N

N

On stochastic modified 3d navier-stokes equations with
anisotropic viscosity
Hakima Bessaih, Annie Millet

» To cite this version:

Hakima Bessaih, Annie Millet. On stochastic modified 3d navier-stokes equations with anisotropic
viscosity. 2017. hal-01502048v1

HAL Id: hal-01502048
https://hal.science/hal-01502048v1

Preprint submitted on 5 Apr 2017 (v1), last revised 20 Nov 2017 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01502048v1
https://hal.archives-ouvertes.fr

ON STOCHASTIC MODIFIED 3D NAVIER-STOKES
EQUATIONS WITH ANISOTROPIC VISCOSITY

HAKIMA BESSAIH AND ANNIE MILLET

ABSTRACT. Navier-Stokes equations in the whole space R?® subject to an anisotropic
viscosity and a random perturbation of multiplicative type is described. By adding
a term of Brinkman-Forchheimer type to the model, existence and uniqueness of global
weak solutions in the PDE sense are proved. These are strong solutions in the probability
sense. The convective term given in terms of the Brinkman-Forchheirmer provides some
extra regularity in the space L?**T2(R3), with a > 1. As a consequence, the nonlinear
term has better properties which allows to prove uniqueness. The proof of existence is
performed through a control method. A Large Deviations Principle is given and proven
at the end of the paper.

1. INTRODUCTION

The Navier-Stokes equations describe the time evolution of the velocity u of an incom-
pressible fluid in a bounded or unbounded domain of R"”, n = 2,3 and are described
by:

Ou—vAu+ (u - V)u+ Vp =0,
divu =0, uli—o = wo,

where v > 0 is the viscosity of the fluid and p denotes the pressure. If existence and
uniqueness is known to hold in dimension 2, the case of dimension 3 is still only partially
solved. Indeed, there exists a solution in some homogeneous Sobolev space H/? either on
a small time interval or on an arbitrary time interval if the norm of the initial condition is
small enough. The difficulty in dimension 3 comes from the nonlinear term (u - V)u that
requires more regularity. However, this regularity is not satisfied by the energy estimates
while it is in dimension 2. In particular, the lack of this regularity is essentially the
reason the uniqueness cannot be proved for weak solutions. Many regularizations have
been introduced to overcome this difficulty. Here, we will discuss only two of them; a
regularization by a rotating term u X e3 and a regularization by a Brickman-Forchheimer
term ‘u‘m u. Of course these two different regularizations give rise to different models.
One is related to some rotating flows while the other is related to some porous media
models. We refer to [19] and the references therein, where the following system has been
investigated (in an even more general formulation)

ou—vAu+ (u - V)u—i—Vp—ka‘u‘zau: fs

divu =0, uli—o = wo,
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2 H. BESSAIH AND A. MILLET

where a > 0 and « > 0 and f is an external force. Under some assumptions on the
coefficient «, the authors in [19] prove the existence and uniqueness of global strong
solutions.

A slightly different regularization has been investigated by Kalantarov and Zelik in [17];
more precisely they studied some versions of the following model:

ou—vAu+ (u - Viu+g(u) +Vp=f

div u =0, uli=o = uo,

where g € C?(R3,R3) satisfies the following properties:

{ gdwv-v > (=K +&lul" v}, Vu,veR3 (1.1)

(W] <CO+ "), YueR?

where K, C, k are some positive constants, r € [1,00) and u-v stands for the inner product
in R3. When the forcing is of random type, that is f = o(t,u)dW (t), M. Rockner, T. Zhang
and X. Zhang tackled a stochastic version of a modification of the previous model (1.1),
that they called the tamed stochastic Navier-Stokes equations, in several papers such as
[22], and [23]. Let us mention that in both the deterministic and the stochastic versions
of (1.1), the solutions are investigated when the regularity of initial condition is at least
H' and the viscosity acts in all three directions.

In this paper, we are interested in the 3D Navier-Stokes equations with anisotropic
viscosity that is acting only in the horizontal directions. These models have some appli-
cations in atmospheric dynamics where some informations are missing. The relevance of
the anisotropic viscosity is explained through the Ekeman law (see e.g. [21] or the intro-
duction of [10]). The aim of this paper is to study an anisotropic Navier-Stokes equation
in dimension 3 that is subject to some multiplicative random forcing. More precisely, we
consider the following model of a modified 3D anisotropic Navier-Stokes system on a fixed
time interval [0, 7] which can be written formally as follows:

du—vApu+ (u - V)u—l—a‘u‘zau—l—Vp:a(t,u)W for (t,x) €[0,T] x R3, (1.2)
V-u=0 for (t,z)€[0,T] x R?,

with the initial condition uy independent of the driving noise W. Here the viscosity v
and the coefficient a of the nonlinear convective term are strictly positive, a > 1, 9; denotes
the time partial derivative, Ay := 97 + 93 and 0; denotes the partial derivative in the
direction x;, ¢ = 1,2,3. Thus the viscosity is only smoothing in the horizontal directions.
As usual the fluid is incompressible, p denotes the pressure; the forcing term o (t, u) Wis a
multiplicative noise driven by an infinite dimensional Brownian motion W which is white
in time with spatial correlation. The convective term a|u|?*®u is of Brinkman-Forchheimer
type and has a regularization effect which can balance on one hand the vertical partial
derivative of the bilinear term to prove existence, and on the other hand provide some
control to obtain uniqueness. Note that the space L?*T2(R3) appears naturally in the
analysis of (1.2); it is equal to L*(R?) if a = 1. Furthermore, the homogeneous critical
Sobolev space H'/? for the Navier-Stokes equation is included in L*. Hence it is natural
to impose a > 1.

The deterministic counterpart of (1.2), that is equation (1.2) with ¢ = 0, has been
studied by H. Bessaih, S. Trabelsi and H. Zorgati in [5]. The authors have proved that if the
initial condition ug € H!, for any T > 0 there exists a unique solution in L>(0,T; H Ohn
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L%(0,T; H') which belongs to C([0,T7], L?), for some anisotropic Sobolev spaces which
will be defined in the next section (see (2.1)). We generalize this result by allowing the
system to be subject to some random external force whose intensity may depend on the
solution u and on its horizontal gradient Vju. Note that since no smoothing is provided
by a viscosity in the vertical direction, in the anisotropic case, one requires that the initial
condition ug is square integrable as well as its vertical partial derivative.

In the deterministic setting (that is o = 0), replacing the Brinkman-Forchheimer term
alu|?®u by the rotating term %u x e3, J.Y. Chemin, B. Desjardin, I. Gallagher and E. Gre-
nier [9] have studied an anisotropic modified Navier Stokes equation on R? with a vertical
viscosity v, > 0, which is allowed to vanish. Using some homogeneous anisotropic spaces,
they have proved that if uy € H%® with s > %, there exists ¢y depending only on v and uyg
such that for e € (0, €],

1
3tu—yAhu+(u-V)u—i——uxeg—i—Vp:O, for (t,z) €[0,T] x R3,
€
V-u=0 for (tam)€[07T]XR37 U’t:ozuo

has a unique global solution in L°°(0,7; H%*) N L?(0,T; H"*). The dispersive Brickman-
Forchheimer term is ”larger” than the rotating term used in [9] but the regularity required
on the initial condition is weaker and we allow a stochastic forcing term.

The paper is organized as follows. In section 2 we describe the functional setting of
our anisotropic model and prove some technical properties of the deterministic terms.
Several results were already proved in [5] and we sketch the arguments for the sake of
completeness. We also describe the random forcing term and the growth and Lipschitz
assumptions on the diffusion coefficient o. In section 3 we prove that if ug € L*(Q, H%')
is independent of W and o satisfies some general assumptions (in particular cases o may
contain some ”small multiple” of the horizontal gradient V,u), equation (1.2) has a unique
solution in L*(Q; L°(0,T; H%')) N L2(Q; L2(0,T : HYY)) N L**+2(Q x [0, T] x R?), which
is almost surely continuous from [0, 7] to H, where H denotes the set of square integrable
divergence free functions. Examples of such coefficients o are provided. Since we are
working on the whole space R3, and not on a bounded domain, the martingale approach
used in [4], which depends on tightness properties, does not seem appropriate. We use
instead the control method introduced in [20] for the 2D Navier-Stokes equation; see also
[25], [15], [13] and [23], where this method has been used for the stochastic 2D Navier-
Stokes equations, stochastic 2D general hydrodynamical Bénard models and the stochastic
3D tamed Navier-Stokes equations. In section 4, under stronger assumptions on ¢ (which
may no longer depend on the horizontal gradient Vju), we also prove a large deviations
result in C([0,T]; H) N L*(0,T; H'?) when the noise intensity is multiplied by a small
parameter /e converging to 0. The proof uses the weak-convergence approach introduced
by A. Budhiraja , P. Dupuis and R.S. Ellis in [16] and [6]; see also the references [25],
[15], [13] and [23] where this approach, based on the equivalence of the Large Deviations
and Laplace principles, is used for various stochastic 2D Hydrodynamical models and the
stochastic 3D tamed Navier-Stokes equation. For the sake of completeness, some technical
well-posedness result for a stochastic controlled equation and estimates which only depend
on the norm stochastic control, whose proofs are similar to that of the original equation in
section 3, are given in the appendix. The proof of the weak convergence and compactness
arguments, which have also been used in some papers on Large Deviations Principles of
stochastic hydrodynamical models, are also described in the appendix
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2. THE FUNCTIONAL SETTING

2.1. Some notations. Let us describe some further notations and the functional frame-
work we will use throughout the paper. Given a vector x = (x1,z9,x3) let zj, := (21, z2)
denote the horizontal variable, which does not play the same role as the vertical variable
x3. Due to the anisotropic feature of the model, we use anisotropic Sobolev spaces defined
as follows: given s,s € R let H>* denote the set of tempered distributions 1) € S (R?)
such that

1615 = /R (14 (€0, &)%) (1 + [&]™) [Fo(©)|* de < oo, (2.1)

where F denotes the Fourier transform. The set H** endowed with the norm | - || 5,5 18
a Hilbert space.
Set divju = d1uy + doug. Note that for v € (HLO N HO’I)3
V -u=0 implies divyu = —03us. (2.2)

For exponents p,q € [1,00) let || - ||, denote the LP(R?®) norm while L¥ (L) denotes the
space LP(Ry, Ry, , LY(R,,)) endowed with the norm

ollgaty = { [, ([ 106on as)ftars) ).

The space LE (L)) = LI(Ryy; LP(Ry, Ry,)) is defined in a similar way and endowed with the

norm HQSHLZ(L’;L) = { g (Jze |¢(mh,x3)‘pdxh)%dx3}é. Note that in the above definitions
we may assume that p or ¢ is co changing the norm accordingly.

Let V be the space of infinitely differentiable vector fields u on R? with compact support
and satisfying V - u = 0. Let us denote by H the closure of V in L?(R3;R?), that is

H={ue*R%R*; V- u=0inR*}.

The space H is a separable Hilbert space with the inner product inherited from L?, denoted
in the sequel by (.,.) with corresponding norm |.|.

To ease notations, when no confusion arises let L? (resp. L$(L})) also denote the set of
triples of functions u = (u1,u2,u3) such that each component u; belongs to LP (resp. to
LI(LY)), j =1,2,3, that is u € LP(R% R3) (resp. u € L{(LY)(R3;R3)). For non negative
indices s, s’ we set

H> = (Hs’s/)3 N H andagain | - ||ss for the corresponding norm.

We denote by (-, -)o,1 the scalar product in the Hilbert space HO! that is for u,v € HO!:

3 3
(u, U)OJ = JZ:; /RS uj(x)vj(z) de + JZ:; /RS Osuj(x) O3vj(x) dx.

As defined previously, we set A, := 97 + 97; integration by parts implies that given
u € (H*%)3 we have

3
(Ahu,u) =— Z/RS |thj|%2 dz, where Vju; = (01uj, Oouj, uj).
j=1

To ease notation, we write Vju to denote the triple of functions (Vju;,j = 1,2, 3) so that
(Apu,u) = —|Vyul3, for ue HYO.
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Note that as usual, starting with an initial condition ug € H%! and projecting equation
(1.2) on the space of divergence-free fields, we get rid of the pressure and rewrite the
evolution equation as follows:

ou — v Apu+ B(u,u) + a |u‘2au =o(t,u)W for (t,x) € [0,T] x R3, (2.3)

where Apu = PgvApu, B(u,v) = (Pdivu.V) Pyvv and Pjg;, denotes the projection on
divergence free functions.

2.2. Some properties of the non linear terms. In this section, we describe some
properties of the non linear terms B(u) = (u-V)u and |u|**u in equation (2.3). They will
be crucial to obtain apriori estimates and prove global well posedeness.

First, for u,v,w in the classical (non isotropic) Sobolev space H! such that V -u =
V-v=V- -w=0, set

B(u,v) := (u.V)v, and B(u):= B(u,u); (2.4)
then the classical antisymmetry property is satisfied:
((B(u,v),w) = =((B(u,w),v), and {((B(u,v),v)=0. (2.5)

We will prove that under proper assumptions on the initial condition ug and on the
stochastic forcing term, the solution u to the SPDE (2.3) belongs a.s. to the set X defined
by

X == L>®(0,T; H*Y) n L2(0,T; HYY) N L2+ ([0, T x R?; R?) (2.6)
and endowed with the norm
3 T 1
Jullx = 3 [esssup s oa + ([ gt 1) + o oy |
=1 t€[0,7] 0

For random processes, we set
X = LY L0, T; HOY)) 0 LA (Q; (20, T; HYY)) N L2@FD(Q x [0, 7] x R%:R?). (2.7)
First, let us prove some integral upper estimates of the bilinear term.
Lemma 2.1. Let u € L>®°(0,T; H) N L*(0,T; HY°) and v € L>=(0,T; H) N L*(0,T; H'1).
Then

/OT|<B(u(t)),v(t)>|dt < c(/o

T

1 T 1
Hv(t)nildty ess sup |u(t)| 2 (/ |th(t)|%2dt>2,
t€[0,7) 0

[(B(u()) = B(u(t)), (u = v)(1))| < C[lvlli1 [Valu(t) = o)) 2 |(w = v)(®)] 2, (2.9)

T T 1
| 1B®) = B, =)< o ([ o)

T
x esssup |(u — v)(t)|r2 (/0 ‘Vh((u—’l))(t))‘%gdt> (2.10)

te[0,7
Proof. Let us prove some upper estimates of <B(gp,¢),v> for p, v € H™0 and v € Y.
Since V. = V.9 = V.v = 0, using notations similar to that in [5] and part of the
arguments in this reference used to prove the uniqueness of the solution, the antisymmetry
(2.5) of B yields
—(Ble.¥), v) = ((Blp,v), ¥) = J1 + Ja, (2.11)
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where

Ji —ZZ/ or(x) Opvi(x) () dr, J2—Z/ e3(x) Ogvi(x) Py (x) d

k=11=1

The Fubini theorem and Hélder’s inequality applied to the Lebesgue integral with respect
to dzj, imply that for almost every ¢ € [0, 7T:

2

w<22 / 0001352 Iou (o) 9o s) g g

k=11=1

<§jz(sup|akvz alig) [ oty o)l da.

k=11=1
The Gagliardo-Nirenberg inequality implies that for almost every z3 € R we have for

Qb = ka(-,xB) and ¢ = 7/11(-,553)3

1 1
19ll4 < C19h015s 1017 (212)

On the other hand, for almost every x3 € R the Cauchy-Schwarz inequality for the
Lebesgue measure on R? implies for k = 1,2 and [ = 1,2, 3:

xrs3 d xr3
‘akvl(.,l'g)’%g :/ —lakvl(.,z)lig dz = 2/ Ok (zh, 2) 0,0k (xh, 2)depdz
h oo 2 h —oo JIR?

< C|Vy|12 |05Viol 2 < Clolff 1

Therefore, the Holder inequality with respect to the Lebesgue measure dxs implies that

1 1

1] <C ol /R [Vao(esms)Fdas) * ( / [Vath(.,3) 33 dag )|

1
Z 1
< ([ etomizan) ([ lotandn)

1 1 1 1
<C HUHI,I |th0|22 |vh7/)|22 |Q0|22 |T,Z)|22 (2.13)

Using once more the Fubini theorem and Hélder’s inequality with respect to dxj;, we deduce
that

3
413 /R 19501 09)l1 3 9o ) 3 Nl 1 v

<Z<sup\<ﬂ3( w0)liz) [ 10sntea)lag ool dos

Furthermore, since V. ¢ = 0, we deduce that 93p3(xp, x3) = —divey(zp, x3) == — [81(,01(17” x3)+
82g02(xh,x3)}. Therefore, the Cauchy-Schwarz inequality with respect to the Lebesgue
measure on R? yields for almost every ¢ € [0,T] and x3 € R:

T3
sy =2 [ [ alon2) pats, =) dan s
—o0 JR

3
= —2/ /2 w3(xp, z) divep (xh, 2) dey dz < 2|Vire|re |@| 2.
—o0 JR



STOCHASTIC ANISOTROPIC 3D NAVIER-STOKES 7

Plugging the above upper estimate, using again the Gagliardo-Nirenberg inequality (2.12)
for ¢ = O3vi(.,x3) and ¢ = Yy(.,x3), using the Holder inequality with respect to the
Lebesgue measure dxj; we obtain:

1
1< Waplh ol [ 90su0)l 10wl
=1
1

1 1
X |Vh7/)l(ta ) )|1212 |71Z)l( IRD) )|121% d,Ig
1 1 1 1 1
<C |vh90|22 |90|z2 |vh83v|z2 |(931)|22 |Vh¢|z2 |1/)|22

1 1 1 1
<C HUH1,1 ‘Vh@’fg ’vfﬂb’;ﬂ ‘@‘22 W’fg (2.14)

The upper estimates (2.11), (2.13) and (2.14) imply the existence of a positive constant
C' such that

‘< (<P ), >‘ <C HUH1 1 ’VMP‘B ’vhwlg ’(P’p W}‘p (2-15)

Let u € L®°(0,T; H)NL?(0,T; H°) and v € L>(0,T; H)NL*(0,T; H“'). Since for almost
every t € [0,T] we have u(t,.) € H*' and v(t,.) € H"!, using (2.15) for ¢ = ¢ = u(t) and
Holder’s inequality with respect to the Lebesgue measure on [0,7], we obtain

T T 1
| 1B®) o) de < C ol g ([ 190 e e e i)

T 1
< C loll 2oy esssup]u(t)]Lz( / ]th(t)\%gdt>2. (2.16)
te[0,7) 0

This concludes the proof of (2.8).
Expanding B(u(t)) — B(v(t)) and using the antisymmetry property (2.5) we deduce
that

<B(u(t, ) = B(v(t,.)), (u—v)(t,. > = <B( u—v)(t,.),v(t, )) ,(u— v)(t,.)>

Using once more the antisymmetry and the upper estimate (2.15) with u — v instead of u,
we conclude the proof of (2.9). Integrating (2.9) on [0,7] and using the Cauchy Schwarz
inequality, we deduce (2.10). O

Using Holder’s inequality with respect to the expected value in the upper estimates of
Lemma 2.1, we deduce the following analog for stochastic processes.

Lemma 2.2. Letu € L*(Q; L>=(0,T; H))NL*(Q; L2(0, T; H')) and v € L*(Q; L=(0, T; H))N
LA(Q; L2(0,T; HYY)). Then

T
E/O [(B(u(t)),v(t))|dt < Clvll jaqur20m.iry
T 1
<Nulloeorm (B] | Wuffaar] )" (27)
T
B [ I(Bult) = B(®). (u = o)O)]dt < Cllll oo riiny

1

T ) 2\ 1
<=l oramy (B[ [ Vatw—o@fba] ). @19
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The following lemma proves upper estimates for the third partial derivatives of the
bilinear term; it is essentially contained in [5]. This results shows the crucial role of the
other non linear term |u|**u of (2.3) in the control of the partial derivative d5 of the
bilinear term.

Lemma 2.3. There exists positive constant C' such that for any o € (1,00) there exists
Co >0, 0,61 >0,s€[0,T] and u € X:

<83B(u(s)),33u(s)>‘ <C [eolvhagu(s)\%g + :%Oﬂu(s)‘a 63u(8)|12

__1
+Chete ot |33u(5)|§2] (2.19)

Proof. We briefly sketch the proof in order to be self contained. Since div,0d3u(s) =
d3diviu(s), the antisymmetry (2.5) yields (B(u(s), dsu(s)), d3u(s)) = 0; hence for s €
[0, T7:

(83B(u(s)), dzu(s)) = / A3ug (s, x)Okuy(s, x)0suy(s,x)dx = Ji(s) + Ja(s),
k=1

where integration by parts with respect to 0y, k = 1,2 yields

ZZ/ Ok O3uk (s, z) w(s,z) O3u(s, z) dx

k=11=1

_ ZZ/ O3ug (s, x) uy(s, x) Opdsuy (s, x) dx

k=11=1

3
Z agu?, (s,x) (agul(s,x))zd:c = —Z/ divhuh(s,x)(ﬁgul(s,x))Qd:ﬂ;
=1 /R

the last 1dent1ty comes from the fact that V-u(s) = 0. Since a > 1, the Holder and Young
inequalities imply that for functions f,g,h: R?> — R, ¢y > 0 and then €¢; > 0, we have for
some Cfy, > 0:

[ F@g(h@dz] < [ 11lg1% || 2o ol 2]

La2a1 |h|L2

€1 2 1 —a
< colbffs + | 1170l + Cacgt e T TllEa (2:20)

Using this inequality for f = w(s), g = d3ui(s) and h = 0p0suy(s) (resp. g = Jzui(s),
h = 0r03u;(s)) we deduce the existence of C' > 0 such that for any « > 1, €y, €1 > 0 and
some constant C,, > 0:

J @ 2 al,
1T (s)] < 0[601 Vadsu(s)Fs + 1 [u(s)[* B5u(s)| 22 + Caeyt e 1|83u(5)|%2]
Integration by parts implies that Jg(s) =2 Zk:l Z?Zl Jgs wi(s, )0k 03wy (s, )O3y (s, ) da.
Using (2.20) with f = uk(s), g = 9sw(s) and h = 9p0su;(s), we deduce the existence of
C > 0 such that for any a > 1, €g,€7 > 0 and Cy, > O:
T2 (s)] < C[€0| Vadsu(s)|f2 + | ()| Dsu(s) |72 + Cacy e ™ = |Osu(s )\%2]

The upper estimates of .J;(s) and Jg(s) conclude the proof. (]
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For any regular enough function ¢ : R? — R3, let F'(p) be the function defined by
F(p) = vAnp — B(p) —alo[*p. (2.21)

The following lemma proves that for u € X (resp. u € X), F(u) belongs to the dual space
of L2(0,T; H“) N L2+ ([0, T] x R?) (resp. to the dual space of L*(€; L2(0,T; H>')) N
L2HD(Q % [0,T] x R?)). We let Q7 :=Q x [0,T].

Lemma 2.4. (i) Let u € X and v € L*>(0,T; HY') N L2tV ([0, T] x R3;R3); then
T
A [(ECult, ), vt )]t < C [0l 2o oyl zo s + 0]z oarcrs)
T 1
2a+1 ) 2 2
X HUHL2<a+1)(QTxR3) + HUHLQ(QT;HLl)tES[%%} [u(t)| L2 </0 Whu(t)‘ﬂdt) ] (2.22)
(ii) Let u € X and v € L*(Q; L>(0,T; HYY)) N LX) (Qp x R3). Then

T
E [ Pttt Yl < C (ol i el s + Ioless g
X HuHiOQ[(J;L)(QTxRa) + ‘|U‘|L4(Q;L2(0,T;ﬁl,1))||UHL4(Q;L°°(O,T;H))HUHL4(Q;L2(0,T;H1,O)) .
(2.23)

Proof. (i) Integration by parts and the Cauchy-Schwarz inequality with respect to dt ® dx
yield

‘V/OT<Ahu(t, .),v(t,.)>dt‘ = ‘ — V/OT - Viwu(t, z) Vyo(t, x) dwdt‘

< (2.24)

lull p2 0,7 1.0y [0l L2 0 s 109 -

Note that 2a+2 and 20‘ are conjugate Holder exponents. Since u € L2t ([0, T] x R3),
+1

the function |u|**u belongs to L 2a+1 Esy ([0, T] x R3) and

t, )| u(t t,x)drdt < ||Jul*ul| 2@ o
[ Pttt ) vt < [l al g ol oy
< e Pl oy 229

The inequalities (2.24), (2.8) and (2.25) conclude the proof of (2.22).

(i) Let u € X and v € LY(Q; L0, T; HY)) N L@+t (Qr x R3). Then a.s. we may
apply part (i) to u(t)(w) and v(t)(w). The Cauchy Schwarz and Holder inequalities with
respect to the expectation conclude the proof. O

To prove uniqueness of the solution, we will need the following lemma which provides
an upper estimate of (F(u(t,.)) — F(v(t,.)),u(t,.) — v(t,.)) for u,v € X and ¢ € [0,T].

Lemma 2.5. Let u,v € X; then there exists a positive constant k depending on «, and
for any n € (0,v) a positive constant C,, such that for almost every t € [0,T]:

(F(u(t,.) = F(u(t,.), (w = v)(t,.)) < =1 |Va(u—0)(t,.)|72
+ Cyllo(t, MIF 1 |(u = v)(t )72 —ar] (jult, ) + ot ))* ((w = o)t ) [far (2:26)
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Proof. Integration by parts implies that
v(Ap(u—v)(t,.), (u—20)(t.) = —v|Vi(u—0),.)|5. (2.27)

It is well-known (see [2]; see also [19] where it is used) that there exists a constant
depending on « such that

Klult, ) —v(t,2)? (Ju(t,z)| + [v(t,)])?
< (Jult, @) P*ult, @) — ot @) **v(t,2)) - (u(t,z) —v(t,z)),

«

which clearly implies:
a/ (Ju(t, z)[**u(t,z) — [v(t,2)[**v(t,2)) . (u(t,z) — v(t,z))dx
R3

> ar|(Jult, )] + ot ) (ult,.) = o(t,.) |7, (2.28)

Using Young’s inequality in (2.9) we deduce that for any n € (0,v) there exists C,, > 0
such that

[(B(u(t)) = B(u(t)), (u—0)(t)] < (v = m)IVa(u = 0)t)[72 + Cyllo@)IIF 1 [(u — v)(#)[72-
This upper estimates, (2.27) and (2.28) conclude the proof of (2.26). O

2.3. The stochastic perturbation. We will consider an external random force in equa-
tion (2.3) driven by a Wiener process W and whose intensity may depend on the solution
U.

More precisely, let (ex,k > 1) be an orthonormal basis of H whose elements belong
to H? := W2?2(R3;R?) and are orthogonal in HO!. For integers k,l > 1 with k # [, we
deduce that

(OFer, er) = —(Dsex, Ose1) = —(ex, €101 + (ex, ) = 0.
Therefore, 93¢y, is a constant multiple of ej. Let H,, = span (e1,--- ,e,) and let P, (resp.
P,) denote the orthogonal projection from H (resp. H®') to H,. We deduce that for
u € H% we have Pu= ]Snu Indeed, for v € H,,, we have agv € H, and for any u € HOL,

(Pyu,v) = (u,v), and (93Pnu,d3v) = —(Pyu, d3v) = —(u, 93v) = (Osu, d3v).

Hence given u € H%!, we have (Phu,v)o,1 = (u,v)p,1 for any v € Hy; this proves that P,
and ]Sn coincide on HO1L.

Let (W (t),t > 0) be a H%'-valued Wiener process with covariance operator Q on a
filtered probability space (2, F, (F;),P); that is Q is a positive operator from HOL 1o itself
which is trace class, and hence compact. Let (gx,k > 1) be the set of eigenvalues of @
with >, o, qx < oo, and let (¢, k > 1) denote the corresponding eigenfunctions (that
is Qv :_qkl/}k). The process W is Gaussian, has independent time increments, and for

5,6 >0, f,9 € Hoz,
E[(W(s), floa] =0 and E[(W(s), floi(W(t),g9)01] = (s At) (QF, 9)o.1-

We also have the following representation

W(t) = lim Wa(t) in LX(Q; H%Y) with Wa(t) = ¢ Be(t)vn. (2.29)
k=1

n— oo

where [y are standard (scalar) mutually independent Wiener processes and 1)y, are the
above eigenfunctions of ). For details concerning this Wiener process we refer to [14].
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Let Hy = Q%I:I 0:1. then Hy is a Hilbert space with the scalar product

(6,4)0 = <Q—%¢,Q—%w)0,1, Ve, € H,

together with the induced norm |- |o = 1/(-,-)o. The embedding i : Hy — H®! is Hilbert-
Schmidt and hence compact; moreover, ¢ i* = Q

Let £ = L@ (Hy, H) (resp. £ = L®(Hy, HOI) ) be the space of linear operators
S : Hy+— H (resp. S : Hy+— H%') such that SQ2 is a Hilbert-Schmidt operator from
HO to H (resp. from HO! to itself). Clearly, L CL. Set

15|17 = trace ([SQ'?[SQY?)") = > 1SQ 26k l3.., (2.30)
k=1
12 = trace o (1SQV2SQYZ]) = 3 15QY2u 3. (231)
k=1

for any orthonormal basis {¢y,} in H%!. Let (-,)z and (-,-) 7 denote the associated scalar
products.

The noise intensity of the stochastic perturbation o : [0, 7] X H'' - £ which we put
in (2.3) satisfies the following classical growth and Lipschitz conditions (i) and (ii). Note
that due to the anisotropic feature of our model, we have to impose growth conditions
both for the | - |z and | - |7 norms.

Condition (C): The diffusion coefficient o € C'([0, T] x HV Z)) is a linear operator such
that:

(i) Growth condition There exist non negative constants K; and K; such that such
that for every ¢ € [0, 7] and u € H '

o (t,u)|2 < Ko+ Ki|u2e + Ko|Vyul?s, (2.32)
ot )% < Ko+ RaJullg, + Ka(IVaulZs + 105V hul2s). (2.33)
(ii) Lipschitz condition There exists constants L; and Lo such that:
o (t,u) — a(t,v)|% < Liju—v[2s + Lo|Vi(u —v)|2s, t€[0,T])and u,v € H",

Definition 2.6. An (F;)-predictable stochastic process u(t,w) is called a weak solution
in C([0,T]; H) N X for the stochastic equation (2.3) on [0,T] with initial condition uy if
ue C([0,T]; H) N X a.s., where X is defined in (2.6), and u satisfies

(u(t),v) = (up,v) + /Ot [— v{u(s), Apv) — (B(u(s),v), u(s)ﬂds
+a/0 /R3 ‘u(s,x)!Qau(s,x)v(x)dxds :/0 (o(s,u(s)dW(s),v), as.,

for every test function v € H?(R3) and all t € [0,T]. All terms are well deﬁned since

u € LD ([0, T) x R?) for almost every s € [0,T); this implies |u(s)|**u(s) € L 2e+1 et (R?’)
which is the dual space of L*@T1(R?).

Furthermore the Gagliardo-Nirenberg inequality implies Dom(—A) C LP(R?) for any
p € [2,00). Note that this solution is a strong one in the probabilistic meaning, that is
the trajectories of u are written in terms of stochastic integrals with respect to the given
Brownian motion W.
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3. EXISTENCE AND UNIQUENESS OF GLOBAL SOLUTIONS

The aim of this section is to prove that equation (2.3) has a unique solution in X
defined in (2.7). We at first prove local well posedeness of a Galerkin approximation of u
and apriori estimates.

3.1. Galerkin approximation and apriori estimates. Let (e,,n > 1) be the or-
thonormal basis of H defined in section 2.3 (that is made of functions in H? which are
also orthogonal in ]:Io’l). Recall that for every integer n > 1 we set H,, := span(eq, - ,ey)
and that the orthogonal projection P, from H to H, restricted to H%! coincides with the
orthogonal projection from H%! to H,,.

Let II,, denote the projection in Hy on QY2(H,). Let W,(t) = D=1/ TYiBi(t) =
IT, W (t) be defined by (2.29).

Fix n > 1 and consider the following stochastic ordinary differential equation on the
n-dimensional space H,, defined by w,(0) = P,up, and for t € [0,T] and v € H,:

d(un(t),v) = (F(un(t)),v)dt + (Pn o (t, uy (£)) I, dW (£), ). (3.1)
Then for k =1, --- , n we have for t € [0,T):

Aun(t), ex) = (Flun(®),ex) dt + S a7 (P orlt, un(t); , ex) dB;(8).

j=1

Note that for v € H,, the map u € H,, — (F(u), v) is locally Lipschitz. Indeed, H? C
L29%2 and there exists some constant C(n) such that |[v]| g2 < C(n)|v|;2 for v € Hy,. Let
w, Y, v € Hy; integration by parts implies that

[{Ane = Apeo,v)| < llp = Wllo [ollo < Cn)?le — L2 vl 2.

In the polynomial nonlinear term, the Holder and Gagliardo-Nirenberg inequalities imply:
| [ (e@P e -s@) (@) ofa)da]

< C(@)(lel78arz + [9730+2) llp = Dllp2es 0] L2t
< O(@) C(n)* ™V (|f73 + [[73) I — 912 o] 2.
Finally, using (2.15) and integration by parts we deduce:
(B(p) = B(¥),v)| = | = (Blp —4,v), ) = (B(¥),v), ¢ — )|
< Clle=vlo(llelo + [1¥l0) vl
< CCn)*le = lrz(lelrz + [¥12) vl 2.

Condition (C) implies that the map u € H,, — (\/@ (U(t,u)wj, ek) 1 < 4k < n)
satisfies the classical global linear growth and Lipschitz conditions from H, to n x n
matrices uniformly in ¢ € [0,7]; indeed, the growth and Lipschitz conditions (2.32) and

(C)(ii) imply:
(ot u) /G55, en)| < |o(t,u) @s] ekl e < VEo+ VEilulpz + V/Ks| Vaul 2
< C(n)(1+ Julr2),
|(lo(t,u) = o(t,0)]y/@0; 5 ex)| < VIalu—vln, + V2| Va(u = 0)[72 < CC(n)u =],

Hence by a well-known result about existence and uniqueness of solutions to stochastic dif-
ferential equations (see e.g. [18]), there exists a maximal solution u, = > ;_; (uyp, ek) e €
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Hy, to (3.1), i.e., a stopping time 7,7 < T such that (3.1) holds for ¢t < 7 and as ¢t T 78 < T,
[tn(8)| 2 — 0.

The following proposition shows that 7,5 = T a.s., that is provides the (global) existence
and uniqueness of the finite dimensional approximations u,. It also gives apriori estimates
of u,, which do not depend on n; this will be crucial to prove well posedeness of (2.3).

Proposition 3.1. Let ug be a Fy measurable random variable such that Ellugllg, < oo,

T >0 and o satisfy condition (C) with Ko < 2. Then (3.1) has a unique global solution
(i.e., 17 =T a.s.) with a modification u, € C([0,T],Hy). Furthermore, there exists a
constant C > 0 such that:

T
2(a+1)
supE [ sup un (05, + ([ (o) ds ) L/Hnlﬁhn}éC@Mﬂ&+U-
n t€[0,T 0
(3.2)

Proof. Let u,(t) be the maximal solution to (3.1) described above. For every N > 0, set
v = inf{t : [Ju,(t)]oq > N} AT.

It6’s formula applied to | .|lo,; and the antisymmetry relation (2.5) of the bilinear term
yield that for ¢ € [0,T]:

tATN tATN
lun(t AT )I51 = |1 Pauollr — 2’// Vit (s)[72ds — 2’// V1031 (s)|72ds (3.3)
0 0

INTN 5 9 tIATN 5
—2a/ (s )HLOQ‘Lst—Qa(Qa—i—l)/ / i (5, 2) 2| Byt (5, )| ds+ZT
0
7=1
where

Ti(t) = —2/0 " (03B (un(s)), O3un(s)) ds,
Tr(t) = 2/ ™ (a(s,un(s))de(s),un(s))Ovl,
0

L) = [ [P o(s,un(s) [ ds.
0

The growth condition (2.33) implies that

tATN B B N
T3(t) < / (Ko + Killun ()51 + K2 (|Vhun(s)|72 + [03Viun(s)]72)]ds,
0

while (2.19) in Lemma 2.3 yields the existence of positive constants C, Cy, €y and €; such
that
tIATN

t/\TN
ITi#)] =2 [60/ |V hBsun(s)|72 ds + 46710 Hun(S)\a 83un(s){i2ds
0 0

L tATN
+ Coey'ley 1/ lagun(s)\%gds].
0

Finally, the Burkholder-Davies-Gundy and Young inequalities as well as (2.33) imply that
for g € (0,1):

(s / o) 1) Doal) < 02 /0 t/\TN{PnU(Taun(r))nn‘%Hun(r)ﬂaldr}é

s<t
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<BE( s [lun(s)I3))

s<inftATn
TN - 2 - 2 2
- E/ [Ko+ K1 [|un(s)]5.1 + K2 (IVaun(s)|72 + |05Viun(s)]72)]ds
0

If Ky < tand e € (0,2v — 10K3), we may choose 3 € (0,1) such that 2v — (9 +1)Ks > ¢,

then €y > 0 such that 2v —2Cey > ¢, and finally ¢; > 0 such that 2a(2a+1) — ﬁ > e. For

this choice of constants, the inequality || P,uoll0,1 < |Juollo,1 and the above upper ’ estimates
yield (neglecting some non negative terms in the left hand side of (3.3)):

~ 9
(1= B)E( sup flun(s ATv)I31 ) < Elluoll3 s + TKo(5 +1)
s€l04] B

9 200,
4 {K1(5+1)+m /Hun sATn)2ads. (34)

Gronwall’s lemma implies that E(supse[oﬂ [un(s A Tn)[[§1) < C for some constant C
which does not depend on n and N. Note that ||¢H%,1 = H(;SH&1 + Vo2 + 05V o|3. We
use (3.4) and the upper estimates of T;(t) for i = 1,2,3 for the same choice of constants
B, €9 and e1; this yields

N
E( s§%]\\un<sATN>rra,1)+E /0 (lun () 2+ lln ()25, ) ds < C(1+Elfuol 1) (3.5)
se|0,

for some positive constant C' depending on K;, i = 0,1,2, 8, ¢y and ¢; but independent of
n and N.
Apply once more the It6 formula to the square of || ||%71. This yields

tATN
llun (¢ A TN 16,1 = [ Pauiollo,s — 4v un ($)115,1 [[Vaun(5)|72 + |85V hun(s) 7] ds
0

4 AT 2 2042 4
a l[tn () 110,12 llun (s) I 72052 ds

N 4 ~
da(2a+ 1) /0 i (5) 3.1 1 (5) Bt (5) ol + 350, (3.6)
j=1

where we let

Tty =~ [ (OB, O] n ()17 1,
By =1 [ (Pt (), 10(6)) g [ .
T =2 [ [P (os () )15,

T =1 [ (Moo ual) P )3 ) s

The growth condition (2.33) implies that

B _ tATN _ B _
T3(t)+Ta(t) < 6/ [Ko+K1|lun ()15 1+ K2 (IVhun(s)]72+105Viun (8)72) ] lun ()3 1 ds,
0
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while (2.19) implies

_ IATN € 1
’Tl (t)‘ § 4C / <€0‘Vh83un(8)‘%2 + ﬁ”un(s)‘a 83“71(8){%2 + Caeal 61 a—1 lagun(s)‘%?)
0

% [ (3)115,1 ds.

The Burkholder-Davies-Gundy inequality, the growth condition (2.33) and Young’s in-
equality imply that for 8 € (0,1):

B(sup 7o) <12 [ lotr a0 a0}

s<t
< BE( suwp [lun(s)li )
s<tATN

36 tANTN _ _
+ EE ; [Ko + Killun(s)[13,1 + K2 (|Vaun(s) |72 + 105V nun(s)[72)] [lun(s)]I5,1ds.

If Ky < %—‘1’ we may choose 5 € (0,1) and € > 0 such that e < 41/—6(1—1—6/5)[%2, then €y > 0
such that 4v —6(1 +6/8)Ky—4Cey > € and finally €; > 0 such that 440631 +e<4a(2a+1).

For this choice of constants, neglecting some non positive integrals in the right hand side
of (3.6), we deduce:

tATN
(1-B)E( s fun(s1 ™lIg1) + B /0 [ ()115.1 [V (5) 72 + 105V nun (s)[ 7] ds
sel0,

36, ~ ! 367 - . [*
< Bluolla+ 6+ F) KB [ unls n m)lads+ [6+ ] Ko [ a1 m)lf s

This inequality, (3.5) and Gronwall’s lemma yield sup,, E( sup,e(o7) [[un(s ATw)l[g1) < oo
We deduce the existence of a constant C, which does not depend on n and N, such that:

TN

B( sup fun(s Ama)ls) +E [ lun(s) i alluns)lfads < L+ Bluoly)- @7)
s€[0,T7] 0

We now prove that (3.2) holds. As N — oo, the sequence of stopping times 7y increases

to 7., and on the set {7, < T} we have supyc(g -] [[un(s)llo,1 — +o0. Hence (3.5) proves

that P(7; < T') = 0 and that for almost every w, for N(w) large enough, 7n,)(w) = T.

The monotone convergence theorem used in (3.5) and (3.7), we deduce the following upper

estimates for some constant which does not depend on n:

T
E( s}épﬂ||un<s>u3,1)+1@ /0 (lun ()21 + llun ()28 ds < C(1+ Elfuoli3,),  (3.8)
s€|0,

T
B( sup Jun()E) +E [ Jun (I Jun ) 15 < C1L+ Bluoll). - (39)
5€[0,77 0

To complete the proof and check (3.2), we finally prove that

T 2
supB(| [ (o) s

The identity (3.3) and the upper estimates of T1(t) and T3(¢) imply that for Ky < 2uv,
2C¢y < Ky and €1 small enough we have for every ¢ € [0,7] and :

2
) <C(1+Elulig,). (3.10)

_ tATN
et A7) |31 + (20 — Ro) / (IVntin ()2 + 85V ntan (5) 2 ) ds
0
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< Jluollg 1 + sup [Ty (s)| + J(2), (3.11)
s<t

where for some positive constant C':

tATN _ 5 _ 2CCQ 5 tATN 5
J(t) = /0 [Klllun(S)Ho,l + Ko + ml&sun(s)lm}ds < C/o ||un(5)”0,1d5-
6061

Hence for Ky < 2v, using the Doob and Cauchy Schwarz inequalities as well as (2.33), we
deduce:

. ™ 2
EH sup [[un (s A T)|I3 1 + (20 — Kg)/ (IVhun(s)[72 + \Bgvhun(s)lig)ds} ]
s<T 0

< BE(J(T)?) + 3B supTH(5)) + 3E(luoll§,)
TN

TN
< 3CTE /0 ltn(s)[[& 15 + 3CE /0 Ftn(3)113. 16t ()T (25 + SE(Juo 3. 1)

TN _ . ~
< 3CE/O (2K Jun ()13 1 lun ()11 + (K1 + T)Jun(s) 5.1 + Kollua(s)5.1] ds

+ 3E(||uollg,1)-

Let N — oo in this equation. Since Ty (w) = T for N(w) large enough, the above
inequality where 7y is replaced by T' (which is deduced by means of the monotone conver-
gence theorem) coupled with (3.8) and (3.9) yield (3.10). This completes the proof. [

3.2. Well posedeness of equation (2.3). The aim of this section is to prove that if the
initial condition ug € L*(Q; H%!), equation (2.3) has a unique (weak) solution in the space
X which belongs a.s. to C([0,T]; H), where

X = LY L0, T; HOY)) N LY (Q; L*(0,T; HY)) N L2 (Q x [0, 7] x R?).

Theorem 3.2. Let o satisfy condition (C) with Ky < %—‘1’ and ug be independent of
(W (t),t > 0) such that E(|lugl|g,) < oo. Then there exists a weak solution u € X to (2.3)
with initial condition ug. This solution belongs to C([0,T]; H) a.s.

Furthermore, there exists a constant C > 0 such that this solution satisfies the following

upper estimate:

4 4 2 2 T 2 1 4
B( sup u@)lfa+ ([ Nu@ade) + [ [ juttn)PeDdodt) < €1+ Efuld).
0 0 R3

0<t<T
(3.12)
If Ly < 2v, then (2.3) has a unique weak solution in X which belongs a.s. to C([0,T]; H).

Proof. The proof is decomposed in several steps. Let Qp = [0,7] x © be endowed with
the product measure ds ® dP on B([0,7]) ® F. Recall that £ is defined by (2.31) and that
o satisfies (2.32).

Step 1:  The inequalities (3.2) and (2.23) imply the existence of a subsequence of
(un,n > 1) (resp. of (Pyo(.,uy) oIl n > 1) and of (F(uy,),n > 1)), still denoted by the
same notation, of processes u € X (resp. S e L?(Q; £) and Fe [L4 (Q; L2(0,T; ﬁl’l)) N
LA D (Qp x R%)]"), and finally of a random variable 4(7') € L2(€; HO%1), for which the
following properties hold:

(i) un — u weakly in L*(Q; L2(0,T; H51)) 0 L2+ (Qp x R3),

(ii) uy, is weak star converging to u in L*(Q; L ([0, T]; H*')),
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(i) un(T) — a(T) weakly in L2(Q; HOY), .
(iv) F(un) — F weakly in [L*(Q; L*(0,T; HM')) N LX) (Qp x Rg)]*
(V) Poo(.,un (), — S weakly in L?(Qr; £).
Indeed, (i) and (ii) are straightforward consequences of Proposition 3.1, of (3.2), and of

uniqueness of the limit of E fo (un(t),v(t))dt for appropriate v. The upper estimate (2.23)
proves (iv). The definition of P, II,,, the growth condition (2.32) and (3.2) imply:

T T
sup E/ |Po (5,1, ()11, |2 ds < supE/ (Ko + Ki|un(s) |72 + Ka|Viun(s)|52]ds < oc.
n 0 n 0

This proves (v). Finally, (3.7) and the equality 7y = T a.s. imply that sup,, E|u, (T)§,; <

0o, which proves (iii).
Furthermore, properties (i) and (ii) and (3.2) imply that

E[(/OT\Iu(s)Hilds)M/ u(s) | 2552,d ] < (1 + Eluglit),

E( swp [u(s)l) < COL+ Eljully,).
s€[0,T]

Step 2: We prove that a(T) = u(T) a.s. and that for t € [0,T:

_u0+/F ds+/S JAW (s (3.13)

For § > 0, let f € H'(—8,T+6) be such that || f||sc = 1, f(0) = 1 and for any integer j > 1
set g;(t) = f(t)e;, where {e;};>1 is the previous orthonormal basis of H made of elements
of H? which are also orthogonal in H%!, such that for every n > 1, H,, = span (e1,--- ,¢e,).

The It6 formula implies that for any 7 > 1, and for 0 <t <T"

3
(un(T), g5(T)) = (nl0) , g;(0)) + "I, (3.14)
=1
where
T T
I, = /0 (un(s). ) [(s)ds, 12, = /0 (F(un(s)). g5 (s))ds,
T
Iﬁ,j = / (Poo(s, up (s),dW (s), g;(s)).
0

Since f’ € L*([0,T)) and for every Z € L*(Q), (t,w) — e;Z(w) f'(t) € L*(Q; L*(0,T; ]_”10,1))
C L%(Q Ll(O T : HO1)), the weak-star convergence (ii) above implies that as n — oo,
I%, — fo ( ),ej)f'(s)ds weakly in L?*(€2). Similarly, (iv) implies that as n — oo,
= fo (s), 95 (s))ds weakly in L?(€2).

To prove the convergence of I;(ij, as in [25] (see also [13]), let Pr denote the class of
predictable processes in L?(Qr, £) with the inner product

T T
(G, J)p, = E/O (G(s), J(s)) , ds = E/O tracer (G(s)QJ(s)*) ds
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The map 7 : Pr — L2() defined by T(G)(t) = fOT (G(s)dW (s),g;(s)) is linear and
continuous because of the It6 isometry. Furthermore, (v) shows that for every G € Pr, as
n — 00, (Poo (., tun ()L, G)PT — (S(.), G)p, weakly in L*(9).

Finally, as n — oo, Pyug = u,(0) — ug in H. By (iii), (un(T),g;(T)) converges to
(a(T), g;(T)) weakly in L?*(Q2). Therefore, as n — oo, (3.1) leads to

T T
(a(T), ;) f(T) = (u0=ej)+/0 (U(S)aej)f'(S)dSJr/O (F(s), 95(s))ds

T
+ [ E@a).0,6) as 515)
0

For 60 > 0, k > %, t € (0,7, let fr, € HY (=3, T + 6) be such that || fxlleoc = 1, fr =1 on
(=6,t — %) and fp =0 on [¢,T + ). Then f, — L(_sy in L% and f] — —d; in the sense
of distributions. Hence as k — oo, (3.15) written with f := fj yields

0= (uo — u(t), ) —i—/o (F(s),ej)ds —i—/o (S(s)dW (s), e;)

for almost all (t,w) € Q7. Here, the weak continuity (after some modification) of wu(t) in
H for almost all w € Q is deduced by using Lemma 1.4 in Chapter III in Temam [26].
Indeed, it is easy to see that (3.15) provides weak continuity with values in H~!. Using
the fact that the solution is also a.s L*°([0,7]; H), Lemma 1.4 from [26] provides that the
solution is a.s. in Cy([0,T7]; H).

Note that j is arbitrary and E fOT |S(s)|2ds < oo; hence for 0 < t < T and almost every
w, we deduce (3.13). Moreover fot F(s)ds € H a.s. Let f = L(—57+5); using again (3.15)
we obtain

W(T) = up + /0 ' F(s)ds + /0 ' S(s)dW (s).
This equation and (3.13) yield that a(T") = u(T) a.s.
Step 3: In (3.13) we still have to prove that ds ® dP a.s. on Qp, we have:
S(s) = o(s,u(s)) and F(s) = F(u(s)).
To establish these relations we use the same idea as in [20] (see also [25]). Let
veX =LY Q L0, T; H*Y)) n L (Q; L*(0, T; YY) 0 L2@D(Q x [0, T] x R?).

Since o satisfies the Lipschitz condition (C)(ii) with a constant Ls < 2v, we may choose
n € (0,v) such that Ly < 2n. For this choice of 7, let C;, > 0 be defined by (2.26) and for
every t € [0,T], set

r(t) = /Ot (Collo()I13, + La] ds. (3.16)
Then almost surely, 0 < r(t) < oo for all ¢ € [0, T]. Moreover, we also have that
r€ LY (Q,L®0;T)), e € L>®(Qr), v € LY(Qrp), e € L2(Q, LY((0,T)).  (3.17)
The weak convergence in (iii) and the property P,uy — ug in H imply that

E(|u(T)[32 D) — Eluof; < lim inf [E(|un(T)|%2 e M) - E|Pnu0|%2] . (3.18)



STOCHASTIC ANISOTROPIC 3D NAVIER-STOKES 19

We now apply Ito’s formula to [¢()|2, e™"® for ¢ = u and ¢ = u,,. This gives the relation

T T
E(|¢(T)|72 M) —E|¢(0)|7, =E / e " Wd{|p(s)2.} —E / r'(s)e”" 0 |g(s)[7 2 ds,

which can be justified due to (3.17) and the property |¢> € LY(Q, L°((0,T)) for both
choices of ¢. Using (3.13), (3.1) and letting u = v + (u — v) after simplification, from
(3.18) we obtain

T
E/O e [ =1 (s){[u(s) = v(s)| 72 +2(uls) = v(s) , v(s))} +2(F(s), u(s)) +|S(s)|2 |ds
< lirr}liann, (3.19)

where

T
X, = E/O e () [ =7 (s){|un(s) — v(s)‘i2 +2(un(s) —v(s), v(s)) }
+ 2(F(un(s)), un(s)) + ]Pna(s,un(s))ﬂn\%] ds.

We write X,, =Y, + Z?:l Z! where Y,, need not converge but is non positive while the
sequences Z!, i = 1,2,3 converge as n — oo. The upper estimate in (2.26) and the
Lipschitz condition (C)(ii) imply that for s € [0,7] and Ly < 27 < 2v:

2(F (un(s)) — F(v(s)), un(s) —v(s)) + ‘Pna(s, Up (s)IL, — Pyo(s, v(s))Hn‘i
2] T (1a(5) = 0()) 2 + ColloOI () = 0() 22 + (5, () = o5, 0(5)) 2
(20— L2)|Va(un(s) — v()22 + (Cyllols)[2, + Ln) un(s) — v(5) 2.

Hence the definition of 7 in (3.16) implies that

T
Yo = E/O O =1'(5)un(s) = v(s)[72 + 2(F (un(s)) = F(0(s)), un(s) = v(s))

+ | Py [o(s,un(s)) — J(S,U(S))]Hn{i }ds <0. (3.20)

<
<

Furthermore, X,, =Y, + Z?Zl 73 where

7! :E/O e O =27/ (5) (un(s)) — (s), v(s)) + 2(F 1 (5)), v(s) + 2F(0(5)), un (5))
—2(F(v(s)),v(s)) + 2(Pna(s,un(s))l_[n , a(s,v(s)))ﬁ] ds,

T
Z,% :2E/0 efr(s) (PnO'(S,un(S))Hna PnO'(S,U(S))Hn—O'(S,U(S))) ds,

L

T
z3 = — E/ e_r(s){Pna(s,v(s))Hn{i ds.
0

n

The definition of X and (3.17) imply that r'e”"v € L?(€%; L'(0, T} ]:Io’l)). Hence the weak
star convergence (ii) implies that as n — oc:

T T
e "6 (8) (un(s) — v(s), v(s))ds e " (8) (u(s) — v(s), v(s))ds.
E [ (5)(un(s) = 0(), o)) ds ~ E | (5)(uls) - v(s) , v(s))d

Since (2.23) implies that F(v) € (L*(Q;L*(0,T; HYN) N LQ(O‘H)(QT X Rg))*, the weak
convergence (i) implies that EfT TG F(u(s)), un(s))ds — EfT ) (F(v(s)), u(s))ds.
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Since v € L*(Q; L2(0,T; HY1)) N LA+ (Qr x R?), the weak convergence (iv) implies that

EfOT e ") (F(up(s)),v(s))ds — EfOT e ") (F(s),v(s))ds. Finally, the weak convergence

(v) implies that as n — oo:

T T ~
IE/O e ) (Pro(s, up(s)I, , (s, v(s)) )£ ds — IE/O efr(s)(S(s), O'(S,U(S)))l: ds.

Hence as n — oo,
T ~
Z}L — IE/O e~ T(s) { — 2r’(s)(u(s) —v(s), v(s)) + 2(F(s),v(s)) + 2(F(v(s)),u(s))

—2(F(v(s)),v(s)) +2(S(s), a(s,v(s))) ] ds. (3.21)
For almost every (w,t) € Qr and any orthonormal basis ¢; of Ho, >_ >, 11 gjlo (s, v(s)); 2,
converges to 0 as n — oo. This sequence is dominated by |o(s,v(s))|% which belongs to
LY(P) by means of the growth condition (2.32) and the definition of X. Furthermore, the
inequality |P,o(s,un(s)) o I, |z < |o(s,un(s))|z, the growth condition (2.32), (3.7) and
the Cauchy-Schwarz inequality yield

T 1 T 1
22< (B[ e OIPos. (o) o fkds) (B [ 7@ 32 gjlotsv(s)us ads)

j>n+1

In the above right hand side, the first factor remains bounded, while as n — oo the second
one converges to 0 by the dominated convergence theorem. This yields

Z2 5 0as n— oo. (3.22)

Finally, the definition of P,, II, and the growth condition (2.32) imply that for a.e.
(w,s) € Qr,

| Gl Pac (s, ()t 22 — (s v 2] <2 D7 gilos,v(s)v

j=1 Jjzn+1
+2|(P, — Id)o(s,v(s))|% — 0

as n — oo. Furthermore, the growth conditon (2.32) implies that for every n:

| > ai1Pacr (s, vyl = [o(s, v(s) 2] < 2o s, ()]
j>1

< 2[Ko + Kifv(s)|72 + K2V (s)|7:] € LH(Qr).

Hence the dominated convergence theorem implies that
T
73 K / e |0 (s, v(s)) 2ds. (3.23)
0
Using the inequalities (3.19)—(3.23) we obtain:
T
B [ e = (o)luls) — o(s) e +2(F(s) = Fo(s). uls) — o(6)
0
+[5(s) — a(s,v(s))]%}ds <0. (3.24)

Let v = u € X; then we deduce that for almost every (w, s) € Q7 we have S(s) = o(s, u(s)).
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Let A € Rand v € X and set vy = u+ A0 € X. Then if r) is defined in terms on vy
using (3.16), the inequality (3.24) yields

T T
M\E /0 e~ (5)|5(s)|22ds 4 20E /0 e N E(s) — F(u(s)), 0(s))ds

T
+2AE /O e (B(u(s)) — Flua(s)), 5(s))ds <0.  (3.25)

The upper estimate (2.26) and Hélder’s inequality imply that for n € (0,v) and A € (0, 1],

[(F(ua(s)) = F(u(s)), 9(s))| = ’_i’{(F(UA(S)) — F(u(s)), va(s) — u(s))| < [\o(®),
where by Holder’s inequality we have
o(t) =nllo@)I1 1 +2C, (Ilu(s) 1T 1 + 13117 1)15(s) 7

+ Car([Ju(s) 5w + 18(5)[7% ) 18(5) 7200 -
Using once more Holder’s inequality, we deduce that

B [ ot < x| j/\h) s+ (] [ atszaas) o+ (| [oesaas]) ]

X < s[télzf] |o(s )|L2> + C|:||uHL2(a+l)(QT><R3) + [lo(s )||L2(a+1)(QT><R3)] H@H%?(MU(QTxRS) < o0
se|0,

Since 7 (s) > 0, the dominated convergence theorem implies that
T
E/ e N F(u(s)) — F(oa(s)),0(s))ds — 0as A — 0.
0

Furthermore, since F(s) — F(u(s)) € (L*(; L*(0,T; HY)) N L2+ (Qp x R?))", using
once more the dominated convergence theorem we deduce that as A — 0:
T

T
e ™) (F(s) — F(u(s)), o(s))ds e "6 (F(s) — F(u(s)), 9(s))ds.
EA (F(s) - F(u(s)). mm-+EA (F(s) = F(u(s)) , 5(s))d

Dividing (3.25) by A and letting A — 0" and A — 0~, we deduce that for every © € X,

T
e "G (B (s) — F(u(s)), 9(s))ds = 0.
EA (F(s) - F(u(s)), 5(s))ds = 0

This implies that F(s) = F(u(s)) a.e. on Q7.
Step 4: We next prove that u € C([0,T]; H) a.s. First recall that u is a.s. weakly
continuous from [0,7] to H as proved in Step 2. Therefore, for any ¢y € [0,7] we have
(u(t), ulto)) — |u(to)|lr,  as t — to.
Furthermore, given ¢,y € [0, T,
[u(t) = ulto)l72 = lu(t)|7: + u(to) 72 — 2(u(t), u(to)).
Hence to prove that a.s. |u(t) — u(to)|r2|r2 — 0 as t — tp, it is enough to check that a.s.
lu(t)|7, converges to |u(to)|7, as t — to. 1t6’s formula implies
lu(t V to)|2s — |u(t Ato)|2e = Ti(to,t) + Ta(to,t) + M(t V tg) — M(t Ato),
where we let

zumn=2j°<HM$LM$m&

o/\t
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toVt

Ts(to,t) = /t |0(s,u(s))|% ds,

M(r) = Q/OT (o(s,u(s)dW (s), u(s)).

The process (M (1), 7 € [0,T7]) is a real-valued square integrable martingale with respect to
the Brownian motion W. Indeed, the Cauchy-Schwarz inequality and the growth condition
(2.32) yield

= [ loto. o o < (= sup ot} {E( [ ottt a5)°}

s€[0,T]
1 T 271
< {E( sup \u(s)\ig)}Q {E(/ (Ko + Kilu(s)|72 + Kg]th(s)]%Q]ds> }2 < 00
s€[0,T7] 0

since by (3.12) we have u € L*(Q; L>=(0,T; H)) N L*(Q; L2(0, T : HYY)).
Hence, M (tV tg) — M(t Nty) — 0 a.s. as t — ty.

The upper estimates (3.12) prove that v € X a.s. and using the upper estimate (2.22)
we deduce that (F(u(.)), u(.)) is integrable on [0,7]. Hence T} (tg,t) — 0 a.s. as t — tg.

Finally, the growth condition (2.32) and the upper estimates in (3.12) imply that a.s.

T T
/ lo(s,u(s))|% ds < KoT + K1T sup |u(s)|?s + Kg/ IVhu(s)[22ds < 0o aus.
0 s€[0,T7] 0

Therefore, we have a.s. T (tg,t) — 0 as t — to. This completes the proof of the continuity
of u from [0,7] to H.

Step 5: We finally prove that if Lo is small enough, there exists a unique process in X
and a.s. in C'(0,7T; H) which is a weak solution to (2.3). Let u,v € X be solutions to (2.3)
and belong a.s. to C(0,T; H). For every N set

T~ =inf{t > 0: |u(s)|z2 V |v(s)|r, > N} AT.

Since |u(.)|g and |v(.)|g are a.s. bounded on [0, T] by the definition of X', we deduce that
a.s. v = T as N — oo. Set U = u — v; since Lo < 2v, we may choose 1 € (0,v) be such
that Ly < 2n < 2v. Let (), be a constant defined in (2.26); the It6 formula implies

20¢ EAT N 2 d 2 T
e=2Cn o lo(r)I3,1dr Ut ATN) |72 =2M (AN TN) + / P(s)ds,
0

where

M(r) = / "2y le @2 (T7(s), [o(s,u(s)) — o(s,v(s))]dW (s)),

0
W(s) = e 2O do WOIRAA T 90, lu(s) |3 1U ()], + 2(F (u(s)) = F(v(s)), U(s))
+lo(s, u(s)) —als,o(s))[z |-
We at first check that the process M is a square integrable martingale. Indeed, the Cauchy-

Schwarz and the Young inequalities, the Lipschitz condition (C)(ii) and the definition of
X imply that

T
E / 1O IS VOB 17 ()2, [ (5, u(s)) — (s, v(s))| 2 ds
0
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IN

T
E /0 U, (LU, + Lol VaU (s) 2] ds

IN

C E(tes[lé%} ]U(s)]‘ﬁ) +C E(‘ /OT ‘VhU(S)‘%2d$‘2> < 0.

Furthermore, the upper estimate (2.26) and the Lipschitz condition (C)(ii) imply that
for Lo < 2n < 2v, we have

[$(s)] < (L2 = 20) VAU (8)[72 + La|U(s) 72 < La|U(s)[72.
Hence taking expected values, we deduce that for any ¢ € [0, T:

AT t SAT
E(e*QCn SN I a7 /\TN)|%2) < / E(6*2Cn BN RO adr 17 /\TN)|%2>dS.

0
The Gronwall lemma implies that for every ¢ € [0, 7], we have U(t A 7n) = 0 a.s. Since U
a.s. belongs to C([0,T]; H), this completes the proof as N — co. O

3.3. Examples. Here, we provide two examples of coefficients o which satisfy condition
(©)

Let {4, k > 1} denote an orthonormal basis of Hy = Q%I:IO’1 and fort € [0,T], u € H!
and 1 € Hy; set

[e.9]

o(t,u)p(x) = Z (0, 1) ok (t, x,u(z), Viyu(z)),

k=1

where oy, : [0, 7] x R3 x R3 x R® — R3 are measurable functions with appropriate regularity
and Vh - (3121,3221).

Example 1: For t € [0,7], z € R3, y € R? and z = (¢, () for ¢, € R? set
ot m,y,2) = opolt, @) + o1 (t, @)y + oa(t, 2)C + Gra(t, 2)C,
where O'k70(t,.) S f{O,I’ O'k71(t, .), O’k,g(t, .), O’k 2( ) 330’k 0( ) 330’k Q(t ) and 835’k,2(t,.)
belong to L>(R?). Suppose furthermore that:

o 3 [lono(t s + loka (e + lowatts e + 1oales ] < e,
k:>1

sup >~ (10511 (t 2)l[F e + 19501206 2) |3 + [9sk(t,2) 3| < o0,
te[0,T) 1

Then condition (2.32) holds with Ko = 3sup; >, [ok.0(t,.)|32, K1 = 3sup; >, lowa(t,.) |7
and Ky = 3sup, >, (llow2(t, ) |30 +115k,2(¢, .)||3 ). The Lipschitz condition (C)(ii) holds
with L1 = —Kl and Lo = —KQ.

Taking the partial derivative with respect to 3, we deduce that (2.33) holds with

K0—5SUPZ||U M1

R = K1+5SUPZ(\%1 e + 19501t ) )
and finally
Ky = K2+5SUPZ<|UM Mo + 16120t ) [Feo + 195028, N + 110550,2(E ) ).
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Example 2 The following example has some more general Lipschitz structure.
For t € [0,T], z € R3, y,y/ € R® and 2,2’ € RS set

|O-k(t,x’y’ Z) - Jk(taxayla ZI)| < Ck,l(tax”y - yl| + Ck72(t,$)|2 - Z/|?
laargak(taxayaz)’ < ék,O(tvx) + ék,l(tw%')‘y’ + ék,Q(th)‘Z’?

where o,(t,.,0,0) and Cyo belong to L*(R3), while Cy1(t,.), Cra(t,.), Cri(t,.) and
Ch.a(t,.) belong to [LOO(R3)]3. Moreover, we suppose that

sup Z sup  |Vyor(t,x,y,2)|? = C3 < 00,
t€[0,T)] E>1 (z,y,2)ER1?

sup Z sup  |V.on(t,z,y,2)> = Cy < o0,
t€[07T] ]{;21 ($7y,Z)ER12

and
sup 3" (Iow(t, 0,022 +[Cro(t, )I32) < o0
te[OT}k>1
sup Z(!Cm Wi + 1Cka(t MIEo + 1Cha (8, ) Foe + 1Ck2(t, Toe) < 00
te[0.7] }>1

The growth condition (2.32) holds with:

Ky —35up23|011C ,0,0))72, K1 —3supZ||Ck1 M3, Ko —3supZ||Ck2 Moo

The Lipschitz condition (C)(ii) holds with L; = 2K; and Ly = 2K,. Taking partial
derivatives with respect to z3 yields that the growth condition (2.33) is satisfied with:

Ky =Ko + 581;132 ICrolt, )22,
Ky K1+503+SHPZ B[Cra(t, NTee + 51 Cha(t, ),

Ky K2+504+supz 3Cr2(t, )| Zoe + 5lICk2(t, )1 ).

4. LARGE DEVIATIONS

For e > 0, let u® € X such that u® € C([0,T]; H) a.s. denote the solution of (2.3) where
the noise intensity is multiplied by a small parameter € > 0, that is

u(t) :u0+/0 [l/Ahue(s)—B(ue(s))—a|u5(s)|20‘u5(5)]d8—|—\/5/0 o(s,u(s))dW(s). (4.1)

For any constants K;, K; and L; in Condition (C), for € small enough there is a unique
solution to (4.1) which is denoted u® = G(y/eW) for some Borel-measurable function
Ge:C(0,T]; HY) — X.

In this section we prove that u€ satisfies a large deviations principle in the space
Y := C([0,T]; H)NL*(0,T; HY). For technical reasons, in all this section we will suppose
that Condition (C) holds with Ky = I?g = Iig = 0. We use the weak convergence approach
introduced in [6] and [7]. We at first prove apriori estimate for stochastic control equations
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deduced from (2.3) by shifting W by some random element. To describe a set of admis-
sible random shifts, we introduce the class A as the set of Hyp—valued (F;)—predictable

stochastic processes ¢ such that fOT |p(s)|2ds < oo, a.s. Let

Sy = {¢ € L2(0,T; Hy) - /OT I6(s)|2ds < M}.

The set Sy endowed with the following weak topology is a Polish space (complete separable

metric space) [7]: di(¢,v) = > .2, 2—11 fOT (o(s) — Q,Z)(s),él-(s))ods‘, where {€;(s)}°, is an
orthonormal basis for L?(0, T; Hy). Define

Ay ={p e A: ¢p(w) € Sy, a.s.}. (4.2)

Let B(Y) denote the Borel o—field of the Polish space Y endowed with the metric
associated with the norm

T 1
Jully = sup fu@)ls + (| Ju®lf gds) . (43)
te[0,T] 0

We recall some classical definitions; by convention the infimum over an empty set is +o0.

Definition 4.1. The random family (u) is said to satisfy a large deviation principle on
Y with the good rate function I if the following conditions hold:

I is a good rate function. The function function I :' Y — [0, 00] is such that for each
M € [0,00] the level set {p € Y : I(¢p) < M} is a compact subset of Y.
For Ae B(Y), set I(A) = inf,ca I(u).

Large deviation upper bound. For each closed subset F' of Y :

limsup elogP(u® € F) < —I(F).
e—0

Large deviation lower bound. For each open subset G of Y :
lim inf elogP(u® € G) > —I(G).
e—0

For all ¢ € L?([0,T), Hp), we will prove that there exists a unique solution let ug) €Y of
the deterministic control equation (4.4) with initial condition ug(O) = ug € LY(Q, HO):

dudy(t) + [—vApu(t) + B(ud(t)) + alug (t)[*ug (t)]dt = o (t,ug(t))p(t)dt. (4.4)

Let Co = {f; ¢(s)ds : ¢ € L*([0,T], Ho)} C C([0,T], Hy). Define G° : C([0,T],Hy) — Y
by G%(®) = ug for @ = [; ¢(s)ds € Cp and G°(®) = 0 otherwise. Since the argument below
requires some information about the difference of the solution at two different times, we
need an additional assumption about the regularity of the map o(.,u).

Condition (C’) (Time Hdélder regularity of o): There exist constants v > 0 and C' > 0
such that for ¢yt € [0,7] and u € H"0:

lo(tr,u) — o(tz,u)le < C (1 + flullio) [ty — 22|
The following theorem is the main result of this section.

Theorem 4.2. Suppose that conditions (C) with Ko = Ky = Ly = 0 and (C°) are
satisfied and that ug € H"' . Then the solution (u®) to (4.1) satisfies the large deviation
principle in Y = C([0,T); H) N L*(0,T; H9), with the good rate function

s [ oterzas), (45)

Ie(u) = inf
e(w) {#€L2(0,T;Ho): u=GO([; ¢(s)ds)} {2
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The proof relies on properties of a stochastic control equation. Let M > 0, ¢ € Ay
and ug € L*(Q; H*'). Suppose that o satisfies condition (C) with Ky = Ky = Ly = 0
and consider the following non linear SPDE with initial condition u4(0) = uo:

g (t) + [ = v AR A (1B (g (1)) + alurg (0) o (1) dt
= o (t,ug(t))dW (t) + o (t, ue(t)) o(t)dt. (4.6)
The following theorem shows that Theorem 3.2 holds in this setting. Its proof, which is
similar to that of Theorem 3.2 (see also Theorem 2.4 in [13]), is given in the appendix.
Note that the result would still be valid with ”small enough” Ks, Ko and Ls. However,

some further arguments needed to prove the Large Deviations Principle require these
coefficients to vanish.

Theorem 4.3. Let o satisfy condition (C) with Ky = 0 (resp. Ky = 0) in the growth
condition (2.33) (resp. (2.32)), and with Ly = 0 in condition (C)(ii). Then for every
M > 0 and T > 0 and any Fo-measurable ug such that EHUOHé,l < oo and any ¢ €
A, there exists a unique weak solution ug in X of the equation (4.6) with initial data
ug(0) = ug € L*(Q; H*Y). Furthermore, uy € C(0,T; H) a.s. and there exists a constant
C .= C(Ko,Kl,Ko,ffl,T M) such that fOT ¢ € Ay,

B s (s + / o (1)1 ) / g ()282t) < © (14 Ellugll3). (47)

We next consider stochastic control evolution equations deduced from (4.1) by a random
shift by a function ¢ € A, that is the solution g to the evolution equation:

ug(t) =uo + / [vApug(s) — B(ug(s)) — alug(s)**ug(s) + o (s, ug(s))o(s)] ds

0
+ /e ; o(s,ug(s))dW (s). (4.8)

Let €9 > 0, (¢¢,0 < € < gg) be a family of random elements taking values in the set Ay,
given by (4.2). Let ug_, be the solution of the corresponding stochastic control equation

with initial condition ug_(0) = ug € HO.
diug, (t) + [—vApuy, () + B(ug_ (1)) + alug, (t)]QO‘uj)E (t)]dt
= o(t,u,_(t))[p=(t)dt + e dW (1)]. (4.9)
Note that for W& =W, + % i ¢=(s)ds we have u§_ = G*(\/eW*).
The following proposition establishes the weak convergence of the family (ug4.) as e — 0.

Its proof, which is similar to that of Proposition 4.3 in [15] (see also Proposition 3.4 in
[13]), is given in the appendix.

Proposition 4.4. Suppose that the conditions (C) and (C’) are satisfied with Ky =
Ky = Ly = 0. Let ug be Fo-measurable such that EHuoHO 1 < 400, and let ¢. converge
to ¢ in distribution as random elements taking values in .AM, where this set is defined
by (4.2) and endowed with the weak topology of the space Lo(0,T; Hy). Then as € — 0,
the solution ug_ of (4.9) converges in distribution to the solution ug of (44) inY =

C([0,T]; HYNL?(0,T; HYY) endowed with the norm (4.3). That is, as e — 0, G (\/E(W +
ﬁ IN (bg(s)ds)) converges in distribution to GO( [; ¢(s)ds) in'Y.



STOCHASTIC ANISOTROPIC 3D NAVIER-STOKES 27

The following compactness result is the second ingredient which allows to transfer the
LDP from /W to uf. Its proof is similar to that of Proposition 4.4 and easier; it will be
sketched in the appendix.

Proposition 4.5. Suppose that conditions (C) and (C°) hold with Ky = Ky = Ly = 0
hold. Fiz M > 0, ug € H®' and let K(M) = {ug € X : ¢ € Sy}, where ug is the
unique solution of the deterministic control equation (4.4), and let Y = C([0,T]; H) N
L%(0,T; HY). Then K (M) is a compact subset of Y.

Using the above results, we can complete the proof of the Large Deviations Principle
for our stochastic Brinkman-Forchheimer 3D Navier-Stokes equations.
Proof of Theorem 4.2: Propositions 4.5 and 4.4 imply that the family {u®} satisfies the
Laplace principle, which is equivalent to the large deviation principle, in Y with the good
rate function defined by (4.5); see Theorem 4.4 in [6] or Theorem 5 in [7]. This concludes
the proof of Theorem 4.2. O

5. APPENDIX

The computations in this section are similar to the ones established for the stochastic
equation (2.3). Equation (4.4) is a particular case of equation (4.6) and the proof of the
well posedness of (4.6) follows the steps used to prove that of (2.3). However, for the sake
of completeness, we show some of the estimates that are performed for (4.6) to show how
the extra term o (t, ug(t))@(t) with respect to (2.3) can be dealt with.

5.1. A priori estimates for the stochastic control equation. In this section we will
only show how to obtain the estimates given in Theorem 4.3. The argument is similar to
that of Theorem 3.2 (see also Theorem 2.4 in [13]). We briefly sketch it only pointing out
the changes to be made to deal with the random shift ¢.

We at first consider an analog of (3.1). For ¢t € [0,T], ¢ € An, v € H,, and u,, 4(0) =
Phug, let u, 4 be defined on H,, as follows:

d(un,p(t),v) = (F(ung(t), v)dt + (Poo(t, un 6 (t)dWy(t),v) + (Paol(t, un,d)(t))l'[n(b(t)(% vi;it.

We check that an analog of (3.2) can be obtained for these processes with a constant C'
which only depends on M (but not on ¢ and n). We let 7 = inf{t : ||, ¢(t)]|oq > N}AN.

We apply the 1t6 formula to ||.||(2)71 and the process u, 4. This yields an equation similar
to (3.3) where u,, is replaced by w,, 4, and where we add the term T4(t) in the right hand
side, with

Ty(t) = 2/0 " (a(s,u¢(s))¢, u¢(s))ds.

The growth condition (2.33) with Ky = 0, the Cauchy-Schwarz inequality, and the in-
tATN
0

equality |y| < 1+ %2 imply
ol <2 [ [VEo+ VRilunalo)lie] )l lno()osds

<oyRam 1+ 2(VRa+ i) [ 1606)o )15

Fix € > 0; as in the proof of Proposition 3.1, choose ¢y > 0 small enough to ensure
2Ce€p < 2v — ¢, where C is the constant in the right hand side of (2.22), and then ¢ > 0
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small enough to ensure £ < 2a(2a + 1) —e. Set

INTN
X(t) = sup [ung(s)|3 +2a / o (5) 222, s,
S<INTN 0

tATN
VO = [ [Vt 5)e + 10Tt 6(5) ) + (o) 3555 s

For this choice of constants, we deduce that
¢
X(t)+eY(t) < Z —i—/ e(r) X (r)dr + I(t),
0
. 1 _ _
where p(r) = K1 + Caealel a1 4 2(\/ Ky + V Ko)|o(r)|o and
~ ~ SATN
7 = Hung,l + KT + 2/ KoT M, 1(t) =2 sup ‘/ (a(r, ug(r))dW (r), u¢(r))0 1‘.
0 b

s€[0,7T7

The Burkholder-Davies-Gundy inequality, the growth condition (2.33) with Ky = 0 and

arguments similar to those in the proof of Proposition 3.1 imply that for 5 € (0,1), v = I%,

C = QR'OT we have
E(I(t)) < BE(X(t)) +7/ E(X(s))ds +C
Thenfogo s)ds < KiT + Cyey elo‘lT—|—2(\/_—|—\/_>\/ =C(1).

Since ¢ is random, we need an extension of Gronwall’s lemma (See [15], Lemma 3.9 for
the proof of a more general result).

Lemma 5.1. Let X, Y, I and ¢ be non-negative processes and Z be a non-negative
integrable random variable. Assume that I is non-decreasing and there exist non-negative
constants C', K, 5,7 with the following properties

T
/ o(s)ds < Ca.s., 2Be <1, (5.2)
0
and such that for 0 <t <T,

X(t)+rY(t) < Z—i—/tap(r)X(r) dr +1(t), as.,
0

E(I())

IN

BE(X() +7 [ BX(s)ds+C.
where C > 0 is a constant. If X € L>([0,T] x ), then we have
E[X(t) + kY (t)] <2 exp (C + 2tve°) (E(Z) + C) [0, 7). (5.3)

Lemma 5.1 implies that for all ¢ € [0,7] we have E(X(¢) + €Y(t)) < 2exp(C(1) +
2tve¢ M) [EZ + C).

Hence there exists a constant C, which only depends on M, T and the constants K,
i = 0,1 in Condition (C), such that for every ¢ € Ay

N
E( sup[fun ol A )G + /0 (It () 21 + lln () 125 ) ds ) < € (1 + Eljuoll3,).
se|0,
(5.4)
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We then apply once more the It formula to the square of [lup |5 ;. This yields an
upper estimate similar to (3.6) with wu, 4 instead of u,, and where we add T5(t) in the
right hand side, with

To(t) =4 (05, tnp (5)0(5) o)),y ltn ()31

Using the Cauchy-Schwarz inequality and the growth condition (2.33) with Ko =0, we
deduce that

< [ (VR4 Rl oods + 4y Ko

Let

_ _ tATN
X(t) = sup [[ung(sATn)lo,1, Y (#) :/0 [[tn,6 () 13,1 (IV ntin ()72 +-03 Vi, ¢ ()| 72 ) ds

s€[0,t]
Then choosing again ¢y and €1 small enough, we deduce that for some ¢ > 0,

Xt)+eY(t) < Z+I(t)+ /t @(s)X (s)ds,
0

where @(s) = 6K, —1—4(\/?0—1— \/_ s)o, I(t) = SUPse[o 1 Ty (s) for Th(s) defined in (3.6)
and Z = /AK TM+6Ko [ |[un 4(s \Olds Then I (s)ds < C(2) == 6K T+4(v/ Ko+
VE)VTM. For B € (0,1) andy—FKl,We have EI(t) < BEX (¢ +7f0 EX(s)ds + C’
where (' = 3—66E L ||un7¢(s)\|g71ds < 00 by (5.4). Using once more Lemma 5.1 we deduce
the existence of a constant C' depending on M, T" and the constants K; in (2.33) such that

™
B[ sup s A7)l + | o Bl (s ads] < O+ Eluall). 659
holds for any ¢ € Ay,.

This estimate being established, we follow the steps in the proof of Theorem 3.2 and
prove that the weak limit u, of a proper subsequence of the sequence (up4,n > 1) is a
solution of the evolution equation (4.6). In order to conclude the proof of Theorem 4.3, it
remains only to prove the almost sure continuity of the process ug.

Let Wo(t) = ) + fo s)ds; the Girsanov theorem 1mphes that W? is a Brownian
motion under the probablhty P with density exp ( — fo -5 fo lo(s) %ds) with

respect to P on F;. Under P the process ug is the unique solution to the evolution

equation (2.3) in X and belongs P a.s. to C([0,T] : H). Since the probabilities P and P
are equivalent and this completes the proof of Theorem 4.3.

5.2. Weak convergence of the stochastic control equations (Proposition 4.4).
We at first prove the following technical lemma, which studies time increments of the
solution to the stochastic control problem (4.8). To state the lemma mentioned above,
we need the following notations. For every integer n, let v, : [0,7] — [0,7T] denote a
measurable map such that for every s € [0,7], s < ¥p(s) < (s +¢27") AT for some
positive constant ¢. Given N > 0, ¢ € Ay, and for ¢ € [0, T, let

Gn() = {w : (sup [u5 ()@ )V / g () @) s )v / g (252 ds) < V).

0<s<t
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Lemma 5.2. Let €9, M, N > 0, o satisfy condition (C) with Ko = Ko = Ly = 0. Let
ug € L*(Q; HOY) be Fo-measurable, and let ug(t) be solution of (4.8). Then there exists

a positive constant C (depending on K;, K;,i = 0,1,L,,T, M, N, €0) such that for any
¢ € Ay, € € 10,20]:
4 2
16:9) =Eloya [ {Iua() = s wn(o)E:
¥nls) 2 2042 —n
+/ (IVhus (r)[22dr + [[u5 (1) 2542,)d }ds] <027 (5.6)

Proof. The proof is close to that of Lemma 3.3 in [13]. Let ¢ € Ay, € > 0; for any
s € [0,T], Ito’s formula yields |ug(vn(s)) — ug(s)|72 2, =58 I where

v = 2VEB (g [ 0 /w DAV (), () — w5 ())).

Pn(s
In’Q == 6E 1GN T)/ dS/ )|£d7‘)

Yn(s)
I,z = QE 1GN(T)/O ds/ (O’(T’,U;(T))(ﬁ(r), uz(r)—ug(s)) dr),

:’\4
—
I

T wn(S) € £ £
Ing = 2VE(1GN(T)/O ds/S <Ahu¢(r), u¢(r)—u¢(s)>dr),
r wn(S) g g 13
I = —2E<1GN(T)/O ds/s <B(u¢(r)), u¢(7")—u¢(s)>dr>,
T Yn(s) 5 2a, € € 5
Ing = —2aE<1GN(T) ; ds i R3|u¢(7“,:c)| ug(r, ) (ug(r, z) — ug(s, z)) dﬂ:dr).

Clearly Gn(T) C Gn(r) for r € [0, T]. In particular this means that [ug(r) %Q—i—\uz(s) 2, <
N on Gn(r) for 0 < s <r <T. We use this observation in the considerations below.
The Burkholder-Davis-Gundy inequality and the growth condition (2.32) yield for € €
[0, 60]:

T Un(s) 1

Il < 6vE [ asB( [ otrub ) Blaye 650~ w3 (o) dr)’
T ¥n(s) 9 %
< 6\/280]\7/0 ds E(/ [Ko + K1 |ug(r)|7,] dr) .

Schwarz’s inequality and Fubini’s theorem as well as (4.7), which holds uniformly in e €
10, &¢] for fixed £y > 0 (since the constants K; and Ly are multiplied by at most ), imply

T T
1] < 63/20NT |E /0 (Ko + K s (0:) ( [

(r—c2—n

1

., ds) dr} <027 (5.7)

for some constant C7 depending only on K;,i = 0,1, M, €9, N and T. The growth
condition (2.32) and Fubini’s theorem imply that for ¢ € [0, ¢]:

T n(s)
[Ia| < 50E<1GN(T)/O ds/ (K0+Klyu;;(r)\%2)dr) < 0277 (5.8)
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for some constant Cs depending on the same parameters as C;. The Cauchy-Schwarz
inequality, Fubini’s theorem, the growth condition (2.32) and the definition of Ay yield

T Pn(s) 1
el < 2B 1oy [ ds [ (Ko + Kalug) ) 60)lolus(0) — o) ar)

T 1
< NNIE/O Loy lo(r)lo(Ko + KiN)> (/( _

for some constant C3 depending on the same parameters as C. Using the Cauchy-Schwarz
inequality we deduce that

T

ds) dr < G327, (5.9)
c27™)VO0

wn(s
il = A& (1anery [ s [ e[ = 1900 + 9050 Vi 02|

¥n(s)
< —E(lGN(T)/O ds |Vyus ()| / dr) <CON2™, (5.10)

The antisymmetry relation (2.5), the inequality (2.15), the Cauchy-Scwarz inequality and
Fubini’s theorem and inequality yield:

1] < 2816, T)/ ds/wn(s ar|(Bs(r), u5(5))])

< ONE 16, / g1 1ds) / N / " ) as) ]

T

< C(T)Niz3E[1GN(T){/OTdr</(HQ_n)VO ds)|th¢( )|L2}1] <0527 (5.11)

for some constant C5 which depends on 7" and N.
Finally, Fubini’s theorem and Hélder’s inequality imply:

T n(s)
sl < 20E 1oy [ ds [ ar [ (00 + )P ()] o]

T Yn(s)
< zaE[1G / ds/ 11465, (8) || p2ecs |0, ()| 2252 dr}
= Nn(T) 0 ® L2o+ @ L2a+2

T T
+208 1oy [ o) ( [ ds) dr|
0 (r—c2=m)Vv0

+2ac2™ "N
—n)5ets T e ek \ otz ([T sarz [V Nz
< 20(2") EH E[16, ) ( /O g (1222 ) 7 ( /O sl [ ar) ]
+2ac2 "N < Cg27" (5.12)

for some constant Cys depending on T and N. Collecting the upper estimates from (5.7)-
(5.12), we conclude the proof of (5.6). O

In the setting of large deviations, we will use Lemma 5.2 with the following choice of
the function 1),. For any integer n define a step function s+ s, on [0,7] by the formula

Sp=thy1 = (k+1)T27" for se [kT27", (k+1)T27"]. (5.13)

Then the map 1, (s) = 8, clearly satisfies the previous requirements with ¢ = 7.
Proof of Proposition 4.4
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Now we return to the setting of this proposition and recall that for random elements
(¢, 0 < & < go) taking values in the set Aps, we let ug_ denote the solution to (4.9) with
initial condition ug_(0) = ug € HOL,

Since Ay is a Polish space (complete Separable metric space), by the Skorokhod rep-
resentation theorem we can construct processes ((;55, o, W‘f) such that the joint distribu-
tion of (¢€, W¢) is the same as that of (¢, W*), the distribution of é coincides with
that of ¢, and qﬁe — gb, a.s., in the (weak) topology of Sp;. Hence a.s. for every
t €[0,7], fo ¢5 fo ds — 0 Weakly in Hy. To lighten notations, we will write
(s, WE) = (¢5,¢, W). Let U = ug, — ud; then U(0) = 0 and

dU(t) = [F(ug, (£)) — F(ug(t)) + o (t,ug (1)) = () — o (t,ug(t)) o(t)] dt
+ Veo (t,ug_(t)dW (t). (5.14)

Let n € (0,v) and C), be defined in (2.26); It6’s formula, the upper estimate (2.26), the
growth condition (2. 32) and the Lipschitz condltlon (C)(u) imply for ¢ € [0,T:

U025 + 20 / V0V (5)[22ds + 2ax / (145, (5)] + [8(5)]) U ()| s
3
<Y Tite) +2 /0 (Co 1SS 1 + v/Trl6<(5)]o) [U=(5) 2, (5.15)
=1
where
Ti(t,e) = 2\/_/ su¢())dW(s)),
Tyte) = /0 (Ko + KuJus, (5)[2)ds,

Tt = 2 [ (olssad(6)) (0:(6) — 006). U(9) ds.

We want to show that as e — 0, [|[Uc|ly — 0 in probability, which implies that uj_— uy
in distribution in Y. Fix N > 0 and for ¢ € [0, 7] let

G(t) ={ sup [ul(s)2. < N} { /0 ()12, + b (s)I355% )ds < N,

0<s<t

Gre(t) =Gu®) N { s (g ()= < N} { /0 (s, ()12 1 + Il (9)|2542,)ds < N}

0<s<t

The proof consists in two steps.

Step 1: For any ¢y €]0,1], we have sup sup P(Gne(T)°) = 0as N — oo.
0<e<eo ¢,9c€AM
Indeed, for € €]0,2¢], ¢, ¢ € Aps, the Markov inequality and the a priori estimate (4.7),

which holds uniformly in € €]0, &¢], imply

T
P(Gro(T)) <P sup Jub(s)3. > N) +P ( /O (Il ()31 + [ (s)12552 )ds > N)

0<s<T

T
+P( sup Jug ()3, > V) +P( /0 (I ()11 + g, () 2552 ) ds > V)

0<s<T

< O (1+ Elluolid )N, (5.16)
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for some constant C' depending on T and M.
Step 2: Fix N >0, ¢, ¢. € Ay such that as ¢ — 0, ¢. — ¢ a.s. in the weak topology of
L?(0,T; Hp); then one has as & — 0:

T
E|lgy.r( sw |U-(0)F + / VU2 dt) | — 0. (5:17)
0<t<T 0
Indeed, (5.15) and Gronwall’s lemma imply that on Gy (T'),

sup |U-(t)]32 < { sup (Ti(t,e) + Ts(t,€)) —i—aC*} exp (2C,7N—|—2\/L1MT),

0<t<T 0<t<T
where C, = T(Ky + K;N). Using again (5.15) we deduce that for some constant C' =
C(T,M,N), one has for every ¢ € [0, ]

E(lgy,.r IU:13) < C (e +E[lay,m) s (Taltse) + Ta(t )] ). (5.18)

Since the sets Gy .(.) decrease, E(lGN (1) Supp<i<7 [T1(t,€)]) < E(A:), where
v =20E s | [t (0000w, )W (5))
0<t<T

The scalar-valued random variables A, converge to 0 in L' as ¢ — 0. Indeed, by the
Burkholder-Davis-Gundy inequality, (2.32) and the definition of Gy (s), we have

1

T
B < 6VER{ [ Loy W(o)lEs lols.us, (s)fEsds |

< 6y/E EH4N /OT Loy (o) (Ko + Kl\ugg(s)\;)ds}%} <O(T,N)ve.  (5.19)

In further estimates we use Lemma 5.2 with v,, = §,,, where §,, is defined in (5.13). For
any n, N > 1, if we set t, = k127" for 0 < k < 2", we obviously have:

4
E(1GN’E(T) sup [Tt g)|) <2 S T(N,n,e) + 2 E(T5(N,n,¢)), (5.20)
St i=1
where
Ti(N,m,) = B[l r) 5w | / (s, (5)) (6:(5) = 6(5)) , [Ue(s) = Ue(s0)] ).

To(N,n,2) = E[lgy )

<o | | ([, 1209)) — o w(D](6s) = 6(5) . Ue(5) s

0<t<T

|

Tg(N,TL,&) = E[lGNs( )

]

(stentie) [ (0uts) = ot s, o) |

th—1

X sup ‘/ sn,u¢ s)) — a(§n,ug(§n))] ((bg(s) —qﬁ(s)) ) Ue(gn))ds

0<t<T

Ty(N,n,e) = E[IGNE(T) sup sup
' 1<k<2m b1 <t<ty
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Ts(N,n,e) = lay.(1) i": ‘ (a(tk,ug(tk)) /tk (p=(s) — #(s)) ds, Ug(tk)) ‘
k=1 b1

Using the Cauchy-Schwarz inequality, the growth condition (2.32) and Lemma 5.2 with
Yy, = 8p, we deduce that for some constant C := C(T, M, N) and any ¢ €]0, ¢}

T 1
Ty(N,n,e) < E[lgy. ) /0 (Ko + K [ul (5)[32) |2() = 6(5)lo |U=(5) = Ue(50)] 2 ds]
T 1
< (E[1gy.m /0 (I (5) = w5, (50) Bz + |y (5) — uS ()32 } ds )
T i .
(R + ) (E [ 0x(s) = o(s)fBas) < ¢y 2, (5.21)

A similar computation based on the Lipschitz condition (C)(ii) and Lemma 5.2 yields for
some constant C5 := C(T, M, N) and any ¢ €]0, &g

1
(N n,e) < \/2N1L; (E[lGN (T) / \ud, —u¢(sn \Lg ds / |pe(s) — \Ods)
<Cy2°%, (5.22)
The Hélder regularity (C’) imposed on o(.,u) and the Cauchy-Schwarz inequality imply:

T
Tyo(N,n,e) < C\/N2_"“/E(1GN7£(T)/O (L+ [ud(9)l1,0) o= (s) — é(s)lo ds> < Cyp27™

_ (5.23)
for some constant Cy = C(T, M, N). Using the Cauchy-Schwarz inequality and the growth
condition (2.32), we deduce for Cy = C(T, N, M) and any ¢ €]0, g¢]

- 23
Ty(N,n,e) < E[lGN,E(T) sup (Ko + K1 |ud(tr)]72) /t |9e(s) — @(s)|ods !Ue(tk)!m}
Pty e k—1

N

tr - .
< 2/N(Ko + K1 N) E(lj;<1>2n /t 16 (5) — &(3)]o ds) <4Cy2°%.  (5.24)
> k—1

Finally, note that the weak Convergence of ¢ to ¢ implies that for any a,b € [0,T],
a < b, as € — 0 the integral f ¢ (s)ds converges to fb @(s)ds in the weak topology of H.
Therefore, since for the operator J(tk,u¢(tk)) is compact from Hy to H, we deduce that
for every k,

ty tg

olteuyt)( [ ecs)ds— [ o(s)ds)|

te—1 te—1

—0 as ¢ —0.

Hence a.s., for fixed n as ¢ — 0, T5(N,n,e,w) — 0. Furthermore, T5(N,n,e,w) <
C(Ko, K1, N, M) and hence the dominated convergence theorem proves that for any fixed
n, N, E(T5(N,n,ec)) — 0 as € — 0.
Thus, (5.20)—(5.24) imply that for any fixed N > 1 and any integer n > 1
hmsupE[lGN @ Sup |T5(t, 6)|] <Cn1.M 9-n(VAg),

e—0

Since n is arbitrary, this yields for any 1nteger N> 1:

li E[1 T }: .
iy s 169 =¢
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Therefore from (5.18) and (5.19) we obtain (5.17). By the Markov inequality

1
5_2E<1GN,E(T)HUEH§/) for any ¢ > 0.

Finally, (5.16) and (5.17) yield that for any integer N > 1,

P(|Ully > 6) <P(Gne(T)) +

limsup P(|Us||y > §) < C(T, M)N~!,
e—0

for some constant C'(7', M) which does not depend on N. This implies lim._,o P(||Uc||y >
0) =0 for any § > 0, which concludes the proof of Proposition 4.4. a

5.3. Proof of the compactness of the set of controlled equations (Proposition
4.5). Recall that we want to prove that the set K (M) = {ug € X : ¢ € Sy} is acompact

subset of Y. Let {u2} be a sequence in K (M), corresponding to solutions of (4.4) with
controls {¢,} in Sy

dul (t) = F(ul(t)dt + o (t, v (t)) b, (t)dt, ul(0) = ug € HO!,

n

Since Sy is a bounded closed subset in the Hilbert space L?(0, T'; Hy), it is weakly compact.
So there exists a subsequence of {¢,}, still denoted as {¢,, }, which converges weakly to a
limit ¢ in L?(0,T; Hy). Note that in fact ¢ € Sys as Sy is closed. We now show that the
corresponding subsequence of solutions, still denoted as {uY}, converges in Y to ug) which
is the solution of the following “limit” equation

dug)(t) = F(ug(t))dt + o (t,u(t)p(t)dt, u(0) = u.

This will complete the proof of the compactness of K(M). To ease notation we will often
drop the time parameters s, t, ... in the equations and integrals.

Let U, = ul — ug); using (2.26) with n € (0,v), Condition (C) and Young’s inequality,
we deduce for ¢ € [0,7T:

Un(t) 32 +2n /0 |90 (5)Bads < 2, /O S (IR U)o
#2 [ {([ot12060) — 015,850 60(5). 0n(5)
+ (05,4 (5)) (9n(s) = 6(5)) , Un(s)) }ds
<2 [ P ol + VT 6005 ds
+2 / t (o(s,ub(5) [6n(5) = 6(s)] , Un(s)) ds. (5.25)

0

The inequality (4.7) implies that there exists a finite positive constant C' such that

T
sup | sup ((u(fE + en(®O) + [ (WS + [a2)F)ds| =€ (5.20
n Lo<t<T 0

Thus Gronwall’s lemma implies that

T 5.
sup |Un(1)]? + 277/ VaUn(0)32 dt < exp (2(C,C + VIMT)) YLy, (5:2)
0 i=1

t<T
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where, as in the proof of Proposition 4.4, we have for t;, = kT2~ V:
T
Ly = /0 |(o(s,ug(5)) [bu(s) = 6(5)], Un(s) = Un(5n))| ds,
T
2y = /0 ([ (s, w3 (5)) = o5, uy(5)] [6n(s) = 6], Un(sw) )| ds
T
Ly = /0 ([ ul(s)) = o (s, uy(55))] [Bu(5) = 9(s)] s Un(5w) ) | ds,

Lin = S LS <a(tk,u3(tk)) /t (0e(5) = o(s))ds , Un(tk))‘a
2N te

By = Y (otwead®) [ 6a(s)— o(s)ds . Unltr)).
k=1 th—1

The Cauchy-Schwarz inequality, condition (C) and Lemma 5.2 imply that for some con-
stants C;, which depend on M and T', but do not depend on n and N:

=

_. 1 T
P < (o4 KiO)F( [ (5) = sl + (o) — ) 1))

/Iqbn - Iods) SQT%, (5.28)

N

1y <250 ( /y% — (5 ads) /1% - s)\ods) <y ¥ (5.29)
1

th N
Ay < (Ko + K10)22V/C  sup (/ |6 (s) — ¢(s)\3ds)2 < 027, (5.30)

]{?:17"',2N te—1

Furthermore, condition (C’) implies that

T
Iin <C27Y7 sup (Jug(t)]ge + Iug(t)lm)/o (1 + lug(s)llo)(|6(s)lo + |6 (s)]o) ds

0<t<T
< Cy27 N7, (5.31)
For ﬁxed N and E=1,---,2N as n — oo, the weak convergence of ¢, to ¢ implies that
of ftk ) — ¢(s))ds to 0 weakly in Hp. Since a(tk,ug(tk)) is a compact operator, we

deduce that for fixed k the sequence o (ty, ulo(ty)) [ i (@n(s) — ¢(s))ds converges to 0

strongly in H as n — oc. Since sup,, j, [Uyn(tr)| < 2V/C, we have lim,, I° ~ = 0. Thus
(5.27)—(5.31) yield for every integer N > 1

n—00 t<T

T
limsup{sup|U )32 —|—/ U130 dt} < 02~ NOAD),
0

Since N is arbitrary, we deduce that ||U,|ly — 0 as n — oo. This shows that every
sequence in K (M) has a convergent subsequence. Hence K (M) is a sequentially relatively
compact subset of Y. Finally, let {u0} be a sequence of elements of K (M) which converges
to v in Y. The above argument shows that there exists a subsequence {ugk, k > 1} which
converges to some element uy € K (M) for the same topology of Y. Hence v = ug, K(M)
is a closed subset of Y, and this completes the proof of Proposition 4.5. O
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