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Closed-form expressions of the eigen decomposition
of 2 x 2 and 3 x 3 Hermitian matrices

Charles-Alban Deledalle, Loic Denis, Sonia Tabti, Florence Tupin
April 3, 2017

Abstract

The eigen decomposition of covariance matrices is at the core of many data analysis tech-
niques. The study of 2-components or 3-components vector fields typically requires comput-
ing numerous eigen decompositions of 2 X 2 or 3 x 3 matrices. This is, for example, the
case in the analysis of interferometric or polarimetric SAR images, see MuLoG algorithm
(https://hal.archives-ouvertes.fr/hal-01388858). The closed-form expression of eigen-
values and eigenvectors then provides a way to derive faster data processing algorithms. This
note gives these expressions in the general case (special cases where some coefficients are zero,
or the eigenvalues are not separated may not be covered and then require either to introduce
a small perturbation of the initial matrix or to derive other expressions).

1 Formulae for 2 x 2 Hermitian matrices

We consider the Hermitian matrix C' defined by:

a c* vi1 v21) (A1 O v V],
C = — s s o Y 1
(C b) (Ul,z U272> ( 0 /\2> (%,1 V3o )
where a and b are real valued, ¢ is complex valued and ¢* is the complex conjugate of c.

Eigenvalues: The eigenvalues of C are given by

A1 (a+b—10)/2
{/\2 = (a+b+14)/2 (2)

with & = /4|c|? + (a — b)2.

Eigenvectors: The eigenvectors of C are given by

V1,1 gafb+5)/(2c) = (A2—=0b)/c

(3)
ve1 = (a—0—-08)/(2¢) = (M —b)/c
V22 = 1

Note that if ¢ = 0, the matrix C is already diagonal so the eigenvalues are a and b and the
corresponding eigenvectors are v; = (1, 0)* and ve = (0, 1)".



Changing the eigenvalues: Let’s apply a function 7 : R — R on the eigenvalues of C. We
get a matrix C' defined by:

é = (d 5~*> _ (U1,1 Uz,1> (-7:()\1) 0 > (UTJ Uik,2> (4)
“\é b V1,2 V2.2 0 F(A2)) \vs1 v35) "
For example, when F : 2z ~ log(z), C is called the matrix logarithm of matrix C, or when
F: x> exp(x), C is called the exponential of matrix C.

Based on the previous results, we can derive the expression of C:

i =|(a—b+08)A—(a—b—08)A|/(20),
b =|(b—a+0)r—(b—a—08A|/(20), (5)
c C)\g—/\l /(5

with A} = F(\1) and Ay = F(Ag).

2 Formulae for 3 x 3 Hermitian matrices

We now consider the 3 x 3 Hermitian matrix C defined by:

* * *
a d* f* Vi1 V2,1 U3 A 000 vip vl Vi
C=1d b e |=|viz2 v22 w32 0 X O V31 V3o Uig (6)
f e ¢ V1,3 V23 V33 0 0 X3 v§,1 v§72 05‘73

where a, b and c are real-valued, d, e and f are complex-valued.

Eigenvalues: The eigenvalues of C are given by

M= [a+b+c—2y/x1cos(p/3)]/3,
A2 ={a+b+c+ 2z cos|(p—m)/3]}/3, (7)
A3 ={a+b+c+ 2z cos|(p+m)/3]}/3

with

r1 =a?+b%+c?—ab—ac—be+3(|d? +|f|? + |e]?)
2 =—2a—-b—c)(2b—a—c)(2c—a—Db) (8)
+9[(2c —a —b)|d|* + (2b —a — )| f|* + (2a — b — ¢)|e|*] — 5AR(d*e* f)

and
atan(ﬂiwg) if o >0
= 7(/2 ifzg =0 (9)
atan(M> +7 ifay <0

x2

Eigenvectors: The eigenvectors of C' are given by:

M—c—e-my)/f (A—c—e-ma)/f (As—c—e-m3)/f
v = mi , Vg = mo and v3 = ms ,
1 1 1



with

_ d(c=XM1)—€"f
mi = f((b—/\ll))—def )
d(c—Xz)—e”
mo = 7f((b—)\22))—def s (11)
d(c—X3)—e”
M3 = Foaa)—de -

(special attention should be paid to cases where f =0, or f(b— X )—de=0, f(b—X2) —de=0
or f(b—X3) —de=0)

Changing the eigenvalues: Let’s apply a function F : R — R on the eigenvalues of C. We
get a matrix C defined by:

4

~ « re * * *
_ a a f V1,1 V2,1 V31 F(M1) 0 0 U1 VY12 V13
C=1|d b é&|=|vi2 v22 v32 0 F(A2) 0 v3y V3o V3| . (12)
f é ¢ V1,3 V23 V33 0 0 F(A3) V31 V39 Usg

Based on the previous results, we can derive the expression of C'

?
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Arma (A —c—em1)* + Aama (A2 — ¢ — ema)” + Agmz (A3 —c—em3)*]/f*,
mi + Azm; + A3mj )
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with ;\1 = ]:()\1)/711 and ;\2 = .7:()\2)/77,2 and ;\3 = ]:()\3)/713 and

ny =14 |mi]* + |\ —c—emi|?/|f*,
ng =14 |ma|2 + Ay — ¢ — emg|2/|fI2 (14)
ng =1+ |ms|? + Az — c —emz|?/|f|* .



