame at the left bottom side, according to the scheme of the force transfers shown in
Fig. 6-7. Stiffness reduction is less important in the center of the wall (roughly 0:3) because of the diffusion of compressive
stresses in this zone.
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Fig. 6-11. Crack extension comparison between experimental and numerical results for 1500, 2400 and 3600 KN load steps.

Fig. 6-9. FE model of the RC wall 3 of CEOS.fr.
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Finally, it is noted that no steel reinforcement yielding has been obtained during the numerical simulation (homogeneous

epsa ¼ 0 in the entire RC wall), which is in accordance with the experimental observation.

7. Conclusion

A novel stress resultant nonlinear constitutive model for RC panels submitted to membrane cyclic loadings has been pro-
posed in this paper. The model takes into account four important local scale nonlinear physical phenomena in RC structures:
(i) concrete damage due to micro-cracking in compression, resulting in concrete stiffness degradation, (ii) concrete cracking,
considering displacement and stress transfer in both normal and tangential directions with respect to the crack, (iii) bond
stresses between steel bars and concrete due to a relative slip and (iv) steel reinforcement yielding at crack crossings. In
order to describe these phenomena for a robust and efficient FE numerical implementation, an analytical multi-scale analysis
has been realized within a RVE defined by the crack pattern geometry, taking full advantage of equilibrium statements to
obtain the stress resultant expression. Furthermore, the model equations have been developed in the framework of the Ther-
modynamics of Irreversible Processes and the Generalized Standard Material Theory, in order to ensure the robustness of the
numerical integration and the appropriate energy dissipation description for all possible loading situations for the FE anal-
ysis of an RC structure. The comparisons of the proposed model with experimental uniaxial pure tension and tension-
compression tests on RC beams and a cyclic (non-reversing) shear test on a RC wall show good agreement for both
stress-strain curves and crack opening evolution. Moreover, the model allows analyzing the relative contribution of each dis-
sipative phenomenon throughout the loading history. Future developments are devoted to the extension of this constitutive
model to (i) the possible onset of a second crack family (which differs from the first one in its crack orientation, spacing and
displacement) and (ii) to the combined out-of-plane bending plus membrane loads. Also, more sophisticated laws for non-
linear phenomena will be analyzed, especially concerning aggregate interlock.
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Appendix A

The steel-concrete slip is an unknown function s ¼ sðnÞ which has to be determined. The equilibrium on an RC beam sub-
jected to tension gives the following differential equation:

s00ðnÞ � s2r
1þ qsEs

qcEc

� �

/Es
sðsðnÞÞ ¼ 0 ðA-1Þ

with sðsðnÞÞ ¼ K lsðnÞ, see (3-5). The retained boundary conditions are no slip at the mid-section between two cracks and a
slip at crack equal to v (equal to wn=2):

sð0Þ ¼ 0sð	1Þ ¼ v ðA-2Þ

The solution of the previous differential equation is given by:

sðnÞ ¼ sinh
ffiffiffiffiffiffiffiffi

CK l
p

� n
� 	

sinh
ffiffiffiffiffiffiffiffi

CK l
p� 	 v ðA-3Þ

where

C ¼ s2r
1þ qsEs

qcEc

� �

/Es
ðA-4Þ

With the obtained expression for the slip function sðnÞ, the average tension stiffening effect (4-20) can be calculated:

so ¼ 1

2

Z 1

�1

Z 1

jnj
�K l

sinh
ffiffiffiffiffiffiffiffi

CK l
p

� z
� 	

sinh
ffiffiffiffiffiffiffiffi

CK l
p� 	 vdzdn ¼ 1

C
1�

ffiffiffiffiffiffiffiffi

CK l
p

tanh
ffiffiffiffiffiffiffiffi

CK l
p� 	

 !

v ðA-5Þ

Appendix B

In this appendix, it is proved that condition (5-36), together with the conditions given by the threshold functions (5-24)
and (5-29), is sufficient to proof that (5-35) holds for any load history:

qsa
_ksasignðqs;a þ sr;aðK s � ðMvw �w� v

pÞÞ � eaÞP 0 ðB-1Þ

If _ksa ¼ 0, (B-1) is fulfilled.

If _ksa > 0, (B-1) can be divided by _ksa and the condition becomes:

AsignðAþ BÞP 0 ðB-2Þ

with the identification:

A ¼ qsa B ¼ sr;aðKs � ðMvw �w� v
pÞÞ � ea ðB-3Þ

Condition (B-2) can be simplified as:

AðAþ BÞP 0 $ A2 þ ABP 0 ðB-4Þ

B.1. Case A ¼ 0 or B ¼ 0

If A ¼ 0 or B ¼ 0, (B-4) is fulfilled:

A ¼ 0 ! 0P 0

B ¼ 0 ! A2
P 0

ðB-5Þ

B.2. Case AB > 0

If A and B have the same sign, then AB > 0. Hence, (B-4) is the sum of two positive terms and it is fulfilled.

B.3. Case AB < 0

The last possibility is that A and B have opposite signs and are both different from zero: AB < 0. With this condition, (B-4)
becomes:
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A2 þ ABP 0 $ A2
P �AB $ �A

B
P 1 $ jA

B
jP 1 $ jAj

jBjP 1 $ jAjP jBj ðB-6Þ

The Kuhn-Tucker condition implies f sa ¼ 0 and the following condition is found using (5-29):

jAþ Bj ¼ qsahfsy ðB-7Þ

If jBj 6 qsahfsya:

jBj 6 qsahfsy
jAþ Bj ¼ qsahfsy

�

!
jBj 6 qsahfsy
jAj � jBj ¼ qsahfsy

�

! jAj ¼ qsahfsy þ jBjP jBj ðB-8Þ

Thus, jBj 6 qsahfsy is a sufficient condition to have jAjP jBj, and hence to have a nonnegative dissipation for all A satisfying

(B-7).

Inserting (B-3) in the condition jBj 6 qsahfsy:

jsr;aðKs � ðMvw �w� v
pÞÞ � eaj 6 qsahfsy ðB-9Þ

and dividing by sr;a:

jðK s � ðMvw �w� v
pÞÞ � eaj 6

qsah
sr;a

f sy ðB-10Þ

it can be identified:

jðK s � ðMvw �w� v
pÞÞ � eaj ¼ jðw � G � E � vpÞ � eaj ¼ jqv � eaj ¼ jq

v;aj 6
qsah
sr;a

f sy ðB-11Þ

which has to hold for all qv satisfying (5-24):

jq
v ;aj 6 qsah

sr;a
f sy

8q
v ;a n jqv;aj 6 qch

sr;a
ktf ct

8

<

:

! qch
sr;a

ktf ct 6
qsah
sr;a

f sy ðB-12Þ

Finally, this condition can be expressed as a limitation of the average tension stiffening concrete stress coefficient:

qch
sr;a

ktf ct 6
qsah
sr;a

f sy $ kt 6
qsa

qc

f sy
f ct

ðB-13Þ

Appendix C

This appendix is devoted to demonstrate that the concrete stresses at cracks (4-28) and the macro concrete stress at

cracks (5-8) are directly related by the identity g ¼ ðgn; gtÞ ¼ qr
sr
qch

, as stated in (5-13).

With the definition of Mew given in Section 4.4, concrete stress at cracks can be expressed as:

g ¼ ½CcðdÞ : ð�� e
rÞ � r

s�nn;tn ¼ sr tMew : ðCcðdÞ : ð��M
ew �wÞ � r

sÞ ðC-1Þ

The term of the previous equation depending on the tension stiffening can be expressed as functions of the internal
variables:

sr tMew : rs ¼ tM
vw � Ks � ðMvw �w� v

pÞsr=ðqchÞ ðC-2Þ

The demonstration of (C-2) is given hereinafter.

On the one hand, the product sr tMew : rs accounts for the nn and tn components of the average tension stiffening stress in
concrete rs

sr tMew : rs ¼ r
s
xx sin

2
hr þ r

s
yy cos

2 hr

ðrs
yy � r

s
xxÞ sin hr cos hr

!

ðC-3Þ

On the other hand, the product K s � ðMvw �w� v
pÞsr=ðqchÞ is analyzed taking into account that K s is a diagonal tensor (5-

3) and that Mvw �w ¼ v:

Ks
xxsr
qch

ðvx � v
p
xÞ ¼

2sr;xqsx

qc/x
jKs

xxj
qch
sr;x

sr
qch

ðvx � v
p
xÞ ¼

2sr;xqsx

qc/x
jKs

xxjðvx � v
p
xÞj sin hr j ¼ rs

xxj sin hr j

Ks
yysr
qch

ðvy � v
p
yÞ ¼

2sr;yqsy

qc/y
jKs

yyj
qch
sr;y

sr
qch

ðvy � v
p
yÞ ¼

2sr;yqsy

qc/y
jKs

yyjðvy � v
p
yÞ cos hr ¼ rs

yy cos hr

ðC-4Þ
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with the definition (4-29) of the average tension stiffening stress in concrete rs. When multiplying this result by the trans-

formation matrix tMvw (3-6):

tMvw � K s � ðMvw �w� v
pÞ sr
qch

¼ j sin hr j cos hr

� cos hrsignðhrÞ sin hr

� �

�
rs

xxj sin hrj
rs

yy cos hr

!

¼ rs
xx sin

2
hr þ rs

yy cos
2 hr

ðrs
yy � rs

xxÞ sin hr cos hr

!

ðC-5Þ

the same expression as in (C-4) is found, and (C-2) is demonstrated.
Finally, substituting (C-2) in (C-1) and rearranging the terms:

g ¼ sr tMew : CcðdÞ : ð��M
ew �wÞ � tM

vw � K s � ðM
vw �w� v

pÞsr
ðqchÞ

¼ srCcðdÞ : Mew
�� sr t

M
ew : CcðdÞ : Mew þ tM

vw � K s � M
vw

ðqchÞ

� �

�wþ tM
vw � K

s
v
psr

ðqchÞ
¼ ð� : BðdÞ � DðdÞ �wþ GðdÞ � vpÞsr=ðqchÞ ¼ qrsr=ðqchÞ ðC-6Þ

the relationship between g and qr is found.

Appendix D

This appendix is devoted to the estimation of the parameters which, even if their physical signification is clear, classical
tests do not give enough information to determine them. Some indications about the determination of these parameters are
given below:

� In absence of experimental tests values, the fracture energy Gf can be estimated by the expression given by MC10:

Gf ¼ 73 f 0:18
c ðD-1Þ

where concrete compressive strength f c is expressed in MPa and fracture energy in Gf in J/m2.

� Parameters au and ar , which define concrete bridging stress cyclic behavior, may depend on concrete characteristics,
especially on the aggregate size and form. If no tests are carried out to identify them, it is recommended to use an unload-
ing slope ratio au 2 ½0:01; 0:2� and crack reclosing ratio ar 2 ½0:01; 0:1�. It is remarked that when the applied loading cre-
ates significant tangential crack displacements wt , the crack reclosing ratio should be relatively high, in order to
reproduce the dilatancy effect, which is not directly considered in the model formulation.

� Aggregate interlock parameters To and T1 may depend on the aggregate characteristics and the type and magnitude of the
loading. Recommended values are To ¼2 ½0:01; 0:1�MPa and T1 2 ½1; 20� GPa=m, where the lower bounds of the ranges
are related to expected high values of crack opening wn (or low values of normal concrete stress at cracks) and to cyclic
loadings.

� The theoretical average crack spacing of the equivalent tie beams in the x and y directions can be estimated with civil
engineering codes formulas for maximum crack spacing, after the transformation to average spacing values by dividing
them by 1.7 (for the case of MC10 and EC2). However, it is recommended to use the following optimized formula for aver-
age crack spacing given by [14]:

sra ¼ 1:37ca þ 0:116/a=qsa ðD-2Þ

where ca is the concrete cover of steel reinforcement bars in the a direction. Finally, the experimental values for the aver-
age crack spacing should be used when available.

� The energy release rate threshold ko is calculated from the concrete stress at the damage onset rd with:

ko ¼
ð1� cdÞr2

d

2Ec
ðD-3Þ

where it is recommended to use cd 2 ½0:2; 0:3� for SLS and rd 2 ½f c=4; f c=2�.
� The local bond-slip tangent stiffness can be estimated to K l 2 ½1010; 1011� Pa=m, depending on the characteristic values of
the obtained steel-concrete slip since it should correspond to the secant stiffness of realistic bond-slip laws as the given
by MC10.

� The retained tension stiffening coefficient may vary between kt 2 ½0:1; 0:6�:
o kt ¼ 0:6 when calculating crack openings with the same assumptions as MC10 and EC2.

o kt � 1=3 when the computation is done for representing the monotonic mechanical behavior.

o kt 2 ½0:1; 0:2� when time dependent effects in concrete are important, or in cyclic loadings implying bond
degradation.
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