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Abstract— In this paper, the popular FBP algorithm is revisited ~ where functiongy(z) is the step function of unitary length.
using discrete tomography. More precisely, our version of the The Radon transform is given in its continuous mode by:
discrete exact Radon (inverse) transform called the Mojette
transform is used to model the discrete geometry into which are  proj(t,0) = Rf(z,y)
mapped the initial data. This allows for an exact backprojector +oo  poo
definition that is then mixed with the spline-FBP algorithm [2] = / / f(z,9)0(t + xsin — ycos ) drdy
to produce a novel Mojette-FBP scheme. Adequation to practical —oo J—c0
geometries used in 3D medical imaging as 3D-PET is presented.

)

Using Eq. 2 to project the grid used in Eq. 1 leads to
the major choice of only using discrete angles of the form
0 = atan wherep and ¢ are integers (moreover, a single

|. INTRODUCTION representant of the angle class is kept by restriciingnd
q to be prime together and q to be positive). Effectively,
The Radon Transform [10] represents an interesting probl@#ien jointly using such an angle with the projection sampling
to discretize because of its ill-posed nature [2]. Discrefwereb is called a bin) leads to a regular lattice with keeping
operators start to emerge in the tomographic reconstructidh Pixels centers onto projection bins. In this case, Eq. 2 is
field. Until recently, the field of discrete tomography wageduced to [3] :
working onto the reconstruction problem with pure mathe- ,.,ip, p ) = M;f(k,1)
matics objectives. Linking discrete tomography with medical too 400 3
tomog_rz_iphy is an ongoing process [4][8]._In this paper, we _ Z Z Fk, DA+ gk — pl) (
are willing to give new discrete and consistent tools to the
tomographic reconstruction. First, the geometry of acquisition )
can be modeled using discrete angles as was done by M. Kgitere A(5) = 0Ifb#0 .o e discrete Kronecker
[7]. Second, the corresponding discrete Radon transform will | 1ifb=0 _
be derived properly using the Mojette transform that has begfinPol- Eq. 3 defines the Mojette transform operator (see Fig.
studied in our group for some years [9]. Third, the stabilitgl)'
of the obtained exact backprojector and the instability of the
scheme in presence of noise lead to derive a new Mojette FBP (b, 21)
scheme that is finally presented.

k=—o0 l=—0c0

eailh, 107
A
II. ALINEAR DISCRETEEXACT RADON TRANSFORM: e F AT Eata
THE MOJETTE OPERATOR Mﬁ,@@)&)
The splines spaces (since they represent a reproducing ‘-”><‘. ﬁ“”%
kernel of Sobolev spaces) will be the choice to project the . S L e \«'
discrete Radon solutions issued from our derived schemes. s

Because of the recurrent relationships between spline orders,

only splines of order O are considered here without loss of preifh,-1,1)
generality [6]. In other words, the formulation for a continuous

function f(z,y) from samplesf(k,!) is given by:

+oo  +oo Fig. 1. Mojette projection of at x 4 image with projection directions

fow.y)= 3 D7 fkDfo(z — K)oy —1) (1) PO=IEELDE}

k=—o0 l=—00



The 2D Mojette transform defined in Eq. 3 has someenters) or continuous. Designing a projection operattr
interesting properties. Linearity and shift-invarianceness of ths in Eq. 3 which will sum the whole line is simply adding
Radon transform are kept because both angular and projecttononvolution (in the image plane) with a spline 0 order as
samplings are realized in an adequate manner. Reconstructgpressed in Eqg. 1.
can be exactly performed with a finite numper of angles [9},..,. (b, p, q) = Mo f(k,1)

Notice that Eq. 3 could also be written as : too oo @)

proj(b,p,q) = Msf(k,1) = Z Z f(k,Dtrapeze(b+ gk — pl)
+o00  4oo (4) k=—o0l=—00
= Z Z f(k, DA (b — Py < f )) Again, as demonstrated in [3], this corresponds to convolve
the discrete Mojette projection (this result is only valid for
with Py, = (—q p). (p, 9)-angle) with a discrete trapezoidal filter. The latter can be

This gives a simple way to derive the 3D Mojette operatéPughly expresseq as the convolution of two series of unitary
transform for a convex volumg (k, 1, m) with the discrete Values of respective lengthsandg.

k=—o0cl=—00

projection planes indexed by vectdt” = (by,b;) at given [1l. M OJETTE ANDPET GEOMETRIES
angle (p, g, ) with ged(p,¢,7) =1 by : The geometry of PET acquisition devices can be modelled
proj(B,p,q,r) = Msf(k,1,m) by the discrete geometry derived from the Mojette discrete
foo deo teo i space. As a matter of fact, each disintegration captured by
_ Z Z Z flmA [ B P ! (5) a pair of detectors corresponds to a solid angle defined by
P e Y 5 m the length between detectors and the size of an elementary
e detector. In other words, a single photon count does not
. (1 0 =F corresponds to a single angle. So it can be assigned to any
with Pyp = ( 01 -1 ) whenr 7 0. angle lying into this solid angle. Specifically, we propose to

compute a discrete angle indexed(pyq, r) to each detection

The main characteristic of the Mojette transform lies ignd to increment the corresponding Mojette bin onto the
the sampling (first presented in [7]). Another way of Seein@iscrete plane

this is t.o say that the linear system _expressed in Eq. 3 ISMojette discrete geometry is used for 3D PET reconstruc-
gxactly invertible pecausg of.the S?‘mp"”g- From a regtangu{?orn by the choice of thgp, ¢, ) angles set for the whole
image Q x P, this matrix inversion must be possible todetection set which depends on the desired resolution for

perform an inverse mojette transform, i.e. @ minimum NUMBEL. o ction. This has been shown in a slight different

Of. pr(_)jections Is required. F_or t_he rectangular shape, the K%t&ntext [2] for SPECT acquisition. From the Mojette point of
criterion allows reconstruction if. view, it becomes clear that pixel and bin resolution are strongly

! ! related through the angle direction. The set of planes allowing
P= Z pil or @ < Z |ail (6)  (according to Katz'criterion) a given resolution is fulfilled with
=1 =1 this algorithm. Acting this way, the approximation between
where! is the number of projections. original and discrete data is minimized.

In other words, the reconstruction does not depend directlyNevertheless, two main problems are still to be addressed.
on the number of bins but is first related to the number @frst, data are noisy, whereas the standard inverse Mojette al-
projections. These reconstruction conditions have been gegorithm does obviously a poor job in this case since errors will
eralized for any convex shape using a simple morphologiqaiopagate and increase from the corners to the center of the
tool : a two pixel structuring element that depicts a discrefgage. This has led to use this instability for a watermarking
direction [9]. scheme where the mark acts as a noise added onto Mojette

The inverse Mojette operator is also defined in a specifiojections [1]. This main concern can be overcome by the
way. Instead of a matrix inversion (which is possible), thgse of a multiresolution algorithm that will evaluate the noise
operator only proceeds by finding at each iteration a discreifd use the signal properties at each step. Second, there are
corner of the shape under reconstruction which is the only prigissing data on PET projection plane and again the standard
jected pixel onto a bin : the bin value is exactly backprojectaglverse Mojette reconstruction can not be simply implemented.
and all projections are updated. The algorithm complexity of The other way to avoid these problems is to use a direct
both the direct and inverse Mojette transforn®ié/ N ) where reconstruction method which split the inverse Mojette operator
N is the number of pixels. into a filter onto the projections and an exact backprojec-

So far, the defined Mojette transform does not act onto tigr. This is the FBP-Mojette algorithm now presented.
spline spaces. Fortunately, a generalization of the operator to

any spline order is simple as shown in [3] and connect to the

FBP derivation made in [2]. The physical projection expresséd Theory
in Eq. 2 means that the integration line giving the bin value Following the discrete approach of the PET reconstruction
could be interpreted as either discrete (jumps between piyxebblem will lead to design an exact discrete filter which

IV. THE FBP-MOJETTE ALGORITHM



has to be consistent with the discrete set of angles obtairedding to :

from the acqwsmon modgl. This mduces_a comph_cated design MM*proj(b, p, q)
corresponding to the notion of a an equivalent discrete Ramp
in the Z transform domain. However, a filter derived from a = ZPTOJ(@P’ q) ZZA(b +qi — pj) (13)
corresponding continuous version can be used. In [3] the spline b i

Mojette operators have been presented. In particular, the Haarhen, using a Mojette angle sampling allows to back-project
Mojette operator that corresponds to model the bin value Byito pixel centres without any interpolation. In other words,
the entire continuous line summation (not the discrete line g FBP-Mojette operator is exact for the filter when an infinite
the Dirac Mojette operator) can be used. The continuous exagimber of angles is used and exact for the backprojection of
Haar-FBP filter was derived in [2] and its expression in thgese filtered angles.

Fourier domain is given by:

Ko(v,0) = |v|sinc(v cosf)sinc(vsin ) (8)

where the apodisation function corresponds to the projection
of the filter onto the spline of order 0 space. The pixel size is
1x1

The inverse fourier transform of Eq. 8 was derived as

1 t2 - (1+Siil(29))
ko(t,0) = 1 - 9
0( ) ) Wblﬂ(?@) n 2 (178111(29)) ( )
4
for t £ 0 and 6 €]0, Z] and ko (t,0) = =2 2.
Discretizing with Mojette angles tdnf = %) with
iacti inf — b .
the projection sampling = Tt leads to:
2 2 b2 — (P£9)2
Folbprg) = L1 |2 =02 (10)
2mpg |02 — (B59)2

for b+ 0 and (p, q) # (1,0) andko(b,1,0) = =L 2.

Notice that this filter can not be implemented in a straight-
forward manner. It exhibits discontinuities at the points where R
the projection of the pixel (which is described by a trapezoidal / .
shape) is continuous but not differentiable. The Ramp filter ¥ ¥
acting as a derivation operator, the values at these points have
to be computed using the Dirichlet condition.

For a single anglép, q) the discrete backprojector is defined

by: Fig. 2. (a) Interpolation onto the projection in order to backproject the right
. value at the corresponding centre of the pixel, (b) Exact Mojette backprojector.

f(k,1) = M*proj(b,p, q)

= ZZ d(k —i)a(l - j) (11) B. Implementation
' ) ) ) We performed the implementation of the Mojette FBP
> proj(b,p, Q) A(b+ qi — pj) algorithm. The considered test image is only composed of a
b

centered square box with unitary value of 15 pixel width onto a

Lemma: The Mojette dual operatak/* corresponds to an null background. An additional half-valued border was added

exact discrete backprojector operator. (See Fig. 2) The demwvith quarter-valued corners to ensure a Dirichlet condition.

stration is straighforward by applying the Mojette operatdFhe image size wa$28 x 128.

onto Eq. 11 : Projections angles were carefully computed as follow. The
N , Farey series of order 128 was used to generate a very high

MM proj(b,p, q) = (20088) number of projections. Then, a subset of 128 pro-
SN 6k —i)a(l— H)A(b + gi — py) jections was chosen among the 20088 projections by taking
PRI (12)  values close to the regular angular sampling. This computation
mej(bm, QA + gk — pl) was mandatory to obtain a gracefully distributed set of discrete
5 angles. Indeed, choosing a Farey series of lower order leads



to unequal angular sampling that will result into degradatiasuited for a discrete version of the Radon transform. It has to
of the FBP Mojette reconstruction. The projection operatdre noticed that the proposed algorithm gives an exact backpro-
was simply designed by applying the Dirac-projector M (Eqector for the dual of the projection operator. This leads to an
3) without the smoothing by the trapezoidal window (whiclmplementation without approximations for the backprojector.
would be necessary if the classical projection operator wolldherefore, the approximated part of the reconstruction is the
have to be simulated). Thus the spatial filkgrwas convolved finite number of projections.

with the projection and the backprojectdr* applied. Fig. The next work in this direction will be to define the equiva-
3 shows the reconstruction for the set of 128 gracefullgnt filter corresponding to a finite number of projections. This
distributed angles. will allowed to connect with the inverse Mojette operator.

We measure the reconstruction error with thermalised
root mean squared distance measu#RNSDM and the
normalised mean absolute distance measukADM [5] A [1] F Au_trusseau, JP_. Céa_ion, and Yves_ Bizais. _Mojette cryptomarking
large difference in a few places cause the NRNSDM to be ggg”ﬁfgug;?gg';al images. IMedical Imaging 2003pages 958~
large. The NMADM emphasise the importance of a lot 0ff2] JeanPierre Gedon and Yves Bizais. Bandiimited and haar filtered

small errors rather than a few large errors. They are defined back-projection reconstuctionlEEE transaction on medical imaging
by 13(3):430-440, September 1994.
Y- [3] JeanPierre Gedon and Nicolas Normand. Spline mojette transform.
application in tomography and communicatiddUSIPCQ 2002.
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Fig. 3. Image reconstruction with 128 gracefully distributed angles.
MRNSDM = 0.000814, NMADM = 0.313296

V. CONCLUSION

In this paper a new version of the classical FBP algorithm
has been presented. This FBP-Mojette algorithm is perfectly



