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The spherical p-harmonic eigenvalue problem
in non-smooth domains

Konstantinos Gkikas*

Laurent Véron'

Abstract

We prove the existence of p-harmonic functions under the form u(r, o) = r~%w(c) in any cone C'g
generated by a spherical domain .S and vanishing on 0C's. We prove the uniqueness of the exponent 3

and of the normalized function w under a Lipschitz condition on S.
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1 Introduction

Let p > 1, S a domain of the unit sphere SV~ of RY and Cg := {(r,0) : r > 0,0 € S} the positive
cone generated by S. If one looks for p-harmonic functions in C's under the form u(x) = u(r,o) =
r~Pw(o) vanishing on dCs \ {0}, then w satisfies the spherical p-harmonic eigenvalue problem on S

—div’ ((BQwQ + \V’w|2)% V’w) =(p—1)B(8 - Po) (ﬁ2w2 + |V’w|2)% w inS
w=0 in 95
(1.1)
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with 3y = % and were div’ and V' denote the divergence operator and the covariant gradient on
SN—=1 endowed with the metric induced by its isometric inbedding into R"V. Separable solutions play
a key role for describing the boundary behaviour and the singularities of solutions of a large variety
of quasilinear equations. When N = 2 the equation is completely integrable and has been solved by
Kroll in the regular case 8 < 0 and Kichenassamy and Véron in the the singular case 8 > 0. In higher

dimension, Tolksdorff [15] proved the following:

Theorem A If S is a smooth spherical domain, there exist two couples (fs,ws) and (g, ws) where
Bs > 0and By < 0, ws and wy are positive C*(S)-functions vanishing on 9S which solve (1.1) with
(B,w) = (Bs,ws) or (B,w) = (By,ws). Furthermore Bs and (35 are unique, and ws and wy are
unique up to an homothety.

A more general and transparent proof has been obtained by Porretta and Véron [13], but always in the
case of a smooth spherical domain. The aim of this article is to extend Theorem A to a general spherical
domain. If we consider an increasing sequence of smooth domains { Sy} such that Sy, C S, C Sk+1
and Uy Sk, = S we prove the following:

Theorem B Assume that S¢ is not polar. Then the sequence of the B, > 0 from Theorem A is decreasing
and converges to Bs > 0. There exists wg € Wy (S) N L>(S) weak solution of (1.1) with § = fs.
Furthermore Bs > 0 is the largest exponent 3 such that (1.1) admits a positive solution ws € VVO1 P(S).

Under a mild assumption on S it is possible to approximate it by a decreasing sequence of smooth
domains S}, such that S}, € S}, C S}, , and NS} = §
o
Theorem C Assume that S = S. Then the sequence [3 sy > 0 is increasing and converges to g > 0
and there exists s € W, P(S) N L°°(S) weak solution of (1.1) with 8 = B. Furthermore Bg is the
smallest exponent 3 such that (1.1) admits a positive solution wg € Wy*(S).

We prove the uniqueness of the exponent 3, under a Lipschitz assumption on .S.

Theorem D Assume that S is a Lipschitz domain, then Bs = BS and if w and W' are two positive
solutions of (1.1) in Wol’p(S), there exists a constant ¢ > 0 such that ¢~ 1w’ < w < aw'.

The proof of Theorem C is based upon a sharp form of boundary Harnack inequality proved in [10],

w(o1) _
w’(o1)

202 < o) |0y — 0" Vou,00 € S, (1.2)

In (o0

In

for some ¢; = ¢1(N,p,S) > 0and a € (0,1). Actually we have a stronger result, much more delicate
to obtain.

Theorem E Let S be a Lipschitz subdomain of SN~1. Then two positive solutions of (1.1) in Wol’p(S)
are proportional.

The proof is based upon a non trivial adaptation of a series of deep results of Lewis and Nystrom
[10] concerning the p-Martin boundary of domains.

Acknowledgements This article has been prepared with the support of the collaboration programs ECOS
CI14EQS.

2 Existence

2.1 Estimates

Through this article we assume that S¢ is not polar, or equivalently that it has positive cfzfl—capacity.



K. Gkikas, L. Véron

Lemma 2.1. Assume p > 1. Then any solution w € W, *(S) of (1.1) satisfies
||W||Cw(5) <a HwHLP(S) J 2.1)
zfp>N71where’y:17%ifp>Nfland

[wll oo 5y < €1 lwllpogsy » (2.2)
if1 <p<N —1, where c; > 0depends onp, N, 5.
Proof. Multiplying the equation by w and using Holder’s inequality, we derive

() [ (5 V) s < (305 - (- 1)) [ wlds it pz2

; v 5 2.3)
(i) / (822 + [9wl®) " dS < 871 (pB — (p — 1)50) / wPdS if 1<p<2.

S S

Notice that these inequalities hold for all p > 1. If p > N — 1 (2.1) follows by Morrey’inequality. Here
after we assume 1 < p < N — 1. Leta > 1 and k > 0. Then ¢ = min{|w|, k}* 1w is an admissible
test function, hence

1-Ifp > 2,

—2

/S (822 + 1Vl T VW OdS = (p— 1B — fo) /S (822 + |Vwl?) s

< cz/ IV'w|P ™% w? minf|w|, k}*~1dS + czb’p/ |w|? min{|w|, k}*~1dS
s s

s ) (2.4)
<o ([P mingel iy as) " ([ 19 mingl iyeoas )
—&-CQBP/S |w|? min{|w]|, k}*~1dS,
where ¢o = co(N, p, ) > 0. Since
/S (ﬂ2w2 + |V'w|2)p%2 (VwV'()dS > 03(17)/8 [V'w|" min{|w|, k}*~"dS,
it implies that there exists ¢4 = c4(N, p, 3) such that
/S|V’w|p min{|w|, k}*~1dS < c4/S |w|? min{|w]|, k}*~1dS, (2.5)
which yields
[Ivi@ras <e [ liras. .6

a

where j(w) = min{|w|, k} 7 w.
2-If 1 < p < 2, then

p—

/(52w2+|V’w|2)T<V’w.V/C>dS:/ (62w2+\vlw\2)T\V’w\Qmin{\w\,k}o‘*ldS
S S

+(a- 1)/ (822 + V) T [V o] dS.
SN{|w|<k}
2.7
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Since

p—2 P
2

/(ﬁ2w2+\v'w|2)T\v'w|2mm{|w\,k}a*1dsz/ (ﬂ2w2+|V’w|2> min{|w| , k}*~1dS
S S

p—2

- BQ/ (620.)2 + |V’w|2) * min{|w|, k}*w?dS
S
> / \V’w\pmin{|w|,k}a*1d3—62/ <B2w2+ |V’w|2)Tmin{|w|,k}("*lwzdS,
S S
we derive
/ [V'w|” minflw| , k}*~1dS < 82~ (pS — (p — 1)Bo) / jw|” min{|w|, k}*~'dS, (2.8)
S S

which leads to (2.6). Letting k& — oo we infer by Fatou’s lemma,

/ ‘V’ |w|”51+1‘p ds < 04/ lw] 1 4. 2.9)
S S

If p < N — 1 we derive from Sobolev inequality and putting g = o — 1+ pand s = NZX ;1]0

(/ |w|squ)s §c5/ lw]? dS, (2.10)
S S

and ¢5 > 0 depends on N, p and . Iterating this estimate by Moser’s method we derive (2.10).

_ x _ m(N—1)
Ifp=N—1wehaveforl <m<p—landm" = 75—

‘6 </ ‘w|(a;1+1)m* dS) m < (/ ‘v, |w|a;1+1‘ dS)m < |S|%_1C4/ |w‘oz—1+pds7
S S S

and cg = cg(N, p), hence
(/ |w|™ dS) < c5/ |w| dsS, (2.11)
S S

. The proof follows again by Moser’s iterative scheme. (]

>1

m(N—l) _ m
p(N—1-m) =~ N-1-m

with ¢ =
Proposition 2.2. Let S, and S, be two subdomains of S™~! such that S; C S, C S5 and S not polar.
Let 3 > 0, j=1,2, such that there exist positive solutions w; € Wol’p(Sj) solutions of
p—2 p—2
. 2 z .
—div’ (( ]2wj2 + |V’wj|2> V’wj> = (p — 1)53'(6]' - Bo) ( J2(AJJ2 + |V’wj|2) W mn Sj
wj = 0 in BSJ

2.12)
Then 1 > fa.

Proof. Setu;(r,0) = r~Piw;(c), Cs, = (0,00) x S; and assume 3; < 2. By Harnack inequality
ws > ¢ > 0on Sy, thus
ug(r,0) > cr P ae. in Cg, .

For € > 0 there exist r. > 0 such that

euz(x) > uy(x) V€ Cs NB,..
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Let 6 > 0, there exists Rs > 0 such that

up(z) <9 Vr e Cs, N Bg,.

Hence ¢ = (uy — euy — 6), € WyP( gfl’R“), where ngl’R‘; = {x € Cg, : re < |z| < Rs}. This
implies

0= / . ( |V P72 Vuy — [V(euy)|P? V(euy).V¢)dz
Qs

_ / ) (IVuslP™* Vg — |V (eus) P2 V(eus). V (uy — us))da.
Q;‘l Sn{us—euz >4}

Therefore V(u; — eug — )4+ = 0 a.e. in ngl’m, which leads to u; — eus < ¢ in the same set. Letting

0 — 0 yields Rs; — oo, thus we obtain u; < euy in Cg, N Fie hence u; < 0 in Cg,, contradiction.
|

2.2 Approximations from inside

Proof of Theorem B. Let { S} be an increasing sequence of smooth domains such that Sy, C SLCS kt1-
We denote by {(8s, ,wx)} the corresponding sequence of solutions of (1.1) with 8 = (s, and w = wy.
The sequence {/g, } is uniquely determined by [15], it admits a limit 5 := (g, and the wy, are the unique
positive solutions such that
/ |wk| dsS =1.
Sk

—2

/\v/wk‘i’dsg/ <6§kwi+|V/wk|2)T|V/wk|2d5
Sk

Sk

If p > 2, we have

=(p— 1)ﬂsk (ﬂSk — ﬂo)/s <6§'kwi + |V/wk|2) T widS

-4y

(p _ _
< 2" (5~ 1)Bs, (Bs, — fo) / (522 + VP2 ) d
Sk

1
S C7(N,p, ﬂgk)/ deS + */ |V’wk|p ds.
Sk 2 Sk
Since s, < 1, we derive
/ |V'wi | dS < cs, (2.13)
Sk

from the normalization assumption with cs = 2¢7 (N, p, 51).
If 1 < p <2, we have

/ |v/wk.|p dS < / (ﬁgkwﬁ + |v’wk|2) 2 dsS
Sk Sk

p—2

< Bs, (pBs, + (p— 1)50)/5 (ngwi + |V/wk|2) " wids

< B (pBs, + (p— 1)Bo) / WPdS,

Sk
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and we obtain (2.13) with cg = 8~ (pB1 + (p — 1)5o).

Next we extend wy, by 0 in S¢. Then there exists w € W,"*(S) such that wy, — w weakly in
WP (S), up to subsequence that we still denote {wy}, and wy, — w in LP(S).
Step 1: We claim that V'wy, converges to V'w locally in LP(S).
Leta € S and r > 0 such that By, (a) C S. Then for k > ko, Ba,(a) C Si. Let ¢ € C§°(Bay(a)) such
that 0 < ¢ < 1, = 1in B,(a). For test function we choose 7, = ((w — wy), then

pP—2

/ (B2t + IV'wnl?) ™ (V'eop.V'mi)dS = (p=1)Bis, (Bs, —Bo) / (B2t + IV'wnl?) ™ wrmeas.
Sk Sk

By the above inequality, we have

/ < (620.)2 + |V’w|2) P V- (ngw,% + |V’wk|2) 2 V’wk.V’nk>dS
Bzr(a)

_ / (8% + VW) 7 (V. dS
BQ,«(CL)

p—2

— (p— 1)Bs,(Bs, — Bo) / (88,08 + 1) ™ wemas

Sk
Using the weak convergence of the gradient, we have

lim (ﬂ%ﬂ + |V'w|2> (VWY n)dS = 0.

k—oo B21'(a)

Since wy, is uniformly bounded in W, *(S) and wy, — w in LP(S), we have

p=2
lim (ﬁgkwi + |V’wk|2) > ondS = 0,
k—o0 B (a)
2r
and
p=2 p=2
klim (w— wk)< (ﬁsz + \V'w\Q) F V- (/Bgvsz + |V’wk|2) ’ V’wk.V’<>dS =0.
c— 00 B (a)
Combining the above relations we infer
p=2 p=2
lim C< (ﬁ2w2 + |V’w|2> P Vw-— (ﬁ%kwi + |V'wk|2> Y ViV (w— wk)>d5’ =0.
k—o0 Bar(a)

(2.14)
Next we write
p=2 p=2
/ C< (BQwQ + \V’wﬁ) Y V- (ﬁ%sz + |V’wk|2) Y VWV (w— wk)>dS
Bgr(a)
1 —2 p—2

_ - 2, 2 ;2\ T 2,2 no2) 2 1o, 2
_2/B2T(a)<<(,8w+Vw|) + (B33 + V') )|V(w wy)[? ds

1 22 232
ety ooty
Bz.,-a
x (IV'wf + 2? - B3, w2 — (V') ds
1 22 22
o c((e e vl) T - (Bt IVl?) T ) (8 - Bhuh) ds
2JBs(a)
(2.15)



K. Gkikas, L. Véron

If p > 2, we have from (2.4),

p—2 p=2
2

/ §< (ﬁQwQ + \V’W\Q) P V- (ﬁ%kwi + |V'wk|2) - V'w. V' (w — wk)>dS
B2r(a)

1 _ _
>5[ (Il Pl 9w - ) S
BQT(a)

_1 2, .2 /2112;2_22 /QPT_Q 2.2 p2 2
2/15»%((1)C ((ﬂ Wi [Vl ) (’Bskwk+ V| ) (5 Bswi) dS
> min{271 2277} ¢V (w—wg)|PdS
B27.(a)
1 p2 p2
-3 / c((52w2+|w|2) — (83,92 +V'wil?) )(52 ? = B5,wi) dS.
BQT(U‘)

(2.16)
Since wy, — w in LP(S), Bs, — B and wy, w are uniformly bounded in W, "*(S) , we derive

p=2 p=2
[ (B 9l T = (4 1) T ) (5% - BBt ds -0
BQT.(a)
as k — oo. Jointly with (2.14) we infer that
lim V' (w — wy)|” dS = 0. (2.17)

k—o00 Br(a)

If1 <p<2,then

/ C< (ﬁ2w2 + |V'w|2) P V- (/ngw,’ﬁ + |V’wk|2) - V'w V' (w — wk)>dS
Bgr(a)

— / §< (ngwz + \V’w|2) P V- (,B%kw,% + |V’wk|2> V'wi. V' (w — wk)>d5
Bgr(a)

p=2 p=2
+/ C< <(62w2 + \V'wﬁ) i (ﬂgkwi + |V’w|2> ’ > Vw V' (w —wk)>d5.
Bgr(a)
(2.18)
Up to extracting a subsequence, we have that w;, — w a.e. in S and that there exists ® € L'(.S) such
that
lwe? +|w’ <®  ae.inS and Vk > 1. (2.19)
Since
2\ = 2\ = 1
2 2 — — —
(B3t +1V/l®) 7 Vol < (B3uf+ IVwl®) T <85l + IVl
and

2

p—2
(52w2+|v’w|2) V| < PPt 4 VWP

we derive that
—2
2

‘(ﬁ%ﬂ ) T = (Bt + V) T |9 <2 (et 1 ).

which implies that
¢ ((6%2 +IVl?) T = (B + 19wl

) V'iw—0 inL(S)
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where p’ is the conjugate of p, and finally

p=2 p=2
/ g<((52w2 + |V’w|2> P (5@,@ + |V’w|2> ? > V'w.V(w — wi))dS — 0 ask — oo,
827-((1)
(2.20)
For the last term on the right-hand side of (2.18), we have, for v € R, and A, B € RY,

-2
2

(v + |B\2)pT72B - (v + \A|2)p2;2A :/Oli ((7 B+ (1— t)A|2)L(tB +(1- t)A)> dt

_ </01 (7+|tB+(1—t)A|2)p22dt> (B—A)

p—4

+(p—2)/1 ('y+|tB+(1—t)A|2) T UB+(1-0A.B— A)(tB+ (1 —t)A)dt.
0

This implies

—2

<(7+ |B|2)pTﬁB —(’er |A\2)pT72A.B—A> - </01(7+ B + (1 —t)A\“') zdt) B- A

p—4

+(- 2)/1(7 +tB+ (1 - t)A\Q) (B4 (1-t)A.B— A)2dt.
0

‘We observe that

p—4

/01(7+|tB+(1—t)A|2) T 4B+ (1—DA.B— A)2dt

p—2

1 =2
§|B—A|2/ (7+|tB+(1—t)A|2) o,
0

and since 1 < p < 2, we finally obtain
e e
(v+BP) "B-(v+]A) TA.B-A)

1 p=2
>(p—1) (/0 (7+|tB+(1—t)A|2) ’ dt) B—A> (221

p—2
2

> (p-1)B-AF (v+1+ B[ +|A)

We plug this estimate into (2.18) with v = S7w?, A = V'w and B = V'wy, then

p—=2
P

/ C((ﬁgsz + |V’w|2> V- (ﬁ%kwi + |V’wk|2) V'wp. V' (w — wg))dS
Bgr(a)

. (2.22)
> [ (V- wf (e + 1 Tl V) T S,
B2T(a)
Set ¢(.) = B2w? + 1+ |V'wi|” + |[V'wl|?, then
/ IV'w — V'wy,|P dS = IV'w — VViwg|? 6" = 252 dS
Br(a) B(a)
. e (223)

< (/ |V’w—V’wk2¢p22dS> (/ ¢>5d5>
B, (a) B,.(a)
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Jointly with (2.14) and (2.22) we conclude that (2.17). Step 1 follows by a standard covering argument.

Step 2: We claim that w, converges to w in Wy P (S).

Up to a subsequence that we denote again by {k}, we can assume that w;, — w and V'w, — V'w a.e.
in S. Let ¢ € C§°(5), then there exists k. € N such that the support K of ¢ is a compact subset of .Sy,
forallk > k.. If 1 <p <2,

p—

2
2\ 2 -1
(832 +1V/wl?) 7 [9un] < Ve,

which bounded in L?’ (K), then uniformly integrable in K and by Vitali’s convergence theorem

p—=2 p—=2

(B3 +IVar?) © Viur > (822 + [Vl) 7 Vi,

: 1
m Lloc

(S). Similarly

p—2 p—2

(B +19nl®) T e (5% 4 9P)

inL}, . (S). Ifp>2

p—

2
2 — —1
(B2t + 19wl?) ™ IVwn] < e (™ + V"),

and we conclude again by Vitali’s convergence theorem that the previous convergences hold. Since

p—2

/ (5%]\0.),% + |V’wk|2> 2 <V’wk.vlg>ds = (p—1)Bs,.(Bs, —ﬁo)/ (5%]\0.),% + |V/wk|2> 2 wiCdS
Sk Sk
we conclude that w is a weak solution of (1.1) with 5 = (. O

2.3 Approximations from outside

Proof of Theorem C. Since S hasa non-empty interior, the existence of a sequence {wj, } corresponding
to solutions of (1.1) in S}, with 8 = 3 s; is the consequence of [13]. The fact that {8 S;} is increasing
follows from Proposition 2.2. We denote by 3 := Bg its limit, and it is smaller or equal to Bg. Estimates
(2.4) are valid with 5}, wj, and s, instead of .S, w and 3. If we extend wj, by 0 in S these estimates
are valid with S™V~1 instead of S}. Then up to a subsequence the exists w € WHP(SV~1) and a
subsequence stil denoted by {k} such that wj, — w weakly in W1P(SN=1) strongly in LP(SV~1) and
a.e. in SV, Furthermore, as in the proof of Theorem A, for any compact set K C S, V’ wy, = VW'
in LP(K). This is sufficient to assert that w is a weak solution of

—div’ ((3%./2 + |V’w’|2) = V’w’) =(p—1)B(B - o) (Bsz + |V/w’|2) = W' inS.

Moreover w'| g belongs to Wy *(S},) for all k. Since w), = 0 in S¢ and converges a.e. to w, this last
k g v C

. . . —C . . —C . o, .

function vanishes a.e. in UpS;, = (NpSk)® = S . Therefore w vanishes a.e. in S~ and since it is quasi

continuous, it vanishes, (1 — p)- quasi everywhere in 'S°. From Netrusov’s theorem (see [1, Th 10.1.1]-

(iii)) there exists a sequence {1, } C C§°(S) which converges to w in W' (S), thus w € W, ?(S).
(I



K. Gkikas, L. Véron

3 Uniqueness

3.1 Uniqueness of exponent 3

Proof of Theorem D. If S is Lipschitz, Cs is also Lipschitz. We fix z € S ~ SV~ N dCs and we
apply [10, Th 2] in G. = Cs N By (2) to two separable p-harmonic functions u(r,o) = r~Pw(o) and
' (r,0) = r~%"w'(c). There exist v € (0, 3), c10 > 0 and a € (0, 1) such that

u
—In ,(yz))‘ <colyr —v2l® Yyi,p2 € Cs N By (2). (3.24)

u'(y1) u/ (Yo

w o
,((33/}22)) ’ <ciolyr —v2|" Vyi,y2 € SN By(2). (3.25)

We denote by ¢(z,y) the geodesic distance on SV ~1 and by /(x, K) the geodesic distance from a point
z € SN toasubset K. Since the set S, = {0 € S : £(0,05) < %} can be covered by a finite number
of balls with center on 9.5, we infer that

w(y2)
w'(y1) w'(y2)

<ecn Vyi,y2 € S, (3.26)

In S\ Sy we can use Harnack inequality to obtain
2

w(y1)

— <1
2=

< ci2 Vy1,y2 € S\E% s.t. L(y1,y2) < 3. (3.27)

Hence there exists a constant ¢;3 > 0 such that (3.27) holds for any y;,y2 € S\ Sy, with ¢12 replaced
2

by c13. Furthermore ' satisfies the same inequality in S \ S~. Combining the two inequalities we
2

obtain

/
ey <@ ) Vyr,ys € S\ S7. (3.28)
2

w(y2) w'(y2)
Combining this estimate with (3.25) we derive that it holds for all y;,y2 € S. This implies

ey W(Y2) _ w(y1)

e Yyi,y2 € S. (3.29)

Assume now that there exist two exponents 3 > 3’ > 0 such that r—?w(.) and % w/(.) are p-

harmonic and positive in the cone Cg and vanishes on 0Cs. Put = %, n=w'? and

2

7o) = —aie (8207 + (9'0%) T V')~ (0= 0305~ o) (34 19'0%) 7

then

p=2

T(n) = —072 (822 + |V ) T (8= A" + (= 1800 — 1) [V'[*) <0,

Up to multiplying w’ by A, we can assume that < w and that the graphs of 7 and w are tangent in

S. Since w’ < cw, n = o(w) near JS. Hence there exists oy € .S such that w(op) = n(op) and the

10
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coincidence set of 1 and w is a compact subset of .S. We put w = w — 7, since Vw(og) = Vn(og) we
proceed as in [14, Th 4.1] (see also [4] in the flat case) and derive that w satisfies, in a system of local
coordinates (o1, ..., 0n—1) near oy,

0 ow ow
==Y — A4 i— — >
Lw ezj B0 < Magj) Jr;CJ&U +Cw >0,

where the matrix (A4 ) is smooth, symmetric and positive near o and the C; and C' are bounded. Hence
w is locally zero. By a standard argument of connectedness, this implies that the zero set of w must be
empty, contradiction. Hence 3 = f’. O

3.2 Uniqueness of eigenfunction

The proof is based upon a delicate adaptation of the characterisation of the p-Martin boundary obtained
in [10], but we first give a proof in the convex case.

3.2.1 The convex case

Theorem 3.1. Assume S is a convex spherical subdomain. Then two positive solutions of (1.1) are
proportional.

Proof. We recall that a domain S is (geodesically) convex if a minimal geodesic joining two points of
S is contained in S. If S C SNV~ is convex, the cone Cyg is convex too. Since S is convex, it is
Lipschitz and by Theorem D, 35 = (5 := . Let w and w’ be two positive solutions of (1.1) satisfying
supgw = supg w’ = 1. We denote by u,,(x) = |z|Pw(.) and u,, (z) = |z|~Pw’(.) the corresponding
separable p-harmonic functions defined in C's. If 0 < a < b, we set C’g’b = Cs N (By\ By). Then for
0 < € < 1 we denote by u. the unique function which satisfies

—Apue =0 in C’g’l
Ue = e Pw in Cg N OB, B (3.30)
ue =0 in (CsNdB) U (0Cs N (By\ Be)) -
Then
(U — 1)y <uc<u,  inCF. (3.31)

Furthermore € — w, is increasing. When € | 0, u. 1T ug where ug is positive and p-harmonic in Cl’o,
vanishes on dC§° \ {0} and satisfies (3.30) with € = 0. In particular

liH(l] rPug(r,0) = w(o) locally uniformly in S. (3.32)
r—

We construct the same approximation u’. in C’g’l with w’ instead of w. Mutadis mutandis (3.31) holds
and u. 1 u{, which is positive and p-harmonic in C, satisfies

(o =)y Sup <uw inCgY

and thus
lim rPuf(r,0) =w'(o)  locally uniformly in S. (3.33)
r—

However, by [10, Th 4] u( and u(, are proportional. Combined with (3.32), (3.33) it implies the claim.

11
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3.2.2 Proof of Theorem E

In what follows we borrow most of our construction from [10] that we adapt to the case of an infinite cone
a make explicit for the sake of completeness. The next nondegeneracy property of positive p-harmonic
functions is proved in [10, Lemma 4.28].

Proposition 3.2. Let Q@ C RY be a bounded Lipschitz domain and 1 < p < oo. Then there exist
constants p > 0, c14,c15 > 0 depending respectively on ) (for p), and p, N and the Lipschitz norm M
of 0R) (for c14 and cy5) with the property that for any w € 9S) and any positive p-harmonic function u
in ), continuous in QN By, (w) and vanishing on 92N B,(w), one can find & € SN, independent of

u, such that
—1 u(y) u(y)
Y <[V < |V < - 7
“14 Gist (y,00) — (Vu(y), &) < [Vuly)| < “14 dist (y,00)°

forally € Cs N B ppw (w).

€15

(3.34)

If 2 is replaced by a cone C'g, the nondegeneracy property still holds uniformly on 9Cs \ {0}.

Corollary 3.3. Let 1 < p < oo, S € SN~Yis a Lipschitz domain and Cg the cone generated by S.

(i) Then there exist constants p < % C14, c15 > 0 depending respectively on S (for p), and p, N and the
Lipschitz norm M of 8S and diam/(S) (for c14 and c15) with the property that for any w € 9Cs and any
positive p-harmonic function u in C.s, continuous in C'g N EZP\U}I (w) and vanishing on 0Cs ﬂﬁp‘w‘ (w)
continuous, one can find € € SN~1, independent of u, such that

1 U(y) U(y)
4 st (3, 0C3) = (Vu(y), €) < |[Vu(y)| < 14 Gist (3, 0C3)” (3.35)

forally € B» (w)NCs.
€15

(ii) Then there exist positive constants « and c1¢, c17 depending on S (for k), and p, N and the Lipschitz
norm M of S and diam/(S) (for c1¢, c17 such that for any a > 0 and any positive p-harmonic function
win C¢ vanishing on 0Cg N B, there holds

-1 u(y) u(y)

I A < "\
16 dist (g, 005) = VWIS e g )

Vy € C¢™ s.t. dist (y,0Cs) < kly|. (3.36)

Let w,w’ € Wy (S) N C(S) be positive solutions (1.1). Since £ is bounded from above and from
below in S by positive constants, we can assume, as in the proof of Theorem D, that w > «’ in S and
that the graphs of w and w’ are tangent. hence, if w # w’, then w > w’ in S and there exists a sequence
{on} converging to oy € 95 as n — oo such that

We define §; = sup{d > 0: dw < w'}. Fort € (d1,1), we set

¢y = sup{w’,tw} and 1, = inf {;lw’,w} (3.37)

We also set

Vg, (T,0) = rP¢,(0) and Uy, (1,0) = Py (o) Y (r,o) € (0,00) x S. (3.38)

12
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Lemma 3.4. The functions ¢y and 1, are respectively a subsolution and a supersolution of (1.1) in
VVO1 P(8), vy, and vy, are respectively a subsolution and a supersolution of —A, in C's, and there exists

n € Wyt (S) solution of (1.1) such that
W<o<n<iyy<w  ViEe(61,1). (3.39)

If Sy is the subset of n € Wol’p(S) solutions of (1.1) and satisfying (3.39), then w; = sup{n : n € S;}
belongs to Sy. It is increasing with respect to t with uniform limits w" when t | 01 and w when t 1 1.

Finally, if 0; = %, there holds

¢t S 9tw + (1 — Ht)w' S wt- (340)

Proof. Clearly ¢; and v, are respectively a subsolution and a supersolution of the operator 7, they
belong to WO1 P(S) N L*(S) and they satisfy w’ < ¢ < 1y < w. Furthermore, by Dini convergence
theorem

. . . . . . / . .

lggl1¢t =w= ltlTHlM/)t and }ig} ¢ =w' = }ﬁ%} i,

uniformly in S. Moreover, in spherical coordinates,

=2 N —1 p=2
—Ayu(r,o) = ((u? +r72 \V’u|2) ’ ur> - (u? +r72 |V’u|2) ©u,
., r

) p=2
- div’ ((u?+r—2 \V’UIQ) 2 V'u>~
Hence, if u(r,0) = r—#n(o),

—Agu(r,0) = B2 DBy,

Thus vy, is a subsolution —A,, in C's and vy, is a supersolution. Since the operator 7 is a Leray-Lions
operator, it follows by [3] that there exists 7 € VVO1 P(SYN L>®(S) satisfying T(n) = 0and ¢y < n < 9y
in S. We denote by S, the set of 7 € W"(S) N L>(S) satisfying T () = 0 and ¢, < n < ¥ in
S. Then there exists a sequence {1, } C Sy and w;, € Wy (S) N L>(S) such that 1, (0) 1 w; (o) for
all o € %, where X is a countable dense subset of S. By Lemma 2.1 {#, } is bounded in L?(S), hence
in C7(S) for some v € (0,1). By the estimates of the proof of Theorem B-Step 2, {n,} is bounded
in VVO1 P(S). By standard regularity theory, we can also assume that 7,, — w; in the C}, _(S)-topology.

Hence w; is a weak solution of (1.1), it belongs to W, *(S) N L°°(S) and satisfies ¢; < w; < thy.
Therefore it is the maximal element of .S;. The monotonity of w; is a consequence of the monotonicity
of ¢; and ¢, and the last statement (3.40) is a straightforward computation. U

Next we recall the deformation of p-harmonic functions already used in [10]. If 7 € (0,1) and

0 < a < b, we denote by v, 4, the p-harmonic function defined in C’g.’b satisfying

a_B(Tw—&—(l—T)w’)(ﬁ) ifr e CsNoB,
’U.,-7a7b(l’) = 0 ifx € CsNIB, (3.41)
0 ifz € 9CsN (By \ Ba) -
Lemma 3.5. The mapping (T,b) — v, 4 is continuous and increasing. If v, , = blim Vr,a,b then it is
— 00

a positive p-harmonic function in C§'™ vanishing on 9S N B, and there holds

U () < Vg (2) S vy a(x) < vy () <up(z) Yoe g™, (3.42)

13
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where 7% = (1 — 61)7 + 01 and as a consequence

lim sup |x|5 (U (x) —vro(x)) =0 and lim sup |z (Vro(z) —up (z)) =0 (3.43)
™ Jz|>a ™0 |z]2a '
Furthermore
Vr' qa — VUr.a 1 /
g< e (2 q)y,, VYO<T<7 <1 (3.44)
-7 o1 ’

Proof. The uniqueness and the (strict) monotonicity of (7, ) — v 4 follow from the monotonicity of
7+ 7w + (1 — 7)w’ and the strong maximum principle. The continuity is a consequence of uniqueness
and regularity theory for p-harmonic functions. It follows from (3.40) with ¢ = 7* and the fact that vy _..
and vy, . are respectively a subsolution and a supersolution of —A,,, that we have

U () < Vg, (1) < Vrap(®) <. () <uy(z) VaelOs?,

which yields (3.42). Similarly, we have on 5‘C’g’b

0< b ZImed gy < (07 = Dt < (671 = 1)vran, (3.45)
T —7T
equivalently
0< Ur’.a,b < (1 + (7—/ - T)((S;l - 1)) Ur,a,b- (3.46)
By the maximum principle (3.45) holds in Cg’b. This implies (3.44). d

As a consequence of (3.44), 0-v, , exists for almost all 7 € (0,1) in W&’p(Cg’b) for all b > a and
it is a solution of
Lw=V. ((p —2) [Voraff <vvm.vz>vvm)

(3.47)
-y 2 b; J(x)aﬂ =0
g 8a:j ’ 81172
where 5 o
p—4 Ur,a OVt q 2
(x) = _9 y .
bij(z) = [Vvral ((p ) ox; O + 6ij [Vural )

L satisfies the following ellipticity condition
min{1,p — 1} [V, of* |67 <) bij(2)&85 < max{l,p— 1} Voo [¢* V€€ RY. (3.48)
4,3

It is important to notice that Lv, , = (p — 1)A,v,, = 0. The estimate (3.48) combined with (3.36)
and the decay of v, , and 0,v, , implies that they satisfy Harnack inequality and boundary Harnack
inequality in C'§. There exists a constant ¢ > c¢17 > 1 (see 3.36) such that

1 TYT,Q a TYT,Q ~YTVYT,a a é
T(’91}7(:v)gc’?v,(x)gcav’(x) e (3.49)
¢ vra(Ta) Vr,a(2) Vr,a(Za)
where 2, = (¢a, o) for some g € S fixed. We set
9rvra(z) 0r V7.4 ()

and m(t) = inf

Vt>a 3.50
vect Ura(T) veCl  Ura(T) (3:30)

14
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Lemma 3.6. Fort > ca there holds

M(ét) — miet) < &=L

2 +1

(M(t) —m(t)). (3.51)
Proof. There holds
Orvrg —m(t)vrq >0 and M(t)vr g — Orvrq >0 e C’fg.

Estimate (3.49) is valid for any couple of positive solutions (1, he) of Lh = 0 in C' vanishing on
0C% N BE, in particular for (0,v; q — m(t)vrq, Ur ) and (M (t)vr o — O-Vr o, V7). Hence

1 <3”f(f”) _ m(t)> < Oromal®) Ly <o (M _ m(t)) Vo e O (3.52)

¢ UT)a(l‘a) Ur,a (l’) Ur,a (l'a)
This implies
1 (Ovralza) m(et) — m
(2t ) < mger) - mi)
and 5
W —m(t) < E(m(ét) —m(t) Va e Ol
Finally
M(et) —m(t) < é%(m(ét) — m(t)). (3.53)
Similarl
Y M(t) —m(ét) < (M(t) — M(ét)). (3.54)

Summing the two inequalities we get
(M(t) —m(t)) + (M(ét) — m(ét)) < & ((M(t) — m(t)) — (M(et) —m(ét))),

which yields (3.52). O

End of the proof. By the differentiability property of v, , with respect to 7, there exists two countable
dense sets {(r,} C [a,00) and {0} C [a,o0) such that O;v, (7,0, ) exists for almost all 7. We put
Ty, = (ry,04), hence

(Gm)  Ge) = Gez) ()

1 (3.55)
_ / <8Tvr,a(xl/,u) _ a‘rv‘r,a(xu,u’)> dr
0 v‘r,a(xu,#) 'U'r,a(xlz,,u/) ’
Using the continuity of % and the density of {0, } we derive
w(o) w(o’) )
'ln (w’(o)) —In (w’(a’) < M(ry,) —m(ry,) Y(o,0') €5 xS. (3.56)

We can assume that -, > ¢”~a for some sequence {v,, } tending to infinity with n, hence

’m (“(J) ) I (w(al) )‘ <O (M(&) —m(e))  Y(o,0')eSxS YneN, (357)

w'(0) w'(0’)

(%

where 6 = ;j& < 1. Letting n — oo implies the claim. O
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