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Abstract. Bedload particles entrained by rivers tends to dis-

erse as they move downstream. In this paper, we use the flow . .
P y pap bedload —>  Ne _ N4

erosion-deposition model @harru et al(2004 to describe I O ® ) O @
the velocity and the spreading of a plume of tracer parti- s’!::/iir O OB | | O @) O
cles. We restrict our analysis to steady-state transport above | I

) : ayer bed
a flat bed of uniform sediment. The transport of tracer par- y -
ticles is then controlled by downstream advection and par-

ticle exchange with the immobile bed. After a transitional Fig. 1. A granular bed sheared by a steady and uniform flow. The

regime dominated by initial conditions, the evolution of & gegiment bed is a mixture of marked (in grey) and unmarked grains.
plume of markers tends asymptotically towards classical

advection-diffusion: its average position grows linearly with

time, whereas it spreads like the square root of time. grains during their transporCarretier et al. 2007 Gayer

et al, 2008 Willenbring and von Blanckenbuy@010.

Tracer particles have thus been used, both in the field and
in laboratory experiments, to quantify bedload entrainment
at a fixed location Reid et al, 1985 Wilcock, 1997, the
travel distance of a single particl&drguson and Wathen
. 1998 Martin et al, 2012, or particle storage in the sedi-
B o pacent b Kascherburger and ChuCASS. ost stucies

' revealed right-skewed and fat-tailed distributions of the travel

fg;f-sjr?nfargg\\ﬁ t?\ér;)elzltljri]r%etrz sggmgvzrn?gaﬁ Sl;ﬁgzsnst'r(;?ngf(gistance. These findings are usually interpreted as the sig-
jump . Y: ature of superdiffusion in bedloatigbersack2001, Mc-

grains settle back on the bed. Bedload transport thus resul . . X
from the continuous exchange of particles between the be@?argzr;;nsl gg;%eﬁgﬂfnse?;?%fgd Ergenzinge2008

and the layer of moving grains (the bedload layer). Here we use the erosion-deposition modeCbhrru et al.
Bedload particles disperse as they move downstreamé

X

1 Introduction

: . . 2004 to describe the average velocity and the spreading of a
\all\tlgllse gléir;;s:ggastisgg;]ei;;ocjl_Jgsgcénh;:eesfglé?eern;:]?nmsuﬂfr: rat lume of tracer particles. We restrict our analysis to steady-
P 9 y & state transport above a flat bed of uniform sediment. This

b s s ot o o U WaSpresente a e wotshop SALADYN st e
. . . . Physique du Globe de Paris, France, 5—-7 November 2012.

tention. In other words, most studies favor the Eulerian point

of view. Yet, the Lagragian approach is required for many

applications, such as the transport of solid-phase contami2 The erosion-deposition model

nants in streamsS@yre and Hubbell1965 Cerling et al,

199Q Hassan and Ergenzing&003 Bradley et al. 2010, We consider a bed of particles of uniform sizeand density

or the accumulation of cosmogenic radionuclides in sedimenjp, sheared by a fluid of densiy and kinematic viscosity.
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Table 1. Comparison of sediment transport characteristics for lam-where o ~ 1/d52, 6;, andt, are the number of immobile

inar and turbulent flows: particle settling velocity, mean stream-  grains per unit bed surface, the threshold Shields parameter
wise velocity of the particle¥, erosion timer,, and settling time  gnd the erosion time scale respectively (tab)le

s. The average streamwise velocity of the particlede-
pends on the flow conditions (Tablg. It is proportional
Laminar flow ~ Turbulent flow to the Shields stress in a viscous flo@harru et al.2004),
Charru(2006 Lajeunesse et a{2010 whereas it increases as the square root of the Shields stress in

(ps/p —1) gd? a turbulent flow Lajeunesse et a2010. However, this does
Vs 18y Vips/p—1) gds not alter the qualitative behavior of the erosion-deposition
model (tablel).

v 180 4.4 (91/2_9}/2) +0.11 In the rest of the paper, we focus on the case of steady

Vs state uniform sediment transport. In this configuration, ero-
dy ps ds sion and deposition balance each other so that E)s(3)

le 39 2V and @) reduce to

1 159 1% g =t = 2 ®)
Vs Vs

The surface concentration of moving particlesis thus con-
stant with respect to both time and space,

The flow, either laminar or turbulent, applies a shear stress n ¢
on the sediment bed. The bedload transport rate reads o ®—60). ®6)

e

(1) This relation, well verified empirically, can also be inter-
preted as the consequence of stress partition between the
wheren is the surface concentration of entrained particles,fluid and the bed particlesBagnold 1954 Duran et al,
i.e. the number of particles in motion per unit bed area, and2012.
V is the mean particle velocity.
At equilibrium, the particle mass balance reads (E)g.

gs=nV,

3 Transport of a plume of tracers

a—n 8_n =n,—ng (2) We now study how a plume of passive tracer particles is en-
ot 0x trained by bedload transport. To do so, we separate the par-
wherex, ¢, 7, andn, are the streamwise coordinate, time, ticles in two categories with the same physical properties,
the number of bed particles set in motion per unit time andhereafter referred to as “marked” and “unmarked” (Fip.
surface (erosion rate), and the number of particles settling oVe furthermore assume that sediment transport is uniform
the sediment bed per unit time and surface (deposition ratejand steady. In this configuration, the Shields stress, and con-
respectively. sequently the mean patrticle velocity, the erosion and deposi-
Mass balance needs to be complemented with expressiori#n rates and the surface concentration of moving particles
for the particles fluxes. We use simple expressions basedére constant. As a result, the problem is independent of the
on particle-tracking experiment€harry 2006 Lajeunesse  flow type (turbulent or laminar). More generally, the physical

etal, 2010. mechanism at the origin of longitudinal dispersion is the ex-
Atfirst order, the deposition rate is proportional to the sur- change of tracer particles between a static layer and a moving
face concentration of entrained particles: layer. Thus, although the model is presented in the context of
bedload transport, it applies to any steady uniform system
g = n ©) in which a passive tracer is exchanged between two layers
Is moving at different velocities.

Let us defingp as the proportion of marked grains in the
moving layer. Similarlyy/ is the proportion of marked grains
on the bed surface. The concentration of marked grains, de-
fined as the ratio of the number of marked particles to the
total number of particles, is

wheret, is the characteristic settling time of a particle, as-
suming its elevation is about a grain diameter (Tdble&sim-
ilarly, the erosion rate is inversely proportional to the concen-
tration of particles at the bed surface (abowf_i). Erosion
occurs only if the shear stresgxceeds a threshold value, ex-

pressed in terms of the Shields paramétert/(p; — p)gd; _ 1 o

(Shields 1936. Finally, the erosion rate reads c=npt+oy = o+ 11# + o+ 1¢ (7)

) o where we introducer =n /o, the ratio of the surface con-
Ne = E 0 —6) (4) centration of moving particles to the concentration of static

Adv. Geosci., 37, 16, 2013 www.adv-geosci.net/37/1/2013/
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Fig. 2. Evolution of the concentration of tracer particles as a function of the dimensionless di&tafiwer = 0.3. The initial shape of the
plume is a step of marked grains on the bed surface of length 20.

particles (this ratio is smaller than one). The total amount of

tracers M = [ cdkx, is conserved. — mean position X,
The conservation equation for marked grains in the mov- — standard deviation 6X

ing layer reads

9 9 . . ol

—@n)=——(@nV)+n.y—nq¢ 8

ot 0x 8

Combining Egs. %) and @), we find the evolution equation é

for the proportion of marked grains in the moving layer: S

3 1 3¢ 10y

L (W—-0)—V —. 9

or 1 W -9 i ©)

We now assume that the “active” part of the bed is confined
to the bed surface. In other words, erosion and deposition -l ‘ ‘
only modify the bed over a depth of about one grain diameter. 10° 10" 10* 10° 10°
Mathematically, this means that the reservoir of immobile time
grains is well-mixed. The conservation of marked grains onFig_ 3. Mean positionX,,

(black line) and standard deviatidX

the bed surface then reads (green line) of a plume of tracers as a function of timedet 0.3.
Dashed lines show the power laws expected for standard advection-

o s =40 —neY (10) diffusion: linear (black) and square root (green).

Combining Eqgs.%) and (L0) leads to

Complemented with initial and boundary conditions,
Egs. @) and (1) represent the evolution of the proportion
of marked particles.

0 _ e
FT W —9) (112)

www.adv-geosci.net/37/1/2013/ Adv. Geosci., 37,612013
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4 Numerical solution a Poiseuille flow Taylor, 1953. In our case, the distribu-
tion of velocities is reduced to the two end-members of the

In dimensionless form, Eqs9and (L1) read Poiseuille profile: mobile or immobile. It is therefore not sur-

3¢ 3¢ prising to find simil_ar resqlts. _ o

37T = ax + @ —9¢) (12) In reality, th_e d|str_|but|on _of particle velocities m_bed-

y load transport is continuoukdjeunesse et ak01Q Furbish

T = —a (Y — ). (13) et al, 20123 b). Therefore, moving grains in the bedload

layer also disperse due to velocity fluctuations. This effect,
whereT =1t/t; andX = xt;/V are dimensionless variables. adding to the continuous exchange of particles between the
Our system is then controlled by a single parameter, the ratidoedload layer and the immobile bed, is likely to enhance the
of surface densitieg. This ratio also characterize the av- dispersion of the plume of tracers.

erage distance between moving grains. Since our model as-

sumes that the behavior of an individual particle is indepen- )

dent from other particles, we can only expect it to be valid Appendix A

when moving particles are sufficiently far away from each
other, that is, when is small. After Eq. 4), this requirement
implies that the Shields parameter be near the threshold fo
sediment transport.

We solve Egs. 12) and (3) numerically with a finite-
volume numerical scheme described in appendix A. An ini-
tially concentrated plume of tracer particles is transported
downstream by the flow and deformed by dispersion (Big.
Initially, the plume is skewed towards the direction of its

Numerical Scheme

fn this section, we briefly present the numerical scheme used
to solve Egs.12) and (3).

Let us definep; (T) and v (T) as the values op (X, T)
andy (X, T) atthek discrete locationX;,k=0,---,K—1
and at timeT . Integrating 12) betweenX; andX; + 1 leads

propagation. This skewness, however, decreases as the plumé: ¢ Xist 9 Xisd
spreads, and the plume’s shape resemble a normal distribu- ﬁdX =— / ﬁdX + f (Y —¢)dX
tion at long times. X X X

As expected, the average position of the pluig =
[ cxdx/M increases with time (FigB). After a transitional
period of moderate velocity, dominated by initial condi-

tions, it rea_ches a permanent re_gir_ne with a constant av-— [3Xk+1(¢k+1+¢k)] = —¢p1+ Ok — 8 X1 (Prat + dr)
erage velocity. The standard deviation of the plutie= aT 5Xiaa (0 .
FO X1 (Vi1 + Vi

%Nhere we definé X1 = (Xp41 — Xi)/2.
The boundary conditionp (X =0, 7T) =0, provides the

Discretizing the integrals gives the followin& — 1) equa-
tions defined fok =0, ..., K — 2:

VS e(x — X»)2dx/M increases as the square root of time,
again after a transitional regime. This behavior correspond
to classical advection-diffusion, although we have not for- t .
mally established this equivalence. We observe the same bl €quation:

havior for various values af. ¢o=0

The above equations can be written in the vectorial form
5 Conclusions P

—Ap=(—A+B+C)p+AVY (A1)

Based on an erosion-deposition model, we describe the evo-

lution of a plume of tracer particles transported as bedloadN here we introduce the vectors

over a uniform bed. The mean position of the plume, as well %o Yo
as its extent, show two regimes: (i) at short times, the evo¢ = : andy = :
lution of the plume is dictated by the initial conditions; (ii) bx_1 VK1

at long times, the plume evolves asymptotically as if trans-
ported by advection and spread by diffusion.

In the model presented here, the spread of the plume re- 1 .. 0
sults only from the continuous exchange of particles be- 5X1 8X1
tween the bedload layer and the immobile bed. Although
presented in the context of bedload transport, it applies to, | : :
any steady uniform system in which some passive tracer is” ~ | . . ’
exchanged between two layers moving at different veloci- X 0 X )
ties. This mechanism can be thought of as a simpler ver- : 0

sion of Taylor diffusion, where a passive tracer diffuses in 0 ... ... ...8Xg_16Xg_1

and the matrixes

Adv. Geosci., 37, 16, 2013 www.adv-geosci.net/37/1/2013/
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0... ... 0 10...0
B = 1-1 and C = (_)0 _
oo . 0 : .
0...1-1 0...... 0

Similarly, discretizing 13) leads to the set ok equations
defined fork =0,..., K —1
0
ﬁl//k = a(dx — ¥i)
which can be written in the vectorial form
ad
— I =ol(d—
gy =al@ =)
wherel is the identity matrix.

The set of Eqs.A1) and (A2) can be combined into

0
—M1® = M®
a7 1 2

where we define the vector

-~ (1)

and the matrixes

AQ —A+B+C A
Ml:(oz)’M2=< al —a1>'

Finally, (A3) leads to

(A2)

(A3)

0
— & =Mz
aT

with

(A4)

M3 = MM,

Let us defined” as the value of the vectdr at the discrete
timeT,,n=0,---, N. Integrating A4) betweerT,, andT},;1
leads to:

Tn+la Thy1

/—QdT:/Mg@dT
oT

Ty Tu

which, after discretizing the integrals, reads
q)n-l—l _ q)n — 5T"+1 M3 <q>ﬂ+1+ q)n>

where we introducé7"*! = (7,1 — T;,) /2. After some re-
arrangement, we finally get

" = M,y P" (A5)
with

-1
Ma= (1 — 8T”+1M3) (1 + 5T"+13) (A6)

Equation A5) enables the computation d” at all times
T,,, n > 0 once the initial conditiom®? is known.
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