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Estimating the division rate and kernel in the fragmentation
equation

Marie Doumic * Miguel Escobedo Magali Tournus

Abstract
We consider the fragmentation equation

of
ot

Yy=0oo

(t.0) = ~Ba)f(te) + [ Ko By,

Yy=x
and address the question of estimating the fragmentation parameters - i.e. the division rate
B(z) and the fragmentation kernel k(y,z) - from measurements of the size distribution f(¢,-)
at various times. This is a natural question for any application where the sizes of the particles
are measured experimentally whereas the fragmentation rates are unknown, see for instance

(Xue, Radford, Biophys. Journal, 2013) for amyloid fibril breakage. Under the assumption of a
polynomial division rate B(z) = az” and a self-similar fragmentation kernel k(y,x) = %ko(g),
we use the asymptotic behaviour proved in (Escobedo, Mischler, Rodriguez-Ricard, Ann. IHP,
2004) to obtain uniqueness of the triplet (¢, ko) and a representation formula for k. To invert
this formula, one of the delicate points is to prove that the Mellin transform of the asymptotic

profile never vanishes, what we do through the Wiener-Hopf representation.

Keywords : Non-linear inverse problem, Size-structured partial differential equation, Fragmen-
tation equation, Mellin transform, Functional equation.
2015 MSC : 35Q92, 35R06, 35R09, 45Q05, 46F'12, 30D05.

1 Introduction

This paper presents a theoretical study about the identification of the functional parameters of the
continuous fragmentation equation. There are many possible applications to this problem, and this
question first emerged from the application to amyloid fibril breakage [22].

In [22], the authors study how a set of amyloid fibrils behaves when undergoing turbulent
agitation. In vivo, amyloid fibrils break apart because of both enzymatic processes and agitation.
The question addressed in [22] is to determine what is the effect of agitation on the fragmentation
rate (what is the probability that a fibril of given length breaks apart?) and fragmentation kernel
(where a fibril is more likely to break apart?) of proteins of amyloid types. The method used is the
identification of the parameters of a model describing the fragmentation process by minimising a
least squares functional, which represented the discrepancy between the experimental measurements
and the model ouptuts.
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Let us also mention two related studies on the estimation of a fragmentation kernel: in [I1],
the author estimated the fragmentation rate on a growth-fragmentation process, but assumed much
richer data since the sizes of daughter and mother particles are measured at each time of division -
such precise measurements may be possible for growing and dividing individuals such as bacteria,
but not for particles or polymers. In [4], the question of estimating the fragmentation kernel is also
studied on a more general dynamical system, keeping the time dependency of the equation and
using a least squares approach on the cumulative distribution function.

We follow here a different approach, based on the asymptotic behaviour of the fragmenta-
tion equation, in the same spirit as initiated in [I9] and continued e.g. in [5, O] for the growth-
fragmentation equation.

1.1 Assumptions, notations and asymptotic behaviour

Fragmentation processes describe the mechanisms by which particles can break apart into smaller
pieces. In the simplest fragmentation models, the particles are fully identified by their size (or
volume or number of elementary particles), which is a positive real number for continuous models.
The fragmentation equation for one dimensional particles (or linear particles) describes the evolution
of the density f(¢,x) > 0 of particles of size z € R" at time ¢ > 0. In the continuous setting, the
pure fragmentation equation is written

af ee

G to) = ~B(@)f(ta) + [ k) B (to)dy, .

f(z,0) = fo(x).
The expression pure fragmentation is to be understood here as a contrast with the growth-
fragmentation equation [17] or the coagulation-fragmentation equation [13].

Equation (|1.1]) expresses that particles of size x break apart into smaller pieces with a fragmen-
tation rate B(x). The kernel k then satisfies

y
k(y,z) =0 for x>y, / zk(y,dz) = 1. (1.2)
0

The parameters B and k are commonly chosen according to the particular physical process being
modelled. Here we do the following assumptions - which happen to be satisfied by the best-fit model
in the biological study [22].

Hyp-1 The fragmentation rate B(z) follows a power law: B(x) = az”, with v > 0 and o > 0.

Since v > 0, a long filament is more likely to break apart than a smaller one. Let us point
out the specific case v = 1 for which the probability that a filament breaks apart is directly
proportional to its size.

Hyp-2 The kernel k(y,x) has a self-similar form, i.e. the abscissa = where the protein filaments of
size y are likely to break up depends only on the ratio x/y. More specifically, we assume that
there exists a bounded, non negative measure kg such that

ko) = ko (‘;) (1.3)

and

1 1
supp (ko) C [0, 1], /dko(z) < 00, /zdkg(z) =1. (1.4)
0 0



Hyp-3 There exists € > 0 such that kg is a bounded continuous function on [1 — ¢, 1] and on [0, ¢],
Hyp-4 3e >0, 0<mn <mn2 <1suchthat ko(z)>e, =z € [m,n

A frequent example is to take dko(z) = k1 1)(2)dz with £ > 1 (k = 2 for binary fragmentation):
this means that for homogeneous filaments, all sites of the filaments have an equal probability to
break apart.

Let us comment briefly our assumptions. We need Assumption to prove Theorem
below. We could also have relaxed it, as in [I, [§], replacing it by the following

T

>0, C>0st. /ko(dz) < Ca". (1.5)
0

However, this would reveal of no practical interest when tackling real data, and in order to avoid
useless technical developments we stick here to Assumption .

Assumption is the assumption (2.12) in [I6], under which we have the asymptotic self-
similar behaviour that we recall below. Eventhough this assumption is not useful in itself for the
results contained in our study, all our approach relies on this asymptotic behaviour.

For the sake of clarity, let us now rewrite the equation (|1.1)) where B and k are replaced by their
specific expression.

Z{(t,x) = —az" f(t,x) —i—a/x

f(0,z) = fo(x).
Under assumptions (Hyp-1|), (Hyp-2) and if fo € LI(RJ“, (1+ x1+m)daz), with m > 1,

Theorem 3.2. in [16] states that the fragmentation equation ([1.6) has a unique solution in
C([0,T); LY(R*, zdx)) N LY(0, T; LY (RT, 27" ™dzx), where we define

e (;) f(t,y)dy, (1.6)

LYRT, pu):={f:R" =R, |f(2)|du(z) < ooy,  LYRT)=L'R", dx).
{ / |

It can be seen by formal integration that equation (|1.1)) preserves the mass of the system, and that
the total number of protein filaments is increasing with time

d +oo “+oo

7 f(t,x)dz = B(x)f(t,z)dz, number of clusters increases,
0 0 (1.7)
d [T
p xf(t,x)dx =0, mass conservation.
0

Let us point out that there may exist non-preserving-mass solutions: uniqueness is true only
in C([0,T); L*(RT, zdz)) N L*(0,T; L*(RT,27+™dzx). In particular, the fact that the solution is in
LY(0,T; LY(RT, 2 B(x)dx) is crucial. For instance, for B(x) = g(l +x)7", r € (0,1), ko = 211,
and for the initial condition fy € L'(R*, zdx) \ L*(R", 2B(x)dz) defined as

fo(z) = exp <—/0x32;(:2$1u—;12: du) , (1.8)




the author of [2I] points out that there is a solution f(¢t,z) = exp(At)fo(x) belonging to
C([0,T); L*(R*, (1 + z)dx)) and for which the total mass of the system increases exponentially
fast.

Besides the well-posedness properties, the qualitative behaviour of the fragmentation equation
was also deeply explored, e.g. [1l, 10l 16l [17]. Under assumptions (Hyp-1) (Hyp-2)) (Hyp-4)), it has
been proven (Theorem 3.2. in [16]) that the solution f(t,z) satisfies

—+00

lim /m’f(t,m)tig(xt}v)‘dx:(), (1.9)

t—o00
0

where under the extra assumption [Hyp-3| the self-similar profile g satisfies (Theorem 1 of [§]):

17
Yk >0, 2"Ttg e W (0,00), 2%ge L®NLY0,00), g€ W, 2(0,00) (1.10)

and is the unique solution in L} (0,00) N L!(zdx) to
2d'(2) + 2+ ay2Y)g(z) = a’y/z Eko (%) uYg(u) du, in D'(0,00) (1.11)
/000 zg(z)dz = p. (1.12)
Notice that it follows from that:
g € LY(zFdx), vk > 0. (1.13)

Assumption [Hyp-3| is necessary to have k > 0 in (1.13)), without assumption [Hyp-3| we only have
g € LY(z*dz) for k > 1, see [16].
Since the total mass of the solutions that we consider is preserved, the parameter p is determined

—+00
by the initial condition: p := / x fo(x)dx. Existence and uniqueness of ((1.11]) are detailed in [10],
0

see also [15] [§].

Let us also notice that the function z — z?, with § = —y — 2 is also a stationary solution
to but since it does not belong to any LP(RT), p € (1,00) it is not an admissible candidate
for the limit profile of the solution to (1.1)). Under additional assumptions, a polynomial rate of
convergence for the limit (corresponding to an exponential rate of convergence for the growth-
fragmentation equation, i.e. a spectral gap) is obtained in [0, 1l [I7]. Here we do not work under
these supplementary assumptions.

1.2 Formulation of the inverse problem

Let us assume that, as in [22], the observation consists in measurements of the sizes of poly-
mers/aggregates in samples taken at different times. A natural modeling assumption is then to
assume that the sample taken at time ¢; is the realization of i.i.d. random variables, whose density
f(t = t;,z) satisfies the fragmentation equation. Though the samples are naturally not indepen-
dent, a theoretical justification of this - asymptotically true - assumption could be done, see for
instance [12] for the case of an age-structured process. For the sake of clarity, in this paper, we keep
a deterministic description, assuming a measurement for f(t;, x) - or for its asymptotic limit - with
a deterministic noise rather than a stochastic one, knowing the fact that a stochastic model for the
noise could be a posteriori added, in the same spirit as in [7] for instance.



The first inverse problem then states as follows: Given (noisy) measurements of f(¢;, x) solution
to the equation at various times t;, is it possible to estimate the functional parameters of ,
namely the triplet (c, 7, ko) € (0, +00) X (0, +00) x MT(0,1)?

Following the idea of [19], we can take advantage of the asymptotic results recalled above,
and, for sufficiently large times t, consider that measuring f(t,x) provides a measurement of the
asymptotic profile g defined as the unique solution to (T.11)) in L'((1 + 27"1)dz). We are then led
to reformulate the inverse problem as follows:

Inverse Problem (IP): Given a (noisy) measurement of g(z) solution in
LY ((1+27)dz) of Equation (T.11]), is it possible to estimate the functional pa-
rameters of (1.11)), namely the triplet (o, 7, ko) € (0, +00) X (0, +00) x M+ (0,1)?

Though this formulation strongly recalls the one obtained in previous studies [19, 5] for the estima-
tion of the division rate (here assumed to be given by the simple parametric form az?), estimating
the division kernel kg reveals a much harder and more ill-posed problem.

Expliciting general conditions under which, for a given function ¢ satisfying , there exists
a triplet (o, 7, ko) € RT™* x R™* x M™(0,1) such that g satisfies is an interesting and difficult
question in itself, however not directly useful to solve (IP), for which we can assume this existence
- as it is often the case in the field of inverse problems - rather than prove it.

In this article, as a first theoretical step towards solving (IP), we thus focus on two important
properties: uniqueness (Theorem (1), and how we can characterise such a triplet provided it exists
(Theorem . Stability with respect to a noisy measurement of g has to be searched in a convenient
regularity space, and, as the formulation (iii) of Theorem [2| shows a severe ill-posedness of the
problem, this stability is expected to be very weak. Together with numerical solution, this will be
the subject of future research.

2 Main results

Our method strongly relies on the Mellin transform of the equation, which, as in [5], appears to
be a somewhat intrinsic feature of the equation: as shown below, it provides us with an explicit
formulation of the kernel kg in terms of the inverse Mellin transform of a functional of the Mellin
transform of g.

2.1 Formulation of the stationary equation (|1.11)) in Mellin coordinates

We first recall the definition of the Mellin transform.

Definition 1. Let u be a measure over RT. We denote by M|u] the Mellin transform of j, defined
by the integral

+oo
Mpds) = [ dute), (2.1)
for those values of s for which the integral exists.

Remark 1. If the integral exists for some u € R, then, it converges for s € u+ i R. If the integral
exists for u and v in R, (u < v) then it exists for w € (u,v). Thus, in general, the Mellin transform
of a measure is defined in a vertical band of the complex plane.



Since it has been proven in [§] that for all £ > 0, 2¥*1g € WH1(RT) and 2¥g € L>°(RT), we may
define
G(s) :== Mg|(s), Ko(s) == Mko](s), Re(s)> 1. (2.2)

We now use the Mellin transform in equation ((1.11]) to obtain a non-local functional equation.

Proposition 1. Suppose that a function g, satisfying properties (1.10)), is a solution of the equation
(1.11)) in the sense of distributions on (0,00), for some kernel ko compactly supported in [0,1] and
satisfying (L.4). Then, its Mellin transform:

G(s) = / 5 g(z)dx (2.3)
0
is well defined and analytic for all s € C such that Re(s) > 1, and it satisfies
(2—98)G(s) = ay(Ko(s) —1)G(s+v) VseC, Re(s)>1. (2.4)
Remark 2. As far as Ko(s) # 1, the equation (2.4) may also be written as

G(s+7v) = @(s)G(s), with (2.5)

2—s
P @) -

Since the support of the measure ko is contained in [0, 1], it follows from (1.4)) that |Ko(s)| <1 for
Re(s) > 2. We deduce that ®(s) is analytic, and then the equation (2.4) is equivalent to (2.5)), in

that same region Re(s) > 2.

Proof. The analyticity property of G in D; follows from the property z"g € L'(0, 00) for all r > 0
thanks to (1.10)). By the integrability properties of g, the Mellin transform may be applied to both
sides of (| - In particular, for all s > 1:

el s=lgy = —s ~ 2V Vde = —sG(s). .
/Oxg@c)m d /Ogm dx = —5G(s) (2.7)

On the other hand, using Fubini’s Theorem, that may be applied due to the integrability prop-
erties (1.10) of g and the hypothesis on kg, we obtain:

/ x® 1/ —ko Tg(u) dudx = /OOOuWQ(u)/O o 1k0( )dwdu

[e%e) 1
= /0 w1 g(u) /0 y* ko (y) dydu

= Ko(s)G(s+ ). (2.8)
It immediately follows from (2.7) and (2.8]) that G satisfies ([2.4)). |

2.2 Uniqueness of the fragmentation rate and kernel

We use the formulation (2.4 of Proposition [l to prove uniqueness of the parameters «, v and of
the measure kg. The assumptions on g to obtain uniqueness are fairly general, as stated in our first
theorem.



Theorem 1 (Uniqueness of a triplet solution to the inverse problem). For any nonnegative function
g satisfying
2*g e Wh(0,00), aFge L1(0,00), VE>1, (2.9)

there exists at most one triplet (v, a, ko) € RT x Rt x M(0,1) where ko is a non negative measure
satisfying (Hyp-2|) and (Hyp-3)), such that g is a solution of (L.11|) in the sense of distributions.

Section [3|is dedicated to the proof of this theorem. Let us here briefly comment the result. The
identity shows that the profile g and the parameter v describe the long time behaviour of the
solution f to .

According to Theorem [1] if such v and kg exist they are “encoded” in the equilibrium profile g.
In other words, based on the knowledge of the asymptotic profile g, it is theoretically possible to
obtain information on the whole dynamics of the solution f.

The uniqueness of 7 is based on the characterisation given in Proposition 1] of Section [3| which
uses the asymptotic behaviour of some functional of G(s) when Re(s) — oo. Equivalently, this
is linked to the behaviour of g for large z, see also [1]. Since we cannot measure experimentally
such a behaviour, this characterisation cannot be used in practice to estimate its value. To extract
the values of v from real measurements, we would need to use another characterization, based for
instance on the knowledge of the dynamics of the solution, given by , as described in Section

Once the two parameters o and ~ are proved to be unique, the uniqueness of the measure kg is
deduced from general properties of the Mellin transform, and does not give any constructive method

to calculate its values. The next subsection is thus dedicated to a constructive characterisation of
ko.

2.3 Reconstruction of the fragmentation kernel

Once a and v are known, we may apply Proposition |1, and formally dividing Equation (2.4]) by
G(s + ) we obtain

(2—5)G(s)
ayG(s+7)
The properties of the kernel kg are such that the inverse Mellin transform of K is well defined

and equal to kg (for instance by Theorem 11.10.1 in [I8] and the proof of the uniqueness theorem

below). Therefore, by the equation (2.10]), the kernel kg is given by the inverse Mellin transform of

(2=5)G(s)
1+ et
transforms Ko(s) and G(s) for real values of s, in order to take the inverse Mellin transform, it is
(2—s)G(s)
ayG(s+7)
that the denominator G(s + ) does not vanish.

Theorem [2| below provides an explicit formulation for kg in terms of the Mellin transform of g.

Ko(s) = (2.10)

Although in order to prove the uniqueness of kg it is sufficient to consider the Mellin

necessary to use the values of 1 + for complex values of s. Moreover, we have to ensure

Theorem 2. Suppose that g satisfies (2.9) and is the unique solution of equation (1.11|) for some
given parameters o« > 0, v > 0, and ko a non negative measure, compactly supported in [0,1],
satisfying (Hyp-2) and (Hyp-3). Let G(s) be the Mellin transform of the function g as defined in




(2.3). Then, there exists sg > 2 such that

(1) [G(s)] #0, Vs eC; Re(s) € [s0, 50 + 7],

) R E
(i) KO(S)_lJroz'yG(s—l—’y)’ for Re(s) = sg
N R A oA
(i) ko() = 2”% ()/_ (1 - ayG(s + 7)) !

Remark 3. In the point (iii) of Theorem@ the formula of the inverse Mellin transform has to be
taken in a generalised sense, since under our assumptions we only have Ky bounded. This means
that we either define the integral in a generalised form - in the same way as e.g. to take the inverse
Fourier transform of a constant - or we take the second derivative of the inverse Mellin transform
of Kgiés), as done for instance in the theorem 11.10.1 in [1§].

Section [ is dedicated to the proof of Theorem

3 Proof of Theorem [I} uniqueness

This section is dedicated to the proof of Theorem [ll In a first step we prove the uniqueness of
(cr,7), thanks to the characterisation of v given by Proposition [1| In a second step, we prove the
uniqueness of kg, using well-known properties of the Mellin transform.

In all this section, we assume that the assumption of Theorem |1]is satisfied.

3.1 Uniqueness of («,7).

The uniqueness of («,7y) may be proved at least in two different ways, that use the same property
of the solution, namely the behaviour of its moments G(s), s € [2,+00), when s — oco.

The first way relies on the estimates obtained in [I], Theorem 1.7, that states that there exists
a constant C' > 0 and an exponent p > 0 such that

g(x) ~ CxPe 7", as 2 — 00

from where we deduce

1 «

log| =) ~—2", as © —
g Y

which leads to the uniqueness of («, 7).

We give here a second proof of the uniqueness of (a,7) because our measure kg does not satisfy
the hypotheses imposed in [I]. It uses estimates on the Mellin transform of g, instead of direct
estimates on ¢ itself. However both proofs strongly rely on the behaviour of high order moments of
the function g.

Proposition 1 (Necessary condition for ). Suppose that g is a function satisfying and
solves the equation for some parameters v > 0, a > 0 and some non negative measure ko,
compactly supported in [0, 1], satisfying (Hyp-2)) and (Hyp-3). Let G be the Mellin transform of g
for Re(s) > 2. Then:

(i) The value of the parameter o is uniquely determined by the value of 7.



(ii) Given any constant R > 0:

0, VR>
sG(s) K

li BASAVA f R= 3.1
L ey ) ay, if ¥ (3.1)
co, VRE(0,7)

Remark 4. In order to take the limits in (3.1)) we need G(s) to be defined for all s real large enough.
We need then the function g to satisfy condition (2.9)).

The proof of Proposition [I] follows immediately from the two following lemmas.

Lemma 1. Under the same hypothesis as in Proposition[1], the value of the parameter « is uniquely
determined by the value of v and

sG(s)

o0, s€R Gs+7) “r

Proof.[Of Lemma [I]] As seen in Proposition [I] the function G is analytic in the domain

{s,Re(s) > 2}.

Since g(z) > 0, it follows that G(s) > 0 for all s > 2. By condition on the kernel ko,
for all s > 2, Ky(s) < Ko(2) = 1. It is then possible to divide both terms of equation (2.4]) by
vG (s +v)(Ko(s) — 1) to obtain

(2 —3)G(s)
VG (s +7)(Ko(s) — 1)

Choosing any s > 2, this equation uniquely determines the value of « in terms of the value of .
Lemma [6] in Appendix [6.1] proves

=a, Vs> 2. (3.2)

lim Ky(s) = 0. (3.3)

S§—00

Combining (2.4)), (3.2) and (3.3) leads to:

. (s—2)G(s)
Shﬁngo Gt vy, (3.4)

which ends the proof of Lemma [

Lemma 2. Under the same hypothesis as in Proposition []]

0, VR > 7,
lim aﬂgz{ 7 (3.5)

s—00, SER G(S + R) 00, VR € (0,"}/)

Proof. We first obtain some information on the asymptotic behaviour of G(s) for s € R and s — oc.
First Step. On the asymptotic behaviour of G as s — o0, s € R. The idea is to use that for
s > 2, we have Ky(s) < 1 and equation (2.4) is then equivalent to (2.5)), (2.6]). Since the function ®

satisfies D
lim (5)

S—00 S

=1, A=ay,



the equation (2.4) may be considered as being close, for s large, to the following equation:
AG(s + ) = sG(s), s> 2, G(2) = p. (3.6)

This is a small variation of the functional equation that defines the Gamma function, where A =
v = 1. It follows by Wielandt’s theorem that it has a unique analytical solution I'4,, given, for

all s > 2, by
Pas)=c(2)r (7) | (37

where T is the Gamma function and c is a constant uniquely determined by the condition G(2) = p.
The asymptotic behaviour of I'4 (s) as s — oo is obtained using Stirling’s formula:

Laqy(s) ~ cﬁ(l)” <;>§<1—I—O<i>>,s—>oo

= /27y 52y (logs—1-log4) (1 +0 <1>> . (3.8)
s
We define now: as)
S
C(s) = , 3.9
)= 03 (39)

Since G satisfies (2.5) and I' 4, solves (3.7) we deduce that for all s > 2:
G(s+7v)  A®(s)G(s)

R A o Py R Py
— W(s)C(s) (3.10)
. _ Ad(s) B s—2
Where . \II(S) = s N @(S) = 14(1——}-(0(3))

Lemma@ (see Appendix proves that Ky(s) = ho) 4 4 (1) as s — oo and then,

_ s—2 _ k‘o(l) -2 s
‘1’(5) - 8(1 — K()(S)) =1+ s +‘9( )7
6(s) € C(12,00)), O(s)=o C) . s oo (3.11)

We deduce from (3.10]) that, for all ¢ > 2 fixed and all N € N*:

Clg+Ny)=C(g+(N-1y)¥(g+(N—-1))
=C(g+(N=2)7)V(g+(N-=2)7)¥(¢+ (N —1)y)

=C(@QY (¥ (g+7)---¥(g+(N-=2)7)¥(¢+ (N 1)),
and then Nt

Clg+Nv)=Clq) [] ¥(a+k). (3.12)
k=0

Given now any s > 2, there exists a unique real number ps € (0,7) and a unique integer ks such
that
s =2+ ps + vks. (3.13)

10



We may write
ks—1

C(s) =C2+ ps+7ks) = C(2 + ps) H U (24 ps + k). (3.14)
k=0
Similarly, for any s > 2 and 7 > 0, there exists a unique real number ps € (0,7) and a unique
integer ks such that

S+ 7 =2+ ps + ks (3.15)
and
. ks—1
C(s+3) = C2+ ps +7ks) = C(2+ps) [[ © @+ ps + k). (3.16)
k=0

We wish to estimate now the products in the right hand side terms of (3.14) and (3.16]). To this
end we notice that:

N—-1 N—-1 —1
log (H U (qg+ k’y)) = log (¥ (¢ + k7)) = Z log <1 + ko(l)f +6(q + kfy))

k=0 k=0 k=0 q+k
N-1
k ko(1) — 2 ko(1) —2
= Z <0()> + log (1—1—0( ) +9(q+k’y)> — <0( ) >)
P q+ kv — q+ kv q+ kv
N-1
ko(1) —2 1
_ ( 0( ) ) - +Wq(N)
v k=0 7+k

We estimate the first term thanks to the asymptotic properties of the digamma function, that we
denote 1. Since 1(z + 1) = 1h(z) + L we get, as N — oc:

N-1 1

Yk

N+ 7> w<%> = 1og(N) + wy(N),

2

k=0

where wy(s) is a continuous function on r > 0 such that, for any R > 2 there exists Cr > 0 for
which:
lwg(s)] < CRr, Vs>2, Vg€ (2,R).

We now estimate the term W, (). For all € > 0 and all R > 2, there exists M. > 0 such that for
all ¢ € (2, R):

ko(1) —2 Ko( |ko(1) — 2|
W) < §1°g<1+q+kv roa i) - (BU2) e ,;w i
N—-1
|ko(1) — 2|
< C E(q)—l—sg e
_ ko(1) — 2| q\ (4
= Omlo)+e v <¢<N+7> w(v))
< (@ + =22 1og(w) 1w (1)) (3.17)

11



We deduce that

N-1 ko(1)—2
[T ¥ @+rn) <N e,
k=0
ko(1) — 2
Q(q,N) = qu(zv) + W,(N).

v

Then by (3.17)), for all € > 0 and for any R > 2, there exists two positive constants C1 g and Ca g
such that for all ¢ € (2, R) and all N sufficiently large:

(kg(1)—=2)—elkg(1)—2] N-1 (kg(1)—=2)+elkg(1)—2]
Cir N g <[] ¥(g+ky) <CorN v . (3.18)
k=0

Consider now any 4 > 0. By definition of the function C(s) we have:

5G(s) _ sT'a~(s)C(s)
G(s+79) Tay(s+9)C(s+7)

Since for all s > 2 and 4 > 0 the real numbers ps and ps defined in (3.13)) and (3.15)) are in (0,~),
we have by (3.18)):

Cls) _ C+p) [ W 2Hps +9k) _ ,C2+ps)

Cls+7)  CQHPI[IF w2+ ps+9k)  C2+5s)

(ko(1)=2)+elkg(1)—2] —(kg(1)—2)+e[kq(1)—2]
v

ks kS 7

for some constant C' > 0. By definition ks < s/ and if s — oo, since g, € (0,7) it is easy to check
that ks > (s +5 —2—~)/v > s/2v for s large enough. On the other hand, notice that for all s > 2
and 4 > 0, we have by definition 2 + ps € (2,24 ~) and 2 + ps € (2,2 4 7). Since the function C' is
continuous on [2,00) and strictly positive, there exists a positive constant C' such that, for all s > 2
and 4 > 0:

C2+ps)

C(2+ ps)
It then follows that for some constant C' > 0:

C(s) 2e|kqg (1) -2
— < 2. 1
0(s+5)—05 T, Vs> (3.19)

<C.

A similar argument shows that for some constant C’ > 0:

—2elkg(1)—2]
C(s) S (g a2l

m = v s Vs > 2. (320)
We deduce from (3.8):
—1 Z(logs—1—logA)
T (log g 1
_slan(s) - _ 5 sl ; (1 +0 ()) . § — 00. (3.21)
Caq(s+7)) (5 + 7) e 3 log(s+9)-1-log 4) 5

12



Simple calculus gives:

1 s _q_ 1 . o
8_5867(10g5 1—log A) B 621og(s)—|—,y(logs 1-log A)
=L T (log(s+9)—-1-log A) _— 3 log(s+9)+ 22 (log(s+7)—1-log A

(s+7) 2e (log(s+7) og A) o~ 3 log(s+9)+ 27 (log(s-+9) og A)

e2 1og(s)+ (log s—1—log A)

—%(logs—&-O(l))—l—;(l—l—%)(logs—&—%—i—(’)(s%)—l—logA)
108(5)+0({)+2 (log s—1—log A)

e

%(log s+1 +(9( —z)—1-log A)Jr%(log s+0(1)—1-log A)

1
_ ) S?O(s) _ Se@(%)fz—%(logsflflogA)
e%JrO(é)Jr%(logsflflogA)
r v o3 1
_sTan(s) 24 3<1+o<>>, 5 — 00 (3.22)
FA,'y(s + 7)) §

From (3.9), (3.19), (3.20) and (3.22)) we deduce that for any 4 > 0 and any € > 0 small, there exists
two positive constants C and Cs such that for all s sufficiently large:

5 _ 2elko(1)—2] 7 2elko (1) —2]
3 _ 2elko()=2] < _sG(s) < Cys™ 24 2elko=2l (3.23)
G(s+7)
Second Step. End of the proof of Lemma
We may conclude now the proof of Lemma |2 using the estimates (3.23)) as follows. Suppose that
4 > «y. Then, we choose € > 0 in (3.23) small enough in order to have:

¥ 2elko(l) — 2
i, 2k -2 _

1—
018

=2

1—
Y Y

It follows from the upper estimate in (3.23) that
lim L() —0.
550 G(s +7)

If, on the other hand 4 < v we choose € > 0 (3.23) small enough in order to have

vy 2¢e|ko(1) —2
b elko(1) |>O
Y Y

1—

As a consequence of the lower estimate in (3.23) we deduce that
. sG(s)
m ———— =
s=o0 G(s +7)
This concludes the proof of (3.5) and of Lemma |

Proof. [Of Proposition (1] Property (i) and property (ii) for R = ~ follow |1, Property (ii) for
R >0, R # ~ follows from Lemma [2| [ |

Proof. [Of Theorem [1] From the formula (2.4)), and since by deﬁnition G(s+-y) is strictly positive

for s € [1 —,+00) we can divide by G(s + ’y) and obtain formula (2.10), i.e.
G(s)2 =)
K =1 1< .
o(s) + G5 +7) <s < +oo

13



This determines uniquely the Mellin transform Ky(s) of the measure ko for all s > 1. We want to
use now a uniqueness theorem for the Laplace transforms of measures. The Laplace transform of a
measure p is defined as

amww=£weﬂwwm.

We claim now that Ky(s) is the Laplace transform of the non negative measure dug(y) defined on
(0,00) by
duo(x) = e* T# xdko(z),  with T(x) = —log(x). (3.24)

We recall that the pushforward measure p of a measure v by the function 7', that we denote
p = T#v, is such that for all ¢ € L(du), we have /(zp oT)dv = /wd,u . Indeed, using ([3.24)),

1 1 1
Koo = [ o ldko(o) = [ 2 Padin(a) = [ D8 adi(o)
0 0 0

— /OOO e~ (5-2)z TH#xdky(x) = /O‘OO e dpio(z)
= L(u)(s) (32

Suppose now that k:((]l) and k(()Q) are two measures, satisfying (Hyp-2) and (Hyp-3|), such that the
same function g, satisfying (2.9)) solves the equation (1.11)) for k:((]l) and k:((f). Then, by Proposition

their Mellin transforms, Kél) and Ké2) respectively, satisfy (2.10]) and then K(()l)(s) = KSZ)(S) for
(1)

all s > 1. The Laplace transforms of the corresponding non negative measures uol and ,u((]Z) are
then equal for all s > 1. It follows that ,u((]l) = ,u(()2) (cf. Theorem 8.4. in [3]), and then k:((]l) = k(()2). [

Remark 5. The method used to prove the uniqueness of the triplet is based on the fact that
under hypotheses on kg, the Mellin Transform Ky(s) for s € R goes to 0 as s goes to +oo with a
convergence rate of at least 1/s. This is a point which could be relazed, by assuming with a
power v > —1 as in [1]: the convergence could then be slowlier and Lemma@ needs to be adapted,
but it would still be sufficient.

4 Reconstruction of k;

This section is dedicated to the proof of Theorem [2} To reconstruct the kernel ko from the function
g and the parameters o and 7, we want to do an inverse Mellin transform of the functional of G(s)
given in . This requires to integrate this functional on a line sg +¢ R with sg > 2, see Formula
(747) in Theorem [2| Since it is necessary to divide by the function G(s + 7), we have to prove that
G(s + 7y) does not vanish on the line so + v + ¢ R. We already know that this is true for real values
s > 1, but is not known for s € C.

To do so, Proposition [2| defines an explicit expression for a solution G(s) to , from which it
is easy to deduce that G does not vanish. This expression is obtained using a Wiener Hopf type
technique, see Lemma |3 However, since the equation may admit several solutions, we need
to prove that G(s) given by is equal to the Mellin transform G(s) of the solution g to (1.11)).

14



This is done by studying the inverse Mellin transform of G (Lemma {4 and then using a uniqueness
result of solutions to the equation (L.11)) (Theorem [3)).
As a first, the following lemma obtains a solution of problem ([2.4)).

Proposition 2. [Solution to Problem (2.4).] Let ko satisfy the hypotheses (Hyp-2)), (Hyp-3|). For any
so > 2 and € > 0 such that so — == > 2, define the complex valued function G for Re(s) € (so, 50 +7)
as

~ 1 1 1
G(s)=exp| — / log (‘I)(O')) e —— do |, (4.1)
Y JRe(o)=s0 1 -7 24+ 62“" ¥

where log(z) denotes the following determination of the logarithm:
log(z) =log |z| + iargz, argz € [0,2m) (4.2)

and the function ®(s) is defined by (2.6) in Remark @ Then, the function G may be extended
analytically to C by the formula

G(s) = exp (— / log (@(a)){ pyerera T } da) eglog@(s‘)““m(s))), (4.3)
Y JRe(o)=s0 1—e pw 2 4 25

with Re(s) € (so + k7,50 + (k + 1)) for k € Z. Moreover, G solves (2.4) in C.

Formula (4.3) is only valid for Re(s) ¢ sop + vZ, but the proof below shows that it can be
continuously extended to C.
Proof. We first obtain an explicit solution in terms of a new variable { defined as follows:

0

¢=T(s) = 25

(4.4)

The conformal mapping 7' transforms the complex plane C into the Riemann surface denoted S,
associated to the logarithmic function. Every point ¢ of each sheet of this surface is characterized
uniquely by its modulus || and the determination of its argument 6, with 6 € (2km,2(k + 1)7) for
the kth sheet. The function ¢ defined as

VeesS: @(Q) =¢(T(s)) = (s) (4.5)

is meromorphic in S. Any vertical infinite strip in C of the form Re(*=*2) € (—5-,14 5-) for some
e > 0, is transformed by 7T into a portion D(g) of S defined by

D(s):{CGS; C=re", e (—e2r+e), 7">()}. (4.6)

In particular, the map 7T is a bijection between the strip {z € C | s < Re(z) < sp + v} and its
image T'({z € C | sop < Re(z) < so +7}) where:

T({z€C|so<Re(z) <so+7}) = {< €C; (¢=[¢le”, b€ (0,27r)}

(see Figure [1)). The inverse of T on T'({z € C | 59 < Re(z) < so +~}) is then given by:

0

1 i
T7(¢) = s0 + Sim

log(¢).

15



Notice also that:

if Re(s) — (so)" then arg(¢) — 07, (4.7)
if Re(s) = (so+~v)~ then arg(() — (27)", '
where the function arg(:) is determined as in (4.2)), i.e. arg(z) € [0, 2m).
We look for a solution G of ({2.4]) of the form:
G(s) = F(T(s)). (4.8)

If G has to be analytic in Re(s) € (so — 2,50 + 7 + 51) and must satisfy the equation (2.4)) in

2

that strip, then the function F' should be analytic on D(e) and satisfy:

F(r —i0) = o(r)F(r + 10), Vr >0, (4.9)

‘ N
N

I
o

>
Il
|
2

50— 52| So S0+ S0+ + 5

_ 2im(s—sp)
(_eXp( v OL 0=21+¢

ey

Figure 1: Holomorphic change of coordinates sends the green strip sg — o < Re(s) < sg+7v+ &
m

(Left) into the green subdomain D(e) (Right) of the Riemann surface associated to the logarithmic
function.

where we define, for all r > 0:

F(r+1i0) := lim F(re™), F(r—i0):= lim F(rei(%_”)), ©(r) := lim @(re™). (4.10)

n—0t n—0t n—0+

In order to make appear the multiplicative functional equation (4.9) as a typical Carleman
equation [2] (additive), we look for the function F(¢) of the form

F(¢) =€ (4.11)
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where the function P(() is such that:
P(r —i0) =log(e(r)) + P(r 4 i0), Vr > 0. (4.12)

The existence of such a function P with the suitable properties is proved in the following lemma.

Lemma 3. Let ko satisfy the hypotheses (Hyp-2), (Hyp-3)). The function P(() defined for all { €
D(0) by

1 [T

PO =g | tortelu){ ;= - oo ) v (113)

and can analytically be extended on S, its unique analytic continuation satisfying the equation (4.12)).

Moreover, the analytical continuation of P (which we will denote by P as well) on S has a simple
exPression

P(¢) = P(Q) + glog(w(ld)), arg(C) € (2km,2(k + 1)7), k € Z, (4.14)

where CN € D(0), |¢| = ]5\, arg(f) = arg(¢) mod (2m).

Remark 6. In the definition of P(C), we could choose as well a fraction %m instead of %H’ for
any a > 0, or any function h(w) rendering (4.13)) convergent. The difference between two such

definitions of P(C) would be given by a converging integral, namely
1 [tee 1
2 |, loslelw){h(w) = =} dw,
which is independent of C. This would lead to a multiplicative constant for the definition of F, hence
of G. The function h could be determined by the normalisation G(2) = p as in ; however to

keep it simple, we stick here to the choice h(w) = and a = 1.
w+a

Proof.[Of Lemma (3] From the hypothesis on ky we have, for all s € C such that Re(s) > 2:
1 1 1
|Ko(s)| < / |25~ Y dko () = / 2RO dko () < / wdko(z) = 1.
0 0 0

Therefore, the function ®(s) is analytic in the domain of C defined by Re(s) > 2 and ®(s) # 0 in
that domain. Suppose now that sqg > 2. By definition, 7" is a bijection from the strip

{sEC;%e(s)e (so—ﬂ,s +ﬂ>}

27r0 2T

into the piece of the Riemann’s surface:
{z €8;z=|z€", 6 ¢ (—5,5)} .

Since by definition, @¢({) = @®(T71(¢)), we deduce that ¢ is analytic on the domain
{¢ces;¢= |z[e?, 0 € (—2¢,2¢)} and ¢(¢) # 0 in that domain. The function log $(¢) is then well
defined in that domain. It follows from Lemma |7| (in Appendix that, for all ( ¢ RT:

1 1

+00
[ nostetonl |1 - g | dw <o
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and the function P is then well defined and analytic in D(0) = {¢ € S;¢ = |z]e?, 6 € (0,27)}.
The analyticity of P on the domain D(e) follows from the analyticity of the function log(¢(w)) on
{z € S;2=|z2[e", 0 € (—¢,£)}, a deformation of the contour of integration from R* to rays e? R*
with 0| < £ and using Lemma [7]

From Plemelj-Sokhotski formulas (see Appendix , applied to the test function f(w) =

=1 (24 loglp(w)) o obtain, for all » > 0:

2T (w+1)
1 1 o 1 1
P(r+i0) = —=1 ——pv. [ 1 { - ——}dw,
(r +i0) = — log(¢(r)) 5 | teaten{ o= - 5} aw
1 1 (4.15)
P(r—i0)==1 — —P - 7} :
(r —10) 5 og(p(r)) 5im V. / log(e ol dw
The notation P.V. stands for the usual principal value of Cauchy.
If we take now the difference between these two formulas we deduce that, for all r» > O:
log(p(r)) = P(r —i0) — P(r + i0),
from which we deduce, by induction, the formula (4.14]). |
End of the proof of Proposition We deduce that the function
F(¢) = exp (P(¢)) (4.16)

given by
PO =ew (-5 [ +°O 1og<so<w>>{wl_C A w), cepo), @)

can be analytically contmued in S and satisfies Usmg the change of variables in
gives the expression ) for the function G. From , we moreover get the two follovleng useful
formulae, for ( € S and C € D(0), with arg({) € (2k7r 2(k+1 ™), |¢| = || and arg(¢) —arg(() = 2km:

F(O) = ex(P(O) ex ( 5 og (ol ). (4.18)

~ 1 1 1
G(s)=exp| — / log (<I>(cr)) s - do | x
Y %6(0)280 1—e¢ Y 1 +e v ¥

<o (§ 10w (@60 + i9m(s)),

with R(s) € (so + kv,50 + (k+1)7). |

For s — 5% > 2, both functions G and G are analytic on {s €C; Re(s) € (so— 5%, 50 + @rten 27r+€ }

and satlsfy , but nothing guarantees yet that G = G. We notice for instance that for <I>( ) S
and v =1, the functlons

s %F(s) and s %F(s) [1 + sin(27rs)] (4.19)

are two distinct solutions to the equation I'(s + 1) = sI'(s). The first one never cancels whereas the
second one does. Our purpose now is to show that the inverse Mellin transform of G exists, belongs
to L*((1 + 27™!)dz) and satisfies (1.11)): we then conclude by uniqueness of solutions to in
LY ((1427*1)dz), see e.g. Theorem 3.1. in [16], and by the properties of the inverse Mellin transform,
see Theorem 11.10.1 in [I§].
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Theorem 3. Let g be the solution to the stationary equation (L.11|) satisfying (2.9), and G the
function defined in (4.1)) for so > 2+ . Then
1 -
g(x) = — G(s)x™%ds, ,Yu > sp. (4.20)
2im Re(s)=u

"The proof of Theorem |3|is done in two steps. We first prove that the inverse Mellin transform
of G, that we denote g, is a function, with suitable integrability properties on (0,00). The theorem
then follows using a uniqueness result for the solutions of the equation ([1.11]).

The results are based on the behaviour of ¢ on the kernel kg, see Lemma m in Appendix .
From this, we derive the asymptotic behaviour of F(¢) as || goes to 0 or to co.

Lemma 4. The inverse Mellin transform ofé defined in a generalised sense as

1 ~
g(x) = — s 4.21
W)=z | Glo)ds (4.21)

foru e (30 — 51,50+ W) , satisfies:

g € L*((z+27th)). (4.22)

Proof. We first prove that the integral in is convergent. To this end we first recall that
G is analytic in the domain {s € C;Re(s) € (so — 5L,50 + 52)} (cf. Proposition . It then follows
that for all z > 0 and u € (so — 52,50 + v + 52) fixed, the function |G(u + iw)z~"""| is locally
integrable with respect to v. Let us see now what is the asymptotic behaviour of |G(u + iv)]| for
u € (so— 5L,s0+ v+ 5+) fixed when |v] — oco. This will be easier in terms of the variable ¢

- 55,

introduced in (4.4) and the function F' defined in (4.8)), whose expression was obtained in (4.18)):

PO = e (— 5 [ tosen{ - 2} aw) e (o8 (a6 )

um fw—C w+ 1

¢ € D(0), ¢ = e,

where ¢ is defined in (4.5)).
Notice that if s = u + iv+ky with u € (sg, so + ) fixed, k € Z and v € R, this yields in terms

s—sp

of the variable ¢ = T'(s) = ¢*™ 7~ :

_ v . uU—s . . .
— 27’1’762’L7T4Q,y eszwr _ rewe?zkw’
_opl
= e e (0, 00),
u— Sy
0 = 2m € (0,2m), fixed.

Our goal is then to estimate the behaviour of F'(¢) as |{| — oo and |(| — 0 and 6 € (0,27), k € Z
fixed. By Lemmal[7]

FO) = exp (= - (10+0(1) ) ex (5 108 (o(l1) ).

where



We have then, as || — oo or || — 0:

F@Q)| = (exp (—2;TI(§)+’§10g (@(\C\)HO(U}) ]

™

= exp (= ImUI(O)+iRe lox(w (<) +O()).

By Lemmal7]
log($(¢)) = log [log [¢|| + O(1), for [¢] = 0T or [¢] — oc.

We can use this expression for ( — |(| and obtain

Re (log(¢(|¢1))) = log flog [¢|| + O(1), for [¢| = 0 or [¢] — oo.

By Lemma [§ and Lemma []
—Sm(I(¢)) = —log [log(|C])[ (m — 0) + O(1), as [¢] = oo or |¢] — 0.

Finally we obtain

FO] = exp = 1og o | =527 + o)

We deduce that for ¢ such that § € (0,7) and k£ <0,

|F'(¢)] =o(1), as || — 0 and || — oc. (4.23)

Using the change of variables (4.4)), (4.8), it follows from (4.23)) that for all u € (so — 5%, so + ;I)
fixed: B

|G(s)] = o(1), as|Sm(s)| = oo, Re(s) = u. (4.24)

The function G is analytic in the strip Re(s) € (so — 5L, so + (27r+8) 1) and bounded as |s| — oo

for Re(s) € (50 — 5L, so+5 ) Its inverse Mellin transform g is then umquely defined as a distribution

on (0,00) by (4.21)) in a generalised sense where v may take any value in the interval (so— 5L, so+ 2)
using Theorem 11.10.1 in [1§].
Let us now study the regularity of g. Let us assume u < sg, i.e. for instance k = —1. Then,

there is b > 1 such that
|F(¢)] < Cem 3= 1080081ED - 1¢] -5 0, |¢] = o0,

Therefore,
~ b
|G(u+iv)| < Clv|"2, |v] 500, b>1,

/OO (é(uﬂ'v) ’

— 00

and

dv < co.

This shows that for any u < so the function G, (v) : v — G(u + iv) is such that G, € L2(R). It
follows that its Fourier transform also belongs to L?(R):

2

S ~ .
‘/ G(u+w)e "*dv| dz < 0. (4.25)
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Using the change of variables z = log x we deduce:

L ) 2 2 dx
'/ G(u +iv)e "*dv —

dz = ’/ G(u + iv)e 8y

‘/ G(u+ i)z —a gy d:c. (4.26)

Then, since

B 1 V=00 __ .
g(w) = 2— / G(u + iv)ﬂl'_(u+zy)dv, (RS (507 So + ’7)7
T Jy=—00

it follows from (4.25]) and (4.26|) that:

g(x) = i:):_“/ G(u+ i)z "dv,

/ Gu+w 1_i“dv )

9(@)] =™

. _1
Hence §(z)z"~2 € L2 as soon as u < so.

We recall that the value of § defined by (4.21)) does not depend on w. Let us choose sy > 2 and
e > 0 sucht that § € L' (z + 271).
Asymptotic behavior of g around z = +o0.

/-oo 1+'y‘g( ’dl‘ _/ 1+’Y u+2
1
y 2 12
( ‘/ G (u +iv)z ™2 " dy d:n) </ 1‘2(1+7_")+1d$> )
1

the last integral in the right hand side being convergent whenever

dzx

/ G(u+ i)z —2ivgy

20+y—u)+1<-l,<=~v+1<u-—1,

i.e. whenever we choose sg such that
2+ <u<sp.

Notice that this also implies that

/ z|g(x)|dz < oo.
1

Asymptotic behavior of § around x = 0.

1 1
/:U|§(:r:)|daz—/ L-uty / G(u+ iv)z~ 37y
0
1/2 1 1/2
< dﬂ?) </ x2(1u)+1dx>
0

The last integral in the right hand side is convergent whenever

dx

(4.27)

/ Gu—i—w —3 gy

20-u)+1>-1<=u<2,
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then we need to choose v < 2. To be allowed to take u < 2 with 2+ v < sg, we need to impose that

€ satisfies - -
2>u>80——7>2+7*l,
2w 27
Notice that (4.27)) also implies that

l.e. € > 2m.

1
/ g (x)dr < oo.
0

Thus, if so > 2+ and € > 27, the function g defined by (4.21)) with u € (sg — ;—7, S0+ %) satisfies
T

g€ LY((z + 27t )dx). |

In order to prove that g and g are the same we first show the following lemma.

Lemma 5. The function g defined by (4.21)) satisfies the equation (1.11]).

Proof. By construction G is analytic in the region {5 € C;Re(s) € (so — 5,50 + (27r+6)7)} and
satisfies B B

(2 —5)G(s) = ay(Ko(s) —1)G(s +7) (4.28)
on that region. We take the inverse Mellin transform in both sides of term by term. Since
(2—s)G(s) is again analytic in the strip u € (so—5%,s0+ (2ﬂ+5) 1) and G(s ) is bounded as |s| — oo in

that strip, we deduce that the inverse Mellin transform of ( — 5)G(s) is a well-defined distribution.
Moreover:

1

- 1 ~
—_— 2—8G5x_sds:2§x—,/ sG(s)x %ds
iz o2 960) ®) = iz 560

Using the well-known identity:

1 —s—1 _ 0 1 ~ —s
%in %e(s):uSG() ds = o <2i7r /éRe(S)uG(s):c ds)

1 ~ _ . g
— 2—-9)G Sds =2 —.
57 o2~ G = 23(a) w2 5]
We consider now the Mellin transform of the right hand side of (4.28)). Since the function K is
analytic and bounded for Re(s) > 1 and the function G(s) is analytic for € C and bounded for
Re(s) € (so— 55,50 + (27r+6) 1), the inverse Mellin transform of (Ko(s) —1)G(s+ ) is a well-defined
distribution for u > 1 and u+vy € (so— 55,50+ (2”+£) 1.
Notice that 1 < 2 < 5o — 5L from where u > 1 too. Then
1 ~ 1 ~
— Ko(s) - 1)G “Pds = — Ky(s)G “*ds —
557 o 90 =G )t = s [ () )
1

_% Re(s)=u

we obtain:

Let us then choose u € (so — 5,50+ 5).

G(s +~)x"ds

We first have:
1 ~ 1 -
— G(s+7vy)x °ds = — G(o)x™7ds
2im Re(s)=u 2im Re(o)=u+vy
7Y

= G(o)z~7ds.
2im Re(o)=u+y (@)
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Since u € (so — 51,50 + 52), we have u + v € (so + @ ) , 80 + (27r+6) 1) and then
A Glo)e~7ds = j(z)

-_— o)X s = g\x

27T JRe(o)=utry

from where

1 -
el —SJe _ 25
207 ety G(s+ )z °ds = 27 g(x).

We use now the definition of K in terms of kg to write:

1
5 Ko(s)G(s +~)z"*ds = 2/ / ko(y)y* 'dyG (s + ~)x"*ds
T JRe(s)=u U JRe(s)=

- han (5 /Wﬂw () =)

Using the same argument and the same choice of u as before:

~ s v
ol 0o () e ()
2im Re(s)=u Y Y Y
1

€L Ko(s)Gls-+2)a*ds =27 [~ ko) () %

2im Re(s)=u

from where:

Using the change of variable y = 7 we deduce

1 ~ oo
— Ko(s)G(s 4+ v)x™%ds = / ko <£> 271G(2)dz.
2im Re(s)=u T <
This shows that the function g satisfies the equation (1.11)) and proves Lemma |

We may now proceed to prove Theorem

Proof.[End of the proof of Theorem. By Lemmalthe function g satisfies the equation ({1 and
by Lemma I, g € LY((x 4+ 27*1)). Then by the uniqueness Theorem 3.1 of [10], p. 110 we deduce
that g = g. |

Proof. [Of Theorem By Proposition I the function G is analytic and bounded on the domain
D= {s € C;Re(s) € (so — 51,50 + (27r+€) )} and then, by classical properties of the Mellin trans-
form (cf. Theorem 11.10.1 in [18§]) G(s) = M|[g|(s), for s € D. Since by Theoremg = g, we deduce
that G = G on D. It follows in particular that |G| does not vanish on D, and this proves point (i).
We may then divide both terms of equation by G(s++) to obtain equation and this
shows the point (ii).
Ky is bounded, and applying Theorem 11.10.1 in [I8] we have

x2 d? xS
k = —— d
O(«T) % do2 /?Re(s):so 52 (3) S,
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that we write also, in a generalised sense

1
k =__ S Ko(s)d
() 20T JRe(s)=s0 ! os)ds,

and applying point (ii) we get point (iii). |

5 Conclusion

In this study, we provided a first theoretical ground to the question of estimating the function
parameters of a pure fragmentation equation from its solution. To this purpose, we departed from
its self-similar asymptotic profile, along the lines of previous studies carried out for the growth-
fragmentation equation [5 [19].

We proved two main results: uniqueness for the fragmentation rate and kernel, and a recon-
struction formula for the fragmentation kernel based on the Mellin transform of the equation. The
most delicate point lies in the proof of the reconstruction formula. This requires to prove that the
Mellin transform of the asymptotic profile does not vanish on a vertical strip of the complex plane
- a property far from obvious achieved with the use of a Wiener-Hopf transformation and a careful
study of the asymptotic behaviour of the function on vertical lines of the complex plane.

With these results however, the inverse problem of reconstructing the function parameters of
the fragmentation equation is far from being solved in practice. First, stability of the reconstruction
formula (iii) of Theorem needs to be studied in an adapted space, and this inverse problem
appears as severely ill-posed, as most problems of deconvolution type. Concerning the fragmentation
rate, we shall need a new estimation method, since ours strongly uses the behaviour of the asymptotic
profiles for very large sizes, what is out of reach in practice. Finally, numerical tests and application
to real data shall be carried out in a future work.

6 Appendices

6.1 Behaviour of Ky(s) for s € (0,00), large.

The following lemma states that if kg is continuous in a neighbourhood of = 1, the Mellin transform

K\ converges to 0 as 1/s when Re(s) goes to oco. The proof is a variation on the Laplace method
x

[20] through the change of variable z = e™*.

Lemma 6. Under hypothesis (Hyp-3)):

Ky(s) = ko(l)—l—o(i) , s — 00, s €R. (6.1)

If we also assume that, for some € > 0 there exists r > 1 and C, > 0 such that, for allx € (1—¢,1):
|ko(x) — ko(1)| < Cr|log(z)]"
then

Ky(s) = ko(1) +o <1> , s —o00, s €R. (6.2)

57'
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Proof. Let us evaluate the limit as s — oo of the following expression

1—¢ 1
sKo(s) = s/ ko(2)x ™! da + 5/ ko(2)x* ™! da. (6.3)
0 1

—&

We first notice that:

< s(1 — ) /01_6 ko(2)dz

<2sexp((s—1)In(l —¢)) — 0,

§—00

1—¢
s/ ko(z)z*~! dx
0

(6.4)

and so the first term in the right hand side of (6.3)) goes to zero exponentially fast. On the other
hand, using the change of variable z = y*/*:

1 1
8/1 ko(x)z5~! d:v:/ ko(y'/®)dy (6.5)

e (1—e)s

Since by ko is continuous on [1 — &, 1], it follows that, for all y € (1 — ¢, 1)%:
O o) o, fofe) <00
(i) lim ko(y+) = ko(1)
(i)  lim(1—e)*=0

S§—00

and we deduce by the Lebesgue’s convergence Theorem:

1
lim s ko(z)z* ! dx = ko(1).

5—+00 1—e

This shows (6.1)). In order to prove ([6.2) we use that

1
s/ ¥l dr=1-(1-¢)*
1

—E&
to write:
1

1
s/ ko(z)z*~! dx — ko(l)‘ < S/ \ko(2) — ko(1)]|2° ™1 dx + ko(1)(1 — £)*
1 1

—& —&

1
< Crs/ (logz)"2* ™" da + ko(1)(1 — £)*.
1

—E

It may be checked that

1
/1 (logz)"z* tdr =s"(T'(1+r,—slog(l —¢)) —T(1 +7))

—&

and since s (I' (1 +r,—slog(1 —¢)) — I'(1 +r)) is bounded as a function of s, (6.2]) follows. [

Remark 7. If kg € L'(0,1), the Riemann Lebesque theorem guarantees us that
Ko(s) — 0. (6.6)

Im(s)—o0

If kg is a general measure, this property may not be true anymore. The measures such that 18
satisfied are known as the Rajchman measures. See for example [T]|] for a characterization of the
Rajchman measures in term of what sets they annihilate (i.e. give measure zero).

25



6.2 The Sokhotsky-Plemelj formula

The Sokhotsky-Plemelj formula is an identity among distributions which states in one of its variants
that

1

. - . o /
;13[1) p——— P.V. p— + imd(w —a), D(R), (6.7)
or in other terms, for a test function f
i [ g, = P.V./ S gyt infa),  acer. (6.8)
e=0Jy w— ae*r*”® 0 —a

6.3 Three auxiliary Lemmas.
The first lemma gives an estimate on log(@(w)) as |¢| goes to 0 or +oco with a fixed argument 6.

Lemma 7. [Estimate on log(yp)] Suppose that the determination of the logarithm function is chosen
as in [4.2). Then for so large enough, and ( € C\RT :

log(@(¢)) = log|log [¢|| + O(1), for [¢| = 0T or[¢] — oo (6.9)

Proof. By definition, for any ¢ € C\R™ (identified with the first sheet of the Riemann’s surface),
there is a unique s € C with Re(s) € (so, so + 7) such that ¢(¢) = ®(s). We have

5—2
R o))

Since Ky(2) = 1 and ko is supported over [0, 1] and satisfies Hyp-4, we have, for any s such that
Re(s) > 2

(6.10)

[ Ko(s)| < Ko(Re(s)) < 1.
Then, for Re(s) > 2 fixed, there is a contant C' such that

O(s) =Cs+0(1), as Qm(s) = £oo,
which is by the definition (4.5)) of ¢,

- C
2(0) = @ (s0+ 51— log(0)) = 5~ log(¢) + O(1), s [¢] = 0, [¢] = ox.
T 2w
The expression of log(¢(¢)) is then given by
log(@(¢)) = log [log [¢|| + O(1), as [¢| = 07 and |¢| — oo. (6.11)
This ends the proof of Lemma |

To describe the asymptotic behaviour of F' for |(| — 0 and |{| — 400, we need to understand
the behaviour of the imaginary part of

/OOO log () <w1C - w1+1> dw (6.12)

as |¢| — 0 and |[¢| — +oo for ¢ € D(0) = C\ R™. This is done through the following two lemmas.
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Lemma 8. For ¢ € D(0), denoting ¢ = e, § € (0,27),

S (1 1 B
o (/ (w—C B wH) dw) =0(1),  [¢l =0, [¢] = oo, (6.13)

Proof. For || small, the Lebesgue dominated convergence theorem guarantees that

/+Oo o Ve S /m Lo Y Naw=0@), |=0
1 w—C( w41 w|¢H01 w wt1)T ’ '

Then, we write
/1 1 1 /1 dw L dw
—_—— ——— Jdw = _ e
0 w—é‘ w+1 0 U]—C 0 'LU+1

and a straightforward integration gives us

1
/ wlde = log(1 — ¢) — log(—¢) = —log(—¢) + O(1), ¢l =0,

s ([ (5he - oy dw) = —as-0+ 00 =0, I¢[-+0,

w—( w+1

Hence

For [(]| large, the Lebesgue dominated convergence theorem guarantees that

1 1 1
/0<w—C_w+1> |§|%oo /w—i—ldw_ o), [} = o0

Then, we write

o0 1 1 2r 1 1 Foo 1 1
/1 (w—wa)dw:/l <w—<_w+1>dw+/2r <w—<_w+1>dw’

where we recall that r» = |(|. We deal with the first term using a straightforward integration

1 1

2r
/1 <w—( — M) dw = log(2r — ¢) — log(1 — ¢) — log(2r + 1) + log(2),

thus

Sm (/QT <l—l> dw) = arg(2 — ) —arg(1 — re’?) = 0(1), [¢| =
1 \w—-¢ w+1 - 8 B ’ '

The second term needs more details. We write

oL Y Ny [T ©  dw [ C+1
/zr <w—< w+1>dw /2 w(w—odw/zr wlw—0) /2 w(w— O™

The Lebesgue theorem gives us

*dw [ (+1
/27“ w(w - C) /2r w<w - C)(’UJ + l)dw K|:>OO 0’

and we have

0o 00 i k j
> ¢ /°° ¢ ;m/m dw 1 <e’9) ( e29>
— > _dw= 7dw:§ ¢ :§ |5 ) =-Log({l-—=],
/2r w(w — () 2 w? (1—%) k=0 2 W2 k;:lk 2 2
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Using the serie expansion
>k

Z % = —LOg(l - Z)v

k=1
where Log(z) is the principal determination of the logarithm (taken with Arg(z) € (—m,n]). Hence

Sm (/Ooo <wl_g - w1+1> dw> — _Arg <1 _ 6;) +0(1)=0(1), |t = .

This ends the proof of Lemma [
The next Lemma gives the asymptotic behaviour of the imaginary part of the following integral

1(¢)
I1(¢) = /0 log |log w| <w1_C — wj—l) dw.

Lemma 9. For ¢ € D(0), denoting ¢ = e, 6 € (0,27)
SIm(I(¢)) = log [log(r)| (m — ) + O (1), as|¢| — 0 and || — oo. (6.14)

The proof of LemmalJ| uses the following expressions, for all A > 0, where vz denotes the Euler’s
constant:

A _ k+1
/ log |log w| whdw = Y+ 1) 10g(A)k)i1(A) log |log(A)|, k>0, (6.15)
1 dw — U (—klog(A)) + logk + (A) ¥ log|log( A
1 dw
/ log |log w| = —log(A)(—1+log |log(A)], (6.17)
A
A _ k+1
[ o ol = 2210 D= W DIog4) + () gl
1 k+1
(6.18)
% dw  —U(—(k+1)log(A)) + (A)~F+Dlog|log(A)|
/A log |log w| i | , k> 0. (6.19)
where ” . .
B etdt 1 1 2
U(z) =—-PV. /_Z t v <a;) 7, P <w) (z 4+ O(z?)).
Proof of Lemma

Lemma [9] is describing the asymptotic behaviour of the imaginary part of I(¢) as |[¢| — 0 and
|¢| = 400, with arg(¢) = 60 € (0,27), and extends easily then to arg({) = 0.
Step I.| Limit as || — 0. We split the integral I({) in three terms

I(¢) = L(¢) + 12(C) + I3(¢),

1 dw ! dw (log 2)°
I,(¢) :/0 log |log w| —— I = _/0 log [log w| wtrl 2 (6.20)

w—{C’
o 1 1
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We first notice that, by Lebesgue’s convergence theorem I3(¢) converges towards a finite real limit:

i > log |log w|
lim 1. = ———d 6.21

so that the behaviour of I is dominated by the behaviour of I1(¢). We cut it into three pieces:

r/2 dw 2r
L(¢) = /0 log|logw|w_g+/ log|logw| /210g|logw|

/2

= 01(0) + 620 + ILs(0).

Study of the first integral I; ;(¢) = T/Q log [log w| dw

Since in the first integral 0 < w < |(|/2, we may write

(e}

/2 r/2
/ log|logw| / log |logw| ———— ( ZC (k+1) / log |log w| w”dw.
0

k=0

Let us recall that we defined r := []. Using Formula (6.15]) for £ > 0 and A = %, we have

/2 " log [log(r/2)]
log |1 kdw = _
/0 og |log w| w"dw it 125

B (%)M ((k + 1)2110g(7'/2) O <(/~c + 1)3iog(r/2)2)> ’

(6.22)

as || — 0, then

v duw <yt
log |1 —— = —log |l 2) ——
/O og llog w| "= = —log [log(r/ 12( ) GrE T

*M;(@)HM (4o (o) 9o

Using the serie expansion
- (s) &= 140 (154
—— | —=-Log(1l—- ==
2 <2\<| k 2¢]

where Log(z) is the principal determination of the logarithm (taken with Arg(z) € (—m,7])

r/2 d
I 1(C) —/0 log |log w| TT_UQ = log |log(r/2)| Log ( ’i‘) + 0 (101gr|) , [<|— 0. (6.23)

Study of the third integral I; 3(¢) = f;r log [log w| uiligjc

Similarly, using that 2|¢| < w in the third integral, we write:

1 1
dw
log |1 — log |1 § log |1
/2 oglogw!w_C /2 og [log w| —— ( C/ og |log w| k+1’

T T
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from where, using formula (6.16]) for k£ # 0 and A = 2r:

L (2r)*log|log(2r)| = yE +logk = (2r)7* 1
log |1 = 1O Fiog@n
/2 og |log w| k+1 2 + k e log(2r) ( * <k10g(27")>>’

r

as || — 0, and then

1 dw s ¢ k
/ log|logw| —— = —log(2r)(—1+ log(—log(2r)) + log | log(2r)] <2|<|>
? =1

1
- w— E
x| vE +logk (2r)~F
S (“0( o)) 1400

we obtain:
/1 dw ¢
log |log w| o —log(2r)(—1 + log(—log(2r)) — log | log(2r)|Log (1 - 2|<|>
2r -
) (2r)E . (6.24)
“mhos(l - +Z< U g (40 (rmen)) | 110
which implies
1
13(0) = [ logllog ] - = ~log(2r)(~1 -+ log(~ log(2r)
or w=6 (6.25)

— log | log(2r)|Log (1 - 2|C<|> +0 (“O;(T)') .

Study of the second integral I; 2(¢) = ff/g log |log w| j—i”c

The argument for the second integral is slightly different. We first make the change of coordinates
w = rx, r = ||, and obtain

2r 2 2
/ log |log w| _dw = / log |log rx| dmg = / log |log r + log z| dz:c
r/2 w— 1/2 T 1/2 T

¢ 1 1
2
/ log
1/2

( ot )
log r —
ICI

2 Iog:p dx
= log|logr| 1 c

1/2 ogr 1
_ 1 ¢
= logllogr| ( Log ’C’ 271 +

1
+/ log <1+ ng> dxc (6.26)
12 ogr )| o &

Since we want to consider values of the argument of # in the interval (0, 27), the denominator x — 6l (|

may then be close to zero for x = 1. Suppose then that arg(¢) = 6. We will consider separately
the case where cosf is close to one and the case where cosf is bounded away from one. Let us
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consider first the case where cosf > 2/3. We use the change of variables y = z — ¢? and obtain the

2 log dx
log (1 + ) — = / log
/1/2 logr )| x — e Ty

Ty = {y € C;Re(y) € (; —cos6,2 —cos@) , Sm(y) = —sinﬁ}.

expression

i0
(1 4 losly + e7) )> dy (6.27)
log r Y

where

This integral may be written as follows

1 O\ | d
/ log (1 + og(y—i—e)) Y — im log
1)

1 i6
<1+0g<y+6>> dy (6.28)
log r Y 3=0 /A, (5)

log r Y

where

Ag(0) =T\ {y € To; Re(y) € (=4,0)}.
Define finally the sets

Y9(0) ={y € Ag(d); Re(y) € (1/2 —cosh, —1/2+ cosh)}
Q={yeC;Re(y) € (1/2—cosbh,—1/2+ cosh), Sm(y) € (—1,1)}.

Notice that Yy(d) C Q. Due to the symmetry of Xy(d) with respect to the line Re(y) = 0 we have:
d 1 1
/ yzLog(—cos&—isin@)—Log(—+cos«9—isin0)—|—
Se(8) Y 2 2
+ Log (—d —isinf) — Log (6 —isinf) (6.29)

=1 <2Arg <; - ew) — 2Arg(0 — isin 9)) , 0>0.

Then,
log(y + )\ | dy log(y + €)
log [(14+ = )| = = <log L =
S0 (5) ogr Y 20(5) ogr (6.30)
log (e d '
— log (1 + Oli(;r )> ‘ )Ey + v,
with

v =log

(1 n 105);6;9)) ' <2Arg (; - e“’) — 2Arg(d — isin 9)) :

Since cos(#) > 2/3, for y € Q, log(y + ¢%) is bounded away from zero so that we can define g
small enough in order to have:

1 0
loe+e")| 105 wyeo.
log
Then, for all y € Q,
0 0 10
| 4 log(y +e7) S log(y +¢") _ |log(y +¢") ~1/9
log r log r log ro
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We denote by

v(1) = log

(1 N log(Ty + ei9)>

log r

, V(1) = §Re< Y

logr

so that we use the mean value theorem to write v(1) — v(0) = v'(7) for some 7 € [0, 1], i.e,

log

(ry + ¢) log r <1 | log(ry+e'?)

< |y

log(y + €% log(e™ Yy
(1 + T loar ) —log || 1+ Toor (") = Re - E——
ogr ogr (ty + €e?) logr <1 + =B

logr

|log(r)||Ty + €?||1 +

For all y € T'y(6),

1
67

Wl N

+

oS

- 1
Ity + €| > TRe(y) + cosf > 1 <2 — COSG) +cosf > —
and since Ty € Q, we obtain for r small enough

1 10 1 10 12
1+og(y+e ) Ctog| (14 og(e") < Iy!’
logr log | log r|

from where it follows that, for all 6 > 0:

[, e (e =)

log r
1
S/ <1+ og(y + " )‘
S0 (6) logr
12 < log
= [logr| Js,) logr

—_ 1= 10
_ 12(2cosf — 1 — 26) vamtog| (14 log(e") ‘
| log r| log r

log

log

10
<1+ G >H —+|v|
logr Y|

dy+4mlog

On the other hand, for all y € Ay(d) \ Lg(9),

ly| > [Re(y)| > cosh —1/2 > 1/6.

/ log

0(6)\X(9)

<1+log(y—|—ew)>‘dy §6'log <1_1og(2)>‘ [ dy|

logr Y logr

logr
Since by definition of Ag(d) and Xg(6):

1 20 d 1 20 d
/ log <1+og(y+e )> y:/ log‘<1+og(y+€ ))‘y+
Ag(8) logr (1 T0(6) logr (0

1 0
+/ log <1+°g(y+e )>‘dy
Ag(8)\Zo(5) logr Y
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log(Ty + )|’
log(r)

(6.31)



we deduce from (6.31) and (6.31)) that for all § > 0

1 N\ d 12(2cosf — 1 log(2
/ log <1+Og(ere >> dy| _ 12(2c0s6 1) )+9‘10g<1—0g( )>‘
Ay () logr Yy | log r| log r (6.32)
0
+47 log (1—|— log(e )> ,
log r
and then, by (6.28) and (6.27)):
2 1 1
/ log <1—|— ng) dx'e:O()’ as r — 0. (6.33)
1/2 logr /| x — e |log |

Suppose now that cos# < 2/3. In that case

9 = \/(Re(x))2 — 2Re(z) cos 0 + 1 > \/(Re(z) — 2/3)2 4+ 5/9 > v/5/3,

‘x—ez

and the denominator of the integral is bounded away from zero. Let r; be small enough in order

to have:
log

<1/2, Vx € (1/2,2).

log 1

Then, for all r < rq:

log = log log x

>1/2, Vz € (1/2,2)

i

log r log r log 11

By the mean value theorem applied to

f(r) =log <1+Tlog:c)7 f/(T)_logg: 1

logr B logr1+7%’

we have for some 7 € [0, 1]

log log 1

logr 1 +T}g%

21log(2)
~ [log(r)[’

log |1 +

log r

and we deduce that for all  such that cosf < 2/3:

2 1 d log 2 1
/ log (1+ ng) vl ez () as 7 — 0. (6.34)
1/2 logr )| x — ¢ \/5\ log 7| | log r|
As a consequence, by ((6.26]):
2r dw
L2(¢) = / log [log w| w—¢

B ¢ 1 ¢ 1
= log |log | (Log <2— |C|> — Log <2 - |C|>> + 0O (M) , [¢] = 0.

33



Summing the contributions I(¢) = I>(¢) + 13(¢) + 111(¢) + 11.2(¢) + 11 3(¢)
Using (6.20)) and adding (6.21]), (6.23]), (6.25]) and (6.35)) we obtain:

(log 2)? /OO log |log w|
2 1 ww+1)

—log(2r)(—1 + log|log(2r)|) — log | log(2r)|Log <1 _ S >

2|¢]
¢ I ¢
+ log |log 7| <Log <2— ’C‘) — Log <2 — |C|>> + O

1
—_ 0. 6.36
(i) |0 @30
log |log(r/2)| =log|logr| + O (1), log [log(2r)| =log|logr|+ O (1), |{|—=0 (6.37)

I(¢) = dw + log |log(r/2)| Log (1 — ‘C|>

2

Using

the expression in ([6.36)) may be simplified to:

(log 2)? n /°° log |log w]
2 1 ww+1)

—log(r)(—1 + log | log(r)|) — log | log(r)|Log (1 _ 2’2’)

+ log |log r| <Log<2—|g|> Log(;—é|>>+0(l), I¢| — 0.

dw + log |log(r)| Log (1 - |C|)

1) = >

and
1(¢) = U2 o [ O8I0l 1og(0) (-1 + b g +
+log | log(r)| (Log <1 _ ’;2) Log (1 - 2&0
+Log (2 é') " Log <; _ é)) Lo, ¢ > 0.

Since:

Log (2 - > = Log(2) + Log <1 - >
q 2|¢]
we first obtain:

<] ¢ 1
Log(l—QC) Lg<1_2\ﬁ|>+L0g<2_]C!) Log(2 )

S e )

We use now:
[q

_ €] LS W ol 9
p(&)-Log(l—QC> Log<2—|q)—Log§_lgl —i—z(Arg(l— )

p(0) =i (Arg (1 - '22') Arg @ - é\»

=i(m —0).

(27 70)
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Indeed, we have by definition ¢ = |¢|e? with § € (0,27). Let us denote

— <l _ L o_ig_ L i _ o i
B=1 2<_1 5¢ =1 2008(0)—}—281n(9)—|5|6, a € ( 5’ )

S

We have
p(0) =i (Arg(ﬁ) — Arg (—Bew)) =1 (a - Arg(eiw—’r“‘))) .

For 6 € (0,7) we have a € (0, §), so that 6 — 7 + o € (=, §). For 0 € (7, 27) we have a € (

so that  — 7+ a € (—§, 7). In both cases, we thus have § — 7 + a € (=, 7), so that

p(0) =i (a - Arg(eiw—“a))) —i(a—(0—7+a))=i(r—0).

We deduce

(log 2)? N /°° log |log w|
1

10 ="= w(w+ 1)

dw — log(r)(—1 + log | log(r)]) + log [log(r)|log 2 +

+ilog |log(r)| (m —6)+ O (1), || =0

SIm(I(¢)) = log [log(r)| (m = 6) + O (1), |¢| =0

and this proves (6.14)) of Lemma [9] for |¢| — 0.
Remark 8. Notice that the argument leading to (6.35)) also proves the following:

2

2r
d ) 1 )
/ log |log w| - log |log 7| (Log (2 - e’e) — Log < — 629)> +0(1), [¢] = occ.
r/2 w—¢

Limit as |(| — +o00. We split as well the integral I(¢) in two terms
L(O) = J(Q)+ J2(C)

! 1 1
Ji(¢) = /0 log [log w| (UJ( - w+1> dw

e 1 1
J2(¢) /1 log |log w| (TU—C — w+1) dw

and notice as well that J;(¢) converges toward a finite real limit:

Hog |log w| log(2)?
li = — dw =
i, 1) /0 wrl 0T 2

We write J2(¢) as the sum
r/2 C+1 2r C+1
J: :/ log |log w dw+/ log |logw| —————dw+
I e (T [T VA Wi b (T TR )

+/2T tog llog vl @ = ™

=Jo1+ Joo + Jos.
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5:0)

(6.38)

(6.39)
(6.40)

(6.41)

(6.42)

(6.43)

(6.44)



As previously, we examine the asymptotic behaviour of each of the three terms in the right hand
side of (6.43]). For the first term we notice the following;:

r/2 C+1 r/2 C+1
J :/ log |log w dw:/ log |log w| ———dw—
2.1 ) g’ g ‘<'LU—C)(’UJ+1) . g‘ g |('UJ—C>'LU
r/2 <+1
- log |log w dw. 6.45
/1 B llogul (o (6.45)

=Joo1+ Jo22

The Lebesgue’s convergence Theorem guarantees the convergence of Js 2 o towards a real finite limit:

r/2 1 * Jog |1
¢+ i __/ log [log w| , (6.46)
1

lim log |log w w =
I¢|—o0 Jq gllog v (w— Q)w(w + 1) w(w + 1)

On the other hand, the first term of (6.45) can be written as

r/2 1 r/2 1
J22.1 :/ log |log w| de = / log |log w| de
1 w0 1 (E-1)w

o~ 1 /'“/2 -
= — log |log w| w"™ "dw
> i || toglosl

1 [7/2 o r/2

= —Ci log |log w| w ™ dw — C+1 log |log w| w*tdw.

: g [log G g [log
1 — 1

Using (6.18) for k£ > 1, we find

k k k
= (5)" e (2 zcl;(/z) <1 o (klo;(rm)) + 2 s i o

and then the first term in the right hand side of (6.45]) satifies:

/”2 g log ] -y — (/2" 108(08(r/2))) _ W(klog(r/2)) | 7e + logk

r/2
oo — / log [log | (Czl)wdw =S . D log(r/2)(—1 + log(log(r/2))) —
(H 1o+l S\ 1
- loallog(r/2) ;(2> Clog(r/2)z<24> (140 (o)) -
Z CC:;ll 7E+logk) as|(|—>oo
=1
¢+

1 671’9
= c log(r/2)(—1 + log(log(r/2))) + log(log(r/Q))Log <1 -3 ) +

) o) <5 (o (2)-

+PolyLog™? [1, H)
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Using again (6.37]):

r/2
/ log [log w| (C%dw = —log(r)(—1+log(log(r))) +
1 w— (w

—if
2

+log(log(r))Log <1 _C ) FO1), as|¢] = oo, (6.47)

We consider now the third term in the right hand side of (6.43]). We must split again the integral
in two terms as follows:

J273 :/ IOg |10gw| de — / log |10gw‘ C;dw _
2

or (w—=¢)(w+1) r (w—Qw
_/zr log |log w| (w—()w(w—i—l)dw' (6.48)

The second term of ([6.48)) converges to zero as r — co. We write the first term as follows:

o 1 > 1
/ log |log w| C;dw = / log |log w| de
2 2

. (’UJ - C)w I w? (1 — %)
= i(cmc’“ " log log w] - (6.49)
= , BB e '
k=0 "
Using (6.19), we get
0o dw B (2r)_(k+1)10glog(27“) (QT)—k—i-l 1
[, tostosu gy = Pl G+ 171og2n) \' 7O\ 1 log(@n)

and we obtain for the first term in the right hand side of (6.48):

e 1 1 > SR
/ log |log w| de o o loglog(2r) Z < ¢ ) — +
2

, (w—Quw ¢ — 2r k+1

o (s) i (0 (o)

k=0
¢+1

ot
loglog(2r)Log <1 - 2) +

+Cf;21)i (f)k+ CESY: <”O (<k+1>11g<2>>)

k=0

After using again (/6.37]) we deduce:

/001 logw| L g — loglog(Log (1 ) + o (- % (6.50)
., og |log w (w—Ow w = — loglog(r)Log 5 ogr ) as r — 00. )

Using now (6.42), (6.46)), (6.47), (6.50) and (6.38) in Remark [§]

1 2 0 | 1 —1i6
1) = Ogéz) + /1 mdw — log(r)(—1 + log(log(r))) + log(log(r)) Log <1 -5 ) =
— loglog(r)Log (1 - 6:) + log |log 7| (Log (2 - eie) — Log (; — ei9)> +0(1), asr — oo.
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The same arguments as in Step I yield first

log(2)? * log |log w|
1 = —— ————dw —1 —1+log|l
(© s+ [ — log(r)(—1 +log] log(r)) +
+ loglog(r)[ (m —0) + O (1), [¢| = oo, (6.51)
and then, property (6.14) of Lemma [9] for [{| — oo. O
Glossary

Arg Principal value of the argument of a complex number: Arg(z) € (—m, 7]
arg argument of a complex number: arg(z) € [0, 27|
« Multiplicative constant of the fragmentation rate
0% Power of the fragmentation rate
B(x) Fragmentation rate
f(t,x) Density of particles
g(x) Stationary profile
G(s) Mellin transform of g
k(y,x) Fragmentation kernel
ko(z) Rescaled fragmentation rate
Ky(s) Mellin transform of kg
Log Logarithm of a complex number: Log(z) = log(|z|) + iArg(z)
log Logarithm of a complex number: log(z) = log(|z|) + i arg(z)

oo
LY(R™, p) {f :RY =R, [[f(2)ldu(z) < OO}

0
LY(RT) LY(RT, dx)
M(Q) Set of bounded (or finite) measures over 2
Mioe(£2) Set of measures over 2 which are finite over the compact sets

+oo
M{p] Mellin transform of a measure p defined as M [u|(s) := / 25 Ydu(x) for s € C.
0

teRT Time
x € RT Size of particles
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