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Doubly Reflected BSDEs and £7-Dynkin games:
beyond the right-continuous case
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Marie-Claire Quenez’

March 29, 2017

Abstract

We formulate a notion of doubly reflected BSDE in the case where the barriers
¢ and ¢ do not satisfy any regularity assumption. Under a technical assumption (a
Mokobodzki-type condition), we show existence and uniqueness of the solution. In
the case where £ and —( are assumed to be right-uppersemicontinuous, the solution is
characterized in terms of the value of a corresponding £7-Dynkin game, i.e. a game
problem over stopping times with (non-linear) f-expectation, where f is the driver of
the doubly reflected BSDE. In the general case where the barriers do not satisfy any
regularity assumptions, the solution of the doubly reflected BSDE is related to the
value of "an extension" of the previous non-linear game problem over a larger set of
"stopping strategies" than the set of stopping times. This characterization is then used
to establish a comparison result and a priori estimates with universal constants.

Key words : Doubly reflected BSDESs, backward stochastic differential equations, Dynkin
game, saddle points, f-expectation, nonlinear expectation, game option.
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1 Introduction

Backward stochastic differential equations (BSDEs) have been introduced in the case of a
linear driver in [3|, and then generalized to the non-linear case by Pardoux and Peng [34].
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The theory of BSDEs provides a useful tool for the study of financial problems such as the
pricing of European options among others (cf., e.g., [13] and [14]). When the driver f is non-
linear, a BSDE induces a useful family of non-linear operators, first introduced in [14] under
the name of non linear pricing system, and later called f-evaluation (also, f-expectation)
and denoted by &/ (cf. [35]). Reflected BSDEs (RBSDEs) are a variant of BSDEs in which
the solution is constrained to be greater than or equal to a given process called obstacle.
RBSDEs have been introduced in [12] in the case of a Brownian filtration and a continuous
obstacle, and links with (non-linear) optimal stopping problems with f-expectations have
been given in [14]. RBSDESs have been generalized to the case of a not necessarily continuous
obstacle and/or a larger filtration than the Brownian one by several authors [22], [5], [28],
[16], [29], [38]. In all these works, the obstacle has been assumed to be right-continuous.
The paper [19] is the first to study RBSDEs beyond the right-continuous case: there, we
work under the assumption that the obstacle is only right-uppersemicontinuous. In [20], we
address the case where the obstacle does not satisfy any regularity assumption. Existence
and uniqueness of the solution in the irregular case is also shown in [31] (in the Brownian
framework) by using a different approach. In [19] and [20], links with optimal stopping
problems with f-expectations are also provided.

Doubly reflected BSDEs (DRBSDEs) have been introduced by Cvitanic and Karatzas
in [6] in the case of continuous barriers and a Brownian filtration. The solutions of such
equations are constrained to stay between two adapted processes & and (, called barriers,
with £ < ¢ and &7 = (7. In the case of non-continuous barriers and/or a larger filtration,
DRBSDEs have been studied by several authors, cf. [2], [24], [26], [27], [25], 5], [17], [29],
[9]. In all of the above-mentioned works on DRBSDESs, the barriers are assumed to be at
least right-continuous.

In the first part of the present paper, we formulate a notion of doubly RBSDEs in the
case where the barriers do not satisfy any regularity assumption. We show existence and
uniqueness of the solution of these equations. To this purpose, we first consider the case
where the driver does not depend on the solution, and is thus given by an adapted process
(f:). We show that in this particular case, the solution of the DRBSDE can be written in
terms of the difference of the solutions of a coupled system of two reflected BSDEs. Using
some results from our previous work [20], we show that this system (and hence the Doubly
Reflected BSDE) admits a solution if and only if the so-called Mokobodzki’s condition holds
(assuming the existence of two strong supermartingales whose difference is between £ and ().
We then provide a priori estimates for our doubly RBSDEs, by using Gal’chouk-Lenglart’s
formula (cf. Corollary A.2 in [19]). From these estimates, we derive the uniqueness of the
solution of the doubly RBSDE associated with driver process (f;). We then solve the case of
a general Lipschitz driver f by using the a priori estimates and Banach fixed point theorem.

In the second part of the paper, we focus on links between the solution of the doubly
reflected BSDE with irregular barriers from the first part and some related two-stopper-
game problems.

Let us first recall the "classical" Dynkin game problem which has been largely studied (cf.,



e.g., [1] for general results).

Let 7o denote the set of all stopping times valued in [0, 7], where T' > 0. For each pair
(1,0) € To X To, the terminal time of the game is given by 7 A ¢ and the terminal payoff, or
reward, of the game (at time 7 A ) is given by

I(1,0) == &1 <oy + G ligar- (1.1)
The criterion is defined as the (linear) expectation of the pay-off, that is,
E[I(r,0)]. (1.2)

It is well-known that, if £ and —( are right-uppersemicontinuous and satisfy Mokobodzki’s
condition, this classical Dynkin game has a (common) value, that is, the following equality
holds:

inf sup E[I(7,0)] = sup inf E[I(T,0)]. (1.3)

o€To reTy €70 7€7T0
Moreover, under the additional assumptions that & and —( are left-uppersemicontinuous
along stopping times and & < (;, t < T, there exists a saddle point (cf. [1], [32])*. Further-
more, when the processes £ and ( are right-continuous, the (common) value of the classical
Dynkin game is equal to the solution at time 0 of the doubly reflected BSDE with driver
equal to 0 and barriers (&, C) (cf. [6],]27],[33])-
In the second part of the present paper, we consider the following generalization of the
classical Dynkin game problem: For each pair (7,0) € Ty X 7o, the criterion is defined by
g, (T o), (1.4)

0,7No

where 8({ 2o () denotes the f-expectation at time 0 when the terminal time is 7 A 0. We
refer to this generalized game problem as £/-Dynkin game 2. This non-linear game problem
has been introduced in [9] in the case where ¢ and ( are right-continuous under the name
of generalized Dynkin game, the term generalized referring to the presence of a (non-linear)
f-expectation in place of the "classical" linear expectation.

In the second part of the paper, we generalize the results of [9] beyond the right-continuity
assumption on £ and (. By using results from the first part of the present paper, combined
with some arguments from [9], we show that if £ and —( are right-uppersemicontinuous and
satisfy Mokobodzki’s condition, there exists a (common) value function for the /- Dynkin
game, that is

inf sup SJTM[[(T, o)] = sup inf 8<f,m [I(r,0)]. (1.5)

o€ToreTy €Ty 7€To
and this common value is equal to the solution at time 0 of the doubly reflected BSDE with
driver f and barriers (£, {) from the first part of the paper. Moreover, under the additional

! Actually, the strict separability condition on & and ¢ is not necessary to ensure the existence of a saddle
point (cf. Remark 3.8 in [9]). Note also that when ¢ and ¢ do not satisfy any regularity assumption, there
does not necessarily exist a value for the Dynkin game, that is, the equality (1.3) does not necessarily hold.

ZNote that this game problem is related to the pricing of game options in imperfect market models (cf.
the end of Section 4 for more explanations).



assumption that & and —( are left-uppersemicontinuous along stopping times, we prove that
there exists a saddle point for the £/-Dynkin game. Let us note that in the particular case
when f = 0, our results on existence of a common value and on existence of saddle points
correspond to the results from the literature on classical Dynkin games recalled above.

In the final part of the paper, we turn to the interpretation of our Doubly RBSDE in
terms of a two-stopper-game in the general case where ¢ and ( do not satisfy any regularity
assumption. This is technically a more difficult problem. Indeed, even in the simplest case
where f = 0, we know from the litterature on classical Dynkin games (cf. e.g. [1]) that the
game on stopping times with payoff (1.2) does not even (a priori) admit a common value,
that is, the equality (1.3) does not necessarily hold; this is true, a fortiori, for the £/-Dynkin
game (with non-linear f). In order to interpret the solution of the doubly reflected BSDE
with irregular barriers (£, ¢) we formulate "an extension" of the previous £/-Dynkin game
problem over a larger set of "stopping strategies" than the set of stopping times 75. We
show that this extended game has a common value which coincides with the solution of our
general DRBSDE with irregular barriers. Using this result, we prove a comparison theorem
and a priori estimates with universal constants for DRBSDEs with irregular barriers.

The remainder of the paper is organized as follows: In Section 2, we introduce the
notation. In Section 3, we recall some useful results on reflected BSDEs with an irregular
obstacle from [19] and [20]. In Section 4, we provide first results on doubly reflected BSDEs
associated with a Lipschitz driver and barriers (£, () which do not satisfy any regularity
assumption; in particular, we show existence and uniqueness of the solution of this equation.
Section 5 is dedicated to the interpretation of the solution in terms of a two-stopper game
problem, first in the case when ¢ and —( are right-uppersemicontinuous, then in the cae
where they do not satisfy any regularity assumption. In Section 6, we provide a comparison
theorem and a prior: estimates with universal constants for our doubly reflected BSDEs
with irregular barriers. The Appendix contains some of the proofs.

2 Preliminaries

Let T > 0 be a fixed positive real number. Let (E,&) be a measurable space equipped
with a o-finite positive measure v. Let (2, F, P) be a probability space equipped with a
one-dimensional Brownian motion W and with an independent Poisson random measure
N(dt,de) with compensator dt ® v(de). We denote by N(dt,de) the compensated process,
i.e. N(dt,de) = N(dt,de) —dt @ v(de). Let IF = {F;: t € [0,T]} be the (complete) natural
filtration associated with W and N. For t € [0, T], we denote by 7; the set of stopping times
7 such that P(t <7 < T) = 1. More generally, for a given stopping time v € 7y, we denote
by 7, the set of stopping times 7 such that P(vr <7 <T) = 1.

We use the following notation:

e P (resp. O) is the predictable (resp. optional) o-algebra on Q x [0, 7.



e B(R) (resp. B(R?)) is the Borel o-algebra on R (resp. R?).
e [?(Fr) is the set of random variables which are Fr-measurable and square-integrable.

e 2 is the set of (&,B(R))-measurable functions ¢ : £ — R Such that 1| :=
[ 1l(e)Pr(de) < co. For £ € L2, k € L2, we define (¢, k), == [, (e v(de).

e B(L?) is the Borel o-algebra on L?2.
e JH? is the set of R-valued predictable processes ¢ with ||¢||%,. = E [fOT |¢t\2dt} < 0.

e [H?is the set of R-valued processes [ : (w,t,e) € (Q x [0,T] x E) + l;(w, e) which are
predictable, that is (P®&, B(R))-measurable, and such that ||{[|3,. = E [fOT 1212 dt] <
00.

As in [19], we denote by 8? the vector space of R-valued optional (not necessarily cadlag)
processes ¢ such that [|¢]|%: := Eless sup,c7 |¢-|?] < co. By Proposition 2.1 in [19], the
mapping ||-|[s2 is & norm on the space §?, and S* endowed with this norm is a Banach
space.

We will also use the following notation:

Let 3 > 0. For ¢ € H?, ||§]3 := E[fOT eﬁs $ds]. We note that on the space IH? the norms
I-ll5 and ||- || g2 are equivalent. For I € IH7, ||I]|2 5 := [fOT P ||15||>ds]. On the space IH? the
norms |||, and || - || gz are equivalent. For ¢ € 8%, we define ||| := Elesssup s, 7 ¢2].
We note that ||| ; is a norm on §* equivalent to the norm ||| 52

Remark 2.1 By a slight abuse of notation, we shall also write ||¢||3. (resp. |¢[3) for

E [fOT |¢t\2dt} (resp. E [fOT el \¢t|2dt]) in the case of a progressively measurable real-valued
Process ¢.

Definition 2.1 (Driver, Lipschitz driver) A function f is said to be a driver if

o [:OX[0,T]xR*x L2 —>R
(W, t,y, 2, k) = flw, t,y, 2, k) is P @ B(R?) ® B(L2)— measurable,

o E[f) £(t,0,0,0)%dt] < +oc.

A driver f is called a Lipschitz driver if moreover there exists a constant K > 0 such that
dP @ dt-a.e., for each (y1,21, k) € R? x L2, (y2, 20, ko) € R? x L2,

|f(w,t,y1, 21, K1) — flw, b, 99, 20, ko) | < K(Jyr — y2| + |21 — 22| + | & — k]]o)-

We recall the following definition from [9].



Definition 2.2 Let A = (A;)o<i<r and A" = (A})o<i<r be two real-valued optional non-
decreasing cadlag processes with Ag = 0, Ay = 0 and E[Ar] < 0o and E[A}] < co. We say
that the random measures dA; and dA; are mutually singular, and we write dA; L dA;, if
there exists D € O such that:

E[/OT 1pedA)] = E[/OT 1pdA)] =0, (2.6)

which can also be written as fOT 1pedA; = fOT 1p,dA, =0 a.s., where for eacht € [0,T], D,
is the section at time t of D, that is, Dy == {w € Q, (w,t) € D}.

Remark 2.2 Let A and A’ be such that dA and dA" are mutually singular in the sense of
the above definition. If A and A" are moreover predictable, there exists D € P satisfying
the above property (2.6).

For real-valued random variables X and X,, n € IN, the notation "X, T X" stands for
"the sequence (X,,) is nondecreasing and converges to X a.s.".
For a ladlag process ¢, we denote by ¢;, and ¢, the right-hand and left-hand limit of ¢ at
t. We denote by Ay ¢, := ¢y, — ¢, the size of the right jump of ¢ at ¢, and by A¢y, := ¢ — Py
the size of the left jump of ¢ at t.

Definition 2.3 Let T € Ty. An optional process (¢) is said to be right upper-semicontinuous
(raus.c.) (resp. left upper-semicontinuous (l.u.s.c.)) along stopping times at the stopping
time T if for all nonincreasing (resp. nondecreasing) sequence of stopping times (1,) such
that T | 7 (resp. " 1 1) a.s., ¢, > limsup,,_,. ¢, a.s.. The process (¢;) is said to be
r.u.s.c. (resp. lu.s.c.) along stopping times if it is r.u.s.c. (resp. lLu.s.c.) along stopping
times at each T € To. The right- (resp. left-) continuity property of an optional process (¢;)
along stopping times at a stopping time T is defined similarly.

Remark 2.3 If the process (¢;) has left limits, (¢;) is Lu.s.c. (resp. left-continuous) along
stopping times if and only if for each predictable stopping time T € Ty, ¢r— < ¢, (resp.

Or— = ¢.) a.s.

For the easing of the presentation, we define the relation > for processes in S? as follows:
for ¢, ¢' € 82, we write ¢ < ¢, if ¢y < @) for all t € [0,T] a.s. Similarly, we define the
relations < and = on S2.

3 Reflected BSDE whose obstacle is irregular

Let T'> 0 be a fixed terminal time. Let f be a driver. Let £ = (& )sejo,r) be a left-limited
process in S?. A process £ satisfying the previous properties will be called a barrier, or an
obstacle.



Remark 3.4 Let us note that in the following definitions and results we can relaz the as-
sumption of existence of left limits for the obstacle £. All the results still hold true provided
we replace the process (§;—)icjor) by the process (imsupgy o &s)icjor), known as the left
upper-semicontinuous envelope of £&. We recall that the left upper-semicontinuous envelope
of € is a predictable process (cf. [7, Thm. 90, page 225]).

Definition 3.1 A process (X, m, 1, A,C) is said to be a solution to the reflected BSDE with
parameters (f, ), where f is a driver and & is an obstacle, if

(X,7,1,A,C) € 8 x H? x H? x 8% x S?and a.s. for all t € [0,T)

T
Xt=£T+/ f<S7X377T57ls)d3_/ T dW, — // N(ds,de) + Ap — Ay + Cr_ — C,_,
t t

(3.7)
Xy > & forallt €10,T] a.s., (3.8)
A is a nondecreasing right-continuous predictable process with Ay = 0 and such that
T
/ Lix,»e1dAS =0 a.s. and (X,— — &) (A2 — AY) =0 a.s. for all predictable T € To,
0
(3.9)
C' is a nondecreasing right-continuous adapted purely discontinuous process with Cy_ =0
and such that (X, — & )(Cr — C._) =0 a.s. for all T € To. (3.10)

Here A° denotes the continuous part of the process A and A? its discontinuous part.
The following result has been proved in [20] (Theorem 4.3):

Theorem 3.2 (Existence and uniqueness of the solution of the RBSDE) Let £ be
a left-limited process in S* and let f be a Lipschitz driver. The RBSDE with parameters
(f,&) from Definition 3.1 admits a unique solution (X, m 1, A,C) € §* x H* x H? x §? x §2.

The following operator will be frequently used in the sequel.

Definition 3.3 (Operator induced by an RBSDE) For a process (¢;) € 8%, we denote
by Ref[p] the first component of the solution to the Reflected BSDE with (lower) barrier ¢
and with driver 0.

Remark 3.5 Note that by Theorem 3.2, together with Remark 3.4 the operator Ref : ¢ —
Refl¢] is well-defined on S?.

There are close links between the operator Ref and the notion of strong supermartingale
(cf. hereafter).

Definition 3.4 (Strong supermartingale) An optional process ¢. = (¢;) belonging to S*
is said to be a strong supermartingale if for all 0,0" € Ty such that § > 0’ a.s., E[¢g | For] <

¢0/ a.s.



Remark 3.6 We recall that a strong supermartingale in S? is necessarily r.u.s.c. (cf., e.g.,

Remark A.16 in [19]).
We give some useful properties of the operator Ref in the following two lemmas.

Lemma 3.5 The operator Ref : S? — S? satisfies the following properties:

1. The operator Ref is nondecreasing, that is, for £,& € S* such that ¢ < & we have
Refl€] < Refl¢]-

2. If £ € S? is a strong supermartingale, then Ref[£] = €.

3. For each & € S?, Refl€] is a strong supermartingale and satisfies Ref[€] > €.
The proof of the above result can be found in [20, Lemma 4.5.].

Lemma 3.6 Let (£7) be a sequence of processes belonging to S*, supposed to be nondecreas-
ing, i.e., such that for eachn € IN, £* < "L Let € = lim, 1 ™. If £ € 8%, then have
Reflé] = lim, o Ref[€"].

Proof.  As the operator Ref is nondecreasing, the sequence (Ref[¢"]) is nondecreasing.
Let X := lim, ., Ref[¢"]. Again, due to the nondecreasingness of the operator Ref,
we have Ref[¢°] < Ref[¢"] < Refl€], for all n € IN. By letting n go to +o0, we get
Refl¢%] < X and

X < Reflg]. (3.11)

In particular, we have X € §2. Let us now show that X > Ref[¢]. By definition of Ref[£"]
as the solution of the reflected BSDE with obstacle £, we have Ref[£"] > £, for all n € IN.
By letting n go to 400, we get X > £. Hence,

ReflX] = Ref[¢]. (3.12)

We note now that for each n € IN, Ref[("] is a strong supermartingale (cf. Lemma 3.5).
It follows that X is a strong supermartingale as the nondecreasing limit of a sequence of
strong supermartingales (cf. Lemma 7.2 in the Appendix). Hence, X = Ref[X] (cf. Lemma
3.5, second assertion). By (3.12), we thus have X > Ref[¢], which, using (3.11), implies
X = Ref[¢]. O

Remark 3.7 Note that this result cannot be derived from estimates on reflected BSDFEs
since we do not necessarily have that || — £"||s2 tends to 0.



4 Doubly Reflected BSDE whose obstacles are irregular

4.1 Definition and first properties

Let T > 0 be a fixed terminal time (as before). Let f be a driver. Let & = (&)scpo,r) and
¢ = (Ct)eepo,r) be two left-limited processes in §? such that & < (,,0 < ¢t < T, a.s. and
& = (r a.s. A pair of processes (&, () satisfying the previous properties will be called a pair
of admissible barriers, or a pair of admissible obstacles.

Remark 4.8 Let us note that in the following definitions and results we can relazx the as-
sumption of existence of left limits for the processes & and (. All the results still hold true
provided we replace the process (§;—)icjor) by the process (imsupgy ot &s)iejo,r) and the pro-
cess (G—)iejor) by the process (iminf gy st Cs)eejo,m-

Definition 4.1 A process (Y, Z,k, A, C, A’",C") is said to be a solution to the doubly re-
flected BSDE with parameters (f,€,C), where f is a driver and (€,() is a pair of admissible
obstacles, if

(Y, Z, k,A,C, A", C") € 8* x H* x H? x (8%)? x (58*)*and a.s. for allt € [0, T]

Y, = £T+/sts,Zs,k)ds—/t Z,dW, — // N(ds, de)+

FAr— A — (A — A+ Cro — Cp — (Clh = C1) (4.13)
& <Y, <G, for allt € [0,7] a.s., (4.14)

A and A" are nondecreasing right-continuous predictable processes with Ag = Ay = 0

T T
/ lgy, ¢, _ydA; =0 a.s. and / 1y, <¢ ydA, =0 a.s. (4.15)
0 0

C and C" are nondecreasing right-continuous adapted purely discontinuous processes with
Co-=C{_=0,

(Y, —&)C —Crn) =0 and (Y, — G )(CL—CL_) =0 a.s. for all T € Tp, (4.16)
dA; L dA, and dC; L dC;. (4.17)

Equations (4.15) and (4.16) are referred to as minimality conditions or Skorokhod conditions.

Let us note that if (Y, Z, k, A,C, A’,C") satisfies the above definition, then the process
Y has left and right limits.

Remark 4.9 When A and A" (resp. C' and C') are not required to be mutually singular, they
can simultaneously increase on {&- = (-} (resp. on {& = (;}). The constraints dA; 1 dA;
and dCy L dC} will allow us to obtain the uniqueness of the nondecreasing processes A, A’,
C and C" without the strict separability condition & < (.

We note also that, due to Eq. (4.13), we have AC; — AC, = —(Yyy — Y,) = =AY,



This, together with the condition dCy L dC} gives ACy = (Y — Y,)™ for all t a.s., and
AC] = (Y = Y for all t a.s. On the other hand, since in our framework the filtration
18 quasi-left-continuous, martingales have only totally inaccessible jumps. Hence, for each
predictable T € Ty, AAY — AAY = —AY, (c¢f. Eq. (4.13)). This, together with the condition
dA, L dA!, ensures that for each predictable T € Ty, AA? = (AY,)™ and AA* = (AY,)" a.s.
We note also that Y can jump (on the left) at totally inaccessible stopping times; these jumps
of Y come from the jumps of the stochastic integral with respect to N in (4.13).

Proposition 4.1 Let f be a driver and (§,() be a pair of admissible obstacles.

Let (Y, Z, k, A, C, A", C") be a solution to the doubly reflected BSDE with parameters (f,€, ().
If € (resp. () is right-continuous, then C =0 (resp. C' =0).

If & (resp. —() is l.u.s.c. along stopping times, then the process A (resp. A') is continuous.

Proof.  Suppose that £ is right-continuous. Let 7 € T5. We show AC, = 0 a.s. By the
previous Remark 4.9, we have AC; = (Y,+ — Y;)” a.s. Since C satisfies the Skorokhod
condition (4.16), we have

AC, = 1{YT:§T}(YT+ -Y,) = 1{YT:§T}(YT+ —&) = 1{YT:§T}(YT+ —&+)7 as,

where the last equality follows from the right-continuity of £. Since Y > &, we derive that
AC; = 0 a.s. This equality being true for all 7 € Ty, it follows that C' = 0. Similarly, it can
be shown that if  is right-continuous, then C’ = 0.

Let us show the second assertion. Suppose that ¢ is l.u.s.c. along stopping times. Let
7 € Ty be a predictable stopping time. We show AA, = 0 a.s. By the previous Remark 4.9,
we have AA,; = (AY,)™ a.s. Since A satisfies the Skorokhod condition (4.15), we have

AAT = 1{Y7'7:§7'7}<YT_ — YT)+ = 1{Y77:§T7}<§T_ — YT)+ S 1{Y‘r*:§7—*}(£7— — YT)+ a.s.,

The (last) inequality in the above computation follows from the inequality &,- < &, a.s.,
which is due to the assumption of lL.u.s.c. of £ (cf. Remark 2.3). Since £ <Y, we derive
AA,; <0a.s., which implies that AA, = 0 a.s. This equality being true for every predictable
stopping time 7 € 7y, it follows that A is continuous. Similarly, it can be shown that if —(
is L.u.s.c. along stopping times, then A’ is continuous. O

Remark 4.10 (Right-continuous case) It follows from the first assertion in the above
proposition that if & and  are right-continuous, then C = C' = 0. In this case, our
Definition 4.1 corresponds to the one given in the literature on DRBSDEs (cf. e.g. [9]).

Let (Y, Z,k,A,C, A',C") € 8 x H? x H? x (§?)% x (8%)? be a solution to the DRB-
SDE associated with driver f and with a pair of admissible barriers (£, (). By taking the
conditional expectation with respect to F; in the equality (4.13), we derive that

Y = H, — H| (4.18)
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where H and H' are the two nonnegative strong supermartingales given by

T
H,:=EBl& + / F7(8,Ys, Zsy k)ds + Ap — Ay + Cr = G | Fi);
t

T
H:= E|¢& + / [7(8,Ys, Zg, ky)ds + A — AL+ Ch — Cy_ | Fy.
t
Since £ <Y < (, we have £ < H— H' < (, which ensures that the following condition holds:

Definition 4.2 (Mokobodzki’s condition) Let (£,() € 8* x 8% be a pair of admissible
barriers. We say that the pair (§,() satisfies Mokobodzki’s condition if there exist two
nonnegative strong supermartingales H and H' in S8? such that:

G<H —-—H <@ 0<t<T as. (4.19)

Remark 4.11 The above reasoning gives us that Mokobodzki’s condition is a necessary con-
dition for the existence of a solution to the DRBSDE.

4.2 The case when f does not depend on the solution

Let us now investigate the question of existence and uniqueness of the solution to the DRB-
SDE defined above in the case where the driver f does not depend on y, 2, and K.

4.2.1 Equivalent formulation

We first show that the existence of a solution to the DRBSDE is equivalent to the existence

of a solution to a coupled system of reflected BSDEs.

Let (Y, Z,k,A,C, A", C") € 8 x [H* x IH? x (5§%)? x (8%)? be a solution to the DRBSDE
associated with driver f(w,?) and with a pair of admissible barriers (¢, ().
Let Y, ==Y, — Elér + LT f(s)ds|Fi], for all t € [0,T]. From this definition, together with
Eq. (4.13), we get
Y, =X/ — X7 forall t € [0,T] ass.,

where the processes X/ and X'/ are defined by

X/ = E[Ar— A+ Cr_—C,_ | F] and X,/ := E[A.— AL+ Cl_—C!_| F], for all t € [0, 7).
(4.20)

Remark 4.12 Note that X! and X'/ are two nonnegative (r.u.s.c.) strong supermartingales
in S* such that X, = X,/ =0 a.s.

By the martingale representation theorem, there exist (w,1) , (n/,1') € IH* x IH? such that
T T 3
X/ = —/ T dW, — / / l(e)N(ds,de) + Ap — Ay + Cp_ — Cy_; (4.21)
¢ t JE
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X;f:—/ AW, — //z N(ds,de) + Ay — AL+ Cl —C1 (4.22)
t

We introduce the following optional processes:
R T R T
& =¢ - Elér +/ f(s)ds|F), ¢ = ¢ - Elér +/ f(s)ds|R], 0<t<T. (4.23)
t t

Remark 4.13 Note that € and C satisfy éé: = @f =0 as. We also have & € 82 and (f
€ 8% Indeed, |€]| < |&| + E[U|F)], where U := || + fOT |f(s)|ds. Now, since & € S8* and
f € H?, we have U € L% Thus, by Lemma 7.1, the martingale (E[U | F;]) belongs to S?,
which implies that & € S2. Similarly, it can be shown that (¥ € S2.

From ¢ < Y < ¢ and the definitions of Y, étf, Q:tf, we derive &/ < Y < (7 since
fft:th—X;f, we have th 2X2f+§tf and X;f Zth—Q:tf.

Note that Y — & =Y — &/ = X/ — X'/ — &/, The Skorokhod condition (4.16) satisfied
by C can thus be written: AC, (X! — X/ — €/) = 0 a.s. We also have {Y,_ > &_} =
{x{ > X,” + &/ ). Hence, the Skorokhod condition (4.15) satisfied by A can be written:
fOT 1{ch X! gl }dAt =0 a.s. It follows that (X/, 7,1, A, C) is the solution of the reflected

BSDE associated with driver 0 and obstacle (X'f + gf)H[OT
By similar arguments we get that (X'/, 7,1, A, C") is the solution of the reflected BSDE
associated with driver 0 and obstacle (X7 — (/)i 7.

With the notation of Definition 3.3, we have thus shown that

X! = Ref[(X! +ENpr); X7 = Ref[(X! — o). (4.24)

We conclude that the existence of a solution to the DRBSDE with parameters (f, &, () (where
f is a driver process) implies the existence of a solution to the coupled system of RBSDEs
(4.24). We will see in the following proposition that the converse statement also holds true.

Proposition 4.3 The DRBSDE associated with driver process f = (f;) € IH? and with
a pair of admissible barriers (§,() has a solution if and only if there exist two processes
X. € 8% and X € 8? satisfying the coupled system of RBSDEs:

X = Ref[(X +&Npn); X = Ref[(X = o). (4.25)
In this case, the optional process Y defined by
, T
Y, =Xy — X, + Eér +/ f(s)ds|F), 0<t<T, a.s. (4.26)
t

gives the first component of a solution to the DRBSDE.

3We note that X'/ 4+ &/ € 82 (due to Remarks 4.12 and 4.13). Hence, (X' + gf)]I[O,T) is an admissible
obstacle for RBSDEs.
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Proof.  The "only if part" of the first assertion has been proved above. Let us prove the "if
part" of the first statement, together with the second statement. Let X. € S? and X € S? be
two processes satisfying the coupled system (4.25). Let (m,, A, C) (resp. (7',I', A’,C")) be
the vector of the remaining components of the solution to the RBSDE whose first component
is X (resp. whose first component is X'). We note that equations (4.21) and (4.22) hold for
X and X (in place of X7 and X'/). We define the optional process Y as in (4.26).

Since by assumption X and X belong to 82, it follows that X and X are real-valued,
which implies that the process Y is well- defined. From (4.26) and the property Xr = X/T =0
a.s., we get Yp = & a.s. From the system (4.25) we get X, > X, + & and X, > X, — ¢/ for
all t € [0,7] a.s. By using the definitions of &/, ¢/ and Y, we derive that & < Y; < ( for
all t € [0,T] as.

Moreover, the processes A, C' (resp. A’, C") satisfy the Skorokhod conditions for RBSDEs.
More precisely, for A and C' we have: for all 7 € Ty, A, C, =1 & A, C, as.; for

{(Xr=X7+67}
all predictable 7 € Ty, AA, = 1{XT7:X;7+§~£7}AAT a.s.; and foT ]_{Xt>X£+§”{}dA§ =0 a.s.
Similar conditions hold for A" and C".

Now, by using the definitions of &/ and Y, we get {X, = X_ + &/} = {V; = &},
(X, =X _+& }y={v._ =¢_}and {X, > X,+&/} = {V; > &}. Combining this with the
previous observation gives AC; = 1y, —¢ AC; a.s. for all 7 € Ty and fOT 1y, >e 1dA; =0
a.s.

By applying the same arguments to A" and C’, we get AC] = 1y, — }AC] a.s.for all
7 € Ty and fOT gy, <¢,_ydA; =0 as.

We now note that the process (E[{r + ft (8)ds|Ft])tcpo,r) (which appears in the definition
of Y') corresponds to the first component of the solution to the (non-reflected) BSDE with
terminal condition &r and driver f. Hence, there exist 7 E H? and | € H2 such that

§T+ft (s)ds|F] = fT—l—ftT ds—ft TdW, — ft [ ls(e)N (ds, de) From this, together
with the definition of Y and equations (4.21) and (4.22) for X and X', we obtain

Y, = §T+/ f(s ds—/ Z.dW, — // dsde)+0zT—Ozt+7T——%a
t

where Z =1 —n'+7, k=1—-U+l, a:=A—A andy:=C —C".

If dA; L dA; and dC; L dCY}, then (Y, Z, k, A, C, A’,C") is a solution to the doubly reflected
BSDE with parameters (f, &, (), which gives the desired result.

Otherwise, by the canonical decomposition of RCLL processes with integrable variation (cf.
Proposition 7.3), there exist two nondecreasing right-continuous predictable (resp. optional)
processes B and B’ (resp. D and D’) belonging to §? such that « = B—B' (resp. v = D—D')
with dB; L dB; (resp. dD; L dDj;). Moreover, dB; << dA;, dB; << dA;}, dD; << dC; and
dD; << dCy.

Hence, since fOT 1y, se,_1dA; =0 as., we get fOT liv,_>¢_1dBy = 0 a.s. Similarly, we obtain
fOT liy,_<¢,_ydB; = 0 a.s. Moreover, since dD; << dC}, the process D is purely discontinuous
and AD; = 1yy,—¢1AD; as. for all 7 € 7. Similarly, D’ is purely discontinuous and
AD, = 1gy,—¢yAD. as.for all 7 € T5. The nondecreasing RCLL processes D, D" are thus

13



purely discontinuous and satisfy the Skorokhod condition (4.16). The nondecreasing RCLL
processes B, B’ satisfy the Skorokhod condition (4.15). The process (Y, Z,k, B, D, B', D’) is
thus a solution to the doubly reflected BSDE with parameters (f,¢&, (). U

4.2.2 Solving the system of coupled RBSDEs under Mokobodzki’s condition
4.2.3 Existence of a (minimal) solution of the coupled system of RBSDEs

We now show the existence of a solution to the system (4.25) under Mokobodzki’s condition.
To do that, we use Picard’s iterations.
We set X% =0 and X% = 0, and we define recursively, for each n € N, the processes:

XM= Refl(X™ + gf)l[O,T[] ;A= Ref[(x" — Q:f)l[o,T[] (4.27)

We see, by induction, that the processes X" and X'™ are well-defined; moreover, X" and
X'™ are strong supermartingales in S2. For the sake of simplicity, we have omitted the
dependence on f in the notation for X" and X"

Proposition 4.2 Assume that the admissible pair (§,() satisfies Mokobodzki’s condition.
The sequences of optional processes (X™)nen and (X ™)nen defined above are nondecreasing.
The limit processes

Xf = lim A" and X'/ := lim X (4.28)

n—-+o0o n—-+4o0o

are nonnegative strong supermartingales in 8* satisfying the system (4.25) of coupled RBS-
DEs. Moreover, X7, X1 are the smallest processes in S? satisfying system (4.25).

The processes X1, X'T are also characterized as the minimal strong supermartingales in S?
satisfying the inequalities £ < xXf — X'F < (/.

Proof.  We first show that X™ > 0 and X' > 0, for all n € IN. By definition, X = X} =
0. Since & = (J. = 0, it follows that (X +&N) 1 = X+ and (X" =)y = X" (7.
Moreover, since X™ is a strong supermartingale, we have X' > E[X}'|Fy] = 0 a.s. for all
6 € Ty, which implies that X™ > 0. * Similarly, we see that X'™ > 0.

We prove recursively that (X™),eny and (X™),en are nondecreasing sequences of pro-
cesses. We have X' > 0 = X% and X! > 0 = X°. Suppose that X" > X" ! and
X' > X'"=1 The induction hypothesis and the nondecreasingness of the operator Ref (cf.
Lemma 3.5) give

RefIX" + & 2 RefIX™ + €1 5 Reflx" == Reflxn =1 (4.29)

Hence, X" > X" and X! > X' which is the desired result.

4Recall that, by a result of the general theory of processes, if ¢ € S? and ¢’ € S? are such that ¢y < ¢,
a.s. for all 6 € Ty, then ¢ < ¢'.
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We now define two processes H/ and H'/ as follows:

H} = H, + BEl&7|F) + ELf,” f~(s)ds|F);
Ht,f = Hj + E[f;‘Ft] + E[ftT fT(s)ds|F,

where H and H' come from Mokobodzki’s condition for (£, () (cf. Eq. (4.19)). We note that
H' and H'Y are nonnegative strong supermartingales in S%. From Mokobodzki’s condition,
we get

¢ <H —HT<{. (4.30)

We prove recursively that X" < H' and X' < H'', for all n € N. Note first that
X9=0< Hf and X'° =0 < H''. Suppose now that X" < Hf and X" < H'f. From this,
together with (4.30), we get X' < HY < Hf — ¢/, which implies X' + &/ < H’. Since the
operator Ref is non decreasing, we derive X"+ = Ref[X" + /] < Ref[H!]. Since H/ is
a strong supermartingale, the second assertion of Lemma 3.5 gives Ref[H/] = H’. Hence,
X"t < Hf. Similarly, we show X7t < H'/. The desired conclusion follows.

By definition, we have X/ =lim 1 X" and X'/ = lim + X"". The processes X7 and X'/
are optional (valued in [0, +00]) as the limit of sequences of optional (nonnegative) processes.
Since for all n € N, AP = X;” = 0 a.s., we have X% = X}f = 0 a.s. Moreover, since for all
neN, 0<X"<Hand 0 < X < H', we obtain 0 < X/ < Hf and 0 < X'/ < H'Y. As
HI H'T € 82, it follows that X/ and X"/ belong to S2.

Moreover, X4 and X'/ are strong supermartingales as limits of nondecreasing sequences
of strong supermartingales (cf. Lemma 7.2).

It remains to show that X/ and X'/ are solutions of the system (4.25). Since X;» = &, =
0, by (4.27), we have for all n € IN,

A= Reflx™ + €7]. (4.31)

Note that the sequence (X™ + éf)new is non decreasing and converges to X'/ + éf. By
Lemma 3.6, we thus derive that lim,,_, . Ref[X™+&] = Ref[X'/ +£/]. Hence, by letting
n tend to +oo in (4.31), we get X = Ref[X'F + ¢/]. Similarly, it can be shown that
X'T = Ref[x! — {f). Since XJ = X,/ = 0 as., it follows that X/ and X'/ are solutions of
the system (4.25).

Note now that X7, X'/ satisfy the inequalities éf <X —Xx7f< Ef. Moreover, they are
the minimal nonnegative strong supermartingales in S? satisfying these inequalities. Indeed,
if H, H' are nonnegative strong supermartingales in 82 satisfying ¢/ < H — H < ¢/, then,
using the same arguments as above, we derive that X/ < H and X'/ < H'.

From this minimality property, it follows that (Xf, X'f) is also characterized as the
minimal solution of the system (4.25) of coupled RBSDEs.

O

In the following theorem we summarize some of the properties established so far.
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Theorem 4.4 Let f = (f;) € IH? be a driver process. Let (£,() be a pair of admissible
barriers. The following assertions are equivalent:

(i) The pair (£, () satisfies Mokobodzki’s condition.
(ii) The system (4.25) of coupled RBSDEs admits a solution.

(iii) The DRBSDE (4.13) with driver process f has a solution.

Proof.  The implication (i) = (4¢) has been just proved (by using Picard’s iterations). The
equivalence between (i7) and (7ii) has been established in Proposition 4.3. We have noticed
that the implication (#i7) = () holds (in the general case of a Lipschitz driver f) in Remark
4.11. U

4.2.4 Uniqueness of the solution

Let us now investigate the question of uniqueness of the solution to the DRBSDE with driver
process f € IH?. To this purpose, we first state a lemma which will be used in the sequel.

Lemma 4.5 (A priori estimates) Let (Y, Z k,A,C,A',C") € 8§ x H? x H? x (§?)?
(82 (resp. (Y, Z,k,A,C,A",C") € 8% x H? x H? x (5%)% x (5%)2) be a solution to the
DRBSDE associated with driver process f € IH? (resp. f € IH?) and with a pair of admissible
obstacles (§,C). There exists ¢ > 0 such that for all e > 0, for all § > 6% we have

k=K, < f =12 11Z2-Z)% < &|f - FI%:
Y = YII; < 4e*(1+62)|f - I3 (4.32)

Proof.  Let 8> 0 and & > 0 be such that 5 > 5. We set Y =Y -Y, Z:=2—-27, A:=
A-A A =A-A,C:=C-C,C":=C"-C, k: =k—k, and f( t) = f(w,t) — f(w,1).
We note that Yy = & — & = 0; moreover, for all 7 € 7,

T
= / f(t)dt— / Z,dW;— / / ki(e)N(dt,de)+Ar—A,+Cr_—Cr_—(Ap—AL)~Ch_—C!_ as.
Thus we see that Y is an optional strong semz’martingale in the Vocabulary of [18] with

decomposmon Y =Yoo+ M+ a, + Ve where M; = fo ZdW, + fo fE N(ds,de), oy :==

— fo s)ds — A, + A’ and v, = —Cy_ + C (cf., e.g., Theorem A.3. and Corollary A.2
in [19]). Applying Gal’chouk-Lenglart’s formula (cf. Corollary A.2 in [19]) to % Y;? gives:
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almost surely, for all t € [0, T,

ATY2=efty? 4 Beﬁs(ﬁ,)st—Z/ Y, f(s )ds—2/ P Y, _dA,
16,71 7]

+2/ eﬁsifsdilgm/ Y, Z,dW. / /Y ks(e)N (ds, de)
1t,7) 1t,7] 1¢,T]

- / e Zds+ Y (Y. -V, ) - / 265 Y, d(C) oy + / 267 Y, d(C")
Jt.]

t<s<T [t.T] [t 1]

S A o

t<s<T

Thus, we get (recall that Y7 = 0): almost surely, for all ¢ € [0, 7],

Be (Y, )st+2/ eﬁsffsf(s)ds+2/ P Y, dA,
Jt.7]

16,71

—2/ PV, _dA! —2/ Y, Z.dW,
1t,7] 1t,T)

- 2/ / Y,_k.(e)N(ds,de) — Z (Y, - Y, )?
1,7}

Y / e Z%ds = —
1,T] 1¢,T]

t<s<T
42 / o VodC — 2 / R A R A L)
[t.T] LAl t<s<T

(4.33)
We give hereafter an upper bound for some of the terms appearing on the right-hand side
(r.h.s. for short) of the above equality.
Let us first consider the sum of the first and the second term on the r.h.s. of
equality (4.33). By applying the inequality 2ab < (2)* + b, valid for all (a,b) € R?, we
get: a.s. for all t € [0, 77,

- Bel (Y. )2ds—|—2/ P Y, f(s)ds (% - )/ eﬁs(ffs)QdeLsQ/ % f2(s)ds

Jt,T) t.T € t.7 Jt.T)

As 3 > %, we have (5 — f3) S eP5(Y,)2ds < 0, for all t € [0, 7] a.s.

For the third term (resp. the fourth term) on the r.h.s. of (4.33) it can be shown
that, a.s. for all ¢ € [0, 77, 42 f]t,T] e?Y,_dA, <0 (resp. —2 f]t,T] e Y,_dA’, < 0) The proof
uses property (4.15) of the definition of the DRBSDE and the properties Y > £, Y > ¢
(resp. Y < (, Y < () ; the details are similar to those in the case of RBSDE (with one lower
obstacle) (cf., for instance, the proof of Lemma 3.2 in [19]).

For the eighth and the ninth terms on the r.h.s. of (4.33) we show that, a.s. for all
t €10,T], 42 f[uT[eBS Y.dC, < 0 and —2 f[tﬂeﬁs f@dé’; < 0. These inequalities are based
on property (4.16) of the DRBSDE, on the non-decreasingness of (almost all trajectories
of) C, C, C" and C’, and on the inequalities Y > £, Y > ¢, Y < (, Y < (. The details,
which are similar to those of the proof of Lemma 3.2 in [19], are left to the reader. The
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above observations, together with equation (4.33), lead to the following inequality: a.s., for
all t € [0, T,

et 57,52 + / el Zfds < 52/ el fQ(s)ds — 2/ Y, Z.dW,
1t,T] , 1t,T]

1t,T]
—2/ eﬁs/ﬁ_%s(e)zv(ds,de)— > (Y-,
16,1 E

t<s<T

(4.34)

Note that we have:

/ o Ikl Pds — D (Y, — V)P = / o ||k, 2ds — / o / i2(e)N(ds, de)
1t,7] 1t,7] 1t,7) E

t<s<T
— Y (AL - AAY

t<s<T

< —/ eﬁs/ k2(e)N (ds, de).
16,77 E

where, in order to obtain the equality, we have used the fact that the processes A, A, A’, and
A’ jump only at predictable stopping times, and N(-, de) jumps only at totally inaccessible
stopping times (cf. also Remark 4.9).

By adding the term f] ] % ||k,||>ds on both sides of inequality (4.34) and by using the

above computation, we derive that almost surely, for all ¢ € [0, T],

Py +/ e? Z%ds +/ e ||ks||2ds < 52/ e f2(s)ds — 2/ P Y, Z,dW,
6,71 6,71 It, 16,71

4,7
_ / s / (27, Fule) + F2(e)) N (ds, de).
1¢.T) E

(4.35)
From here, using (4.34) and (4.35), we conclude by following exactly the same arguments as
in the proof of Lemma 3.2. in [19]. O

We prove below the uniqueness of the solution to the DRBSDE associated with the driver
process [ = (f;) and with the admissible pair of barriers (&, () satisfying Mokobodzki’s
condition.

Theorem 4.6 Let (£,() be an admissible pair of barriers satisfying Mokobodzki’s condition.
Let f = (fi) € IH* be a driver process. There exists a unique solution to the DRBSDE
(4.13) associated with parameters (§,C, f).

Proof.  Theorem 4.4 yields the existence of a solution. It remains to show the uniqueness.
Let (Y, Z,k, A, C, A",C") be a solution of the DRBSDE associated with the driver process
(f(t)) and the barriers € and (. By the a priori estimates (cf. Lemma 4.5), we derive
the uniqueness of (Y, Z, k). By Remark 4.9, we have AC; = (Y;; — Y;)™ for all ¢ a.s. and
AC] = (Y;r — Y;)™ for all ¢ a.s., which implies the uniqueness of the purely discontinuous
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processes C' and C’. Moreover, since (Y, Z, k, A, C, A', C") satisfies the equation (4.13), it
follows that the process A— A’ can be expressed in terms of Y, C, C’, the integral of the driver
process (f;) with respect to the Lebesgue measure, and the stochastic integrals of Z and &
with respect to W and N, respectively, which yields the uniqueness of the finite variation
process A — A’. Now, since dA; L dAj}, the nondecreasing processes A and A’ correspond to
the (unique) canonical decomposition of this finite variation process, which ends the proof.

0

Using Proposition 4.2 together with the uniqueness property of the solution of the DRB-
SDE (4.13) associated with driver process f = (f;), we derive that the limit processes X/
and X'/ defined by (4.28) can be written in terms of the solution of this DRBSDE.

Remark 4.14 (Identification of X/ and X'/) Let X/ and X'/ be the strong supermartin-
gales defined by (4.28). We have a.s.

X = E[Ar— A+ Cr_—Cy_ | F] and X, = E[AL, — AL+ Clh_—C!_| F], for allt € [0,T),

where A,C,; A" and C" are the four last coordinates of the solution of the DRBSDE (4.13)
associated with barriers & and (, and driver process f. More details on this property are
provided in the Appendizx.

4.3 The case of a general Lipschitz driver f(t,y,z, k)

We now prove the existence and uniqueness of the solution to the DRBSDE from Definition
4.1 in the case of a general Lipschitz driver.

Theorem 4.7 (Existence and uniqueness of the solution) Let (£,() be a pair of ad-
missible barriers satisfying Mokobodzki’s condition and let f be a Lipschitz driver. The DRB-
SDE with parameters (f, €, () from Definition 4.1 admits a unique solution (Y, Z, k, A,C, A',C") €
S§? x H? x IH? x (§%)? x (8%)%

Proof. ~ For each § > 0, we denote by B} the space §* x IH? x IH; which we equip
with the norm |[|(-, -, ')HB% defined by ||(Y, Z, k;)Hfg% = H\Y|Hg + HZH% + Hkle,ﬁ, for (Y, Z k) €
S? x H? x H}. Since (IH?, || - ||5), (7, || l,,5), and (S || - [[| ;) are Banach spaces, it follows
that (B3, ]| - ||,) is a Banach space.

We define a mapping ® from B3 into itself as follows: for a given (y,z,1) € B3, we
set ®(y,z,0) = (Y, Z, k), where Y, Z k are the first three components of the solution
(Y, Z, k, A, C, A", C") to the DRBSDE associated with driver f(s) := f(s,ys, zs,s) and with
the pair of admissible barriers (£, (). The mapping ® is well-defined by Theorem 4.6.

Using the estimates provided in Lemma 4.5 and following the same arguments as in the
proof of Theorem 3.4 in [19], we derive that for a suitable choice of the parameter 8 > 0 the
mapping & is a contraction from the Banach space BE’ into itself.
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By the Banach fixed-point theorem, we get that ® has a unique fixed point in Bg, denoted
by (Y, Z, k), that is, such that (Y, Z, k) = ¢(Y, Z, k). By definition of the mapping ®, the pro-
cess (Y, Z, k) is thus equal to the first three components of the solution (Y, Z, k, A,C, A", C")
to the DRBSDE associated with the driver process g(w,t) := f(w,t, Yi(w), Z;(w), ky(w)) and
with the pair of barriers (¢, (). It follows that (Y, Z, k, A, C, A’, C") is the unique solution to
the DRBSDE with parameters (f, &, ().

[

5 Doubly reflected BSDEs with irregular barriers and
Sf-Dynkin games with irregular rewards

The purpose of this section is to connect our DRBSDE with irregular barriers to a zero-
sum game problem between two "stoppers" whose pay-offs are irregular and are assessed by
non-linear f-expectations.

In the "classical" case where f = 0 (or, more generally, where f is a given process (f;)
€ H?), this topic has been first studied in [6] in the case of continuous barriers, and in [22]
and [23] in the case of right-continuous barriers. The case of right-continuous barriers and
a general Lipschitz driver f has been studied in [9)].

The following assumption holds in the sequel.

Assumption 5.1 Assume that dP ® dt-a.s for each (y, z, ki, k2) € R? x (L2)?,

flt g,z k) = f(ty, 2 k) = (0 k= &),
with 7 :[0,T) x QX R* x (L})* = L; (w,t,y, 2, ki, k) = 7% (w, )
P @ B(R?) ® B((L?)?)-measurable and satisfying the inequalities

PRk () > 1 and  ||PPR), < O, (5.36)

for each (y, z, ki, ko) € R? x (L2)?, respectively dP @ dt@dv(e)-a.s. and dP@dt-a.s. (where
C' is a positive constant).

Assumption 5.1 ensures the non decreasing property of £/ by the comparison theorem for
BSDEs with jumps (cf. Theorem 4.2 in [37]).

5.1 The case where ¢ and —( are right-uppersemicontinuous

In this subsection we focus on the case where the barriers £ and —( are assumed to be right-
uppersemicontinuous(r.u.s.c.). We interpret the solution of our Doubly Reflected BSDE in
terms of the value process of a suitably defined zero-sum game problem on stopping times
with (non-linear) f-expectations.
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Let £ € 8% and ¢ € 82 be two optional processes (which are not necessarily non negative).
We consider a game problem with two players where each of the players’ strategy is a
stopping time in 7y and the players payoffs are defined in terms of the given processes £ and
(. More precisely, if the first agent chooses T € 7 as his/her strategy and the second agent
chooses o € Ty, then, at time 7 Ao (when the game ends), the pay-off (or reward) is (7, o),
where

I(Ta U) = g’rl’rﬁa + Colo<r (537)

The associated criterion (from time 0 perspective) is defined as the f-evaluation of the pay-
off, that is, by 8;,7/\0 [I(1,0)]. The first agent aims at choosing a stopping time 7 € 7T
which maximizes the criterion. The second agent has the antagonistic objective of choosing
a strategy o € 7y which minimizes the criterion.

As is usual in stochastic control, we embed the above (game) problem in a dynamic
setting, by considering the game from time 6 onwards, where 6 runs through 7y. From the
perspective of time 6 (where 6 € 7Ty is given), the first agent aims at choosing a strategy
T € Ty such that EJ’TM [I(7,0)] be maximal. The second agent has the antagonistic objective
of choosing o € Ty such that 8;,TM[I(T’ 0)] be minimal.

The following notions will be used in the sequel:

Definition 5.1 Let 0 € 7,.

e The upper value V(#) and the lower value V (0) of the game at time 6 are the random
variables defined respectively by
V(6) := essinf esssup SJ’TM[I(T, o)]; V(0):= esssup essinf SJ’TM[I(T, 0)]. (5.38)

€T T€Ty TETy o€To
o We say that there exists a value for the game at time 0 if V() = V(0) a.s.

o A pair (7,6) € T} is called a saddle point at time 0 for the game if for all (1,0) € T}

we have
s

0, TNG

I(r,6)]<E  [I(#6)<E

= %o,7n5 0,7 Ao [](717 0)] a.s.
o Lete > 0. A pair (7,6) € T§ is called an e-saddle point at time 6 for the game if for

all (1,0) € T} we have
g (o) -e<é&

0,7AG 0,76

[1(7,6) <& [(F,0)]+¢ as.

0,7 No

Remark 5.15 The inequality V.(0) < V(0) a.s. is trivially true. It is also trivially true that
the existence of a saddle point for the game at time 0 € Ty implies the existence of a value
for the game at time 6.

As mentioned in the introduction, in the case where the processes ¢ and ¢ are RCLL, we
recover a game problem which appears in [9] under the name of generalized Dynkin game. In
the case f = 0, we have EZ’TM [I(r,0)] = E[I(1,0) | Fs], and, in this case, our game problem
corresponds to the classical Dynkin game (cf., e.g., [1]).

We also recall the following definition:
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Definition 5.2 Let Y € 82. The process Y is said to be a strong g -supermartingale (resp
&’ -submartingale), if EZ’T[YT] <Y, (resp. 5;7 Y| >Y,) as. ono <, forall o,7 € Ty.

Remark 5.16 Recall that' Y is r.u.s.c. (cf. e.g. Lemma 5.1 in [19]).

Let Y be the first component of the solution to the DRBSDE with parameters (f, ¢, () from
Definition 4.1. For each 6 € 7; and each ¢ > 0, we define the stopping times 7; and o by

7o =inf{t >0, YV, <& +e}; opi=inf{t >0, Y, > —¢}. (5.39)
We first prove the following lemma.

Lemma 5.3 Assume that & and —( are r.u.s.c. The following assertions hold:

1. We have
Yie < &ete and Yo > (s —€  as. (5.40)

2. The process (Y, 0 <t < 75) is a strong &’ -submartingale and the process (Y;, 0 <t <
og) is a strong g -supermartingale.

Proof. We first prove that Y7z < &< + ¢ a.s. By way of contradiction, we suppose
P(Y:: > &= +¢) > 0. By the Skorokhod conditions, we have ACrs = Crz — Crs)—~ = 0 on
the set {Y;e > &= +}. On the other hand, due to Remark 4.9, ACe = Y.: — Y(;¢) ;. Thus,
Yre = Y(;z), on the set {Yze > &= + ¢} Hence,

Y(TQE)JF > STGE + ¢ on the set {Yrg > 575 + e} (5.41)

We will obtain a contradiction with this statement. Let us fix w € Q. By definition of 75 (w),
there exists a non-increasing sequence (t,,) = (t,(w)) J 75 (w) such that Y, (w) < &, (w) + ¢,
for all n € IN. Hence, limsup,,_,.. Y, (w) < limsup,,_, . &, (w) + . As the process ¢ is
ras.c., we have limsup,, ., &, (w) < &=(w). On the other hand, as (t,(w)) | 75(w), we
have lim sup,,_, o, ¥4, (W) = Y(r2)4 (w). Thus, V), (w) < & (w) + ¢, which is in contradiction
with (5.41). We conclude that Y < &: + € as. By similar arguments, using the lu.s.c.
property of ¢, we can show that Y,s > (o= — € a.s. The proof of the first statement is thus
complete.

Let us now prove that the process (Y, 0 < t < 77) is a strong Ef—submartingale. By
definition of 75, we have Y; > & + ¢ on [0, 75| a.s. Hence, A€ is constant on [0, 75[ a.s. (cf.
Skorokhod conditions); by continuity of the process A¢, A¢ is constant on the closed interval
[0,75], a.s. Also, the process A? is constant on [, 75[, a.s. (cf. Skorokhod conditions).
Moreover, Y(;e)- > {(s)- +¢ a.s., which implies that AA% = 0 a.s. Finally, for a.e. w € Q,
for all t € [(w), 75 (w)[, ACH(w) = Ci(w) — C;—(w) = 0; we deduce that for a.e. w € Q,
(Cy—(w)) is constant on [@(w), 75 (w)[, and even on the closed interval [f(w), 75 (w)], since the
trajectories of (C;_) are left-continuous. Thus, the process (A; + C;_) is constant on [, 75|
a.s. By Proposition A.4 in [19]|, we derive that the process (Y;, 8 < ¢t < 75) is a strong
Sf—submartingale. By similar arguments, one can show that (Y3, # < ¢t < ¢j) is a strong
Ef—supermartingale, which ends the proof of the second statement. O
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Remark 5.17 We see from the proof that the second point of the above lemma s true
without any reqularity assumptions on & and C.

Using the above lemma, we show that the game problem defined above has a value, we
characterize the value of the game in terms of the (first component of the) solution of the
DRBSDE (4.13), and we also show the existence of e-saddle points.

Theorem 5.4 (Existence and characterization of the value function) Let f be a Lip-
schitz driver satisfying Assumption (5.1). Let (§,() be an admissible pair of barriers satis-
fying Mokobodzki’s condition and such that & and —( are r.u.s.c. Let (Y,Z k, A, A',C,C")
be the solution of the DRBSDE (4.13). There exists a common value function for the gen-
eralized Dynkin game (5.38), and for each stopping time 0 € Ty, we have

Yo=V(@)=V(0) as (5.42)

Let 6 € Ty and let € > 0. For each (1,0) € T§, the stopping times 75 and o5, defined by
(5.39), satisfy the inequalities:

f

9,7’/\0’5

f

9,7’5/\0’

VAN

[I(1,05)] —Le <Yy [I(m5,0)] + Le  a.s., (5.43)

where L is a positive constant which only depends on the Lipschitz constant K of f and on
the terminal time T. In other terms, the pair (15,05) is an Le-saddle point at time 6 for
the generalized Dynkin game (5.38).

Proof. Let 6 € 7y and let € > 0. Let us show that (75, 0§) satisfies the inequalities (5.43).
By Lemma 5.3, the process (Y;, 0 <t < 75) is a strong Sf—submartingale. We thus get

Y, < &

9,7’5/\0‘

[Yieno]  as. (5.44)
Now, since Y;e < &= + ¢ (cf. Lemma 5.3) and Y < (, we have:
YTng < (fq—g + 5)17'597 + <010<T§ < [<T9€7 U) +é& as.

where the last inequality follows from the definition of I(75,0). By using the inequality
(5.44) and the nondecreasingness of £, we derive

Yy < EZ’TEM [I(15,0)+¢] < ‘g;,rgm[I(Tg’ o)+ Le as., (5.45)

where the last inequality follows from an estimate on BSDEs (cf. Proposition A.4 in [37]).
Using similar arguments, it can be shown that Y, > E;CMUE [I(1,05)] — Le a.s, which,
together with (5.45), leads to the desired inequalities (5.43). '

Now, since inequality (5.45) holds for all o € 7y, it follows that

Yy < essinf & [I(75,0)] + Le < esssup essinf & [I(7,0)] + Le a.s.
0.67’0 9,7’0/\0' 7_67—0 0-67’9 0,7N\o
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From this, together with the definition of V (#) (cf. (5.38)), we obtain Yy < V() + Le a.s.
Similarly, we show that V(#)—Le < Ypa.s. foralle > 0. We thus get V() < Yy < V(0)
a.s. This, together with the inequality V() < V(0) a.s., yields V.(§) = Yy = V(0) a.s. The
proof is thus complete. l

We will now show the existence of saddle points under an additional regularity assump-
tion on the barriers. Let (Y, Z,k, A, A’,C,C") be the solution of the DRBSDE (4.13). For
each 0 € 7Ty, we introduce the following stopping times:

o =inf{t > S, Vi =&}, o i=inf{t > S, Y, =}, (5.46)
and

To:=inf{t > S, Ay > Agor Cp- > Cyp-}; Tp:=inf{t > 5, A, > A or C;- > Cy_}.
(5.47)

Theorem 5.5 (Existence of saddle points) Let the assumptions of the previous theorem
hold. We assume moreover that & and —( are l.u.s.c. along stopping times. Then, for each
0 € To, the pairs of stopping times (7;,0,) and (Tg,Tg), defined by (5.46) and (5.47), are
saddle points at time 0 for the generalized Dynkin game.

Proof.  The proof of the theorem is given in the Appendix. O

Classical Dynkin game with irregular rewards Let (§,() be an admissible pair of
barriers satisfying Mokobodzki’s condition and such that £ and —( are r.u.s.c. (as above).
We consider the particular case where f = 0. Let 0 € Ty. For 7 € Ty and o € Ty, it holds
£’ [I(r,0)] = E[I(r,0) | Fs]. The upper and lower values at time 6 are then given by

0,7TNo

V(0) := essinf esssup E[I(7,0)| Fg]; V(0) := esssup essinf E[I(r,0)|Fp], (5.48)
€Ty €T, T €Ty
We thus recover the classical Dynkin game on stopping times (with linear expectations)
recalled in the introduction (cf., e.g., [4] and [1]). In [1], it has been shown that this
classical Dynkin game has a value. From our Theorems 5.4 and 5.5, we derive the following
infinitesimal characterization of the value of this game:

Corollary 5.1 There exists a process Y € S8? which aggregates the common value function,
i.e., Y is such that for all® € Ty, Yo = V(0) = V.(0) a.s. Moreover, the process Y is equal to
the first component of the solution (Y, Z k, A, A’",C,C") of the DRBSDE (4.13) associated
with driver f = 0 and with barriers & and C.

If, moreover, & and —( are l.u.s.c. along stopping times, then for each 0 € Ty, the pairs
of stopping times (7;,0;) and (Ty,7p), defined by (5.46) and (5.47), are saddle points at
time 0 for the Dynkin game (5.48).
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Game options In this paragraph, we briefly discuss how the results of this section can be
applied to the problem of pricing of game options in some market models with imperfections.
We recall that a game option is a financial instrument which gives the buyer the right to
exercise at any stopping time 7 € 7 and the seller the right to cancel at any stopping time
o € T. If the buyer exercises at time 7 before the seller cancels, then the seller pays to the
buyer the amount &,; if the seller cancels at time o before the buyer exercises, the seller pays
to the buyer the amount (, at the cancellation time o. The difference ( —& > 0 corresponds
to a penalty which the seller pays to the buyer in the case of an early cancellation of the
contract. Thus, if the seller chooses a cancellation time ¢ and the buyer chooses an exercise
time 7, the former pays to the latter the payoff I(7, o) (defined in (1.1)) at time 7 A 0. In
the seminal paper [15], Kifer relates the problem of pricing of game options in a frictionless
complete market model to the theory of "classical" Dynkin games (with " classical" linear
expectations). Since Kifer’s work [15], it is well-known that if the market model is complete
and if the processes ¢ and ( are right-continuous and satisfy Mokobodzki’s condition, then
the price of the game option (up to a discount factor) is equal to the common value of the
classical Dynkin game from equation (1.3), where the expectation is taken under the unique
martingale measure of the model. Let us also recall that, in a complete market model, the
expectation under the unique martingale measure corresponds (up to discounting) to the
pricing functional for European-type options.

In market models with imperfections however, pricing rules for European-type options are
in general no longer linear (cf, e.g. the notion of non linear pricing system introduced in
[14] or the notion of pricing rule introduced in [30]). In a large class of market models with
imperfections, European options can be priced via an f-expectation/evaluation, where f is a
nonlinear driver in which the imperfections are encoded (cf. [14] where also several concrete
examples of imperfections are provided). In such a framework, the problem of pricing of
game options has been considered in [10]: when & and ( are right-continuous and satisfy
Mokobodzki’s condition, the common value of the £/-Dynkin game from equation (1.5) is
shown to be equal to the "seller’s price" of the game option (cf. Theorem 3.12 in [10]).
Using Theorem 5.4 and Proposition 4.1 of the present paper, we can show that the result of
[10] can be generalized to the case where the assumption of right-continuity is replaced by
the weaker assumption of right-uppersemicontinuity of £ and —(.

5.2 The general irregular case

In this subsection (&, () is an admissible pair of barriers satisfying Mokobodzki’s condition.
Contrary to the previous subsection, here we do not make any regularity assumptions on the
pair (£, (). In this general case, we will interpret the DRBSDE with a pair of obstacles (&, ()
in terms of the value of "an extension" of the zero-sum game of the previous subsection over
a larger set of "stopping strategies" than the set of stopping times 7y. To this purpose we
introduce the following notion of stopping system.
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Definition 5.1 Let 7 € Ty be a stopping time (in the usual sense). Let H be a set in F,.
Let H® denote its complement in Q. The pair p = (1, H) is called a stopping system if
Hn{r=T}=02.

By taking H = ) in the above definition, we see that the notion of a stopping system
generalizes that of a stopping time (in the usual sense).

Remark 5.6 A stopping system is an example of divided stopping time (from the French
"temps d’arrét divisé") in the sense of [11] or [1].

We will also use the following notation: for two stopping systems p = (7, H) and
p = (7, H"), we write {p < p'} for the set {r < 7'}. The set {p < p'} is defined simi-
larly. We denote by Sy the set of all stopping systems; for a stopping time 6 € 7T, we denote
by Sy the set of stopping systems p = (7, H) such that § < p (i.e. such that 6 < 7).

For an optional right-limited process ¢ and a stopping system p = (7, H), we define ¢,
by
Gp = Orly + Or+ Lye.

In the particular case where p = (7,2), we have ¢, = ¢, so the notation is consistent.

For an optional (not necessarily right-limited) process ¢ and for a stopping system p =

(1, H), we set
Sy = b1y + orlpe and ¢, == ¢, 1y + ¢ 1pe,

where (@) (resp. (¢,)) denotes the right upper- (resp. right lower-) semicontinuous envelope
of the process ¢, defined by ¢; := lim sup,, .. & (resp. ?t = liminf,; s~ &), forall t € [0, T
(cf., e.g., [11, page 133]). The process ¢ (resp. (¢,)) is progressive and right upper- (resp.
right lower-) semicontinuous.
Note that when ¢ is right-limited, we have gb; = gb; = .
Moreover, in the particular case where p = (7,(2), we have gbz = gblp = ¢, so the notation is
consistent.
With the help of the above definitions and notation we formulate an extension of the zero-
sum game problem from Subsection 5.1 where the set of "stopping strategies" of the agents

is the set of stopping systems. More precisely, for two stopping systems p = (7, H) € Sy and
d = (0,G) € Sy, we define the pay-off I(p,d) by

I(p,0) =& Lpes + Cslocy- (5.49)

We note that, by definition, I(p,d) is an F,,,-measurable random variable. As in the
previous subsection, the pay-off is assessed by an f-expectation, where f is a Lipschitz

driver. Let 6 € Ty be a stopping time. The upper and lower value of the game at time 6 are
defined by:
V(0) := essinf esssup SZTM [I(p,d)]; V(0):= esssup essinf g [I(p,d)].

O=(0.G)ES0 p=(r,H)ES) p=(rH)ESy 9=(0:C)E80 71

(5.50)
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The other definitions from Definition 5.1 are generalized to the above framework in a
similar manner, by replacing the set of stopping times 7y by the set of stopping systems
Sp. We will refer to this game problem as "extended" £/-Dynkin game (over the set of
stopping systems). We will show that the "extended" £/-Dynkin game defined above has
a value V(6), that is, we have V() = V() = V() a.s., and that this (common) value
coincides with the first component of the solution (at time 6) to the DRBSDE with driver
f and obstacles (£, (); we also show the existence of e-optimal stopping systems.

Let us give some definitions. For each 6 € Ty and each € > 0, we define the sets

A ={(w,t) e O x[0,T]: Y, <& +e} B :={(w,t) €eQx[0,T]:Y; > —e}.

We recall that the stopping times 7; and o have been defined as the débuts after § of the
sets A% and B® (cf. Eq. (5.39)). We now set

H ={weQ:(w1(w) e A} G ={we: (wow)) € B}
and we define the stopping systems

pg = (75, H®) and d; := (0g, G"). (5.51)

The following lemma uses an additional piece of notation.
For an optional right-limited process ¢, we set

¢p/\5 = (bplpgé + ¢515<p-

Remark 5.18 For general stopping systems, the above notation is not symmetric (i.e. the
equality ¢,ns = Gsn, is not necessarily true). In the particular case where p = (1,9Q) and
§ = (0,9Q) (i.e. the particular case of stopping times), we have ¢,ns = Grps, Where T Ao
1s the usual notation for the minimum of the two stopping times T and o, and we have the

equahty (bp/\(g = (bT/\O' = (bU/\T = (bé/\p-
Lemma 5.7 The following assertions hold:

1. We have
Y < §;§ +e and Y > C:sg —& a.s. (5.52)

2. For all stopping systems p = (1, H) and 6 = (0, G), we have

8;,7'95/\0 [vafo/\é] > Yb and gg,a;/\a[%gf\p] < Yb

Proof.  Let us prove the first point. On the set H*®, we have Ye = Y= <& +e = 5;2 + €,
where we have used the definitions of pj, Yy, f;z and H¢. On the complement H*¢ we have:

Yoe = Yoey and £, = &z (5.53)
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On the other hand, by definitions of 7; and of H*¢, for a.e. w € (), there exists a de-
creasing sequence (t,) = (t,(w)) such that t,(w) | 75(w) and Y;, < &, + ¢, for all
n € IN. Hence, limsup, .. Y;, (w) < limsup, ... &, (w) + &. Now, be definition of &, we
have lim sup,, ., &, (w) < &= (w). On the other hand, we have limsup,, ., Vi, (w) = Y= (w).
Hence, Ve (w) < & (w) + €. This inequality, together with (5.53) gives that Y, < §;§ +e
a.s. on H=‘. We thus derive the desired result, namely Y,s < 5;5 + ¢ a.s. on ().

Let us prove the second inequality. On the set G*, we have Yss = Yoe > (oe —€ = C(l;g —¢,

where we have used the definitions of dg, Yss, Cf;g and G°. On the complement G*¢, we have
Yas = Yory and (. = g (5.54)

Now, for a.e. w € (2, there exists a decreasing sequence (t,) := (t,(w)) such that
tn(w) I o5(w) and Yy, (w) > ¢, (w) — ¢, for all n € IN. Hence,

liminf ¥, (w) > liminf ¢, (w) — «. (5.55)
n—oo

n—o0

Now, liminf,, e Y, (w) = Yoe 4 (w). Moreover, by definition of ¢, we have
liminf, o G, (w) > ¢ . (w). Hence, by (5.55), we get Y,= 1 (w) > ( . (w) — . Using (5.54),
=04 %9
we derive that on G*¢, Y5z > C(l;g —¢ a.s. We have thus shown that Y5 > C(l;g —c a.s.on ()
Let us prove now the first inequality of the second point. We have

Yioens = Yoslpe<s + Yslscps = Yielreco + Ysloors.

For the first term, we have Yje = Yrelye + Yz 1gec. Now, on H*¢ we have Y= > = + €.
The Skorokhod condition thus gives AC7: = 0. This, together with Remark 4.9, gives
(YTOEJr — YTQE)* = 0. Hence, Yzy > Y= on H®°. Hence, Y, > Yi=. For the second
term, we have Y;l,<re = (Y1 + Y0+1HC)10<7'95- By using the fact that Y is a strong
E/-submartingale on [0, 75] (cf. Lemma 5.3 and Remark 5.17), we have Y,, > Y, on
{o < 75}. Hence, (Y1 + Y0—+1H0)1U<7-65 > Y;1,<s. By combining the two terms, we
get Yiens > Yoelrecy + Yol,0e = Yie s, Using this and the nondecreasingness of 85,75 rol]s
we obtain 85%5/\0 [Yoens] > Sg,TgAO[YTQ%]. As Y is a strong £/-submartingale on [0, 75] (cf.

Lemma 5.3 and Remark 5.17), we get 85,75 o [YTg ro] = Yp, from which we conclude. O

Lemma 5.8 The following inequalities hold:

" I(p.5))—Le < Yy < E

e,TAO'E G,TQEAU

[I(pg.0)] + Le a.s., (5.56)

Proof. Let 6 € 7y and let € > 0. Let us show that (p§, d5) satisfies the inequalities (5.56).

By Lemma 5.7,
!

9,7’5/\0[

Yo < E Yiens] as. (5.57)
By definition of Y,c a5, we have
Yoens = Ypelpecs + Yslscps  as.
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Now, Y, < 5:2 +e¢ (cf. Lemma 5.7). Moreover, since Y < ¢ and since Y is right-limited,
we have Y5 = Y; < (5. We thus get

Yoens < (€ +6)1pecs + Glocyy < 1(p5,0) +e as.
where the last inequality follows from the definition of I(p§,0). By using the inequality
(5.57) and the nondecreasingness of £, we derive

Y, < &

95/\

[1(p5,0) +e] <E,

95/\

[I(p5.0)] + Le as., (5.58)

where the last inequality follows from an estimate on BSDES (cf. Proposition A4 in [37]).
Using similar arguments, it can be shown that Y, > &’ [I(p,05)] — Le a.s, which,

9/\6

together with (5.58), leads to the desired inequalities (5.56). O

In the following theorem we show that the extended £/-Dynkin game has a value which
coincides with the first component of the DRBSDE with irregular barriers.

Theorem 5.9 (Existence of a value and characterization) For all 6 € Ty, we have
V) =Yy =V(0) as.
Proof.  Since the right-hand inequality in (5.56) holds for all § = (0, G) € Sy, we have

Yy < essinf & 1(5,8)] + Le < esssu essinf € 11 )+ Le as.
oS jeint £ 1550 +Le< o esint £ [1(5,0)

From this, together with the definition of V' (6) (cf. (5.38)), we obtain Y, < V(0)+ L
e )

a.s. Similarly, we show that V(f) — Le < Yj as. for all ¢ > 0. We thus get V(¢ S
Yy < V(0) as. This, together with the inequality V() < V(0) a.s., yields V(0) = Y =
V() a.s. The proof is thus complete.

U

6 'Two useful corollaries

Using the characterization of the solution of the nonlinear DRBSDE as the value function
of the "extended" £/-Dynkin game (over the set of stopping systems)(cf. Theorem 5.9), we
now establish a comparison theorem and a priori estimates with universal constants (i.e.
depending only on the terminal time 7" and the common Lipschitz constant K).

Corollary 6.2 (Comparison theorem for DRBSDEs.) Let (¢!, (') and (€2, (?) be two
admissible pairs of barriers satisfying Mokobodzki’s condition. Let f1, f? be Lipschitz drivers
satisfying Assumption 5.1. Fori=1,2, let (Y, Z%, k', A", A", C*,C"") be the solution of the
DRBSDE associated with driver f' and barriers £, (.

Assume that £ < &' and ¢* < ¢Y and f2(¢, Y72, Z2 k) < fH(t, Y2 Z2,k?) dP @ dt-a.s.
Then, we have Y? <Y1,
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Proof. Step 1: Let us first assume that ¢2 < &' (2 < ¢!, and that f2(t,y,2,k) <
fUt,y, 2, k) for all (y,2,k) € R* x L?, dP ®@ dt-a.s. Let € Sy. For i = 1,2 and for all
stopping systems p = (7, H) € 8,0 = (0,G) € Sp,let ' _[I'(p, 9)] be the first coordinate of
the solution of the BSDE associated with driver f¢, terminal time 7Ac and terminal condition
I'(p,6) = (§)41 <5 + (€515, Since €2 < &' and ¢* < ¢!, we have I*(p,d) < I'(p,9) a.s.
Since, moreover f2 < f!, the comparison theorem for BSDEs gives: for all stopping systems
p=(1,H) € Sp,d=(0,G) €Sy, E [I*(p,0)] < &, [I'(p,0)] a.s. Taking the essential
supremum over p in Sy and the essential infimum over ¢ in Sy in this inequality, and using the
characterization of the solution of the DRBSDE with obstacles (&, () as the value function
of the "extended" £/-Dynkin game (cf. Theorem 5.9), we obtain:

G AL L o A
Since this inequality holds for each 8 € T, we get Y2 < Y1
Step 2: We now place ourselves under the assumptions of the theorem (which are weaker
than those made in Step 1). Let f be the process defined by f, := f2(t, Y32, 22, k%) —
Y, Y2, Z2 k?), which, by assumption, is non positive. Note that (Y2, Z2 k?) is the solu-
tion of the DRBSDE associated with barriers £2,(? and driver f!(t,y,z, k) + ft We have
Yy, 2 k) + fi < fU(t,y, 2, k) for all (y, 2, £). By Step 1 applied to the driver f' and the
driver f1(t,y,z k) + f; (instead of f?), we get Y2 < Y1, O

Using Theorem 5.9 and Lemma 5.8, we prove the following estimates for the spread of
the solutions of two DRBSDEs with irregular barriers.

Corollary 6.3 (A priori estimates for DBBSDEs) Let (&%, ¢!) and (£2,(?) be two ad-
missible pairs of barriers satisfying Mokobodzki’s condition. Let f', f? be Lipschitz drivers
satisfying Assumption 5.1 with common Lipschitz constant C > 0. Fori = 1,2, let Y be
the solution of the DRBSDE associated with driver f* and barriers £, C*.

- ; . 3 1
LetY :=Y! - Y2 €:=¢ — €2 (= — (2% Letn, >0 with B>~ +2C and n < ok
n
Setting 6 fs := f2(t, Y2, Z2, k) — f1(t, Y2, Z2 k?), 0 < s < T, for each 0 € Ty, we have

s 'Vs )78 Tsy s

T
V2 < P79 Eless sup 572 + esssup §T2|]:9] + nE[/ PO (51,)%ds| Fy)  aus. (6.59)
TETy T€Ty 0

Proof.  The proof is divided into two steps.

Step 1: For i = 1,2 and for all stopping systems p = (1, H),§ = (0,G) € Sy, let (X",
7P [4r9) be the solution of the BSDE associated with driver f?, terminal time 7 A o and
terminal condition I*(p,d), where I'(p, 6) = (£")41 <5+ (¢*)5Ls<p- Set XP0 = X1ed _ X200

and I(p,0) := I'(p,8) — I*(p,8) = ((€")5 — (€7)5)Lpzs + ((¢1)5 — (C*)5)Los.
By an estimate on BSDEs (see Proposition A.4 in [38]), for each § € 7y, we have a.s.:

T
(X5°)? < "I E[L(p,6)* | Fol + nE| / PETON(f = ) (s, X200, w200 12002 ds | Fo.
0
(6.60)

30



From this, together with the definitions of (£')% and (¢)§, we derive

T
(X£’6)2 < eﬁ(T_e)E[ess sup 572 + esssup C72|.7:9] + nE[/ 65(8_9)(f8)2d3|}"9] a.s. (6.61)
9

TETy TETy

where f, := sup,, . ¢ [F1(s, 4,2, &) — f*(s, ¥, 2, k)|. Now, by using inequality (5.56), we obtain
that for all € > 0 and for all stopping systems p = (1, H),0 = (0,G) € Sy,

Y = Y2 < X, — X0 4 2L as.
Applying this inequality to p = pj, d = d5 we get
V) — Y2 < X000 - X% 4 oLe < | X0 - X0 4 20 as) (6.62)

By (6.61) and (6.62), we have:

TETy TETy

T
Yy - Y7 < \/eﬁ(T—G)E[eSS sup 572 + esssup CTQ\]:@] + nE[/ ePls=0)(fo)2ds|Fy] +2Le  aus.
o

By symmetry, the last inequality is also verified by Y;# — Y,}. We thus derive that

T

Y < P79 Fless sup £~T2 + esssup Q:TQ\]:@] + nE[/ PO (F,)%ds| F)  as. (6.63)
T€Ty 7€To 0

This result holds for all Lipschitz drivers f! and f? satisfying Assumption 5.1.

Step 2: Note that (Y2, Z2 k?) is the solution the DRBSDE associated with barriers £2, ¢?

and driver f(t,y, 2, k) +4df;. By applying the result of Step 1 to the driver f1(,v, z, £) and

the driver f(t,y,2, &) + 0 f; (instead of f?), we get the desired result. O

Remark 6.1 Such estimates on non linear DRBSDFEs with universal constants seem very
difficult to show by using Gal’chouk-Lenglart’s formula. Note that up to now, no estimates
with universal constants have been shown by using Ito’s techniques in the literature even
when the barriers are continuous (see Remark 4.5 in [9] for details). This point shows the
relevance of the characterization of the solution of a non linear DRBSDE given in Theorem

5.4.
7 Appendix

Lemma 7.1 Let X € L% Let (M) be the right-continuous version of the conditional ezx-
pectation of X, that is M, := E[X | F], 0 <t < T. The process (M) belongs to S?.

Proof.  Since (M) is right-continuous, we have esssupyes, Mg = SUPyeo,7] M? as. By
Doob’s martingale inequalities in L?, we derive that Elesssupger, M| < 2E[X?] < +oo,
which ensures that (M;) € S%. O
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Lemma 7.2 Let (Y") be a nondecreasing sequence of strong supermartingales (non neces-
sarily cad lag) such that sup, |Y"| € §%. Let Y := lim, o, Y". The process Y is then a
strong supermartingales (belonging to S?).

Proof. A short proof is given for the convenience of the reader. Since sup, |Y"| € 82,
we have Y € 8% Moreover, by the monotone convergence theorem for the conditional
expectation, we have for each 6,0 € Ty with ' < 0 a.s.,

ElYy| Fo] = lim E[Yy' | Fo] < lim Yy as.,
n—oo n—oo
where the inequality follows from the strong supermartingale property of the processes Y,

n € N. Since Yy = lim, Y, a.s., we get E[Yy| Fo] < Yp a.s. Hence, YV is a strong
supermartingale. O

We recall below the following result on RCLL adapted processes with integrable total
variation (cf. Proposition A.7 in [9]).

Proposition 7.3 Let (X2, F, P) be a probability space equipped with a completed right-continuous

filtration (Fi)o<t<r. Let a = (on)o<i<r be a RCLL process with integrable total variation,
that is, E(|a|r) < oo, where |a|r is the total variation at time T'. There ezists an unique pair
(A, A’) of RCLL optional non decreasing processes with Ag = Aj, = 0, integrable (that is such
that E(Ar) < oo and E(A%) < o0) and satisfying the equality o« = A — A" with dA, L dA].
This decomposition is called the canonical decomposition of the process a. If E(|al%) < oo,
then Ar and A, € L?. Moreover, if (B, B') is a pair of integrable RCLL optional non
decreasing processes with By = B, = 0 such that « = B — B’, then dA; << dB; in the
(probabilistic) sense, that is, for each K € O with fOT 1xdB; = 0 a.s., then fOT 1xdA; =0
a.s.

Moreover, when the process « is predictable, then A and A" are predictable.

We now show the following result.

Lemma 7.4 Let & be an optional process which can be written & = My + oy + -, where
M a square integrable martingale, o and vy are RCLL adapted processes with g = v9- = 0,
and with square integrable total variation that is, E(|a|%) < oo and E(|y|%) < oco. Then,
the process & can be written as the difference of two non negative square integrable strong
supermartingales.

Proof. By the above Proposition 7.3, there exists an unique pair (A, A’) of non decreasing
RCLL adapted processes such that Ay and A/, are square integrable, and o = A" — A with
dA; L dAj. Similarly, there exists an unique pair (C,C”) of non decreasing RCLL adapted
processes such that Cr and C. are square integrable, and v = C" — C with dC; L dCy.
The processes H and H’ defined by H; := E[¢f + Ap — Ay + Cp- — Cp-|F;] and H] :=
El¢r + Al — A, + Cl._ — C]_|F] are non negative strong supermartingales belonging to S2.
Moreover, we have § = FE[{r + ar — oy + yp- — Y- | Fi] = Hy — H], which gives the desired
result. O
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Remark 7.5 From this lemma, we derive that if € and ¢ are optional processes in S* with
(r =& and £ < (, and such that & (or () satisfies the assumptions of Lemma 7.4, then the
pair (€, () satisfies Mokobodzki’s condition (4.19).

Proof of the statement of Remark 4.14 Let (A, C) (resp. (A’,C")) be the Mertens
process associated with the strong supermartingale X/ (resp. X'f), that is satisfying

X = E[Ap— A+ Cr_—Cy_ | F (resp. X,7 = E[AL,—Al4+Cl_—C!_| F)), for all t € [0,T].

We have to show that A, C, A’ and C’ are equal to the four last coordinates of the solution
of the DRBSDE associated with parameters (£, (, f). To this purpose, we apply the same
arguments as those used in the proof of Proposition 4.3 to X = X/ and X’ = X'/, Let
B, D, B" and D’ be defined as in this proof. Set H; := E[By — By + Dyr_ — D;_ | F3] and
H| := E[B} — B+ D_ — D,_|F]. Since dB; << dA;, dB; << dA,, dD; << dC; and
dD} << dC}, we have H < X/ and H' < X', Moreover, H — H = X/ — X'7, which yields
that £/ < H — H' < {/. By the minimality property of (X/, X'} (cf. the last assertion of
Proposition 4.2), we derive that H = X/ and H' = X'/, Hence, B=A, B' = A', D =C
and D" = C’. By the properties of B, B’, D, and D’, we thus get dA; 1 dA} and dC; 1 dCj.
Let now Y be defined by (4.26) with X = X7 and X’ = X'/, and let (Z, k) be defined as
in the proof of Proposition 4.3. The process (Y, Z, k, A, C, A’, C") is then the solution of the
doubly reflected BSDE with parameters (f, &, (). The proof is thus complete. O

Proof of Theorem 5.5 The proof of Theorem 5.5 relies on the following lemma.

Lemma 7.6 Let f be a driver satisfying Assumption (5.1). Let (£,() be an admissible
pair of barriers satisfying Mokobodzki’s condition and such that & and —( are r.u.s.c. Let
(Y, Z, k, A, A',C,C") be the solution of the DRBSDE (4.13). Assume moreover that A (resp.

A') is continuous. For each 0 € Ty, the following assertions hold:

1.
Yoo =& (vesp. Yor = (ox) a.s (7.64)
Moreover, the process (Y, 0 < t < 73) is a strong & -submartingale (resp. (Yy, 6 <
t <o) is a strong E -supermartingale).
2.

YFQ = gFG (resp' YEQ = CE@) a.s. (765)

Moreover, the process (Y;, 0 < t < 7y) is a strong & -submartingale (resp. (Y;, 0 <
t <Ty) is a strong g -supermartingale).

Proof. ~ We suppose A is continuous (the case where A’ is continuous can be treated by
similar arguments). To prove the first statement we note that Y > & as., since Vs
(the first component of) the solution to the DRBSDE with barriers £ and (. We show that
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Y < & a.s. by using the assumption of right-upper semicontinuity on the process &; the
arguments are similar to those used in the proof of part 1. of Lemma 5.3 and are left to
the reader. Moreover, by definition of 7, we have Y; > & on [0, 75| a.s.; hence, the process
A is constant on [0, 75| and even on the closed interval [#, 7] due to the continuity. We
show that C;_ is constant on [, 7;] by the same arguments as those of the proof of the first
statement of Lemma 5.3. Thus, the process (A; + C;_) is constant on [, 7;]. By Proposition
A4 in [19], we derive that the process (Y;, 0 <t < 7;) is a strong &’ -submartingale, which
completes the proof of the first statement.

Let us prove the second statement. By definition of Ty, we have Az, = Ay a.s. and
C7,_ = Cyp- a.s. because (A;) and (C;-) are left-continuous. By Proposition A.4 in [19], the
process (Y;, 0 <t < Tp) is thus a strong Ef-submartingale. Moreover, since the continuous
process A increases only on {Y; = &} and AC; = 1y,—¢ 1 ACY, we have Yz, = &, a.s., which
ends the proof of the second assertion. O

Remark 7.7 When A s continuous, since A.» = Ap a.s. and CT;; = Cy- a.s., by the
definition of Ty, we get 7; < Tg a.s. Similarly, when A’ is continuous, we have o}, < Gy a.s.

Using the above lemma, we prove Theorem 5.5.
Proof of Theorem 5.5. Let § € T5. By Theorem 5.4, we have Yy = V() = V(0) as.
Moreover, by Proposition 4.1, since the barriers £ and —( are supposed to be l.u.s.c. along
stopping times, it follows that the non decreasing processes A and A’ are continuous. Let
7 € Ty. Let us show that
Y, > & [I(r, o;)] as. (7.66)

- 9,7’/\0‘2‘

Since by Lemma 7.6 (first assertion), the process (V;, 0 < t < 7 A 0}) is a strong &' -

supermartingale, we get
f

"
9,7’/\09

Yo > E Yinos]  as. (7.67)

Since Y > ¢ and Y,» = (,» a.s. (by Lemma 7.6), we also have
Y:r/\ag = lergaz + Yag‘ 1J;<T Z g’r]-’rﬁa; + ga; 1O'z<7' = ](7—7 U;) a.s.

By inequality (7.67) and the non decreasing property of £’ we derive inequality (7.66).
Similarly, one can show that for each o € Ty, we have: Yy < 5; . I(r5,0)] a.s., which
Ty No

together with the inequality (7.66) implies that (7, o) is a saddle point at time 6. Similarly,
using Lemma 7.6 (second assertion), it can be shown that (7, 7) is a saddle point at time
6, which ends the proof. O
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