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EXPANSIONS IN ASKEY-WILSON POLYNOMIALS VIA BAILEY
TRANSFORM

ZEYA JIA AND JIANG ZENG

ABSTRACT. We prove a general expansion formula in Askey-Wilson polynomials using Bailey
transform and Bressoud inversion. As applications, we give new proofs and generalizations of
some recent results of Ismail-Stanton and Liu. Moreover, we prove a new g-beta integral formula
involving Askey-Wilson polynomials, which includes the Nassrallah-Rahman integral as a special
case. We also give a bootstrapping proof of Ismail-Stanton’s recent generating function of Askey-

Wilson polynomials.

1. INTRODUCTION

Andrews [2] demonstrates that g-orthogonal polynomials can play an important role in the
theory of mock theta functions by applying the following expansion of a terminating, balanced
5¢4 in a series of Askey-Wilson polynomials, [2 (1.3)],

(11) 5¢4 _ 3
p1p2q N Ja,e, f, g (ag,aq/p1p2; @) N

Xf: (N, p1,p2,0;9)n(1 — ag®) (an“>"4¢3 ¢haghbe
(¢,aq/p1,aq/p2,aqN 1 q)n (1 —a) \ p1p2 e.f.g |

¢, p1p2be ]: (aq/p1,aq/p2; )N

n=0

where N is a non-negative integer, and qabc = efyg.
As a follow-up to [2], Ismail and Stanton [12] show that Andrews’ formula (1)) is one of
many similar expansion formulae in the Askey-Wilson polynomials. In particular, they prove the

transformation formula:

A1y...,Q _1,t4 Z,t4Z
(1'2) p+1¢p P / ; ,(5]

t1ta,tots, t3ts,b1,...,bp_3

> 1y Q1]
:ZPk(w;t!q)( e p-1i0)
k=0

tita, tota, t3ta, b1, ..., bp—3;q)k
k

(—t45)kq(2) b aiq®, ... ,a;,,_lq]”C
(q,titatstag" )" " bid®, ..., by—3q", titatstq

2k ;Q75 )
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where z = cosf and z = €, the Askey-Wilson polynomials are defined by

-n n—1 i6 —i6
(1.3) P, (z:t|q) = t; " (t1te, tits, tita; @)nads [ 1 7t1t2:f;:’qtlt3:fj:4 he 14,9
Note that taking p = 4, a1 = ¢, as = p1, a3 = pa, by = plpgq_N/a, uw=1and § = z in
(C2)) the p,_1¢p—2, namely 3¢9, series at the right-hand side of the transformation can be summed
by ¢-Pfaff-Saalschiitz sum (7.4]), we obtain the following result of Liu [I7, Theorem 10.1], for any
non-negative N and |z] < 1,

(1.4) 504

¢, p1p2.0c | (aq/p1,aq/pa; )N
pip2q Njase, fog " (ag,aq/p1p2; )N

N -N . 2n N4I\ " -n .n
q y P15, 02,054 1—(1(] aq q ,aq ,b,C
X E ( ( Jn ) < > 4¢3[ ;q,Z]-
n—=

0 q, GQ/pl,(l(J/pg,an+1;Q)n(1 —(1) P1pP2 €, f).g

The above formula is an extension of Watson’s transformation (7.9). Moreover, the z = ¢ case
corresponds to Andrews’s result (L)) if agbc = efg.

This paper arose from the desire to understand the Ismail-Stanton formula (I2]) through Bai-
ley’s machinery. Actually, Ismail-Stanton derived (L2)) from an expansion formula due to Ismail-
Rahman [9], see also [11], which was proved using the orthogonality relation of Askey-Wilson
polynomials, while Andrews’ original proof of (L.I]) used Bailey’s transform with a special Bailey
pair, which is equivalent to an inversion relation [3, (12.2.8)]. Looking at Ismail-Stanton’s for-
mula through Bailey’s glance and using an inversion formula due to Bressoud [5], we are able to
generalize formula (L2]) in several ways, see Proposition 23] Proposition and Theorem

A fundamental result about Askey-Wilson polynomials is the Askey-Wilson ¢-beta integral,

i h(cos 26;1) 27 (t1tatsts; q)oo
do =
o h(

1.5 =
( ) COs 9§t17t27t37t4) (QQQ)OO ngr<sg4(t7’ts;Q)oo’

where max{|t1], [t2], |t3], |t4]} < 1 and

T

h(cosO;ty,...,t,) = H(tjew,tje_w;q)oo.
j=1

Nassrallah-Rahman [I8] obtained the following important generalization of (L5l

COS 20, 1 h(COS 0; tﬁ) d6 — 27T(t6/t1, tel1, t1t3tals, t1tatsls, t1tatsty, t1t2tals; q)oo
h(cos 0;t1,t2,t3,t4,t5) [Ti<rcs<s(trts; @)oo(q, ttatstats; q)oo

xgWr ( t2totstats/q, tits, tite, tits, tita, trtatstats /te §q7t6/t1> ;

where max{|t1|, |t2|7 |t3|7 |t4|7 |t5|7 |t6|} <1
When tg = titatstyts, the above gWy7 reduces to 1 and (LL6) becomes the following appealing

formula [3L19]:

(1 7) /7r h(COS 29; 1)h(COS 9; t1t2t3t4t5) d9 N 27T(t1t2t3t4, t1t2t3t5, t1t2t4t5, t1t3t4t5, t2t3t4t5; q)oo
' 0 h(COS 9§t17t27t37t47t5) (Q§ Q)oo H1Sr<s§5(trts§Q)oo
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By combining Theorem and (7)) we will generalize the Nassrallah-Rahman integral (L6]) in
Theorem 2.7, which includes also two integrals of Liu [I7, Theorem 1.6] and Zhang-Wang [21]
Theorem 4.3].

This paper is organized as follows. In Section 2, we first state and prove a general transfor-
mation, Proposition 2.3, and then derive two interesting expansions in Theorems and
Moreover, we give a generalization of Nassrallah-Rahman integral (I.G) in Theorem 271 In Sec-
tion 3, we derive some recent known results in [9,10,[12] from our main results. In Section 4,
we show how to derive some important known g¢-integrals from ([2.I0). In Section 5, we give a
“bootstrapping proof” of Ismail-Stanton’s generating function for Askey-Wilson polynomials. In
Section 6, we give two general transformations and show how to recover two transformations of
Ismail-Stanton and Verma [121[20].

Throughout this paper, we assume that ¢ is a complexe number such that 0 < |¢| < 1 and
use standard g-notations in [7l[8]. Moreover, in Section 7, for the reader’s convenience, we list all

summation and transformation formulae used in our proofs.

2. MAIN RESULTS

Our starting point is the Bailey transform, see [3, Chap. 12] for a gentle introduction.

Lemma 2.1 (Bailey transform). Subject to conditions on the four sequences cu,, Bn, Vn and o,
which make all the infinite series absolutely convergent, if

n

(21) Bn - Zarvn—rl/n—i-r:
r=0

and
0

(22) Yn = Zarvr—nljr—i-na
r=n

then

(2'3) Z QnYn = Z /Bn(sn
n=0 n=0

For our purpose we need to choose suitable sequences (v, v;,) so that ([2J]) can be inverted.
First, we recall the following matrix inversion due to Bressoud [5].

Lemma 2.2 (Bressoud’s inversion). For n,k > 0 let

(1 — ag®)(0s @)1 (b/a; QI (b/a)*

(2.4) Cn(a,b) = (1 —a)(aq; Dn+k(3 @)k

The following inversion formula holds true

(2.5) By =Y Cunla,b)a) < aj, = Cp (b, a)B}.
k=0 k=0
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Proposition 2.3. We have

o (1= ag®)(a;q)n(a/b; q)n(b/a)"
Zﬁ"‘s ZO (1= ) (b )0 (45 )
~ (1=b¢*)(aq™; )rla™™ Dk x (b/a;@)r(b;9)r+2n
XZ (1 —b)(bg" ;5 Q) (bg* = /a; q)y s Z (4:9)r (CLQaQ)r+2n5

r+n;

subject to conditions on the two sequences (B, 6, which make all the infinite series absolutely
convergent.

Proof. Substituting «;, by %ak and 3/, by 8, in ([Z3) we obtain

(2.7) B, — 2": (0/a; @)n—k(b; Dtk o

= (@ Dn—k(0G; Dtk

Inverting (7)) using (Z3) we obtain
_ (L —ag®)(b/a)" {~ (1= ba®)(a; @)nrn(a/b; @)n—k(a/b)*
! (I—a) = (=)0 Dk Dok

_ (1= ag®)(a;q)n(a/b; q)n(b/a)” 2": (1 —bg*")(aq™; Q)i (™" Q)
(1= a)(bg; O)n(g; a)n « (1= 0)(bg"*'; 0 (bg' " /a; q)i

Bk

q" B

In view of (Z7)) and (21]), we choose two sequences (vy,,vy,) as

_ (0/a;g)n
" (GO

(b;@)n
(aq; q)n

and v, =

Then, we can compute 7, by (2.2

S
Tn = g 5r7/r—nvr+n

r=n

_ Z5r+n (b/a;9)r (b5 9)r+2n

r=0 ((L q) ((I(L q>r+2n

Plugging the four sequences «y,, B, v, and §, into the Bailey transform (2.3)) yields (2.0]). L]

Remark 2.4. The pair (an, By) satisfying (270) is called a WP-Bailey pair, see [1]. When b =0
a WP-Bailey pair is called a Bailey pair.

Setting 6,, = %ﬁ;g”é" in Proposition 23], we obtain the following general transformation.
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Theorem 2.5. Let §, a;, b; be any complex numbers such that |a;] < 1, |bi] <1 (1 <i<p-—1)
and |0| < 1. Under suitable convergence conditions, for any complex sequence {8}, we have

S @ty g 55 (@05 001 )50

= (b1, bp-130)n = (4,bq; ))n(1 — a)(aq: ¢)2n

(a1, ap-1;q)n ~ (1—b¢*)(aq™; k@™ Dk &

bd/a)" q"B
R D DY e e N G
aiq",. .. 7ap—1qn7 b/a7 bq2n
X 1,0
P+1¢P blqn7 cee 7bp—1qn7 aq2n+l 1
If we choose (0.h:0)
9,0 q)n
b=0, B,=-—20Dn np = 5 =0,
P (@ 0nds e Pt T

in Theorem 2] then we obtain the following generalisation of (L2]), which is our first main result.

Theorem 2.6. Let d, u, ¢, d, e, g, h, b, a; (i € N) be any complex numbers such that 0] < 1,
lu| <1 fa;| <1, |bj| <1 (1<i<p-—1). Then the following identity holds

a17”’7ap—1aguh = (_1)nq(g)(a17’”7ap—1;q)n n
2.8 1q,0u| = 1)
( ) p+1¢p [ ¢, d7 €, bla"'7bp—3 K ] Z (Q7aqn7b17”’7bp—3;q)n

n=0

q—n,aqn’g’h alqn7"'7ap—1qn
X G, qu| p—10p— 14,0
4¢3 [ c, d7 € 4 P 1¢p ? blqn7 ey bp—3qn7 aq2n+1 1

We recover Ismail-Stanton’s result (2] by choosing, in the above transformation,
u = 1, a = t1t2t3t4/q, g = t4/2’, h = t4Z, C = t1t4, d = t2t4, e = t3t4

(thus aggh = cde) and then applying Sears’ transformation (Z.H)).

By using the expansion formula (2.8]) and integral formula (LL7]) we can derive a generaliza-
tion of Nassrallah-Rahman integral (LG) in Theorem 2.7 which is our second main result. For
convenience we shall use the following compact notation
(2.9) Alt) = 2 (t1tatsty, titatsts, titatats, titstats; Q)oo'

(¢:aq; @)oo [T1 <y <55 (trts; @)oo

Theorem 2.7. Let aq = t3tatststs. If |g| # |h| and max{|t;|} <1 (1 <i < 5), then

/” h(cos 20;1) g, h,t1e e
o N

(2.10)

1q, totatyts | dO
cos@;tl,tg,tg,t4,t5)4 s ¢, d,aqgh/cd kst 5]

oo

— Ay (1= ag®™) (a, tata, tats, tata, tits; )n(—1)"q ) (tatatats)”
(1-a) (q,titatsty, titatsts, titatats, titstats; q)n

n=0

g " aq",g,h

X ; .

4¢3 [ c, d, Oéqgh/Cd ’ 7QI

Taking g = s4/z, h = s42, ¢ = 8184, d = $2584 and ag = s1828354 in Theorem 2.7, we get the
following formula involving Askey-Wilson polynomials.
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Corollary 2.8. If max{|t;],|s;|} <1 (1 <i<5,1<j<4) and aq = t3tatststs, then

T h 20:1 i0 4 p—i0
(2.11) / h( (cos20;1) S4%2,84/7,t1€"  t1e
0

1 q, tatstats | dO
cosO;ty,to,t3,t4,t5) $154, $254, S354

o0

— At) Z (1 — ag®™) (o, tita, tits, tity, tits; Q)n(—l)"q(Z)(t2t3t4t584)"Pn(y; s|q)
(1 —a) (q,titatsts, titotsts, titatats, titstats, S184, S254, $354;q)n

where z = €', y = cos p and P, (y;s|q) are Askey-Wilson polynomials.
In Theorem 7] choosing g = s, h = adt/q, ¢ = st and then letting d — oo, we obtain

Theorem 2.9. If max{|t;|, |at?tatststs/q|} < 1, (1 <i < 5) and aq = t3tatstats, then

T h(cos 260;1) s, b1ty e~
7 B g, atatstats/q| dO
/0 A(Cos 0: 11, o B, T ) [ staBitatstats/q /4

(2.12) A f: (1= ag?) (o taty, bt trta, trts; @) (— 1)) (batstats )"
~ (1-a) (g, tatatsty, trtatsts, tilatats, titstats; q)n
g " aq"s
X302 [ o ;q,at]
st, aa
(2.13) A i (1 — ag™) (@, q/a, tits, tats, tata, tats; @) (aatatstats)"

(1—c) (q,aa,titatsts, titatsts, titatats, titstats; q)n

qg ", aq",t
X302 [ g, q] -
st,q/a

Note that ([2I3]) follows from applying the transformation (7.0 to the last 3¢9 in ([2I2]) with
c=aq", b=t, d=st, e =q/a. A proof and further applications of Theorem 2.7 will be given

n=0

in section 4.

3. APPLICATIONS OF THEOREM

In this section, we show that Theorem encompasses some results of Ismail-Rahman and
Ismail-Stanton in [9L12].

Theorem 3.1. For any non-negative N, we have

. N —-N . n(_1\n (g) —n n
PRV LYt N S Ui AT G i 4¢3[q ,aq,b,c;qu]

(b1/be,bisq)N _n:0 (g, aq™, b1, beg =N [b1;q)n e, f.g

g Nt eq™, fq, gq" ]

X y 4,
43 big™, beg =Nt /by ag?n ] 4,4



and, for |by/bc| < 1,

(b1/b,b1/c; )0 (e, £, 93 @) (b1 /be)" (=1)"q(2) q",aq",b,c
(3:2) (b1/bc,b1;Q)0e Z (g,aq™, b1;q)n 493 [ e, f,g ’q’q]

n=0

eq”, fq", gq"
X 3¢2 [ blq," aqénﬂ 1q,b1/be] .
b

Proof. Taking p=>5, a1 =q¢ "V, as =€, a3 = f and a4 = ¢ in Theorem [Z.6] we have
N

-N -N n n (5 -n .n
q ,b,C (q 7evag; Q)n5 (_1) q(2) q ,aq ,b,C
$q,0u| = 5 ¢, qu
32 [ biby ] Z (q,aq™, b1,b2;q)n 1 e, f.9 ol

n=0
—N+n n n n
q veq”, fq", 99
X 4¢3 n n o2n+1 54, of.
b1q",b2q", aq

When by = beq' ™V /by, § = g and u = 1, the above 3¢5 series can be summed by ¢-Pfaff-Saalschiitz
sum (7.4]) and we obtain ([B.1]). Letting N — oo in (31]) yields [B:2]), where taking the limit inside
the sum is justified by Tannery’s theorem, the discrete analogue of the Lebesgue dominated
convergence theorem. We omit the details. U]

The following connection formula (3:3]) was first proved by Ismail-Rahman-Stanton [11] though
the limit case (3.4 appeared in a recent paper of Ismail and Stanton [12, Theorem 3.1].

Theorem 3.2 (Ismail-Rahman-Stanton). For any non-negative n, we have

(3.3) (b, be ™ q)n = > fr (b, 6) iz, tlg)
k=0
where
k
Far(b,t) = (—b)kq(z)(% On(b/ta, btaq"; q)n—r ; q"" totagh tataqh tstag” 0.
R (g, titatstad* " @) r(q; Q)n—r btaq®, tagt "R b titatstag® T |
and
) . n k
(be” be™; ) o (=b)kq(>)
3.4 = P(z,t
(34 (bta,b/t4;q)oo kZ:O 4 ‘q)(qybt4,t1t2t3t4qk_l;Q)k

X 3bo totaq®, t1taq", tstsg" q b
btagh, titatstsg® 7t

Proof. Let a = titatsty/q, b= t4z, c = ty/z, by = bty, e = toty, f = tsty and g = t1t4 and z = '
in (B1)). Then, Sears’ transformation (73] infers that

193

o agtbe N (s titaeg™® [ ottt St /e
e,f,g 7 (tats, t3ta; q)n tita, tits, tity '

Now, replacing n by k and N by n in BI) we get (B3] after simplification. Clearly (3.4]) is the
limit n — oo case of ([B3)). L
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We can also derive a transformation of Ismail-Rahman-Suslov [I0, Theorem 5.3] from Theo-
rem

Theorem 3.3 (Ismail-Rahman-Suslov). We have
(o aab/g; @)oo [ q/a,q/b, s

3.5
(3:5) (aa, ab; q)oo st, ac

:q, ozabct/q2]

_ i (1 — ag®)(aabe/q*)" (v, q/a,q/b,q/c; Q)n3¢2 ¢ aght
o (q, aa, ab, ac; q)y, st,q/e T

Proof. In (2.8)), setting p = 3 and substituting a — «, a1 — q/a, as — q/b, e — aqgh/de,
d — aab/q and u =1 we can sum the 3¢ by the Gauss sum (7.I]) and obtain

(o, ab/q; q) oo [q/a,q/b,g,h

3.6
(3.6) (aa,0b 0 | c.d,aggh/de

;q,aab/ q]

B i (1 — ag®)(=1)"¢() (aab/q)" (@, q/a, 4/b; @) " aq", g, h
- : 493 10,9 -
n=0 (q7 aa, Oéb7 Q)TL d, C, aqgh/dc

By Sears’ transformation (7.3])

o5 ¢ " aq", g h 0l = (cqg™™/a, ¢~ gh/dc; q)y,
s d,c,aqgh/dc ' (c,aqgh/de; q)n,

(agq™)"

. | T

d,aq/c,de/gh 4
Now, plugging [B.7) into (B:6]) and substituting g — s, d — st, ¢ — ac we obtain

(o, aab/g; ¢)oo [ a/a,q/b, s, h

iq,aab
(cva, ab; q) o st, ae, gh/ct haa /q]

3.8
(38) (¢, aa, ab, ac; q)n (gh/te;q)n

q " aq", t,st/h
><4<Z53[ o, b, st/ 14,4 -

_ f: (1 — ag®)(aabe/q*)" (@, q/a,q/b, a/¢;q)n (¢ "R/ ate; D (g
n=0

st,q/c,act/h

Now, replace h by ¢, for a positive integer m, then let m — oo and apply Tannery’s theorem.

The result is ([33]). L

When st = q/a, the 3¢2 at the left-hand side of (B3] reduces to a 2¢1, which can be summed
by (1)) and we get the following summation formula,

— (1 — ag®)(aabc/q®)" (o, q/a,q/b,q/¢;@)n g " aq"t
3.9 ) 1q,
(3.9) (¢, aa, ab, ac; q)n 32 q/a,q/c 4

n=0

(o, aab/q, abe/q, aact/q; q) oo
~ (aa,ab, ac, aabct /% q) oo

Applying the transformation (7.0)) to the above 3¢2 we obtain another result of Ismail-Rahman-
Suslov [10, Theortem 5.1].



Corollary 3.4 (Ismail-Rahman-Suslov). We have

(3.10) i (1 — ag®)(aabe/q*)" (o, q/a,q/b, q/c; Q)n3¢2 [ " aq"t ;q,q]

(¢, a, ab, ac; q)p q/a,q/c

n=0
_ (a,aab/q, abe/q, aact/q; 4)oo
(aa, ab, ac, aabet /¢2; @)oo

Ismail-Rahman-Suslov derived the above two results from their main theorem [I0, Theortem 1.1],
which exresses a double sum as a linear combination of two 5¢4 sums. We notice that if we make
the sustitution (a,b,c,d,e, f) — (a,q/b,q/c,q/d,q,«) in their Theorem 1.1, then ga/ef = 1,
which annihilates the factor in front of the first 5¢4 and reduces the second 5¢4 to 1 in [10, (1.4)],
and we obtain immediately the following remarquable extension of ([B.10]).

Theorem 3.5.
(3.11) i (1 —ag®)(abed/q*)" (@, /b, q/¢, 4/ d; Q)n é qg ", aq", g,h 0
n—0 (q,ab,a(Z, ad; Q)n Q/b,Q/C,Oéngh/q » 45

(o, abd/q, acd/q, abeg/q, abeh/q, abedgh/q*; q)s
~ (ab,ac, ad, abegh/q, abedg/q?, abedh/q%; q)so

It seems that (BII]) was first published by Liu [16] Theorem 3].

4. PROOF OF THEOREM [2.7] AND ITS APPLICATIONS

4.1. Proof of Theorem [2.71 Choosing p =3, u =1, § = aaqaz/q,
ar = (q/t)e”’, az=(q/t)e™™, e=aqgh/cd
in Theorem 2.5 we can sum the ,_1¢,_2 by the ¢-Gauss sum (1)) and rewrite (2.8) as

(aq,aq/t3; q) t1e, tie= g, h 2
4.1 A, A7 D)oo -q,aq/t
(4.1) h(cos 0; aq/t1) 193 ¢, d,aqgh/de aaq/t
_ i (1 — ag®)(—=1)"q(3) (aq/2)"(a, t:69, t1e77; ), g ", aq", g, h g
~ (1—a)(q,aqe® /t1, aqe=® [t1; q)n 3 ¢ d, aqgh/de T

It is clear that the series at the left-hand side is convergent if |ag/t}| < 1. The convergence of the
right-hand side can be justified as follows: if |h| < |g|, then one can show (see [14] (1.11)]) that
the terminate 4¢3 series has the asymptotic formula

& q ", aq", g9, h 0l ~ (h,d/g,c/g,qah/dc; q)00g"
*| ¢daggh/dc (c,d,h/g,aqgh/dc; @)

N.B. This formula is also given in [I0, (1.5)] witout the factor (h/¢;q)sc in the denominator.

(4.2) n — 00,

Hence, in view of the factor q(g), the series on the right-hand side of (@Il converges if |g| # |h|.
Hence a sufficient condition of convergence of the infinite series on the two sides of ([1]) is

(4.3) gl # Ihl,  lag/t] < 1.
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Since aq/t; = titotststs, we have h(cos 6; titotststs) = (e /t1, aqe™ /t1; ¢)s and
h(cos 0; titatstats)(t1e? tie™; q), _ h(cos 0;t1tatststsq™)
h(cos 0;t1)(agqe® [ty aqe™0 /t1;q), — h(cos@;tig)

Multiplying both sides of (@Il by

h(cos 20; 1)h(cos 0; t1tatstyts)
h(cos 0;tq,ta, t3,tyg,t5)
and integrating over 0 < 6 < 7, we have

T h(cos26;1) t1e' t1e ™ g, h 9
4.4 i q, ty| db
) /0 h(COS9§t17t27t37t47t5)4¢3[ c.d,aggh/de 09N

- (ag,aq/t%;9)0 &, (1= a)(g:q)n

" /” h(cos 260; 1)h(cos 6; t1tatststsq™)
0 h(cos 051", ta,t3,t4,t5)
The last integral can be evaluated by rescaling t; — t1¢" in (L),
/7r h(cos 20; 1)h(cos 0; t1t2t3t4t5q")d0 27 (tatatsty, titatsts, titatats, titstats, tatstats; @)oo
h(cos 0;t1q", ta, t3, ta,t5) B (:0)o0 [1 (trts; q)
0 y0197°,12,13,104,15 q;4)co 1<r<s<s\ir 514)oc0
" (tita, tits, tita, tits; @)n

(titataty, titatsts, titatats, titstats; q)n

Substituting this in ([@4]), we obtain (ZI0I). O

1 f:(1—aqz”)(—l)"q(g)(aq/t?)”(a;q)n s qg " aq", g, h 0.
408 c,d,aqgh/dec " |

do.

4.2. Nassrallah-Rahman integrals. We show how to get Nassrallah-Rahman integral (I.0])
from our Theorem [Z7]. Let h = ¢ and g — oo in (ZI0]), we have

s . 16 —1i0
(4.5) / ” h(cos 20;1) )2¢1 [ tie", tie ;q,d/t%] 40
0

Cose;t17t27t37t47t5 d
_ 27(te/t1, tetn, titstats, titatsts, titatsta, titatats; q)oo
H1<r<s<5(trt8; )0 (q, Btatstals; q) oo

» Z (1—ag® (o, tita, tits, tita, tits; q)n
(1 —a) (g, titatsts, titatsts, titatats, titstats; q)n
n q " aq"”
X (—1)nq(2)(t2t3t4t5)n2¢1 [ ;l ;q,d/a] .

Now, the above two 2¢; series can be summed by ¢-Gauss summation (7.1) and ¢-Chu-Vandermonde
sum (Z.3)), respectively,

t1e t1e=% 2 (d/t1e, d/tie™; q)uo
g, d/ty | = ;
201 [ d v/ (d, d/tF; @)

201 [ q_";laq" ;q,d/ O‘] - (a(qd/-ccl/;)i)n(—d/aq)"q_(g)-

Plugging these into (£3]), and then taking d — tgt1, we get the Nassrallah-Rahman integral (I.6l).
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In the following, we record some other well-known special cases of Theorem 2.7]

r

Askey-Wilson integral When t5 = 0, Theorem 2.7] immediately reduces to the Askey-
Wilson integral (LHl).

Rahman Integral (L7) When ¢ = g and h = d in (2.10]), in the left hand, the 4¢3 series
reduces to a 2¢ series which can be summed by using ¢-Gauss summation (Z1]),

t1et t1e=% titotstatse® titotststse ;g
201 ¢, tatatats | = ( ) Jeo :
aq (g, tatstats; q)oo

On the other hand, using ¢g-Chu-Vandermonde sums (7.2)), we have

q—TL
201
aq (aq; @)n

L aq" ¢ " q
14, q] = @(aq")",

which is zero for n > 1. After some simplification, this integral reduces to (I.7).
Ismail integral Ismail [8 p. 442] uses the following integral to derive Nassrallah-Rahman
formula via analytic prolongation.

/” h(cos 260;1)(ce?, ae=: q),, _2m(ou/ty, aty; q)n(titatsts; @)oo
0

h(COS 0;,t1,t2,t3, t4) (Q§ Q)oo H1§7«<3S4(t7“t5; Q)oo

% 13 q " tity, tata, taty -
oty, titatsts, q" "Mafo T

When h = ¢, g — o0, d = tgt; and t; <> t5 in ([2I0), in the right hand side, the inner
summation can be written as
sWr (( Btatatsta/q, its, tots, tsts, tta, trtatstats/to 30.%/ts)

Replacing a = t§t1t2t3t4/q, b= t5t4, Cc = t1t5, d= t2t5, € = t5t3 and f == t1t2t3t4t5/t6 into
sWy transformation (ZI0]), the above factor is equal to

(t2t1totsta, tsta, tites, tate, tats, titatsts; @)oo
(tatstats, titstats, titatats, tste, titatste, te/t5; q)oo

x gWr ( titatsts/q, tats, tits, tita, te/ta, te/ts ;q,t4t5> .

Applying §W7 transformation (ZII]) once more (with a = titaotsts/q, b = tats, ¢ = tits,
d = tita, e =tg/ty, f = ts/ts), the sW7 series of (L) is equal to

(titatsts, titatstats /te, tats, tste; @)oo
(t1tatsta, titatsts, t2,tats; q)oo
x sWr (t8/a,te/t1. te/t2, te/ts. te/ta, te/ts; 4, titatstats /tg) -
Replacing (£8) and (£9) into ([@.T), we have another form of Nassrallah-Rahman integral
(L8,

h(cos 20;1)h(cos 0;ts) . 2 ([ 151 (tets; )oo (trtatstats /t6; 0)oo

h(cosO;ty,ta, t3,ta,t5) (4,185 @)oo [[1<rescs(trtsi @)oo

x gWr < t2/q.te/t1,te/t2, to /13, te/ta, te /ts ;q,t1t2t3t4t5/t6> )
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Taking t; = tgq™ in the above result, we have
™ h(cos 20;1)(tge'?, tge
0 h(COS 0;t27t37t47t5)
2n(batstatsq"™; ) (134" @)oo [Tj—o(tite: @)oo
5
(4518 @)oo [Tj=a(tit6q™; @)oo [Tocrcses (trts; oo

x gWr ( t2/q,q7 " te/ta, te/ts, te /ta, te /15 ;q,t2t3t4t5q”> .

By using Watson’s transformation(a = t2/q, b = tg/ta, ¢ = tg/ts, d = tg/ts and e = tg/t;
in (Z9)), the sW7 series can be reduced to

8W7< t2/q.q7 " te/ta, te/ts, te /ta, te /15 ;q,t2t3t4t5q")

_ (3, tats; On 1bs q ", te/ta, te/ts, tats
(tats, tste; @)n tote, tate, q' " ftats

_ (8 tats to/ty, otstatsi @)\ | g7 bt fatafats
(tats, tste, tate, tats; @)n tote, tatstats, q' "t fts

The second step is obtained by Sears’ transformation (TH)( a = taots, b = tg/ts, ¢ = ts/ts,
d = totg, e = tats, f = q' 7" /tats). Replacing the above formula into (ZI0), we get (Z0)
after taking to <> ty, t1 <> t5 and tg — a.

e Ismail-Stanton-Viennot integral It is proved in [13] that

/7r h(cos 20;1) 2m(titataty, tatstats, t1ls; @)oo
0 h(COS 9;t17t27t37t47t5) (qa Q)oo H1§r<8§5(t7‘tS;Q)oo
tots, taly, t3ty

X 1q,t1t
3¢2 Fytotaty. botatsls g, tits |,

(4.11)

where max{|t1], |t2], |t3], [ta], [t5]|} < 1.
When g = 1, the integral in (2.I0) becomes

/ﬂ h(cos 20;1) _ 2m(tatatsty, titatsts, titatats, titstats; @)oo
h(
0

(4.12) -
cos0;t1,ta, 3,14, t5) (¢, 245 @)oo [T1<pcscs(trts; oo

" Z (1—ag®) (« t1t2,t1t3,t1t4,t1t5;Q)n(—l)"q(2)(t2t3t4t5)"
(1-a) (q,titatsta, titatsts, titatats, titstats; @)y

In the right-hand side of (4.12]), the summation becomes

(—1)”(](3) (tatstyts)™.

i (a, a2 a7 V2 tyty, tits, tita, tits Q)
= (g, al/?,a71/2, t1t2t3t4, titatsts, titatats, titstats; q)n

Setting a = «a, b = tita, ¢ = t1t3, d = t1t4, e = t1t5 and N — 0 in Watson’s transformation
([79), the above factor is equal to

(g, tat3; ) oo e t1ta, t1ts, tats
(titatsts, titatsts: @)oo titstats, titatats

(4.13) 1q,tat3
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USng 3@2 transformation (lED(a = t1t4, b= t1t5, Cc = t47f5, d= t1t3t4t5, € = t1t2t47f5), the
above 3¢9 series is equal to

(tits, tatstats, titatsts; ¢)oo tolg, t3ly, tots
302
(titstats, titatats, tats; @)oo totstats, titatsty

Substituting (@I3]) and ([@I4]) into the integral [ALI2]), we get (ZII)).

Remark 4.1. In the next section, we will give another proof of (A1) as an application of (B.1).

(4.14)

349, 7flt'f)

4.3. Two integrals of Liu and Zhang-Wang. When h = d, ¢ = au and g = auv/q, the 3¢,

series at the right-hand side of ([2I0) can be summed by g¢-Pfaff-Saalschiitz sum (7). Thus we
recover Liu’s result [I7, Theorem 1.6].

Theorem 4.2 (Liu).

/” h(cos26;1) auv/q,t1e? tye
o M

4.15
( ) COS 0;t17t27t37t47t5) au, av,

i Qi tatatyts | dO

_ 27 (titatsta, titatsts, titatats, titstats; ¢)oo
(4,045 Qoo [T1<peses(trts; @)oo

« Z (1 — ag®™) (o, q/u, q/v, tita, tits, tits, tits; Q)n(—l)"q(Q)(OZQUU/t%)"
(1-a) (q, titatsta, cu, aw, titatsts, titatats, titstats; q)n

)

where aq = t3tatststs and max{|t1], [t2], |ts], [ta], [t5]} < 1.
Taking u = t1g9/a and v = t1t5/c, then (AI5]) reduces to

/7r h(cos 26;1) g/totsty, t1e t1e="
o h(

4.16
(4.16) cos 01, ta, by, ta, t5) - 2 gt tits

1 q, tatstats | do

_ 2m(titatsty, titatsts, titatats, titstals; @)oo
(Qa aq; Q)oo H1§T<s§5(trts§ Q)oo

« Z (1—ag™ (v, trta, tats, tita, aq/gt1; @)n _1)nq(’;) (gts)"
(1-a) q,gtl,t1t2t3t5,t1t2t4t5,t1t3t4t5; Qn

Using the limit N — oo case of Watson’s transformation (7.9) with a = «, b = t1ta, ¢ = tits,
d = tyt4, e = aq/gty, the summation at the right-hand side of (£I]) is transformed to

(tftatstats, 9/ts; @)oo tats, tits, aq/gty 7.9/t
(titatsts, gt1;q)oo titatats, titstats ¢

Hence (I0) is equivalent to

(4.17)

h(cos 26;1) g/totsty, t1e tie™"
3¥P2
h cos 0: tl,tg,t3,t4,t5) gti,t1ts

i 4, t2t3t4t5] do

_277(751t2t3t4,t1t2t4t5,t1t3t4t5,9/t4;Q)oo é tats, tits, q/gts 9/t
(¢ 9115 @)oo [ T1<res<s (trts; @)oo titotyts, titstats
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Applying the 3¢9 transformations (7)) and (78] to the above two 3¢9 in (LI7]), repectively, we
obtain
g/tatsty tleie tle_w
302 / ’ ’ 1 q, tatstals
gti,taits

0

_ (t1t2t3t4t5/gagt5;Q)oog¢2 [ g/tatsts, get, ge™

5 q, titatstals /g | ,
(tits, tatstats; @)oo gt1, gts /

and

tyls, t1t4, g/ gty
302 tits, aq/ :q,9/ta
t1l3tats, t1tatlsts

302
(t1tstats, titatats, g/ta; q)oo gti, gts

Plugging these into [@IT7) and taking t; = a, to = b, t3 = ¢, t4 = d, t5 = f, we get the following
integral formula of Zhang and Wang [21) Theorem 4.3].

aq/gti, gti, gts; q t2,9/t3,9/t4
__ (ag/gti, gt1, gt5; )0 [g/ 9/ts,9/ ;q,aq/gtll.

Theorem 4.3 (Zhang and Wang).

T h(cos 20;1) g/bed, ge¥? | ge= abedf
418 4, df
(18) /o h(cos9;a,b,c,d,f)3¢2[ ag, fg "y

B 27 (abed, bedf'; q) oo s g/b.g/c,g/d  abcdf
B (q,ab,ac,ad,bc,bd,cd,bf,cf,df;q)oo3 2 af, fg, 0 g |’

provided |abedf /g| < 1.

5. ISMAIL-STANTON’S GENERATING FUNCTION OF ASKEY-WILSON POLYNOMIALS

Ismail and Stanton [I2] use the orthogonality relation of Askey-Wilson polynomials and (Z4.1T])
to prove the following generating function of Askey-Wilson polynomials.

Theorem 5.1 (Ismail-Stanton). The Askey- Wilson polynomials have the generating function

1
(bei? be—9) .’

(5.1) > Pul@,tlg)ea(t,b) =

n=0
where
b (tatstsbq™; q)oo

(5.2) cn(t,b) = 302

tot3q", tataq"”, t3taq" g.t1b
(¢, trtatatag™ ™1 @)nlTi_y(tb; 0)oo ’

titatstsq®, totstabg™

Prior to Ismail-Stanton’s work, Kim and Stanton [I5] proved the following special case of (5.1]).

Proposition 5.2 (Kim-Stanton). We have the following generating function of continuous dual
q-Hahn polynomials P, (x;0,ta,t3,t4]q),

[e.e]

Py (;0,t2,t3,4]q bta, bt3, bts; q)so

= (g, btatsts; g (btatsts, be'?, be; ) oo
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Kim and Stanton’s idea is to use the ”bootstrapping method”: they derive (B.3]) from the
generating function of Al-Salam-Chihara polynomials P,(x;0,0,t3,t4]|q) by using the connection

formula, [4,8],

(5.4) Po(; Ao, t,talg) Py (z,t|q)(Atatstsg" L q) A/ Qi

X .
(q,tats, tota, tata; @)n = (g, tats, tata, tata, tatatstaq" @)k~ (¢, titatstaq®; q)nn

n

We show that the same idea works for Ismail-Stanton’s formula (5.10), that is, one can derive (5.1)
from (B3] by using (5.4).

Proof of Theorem [5.7] Letting A = 0 and summing the two sides of (£.4]), multiplied with
(tats,tats,tsta;q)nb"
(btatsta;q)n

, over n > 0, we obtain

[e.e] (e o]

Z P (250,12, 13, t4]q) b — Z Z Pu(x q,t2t3,t2t4,t3t4; Dn
= (q,biatsts; q)n “ (q, bt2t3t4, n q7t2t3,t2t4,t3t4; @)k

n—k
tl

X
(t1t2t3t4qk_1; Qk(q, trtatstaq®; q)n—r

_ Z Z bk P (o t|q) (tat3, tats, t3ts; @)ntk
(btatsts; @)n+k (q,tats, tata, t3ta; @)

tr
X
(trtatataq® 15 q)r (g, titatatag®; q)n
f: VF Py (x,t|q) i (tatsq", tataq”, tstaq”; @)n(bt1)"
= (q, blotsts, titatstaq® @)k = (¢, titatstaq®, batstaq®; q)n

In view of (5.3]), we can rewrite the above equation as:

(bto, bt3, bty; q) i bk Py, (x,t]q) % 3 totsq®, tataq™, tatag" .
(btatsts, be'?, o7 = (q, btatsts, titatstsgh = @) titatstag™, btatstag® "
The result follows then after some simplification. ]

As an application of (5.J), we give another proof of Ismail-Stanton-Viennot integral (£IT]).
Another Proof of (4I1]) In view of (5I) with b — ¢5 the left-hand side of ([@.I1]) is

de.

i enltts) (tita, tits, tita; @)n Zn: (g™ titatstaq™ Y Ok 4 /7r h(cos 20;1) (1€, t1e="; )y,
0

— ty = (q,trta, trts, tita; )k h(cos 0;t1,t2,t3,t4)

The inner integral can be evaluated by replacing t; — t1¢* in the Askey-Wilson integral (IH)),

-1
14,9

q ", titatstsq"”

27T(7f1t2t3t4 q 7511547 lits, t1ta; Q)n
9.5 E en(t,ts)
( ) " 5) 20 t1totsty

(Qa )oo H1<r<5<4(tr 54 t?

The inner 9¢4 series can be summed by ¢-Chu-Vandemonde (7.2))

261 q ", titatstag" ! ] _ (™ @) (tatatstag™ )"

titotsty (titatsta; q)n
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Since (¢'=";¢), = 0 for n > 1, (5.5) reduces to

2m (tatatsts; @)oo
(4 @)oo H1§r<s§4(t7’ts§ q)oo
which is clearly equal to the right-hand side of ([AII]) in view of (5.2]). U

Co(t, t5),

6. MORE TRANSFORMATION FORMULAE

Ismail-Stanton [12] §5-6] proved the following expansion formula:

(6.1) i (02,0/% 0 4 g sn _ i M

= (@9 (0. C¢" 1 q)

" (¢, Cq" Y az,a) 2 q) " Ay, 0"Brin
X )
Z (¢ D ZO (4,Cq*™; q)r

They also derive several interesting results from the above identity. We note that (6.1]) follows
from Proposition Indeed, substituting 3, — (qﬁﬁiﬁu:])n’ Oon — (a,B;q)nBrd™ and b — ~ in
[21) yields the following result.

Theorem 6.1.
S (Ou)" (1= ag)(a: q)n(a/7: @)n(v/0)"
;)AHBTL(‘I?% —;::0 (1 —a)(vq; n (T Dn

n

(1 =v¢*M)(aq"; Drla ™ )k (ug)* Ay
= (1= ey " /a; )k (q, 0, B )i

(v/; @)r (; D2 (@, B Qr 100" " Brin.
: ; (¢ 9)r(agq; @)rt2n

X

Letting v = 0 and A,, — A,,(b, ¢; q)n, the above formula reduces to

(6.3) i MAan(éu)" _ i (a;0)n(1 — ag?)(—1)"q(3)

= (@ — (g;q)n(1 — a)(ag; q)an

= (q aq b (X q k o" +nBr+n B; )n-l—r
X Ay .
2 o B Z PRTm

Obviously ([63]) reduces to (61) when o = =0, b — az, ¢ —» a/z, u— 1 and a — C/q.
Verma [20] (see also [T, p. 84]) proved the following important expansion formula

S (zw)"
(6.4) Z::Aan—( o

o0 n
(5 " d"a) n+k B
k .
EZ: q,vq 0 = (g,0.8:0); ]Z q,qu”“ Qi "

<

We note that the above formula corresponds to ([6.3) withb=c=0,a=7, u=w and 6 = x.

(9,7 y:D)n

n = lgefban u™ case of Proposition gives the following result.

Besides, the special 3,, =
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Theorem 6.2. Let 0, u, y, h, t, e, f, g, bi, a; (i € N) be any complex numbers. Then the

following formal power series in ¢ and u holds

[e.e]

_ 1— 2n b T nb5 —1nb, "
p+1Pp [ a5 Op-1,4: g ;q,ué] :Z( ag™")(a,a/b,a1, ... ap—1;q)n(bda”")" (b; q)2

t7 €, f7 b17 v 7bp—l (1 - (I)(bq,q, b17 o 7bp—1; q)n(aqa q)2n

n=0

e b,b'/%q, —b'%q,y,h, g, aq", g " cqu| g, | @9t d b/a,bg*" 0.6
b1/27 _b1/27 bqn+17 bql_n/av t) €, f Y P blqnv RN} bp—lqn7 aq2n+l o ‘
Finally, we record two special cases of Theorem when the above g¢7 is summable in closed
form.

e Taking u = 1, t = bq/y, e = bg/h, f = bq/g and b*q = ayhg in Theorem 6.2 the g¢7 series
can be summed by Jackson’s summation (Z.I3])

ai,...,ap-1,Y,h, g .
1q,0
bq/y,bq/h,bq/g, b1, ... by_1

o0

= (M =ag®™)(a,a/b;q)n(a1,. .. ap_1;9)n(b; q)2n
=2 (1= a)(g;@)n (b1, bp—1)n(ag; q)2n

(6'5) p+1¢p

n=0

(bq/gh,bq/yg,bq/9y; @)n " 0.6
(bg/y,bq/h,bq/g,by/ygh;q)n """ | big, ... by_1q" ag® T

e Takingy =t, h =e, u=b/ag and f = bg/g in Theorem [6.2] the ¢35 series can be summed
by ([Z12)

at,...,0ap—-1,9
bQ/g7 bl)' e 7bp—1

_ i (1 —ag*)(a,a1,. .., ap-1,a9/b;q)n(bgd/a)" (b; q)an
n=0

(6.6) p+19p 14, b5/ag]

(1—a)(g,b1,...,bp—1,bq/9;q)n(aq; q)2n

arq™, ..., ap—1q9",b/a, bg*"

X 5q,0] .
P+1¢p[ blq",...,bp_1q",aq2"+1 54,
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7. APPENDIX

The following formulae are taken from [7, Appendices IT and III].
The ¢-Gauss sum,

a,b c/a,c/b;q)oo
(1) 261 [ C ;q,c/ab] =GP (efab < 1)
The ¢-Chu-Vandermonde sums,
a,q " (¢/a;q)na”
7.2 . — I AnT
( ) 2¢1 [ c 349, q] (C, Q)n )

and, reversing the order of summation,

a,q " n (c/a;q)n
7.3 10} 1q,¢q" fa| = ———.
( ) 2¥1 [ c / ] (C; Q)n
The ¢-Pfaff-Saalschiitz sum,
7.4 1q,q| = ——F.
( ) 3¢2 [ c, abql—’n/c q QI (07 C/ab; q)n

Sears’ transformation,

a, b7 c, q_n . o (e/a7 f/a7 q)nan a, d/b7 d/C, q_n .
(75) 4¢3 [ d,e,f ) 7QI - (e,f,Q)n 4¢3 [ d, aql_"/e,aql_"/f aq7q] )

n

where def = abeg' ™.

Transformations of finite 3¢9 series (by sending ¢, f — 0 in (Z5])),

q " a,b » ] _(e/a;q)n

de T Gan 3¢2[

q " a,d/b

(7.6) 302 [ d. ag =" fe

14,bq/ 6] :
Transformations of 3¢, series,

(7.7) 302 [ b ;q,de/abCI _ (e/adejbe Do s, [ @ d/bd/e 4, e/a]

d,e (e,de/abc; q) oo d, de/bc

(b,de/ab, de/bc; q) o s [e/b,d/b,de/abc' ]

7.8 =
( ) (dv ¢, de/abc; Q)oo de/ab, de/bc

where max{|de/abc|, |e/al, |b|} < 1.
Watson’s transformation,

a a1/2q _a1/2q be,d,e, g™ a2qn+2
7‘9 ) ) L At ) .
( ) 8¢7 [ al/

2, a2 aq /b, aq/c, aq/d, aq/e,ag"*" T "bede

_ (ag,aq/de; q)n p aq/be,d,e,q7" .
(ag/d,aq/e;q)n " | aq/b,aq/c,deq)a "
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Transformations of very-well-poised g¢7 series,

a, a1/2q7 —(11/2(], b7 ¢, d7 €, f a2q2

7.10 :q,
( ) 897 al/z,—a1/2,aq/b,aq/c,aq/d,aq/e,aq/f 9 bede f
— (aqv b7 bC,u/a, bdﬂ/a7 be,u/a, bf,u/a7 Q)OO
(aq/c,aq/d,aq/e, aq/ f, nq,bp/a; q)s
/2. 1/2
(7.11) « sor | Pt 7010 aq/be, ag/bd, aq/be, aq/bf bufa

pt2, —pt? bep/a, bdp/a, bep/a, bf p/a, aqf/b
_ (ag,aq/ef, Aq/e, A/ f; @)oo
(ag/e,aq/f,A\q; Aa/ef;q)s
MY 2q = XV2g Ab/a, Ac/a, Ad/a, e, f aq
A2 A2 aq/b,aq/c,aq/d, Aq/e, \q/ f ;q’ﬁ '
where A = a?q/bcd, 1 = a®q®/b?cdef and max{|a’q?/bedef|, |ag/ef], |b|} < 1.
Rogers’ ¢¢5 summation,

X 807

a

(7.12) s | L al/zl% —a'/?q,b, e ag"tt| (ag. ag/bc )n_
a'’?, —a'’? aq/b,aq/c,aq™t bc (ag/b,aq/c;q)n
Jackson’s g7 summation,
(7.13)  sor b a,it/lfq,—a1/2q,b,c,d,e,q_" | = (aq,aq/bc,aq/bd,aq/cd;'q)n7
,—a'’* aq/b,aq/c,aq/d,aq/e, aq (aq/b,aq/c,aq/d,aq/bed; q)y,

where a?q = bedeqg™".
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