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Eric Houngla Adjakossa®®*, Gregory Nuel”

¢International Chair in Mathematical Physics and Applications (ICMPA-UNESCO Chair) /University of
Abomey-Calavi, 072 B.P. 50 Cotonou, Republic of Benin
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Abstract

This paper focuses on the multivariate linear mixed-effects model, including all the correlations
between the random effects when the marginal residual terms are assumed uncorrelated and ho-
moscedastic with possibly different standard deviations. The random effects covariance matrix is
Cholesky factorized to directly estimate the variance components of these random effects. This
strategy enables a consistent estimate of the random effects covariance matrix which, generally,
has a poor estimate when it is grossly (or directly) estimated, using the estimating methods such
as the EM algorithm. By using simulated data sets, we compare the estimates based on the present
method with the EM algorithm-based estimates. We provide an illustration by using the real-life
data concerning the study of the child’s immune against malaria in Benin (West Africa).

Keywords: multivariate linear mixed-effects model, consistent estimate, profiled deviance

1. Introduction

Linear mixed-effects model (Hartley and Rag, [1967; [Laird and Ware, [1982; [Verbeke, (1997,
Hedeker and Gibbons, 2006; [Fitzmaurice et all, [2012) has become a popular tool for analyzing
univariate multilevel data which arise in many areas (biology, medicine, economy, etc), due to its
flexibility to model the correlation contained in these data, and the availability of reliable and ef-
ficient software packages for fitting it (Bates et all,[2014; [Pinheiro et all, [2007; [Littell et all, [1996;
Halekoh et all,[2006). Univariate multilevel data are referred to as observations (or measurements)
of a single variable of interest on several levels (school in a village which, in turn, is in a town),
while multivariate multilevel data are characterized by multiple variables of interest measured
at multiple levels. Examples include exam or test scores recorded for students across time, and
multiple items at a single occasion for students in more than one school. Multivariate extension

of the (single response variable-based) linear mixed-effects model is, indeed, having increasing
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popularity as flexible tool for the analysis of multivariate multilevel data (Sammel et alJ, h&&é;

Schafer and Y]]gg], IZO_OJ; Wang and FaJ, Im; Jensen et alJ, IM)

For the linear mixed-effects model, many methods for obtaining the estimates of the fixed

and the random effects have been proposed in the literature. These methods include Henderson’s
mixed model equations Hgndgrsgg, IL%LJ), approaches proposed by IQMM@_YI ._@1 as well as
techniques based on two-stage regression, Bayes estimation, etc. For details, see ,

@, Section 7.4c) and ). Concerning the variance parameters estimation in linear

mixed-effects model, the discussed methods in the literature include the ANOVA method for bal-
anced data which uses the expected mean squares approach (IS@, IIJL%J, Ilild) For unbalanced
data, @ (IM) proposed the minimum norm quadratic estimation (MINQUE) method, where the

resulting estimates are translation invariant under unbiased quadratic forms of the observations.

Lee and Nel M) gave another method of estimating variance parameters using extended
quasi-likelihood, i.e. gamma-log generalized linear models. For more details on these parame-
ters’ estimation methods in the linear mixed-effects model, see the paper of |G;un_egizmnd_]lmn£|
@) Beside all the methods cited earlier, come the Maximum Likelihood (ML) and the Re-
stricted Maximum Likelihood (REML) methods. ML and REML methods are the most popular

estimation methods in the linear mixed-effects model (Li , ). The main

attraction of these methods is that they can handle a much wider class of variance models than
simple variance components @M, Iloﬁ)

In the multivariate linear mixed-effects model, ML and REML estimates are frequently ap-
proached through iterative schemes such as EM algorithm (IMensz and RubiIJ, |19_9_£; )

M; An et alJ, |2L14; Schafer and Yuggj, |24)Dj; Shah et alJ, h&&ﬂ) This avoid the difficulties re-

lated to the direct calculating of the parameters’ likelihood, since the random effects are not

observed, without ignoring the flexible computationally of these algorithms. Despite the existence

of valid theorems which show the asymptotic convergence of the sequences produced by these

algorithms toward ML estimates (Dempster 1., 11977), in practice this may not always work
exactly as expected.

In this paper, we focus on the multivariate linear mixed-effects model, including all the cor-
relations between the random effects while the marginal residuals are assumed independent ho-
moscedastic with possibly different standard deviation. The class of multivariate mixed-effects
models considered here assumes that the random effects and the residuals follow Gaussian dis-
tributions, and the dependent variables are continuous. In this model, our approach consists in
directly calculating the likelihood of the model’s parameters. This likelihood is used to obtain
the ML estimates or the REML estimates through the provided REML criterion. This strategy
may explain the high quality of the estimates of both fixed effects parameters and random effects’

variance parameters as well as residual variance parameters. This approach may be viewed as a
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generalization of the approach proposed by Bates et all (2014) under the R software (R_Core Team,
2015) package named lme4.
2. Multivariate linear mixed-effects model

For the sake of simplicity we focus on the bivariate case (d = 2) in most of the paper, but the
generalization to higher dimensions (d > 2) is straightforward. Thus, in dimension 2, the model

is the following:

y1 = X181+ Zim + e,

y2 = XoBa + Zoya + €2, (1)
where
r, T € 0’1 0
y={"~nfor=( 1 ")) e= T~ 0T )] @
72 F12 l—‘2 €2 0 021N

For the sake of simplicity, we write v ~ A/(0,T) to mean that ~ is a realization of a random
vector which is A(0,T") distributed. For k € {1,2}, % and -, denote respectively the fixed effects
and the random effects vector of covariates, while ¢y is the marginal residual component in the
dimension k£ of the model. X} is a matrix of covariates and Zj a covariates-based matrix of
design. dim(Xy)= N x p, and dim(Z;)= N x g, where N is the total number of observations. py
and g are, respectively, the number of fixed effect related covariates and the number of random
effect related covariates in the dimension k of the model. y = (y; ,y, )" is the vector of marginal
observed response variables of the model. We assume that y is a realization of a random vector Y
and belongs to R*V. The bold symbols represent parameters, or vectors, of multiple dimensions
(i.e. T'; concerns dimension 1 of the model while T' concerns both dimensions).

I'y and 'y are the variance-covariance matrices of v, and 2, respectively. I'; and I's must be,
indeed, positive semidefinite. It is then convenient to express the model in terms of the relative
covariance factors, Ag, and Ap,, which are ¢; X g1 and g2 X g2 matrices, respectively. Ay, is a
block diagonal matrix. Each element in the diagonal of Ay, is a lower triangular matrix whose
nonzero entries are the components of the vector 6;. That is, 6; generates the symmetric ¢; X ¢;

variance-covariance matrix I'y, according to

T1 = oihAg, Ay, (3)
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Same as #2 which generates I'y according to

Ty = 03 Mg, Ay, (4)

In Equations Bl and B, o7 and o3 are the same marginal residual variances used in the model
expression (see Equation 2]). Using the variance-component parameters, 61 and 62, the marginal

random effects, y; and 2, are expressed as

v = Ag ur, 72 = Agyus, (5)

such that

2
o1l o102p

u = ~N(0,%,), with X,= . ) . (6)
Ug 0109p 0514,
In Equation [6] p is a block diagonal matrix and w is a realization of a random vector U. The
diagonal elements of p, say p, are matrices which contain the correlations between ~; and ~y». For
example, if 1 = (71,79) " and 42 = (4,~3) T, with I = Intercept and S = Slope,
11 I .S
b corr(yy,72)  corr(yy,72) ond  p— ding(p.....p). )

corr(17,73) - corr(v7,93)

The bivariate linear mixed-effects model is then re-expressed as:

y1 = X161 + Z1Ag,u1 + €1,

Yo = Xofo + ZaAg,us + €2, (8)
with
U1 €1 JfIN 0
- ~N(0,5,), €= ~ | o, . (9)
U2 £2 0 USIN

Then the parameters which will be estimated are 1, 8o, U%, U%, 01, 65 and p.

3. Parameters’ estimates

In this Section, we first provide the likelihood of the model’s parameters and then give the

REML criterion which will be optimized for the obtaining of the parameters’ REML estimates.



8.1. ML criterion

The ML criterion is the log-likelihood of the model’s parameters which is displayed through

the following theorem

Theorem 3.1. Suppose that y = (y|,ys ) satisfies the bivariate linear mived-effects model
w expressed by Equations 8 and[@), where Bl,ﬂg,af,og,ﬁl, 02, p are the parameters which need
to be estimated, and B = (67,85 )", = (62,02)", 6 = (0] ,05)". Denoting by Y, =
\/ 03X, 0 \/ 03 Z1 Mg 0
(\/oﬁyf,\/ofyg)  Xo = : 1

= = s and fiyy—y
U%XQ 0 U%ZQAQQ
the conditional mean of U given that Y =y, the log-likelihood of B, o, 8 and p given y is expressed

as

~ - 2
"(Bopars Htaiy—y) + |[Bx (B~ Boo)|

—q
6(6707p70|y) = 20_%0_5 2 log(Ule)
1 1 )
— 5 108(1%u]) = 5 10g(1Lo.p ). (10)
s where ¢ = q1 + g2, Bo,p,a and pyyy—y salisfy
X)X, X} Zs B X
‘ Pore ) = (o) v, (1)
Za6Xo ZgeZoo + /01055, | \ Hujy=y Zgo
2 a2 2 2 2 T -1
T(BG,p,o-a ,LLUD):y) = HYU' - XO'BG,p,o- - ZO’@HUD’:yH + 0102Hu|y:y2u Hu|y=y, (12)
Lo.p,o satisfies
L97P70'L—9r,p,o' ZgoZao + 1\ 07035, (13)
and Rx satisfies
-
X;Xcr X;-chrO Rx 0 Rx 0
T T - T T (14)
ZO'GXU L97P70'L0,p70' RZX LO,p,o’ RZX LO,p,o’
Proof. Denoting by fx(.) the density function of any random vector X',
W= [ fulyudu (15)
Ra91+a2

where



fyu(y,u) Iyu(ylu) fu(uw) = fy, e (Yilur) fy, e, (Y2 |uz) fu(w)

- X — Z1A 2
= (27r0%)7%(27w§)7%(27T)7q1;qz |Zw ~3 exp (‘ L 151202 et
1
ly2 — XoBo — ZoMg,ua|® 1 14
- 207 2 —5u SLu). (16)
w0 Let us denote by ¥ the matrix such that
yl=32Ty. (17)
It then comes that u' £, u = [|[Su/|? and
- X — Z1A 2 - X — ZoA 2
lyr — X181 4 oun]” | Jlye — Xafo 2 9, Uz || FuTE
01 02
Vo3 (1 — X181 — ZiAg,un)|* + VR (y2 — XaBa — Zohg,us)||* + [|[v/o303 Sul?
= 2 2
0193

2
\/ o3y Vo3 X1 Onp, \/03Z1 A, Ong, 5
= \/ ofy2 | = | Owp, \/ 01Xz Ong, \/ 0% Za A, (18)
——

u
04, +42 0, +42.p1+p2 ofo3%
2
B
= |[YA — Zxa (19)
u
= 9(B,u,0,p,0). (20)
BG,p.o’ . T ﬂ@,po’ T
=argming(B,u,0,p,0) <= ZxaZxn = ZxaYa (normal eq.),
Hu|y=y wp Hu|y=y
(21)
with
- X)X, X, Zoo - X
ZinZxn=|"° . e =T e @2
ZO'BXU ZO'OZU'G + 0%0-%2; Zo’
By setting p = p1 +pa, dim(Zxa) = (2N +q) x (p+¢q) and S = Im(Zx,) is a subspace of R*V+4,



Yy € R2VH2 and Zxa

Hu|y=y
ﬂ@,p,o’ +
Zxau L (YA — Zxa ,VUERP 9 (23)
Hu|y=y
s And g(B,u, 0, p,0) can then be rewritten as:
~ N 2
/8 ﬂ@ o ﬂ@ o
g(/Buuueup?o-) YA _ZXA +ZXA P - ZX o (24)
u Hu|y=y Hu|y=y
R 2 R 2
/60_ Ned B - 139. Ned
YA —Zxa " +||Zxa " (25)
Hu|y=y U~ Hu|y=y
/30_ o B_IBB o /3_/69. Ned
YA — Zxa " + ” ZynZxa "
Hu|y=y U~ Hu|y=y U = Hu|y=y
(26)
Z % aZxn can be Cholesky decomposed as
-
Rx 0 Rx 0
ZinZxn = ) ay (27)
Rzx Lg,q Rzx Lg,q
where
L97P70'L—9r,p,o' = Z;GZUQ + 0%0321:1' (28)
Thereafter,
-~ 2 2 2 T -1
g(ﬂauueupuo') = HYO' _XO'/BO,p,o- - Zo’@ﬂu\y:yH +0102Mu\y:y2u Hu|y=y
~ 2 . 2
+HRX(IB_B0,;),U)H + HRZX(B_IBO,;),U) +Lg,p,0'(u_luu‘y:y)H '
(29)
By setting
~ ~ 2
7(Bo,p,or Mt y=y) = HYa - XoBop0 — Zaeuuw:yH + Ufo—gul—;|y:y2;1MU\y:yu (30)

and returning to the calculation of fy,(y), it comes



[ exp {_ T(/ﬂ\e,p,a’uu\y:y)+"Rx (B—=Bao.p.0) ||2+|2| Rzx(B=Bo o) L4 .o (U= tujy=y) ||2 d

207035 u
oly) = 2rad)N 2 (2o VP2 [
[ T(Ee,p,avﬂuyy)+||RX(ﬂ—E9,p,U)H2:|
exXp | — 26202
. 172
T o) R 2red) N R RS
~ 2
HRZX(B - Be,p,a) + L—Gr,p,a'(u - :uuD):y)H
/exp — 55 du.
20105
(31)
—~ 1
w By setting v = Rzx (8 — By ,0) + L;—_p_a(u — fu|y=y), du = ﬁdv and
o o 0,p,0
T(ge,p,a7ll’u\y:y)+||Rx(ﬁ7§9,p,a)||2 9 94
exXp | — 20703 (0102)2 H,UHQ
= - d
Iy (y) (2mof)N/2(2m02)N/2| 8y, |V/2|Le 0| / (27ra%a§)% exp 20303 v
T B s — R -8 2
exp |:_ (ﬂe,p,a Nu\y—y;;'%!-gx(ﬂ IBG,p,a)H :| (0’%0’%)%
= 32
ot 2 2r o} S P L o] o
The log-likelihood to be maximized can therefore be expressed as,
® )+ || Rx (8= Boo)|
"Po.p.cr Hutly=y) + H X\ ™ Pépe H N—-q 2 2
6(67 07 P U|y) = - 20_%0_3 - 2 log(gl 02)
1 1
—5 10g(|Yul) = 5 log(|Lo.p.0*)- (33)
O
By profiling out 3, the partially profiled log-likelihood is
7 T(Be, ,gauu\y:y) N —q 9 9
0o,p,oly) = — p20%03 T T 10g(0’10'2)
1 1
5 108(1Su]) — 5 108(1 Lo 5.0?) (34)

replacing ,@97 p.c by B. Then, the partially profiled deviance comes
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T(Ba,p,o-a Hu|y:y)

—257(9,0,011/) = 0202 + (N - Q) 1Og(o'%a§)
1¥2
+1og(|Zul) +1og(|Lep.o|*)- (35)

This deviance is finally the criterion which will be minimized to obtaining the ML estimates of

the parameters.

Corollary 3.1. Suppose that y = (y;r,y;r)—r satisfies the bivariate linear mized-effects model
expressed by FEquations (8 and[9). Taking into account the notations in the Theorem [31), the ML

estimators B, o, 5, pof B, o, 0 and p satisfy

(6, P, 5’) =argmax (0, p,oly) and B= AE;A. (36)
6,p,0 P T

3.2. REML criterion
By integrating the marginal density of ) with respect to the fixed effects, the REML criterion
can be obtained (Laird and Ware,|[1982). This REML criterion is expressed through the following

theorem.

Theorem 3.2. Suppose that y = (yir,y;)—r satisfies the bivariate linear mized-effects model
expressed by Equations (8 and [@). Taking into account the notations in the Theorem [, the
REML criterion of o, 8 and p given y is expressed as

rA s — pt+a—N
exp |- (Bo,p,o1Pu1y=y) (0202)%

20%0’%
L(,0, ply) = 37
(7019 = e S]] (80
Proof.
L(o,0,ply) = A fy(y)dB (38)
P
r(Bo p.ors —y) a ~ 2
exp |:_ erQYafl;?y . :| (0%03)3 HRX(B - ﬂ@,p,o’)H d
N (27T0'%)N/2(27TU%)N/2|Eu|1/2|Lg7p7o-| R b~ 20303 p
exp [ Bospran | (s20g) =5 "
= L / (271'0%0%)7% exp | — 2] dt,(39)
(2m) N =P)/2|5, V2| Lo p o ||Rx|  Jre 20703
~ 1 2 2\—2 HtH2
wheret =8 — By ,, = df = @dt and Rp(2w0102) 2 exp “20203 dt =1. O

The REML criterion can also be expressed as
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log (Z(0,0,ply)) = Z(7,0,ply)

T(Be, o Muly=y) p+q—N 1
= - p20'%0% + 2 log(afag) - 5 10g(|2u|)
1 1
~5108(1L0 5.0 ) - 5 log(| Rx ), (10)

or as

T(BG,p,o-a :uZ/lD/:y)

~2.9(0.,0,ply) = 2 LUV (N — p— q) log(o303) + log(|Z)
1¥2
+10g(| Lo,y ) + log(|Rx ), (41)

which will be minimized to obtaining the REML estimates of the parameters.

4. Simulation studies

In this Section, the consistency of the estimators is proven through simulation studies, and
we compare the present estimation procedure with the EM algorithm. For the sake of simplicity,
these simulation studies are performed using simulated bivariate longitudinal data sets. In the
following paragraph, we explain how we choose the parameters that have been used to simulate

the 'working’ data sets.

The working data sets. We suppose that we are following up a sample of subjects where the goal
is to evaluate how the growth of the weight and the height of the individuals of this population
are jointly explained by the sex, the score of nutrition (Nscore) and the age. We randomly choose
through a uniform distribution the score of nutrition between 20 and 50, and the age between 18
and 37, using the R software. All the computations in this paper are done using the R software.
The subject’s sex is also randomly chosen. The model under which we simulate the data sets is

the following:

n indicating the total number of subjects, for i =1,...,n
weight, = (1,,,sex;, Nscore;,age;)1 + (1, , Nscore;)y1; + €1
height, = (1,,,sex;, Nscore;,age;)B2 + (1, Nscore;)vya; + €2; (42)

10
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with
Y = T N (0,T) 15 ~ N (0,07L,,) ,e2i ~ N (0,031,,) ,vi Ley Lexy (43)
Y2i

The random effect related to the dependent variable 'weight’ or ’height’ is a vector composed by
one random intercept and one random slope in the direction of the covariate 'Nscore’. The total
number of observations is denoted by N.

We randomly choose f31, 32,01 and oy whose values are in the first column of Table B T is

also randomly chosen such that it is positive definite, with the following form:

o pymn2  PITL  PMT2

o | P2 05 pnzzn P12 (1)
PINTL P12T1 1 PrT1T2

PTe  paTa  peTiTe  Th

In order to have an almost strong correlation between the marginal random effects, we set p = 0.8

and randomly choose all other parameters involved in the obtaining of T'. Thus, the obtained T is

27.77 18.80 41.70 4.93

_ | 18.80 36.00 47.47 5.62

T = (45)
4170 4747 97.81 8.91

493 562 891 1.37

4.1. Estimates’ performances

One practical way to show the consistency of an estimator is by computing its Mean Square
Error (MSE). If the MSE of an estimator is asymptotically null, this estimator converges in
probability, and is then consistent. In this Section, we gradually simulate data sets with larger
sizes , (N,n) € {(600,50), (600, 60), ..., (1000, 100), (1000, 300), ..., (15000,1000)}. We simulate
one hundred data sets of each size and calculate the estimators’ MSE using these data sets. This
yields one hundred MSE for each size of dataset. This allows to compute the 95% CI (confidence
interval) along with the mean of the MSE (one hundred mse) obtained for the hundred data sets
of the same size. The results are contained in Table [[] and Table B2l The Table 1l shows that the
asymptotique in the longitudinal data requires not only n — co and N — oo, but also N/n — oo.
This means that it requires a sufficient total number of observations, a sufficient number of levels
for the grouping factor and a sufficient number of observations for each level of the grouping factor.
For example, in the Table[I] when the total number of observations is N = 1000, the MSE of T is
better for n = 100, 0.47 (0.03 —1.29), than for n = 300, 0.69 (0.06 — 1.94). Observing both Table[I]
and Table2lit is clear that, as the number of observations increase, the MSE descends to 0. We can

conclude that the estimators constructed in this paper are consistent. The estimation procedure

11
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Table 1: Mean Square Error of estimators with 95% CI estimated on 100 replications for values of

n € {50, 60,100,300} and N € {600, 1000, 3000}.

Parameter n N = 600 N = 1000 N = 3000
50 2.43 (0.11 - 7.11) 1.89 (0.22 - 4.89) 1.02 (0.07 - 2.44)

60 2.57 (0.14 - 7.87) 2.13 (0.26 - 5.55) 0.77 (0.10 - 2.09)

2 100 2.27 (0.16 - 5.61) 1.55 (0.14 - 5.17) 0.71 (0.04 - 1.85)
300 3.16 (0.14 - 10.54) 1.70 (0.10 - 4.55) 0.51 (0.04 - 1.36)

50 5.50(0.09 - 16.35) 3.26 (0.02 - 11.64) 2.06 (0.09 - 5.98)

60  5.06 (0.12 - 15.09) 3.22 (0.02 - 10.24) 1.78 (0.10 - 5.62)

B2 100  4.33 (0.03 - 13.17) 2.37 (0.02 - 6.89) 1.06 (0.02 - 3.60)
300 4.58 (0.18 - 15.92) 2.43 (0.05 - 7.39) 0.90 (0.04 - 2.88)

50 0.03 (0.00 - 0.14) 0.02 (0.00 - 0.09) 0.00 (0.00 - 0.02)

. 60 0.04 (0.00 - 0.11) 0.02 (0.00 - 0.08) 0.00 (0.00 - 0.02)
1 100 0.03 (0.00 - 0.13) 0.01 (0.00 - 0.06) 0.00 (0.00 - 0.01)
300 0.05 (0.00 - 0.23) 0.03 (0.00 - 0.13) 0.00 (0.00 - 0.02)

50 0.04 (0.00 - 0.15) 0.03 (0.00 - 0.08) 0.00 (0.00 - 0.02)

o 60 0.04 (0.00 - 0.18) 0.03 (0.00 - 0.12) 0.01 (0.00 - 0.03)
2 100 0.06 (0.00 - 0.18) 0.03 (0.00 - 0.11) 0.01 (0.00 - 0.03)
300 0.13 (0.00 - 0.45) 0.04 (0.00 - 0.15) 0.01 (0.00 - 0.05)

50 0.90 (0.12 - 2.41) 0.62 (0.06 - 1.41) 0.45 (0.04 - 1.14)

N 60 1.07 (0.06 - 2.64) 0.68 (0.08 - 1.98) 0.25 (0.03 - 0.66)
100 0.90 (0.05 - 2.40) 0.47 (0.03 - 1.29) 0.21 (0.02 - 0.71)

300 1.45 (0.19 - 4.39) 0.69 (0.06 - 1.94) 0.17 (0.02 - 0.57)

Table 2: Mean Square Error of estimators with 95% CI estimated on 100 replications for values of

(n, N) € {(500, 7000), (600, 8000), (800, 10000), (1000, 15000)}.

Parameter n =500, N = 7000 n =600, N =8000 n =800, N = 10000 n = 1000, N = 15000
B1 0.22 (0.01 - 0.62) 0.17 (0.01 - 0.48) 0.16 (0.01 - 0.47) 0.11 (0.00 - 0.32)
B2 0.32 (0.00 - 1.01) 0.34 (0.01 - 1.16) 0.25 (0.02 - 0.67) 0.21 (0.00 - 0.69)
o1 0.00 (0.00 - 0.00) 0.00 (0.00 - 0.01) 0.00 (0.00 - 0.00) 0.00 (0.00 - 0.00)
o2 0.00 (0.00 - 0.01) 0.00 (0.00 - 0.01) 0.00 (0.00 - 0.01) 0.00 (0.00 - 0.00)
T 0.09 (0.00 - 0.25) 0.07 (0.00 - 0.19) 0.06 (0.00 - 0.19) 0.03 (0.00 - 0.09)

discussing in this paper may therefore be named Consistent estimates for the Multivariate Linear
Mixed-Effects model (Cmlme). The Cmlme acronym will be used in the remainder of the paper

for a question of simplicity.

4.2. Comparison with EM-based estimates

In this Section, we compare the estimation procedure based on EM algorithm with the Cmlme.
This comparison is performed regarding the accuracy of the estimates, whether or not the starting
values of the two algorithms (EM and Cmlme) are naive or advised. We mean by naive start-
ing values, those which are randomly chosen (without specific control), and by advised starting
values those obtained by fitting separately each dimension of the bivariate model. The results of
these marginal fitting are, indeed, the advised starting values for the bivariate model estimation
procedure. The starting values are the same for both Cmlme and EM algorithms. The number
of iteration required for convergence, for each algorithm, is also discussed. Our methodology con-
sists in simulating thirty longitudinal data sets of size (N = 3000,n = 300) and fit the model
to each of these data sets using the EM algorithm and the Cmlme, respectively. This allows to

compute both the 95% CI and the empirical mean of the thirty estimates in each case (naive and
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advised starting values). The obtained results are in Table Bl and Table @ Table [3 contains the
empirical means of the estimates with their 95% CI, and the minimum, the maximum and the
average number of iterations. Table Ml contains the empirical relative error of the estimators with
their 95% CI. These results show that in the case of naive initialization, the Cmlme estimators
outperform the EM estimators. For example, the component of 8; which is 14.00 is well estimated
by Cmlme, 14.02 (13.27 — 14.45) with an empirical relative error of 0.02 (0.00 — 0.04), but poorly
estimated by EM, —2.05 (—4.70 — —0.40) with an empirical relative error of 1.14 (1.01 — 1.32).
In the case of advised initialization, both Cmlme and EM algorithms perform well, but Cmlme
converge faster (64 iterations in average) than EM (169 iterations in average). The number of
iteration required by Cmlme whith advised initializations range from 48 to 89 and from 56 to 103
for naive initializations. The Cmlme with naive initialization therefore needs more iterations than
Cmlme with advised initialization for converge. This is expected and may be explained by the
fact that the advised initialization values contain some information from the data of interest, and
the naive starting points do not.

The empirical mean of the random effects covariance matrix, T', is well estimated with advised

initializations:
25.74 16.34 35.75 4.50 5.73 2.74 445 0.61
— Cmlme 16.34 34.83 43.97 5.37 ) Crlme 2.74 259 396 0.44
Lome = , with op ™ = (46)
35.75 43.97 82.44 8.43 4.45 3.96 12.07 0.80
450 537 843 1.32 0.61 0.44 0.80 0.11
and
23.66 16.45 32.60 4.45 749 271 529 0.76
_ 16.45 34.82 43.39 5.39 2.71 259 371 045
rEM — , with o™ = (47)
32.61 43.39 75.16 8.66 5.30 3.71 13.36 0.80
445 539 865 1.31 0.76 0.45 0.80 0.11

Cmlme

op ¢ and ogi\fv contain the standard deviations of the entries of [Smme and I'EM

adv advy respec-

tively. It seems that the empirical standard deviation of the higher entries of T' are bigger with
EM than with Cmlme. For example, the standard deviation of I';; = 27.77 is 7.49 for EM, but
5.73 for Cmlme. Same remark about the standard deviations of I'sy, T'ss and T'33, comparing EM
and Cmlme. This may be explained by the fact that Cmlme estimators are more consistent than

EM estimators. In the case of naive initializations, Cmlme provides a well estimated empirical

13
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Naive initialization

Advised initialization

Cmlme EM Cmlme EM
Parameter Value Emp. Mean 95% CI Emp. Mean 95% CI Emp. Mean 95% CI Emp. Mean 95% CI
50.67 50.79 49.14 — 52.11 13.47 —76.70 — 43.37 50.80 49.15 — 52.12 50.78 49.09 — 52.01
B1 -4.80 —5.00 —8.39 — —3.66 -4.79 —8.08 — —3.42 -5.02 —8.39 — —3.66 -4.98 —8.38 — —3.65
14.00 14.02 13.27 — 14.45 -2.05 —4.70 — —0.40 14.02 13.28 — 14.45 14.02 13.27 — 14.45
2.70 2.70 2.66 — 2.72 2.69 2.66 — 2.72 2.70 2.66 — 2.72 2.70 2.66 — 2.72
13.20 13.65 11.79 — 15.06 -84.47 —114.28 — —50.63 13.65 11.79 — 15.07 13.68 11.81 — 15.14
Ba -2.80 -2.80 —4.74 — —0.43 -2.75 —4.90 — 0.21 -2.81 —4.79 — —0.43 -2.85 —4.80 — —0.51
27.00 27.00 26.87 — 27.10 0.90 —1.62 — 2.68 27.00 26.87 — 27.10 27.00 26.87 — 27.10
1.70 1.68 1.64 — 1.71 1.68 1.64 — 1.71 1.68 1.64 — 1.71 1.68 1.64 — 1.71
a1 5.80 5.79 5.62 — 5.92 5.78 5.64 — 5.98 5.78 5.64 — 5.92 5.79 5.65 — 5.94
D) 7.60 7.61 7.34 — 7.74 7.59 7.33 — 7.73 7.61 7.34 — 7.73 7.63 7.36 — 7.73
Min 56 - 63 - 48 - 14 -
:\g;;tf;n Mean 71 - 109 - 64 - 169 -
Max 103 - 57 - 89 - 645 -
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Table 4: EM estimates compared with Cmlme estimates on the same data sets. Empirical relative
error of the estimates with their 95% CI

Naive initialization Advised initialization
Cmlme EM Cmlme EM
Parameter Value R. Error 95% CI R. Error 95% CI R. Error 95% CI R. Error 95% CI
50.67 0.01 0.00 — 0.03 0.73  0.01 —2.18 0.01 0.00 — 0.03 0.01 0.00 — 0.03
B -4.80 0.21 0.02 — 0.32 0.21  0.00 — 0.32 0.21 0.02 — 0.32 0.21 0.00 — 0.33
14.00 0.02 0.00 — 0.04 114 1.01 — 1.32 0.02 0.00 — 0.04 0.02 0.00 — 0.04
2.70 0.00 0.00 — 0.01 0.00  0.00 — 0.01 0.00 0.00 — 0.01 0.00 0.00 — 0.01
13.20 0.07 0.00 —0.14 739  4.19—9.40 0.07 0.00 —0.14 0.07 0.00 — 0.14
B2 -2.80 0.43 0.00 — 0.84 0.43  0.02 —1.07 0.43 0.00 — 0.84 0.43 0.00 — 0.81
27.00 0.00 0.00 — 0.00 0.96  0.88 — 1.02 0.00 0.00 — 0.00 0.00 0.00 — 0.00
1.70 0.01 0.00 — 0.02 0.01  0.00 — 0.02 0.01 0.00 — 0.02 0.01 0.00 — 0.03
o1 5.80 0.01 0.00 — 0.02 0.0 __0.00—0.03 0.01 0.00 — 0.02 0.01 0.00 — 0.03
o2 7.60 0.01 0.00 — 0.02 0.0 0.00 —0.04 0.01 0.00 — 0.02 0.01 0.00 — 0.02
24.76 16.18 34.43 4.47 7.58 2.67 6.76 0.61
e | 1618 3477 4391 5.35 o omme | 267 254 391 0.42
1—‘lnaiv = ) with UI‘nai\, = (48)
34.43 43.91 80.67 8.40 6.76 3.91 13.37 0.80
447 535 840 1.32 0.61 0.42 0.80 0.11
rémime compared to TCMMe and UIQ:K“Q compared to Ug;‘ime show a slight difference which

reveals a tiny sensibility of Cmlme to the starting values. This may be corrected by doing more
than one evaluation of the model’s deviance.

For all the simulation studies, we use the ML deviance criterion (Equation BH) and have
minimized it using the nlminb function under R software. Thus, the estimates obtained are from

the ML estimators. In this paper, we do not provide an application of REML estimates.

5. Application on malaria dataset

5.1. Data description

The data that we analyze here come from a study which was conducted in 9 villages (Avamé
centre, Gbédjougo, Houngo, Anavié, Dohinoko, Gbétaga, Tori Cada Centre, Zébe and Zoungoudo)
of Tori Bossito area (Southern Benin), where P. falciparum is the commonest species in the study
area (95%) IDjénontin et all (2010) from June 2007 to January 2010. The aim of this study was
to evaluate the determinants of malaria incidence in the first months of life of child in Benin.

Mothers (n = 620) were enrolled at delivery and their newborns were actively followed-up
during the first year of life. One questionnaire was conducted to gather information on women’s
characteristics (age, parity, use of Intermittent Preventive Treatment during pregnancy (IPTp)

and bed net possession) and on the course of their current pregnancy. After delivery, thick and
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thin placental blood smears were examined to detect placental infection defined by the presence
of asexual forms of P. falciparum. Maternal peripheral blood as well as cord blood were collected.
At birth, newborn’s weight and length were measured and gestational age was estimated.

During the follow-up of newborns, axillary temperature was measured weekly. In case of
temperature higher than 37.5°C, mothers were told to bring their children to the health center
where a questionnaire was filled out. A rapid diagnostic test (RDT) for malaria was performed and
a thick blood smear (TBS) made. Symptomatic malaria cases, defined as fever (> 37.5°C) with
TBS and/or RDT positive, were treated with an artemisinin-based combination. Systematically,
TBS were made every month to detect asymptomatic infections. Every three months, venous blood
was sampled to quantify the level of antibody against malaria promised candidate vaccine antigens.
Finally, the environmental risk of exposure to malaria was modeled for each child, derived from
a statistical predictive model based on climatic, entomological parameters, and characteristics of
children’s immediate surroundings. Also every 3 months (at 3,6,9,12, 15,18 months 130 of age),
infant blood samples were collected.

Concerning the antibody quantification, two recombinant P. falciparum antigens where used
to perform IgG subclass (IgG1l and IgG3) antibody. Recombinants antigens MSP2 (3D7 and
FC27) were from La Trobe University (Anders et all, 2010; McCarthy et all, 2011). GLURP-
RO (amino acids 25-514, F32 strain) and GLURP-R2 (amino acids 706-1178, 140 F32 strain)
were also expressed. The antibodies were quantified in plasma at different times and ADAMSEL
FLPDb039 software (http://www.malariaresearch.eu/content/software) was used to analyze
automatically the ELISA optical density (OD) leading to antibody concentrations in (ug/mL).

In this paper, we use some of the data and we rename the proteins used in the study, for
reasons of the protection of these data. Thus, the proteins we use here, are named Al, A2, B and
C, and are related to the antigens IgG1 and IgG3 as mentioned above. Information contained in
the multivariate longitudinal dataset of malaria are described in the Table Bl where Y denotes an

antigen which is one of the following:

IgG1_A1,IgG3_A1,IgG1_A2, IgG3.A2, IgG1.B, IgG3.B, IgG1.C, IgG3.C (49)

5.2. Data analysis

The aim of the analysis of these data is to evaluate the effect of the malaria infection on the
child’s immune acquisition (against malaria). Since the antigens which characterize the child’s
immune status interact together in the human body, we analyze the characteristics of the joint
distribution of these antigens, conditionally to the malaria infection and other factors of interest.
The dependent variables are then provided by conc.Y (Table []) which describes the level of the
antigen Y in the children at 3, 6, 9, 12, 15 and 18 months. All other variables in the Table
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Table 5: Variables present in the empirical dataset

N° Variable Description

1 id Child ID

2 conc.Y concentration of Y

3 conc_CO.Y Measured concentration of Y in the umbilical cord blood

4 conc_M3.Y Predicted concentration of Y in the child’s peripheral blood at 3 months
5 ap Placental apposition

6 hb Hemoglobin level

7 inf_trim Number of malaria infections in the previous 3 months

8 pred_trim Quarterly average number of mosquitoes child is exposed to

9 nutri_trim  Quarterly average nutrition scores

are covariates. We then have 8 dependent variables which describe the longitudinal profile (in the
child) of the proteins listed in Equation
To illustrate the stability of our approach, we are fitting here a bivariate model to the data,

with IgG1_Al and IgG3_A2 as dependent variables:

conc.IgG1_. A1 = (1,ap,conc_.CO.IgG1_A1,conc_ M3.IgG1_A1,hb,inf trim,

pred_trim, nutri_trim)S; + (1, inf_trim)~y; + &1

conc.IgG3.A2 = (1,ap,conc_CO.IgG3_A2, conc-M3.IgG3_A2, hb, inf_trim,
pred_trim, nutri_trim)Bs + (1, inf_trim)~y, + €2, (50)
with
2
_ ol 0
T=0laD T~ N (0 1) e=ELeT Ao ) (51)
92

Our strategy is to 1) fit the model to the data by running the Cmlme algorithm using 25
different naive starting points and 2) retain the estimates related to the best likelihood (the
minimum of the 25 deviances) as the true parameters and compute the estimators’ MSE using the
24 others estimates. This may allows to evaluate how much the Cmlme algorithm is sensitive to
the starting points. The results are contained in the Table

Based on these results, the influence of the starting points on the Cmlme algorithm is very low
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Table 6: Empirical data analysis.

Response variables

conc.IgG1_Al conc.IgG3_A2
Covariates Estimate MSE Estimate MSE
Intercept 0.609 9.05x 107° —1.626 3.18 x 107°
ap —0.093 1.06 x 107° —0.337 1.04x10°6
conc_CO.IgG1_A1 0.160 1.68 x 107 — —
conc_ M3.IgG1_A1l 0.148 9.85x 107° - -
conc_CO.IgG3_A2 - - 0.047 6.44x 1077
conc_M3.IgG3_A2 — — 0.155 2.22x 1077
hb —0.162 3.22x 1077 —0.345 1.35x 1077
inf_trim 0.369 1.89 x 107 0.696 5.09 x 10~7
pred_trim —0.003 5.25x 1078 0.017 1.49x 1078
nutri_trim 0.024 5.81x107° 0.115 3.71x107°
o1 and o9 1.395 4.96x10°° 1.626 2.42x10°

(see the MSE in Table[6]). The estimated random effects covariance matrix is

0.58 —-0.13 0.74 -0.36
-0.13 023 -0.39 0.37
074 =039 094 -0.24
-0.36 037 —-0.24 0.34

with an MSE of 0.0095.

6. Conclusion

In the context of fitting multivariate linear mixed-effects model having homoscedastic dimen-
sional residuals, we have suggested ML and REML estimation strategies by profiling the model’s
deviance and Cholesky factorizing the random effect covariance matrix. This approach can be con-
sidered as the generalization of the approach used by [Bates et all (2014) in the R software lme4
package. Through extensive simulation studies, we have illustrated that the present approach
outperforms the traditional EM estimates and provides estimates that are consitent for both fixed
effects and variance components. Another interesting characteristic is its robustness relative to
the initial value of the optimization procedure which can be randomly chosen without affecting
the estimation results. Furthermore, the profiled ML or REML criterion’s optimization can be
easily and rapidly performed using an existing optimizer in the R software. Further considerations
of this approach may include heteroscedastic residuals as well as residuals correlated with random

effects, where the theoretical consistency of the resulting estimators will be demonstrated.
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