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Abstract

We consider a variant of the basic problem of the calculus of variations, where the La-
grangian is convex and subject to randomness adapted to a Brownian filtration. We solve
the problem by reducing it, via a limiting argument, to an unconstrained control problem
that consists in finding an absolutely continuous process minimizing the expected sum
of the Lagrangian and the deviation of the terminal state from a given target position.
Using the Pontryagin maximum principle we characterize a solution of the unconstrained
control problem in terms of a fully coupled forward-backward stochastic differential equa-
tion (FBSDE). We use the method of decoupling fields for proving that the FBSDE has
a unique solution.

Introduction

The basic problem of the calculus of variations consists in minimizing an integral functional
over a set of functions satisfying an initial and terminal condition. In this article we consider a
version of the basic problem, where the Lagrangian is convex and subject to random influences
supported by a Brownian motion W on a probability space (2, F, P). More precisely, let
T € (0,00) and f : Q x [0,00) x R? — R be a function, convex in the last two variables,
such that for all (z,a) € R? the mapping (w,t) + f(w,t,z,a) is progressively measurable
with respect to (Ft).e[o,00); the augmented filtration generated by the Brownian motion W.
We show, under some additional analytic assumptions, existence of a solution of the following
problem:

T
Minimize J(X) = E [/ f(t,Xt,Xt)ds] over all absolutely continuous P)
0

and progr. mb. processes X satisfying Xo = xg € R and X7 = 0.
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We interpret t as time, X; as the state and X, as the velocity at time ¢.

Minimizing J (X) is a classical problem with many applications e.g. in physics, economics
and engineering. We refer to the scripts of Gelfand and Fomin [11], Clarke [6] and Evans [§]
for explicit applications and an overview on the deterministic version of the basic problem.
Stochastic examples of problem (P) have been recently analyzed in the context of closing
financial asset positions in illiquid markets (see e.g. the introduction in [13] for an overview). In
these applications f includes transaction costs, depending on the liquidation rate X; moreover
f can incorporate measures of the risk exposure, depending on the volume X; of the remaining
position.

In order to prove existence of a process X minimizing the functional J (X) we study also a
related control problem without the constraint X7 = 0, but with an additional term in the cost
functional penalizing any deviation of X7 from zero. Let g : 2 x R — R be a function, convex
in the second variable, such that for all z € R the mapping w +— g(w,z) is Fpr-measurable.
We solve, under some nice analytic assumptions, the following unconstrained control problem:

T
Minimize J(X) = E {/ f(t, X¢, X¢)ds + g(Xr)| over all absolutely continuous (UP)
0

and progr. mb. processes X satisfying Xy = xq.

We show that by setting the penalty function equal to g(z) = La? and letting L — oo one can
reduce the constrained problem (P) to the unconstrained one (UP). We think that problem
(UP) is interesting in itself and therefore we study it for a general class of convex functions g.

By following a classic Bellman approach for solving (UP) (at least if f and g are deter-
ministic functions), one obtains a non-linear Hamilton-Jacobi-Bellman (HJB) equation that is
difficult to solve. By the Pontryagin maximum principle an optimal solution of (UP) can be
characterized in terms of a forward-backward stochastic differential equation (FBSDE), where
the forward component describes the optimal state dynamics and the backward component
the dynamics of the so-called costate. The FBSDE for (UP) takes the form

X; = x—fgf;(s,Xs,Ys)ds, (1)
Vi = g(Xr)— [ ZedW,+ [ fu(s, X, £ (s, X, Ya)) ds,
where f*(t,z,-) denotes the convex conjugate of the function a + f(¢,z,a), f, its derivative
w.r.t. y and f, the derivative of f w.r.t. z. Notice that the FBSDE (1) is fully coupled, i.e.
the forward dynamics depend on the backward component Y, and the backward dynamics
on the forward part X. It is a longstanding challenge to find conditions guaranteeing that a
fully coupled FBSDE possesses a solution. Sufficient conditions are provided e.g. in [15], [19],
[18], [20], [7], [16] (see also references therein). The method of decoupling fields, developped
in [9] (see also the precursor articles [17], [10] and [16]), is practically useful for determining
whether a solution exists. A decoupling field describes the functional dependence of the
backward part Y on the forward component X. If the coefficients of a fully coupled FBSDE
satisfy a Lipschitz condition, then there exists a maximal non-vanishing interval possessing a
solution triplet (X,Y, Z) and a decoupling field with nice regularity properties. The method
of decoupling fields consists in analyzing the dynamics of the decoupling field’s gradient in
order to determine whether the FBSDE has a solution on the whole time interval [0, 7).

The main idea of the present article is to use the method of decoupling fields in order to
prove existence and uniqueness of a solution to the particular FBSDE (1) (see Theorem 3.1,



Corollary 3.3 and Theorem 3.6). With a solution at hand we can then solve the unconstrained
problem (UP) (see Proposition 1.6) and finally also problem (P) (see Theorem 4.5).

The method works since the state derivative of the decoupling field of the FBSDE (1) turns
out to be bounded (under some nice analytic assumptions). In particular, the decoupling field
can not explode, which further implies that there exists a solution of (1) on the whole interval
[0, T].

Solutions of problem (P) and (UP) have been obtained under some additional structural
assumptions on the function f. One focus of the literature so far is set on cost functions f that
are additive. In [2] it is assumed that f takes the form f(¢,x,a) = v|x|P + nalP, where p > 1
and (n,7) is a pair of non-negative progressively measurable processes. The particular form
allows to decouple the FBSDE (1), after a variable change. As the penality of any deviation
of Xp from 0 increases to infinity, the backward part of the decoupled FBSDE converges to
a solution of a BSDE with singular terminal condition, a concept developed in [21], [22]. In
the setting of the present article, the solution processes (X,Y,Z) of (1) also converge as the
penalty tends to infinity. The limiting processes turn out to be a solution of a coupled pair
of stochastic differential equations, where an initial and terminal condition is imposed on the
first equation, but no condition on the second (see Theorem 4.7).

Solving a fully coupled FBSDE is also not necessary in the case where f is additive and
linear-quadratic (see [3| and [4]), and even in some additive and polynomial cases with a
Poisson measure as an additional source of randomness (see [12] and [14]).

The article is organized as follows. In Section 1 we specify some basic assumptions on the
functions f and g under which we solve problem (UP) and (P) respectively. Moreover, we
explain how to obtain a solution of (UP) from a solution (X,Y, Z) of the FBSDE (1). Section
2 provides an overview of the method of decoupling fields. In Section 3 we apply the method
to solve problem (UP). Finally, in Section 4 we solve problem (P) by reducing it to (UP).

1 Problem formulation via FBSDEs

Let T > 0 be a deterministic finite time horizon. Let W be a Brownian motion on a complete
probability space (£2, F,P) and denote by (F¢);c[o,7] the smallest filtration satisfying the usual
conditions and containing the filtration generated by W.
Let A C R be a closed and connected set of possible control values satisfying inf A < 0 <
sup A. Let
g:OxR—->R

be measurable and
f:Ox[0,T]xRxA—R

be measurable such that for all (x,a) € Rx A the mapping (w,t) — f(w,t,x,a) is progressively
measurable. We make the following additional assumptions on f and g:

(C0) For every fixed pair (w,t) €  x [0,T] the mappings (z,a) — f(t,z,a) and = — g(z)
are convex, with f being strictly convex in a. Note that we follow the usual convention
and omit the function argument w.

(C1) The mappings A > a+— f(t,z,a) and R 3 x — f(t,z,0) attain a minimum at zero (for
all w,t,x and all w,t respectively). We also assume that f(¢,0,0) = 0 for all ¢t € [0, 7.
Observe that f is then non-negative.



(C2) f is coercive, i.e. there exist p > 1 and b > 0 such that
Va € A: f(t,xz,a) > blalP
independently of w, t and x.

(C3) g(-) restricted to [0, 00) is twice continuously differentiable, f(¢,-, ) restricted to [0, 00) X
(ANJ0,00)) is continuously differentiable, while f;(¢,-,-) and f,(¢,-,-) are continuously
differentiable on [0, 00) x Ay, where Ay := AN (0,00). Furthermore, for all compacts
K, C[0,00), K C AN[0,00) and K3 C A;:

sup ((gzl + |gzal) (W, 2) + (1 fz| + | fal) (w, t, 2,0)) < o0,
(w,t,2,a)€QX[0,T]x K1 x K2

sup (| foz] + | fzal + [ faz| + | faal) (W, t,7,a) < oo.
(w,t,z,a)€QX[0,T)x K1 x K3

(C4) Finally, we assume that the mapping = — g¢(z) attains its minimum at zero (for all w).
We also assume that ¢g(0) = 0. Observe that g is then non-negative.

Remark 1.1. Note that the assumptions that f(¢,0,0) = 0 for all ¢ € [0,7] and ¢g(0) = 0
can be relaxed to the assumptions that f(-,0,0) € LY(Q x [0,7]) and g(0) € L*($). Indeed,
in this case one can consider the problems (UP) and (P) with f(¢,x,a) = f(t,z,a) — f(t,0,0)
and g(xz) = g(z) — ¢g(0) instead of f and g and add E [fOTf(t,O,O)dt—{-g(O)} outside the

minimization problem.

For z € R we define A(z) as the set of all progressively measurable o : Q x [0,7] — A
such that

X% =z —/ aydr (2)
0

is well-defined for all s € [0,7]. We can reformulate Problem (UP) as follows:
T
Minimize J(z,a) := E [/ f(s, X% as)ds+ g (X;O‘)} over all o € A(x). (3)
0

For simplicity we sometimes write X or just X instead of X*“. So, for given z, the goal
is to choose the control « from the set A(x) of admissible controls in such a way that J is
minimized.

The next result shows that when starting with a non-negative initial position, then it can
not be optimal to choose o such that the position process is increasing or negative at some time
point. This result is coherent with the absence of transaction-triggered price manipulation
(see [1]). Note that for proving this statement we only need (C0), (C1) and (C4), but not
(C2) and (C3).

Proposition 1.2. Let 2 > 0. If a € A(x) is optimal, then X& = x — [J opdr, s € [0,T], is
non-increasing and non-negative. Moreover, for any o € A(x) there exists B € A(x) such that
X? is non-increasing and non-negative and J(z,3) < J(z,q).

Proof. For g € A(x) we write J (z,3) := fOTf (s,Xf’B,BS> ds+g (X;”B).



Define the measurable set B := {inf g 7] X&' < 0} and the stopping time
o :=inf{s € [0,T]]| X, < 0}.
Note that B = {o < T'} and that o is equal to oo on B¢. Furthermore, X = 0 on B.
Now, define § as the strategy which coincides with o on [0, AT/, but is 0 on the interval

(6 AT,T). Notice that o = 8 on B¢. Now let w € B. Then X% (w) = 0 for all s € [o(w),T],
but Xsﬁ(w) = X% (w) for s € [t,0(w)]. Also, for s € [o(w),T],

f(57ngaS)(w) - f(stsﬁvﬁs)(w) = f(s,X;”‘,ozs)(w) - f(‘S?O?O)(w) > 0>

due to (C1). Note that for s > o(w) in a sufficiently small neighbourhood of o(w) the left
hand side of the previous inequality is strictly larger than zero. Moreover, (C4) yields

9(XF)() = 9(X7)(w) = 9(0) = 0.
Therefore, J(x, a)(w) > J(z, 5)(w) for all w € B, which due to the optimality of o can only
mean P(B) = 0. In other words X is non-negative a.s.
Next, define stopping times

pi= inf{s €[0,7T]| X¢ > inf Xf}
rel0,s]

and

T::inf{se [0,T]|s>p and X = ir[%)f]Xff‘}.
re|0,s

Now let 7 be the strategy which is zero on (p AT, 7 A T], but is equal o otherwise. Note that
(p AT, 7 ANT) is empty and o =y on

B:={ sup <XSO‘— inf Xf‘) <0,
5€[0,T] r€[0,s]

the event where X¢ is non-increasing.

Now let w € B¢. Then p(w) < T and (p(w), 7(w) A T] is non-empty with ~(w) vanishing
on this interval and X7(w) being constant XZ(w) (w) on this interval. Furthermore, condition
(C1) implies that for all s € (p(w), 7(w) A T1:

f(S, X?a O‘s)(“) - f(S’Xgafys)(w) = (f(S’ngas)(w) - f(stgv 0)(&]))
+ (f(s, X5, 0)(w) = f(s, X{,0)(w))
> 0.

Note that for s > p(w) in a sufficiently small neighbourhood of p(w) we have a strict inequality.
Therefore, fOT f(s, X8 as)(w)ds > fOT f(s, Xd,7vs)(w)ds. Moreover, (C4) and the convexity of
g imply that it is non-decreasing on the positive half-line, such that

9(X7) (W) > 9(X7)(w),

and hence J(z,a)(w) > J(x,7)(w). Due to optimality of a we have P(B°) = 0. Therefore,
the position process of an optimal strategy is non-increasing.

The second statement of the proposition can be shown with similar arguments: if X< is not
non-increasing, then we can construct 3 such that X# is non-increasing and J(z, 8) < J(z, a).
If in addition X? is not non-negative, then one can transform § to + as above so that X7 is
non-negative, non-increasing and J(x,vy) < J(x, 3). O



Proposition 1.2 shows that if the initial position is positive, then it is sufficient to consider
only non-negative controls and positions. By symmetry, when starting in a negative position,
one can restrict the analysis to non-positive controls and positions, with straightforward ad-
justments in the hypothesis (C3) (differentiability condition for non positive values). In the
following we consider only the positive case and always assume that any positions and controls
are non-negative.

The so-called Hamiltonian of the control problem (3) is defined by

,H(t7 x’ a’ y) = _ay + f(t7 1.7 a)7
for t € [0,7] and (x,a,y) € R x A x R. Notice that

minH(tvxaa7y) = _f*(taxvy)a (4)
acA
where f*(t,z,-) is the convex conjugate of f(t,z,-). Observe that condition (C2) guarantees
that f* assumes real values only. For the following observation we need both (C2) and (C3).

Remark 1.3. For all z,y > 0 the following consideration holds: The minimum in (4) is
attained at a = fj (t,z,y), where [, denotes the partial derivative of f* with respect to y. This
partial derivative exists due to differentiability of f w.r.t. the last parameter a and (C2). More
precisely, using Fermat’s theorem applied to the minimization problem min,e g H(t, x,a,y) =
minge 4, H(t,x,a,y) one can deduce

a = f;(t,(lf,y) = f;l(tv:I:)y)a if Yy € (fa(t7x70)7fa(tax7asup))7

where agyp := sup A and where f, (¢, z,-) denotes the inverse of the function f,(¢,x, ), which
is strictly increasing.

Note that for y € [0, fa(t,2,0)] we have f;(t,z,y) = 0 and for y € [fa(t, T, asup), 0) We
have f#(t,#,y) = asup. This means that we can extend f;'(f,z,-) to the whole of [0,00)
canonically, s.t. f;(t,z,y) = [ 1(t,z,y) holds everywhere and this extended f; (¢, z,-) is
still continuous and non-decreasing.

Finally notice the following straightforwardly verifiable properties of fy:

o fy(t,x,y) >0 for all z,y > 0,
e f;(t,x,0) =0 forall z >0,

e f;(t,x,-), which is defined on [0,00), has AN [0,00) as its range, regardless of w, ¢ and
x> 0.

The following observation will be of importance later on:

Remark 1.4. Assume that fuq(t, z,a) > 0 holds for all (w,t,z,a) € Q x [0,T] x [0,00) X At
and that f; is weakly differentiable w.r.t. (z,y) on [0, o0)2. By applying the chain rule to the
equation

fa(t,z, £t 2,y) = fa(t,2,0) VY A falt, x, asup)

we obtain

(0,0) , if y & (fa(t, 2,0), falt, x; asup)) ,

* : . ®
(~fe (b, £t y), g5 (b Sy () ) otherwise.

(f;x(ta :Ii,y), f;y(t, (E,y)) = {



We remark that in order to have fu.(t,z,a) > 0 for all (z,a) € [0,00) x A, it is suffi-
cient to require local Lipschitz continuity of fy(t,z,-) for all w,t and all > 0. Indeed, for
fixed w,t,z the above formula for f;y(t,x,y) is satisfied on the set of all y > 0 satisfying
faa(t,, f;(t,2,y)) > 0 and this set cannot be empty (due to strict convexity). Due to the
continuity of fuu(t,z, fy(t,7,-)) and the assumption of local boundedness of f;, (t,,-), the
reciprocal value of fuq(t, z, f;(t,2,-)) must remain bounded on compact subsets of [0,00). In
particular foq(t, z, f, (t,,y)) > 0 for all y > 0, which means fuq(t,2,a) > 0 for all a € A.

Next we consider the so-called adjoint forward-backward stochastic differential equation
(FBSDE) for the control problem (3), given by

X7 = x_f(ff;(rvvanx)dra

Yr = (X&)~ [T zEaw, + [T fo(r, XE, £3(r, X2, Y,))dr

(6)

for all s € [0,T]. To simplify the notations, when there is no ambiguity, (X*,Y*, Z%) will be
denoted by (X,Y, Z). A solution to (6) is a triplet (X,Y,Z) = (X*,Y*, Z%) of progressively
measurable processes such that

e X and Y are continuous and non-negative processes,
e the processes X, Y and s — f;(s, X5, Ys) are bounded and, finally,
e the two equations (6) are satisfied a.s. for every fixed s € [t,T]].

Note that under the above and due to (C3) the processes s — f(s, X7, f (s, X, V")), s =
fa(s, X3, £ (s, X5, Y)), as well as the random variables g(X7) and ¢'(X%) are also bounded.
This implies that the stochastic integral fo Z*dW, is a BMO martingale (see e.g. Proposition

1.1 in [5]). In particular for any p > 1 it holds that

T p/2
E [(/ |fo]2dr>
0

Remark 1.5. We require that any solution satisfies X, Y > 0 to make sure that the equation
(6) is well defined. Notice that we only assume that g is differentiable on [0,00) and that
[yt z,y), fa(t,z, f(t, 2, y)) are defined for x,y > 0.

< +o0. (7)

Constructing solutions to the above FBSDE is important for the following reason:

Proposition 1.6. If there exists a solution (X,Y,Z) of (6), then an optimal control for
problem (3) is given by

as:f;(SaX&sz)’ s €[0,T].

Proof. We adapt the proof of Theorem 5.2 in [23] to our setting. For z = Xy > 0 and
a € A(r) let X = X% be the associated state process. For the purpose of showing that
J(x,&) > J(z, o) we can assume by Proposition 1.2 that X is non-increasing and non-negative,
such that it is in fact bounded. Let us define 6X := X — X and da := @ — o. Note that
Xo = Xg = x, such that Xy = 0. Also, observe that 6X is a bounded process. Since ¢ is
convex we have a.s.

YT(SXT - YE](SXO = YT(SXT = g,(XT)(SXT S g(XT) - g(XT) (8)



At the same time It6’s formula proves that
T T
YroXr — Yo Xy = / 0XdYs + / Y. d(6X5)
0 0

T T T
= - /0 (6 fo(s, Xy cvs)ds + /0 (0X) ZodW, — /0 Yi(das)ds, (9)

where all expressions are well-defined due to the boundedness of X, Y and a = fj (. X.,Y).
Now note that

%a(quSa 0557 }/S) = _YS + fa(stsa f;(sa XS)YS)) = _}/8 + YS - 0
Together with the convexity of H this implies

H(S7X87a87ytg) _H(87X87a57}/t9) 2 HI(SaXsaasan)(éXS) +Ha(87X87a87}/:‘5)(6a5)
= fao(s, X5, a5)(0X5).

Thus, due to the definition of H

f(SaXS;O_ZS)*f('%XS)aS) — H(S;X57ds;Ys) *H(SaXSaO[&YS)‘FYS(éO‘S)
> fx(S’X57 as)(5Xs) + }/s(éas)

This implies together with (9):

T T
Vi X1 — Yoo Xo > / (F(5, Xarcrs) — f(5, Ko, Gis)) ds + / (6X.)ZodW,, (10)
0 0

where f(s, Xs,as) — f(s, Xs, @), although possibly not integrable w.r.t. s, is in any case
bounded from above and where (6.X)Z is a BMO process, such that both integrals are well
defined. Combining (10) with (8) we obtain

T B T
g(XT)—g(XT)Z/O (f(s,Xs,as)—f(s,XS,ds))ds—i—/O (5X) ZsdV,

a.S. or
- T B T T
o(Xr) + / £(s5, Koy a)ds > g(Xr) + / F(s, Xy as)ds + / (6X.) Z,dW,
0 0 0

a.s., which is true even if (fOT f(s, X, ds)ds> (w) = oo for some w as the right-hand-side of

the inequality is a finite number a.s. Taking the expectation on both sides leads to
J(z,a) > J(2, ),
which shows optimality of a. O

Remark 1.7. Proposition 1.6 can be extended directly to the dynamic version of the problem
(3), namely

T
Minimize J(t, z, @) := E [/ f (s, Xy"% as)ds + g (X%La)
t

]-"t] over all a € A(t, x),

8



where (t,2z) € [0,T) xR and A(t, z) is the set of all progressively measurable o : Q x [¢t,T] — A
such that

S
t,r,oo .
X" .—x/ o dr
t

is well-defined for all s € [t,T] and such that E [ftT f (s, xbme as) ds+g (erpxaﬂ < 00. In
this case the FBSDE (6) becomes:

X = x— [, XY dr,

11
Yst,:t: _ g’(X;lx) i fsT Z;’xdWr + fsT fx(Ty Xﬁ’z, f;(r, Xf»’x,}/;ﬂt’x))dﬂ ( )

for all s € [¢,T.

Problem (P)
For all z € xR let A°(z) := {a € A(z) | X7** = 0 a.s.}. The problem (P) reads as follows:

T
Minimize J(x, o) := E [/ f (s, X505, a) ds] over all a € A%(). (12)
0

In order to reduce problem (12) to (3), we choose for every L > 0 the penalty function
g¥(x) := L - 2% and define

T4z, ) = E [ / (5 X us)ds + gL<XT>} (13)

accordingly. We show, under some additional analytic conditions, that the FBSDE associated
to the problem of minimizing J* has a solution (X Lyl ZL). In Section 4 we show that the
optimal controls ol = fo(t, X}, YF) converge, as L — oo, to a control a® in A%(z) solving
problem (12).

We remark that problem (12) can not be straightforwardly reduced to an FBSDE, since
the terminal condition would not be well defined in a conventional sense. We show, however,
that (P) can be linked to a pair of coupled SDEs, where the first equation describes again
the optimal position process. The position constraints translate into an initial and a terminal
condition on the first equation. On the second equation no conditions are imposed (see
Theorem 4.7).

2 The method of decoupling fields

As mentioned above, solving (6) is crucial in constructing optimal controls. As a key result
of this paper we prove in Section 3.1 the solvability of (6) under the assumption that the
functions f, ¢’ and f, are uniformly Lipschitz continuous in (x,y) € [0, o0)? and are zero if
we plug in the special value (z,y) = (0,0).

Note that even under these Lipschitz assumptions, it is not trivial to show well-posedness
of (6) due to its coupled nature. It is necessary to take more subtle structural properties
into account to conduct the proof. Our argumentation will be based on the so-called method
of decoupling fields which we will briefly sum up in this section. Owing to their general
significance, we treat the theory of FBSDEs and their decoupling fields in a more general
framework than might be needed for investigating well-posedness of (6).



For a fixed finite time horizon 1" > 0, we consider a complete filtered probability space
(0, F, (Ft)eeo,1), P), where Fo consists of all null sets, (W}),c(o,7) is a d-dimensional Brownian
motion and Fy := o (Fo, (Ws)se[o,g) With F := Fr. The dynamics of an FBSDE is given by

S S
X, = Xo+ / 1(r X, Y, Z,)dr + / o(r, X, Yy, Z,)dW,,
0 0

T T
Y: = é(XT) - / f(’l“, XY, Zr)dr - / ZrdW,,
t t

for s,t € [0, 7] and Xy € R"™, where (£, (i, 0, f)) are measurable functions such that

£:QxR" = R™, p: [0,T] x Q@ x R™ x R™ x R™*4 — R,
0:[0,T] x @ xR™ x R™ x R™*4 5 R™@4 f:[0,T] x Q x R" x R™ x R™*? 5 R™

for d,n,m € N. Throughout the whole section p, o and f are assumed to be progressively
measurable with respect to (Ft).e(o,7)-
A decoupling field comes with an even richer structure than just a classical solution

(X,Y,2).

Definition 2.1. Let t € [0,7]. A function u: [¢,T] x Q x R" — R™ with u(T,-) = £ a.e.
is called decoupling field for (&, (u,o, f)) on [¢t,T] if for all t1,te € [t,T] with t; < t2 and
any J,-measurable Xy, : © — R” there exist progressively measurable processes (X, Y, Z) on
[t1,t2] such that

S S
XS = Xt1 +/ /J/(T7X7”)K“72’r‘)dr+/ O-(TvXT7}/T’Z7”)dWT7
t t
t12 1t2
Yo =Yi— [ f(r, X0, Vs Z,)dr — / Z,dW,,
S

S

Yy = u(s, Xs), (14)
for all s € [t1,t2]. In particular, we want all integrals to be well-defined.
Some remarks about this definition are in place.

e The first equation in (14) is called the forward equation, the second the backward equation
and the third will be referred to as the decoupling condition.

e Note that, if to = T, we get Yr = &(X7) as. as a consequence of the decoupling
condition together with w(7,-) = & At the same time Y7y = &(Xr) together with
decoupling condition implies u(7), ) = £ a.e.

e If to = T we can say that a triplet (X,Y, Z) solves the FBSDE, meaning that it satisfies
the forward and the backward equation, together with Yy = £(X7). This relationship
Yr = &£(X7) is referred to as the terminal condition.

In contrast to classical solutions of FBSDEs, decoupling fields on different intervals can be
pasted together:

Lemma 2.2 ([9], Lemma 2.1.2). Let u be a decoupling field for (&, (u, 0, f)) on [t,T] and u
be a decoupling field for (u(t,-), (1,0, f)) on [s,t], for 0 < s <t <T. Then, the map @ given
by 4 := Ul(sy + ul ) is a decoupling field for (&, (u, 0, f)) on [s,T].
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We want to remark that, if u is a decoupling field and @ is a modification of wu, i.e.
for each s € [¢,T] the functions u(s,w,-) and 4(s,w,-) coincide for almost all w € €, then
4 is also a decoupling field to the same problem. Hence, u could also be referred to as
a class of modifications and a progressively measurable and in some sense right-continuous
representative exists if the decoupling field is Lipschitz continuous in z (Lemma 2.1.3 in [9]).

For the following we need to fix briefly further notation.

Let I C [0,7] be an interval and u : I x Q2 xR"™ — R™ a map such that u(s, -) is measurable
for every s € I. We define
Ly :=supinf{L > 0|for a.a. w € Q : |u(s,w,x) — u(s,w,z’)| < Lz — 2’| for all z,z’ € R"},

sel
where inf () := co. We also set L, , := oo if u(s,-) is not measurable for every s € I. One
can show that L, , < oo is equivalent to u having a modification which is truly Lipschitz
continuous in z € R"™.

We denote by L . the Lipschitz constant of o w.r.t. the dependence on the last component
z and w.r.t. the Frobenius norms on R™*¢ and R"*¢, We set L, . = oo if o is not Lipschitz
continuous in z.

By L;i = ﬁ we mean i if Ly, > 0 and oo otherwise.

For an integrable real valued random variable F' the expression E[F] refers to E[F|F],
while E; oo[F] refers to esssup E[F|F;], which might be oo, but is always well defined as the
infimum of all constants ¢ € [—00, 0o] such that E[F|F;] < c a.s. Additionally, we write || F||oo
for the essential supremum of |F|.

Finally for a matrix A € RV*" and a vector v € S"~! we define |A|, := |Av| as the norm
of A in the direction v.

In practice it is important to have explicit knowledge about the regularity of (X,Y, Z).
For instance, it is important to know in which spaces the processes live, and how they react
to changes in the initial value.

Definition 2.3. Let u: [t,T] x 2 x R™ — R™ be a decoupling field to (&, (i, o, f)).
1. We say u to be weakly regular if Ly, < L} and supgepe,r) llu(s, -, 0)][oo < 00

2. A weakly regular decoupling field u is called strongly regular if for all fixed ¢y, to € [t, T,
t1 < tg, the processes (X,Y, Z) arising in (14) are a.e unique and satisfy

to

sup By ool Xsl?] 4+ sup Epy ool [Val?] + By oo [/ |Zs|2ds] < 00, (15)
s€[t1,t2] s€[t1,t2) t1

for each constant initial value X;, = z € R". In addition they are required to be

measurable as functions of (z,s,w) and even weakly differentiable w.r.t. € R™ such

that for every s € [¢1, t2] the mappings X, and Y are measurable functions of (z,w) and

even weakly differentiable w.r.t. x such that

d
essSup,cpn SUp  sup Eg [‘Xs

vesn—1 Se[t17t2] de’ v
d 2
esssup,ecgrn Sup  sup K¢ oo ‘dYs < 00,
veST—1 s€(ty,ta) €z v
to d 2
essSup,cpn  SUP Ky oo / d—Zs ds| < oo. (16)
vesn—1 t1 z v

11



3. We say that a decoupling field on [¢, T is strongly regular on a subinterval [ty, ta] C [t, T
if u restricted to [t1,t2] is a strongly regular decoupling field for (u(to,-), (u, 0, f)).

Under suitable conditions a rich existence, uniqueness and regularity theory for decoupling
fields can be developed. The basis of the theory is Theorem 2.4 below, which is proven in
Chapter 2 of [9].

Assumption (SLC): (&, (u, 0, f)) satisfies standard Lipschitz conditions (SLC) if
1. (w, 0, f) are Lipschitz continuous in (x,y, z) with Lipschitz constant L,
2. [(lpl + ST+ 1o ) (-,+,0,0,0)[| 5 < o0,
3. £&: Q x R™ — R™ is measurable such that ||£(,0)||cc < 00 and L¢ , < L;i

Theorem 2.4 ([9], Theorem 2.2.1). Suppose (&, (1, 0, f)) satisfies (SLC). Then there exists a
time t € [0,T) such that (&, (u,0, f)) has a unique (up to modification) decoupling field u on
[t,T] with Ly, < Ly and supsep, 7 [[u(s, +, 0)][oo < 0.

0,2

A brief discussion of existence and uniqueness of classical solutions on sufficiently small
intervals can be found in Remark 2.2.4 in [9)].

This local theory for decoupling fields can be systematically extended to global results
based on fairly simple “small interval induction” arguments (Lemma 2.5.1 and 2.5.2 in [9]).

Theorem 2.5 ([9], Corollary 2.5.3, 2.5.4 and 2.5.5). Suppose that (&, (i, 0, f)) satisfies (SLC).

1. Global uniqueness: If there are two weakly reqular decoupling fields u™, u to the cor-
responding problem on some interval [t,T], then we have u® = @ up to modifications.

2. Global regularity: If there exists a weakly regular decoupling field u to this problem on
some interval [t,T], then u is strongly regular.

3. If there exists a weakly regular decoupling field w of the corresponding FBSDE on some
interval [t,T], then for any initial condition X; = = € R™ there is a unique solution
(X,Y,Z) of the FBSDE on [t,T] satisfying

T
sup E[|X,*] + sup E[|Y;’] +E [/ \Zﬁds] < 00.
s€lt,T] s€lt,T] ¢

In order to have a notion of global existence we need the following definition:

Definition 2.6. We define the maximal interval Ina,x C [0,7] of the problem given by
(&, (u, 0, f)) as the union of all intervals [t,T] C [0, T, such that there exists a weakly regular
decoupling field u on [t,T7.

Note that the maximal interval might be open to the left. Also, let us remark that we
define a decoupling field on such an interval as a mapping which is a decoupling field on
every compact subinterval containing 7T". Similarly we can define weakly and strongly regular
decoupling fields as mappings which restricted to an arbitrary compact subinterval containing
T are weakly (or strongly) regular decoupling fields in the sense of the definitions given above.

Finally, we have global existence and uniqueness on the maximal interval:

12



Theorem 2.7 (Global existence in weak form, [9], Theorem 5.1.11 and Lemma 5.1.12). Let
(&, (p, 0, f)) satisfy SLC. Then there exists a unique weakly reqular decoupling field u on Inax.
This u is even strongly reqular. Furthermore, either Imax = [0,T] or Imax = (tmin, 1], where
0 < tmin <T. In the latter case we have
tﬂinn Lu@)e = Lo (17)
Note that in particular cases the last statement allows to show “strong global existence”,
ie. Imax = [0,7], via contradiction and, thereby, is the basis of the so-called method of
decoupling fields.

3 Solving problem (UP)

In this section we provide sufficient conditions for the FBSDE (6) to possess a unique solution
on [0,7]. With Proposition 1.6 we then immediately obtain a solution of problem (UP). We
first assume, in Subsection 3.1, that all the coefficients of the FBSDE are Lipschitz continuous.
In Subsection 3.2 we consider the additive case and show solvability by reducing the FBSDE
to the previously considered Lipschitz case via a cut-off argument.

3.1 The Lipschitz case
In addition to conditions (C0) to (C4) we assume throughout this subsection that

(D1) fy(t,z,y), ¢'(x) and fo(t,, f;(t,x,y)) are uniformly Lipschitz continuous in (z,y) €
[0, 00) x [0, 00),

(D2) ¢'(0) = f.(t,0,0) = 0 for all w,t,
(D3) sup,>0,qea, |foz(t,z,a)| is bounded uniformly in (w,?).

Notice that in general the functions f; (¢, -, ), g, fult,, fy(t,-,-)) are defined only on [0, 00) x
[0,00), i.e. for non-negative z,y. We extend them to the whole of R? by projecting (z,v) to
(x VvV 0,yV0) and plugging the projected value in the respective function. Note that condition
(D1) is still maintained after this extension. By a slight abuse of notation we denote the
new functions again by fy(t,-, ), g, fao(t,, fy(t,-,+)). Note that (D1) implies that these three
functions are weakly differentiable on the whole of R2. Furthermore the weak derivatives w.r.t.
x vanish whenever x < 0 and the weak derivatives w.r.t. y vanish whenever y < 0.

Now the parameter functions of the problem (6) satisfy (SLC), such that the theory of
decoupling fields can be applied. We will see in the following result that the problem is well-
posed and can be solved on the whole of [0, T]. Note, however, that in order to construct, for
given t € [0,T) and z = X; € [0,00), an optimal control via a; := f; (s, X5, Ys), s € [t,T], we
also need to prove X; € [0,00) and Y € [0,00) everywhere such that the initial domain of f;
is never left. This follows, for the most part, from the non-negativity of f;, ¢" and f, in our
domains of interest. Only the property Xgs > 0 is not clear a priori. This, however, follows
from the dynamics of X, the decoupling condition u(s, X5) = Y5, the statement f;(¢,0,0) =0
from Remark 1.3 and the property u(t,z) = 0, for all x < 0, which is proven in Theorem 3.1.

Theorem 3.1. The mazimal interval associated with the above problem satisfies Imax = [0,T].
Furthermore, the unique weakly regular decoupling field u on [0, T satisfies u(t,x) = 0 for all
x<0andte[0,T].
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Proof. Suppose Imax = [0,T] does not hold. Then Inax = (tmin, I'], where tyin € [0,7). We
show that this leads to a contradiction. Let u be the unique weakly regular decoupling field
on (tmin, I']. We next show that there exists a uniform bound on wu,. In the following let
to € (tmin,I] and z € R be arbitrary. Let (X,Y,Z) be the solution of the corresponding
FBSDE on [ty, 7] with initial condition X;, = 2. We define D; := 4Xt Oy = 4t a5 well as
Uy = uy(t, X¢). These objects are well defined due to strong regularity of w.

Firstly, let us consider the case x < 0. It is straightforward to verify that X,Y are both
constant: X = z and Y = 0. This is due to uniqueness and the fact that these constant
processes together with Z = 0 solve the FBSDE as ¢’ vanishes for non-positive values. This
means that u(to,z) = 0 for z < 0, which implies wu,(tg, z) = 0 for z < 0.

Secondly, let us assume x > 0. We claim that X;,Y; > 0 holds for all ¢ € [ty,T]: Note
that X is non-increasing due to non-negativity of f;. Define the stopping time 7 := inf{s >

to| Xs = 0} AT and a process {( in such a way that it vanishes on (7,77, but is equal to X
on [to,7]. Similarly we define Y := Yi1y,<;}. Now note that if 7 < 7', then X; = 0 and
Xs <0on {s> 7} for all s € [ty,T] and, therefore, Y Lssry = u(s, Xs)1{g>7) = 0 such that

Y1 {r<T} = 0, due to continuity of Y. This implies that Y is continuous and an Ité process

as is X. It is now straightforward to check that X, Y solve the same FBSDE, which is solved
by X,Y implying that X,Y coincide with X,Y according to Theorem 2.5. Furthermore, we
have shown that for all s € [tg, T]: {Xs =0} C {Y; =0} up to a null set.

Now notice that D satisfies

th = - (f;x(t7 Xt7 }/;)Dt + f;y(ta Xt7 Kt)ct) dt7 (18)

and Dy, = 1. We now show that D remains positive on the whole interval [tp, T']. To this end
let 7 € [to, T] be a stopping time such that D is positive on [tg, 7]. Then we have ¥, = C’tD;1
on [tg, 7]. Note that

f;x(t Xta Yt)Dt + fgjy(tu Xt7 }/t)ct dt
D
= Dt_l (f;:(:(thh)/t) + f;y(thh)/t)\I/t) dt?

dD;?

on the stochastic interval [to, 7]. Consequently,

t

D;l = exp < fya(8, X5, Ys) + ny(s,Xs,n)\Ifst> .

to

Since the decoupling field is weakly regular, u, and hence ¥; are bounded on [ty, T]. Moreover,

yos Jyy are uniformly bounded. Therefore, D™ ! is bounded on [tp, 7] by a constant that does

not depend on 7. This implies that D can never reach 0 and, therefore, we can choose 7 = T.
Moreover, C satisfies the BSDE

dz.
*dCt = *ditth + f:)::):(t Xt,Oét)Dtdt

+f$¢1(t7 Xt7 at) [fyac(tv Xta Y;S)Dt + f;;;(t? Xta th)ct] dtv (19)

with terminal condition Cr = ¢g"(X7)Dr, where oy := f;(t, X, Y3).
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The dynamics of W are now deduced from those of C' and D using the product rule:

d¥; = D;'dC;+ CydD; !
L dZ,
dz
+ [ fre (6 X, Y2) — faalt, X, ) fr, (t, Xe, Y2)] Wedt
— [fmm(t Xty o) + fralt, Xo, o) £ (t, X, Yt)] dt
_D 1 (;Zt th fxx(t, Xt, Oét)dt

+ [fyy(t7 Xta }/;f)‘llt + f;x(ta Xt7 n)] [\Ijt - fxa(ta Xta Oét)] dt. (20>

= D VCLAWG + fr(t Xy, Y)Wl

Considering (5) in Remark 1.4 we have:

. 1
Tyt 2,9)10,00) () = o (w6, Y) L (62,04), fa (tsasup)) (W) L (0,00) (2),

. _ Jaz
Ty (62,9) 1 (0,00) (7) = 5 T (s £y (2, Y) L (o (2,04), fa (t,as0p)) (U) 1 (0,00) (T) -

Together with (20) we obtain:

L4z §
AV, = d—tth Foa(t, Xe, aq)dt + £, (8, X0, Y2) (Uy — foa(t, Xy, ) dt. (21)

To sum up, ¥; solves the BSDE with ¥y = ¢”(X7) and driver

1/) - fma ta X ,Oé 2
h(t> 11}) = _( f (t(Xt ;t)t)) 1(fa(t,Xt,O)afa(t,Xt,asup)) (1/15) + fmz(ta Xt, Oét).

Lemma 3.2. We have ¥ >0 and ¥ < ¢"(X7) + fOT Joa(t, Xy, 5 (t, X4, Yi))dt. In particular,
if fou(t, X, fy (¢, Xt, 1)) and d"(Xr) are bounded, say by K € Ry, then W is bounded from
above by K(14+1T).

Proof. We first show ¥ > 0 using the comparison theorem. To this end define

‘N — Jzxa t7X , & 2
h(t, ) :== 0 A ((—(w fralt, Xi, o)) + fmz(taXtyoét)> 1(fa(t,Xt70),fa(t,Xt7asup))(Y;f)) .

faa(t7 Xta at)

Clearly, lAz(t, ¥) < h(t,v). We claim that the zero process solves the BSDE given by the driver
h and the terminal condition 0: Indeed, plugging 1 = 0 into the definition of h, we notice that

2
( o fm> (t, Xp o) = <1det (D’ f)) (t, Xp ),
faa faa

where D?f is the Hessian matrix of f with respect to the two variables  and a. D?f
is symmetrical and positive definite everywhere, since f is strictly convex. Therefore, the
eigenvalues of D?f are always positive. Moreover, we can calculate det (D2 f) as the product
of those eigenvalues. Therefore, iL(t, 0) = 0, showing that 0 is a solution of the BSDE with
parameters (ﬁ, 0). Finally, the comparison theorem implies that ¥ > 0.

In order to show the upper estimate notice that h(t,v) < fez(t, Xy, fy (t, X¢, V1)), With

the comparison theorem we get ¥ < ¢”(Xr7) + fOT Joa(t, Xi, £ (8, Xy, Y7))dL. O
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According to our assumptions f, and ¢’ are bounded. Therefore, ¥; is bounded from
above, say by C' € R;, and also non-negative. Notice that we can choose C' such that it
does not depend on z and ty. We have |uy(to, x)| = |uz(to, Xe,)| = [¥e| < C, which is a
contradiction to (17) in Theorem 2.7.

Therefore, there exists a unique weakly regular decoupling field u on [0, 7] to our FBSDE
which implies the existence of classical solutions according to Theorem 2.5 as well.

The property u(t,x) = 0, z < 0, is a simple consequence of the fact that (X,Y,Z) =
(0,0,0) solve the FBSDE with the initial condition X; =z <0. O

Corollary 3.3. Forx = X > 0 let (X,Y, Z) satisfy the FBSDE together with the decoupling
condition u(s, Xs) = Ys. Then X,Y are both bounded and hence (X,Y, Z) is a solution to (6)
in the sense of Section 1.

Proof. We have seen X,Y > 0 in the proof of Theorem 3.1. Furthermore, X is decreasing and,
therefore, X < z. Boundedness of X together with the decoupling condition and Lipschitz
continuity of v in = as well as u(-,0) = 0 imply that ¥ must also be bounded. Finally, Lipschitz
continuity of f together with f7(-,0,0) = 0 implies boundedness of s — f; (s, X5, Y5). O]

As another consequence of the Lipschitz continuity of » in the last component we obtain

Lemma 3.4. Let (X,Y,Z) be the solution of FBSDE (11) on [t,T]| with initial condition
Xi=x>0. Then X5 >0 for all s € [t,T].

Proof. The forward equation together with the decoupling condition imply
X;==x —/t fy (ry Xoy u(r, Xo))dr,
for all s € [t,T]. We have f;(r,0,0) = u(r,0) = 0 and, therefore,

‘f;(ﬂ X, u(r, Xp))| < Lf;‘(’XT’| + Ly - | Xy|) < Lf;(l + L) | Xy,

where Lf; is a Lipschitz constant of f; w.r.t. the last two components (x,y) and L, is a
Lipschitz constant of u w.r.t. . Let 0 : [t,T] — R be the unique solution to the ODE

S
0s = x/ Lys(1+ Ly)|Or|dr, s €[t,T].
t

It is straightforward to verify that 6, = x - exp (—Lf;(l +L,)(s— t)), s € [t,T], is the
solution. A comparison principle for ODEs implies that X > 6 > 0. O

3.2 The case of an additive generator

In this subsection we assume that f;, = 0. This is actually equivalent to assuming that f has
the form f(t,z,a) = f(t,z,0) + f(¢,0,a) — f(¢,0,0). In this case, in order to have solvability
of (6), it is sufficient to require boundedness of lea on 2 x [0,T] x [0,z0] x (AN (0, ag]) for all
ap > 0 and xy > 0, together with ¢’(0) = f,(¢,0,0) =0, for all ¢ € [0,T].

For the following result we define the set A>p := ANJ0, 00) and assume, as usual, that f,g
satisfy conditions (C0) to (C4). Note that under fz, = 0 the derivative f; does not depend
on a and f, does not depend on z, such that we sometimes write f;(¢,z) instead of f,(¢,z,a)
or fu(t,a) instead of f,(t,x,a) and use similar notations for the second derivatives as well.
Also, we may write f;(t,y) instead of f;(t,r,y) for the same reason.
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Lemma 3.5. Assume that fyq, ¢'(0) and f.(-,0,0) all vanish, let g > 0 and ag € Ay be
such that fa% is bounded on Q x [0,T] x (0,ap]. Then there exists a progressively measurable

f:Qx [0,7] x R x A>g — R, as well as a measurable g : Q& x R — R with the following
properties:

1. f and § satisfy (CO) - (C4) with A>q as the set of admissible controls (instead of A).
2. (f, fo) coincides with (f, fo) on Q x [0,T] x [0, zo] x [0, ag).
3. (g,9') coincides with (g,q") on  x [0, x].
4. f; coincides with f; on {(w,t,y) € Q x [0,T] x [0,00) |y < fa(t,a0)}-
5. fu, § are uniformly Lipschitz continuous in x € [0, 00).
0. f; is uniformly Lipschitz continuous in y € [0, 00).
Proof. For an arbitrary r € (0,00) we define an operator
G,: C([0,7],R) N C%*((0,7],R) — C(R,R) N C%((0,00), R)

as follows: for any ¢ € C([0,7],R) N C?((0,7],R) let

Gr(p)(x) = p(r) + ¢'(r)(x — 1) + %@”(T)(w —r)?

for © > r, while defining G, (¢)(z) := ¢(z) for x € [0,r) and setting G,(¢)(z) := G, (¢)(—x)
for x € (—00,0). It is straightforward to verify that

G, (p) is well defined in the sense that it is continuous on R and twice differentiable on
( oo) with continuous derivatives,

)
)
G () is strictly convex if ¢ is strictly convex with ¢”(r) > 0,
Gr(¢) and ¢ coincide on [0, 7], while

)(

Gr(9) (z) = ¢'(r) + ¢"(r)(z —r) and G1(p)"(x) = ¢"(r) for z > r.
Now define for all (w,t,z,a) € 2 x [0,T] x R x A>q
f(t7 x7 a) = GZUO (f(t7 Yy 0))('%.) —"_ GaO(f(t’ 07 ))(a) - f(t7 07 0)

and for all (w,z) € @ xR
9(x) := Gao(9)(2)-

Note that f is additive similarly to f. We now check that f , g satisfy properties 1. to 6.:
1. f and g satisfy (CO) to (C4) with A>¢ as the set of admissible controls:

° f inherits convexity in (z,a) from f as the Hessian matrix is always positive-semidefinite.
Similarly, g is convex in x. Furthermore, f is even strictly convex in a, since fuq is
bounded away from zero.

e (C4) holds as g coincides with ¢ for x € [0, 0] and is increasing in x € [0,00) due to
g'(0) =0.
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e The second statement in (C1), i.e. the claim that = — f(¢,2,0) attains its minimum in
0, is verified analogously to (C4).

e The remaining part of (C1), i.e. the claim that a — Gg,(f(¢,0,-))(a) attains its minimum
in 0, follows from the analogous property of a — f(¢,0,a). )
Notice at this point that (C1) implies that f,(¢,0) > 0 and f(¢,x,0) > f(¢,0,0) =0 for
all z > 0.

e (C3) follows from basic properties of G, combined with the property (C3) satisfied by
f9

e It remains to verify (C2): Due to boundedness of ﬁ on  x [0,7] x [0, z0] x (0, ap], the

second derivative faa is uniformly bounded away from 0 by some constant x > 0. This
implies for x > 0 and a € A;:

a b
f(t,a:,a) = f(t,l',()) +/0 <fa(t’$70) +/O' faa(t,l',C)dC) db

a b
Zf(t,q:,O)—i—/O <fa(t,x,0)+/0 ﬂdc) db

- - 1 1
flt,2,0)+ fo(t,2,0) -a+ §a2/-i > iazm.

v

This proves (C2) for f.

2. to 4.: Note that g = § on Q x [0,z0] and that f = f on Q x [0,T] x [0,zg] % [0,a0]. In
particular, f, and f, coincide on 2 x [0,T] % (0, ap]. The property f,(t,a) = fa(t, a) for a < ap
implies f; (t,y) = fy(t,y) for y € [0, fa(t, ao)] according to Remark 1.3.

5. f» and §' are uniformly Lipschitz continuous in z € [0, 00) according to our construction
and the fact that the second derivatives of f, g are uniformly bounded on compacts.

6. Finally, we show that f; is uniformly Lipschitz continuous in (z,y) € [0, 00) X [0, 00):

Firstly, note that fl

aa

is bounded on © x [0,T] x [0,00) x Ay due to uniform boundedness

of lea on Q x [0, 7] x [0,z0] x (0,ap]. According to Remark 1.4 we have

P e (070) s ify §é <fa(t’x70)afa(t7xvasup)>
(fyx(t)x7y))fyy(t7$7y)> = 1 £ h i
(O,fa—a(t,x,fy (t,a:,y))) , otherwise.

This already implies that the weak derivative of f; w.r.t. (z,y) is uniformly bounded. Con-
sequently, f; is uniformly Lipschitz continuous in y. O

Theorem 3.6. Assume that fiq, ¢'(0) and f.(-,0,0) all vanish and assume that for every
ap > 0 the function i is bounded on Q x [0,T] x (0,ap]. Then there exists a solution
(X,Y,Z) for the FBSDE (6) with Xo = xo > 0.

Proof. Let ¢ := ||g'(zo)llL() + T fa(-s o)l oo (0, 11x) and choose an ag > 0 such that

baﬂgi1 > ¢ is satisfied, where the constants b > 0 and p > 1 stem from assumption (C2). Now
let f and g be the functions constructed in Lemma 3.5. These functions satisfy the conditions
required for Theorem 3.1: (D1), (D3) are satisfied due to 5. and 6., while (D2) follows from
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2. and 3. Hence, there exists a process (X,Y, Z) satisfying (6) if we replace f, g by f,§. More
precisely it holds, for every s € [0,T1], a.s. that

X, = fo (r,Y,)dr, (22)
Y, = ”’XT f ZdW+f fa(r, X, )dr,

where we use that f; does not depend on x and fm does not depend on a.

Since f; > 0 it follows that Xy < ¢ for all s € [0,T] and also that fx(s,XS) = fu(s, Xs)
by Lemma 3.5. Moreover, convexity of g implies that §'(Xr) < §'(zo). Similarly, convexity of
f in z implies that f, (s, Xs) < fu(s,20). Thus, it holds that Y; < ¢ for all t € [0,T]. It follows
from convexity of f in a and assumption (C2) that f,(¢,0,a9) > f(%o,ao) > bag_1 > c. By
Lemma 3.5 it holds that f;(t, y) = f,(t,y) forallt € [0,T] and y < fu(t,a0). In particular, it
follows that f;(t,Ys) = f, (t,Ys) for all s € [0, T]. Therefore, we can replace f, g, f,; by f, g, f,
n (22). O

Example 3.7. Let p € (1,2], let ¢, € [2,00), let n,v: [0,T] x Q — [0,00) be progressively
measurable stochastic processes that are bounded away from zero and bounded from above
uniformly in (t,w) and let £: © — [0,00) be a random variable that is bounded away from
zero and bounded from above. Assume that for all t € [0,7], x € R and a € A it holds
that f(t,z,a) = n|alP + |z|? and g(z) = &|z|". Then (C0), (C1), (C2), (C3), (C4) and all
assumptions of Theorem 3.6 are satisfied. In particular, there exists a solution (X,Y, Z) for
the FBSDE (6).

4 Solving problem (P) in the Lipschitz case

In this section we turn to problem (P). We solve it by making similar assumptions on f as
in subsection 3.1. More precisely, we assume conditions (C0) - (C4) as well as (D1) - (D3).
However, instead of (D3) we make the even stronger assumption that

(D3’) the whole Hessian matrix D?f(s,z,a) of f w.r.t. (x,a) € [0,00) x Ay is uniformly
bounded independently of (w, s, z,a).

Moreover, we assume that

(D4) g has the form g(z) = g*(x) = La?, x € R, with some fixed L > 0.
Finally, we require that

(D5) sup A = oo and fu(t,z,0) = 0 for all (w,t,z) € Q x [0,T] x [0, 00).

For every initial value zop > 0 and every penalty function g*(x) = L2?, L > 0, we have,
according to Theorem 3.1 combined with Theorem 2.5, a unique solution (X Lyl ZL) to
the FBSDE (6), as well as a unique weakly regular decoupling field u” associated with (6).
According to Proposition 1.6 the strategy af := f;(t,XtL ,Y;%) minimizes J* defined in (13).

The main objective of this section is to show that, under the above assumptions, a’
converges for L — oo to an admissible strategy o™ € A%(xo), which minimizes J(zo, -), i.e.
provides an optimal strategy for problem (12). We do so by first proving convergence of u’
to some limit ©> and then showing convergence of X’ to a limit X°°. This will finally lead

us to the limit o> € A%(z).
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Note that assumption (D3’) is equivalent to assuming that the components f., faq and
fra = faz of the Hessian D?f are bounded. We denote by || fezlloo, ||faalloo @and || fzalloo the
respective uniform bounds of these mappings.

Due to Remark 1.4 assumption (D5) implies that f; (¢, z,y) = ]%a(t,x,f;(t,x,y)) for
y > 0, while f (t,z,y) = 0 if y < 0. Together with boundedness of fu, this implies that
for positive y the value vy (t,z,y) can be uniformly bounded away from 0, while assumption
(D1) implies that f;, is bounded from above by some value || f;, || € [0, 00) as well.

Lemma 4.1. There ezist constants C1,Ca € (0,00), which depend on T, || f;lloos || frzlloo
| faalloo and || fzalloo only and are monotonically increasing in these values, such that for all

L > 0 we have the following estimates for ul:
1 L 1
e (& (T = D) = K} §ux(t,x)§%:202<l—|—T_t>, (23)
forallt €[0,T) and a.a. x > 0. As a consequence
z- kb <ul(tz) <z, (24)

for allt € [0,T) and z > 0.

Proof. Let t € [0,T) and = > 0 be fixed. Consider the processes (X,Y,72) = (X*, Y%, ZF)
on [t,T] solving FBSDE (11) with initial condition X; = z, terminal condition g = g* and
satisfying the decoupling condition via u = u”. Define ¥y := u,(s, X,). According to the
proof of Theorem 3.1 the non-negative process ¥ satisfies

AV, = stWs - (fxoc(sa X, as) — f;y(stsu Ys) (Vs — faa(s, X57as))2) ds,
s € [t,T], (see (21)) and W7 = ¢"(X7) = 2L, where oy := f; (s, X, Ys). Note that det(D?f) =

faafaa = f2o and faa(s, X, 05) = 7i-(s, X, Ya), which leads to

d\I]s = stWs - <fa:a:(57Xsaas)1{YS§0}
(25)
+ (5, X4, Ye) (det(D? f)(s, Xs, o05) + 2f2a(s, X, ) Wy — U2) )ds.

We now define a generator h via
h(s,9) = faa(s, Xs, )Ly <o) + fyy (5, X6, Ya) (det(D*f) + 20 foa — 9%) (5, X, a5),
such that d¥, = ZSdWS — h(s, ¥4)ds. Furthermore, we define a generator h via
h(s, ) = Il fylleo (=2 frallocts = ¥2)

such that h < h for non-negative 1, due to fu, det(D?f) > 0, which holds because f is convex

in (z,a). For Ki = 2| frallcllfyyllcc define the deterministic and bounded non-negative
process 1ﬂ via
-1
R Ki(T-s) Ki(T—-s) _1q
e e
= —- * T —
17/}8 < 27, +||fyyHoo( S) Kl(T—S> ) ’
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. . . T __ . .
where an expression of the form is to be replaced by 1 = lim,_.o ez—l in case x is zero.

It is straightforward to verify that v solves the ODE given by dih = —lAz(s,q/AJs)ds, p = 2L.
The comparison principle implies ¥ > 1&, which in turn implies HSL < W, for an appropriately
chosen C; depending on T'- K3 and || f;,[lc-

This shows the lower bound in (23). Combined with Lemma 3.4 and u(¢,0) = 0 this
implies that Y; = u(s, X5) > 0 for all s € [¢t,T), which simplifies the generator h as the first
summand vanishes a.e.

We now prove the upper bound on ¥; = wuy(t,z). To this end define another locally
Lipschitz generator via

e’—1
T

. 1

h(s,1) = Ko — m¢2a

where Ky = || fazlloo + 3|l foall 2/l £y oo >
Note that h < h, because det(D?f) = fxxfaa — frar

2o =2 (V2foa) (759 < 2l + 307

and f7, (s, 2,y) > ||f ” for positive y.
We define K3 := m Note that K3 € (0,00), but K9 = 0 is possible.

Now define the deterministic and bounded process ) via

b=y 2
s K3 <1—|—2<2L &_1> )exp(Q\/WK?,(T_S))_l

for Ko > 0. If K5 = 0 we obtain the right definition for ¢) by passing to the limit K5 | 0 in
the above expression:

Y

. 1 1
q/} = —_— — .
COVEs (20VEs) T+ VES(T - s)
In any case it is straightforward to verify that ¢) solves the ODE given by dips = —ﬁ(s, &s)ds,
Y = 2L. The comparison principle implies ¥ < 7). Now observe that 1 is monotonically
increasing in L and if K5 > 0 then it converges to

B2 (4 + 2
K3 exp (2VEK2K3(T —s)) =1/

If Ky = 0 then v, converges to the upper bound

o
Kg(T — S)

as L T oo. In any case we can control ¢) by

[ Ko n 1
Kg I(?,(T’—S)7

which is controlled from above by 75 with Cy := K2 V% 1 . Thus we have proven ¥ < v and,
therefore, the upper bound in (23).
The estimate (24) follows from (23) since u(¢,0) = 0. O
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In particular for every pair (s,2) € [0,T) x (0,00) the value |u”(s,z)| can be uniformly
bounded independently of L and w. Also, u”(s,z) = 0 for < 0 according to Theorem 3.1.
In order to have convergence of u” for L — oo it is now sufficient to show
Lemma 4.2. The mapping (t,w, L, x) — u”(
continuous and non-decreasing in L.

t,w,x) is progressively measurable while being

Proof. Consider the FBSDE given by the backward equation as in (6) and the forward equa-
tion, which is two-dimensional with the first component being identical to the forward equation
in (6) and the second having the form L; = Lo, where Ly € R is the initial value for this sec-
ond component of the two-dimensional forward equation. Furthermore, instead of ¢'(X7), we
choose the terminal condition to be g(x,L) := (0V (22) AC) - (0V L AC), where C' > 0 is an
arbitrary but fixed positive constant. Clearly, such an FBSDE satisfies (SLC). We claim that
its maximal interval is [0, 7"]. To this end choose arbitrary tg € Imax and x = X3,, L = L, € R
and consider the corresponding X, Y, Z on [to, T].

We write 6} = %, ﬁt = dd)% and v = ur(t, Xy, Ly), where t € [tg,T] and where
u is the unique weakly regular decoupling field on [tg,T]. Using the decoupling condition
Y: = u(t, X, L) we obtain v, = @ — \Iltf?t, where U, = u,(t, X¢, Li). Observe that ﬁ, C and
U satisfy similarly to (18) the dynamics

dﬁt = - (f;z(ta Xt7 }/t)ﬁt + f;y(t7Xt7Yt)ét> dt)

similarly to (19) the dynamics

~ dz ~
—dC, = 5 LAWy + foa(t, Xy, ) Dydt

x

+fxa(t7 Xta O[t) f;x(tv Xt7 Yt)ﬁt + f;y(t) Xta Yt)ét] dty

and similarly to (21) the dynamics

-1 dZt

d\Ift = Dt th—fxz(t,Xt,Oét)dt

Xz

+fgjy(t7Xt7}/t) (lllt - fxa(tht)at))Z dta

where o = f;(t, Xt,Yz). This implies

d’)/t == dét - \I’tdﬁt - ﬁtd\l’t
dZz, ~
=~ AWi = fur(t, Xo, 00) Dyt
T

_faca(ty —Xt7 Oét) |:f;x(t7 Xt7 }/;f)ﬁt + f;y(t7 Xt7 }/t)ét] dt

00 (falts X0, YO Dy + f, (1 X0, YD Cy )

47,
T
_ﬁtf;y(ta Xe.Y2) (Wy — foalt, Xo, 00))” dt

= [, X0, Y0) (U — foa(t, X[, cu)) yedt + TydWy,

_ﬁtDt_ dW; + ﬁtfacac<t7 X, oq)dt
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where I'; = %ZLt — ﬁtD; ! ddif. Hence, the bounded process  satisfies a linear BSDE with a
bounded trend coefficient as ¥ is uniformly bounded according to the proof of Lemma 3.2.
Note that

w(T,z,L) = (0V (22) AC) - (0V L AC),

such that u, (T, X7, Ly) and ur (T, X7, L7) are both non-negative and uniformly bounded
(with the respective bounds depending on C). It follows that ur(¢,x,L) is non-negative
whenever Xr is non-negative and also that v is uniformly bounded, i.e. independently of ¢g.

Therefore, for every C' > 0, we have a unique weakly regular decoupling field u on [0, T]
such that uy > 0. Finally, if we choose the initial values x, L between 0 and C and consider
the corresponding FBSDE, we observe that X;, L; both stay in [0, C], such that the terminal
condition Yy = 2XrL is satisfied, which means that X,Y solve FBSDE (6) with terminal
condition g¥. Uniqueness of solutions implies u”(tg, z) = u(tg,, L) and the monotonicity of
w in L is inherited by u” as C' > 0 can be chosen arbitrarily large. O

Now we can define u™ : Q x [0,T) x R via u>(s,z) := limy_,o u”(s,2). Note that u>
inherits progressive measurability from u”. Also note that for all s < 7' the mapping u”(s, -)
is Lipschitz continuous w.r.t. x with Lipschitz constant ~s, which does not depend on L.
Therefore, u®(s,-) is also Lipschitz continuous with the same Lipschitz constant. Finally,
note that for all s <7 and all z > 0

o0 >z lim kb= — 2 2%
u(s,w) 2 @ i kg Ci (T — s) (26)

Now let zp > 0. Since u®™ restricted to  x [0,7 — €] x R is progressively measurable and
uniformly Lipschitz continuous in the last component for every € € (0,7'), we can define X >
as the unique solution to the ODE

¢
X/ =z —/ fy (s, X%, u™(s, X57))ds, te€(0,T),
0
which is motivated by passing to the limit L — oo in
¢
X}t =y — / fi(s, X2 ub(s, X1))ds.
0

Note that X is defined on [0,7) only. We now prove

Lemma 4.3. It holds that imy_,oo X* = X and limp_,oo u”(-, XF) — u™(-, X*°) almost
everywhere on 2 x [0,T).

Proof. Note that the generators f(s, -,u(s,-)) are monotonically non-decreasing in L ac-
cording to Lemma 4.2. A comparison principle for ODEs entails that X’ is non-increasing in
L. As X' is non-negative for all L > 0 we can define the progressively measurable process
X :=lim; 00 X¥ as an a.e. limit. Next observe that ul(-, X£) — u®(-, X.) a.e. as L — oo.
Indeed,

[k (5, XE) = 0 (s, X3)| < |ul (s, XE) = ul (5, %)

+ }uL(s,XS) — uoo(s,X'S)

XF - X,

+ ‘UL(S,XS) — uoo(s,XS)

< s

)
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s € [0,T), with both summands on the right-hand-side converging to 0 as L — oo.
Now dominated convergence implies

t t
lim / f;(s,Xf,uL(s,Xf))ds:/ fy (s, X, u™ (s, Xs))ds,
0 0

L—oo
which yields
t
Xt:mo—/ £ (5, Xy u (s, X)) ds,
0

for all t < T. This already implies X = X a.c. O

Note that X’ and therefore X is non-negative. Furthermore, X is non-increasing,
since f, is non-negative. Therefore, lim;_,p X exists and we can continuously extend the
process X*° to the whole of [0,7] via X7° := lim;,7 X;/°. Remark that X7° > 0 a.s.

Lemma 4.4. It holds that X3° = 0.

Proof. Firstly note that for every fixed (w, s, ) the function f;(s,z,-) : [0,00) — [0, 00) starts
in zero and is strictly increasing with a derivative which is larger or equal m almost
everywhere. Using (26) and since ¢ — X°(w) is non increasing, we obtain for any 0 <t < T

1 XX(w)
HfaaHoo Ci(T — s)

t t
Xtoo(w):xo—/ f;‘(s,Xso,uoo(s,Xgo))(w)dsS:Uo—/ ds
0 0

X2 (w) /t 1
< xg — ds.
= faalloCr Jo (T —5)

-~ 1 |
X w) [1 T s)ds} <o

When ¢ tends to T', we deduce that X7° = 0 a.s. O

Hence

We now show the two main results of this chapter. We define a3° := f; (s, X, u™(s, X{°)),
for s € [0,T), while setting a5 := 0. Note that a® € A°(zp) according to Lemma 4.4.

Theorem 4.5. The strategy o> minimizes J(x,-).

Proof. Let a € A°(z0) be any admissible control such that X%xo’o‘ = 0. Since a* minimizes
JE we have:

T T
E[/ f (5, X000, ) ds + g* (X%‘””“’Q)FE[/ 7 (s, X000 ol ds + g* (X%WL)],
0 0

which implies

T T .
E [/ f (S,Xg’mo’a,as) ds] >k {/ I (S,XS’IO’O‘ ,asL) ds] i
0 0

Note that X0o.e® — X', which converges to X® = X%%0:2™ a5 for L — oo by Lemma
4.3. We now aim at showing that o’ = fr(-, X* u*(-, XF)) converges for L — oo to o™
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a.e. as well. Since f;(s,-,-) is continuous, it is sufficient to show that u® (s, XF) converges to
®(s,X2°) a.s. The latter follows from

[t (s, X ) — (s, X3°)| < Jul (s, XE) b (5, X3+ Jub (5, X3°) —u (5, X5°)|

< s | X — X2+ [ul (s, X5°) — u™(s, X3°)|

for all s < T. Note that both summands on the right-hand-side converge to 0 as L — co.

Due to continuity of f(s, -, -) the process f (-, X.O’mo’aL, a,L) converges to f (-, X.O’xo’aoo,a?’o>
for I — oo almost everywhere. Note also that at a time s € [0,7) the value f(s, X%, ak) is
bounded by f(s,zo, f; (s, %0, %07s)). For every fixed € € (0,7) the latter value is uniformly
bounded 1ndependently of w e Qand s € [0,T — ¢], since f(s,0, f;(s,0,0)) = 0, (C3) and
(D1). Therefore, by dominated convergence, we have

. e 0,20, L e 0,20, 00
ngr;OE/o f(s,Xs’ ’ ,as>ds —E/O f (s, X9"0%  ag®) ds

and hence
T T—e o
E [/ f (s,X}xO’O‘,aS) ds] >E [/ f (s,XS’xO’O‘ ,a?o) ds] )
0 0

Finally, by monotone convergence we obtain
T T .
E [/ f (S,Xg’wo’a,as) ds] >E {/ f (S,Xg’zo’a ,a§°) ds] .
0 0

Example 4.6. Let C € (1,00) and let n,v: [0,T] x Q — [0,00) be progressively measurable
stochastic processes such that for all ¢ € [0, 7] it holds a.s. that n; > & and max(n;,v) < C.

Assume that for all £ € [0, 7], z € R and a € R it holds that f(t,z,a) = n 205 4 ]2,
Then conditions (C0), (C1), (C2), (C3) and (C4) are satisfied. Moreover, it holds for all

€ [0,7], x € R and a € R a.s. that % < 2my < faa(t,z,a) < 4ny < 4C. This together with
(5) implies that [0,00)? 5 (z,y) — f;(t,x,y) is uniformly Lipschitz continuous. It follows
that (D1) is satisfied. Moreover, it follows that (D3’) is satisfied. Observe that f,(¢,z,a) =0
if and only if @ = 0. This implies (D2). Condition (D5) is also satisfied. Therefore, it follows

from Theorem 4.5 that o is an optimal control in Problem (P).

O

Theorem 4.7. Let Y*°: [0,T) x Q — R satisfy for all t € [0,T) a.s. that Y,>° = u™(t, X;°).
Then the sequence Z' converges in L?((0,t) x Q) for any t < T to Z* (md the process
(X2°,Y°, Z°) satisfies for all 0 <t <r <T a.s. that

X = wo— [y fi(s, X, YX®)ds, X§=0

S 1+ S8

‘a T 2
Y = Y+ [ fa s,XSOO,fy(s,XgO,Y;OO))ds—j; Z2dW,. 27)

Proof. Let 0 <t <r < T. The fact that X satisfies X;° = x¢— fg [y (8, X350, Y°)ds follows
directly from the definition of X* and Y*°. By Lemma 4.4 it holds that X7?° = 0. It follows
from Theorem 3.1 that for all L > 0 it holds

=vi+ / fo(s, XL, 2 (s, XE Y E))ds —/ zEaw,. (28)
t
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Applying 1t6’s formula for L < L’ we have for any 0 <t <r <T

r T
|Y]-€L_Y;L |2 = |YTL—YTL |2_/ |ZSL_ZSL |2d5_/ (ZsL_Zf )AW
: t

+ 2 / Y& =Y (fuls, XE, f (5, XE V) = fuls, XE £ (s, XE V) ds.
t

By assumption (D1) there exists C' > 0 such that for all s € [¢t,7] and 0 < L < L'
‘fw(saXs;/?f;(s?vaY:sL)) - fZ(S7XsL 7fJ($7XsL 7YSL ))’ < C(‘XSL - XSL ‘ + ‘Y:@L - Y:GL |)

Thereby with Young’s inequality and taking the expectation, we obtain
T
B[ |zb-zVPis < EYE-YYP
t

+2CE [ |VE - YE|(XE - X+ v - v s
t
< Bl -vFP (29)
o0+ C'Z)E/ VE v 2ds + E/ XL XY 2gs.
t t

Lemma 4.3 implies that X} — X7° and V;* — Y,* for L — oo a.s. Moreover, it holds for
all s € [t,r] and L > 0 that max(XF, X°) < z¢ and by (24) that max(|]YF|, |[Y>|) < yrzo.
By the dominated convergence theorem, the two sequences X and Y also converge in the
space L2((0,7) x Q). Combining this with (29), we deduce that Z” is a Cauchy sequence in
L2((0,7) x Q) and thus converges to Z*. It is straightforward that the limit Z°> does not
depend on the particular choice of r < T

Again by assumption (D1)

(s, XE F2(s, XEYE)) — fols, X232, £ (s, X5°,Y0))| < O(IXE — X°| + [VF —v)),

and we can take the limit L — oo in (28) to obtain

T '
ytoo:y;u/ fx(s,Xsoo,fJ(s,X;’O,Ysoo))ds—/ ZXdW,.
t t

This completes the proof. O

Remark 4.8. From the estimate (26), we obtain
’/OO
liminf ( | = +oo0.
imin ( ; ) 00

This behaviour is similar to the weak terminal condition (1.3) in [2|. Moreover from (27), the
process

Yo+ / (s, X0, 13 (5, X2, Y2)) ds
0

is a non negative local martingale on [0,7"). Hence its limit at time 7" exists in [0, 00) a.s. By
the monotone convergence theorem, the integral has also a limit. Since both terms are non
negative, we deduce that Y°° has a limit at time 7" a.s. and Y7° is finite a.s. Note that here
Y7° is not a given terminal condition, but part of the solution.
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