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Tractors and Twistors from conformal Cartan geometry: a gauge
theoretic approach

II. Twistors

J. Attard,a J. François
a Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France

Abstract

Tractor and Twistor bundles both provide natural conformally covariant calculi on 4D-Riemannian manifolds.
They have different origins but are closely related, and usually constructed bottom-up through prolongation of
defining differential equations. We propose alternative top-down gaugetheoretic constructions, starting from
the conformal Cartan bundleP and its vectorialE and spinorialE associated bundles. Our key ingredient is
the dressing field method of gauge symmetry reduction, whichallows to exhibit tractors and twistors and their
associated connections as gauge fields of a non-standard kind as far as Weyl rescaling symmetry is concerned.
By non-standardwe mean that they implement the gauge principle of physics, but are of a different geometric
nature than the well known differential geometric objects usually underlying gauge theories. We provide the
corresponding BRST treatment. In a companion paper we dealtwith tractors, in the present one we address the
case of twistors.
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1 Introduction

Twistor theory probably needs no introduction. Let us just remind that it was devised by Penrose in the 60’s and
early 70’s as an alternative framework for physics - and quantum gravity - in which conformal symmetry is pivotal
[1–4]. In twistor theory spinors quantities takes over the role of tensors and the - conformally compactified -
Minkowski space is seen as secondary, emerging from a more fundamental twistor space hoped to be more fit for
quantization. A generalization to arbitrary pseudo-Riemannian manifolds gave rise to the concept of local twistors,
which provides a conformal spinorial calculus. The standard reference text is Penrose and Rindler [5; 6]. Twistor
theory remains an active area of research in physics.

Tractors are perhaps not as well known from physicists, but more so from mathematicians. In the period of
renewal of differential geometry sparked by Einstein’s General Relativity, around 1922-1926 Cartan developed the
notions of moving frames andespace généralisés. These are manifolds with torsion in addition to curvature,classic
examples being manifolds endowed with projective and conformal connections. Cartan’s work became widespread
and lead to the further development by Whitney and Ehresmannof connections on fibered manifolds, known to
be the underlying geometry of Yang-Mills theories. In 1925-26, Thomas developed, independently from Cartan, a
calculus on torsionless conformal (and projective) manifolds, analogous to Ricci calculus on Riemannian manifolds.
His work was rediscovered and expanded in [7] where it was given its modern guise as a vector bundle called
standard tractor bundleendowed with a linear connection, thetractor connection. In recent years this conformal
tractor calculus has been of interest for physicists, see e.g [8; 9]

Tractors and twistors are closely linked. It has been noticed that both define vector bundles associated to the
conformal Cartan principal bundleP(M,H) - with H the parabolic subgroup of the conformal groupSO(2, 4) 1

comprising Lorentz, Weyl and conformal boost symmetries - and that tractor and twistor connections are induced
by the so-callednormal Cartan connection̟ N onP.

In standard presentations however, both tractors and localtwistors are constructed through the prolongation of
defining differential equations defined on a Riemannian manifold (M, g): the Almost Einstein equation and Twistor
Equation respectively. The systems thus obtained are linear and closed, so that they can be rewritten as linear
operators acting on multiplets of variables called parallel tractors and global twistors respectively. The behavior of
the latter under Weyl rescaling of the underlying metric is given by definition and commutes with the actions of
their associated linear operators, which are then respectively called tractor and twistor connections. The multiplets
are then seen as parallel sections of vectors bundles, the tractor and local twistor bundles, endowed with their
linear connections. For the procedure in the tractor case see [7], or [14] for a more recent and detailed review.
For the twistor case see the classic [6], or [15] which generalizes the twistor construction to paraconformal (PCF)
manifolds. This constructive procedure via prolongation has been deemed more explicit [15], more intuitive and
direct [7] than the viewpoint in terms of vector bundles associated toP(M,H). Since it starts from (M, g) to built
a gauge structure on top of it - vector bundles endowed with connections - we may call-it a “bottom-up” approach.

In this paper and its companion we put forward a “top-down” approach to tractors and twistors that relies on
a gauge theoretic method of gauge symmetry reduction: the dressing field method. Given a gauge structure (fiber
bundles with connections) onM, this method allows to systematically construct partiallygauge-invariant composite
fields built from the usual gauge fields and a so-calleddressing field. According to the transformations of the latter
under residual gauge symmetries, the composite fields display interesting properties. In a noticeable case they are
actually gauge fields of non-standard kind, meaning that they implement the gauge principle but are not of the same
geometric nature as the usual Yang-Mills fields. The method fits in the BRST framework.

The common gauge structure onM we start with is the conformal Cartan bundleP(M,H) endowed with a
Cartan connection. If we add the vector bundleE associated to the defining representationR6 of H, the dressing
approach allows to erase the conformal boost symmetry and torecover tractors and the tractor connection. This
has been detailled in [16]. In this paper, we consider the vector bundle associated tothe spin representationC4 of
SO(2, 4) andH. From its dressing we shall obtain tractors and a generalized twistor connection induced by the spin
representation of the Cartan connection. When the normal Cartan connection is considered, we recover the standard
twistor connection. We stress that twistors thus obtained,while being genuine standard gauge fields with respect

1First introduced to physics, according to [10], by [11] and [12; 13] in connection with Special Relativity and the invariance of Maxwell’s
equations.
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to (w.r.t) Lorentz gauge symmetry, are examples of non-standard gauge fields alluded to above w.r.t Weyl gauge
symmetry. This, we think, is a new consideration worth emphasizing.

We don’t want to force the reader to skip through the companion paper [16] to find definitions and notations,
much less to gather results. To the advantage of the reader, we would rather make the present paper as self-contained
as possible. But to do so we are bound to duplicate significantbackground material in the first two sections. Then,
in section2 we review the basics of differential geometry underlying gauge theories, including Cartan geometry, as
well as the BRST formalism, so as to fix notations and define important notions.

In section3 we review the dressing field method of gauge symmetry reduction. We provide a number of general
propositions, proofs of which can be found in the corresponding section of [16]. We emphasis, as a result of the
method, the possible emergence of gauge fields of a non-standard kind which we characterize.

Finally, section4 starts with a brief review of the “bottom-up” procedure for twistors. Then we describe
the conformal Cartan bundle as well as the group morphismH → H̄ ⊂ SU(2, 2) and the Lie algebra morphism
so(2, 4) → su(2, 2), rediscovering for ourselves results of [17]. At last, we put this material to use in constructing
twistors and the twistor connection, “top-down” through dressing. In doing so we reproduce and generalize results
of [18] connecting the normal Cartan connection and the twistor connection. Residual Lorentz and Weyl gauge
symmetries are analyzed both at the finite and BRST level. Finally, we give a geometrically clear way to recover
the results of [19] concerning a twistorial approach to Weyl gravity, and formulate a critic of its unification with
electromagnetism as proposed in [20]. We summarize our results and gather our comments in our conclusion5.

2 The geometry of gauge fields

Gauge theories are a cornerstone of modern physics built on the principle that the fundamental interactions originate
from local symmetries called gauge symmetries. The mathematics underlying classical gauge theories is now widely
known to be the differential geometry of fiber bundles and connections supplemented by the differential algebraic
BRST approach. In order to fix notations, we briefly recall thebasic features of these in this section.

2.1 Basic differential geometry

LetP(M,H) be a principal fiber bundle over a smoothn-dimensional manifoldM, with structure Lie groupH and
projection mapπ : P →M. Given a representation (ρ,V) for H we have the associated bundleE := P×ρ V, whose
sections are in bijective correspondence withρ-equivariant maps onP: ϕ̃ ∈ Γ(E)↔ ϕ ∈ Λ0(P, ρ).

Given the right-actionRhp = ph of H onP, a V-valuedn-form β is saidρ-equivariant iff R∗hβ = ρ(h−1)β. Let
Xv ∈ VP ⊂ TP be a vertical vector field induced by the infinitesimal actionof X ∈ h = LieH onP. A form β is said
horizontal ifβ(Xv, . . .) = 0. A form β is said (ρ,V)-tensorial if it is both horizontal andρ-equivariant.

Letω ∈ Λ1(P, h) be a choice of connection onP: it is Ad-equivariant and satisfiesω(Xv) = X. The horizontal
subbundleHP ⊂ TP, the non-canonical complement ofVP, is defined as kerω. GivenYh ∈ HP the horizontal
projection of a vector fieldY ∈ TP, the covariant derivative of ap-form α is defined byDα := dα(Yh

1 , . . . ,Y
h
p).

The connection’s curvature formΩ ∈ Λ2(P, h) is defined as its covariant derivative, but is algebraically given
by the Cartan structure equationΩ = dω+ 1

2[ω,ω]. Given a (ρ,V)-tensorialp-formsβ onP, its covariant derivative
is a (ρ,V)-tensorial (p+ 1)-form algebraically given byDβ = dβ + ρ∗(ω)β. FurthermoreD2β = ρ∗(Ω)β.

Sinceϕ is a (ρ,V)-tensorial 0-form, its covariant derivative is the (ρ,V)-tensorial 1-formDϕ := dϕ + ρ∗(ω)ϕ.
The sectionϕ is said parallel ifDϕ = 0. One can show that the curvatureΩ is a (Ad, h)-tensorial 2-form, so its
covariant derivative isDΩ = dΩ + ad(ω)Ω = dΩ + [ω,Ω]. Given the Cartan structure equation, this vanishes
identically and provides the Bianchi identityDΩ = 0.

Given a local sectionσ : U ⊂ M → P, we have thatσ∗ω ∈ Λ1(U, h) is a Yang-Mills gauge potential,
σ∗Ω ∈ Λ2(U, h) is the Yang-Mills field strength andσ∗ϕ is a matter field, whileσ∗Dϕ = dσ∗ϕ + ρ∗(σ∗ω)σ∗ϕ is
the minimal coupling of the matter field to the gauge potential.

The group of vertical automorphisms ofP, Autv(P) := {Φ : P → P | h ∈ H,Φ(ph) = Φ(p)h andπ ◦Φ = Φ} is
isomorphic to the gauge groupH :=

{
γ : P → H | R∗hγ(p) = h−1γ(p)h

}
, the isomorphism beingΦ(p) = pγ(p). The

composition law of Autv(P), Φ∗2Φ1 := Φ1 ◦Φ2, implies that the gauge group acts on itself byγ
γ2
1 := γ−1

2 γ1γ2.
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The gauge groupH ≃ Autv(P) acts on the connection, curvature and (ρ,V)-tensorial forms as,

ωγ := Φ∗ω = γ−1ωγ + γ−1dγ, Ωγ := Φ∗Ω = γ−1Ωγ, (1)

ϕγ := Φ∗ϕ = ρ(γ−1)ϕ, and (Dϕ)γ = Dγϕγ = Φ∗Dϕ = ρ(γ−1)Dϕ.

These areactivegauge transformations, formally identical but to be conceptually distinguished frompassivegauge
transformations relating two local descriptions of the same global objects. Given two local sections related via
σ2 = σ1h, either over the same open setU ofM or over the overlap of two open setsU1 ∩U2, one finds

σ∗2ω = h−1σ∗1ω h+ h−1dh, σ∗2Ω = h−1σ∗1Ω h, (2)

σ∗2ϕ = ρ(h−1)σ∗1ϕ, and σ∗2Dϕ = ρ(h−1)σ∗1Dϕ.

This distinction active vs passive gauge transformations is reminiscent of the distinction diffeomorphisms vs coor-
dinate transformations in General Relativity.

If the manifold is equipped with a (r, s)-Lorentzian metric allowing for a Hodge star operator, andif V is
equipped with an inner product〈 , 〉, then the prototypical Yang-Mills Lagrangianm-form for a gauge theory is

L(σ∗ω,σ∗ϕ) = 1
2 Tr[σ∗Ω ∧ ∗(σ∗Ω)] + 〈σ∗Dϕ, ∗σ∗Dϕ〉 − U(σ∗ϕ),

whereU is a potential term for the matter field, as is necessary for the spontaneous symmetry breaking (SSB)
mechanism in the electroweak sector of the Standard Model.

2.2 Cartan geometry

Connectionsω onP such as described, known as Ehresmann or principal connections, are well suited to describe
Yang-Mills fields of gauge theory. They are the heirs of another notion of connection, best suited to describe gravity
in a gauge theoretic way: Cartan connections. A Cartan connection ̟ on a principal bundleP(M,H), beside
satisfying the two defining properties of a principal connection, defines an absolute parallelism onP. A bundle
equipped with a Cartan connection is a Cartan geometry, noted (P, ̟).

Explicitly, given a Lie algebrag ⊃ hwith dim g = dim TpP for which a group is not necessarily chosen, a Cartan
connection is̟ ∈ Λ1(P, g) satisfying:̟(Xv) = X, R∗h̟ = Adh−1̟ and̟p : TpP → g is a linear isomorphism
∀p ∈ P. This last defining property implies that the geometry of thebundleP is much more intimately related to
the geometry of the base spacetime manifoldM, hence the fitness of Cartan geometry to describe gravity in the
spirit of Einstein’s insight. Concretely one can show thatTM ≃ P×H g/h, and the image of̟ under the projection
τ : g → g/h defines a generalized soldering form,θ := τ(̟). The latter, more commonly known as the vielbein
in the physics literature, implements (a version of) the equivalence principle and accounts for the specificities of
gravity among other gauge interactions. The (Ad, g)-tensorial curvature 2-formΩ′ of ̟ is defined through the
Cartan structure equation:Ω′ = d̟ + 1

2[̟,̟]. Its g/h-part is the torsion 2-formΘ := τ(Ω′).
Given a AdH-invariant bilinear formη of signature (r, s) ong/h, a (r, s)-metricg onM is induced by̟ according

to g(X,Y) := η (σ∗θ(X), σ∗θ(Y)), for X,Y ∈ TM andσ : U ⊂ M → P a trivializing section.
In the caseg admits a AdH-invariant splittingg = h + g/h, the Cartan geometry is said reductive. Then one has

̟ = ω + θ, whereω is a principalH-connection, andΩ′ = Ω + Θ with Ω the curvature ofω. As an example, the
Cartan geometry with (g, h) the Euclid and rotations Lie algebras is Riemann geometry with torsion.

Given a groupG and a closed subgroupH, G/H is a homogeneous manifold andG
π
−→ G/H is a H-principal

bundle. The Maurer-Cartan form̟ G on G is a flat Cartan connection. So (G, ̟G) is a flat Cartan geometry,
sometimes referred to as the Klein model for the geometry (P, ̟), which is thus said to be of type (G,H).

Let V be a (g,H)-module, i.e it supports ag-actionρ∗ and aH-representationρ whose differential coincides
with the restriction of theg-action toh. The Cartan connection defines a covariant derivative on (ρ,V)-tensorial
forms. On sections of associated bundles, i.e onρ-equivariant mapsϕ, we have:Dϕ := dϕ + ρ∗(̟)ϕ. As usual
D2ϕ = ρ∗(Ω′)ϕ. On the curvature it gives the Bianchi identity:DΩ′ = dΩ′ + [̟,Ω′] = 0.

The gauge groupH ≃ Autv(P) acts on̟ andΩ′ as it does onω andΩ in (1). The definition of local represen-
tatives via sections ofP, local gauge transformations and gluing properties thereof proceeds as in the standard case.
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2.3 The BRST framework

The infinitesimal version of (1) can be captured by the so-called BRST differential algebra. Abstractly [21] it
is a bigraded differential algebra generated by{ω,Ω, v, χ} wherev is the so-called ghost and the generators are
respectively of degrees (1, 0), (2, 0), (0, 1) and (1, 1). It is endowed with two nilpotent antiderivationsd and s,
homogeneous of degrees (1, 0) and (0, 1) respectively, with vanishing anticommutator:d2 = 0 = s2, sd+ ds = 0.
The algebra is equipped with a bigraded commutator [α, β] := αβ − (−)deg[α]deg[β]βα. Notice that if the commutator
vanishes identically, the BRST algebra is a bigraded commutative differential algebra. The action ofd is defined
on the generators by:dω = Ω − 1

2[ω,ω] (Cartan structure equation),dΩ = [Ω, ω] (Bianchi identity),dv = χ and
dχ = 0. The action of the BRST operator on the generators gives theusual defining relations of the BRST algebra,

sω = −dv− [ω, v], sΩ = [Ω, v], and sv= −1
2[v, v]. (3)

Defining the degree (1, 1) homogeneous antiderivatioñd := d + s and so-called algebraic connectioñω := ω + v,
(3) can be compactly rewritten as̃Ω := d̃ω̃ + 1

2[ω̃, ω̃] = Ω. This is known as the “russian formula” [22; 23]
or “horizontality condition” [24; 25]. One is free to supplement this algebra with an elementϕ of degrees (0, 0)
supporting a linear representationρ∗ of the algebra as well as the action of the antiderivations, so that upon defining
D := d + ρ∗(ω) one has consistentlyD2ϕ = ρ∗(Ω)ϕ and

sϕ = −ρ∗(v)ϕ, and sDϕ = −ρ∗(v)Dϕ. (4)

When the abstract BRST algebra is realized in the above differential geometric setup, the bigrading is according
to the de Rham form degree and ghost degree,d is the de Rham differential onP (orM) and s is the de Rham
operator onH . The ghost is the Maurer-Cartan form onH so thatv ∈ Λ1(H , LieH), and givenξ ∈ TH , v(ξ) :
P → h ∈ LieH [26]. So in practice the ghost can be seen as a mapv : P → h ∈ LieH , a place holder that takes over
the role of the infinitesimal gauge parameter. Thus the first two relations of (3) and (4) reproduce the infinitesimal
gauge transformations of the gauge fields (1), while the third equation in (3) is the Maurer-Cartan structure equation
for the gauge groupH .

The BRST framework provides an algebraic way to characterize relevant quantities in gauge theories, such
as admissible Lagrangian forms, observables and anomalies. Quantities of degree (r, g) that ares-closed, that is
s-cocycles∈ Zr,g(s) := kers, are gauge invariant. Quantities of degree (r, g) that ares-exact ares-coboundaries
∈ Br,g(s) := Im s. Sinces2 = 0 obviouslyBr,g(s) ⊂ Zr,g(s) and one defines thes-cohomology groupHr,g(s) :=
Zr,g(s)/Br,g(s), elements of which differing only by a coboundary,c′ = c+ sb, define the same cohomology class.
Non-trivial Lagrangians and observables must belong toHn,∗(s).2 For example, given a properly gauge invariant
Yang-Mills LagrangianL, sL = 0, the prototypical Faddeev-Popov gauge-fixed Lagrangian is L′ = L + sb, where
b is of degree (n,−1) (since it involves an antighost, not treated here), and both belong to the sames-cohomology
class inHn,0(s). Wess-Zumino consistent gauge anomaliesA - quantum gauge symmetry breaking of the quantum
actionW = eiS , sW= A - belong toHn,1(s).

3 Reduction of gauge symmetries: the dressing field method

As insightful as the gauge principle is, gauge theories suffer from prima facieproblems such as an ill-defined
quantization procedure due to the divergence of their path integral, and the masslessness of the interaction mediating
fields (at odds with the phenomenology of the weak interaction). These drawbacks are rooted in the very thing that
is the prime appeal of gauge theories: the gauge symmetry. Hence the necessity to come-up with strategies to reduce
it. Broadly, two standard strategies to do so, addressing either problems respectively, are gauge fixings and SSB
mechanisms. Furthermore, similarly to what happens in General Relativity, it may not be straightforward to extract
physical observables in gauge theories. In GR, observablesmust be diffeomorphism-invariant. In gauge theories,
observables must be gauge-invariant, e.g the abelian (Maxwell-Faraday) field strength or Wilson loops.

2If suitable boundary conditions are imposed on the fields of the theory or if the spacetime manifold is boundaryless, the requirement of
quasi-invariance of the Lagrangian,sL= dα, is enough to ensure the invariance of the action,S =

∫
L. So that one may considerHr,g(s|d),

thes-modulo-d-cohomology instead of the stricts-cohomology.
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The dressing field approach is a third way, besides gauge fixing and SSB, to systematically reduce gauge sym-
metries. As such it may dispense to fix a gauge, can be a substitute to SSB (see [27–29]) and provides candidate
physical observables.

3.1 Composite fields

LetP(M,H) be a principal bundle equipped with a connectionω with curvatureΩ, and letϕ be aρ-equivariant map
onP to be considered as a section of the associated vector bundleE = P ×H V. The gauge group isH ≃ Autv(P).
The main content of the dressing field approach as a gauge symmetry reduction scheme is in the following

Proposition 1. If K and G are subgroups of H such that K⊆ G ⊂ H. NoteK ⊂ H the gauge subgroup associated
with K. Suppose there exists a map

u : P → G defined by its K-equivariance property R∗ku = k−1u, (5)

This map u, that we will call adressing field, allows to construct through f: P → P given by f(p) = pu(p), the
following composite fields

ωu : = f ∗ω = u−1ωu+ u−1du, Ωu := f ∗Ω = u−1Ωu = dωu + 1
2[ωu, ωu],

ϕu : = f ∗ϕ = ρ(u−1)ϕ and Duϕu := f ∗Dϕ = ρ(u−1)Dϕ = dϕu + ρ∗(ω
u)ϕu. (6)

which areK-invariant, K-horizontal and thus project on the quotient subbundleP/K ⊂ P.

NB: The dressing field can beequally definedby itsK-gauge transformation:uγ = Φ∗u = γ−1u, with γ ∈ K ⊂ H .
This together with (1) makes easy to check algebraically that the composite fields(6) areK-invariant indeed,
according to (χu)γ = (χγ)uγ = (χγ)γ

−1u = χu.3

Several comments are in order. First, in the event thatG ⊃ H then one has to assume that theH-bundleP is
a subbundle of aG-bundle, andmutatis mutandisthe proposition still holds. Such a situation occurs whenP is a
reduction of a frame bundle (of unspecified order) as the mainobject of this paper will illustrate.

Second, ifK = H then the composited fields (6) areH-invariant, the gauge symmetry is fully reduced, and they
live onP/H ≃ M. This shows that the existence of a global dressing field is a strong constraint on the topology
of the bundleP: a K-dressing field means that the bundle is trivial along theK-subgroup,P ≃ P/K × K, while a
H-dressing field means its triviality,P ≃ M× H.

Notice that despite the formal similarity with (1) (or (2)), the composite fields (6) are not gauge transformed
fields. Indeed the defining equivariance property (5) of the dressing field impliesu < H , and f < Autv(P). As a
consequence, in general the composite fields do not belong tothe gauge orbits of the original fields:χu

< O(χ). The
dressing field method then shouldn’t be mistaken for a mere gauge fixing.

3.2 Residual gauge symmetry

Since in generalH/K is a coset, its action on the dressing fieldu is left unspecified and depends on specifics of the
situation at hand. Then in general nothing can be said of the transformation properties of the composite fields under
H/K. But interesting things happen ifK is a normal subgroup,K E H, so thatH/K is a group that we noteJ for
convenience. The quotient bundleP/K is then aJ-principal bundle notedP′ = P′(M, J). We discuss two most
important such cases in the following subsections.

3.2.1 The composite fields as genuine gauge fields

Proposition 2. Let u be a K-dressing field onP. Suppose its J-equivariance is given by

R∗ju = Adj−1u, with j ∈ J. (7)

3We useχ = {ω,Ω, ϕ, . . .} to denote a generic variable when performing an operation that applies equally well to any specific one.
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Then the dressed connectionωu is a J-principal connection onP′. That is, for X ∈ j and j ∈ J, ωu satisfies:
ωu(Xv) = X and R∗jω

u = Adj−1ωu. Its curvature is given byΩu.
Also,ϕu is a (ρ,V)-tensorial map onP′ and can be seen as a section of the associated bundle E′ = P′ ×J V. The
covariant derivative on such sections is given by Du = d + ρ(ωu).

From this we immediately deduce the following

Corollary 3. The transformation of the composite fields under the residual J-gauge symmetry is found in the usual
way to be

(ωu)γ
′

: = Φ′∗ωu = γ′
−1
ωuγ′ + γ′

−1dγ′, (Ωu)γ
′

:= Φ′∗Ωu = γ′
−1
Ωuγ′,

(ϕu)γ
′

: = Φ′∗ϕu = ρ(γ′−1)ϕu, and (Duϕu)γ
′

:= Φ′∗Duϕu = ρ(γ′−1)Duϕu, (8)

withΦ′ ∈ Aut(P′) ≃ J ∋ γ′.

NB: The relationuγ
′

= γ′−1uγ′ can be taken as an alternative to (7) as a condition on the dressing fieldu.

Further dressing operations In the case where (7) holds so that the composite fields (6) areK-invariant but
genuineJ-gauge fields with residual gauge transformation given by (8), the question stands as to the possibility to
perform a further dressing operation.

Suppose a second dressing fieldu′ for the residual symmetry is available. It would be defined byu′γ
′

= γ′−1u′

for γ′ ∈ J. But in order to not spoil theK-invariance obtained from the first dressing fieldu, the second dressing
field should satisfy thecompatibility condition

R∗ku
′ = u′, for k ∈ K. Or altenatively: u′γ = u′, for γ ∈ K . (9)

In this case indeed:
(
χuu′

)γ
=

(
χγ

)uγu′γ
=

(
χγ

)γ−1uu′
= χuu′ , γ ∈ K .

(
χuu′

)γ′
=

(
χγ
′)uγ

′
u′γ
′

=
(
χγ
′)γ′−1uγ′ γ′−1u′

= χuu′ , γ′ ∈ J .

We see that the defining properties of the dressing fieldsu andu′, together with their compatibility conditions (7)
and (11) implies thatuu′ can be treated as a single dressing forH :

(
uu′

)γγ′
=

((
uu′

)γ)γ′
= (γ−1uu′)γ

′

=
(
γγ
′
)−1

γ′
−1uγ′ γ′−1u′ = γ′−1

γ−1uu′ = (γγ′)−1uu′.

The extension of this scheme to any number of dressing field isstraightforward, the details can be found in [29].

3.2.2 The composite fields as a new kind of gauge fields

Before turning to this next case we need to introduce some definitions. LetG′ ⊃ G be a Lie group for which
representations (ρ,V) of G are also representations ofG′. Consider aC∞-mapC : P × J → G′, (p, j) 7→ Cp( j),
satisfying

Cp( j j ′) = Cp( j)Cp j( j′). (10)

From this we have thatCp(e) = e, e the identity in bothJ andG′, andCp( j)−1 = Cp j( j−1). The differential ofC is

dC(p, j) = dC( j)p + dCp| j : TpP ⊕ T j J→ TCp( j)G
′,

where kerdC( j) = T j J and kerdCp = TpP, with by definition

dC( j)p(Xp) := d
dtCφt( j)|t=0, φt the flow ofX ∈ TP andφt=0 = p,

dCp| j(Yj) := d
dtCp(ϕt)|t=0, ϕt the flow ofY ∈ T J andϕt=0 = j.

Notice thatCp( j)−1dC(p, j) : TpP ⊕ T j J→ TeG′ = g′. We are now ready to state our next result as the following
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Proposition 4. Let u be a K-dressing field onP. Suppose its J-equivariance is given by

(R∗ju)(p) = j−1u(p)Cp( j), with j ∈ J and C a map as above. (11)

Thenωu satisfies

1. ωu
p(Xv

p) = cp(X) := d
dtCp(etX)|t=0, for X ∈ j and Xv

p ∈ VpP
′.

2. R∗jω
u = C( j)−1ωuC( j) +C( j)−1dC( j).

So,ωu is a kind of generalized connection1-form. Its curvatureΩu is J-horizontal and satisfies R∗jΩ
u = C( j)−1ΩuC( j).

Also,ϕu is aρ(C)-equivariant map, R∗jϕ
u = ρ (C( j))−1 ϕu. The first order differential operator Du := d+ ρ∗(ωu) is a

natural covariant derivative on suchϕu so that Duϕu is a (ρ(C),V)-tensorial form: R∗j D
uϕu = ρ (C( j))−1 Duϕu and

(Duϕu)p(Xv
p) = 0.

From this we can find the transformations of the composite fields under the residual gauge groupJ ≃ Autv(P′).
But first, we again need some preliminary results. ConsiderΦ′ ∈ Autv(P′) ≃ γ′ ∈ J, the residual gauge transfor-
mation of the dressing field is

(
uγ
′
)
(p) := (Φ′∗u)(p) = u(pγ′(p)) = γ′(p)−1u(p)Cp

(
γ′(p)

)
=

(
γ′
−1uC(γ′)

)
(p). (12)

NB: This relation can be taken as an alternative to (11) as a condition on the dressing fieldu.
We witness the introduction of the mapC(γ′) : P′ → G′, p 7→ Cp (γ′(p)). It is given by the composition serie

P′
∆
−→ P′ × P′

id×γ′
−−−−→ P′ × J

C
−−−→ G′,

p 7−−−→ (p, p) 7−−−→
(
p, γ′(p)

)
7−−→ Cp

(
γ′(p)

)
.

Its differentialdC(γ′) : TpP
′ → TCp(γ′(p))G′ is given bydC(γ′) = dC ◦ (id ⊕ dγ′) ◦ d∆. Notice that we have

Cp (γ′(p))−1 dC(γ′)p : TpP
′ → TeG′ = g′. Then, we have the following

Proposition 5. GivenΦ′ ∈ Autv(P′) ≃ γ′ ∈ J and a dressing field u satisfying(11) or (12), the residual gauge
transformations of the composite fields are

(ωu)γ
′

: = Φ′∗ωu = C(γ′)−1ωuC(γ′) +C(γ′)−1dC(γ′), (Ωu)γ
′

:= Φ′∗Ωu = C(γ′)−1ΩuC(γ′),

(ϕu)γ
′

: = Φ′∗ϕu = ρ
(
C(γ′)−1

)
ϕu and (Duϕu)γ

′

= Φ′∗Duϕu = ρ
(
C(γ′)−1

)
Duϕu. (13)

So, the composite fields(6) behave as gauge fields of a new kind, and implement thegauge principle- or principle
of local symmetry- of field theory in Physics.

NB: Under a further gauge transformationΨ ∈ Autv(P′) ≃ η ∈ J, the dressing field behaves as

(
Ψ∗(Φ∗u)

)
(p) =

(
(Φ ◦ Ψ)∗u

)
(p) = u (Φ(pη(p)) = u (Φ(p)η(p)) = u (pγ(p)η(p)) = η(p)−1γ(p)−1u(p)Cp (γ(p)η(p)) ,

=
(
η−1γ−1 u C (γη)

)
(p).

or
(
Ψ∗(Φ∗u)

)
(p) =

(
γ−1uC(γ)

)
(Ψ(p)) = γ (pη(p))−1 u (pη(p)) Cpη(p) (γ(pη(p)) ,

= η(p)−1γ(p)−1η(p) · η(p)−1u(p)Cp (η(p)) ·Cpη(p)

(
η(p)−1γ(p)η(p)

)
,

= η(p)−1γ(p)−1 u(p)Cp (η(p)) ·Cpη(p)

(
η(p)−1

)
Cp (γ(p)η(p)) = η(p)−1γ(p)−1u(p)Cp (γ(p)η(p)) .

This secures the fact that the action (13) of the residual gauge symmetry on the composites fields is well-behaved
as a representation.
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The case of1-α-cocycles SupposeCp : J → G′ is defined byCp( j j ′) = Cp( j) α j[Cp( j′)], for α : J → Aut(G′)
a continuous group morphism. Such objects appear in the representation theory of crossed products ofC∗-algebras
and is known as a 1-α-cocycle(see [30; 31]).4 Its defining property is an example of (10), and everything that has
been said in this section -and will be said in the following - applies whenCp is a 1-α-cocycle. As a particular case,
consider the following

Proposition 6. Suppose J is abelian and let Ap, B : J→ GLn be group morphisms where R∗j Ap( j′) = B( j)−1Ap( j′)B( j).
Then Cp := ApB : J→ GLn is a1-α-cocyle where the morphismα : J→ Aut(GLn) is the conjugate action through
the morphism B:α j[g] = B( j)−1[g]B( j), with g∈ GLn.

As a matter of fact, in the case of the conformal Cartan geometry and the associated tractors and twistors,
1-α-cocycles of this type do appear, withJ is the Weyl group of rescalings.

3.3 Application to the BRST framework

The BRST algebra encodes the infinitesimal gauge symmetry. It is to be expected that the dressing field method
modifies it. To see how, let us first consider the following

Proposition 7. Given the BRST algebra(3)-(4) on the initial gauge variables and the ghost v∈ LieH . The
composite fields(6) satisfy themodified BRST algebra:

sωu = −Duvu = −dvu − [ωu, vu], sΩu = [Ωu, vu], sϕu = −ρ∗(v
u)ϕu, and svu = −1

2[vu, vu] (14)

with thedressed ghost vu = u−1vu+ u−1su.

This result does not rest on the assumption that u is a dressing field.

Proof. The result is easily found by expressing the initial gauge variableχ = {ω,Ω, ϕ} in terms of the dressed fields
χu and the dressing fieldu, and re-injecting in the initial BRST algebra (3)-(4). At no point of the derivation does
suneed to be explicitly known. It then holds regardless ifu is a dressing field or not. �

If the ghostv encodes the infinitesimal initialH-gauge symmetry, the dressed ghostvu encodes the infinitesimal
residual gauge symmetry. Its concrete expression depends on the BRST transformation ofu.

Under the hypothesisK ⊂ H, the ghost decomposes asv = vk + vh/k, and the BRST operator splits accordingly:
s= sk+sh/k. If u is a dressing field its BRST transformation is the infinitesimal version of its defining transformation
property:sku = −vku. So the dressed ghost is

vu = u−1vu+ u−1su= u−1(vk + vh/k)u+ u−1(−vku+ sh/ku) = u−1vh/ku+ u−1sh/ku.

We see that the LieK part of the ghost,vk, has disappeared. This means thatskχu = 0, which expresses theK-
invariance of the composite fields (6).

Residual BRST symmetry In generalh/k is simply a vector space, sosh/ku is left unspecified and nothing can be
said in general ofvu and of the form of the modified BRST algebra (14). But following section3.2, if K E H then
H/K = J is a group with lie algebrah/k = j. We here provide the BRST treatment of the two cases detailedin this
section.

Suppose the dressing field satisfies the condition (7), whose BRST version is:sju = [u, vj]. The dressed ghost
is then

vu = u−1vju+ u−1sju = u−1vju+ u−1(uvj − vju) = vj. (15)

This in turn implies that the new BRST algebra is

sωu = −Duvj = −dvj − [ωu, vj], sΩu = [Ωu, vj], sϕu = −ρ∗(vj)ϕ
u, and svj = −1

2[vj, vj]. (16)

4In the general theory the groupG′ is replaced by aC∗-algebraA.

9



This is the BRST version of (8), and reflects the fact that the composites fields (6) are genuineJ-gauge fields, in
particular thatωu is aJ-connection.

A further dressing fieldu′ would be defined bysju′ = −vju′, and the necessary compatibility condition it needs
to satisfy issku′ = 0. The combined dressinguu′ is such thatsuu′ = −vuu′, so thatvu = 0 andsχuu′ = 0. Again the
straightforward extension of the scheme to any number of dressing fields can be found in [29].

Suppose now that the dressing field satisfies the condition (11), whose BRST version is:sju = −vju+ ucp(vj).
The dressed ghost is then

vu = u−1vju+ u−1sju = u−1vju+ u−1
(
−vju+ ucp(vj)

)
= cp(vj). (17)

This in turn implies that the new BRST algebra is

sωu = −dcp(vj) − [ωu, cp(vj)], sΩu = [Ωu, cp(vj)], sϕu = −ρ∗(cp(vj))ϕ
u, (18)

and scp(vj) = −1
2[cp(vj), cp(vj)].

This is the BRST version of (13), and reflects the fact that the composites fields (6) instantiate the gauge principle
in a satisfactory way.

3.4 Local aspects and Physics

Until now we have exposed the global aspects of the dressing approach on the bundleP to emphasize the geometric
nature of the composites fields obtained, according to the given equivariance properties displayed by the dressing
field. Most notably we stated that the composite field can behave as a new kind of gauge fields.

But to do Physics we need the local representatives on an opensubsetU ⊂ M of global dressing and composite
fields. These are obtained in the usual way from a local sectionσ : U → P of the bundle. The important properties
they thus retain is their gauge invariance and residual gauge transformations.

If it happens that a dressing field is defined locally onU first, and not directly onP, then the local composite
fields χu are defined in terms of the local dressing fieldu and local gauge fieldsχ by (6). The gauge invariance
and residual gauge transformations of these local composite fields are derived from the gauge transformations of
the local dressing field under the various subgroups of the local gauge groupHloc according to (χu)γ = (χγ)uγ . The
BRST treatment for the local objects mirrors exactly the onegiven for the global objects.

This being said, noteA = σ∗ω, F = σ∗Ω for definiteness but keepu andϕ to denote the local dressing field and
section. We state the final proposition of this section, dealing with gauge theory.

Proposition 8. Given the geometry defined by a bundleP(M,H) endowed withω and the associated bundle E,
suppose we have a gauge theory given by the prototypicalHloc-invariant Yang-Mills Lagrangian

L(A, ϕ) = 1
2 Tr(F ∧ ∗F) + 〈Dϕ, ∗Dϕ〉 − U(||ϕ||),

where||ϕ|| := |〈ϕ〉|
1/2. If there is a local dressing field u: U → G ⊂ H withKloc-gauge transformation uγ = γ−1u,

then the above Lagrangian is actually aHloc/Kloc-gauge theory defined in terms ofKloc-invariant variables since
we have

L(A, ϕ) = L(Au, ϕu) = 1
2 Tr(Fu ∧ ∗Fu) + 〈Duϕu, ∗Duϕu〉 − U(||ϕu||)

by a mere change of variables.

Proof. The result follows straightforwardly from theHloc-invariance of the initial Lagrangian. SinceL(Aγ, ϕγ) =
L(A, ϕ) for γ : U → H, holds as a formal property ofL, it follows thatL(Au, ϕu) = L(A, ϕ) for u : U → G ⊂ H. �

Notice that sinceu is a dressing field,u < Hloc so the dressed LagrangianL(Au, ϕu) ought not to be confused
with a gauge-fixed LagrangianL(Aγ, ϕγ) for some chosenγ ∈ Hloc, even if it may happen thatγ = u.A fact that
might go unnoticed. As we’ve stressed in the opening of section 3, the dressing field approach is distinct from both
gauge-fixing and spontaneous symmetry breaking as a means toreduce gauge symmetries.
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Let us highlight the fact that a dressing field can often be constructed by requiring the gauge invariance of a
prescribed “gauge-like condition”. Such a condition is given when a local gauge fieldχ (often the gauge potential)
transformed by a fieldu with value in the symmetry groupH, or one of its subgroups, is required to satisfy a
functional constraint:Σ(χu) = 0. Explicitly solved, this makesu a function ofχ, u(χ), thus sometimes calledfield
dependent gauge transformation. However this terminology is valid if and only ifu(χ) transforms under the action
of γ ∈ Hloc asu(χ)γ := u(χγ) = γ−1u(χ)γ, in which caseu(χ) ∈ Hloc. But if the functional constraint still holds
under the action ofHloc, or of a subgoup thereof, it follows that (χγ)uγ = χu (or equivalently thatsχu = 0). This in
turn imposes thatuγ = γ−1u (or su= −vu) so thatu < Hloc but is indeed a dressing field.

This and the above proposition generalizes the pioneering idea of Dirac [32; 33] aiming at quantizing QED by
rewriting the classical theory in terms of gauge-invariantvariables. The idea was rediscovered several times, early
by Higgs himself [34] and Kibble [35]. The invariant variables were sometimes termedDirac variables[36; 37]
and reappeared in various contexts in gauge theory, such as QED [38], quarks theory in QCD [39], the proton spin
decomposition controversy [40–42] and most notably in electroweak theory and Higgs mechanism[27; 43–49].
Indeed, proposition8 applies to the electroweak sector of the Standard Model and thus provides an alternative to
the usual textbook interpretation of the Higgs mechanism interms of spontaneous symmetry breaking, see [28; 29].

The dressing field approach thus gives a unifying and clarifying framework for these works, and others concern-
ing the BRST treatment of anomalies in QFT [23; 50], Polyakov’s “partial gauge fixing” for 2D-quantum gravity
[51; 52] or the construction of the Wezz-Zumino functionnal [53]. It is the aim of this paper and its companion to
show that both tractors and twistors can also be encompassedby this approach, which furthermore highlights their
nature as gauge fields of a non-standard kind. The case of twistors is dealt with in the next section.

4 Twistors from conformal Cartan geometry via dressing

Due to the important progress of the last twenty years, the term twistor is now more general than it used to. Twistor
theory for various differential geometric structures has been devised, e.g for paraconformal manifolds in [15]. And
the reference text [54] defines it for any parabolic geometry.

However, as mentioned in our introduction, initially the twistor bundle was devised for conformal manifolds and
constructed via prolongation of a defining differential equation. A procedure deemed more explicit for calculational
purposes than the bundle construction [15]. We briefly review this procedure in the following subsection, so that
the reader can compare with the derivation via the dressing field method in the next.

4.1 Bottom-up construction via prolongation of the TwistorEquation: a reminder

We essentially follow the expositions and use the notationsof [6] section 6.9, and [15] section 6.1. But first we need
to remind how points of Minkowski spaceM := (R4, η) are represented as hermitian matrices and how the actions
of the Lorentz group and Lie algebra are represented. This will be useful latter on.

Let x = xa the column vector representing, in abstract index notation, the coordinates of a point inM w.r.t any
basis{ea}a=0,...,3. The spacetime interval is given by‖x‖2 = (x0)2 − (x1)2 − (x2)2 − (x3)2 = xTηx. An element
S = Sa

b of the Lorentz groupSO(1, 3) =
{
S ∈ GL4(R) |STηS = η

}
acts as:x′ = S x→ x′a = Sa

bxb. Its Lie algebra

so(1, 3) =
{
s∈ GL4(R) | sTη + ηs= 0

}
acts likewise:x′ = sx→ x′a = sa

bxb.

Consider
{
σAA′

a

}
a=0,...,3

, a basis of 2× 2 hermitian matrices Herm(2,C) = {M ∈ GL2(C) | M∗ = M}, where∗ is
the operation of transposition-conjugation. As vector spaces,M and Herm(2,C) are isomorphic via

M→ Herm(2,C),

x = xa 7→ x̄ = x̄AA′ := xaσAA′
a = 1

2

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
. (19)

Upper case Latin letters are Weyl spinor indices, taking values 0 and 1. The spacetime interval is then given by
‖x‖2 = 4 det(x̄). The action ofSO(1, 3) onx preservingη is represented by the action ofSL(2,C) on x̄ preserving det:
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SO(1, 3)×M→ M,

(S, x) 7→ S x
⇒

SL(2,C) × Herm(2,C)→ Herm(2,C),

(S̄, x̄) 7→ S̄x̄S̄∗
(20)

Since S̄ and−S̄ represent the same Lorentz transformation, the homomorphism SO(1, 3) → SL(2,C) is 1 : 2
covering. It is a spin representation of the Lorentz group. The action ofso(1, 3) is likewise represented by the action
of sl(2,C):

so(1, 3)×M→ M,

(s, x) 7→ sx
⇒

sl(2,C) × Herm(2,C)→ Herm(2,C),

(s̄, x̄) 7→ s̄x̄+ x̄s̄∗
(21)

Now, to construct twistors, one starts with a 4-dimensionalconformal manifold (M, c) with c the conformal
class of the Levi-Civita connection. Tensorial indices, represented by lower case Greek indices (µ, ν, . . .), can be
converted to Minkowski indices (a, b, . . .) via a tetrad/vierbein fieldea

µ (related to a choice of metricg ∈ c). Then
Minkowski indices can then be converted into spinor indices(AA′, BB′, . . .) via the isomorphism (19). One then
defines the Twistor Equation as

∇(A
A′ω

B) = 0, or equivalently as ∇AA′ω
B − 1

2δ
B
A ∇CA′ω

C = 0 (22)

where∇ is the Levi-Civita connection associated to a choice of metric g ∈ c andωB : M → C2 is a Weyl spinor.
This is the differential equation to be prolonged and recast as a system of differential equations. To do so one defines
the intermediary dual spinor variableπA′ := i

2∇CA′ω
C so that the Twistor Equation is

∇AA′ω
B + iδB

AπA′ = 0. (23)

One only has to find a constraint equation onπA′ to close the system. This is done by applying∇ again, and after
some algebra equation (22) is replaced by the linear system

∇AA′ω
B + iδB

AπA′ = 0, ∇AA′πB′ − iP̄AA′BB′ω
B = 0, (24)

whereP̄AA′BB′ ≃ Pab := −1
2

(
Rab−

1
6Rgab

)
is the Schouten tensor. This system can be rewritten as the action of a

linear operator∇T
AA′ on the bi-spinorZα = (ωB, πA′) ∈ C4

∇T
AA′Z

α = 0, ⇒ ∇AA′


ωB

πB′

 +


0 iδB
A

−iP̄AA′BB′ 0



ωB

πA′

 = 0. (25)

Given the Weyl rescaling of the metriĉg = z2g, after some algebra one finds that the connection changes as

∇̂AA′XC = ∇AA′XC+δC
AῩDA′XD and the Schouten tensor changes aŝ̄PAA′BB′ = P̄AA′BB′ +∇AA′ῩBB′ − ῩAB′ῩBA′, with

ῩAA′ := z−1∂AA′z (Υa := ∂a ln z). So byrequiring the conformal invariance of the first spinor component, one fixes
the conformal transformation of the second spinor component:

ω̂A = ωA,
Or in matrix form,


ω̂A

π̂A′

 =

1 0

iῩAA′ 1



ωA

πA′

 . (26)
π̂A′ = πA′ + iῩAA′ω

A.

This, one may consider as a gauge transformation so thatgenericbi-spinorsZα = (ωA, πA′) gauge-related by (26),
calledtwistors, are considered as sections of a vector bundle over (M, c) with fiberC4: the local twistor bundleT.

With still more algebra and the relation̂∇AA′XC′ = ∇AA′XC′ − ΥC′AXA′, one finds that this gauge equivalence
holds also for the bi-spinor defined by (24)


̂(∇AA′ωD + iδD

AπA′)
̂(∇AA′πB′ − iP̄AA′BB′ω

B)

 =

1 0

iῩDB′ 1



∇AA′ω

D + iδD
AπA′

∇AA′πB′ − iP̄AA′BB′ω
B

 . (27)
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So the linear operator∇T
AA′ (25) defines a covariant derivative onT called the twistor transport ortwistor connection.

A twistor satisfying∇T
AA′Z

α = 0 is a global twistor and coincides with the notion of twistorfrom which Penrose
wanted to derive Minkowski space.

There is furthemore a well defined bilinear form on twistorsZ,Z′ ∈ Γ(T) defined by

〈Z,Z′〉 := π∗Aω
′A + ωA′∗π′A′ . (28)

Indeed it is invariant under Weyl rescaling〈Ẑ, Ẑ′〉 = 〈Z,Z′〉, as can be verified via (26). One also checks via (25) that,
like a Levi-Civita connection, the twistor connection preserves the metric thus defined since∇T〈Z,Z′〉 = 2〈∇TZ,Z′〉.
In physics, thehelicity of a twistorZ, usually noteds, is defined as half its norm:〈Z,Z〉=2s.

The commutator of the twistor connection defines thelocal twistor curvatureK,

[
∇T,∇T

]
Z = KZ =


W̄ 0

−iC̄ −W̄∗



ω

π

 , (29)

whereC = ∇P is the Cotton tensor, andW is the Weyl tensor. From this one sees immediately that the twistor
connection∇T

µ is flat if and only if (M, c) is conformally flat.

This is how is constructed the local twistor bundleT endowed with the twistor connection∇T, bottom up
from the Twistor Equation on a conformal manifold (M, c). This approach, while presenting the advantage of
being explicit, involves some amount of computation in order to derive the basic objects and their transformation
properties. In the next section we lay our case that objects very much like these can be recovered with much less
computation, top-down from a gauge structure overM via the dressing field method. By doing so, the nature of the
twistors and twistor connection as gauge fields of the non-standard kind described in section3.2.2is made clear.

4.2 Top-down gauge theoretic approach via dressing

The gauge structure on spacetimeM that we start with is the conformal Cartan geometry and its associated spin
bundle. We describe it in the following subsection, and the dressing field method is applied in the next.

4.2.1 The conformal Cartan bundle and its spin vector bundle

Since we are ultimately interested in twistors, we are concerned with 4-dimensional base manifoldsM despite the
fact that the conformal Cartan bundle can be defined for dimension≥ 3. The conformal Cartan geometry (P, ̟)
is said modeled on the Klein model (G,H) whereG = PSO(2, 4) =

{
M ∈ GL6(R) | MTΣM = Σ, detM = 1

}
/ ± id

with Σ =
(

0 0 −1
0 η 0
−1 0 0

)
, η the flat metric of signature (1, 3), andH is a parabolic subgroup such that the Homogeneous

spaceG/H ≃ (S1 × S3)/Z2 is the conformal compactification of Minkowski space,M. The structure group of the
conformal Cartan bundleP(M,H) comprises Lorentz, Weyl and conformal boost symmetries and has the following
matrix presentation [54; 55]

H = K0 K1 =




z 0 0
0 S 0
0 0 z−1




1 r 1

2rr t

0 1 r t

0 0 1



∣∣∣∣∣ z∈W := R∗+, S ∈ SO(1, 3), r ∈ R4∗


.

Here t stands for theη-transposition, namely for the row vectorr one hasr t = (rη−1)T (the operationT being
the usual matrix transposition), andR4∗ is the dual ofR4. Clearly K0 ≃ CO(1, 3) via (S, z) → zS, andK1 is the
abelian group of conformal boosts. The corresponding Lie algebras (g, h) are graded [56]: [gi , g j ] ⊆ gi+ j , i, j = 0,±1
with the abelian Lie subalgebras [g−1, g−1] = 0 = [g1, g1]. They decompose respectively as,g = g−1 ⊕ g0 ⊕ g1 ≃

R
4 ⊕ co(1, 3)⊕ R4∗ andh = g0 ⊕ g1 ≃ co(1, 3)⊕ R4∗. In matrix notation we have,

g =




ε ρ 0
τ s ρt

0 τt −ε



∣∣∣∣∣ (s− ε1) ∈ co(1, 3), τ ∈ R4, ρ ∈ R4∗


⊃ h =




ε ρ 0
0 s ρt

0 0 −ε




,
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with theη-transpositionτt = (ητ)T of the column vectorτ. The graded structure of the Lie algebras is automatically
handled by the matrix commutator.

The Cartan bundleP is then endowed with the conformal Cartan connection, whoselocal representative on
U ⊂ M is̟ ∈ Λ1(U, g) with curvatureΩ ∈ Λ2(U, g). In matrix representation

̟ =


a P 0
θ A Pt

0 θt −a

 , and Ω = d̟ +̟2 =


f C 0
Θ W Ct

0 Θt − f

 .

The soldering part of̟ is θ = e · dx, i.e θa := ea
µdxµ, with e= ea

µ the so-called vierbein or tetrad field.5 A metric
g of signature (1, 3) onM is induced fromη via̟ according tog(X,Y) := η (θ(X), θ(Y)) = θ(X)Tηθ(Y), or in a way
more familiar to physicistsg := eTηe→ gµν = eµaηabeb

ν.
It should be noted that the gauge structure (P, ̟) onM is not equivalent to a conformal class of metricsc.

Indeed, the action of the local gauge groupHloc on̟ induces a conformal class of metrics via its soldering part,but
the degrees of freedom of̟ compensated for by the gauge symmetryHloc still amounts to more than 9= [c].

But there is a way to make this Cartan geometry equivalent to aconformal manifold (M, c). In a way similar
to the singling out of the Levi-Civita connection among all linear connections as the unique torsion-free and metric
compatible connection, one can single out the so-callednormalconformal Cartan connection̟N as the unique one
satisfying the constraintsΘ = 0 (torsion free) andWa

bad = 0. Together with theg−1-sector of the Bianchi identity
dΩ + [̟,Ω] = 0, these constraints implyf = 0 (trace free), so that the curvature of the normal Cartan connection

reduces toΩN =

( 0 C 0
0 W Ct

0 0 0

)
. From the normality conditionWa

bad = 0 follows thatP has components (in theθ basis

of Ω•(U)) Pab = −
1
2

(
Rab−

R
6ηab

)
, whereRandRab are the Ricci scalar and Ricci tensor associated with the 2-form

R= dA+ A2. In turn, from this follows thatW = R+ θP+ Ptθt is the well known Weyl 2-form. By the way, in the
gaugea = 0, C := dP+ PA= DP looks like the familiar Cotton 2-form.

The gauge structure (P, ̟N) is indeed equivalent to a conformal class of metricc onM. However, it would be
hasty to identifyA in̟ or̟N with the spin connection one is familiar with in physics, andby a way of consequence
to takeR := dA+ A2 andP as the Riemann and Schouten tensors. Indeed, contrary to expectationsA is invariant
under Weyl rescaling and neitherR nor P have the known Weyl transformations. It turns out that one recovers the
spin connection and the mentioned associated tensors only after a dressing operation. See [16].

Spin representation In the same way that there is a spin representationSO(1, 3)
1:2
−−→ SL(2,C) of the Lorentz

group, there is a spin representation of the conformal groupSO(2, 4)
1:2
−−→ SU(2, 2), with the special unitary group

SU(2, 2) =
{
M ∈ GL4(C) | M∗Σ̄M = Σ̄, detM = 1

}
with Σ̄ =

(
0 1

1 0

)
. The latter gives by restriction a representation

of the structure groupH
1:2
−−→ H̄. We describe the latter in matrix notation as

H = K0K1 → H̄ = K̄0K̄1 :=




z

1/2S̄−1∗ 0

0 z−
1/2S̄



1 −ir̄

0 1


∣∣∣∣∣ z ∈ R∗+, S̄ ∈ SL(2,C), r̄ ∈ Herm(2,C)

 , (30)

where we used (20) and the explicit isomorphism

R
4∗ → Herm(2,C),

r = xt = xTη 7→ r̄ := x0σ0 − xiσi =
1
2

(
x0 − x3 −x1 + ix2

−x1 − ix2 x0 + x3

)
. (31)

Using (19), (21) and (31), the Lie algebra morphismso(2, 4) = g→ su(2, 2) = ḡ is then explicitely given by

ḡ = ḡ−1 + ḡ0 + ḡ1 =

{(
−(s̄∗ − ε/21) −iρ̄

iτ̄ s̄− ε/21

) ∣∣∣∣∣ ε ∈ R, s̄∈ sl(2,C) andτ̄, ρ̄ ∈ Herm(2,C)

}
⊃ h̄ = ḡ0 + ḡ1. (32)

5 Notice that from now on we shall make use of “·” to denote Greek indices contractions, while Latin indicescontraction is naturally
understood from matrix multiplication.
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The graded structure of̄g implies that

[ḡ−1, ḡ1] ∋

[(
0 0
iτ̄ 0

)
,

(
0 −iρ̄
0 0

)]
=

(
−ρ̄τ̄ 0

0 τ̄ρ̄

)
=


−

(
(τ̄ρ̄)∗0 +

ρτ/21
)

0
0 (τ̄ρ̄)0 +

ρτ/21

 ∈ ḡ0,

so that (¯τρ̄)0 ∈ sl(2,C) andρτ ∈ R is a scalar product. Clearly,̄g−1 and ḡ1 are abelian. Relations (30) and (32)
reproduce in a handy and readable way some of the results of [17].

The complex representation space forG and H is C4. So, one may form the vector bundleE = P ×H̄ C
4

associated to the Cartan bundleP(M,H). A section ofE is aH̄-equivariant map onP whose local expression is

ψ : U ⊂ M → C4, given explicitely as column vectors ψ =

(
π

ω

)
, with π, ω ∈ C2 dual Weyl spinors.

The covariant derivative induced by the Cartan connection is D̄ψ = dψ + ¯̟ψ, so thatD̄2ψ = Ω̄ψ. The spinorial
conformal Cartan connection and its curvature read

¯̟ =


−(Ā∗ − a/21) −iP̄

iθ̄ Ā− a/21

 and Ω̄ =


−(W̄∗ − f/21) −iC̄

iΘ̄ W̄− f/21

 .

The group metric̄Σ naturally defines an invariant bilinear form on sections ofE: givenψ, ψ′ ∈ Γ(E) one has

〈ψ, ψ′〉 = ψ∗Σ̄ψ′ = (π∗, ω∗)

(
0 1

1 0

) (
π′

ω′

)
= π∗ω′ + ω∗π′.

The covariant derivativēD naturally preserves this bilinear form since ¯̟ is ḡ-valued:D̄Σ̄ = dΣ̄ + ¯̟T Σ̄ + Σ̄ ¯̟ = 0.

Gauge transformations It would be tempting to identifyE with the twistor bundle. However its sections and
covariant derivative thereof do not undergo the defining Weyl transformation of a twistor as defined in section4.1.
Indeed an element ¯γ of the local gauge group̄H = K̄0K̄1 (we now drop the subscript “loc”) can be factorized as
γ̄ = γ̄0γ̄1 : U → H̄ = K̄0 K̄1 with γ̄0 ∈ K̄0 :=

{
γ : U → K̄0

}
andγ̄1 ∈ K̄1 :=

{
γ̄ : U → K̄1

}
. Accordingly, through

simple matrix calculations, the gauge transformations ofψ w.r.t K̄0 andK̄1 are found to be

ψγ̄0 = γ̄−1
0 ψ →


πγ̄0

ωγ̄0

 =


z
1/2S̄∗π

z−
1/2S̄−1ω

 , and ψγ̄1 = γ̄−1
1 ψ →


πγ̄1

ωγ̄1

 =

π + ir̄ω

ω

 . (33)

The same goes for̄Dψγ̄0 andD̄ψγ̄1. In the first relation put̄S = 1, compare with (26) and notice the difference. It is
clear that as it stands,E is not the twistor bundleT as previously defined.

As for the Cartan connection, its gauge transformation w.r.t K̄0 is

¯̟γ̄0 = γ̄−1
0 ¯̟γ̄0 + γ̄

−1
0 dγ̄0, (34)


−(Ā∗ − a/21) −iP̄

iθ̄ Ā− a/21


γ̄0

=


−

[(
S̄∗Ā∗S̄−1∗ + dS̄S̄−1∗

)
− (a+ z−1dz)/21

]
−i z−1S̄∗P̄S̄

i zS̄−1θ̄S̄−1∗ S̄−1ĀS̄ + S̄−1dS̄ − (a+ z−1dz)/21

 ,

and w.r.tK̄1 it reads

¯̟γ̄1 = γ̄−1
1 ¯̟γ̄1 + γ̄

−1
1 dγ̄1, (35)


−(Ā∗ − a/21) −iP̄

iθ̄ Ā− a/21


γ̄1

=


−

[(
Ā∗ + (r̄ θ̄)0

)
− (a− rθ)/21

]
−i

[
P̄+ dr̄ − (r̄ Ā+ Ā∗ r̄) + ar̄ − r̄ θ̄r̄

]

iθ̄ Ā+ (θ̄r̄)0 − (a− rθ)/21

 .

It is clear from the transformation of the soldering partθ̄ of ¯̟, that the metric induced by̟ γ0 is z2g. Thus the
action ofH on̟ induces a conformal class of metricc onM. But notice again that the Weyl transformations ofĀ,
P̄ are not as expected if we were to think of them as the spin Levi-Civita connection and the Schouten tensor.

These disappointments will be corrected after the dressingfield approach is performed on thenormal version
of the gauge structures just described.
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4.2.2 Twistors from gauge symmetry reduction via dressing

As we did for the tractor case, we aim at erasing the conformalboost gauge symmetryK1 through a dressing field.
In [16] we found such a dressing field

u1 : U → K1, that is u1 =


1 q 1

2qqt

0 1 qt

0 0 1

 ,

as solution of the gauge-like constraintΣ(̟u1) := Tr(Au1 − au1) = −4au1 = −4(a− qθ) = 0 which, once solved for
q, givesqa = aµeµa, or in index free notationq = a · e−1.6 We checked thatu1 satisfies the defining property of a
K1-dressing field:uγ1

1 = γ1
−1u1.

Had we not known this, we could have found āK1-dressing field in the twistor context

ū1 : U → K̄1 that is ū1 =

(
1 −iq̄
0 1

)
,

as solution of the gauge-like constraintΣ′( ¯̟ū1) := Tr(Āu1 − au1/2) = −(a − qθ) = 0. This gives indeed the same
q ∈ R4∗ as above which is then mapped to ¯q ∈ Herm(2,C). Then, using (35) we can check that ¯qγ̄1 = q̄− r̄, so that
ū1 satisfies the defining property of āK1-dressing field: ¯uγ̄1

1 = γ̄
−1
1 ū1.

Or, not ignoring the work done to findu1 in the tractor case, we map it to ¯u1 thanks to the group morphism (30)
which secures the fact that the defining property is respected. And we are done.

With this K̄1-dressing field we can apply - the local version of - proposition 1 and form theK̄1-invariant com-
posite fields

¯̟1 := ¯̟ū1= ū−1
1 ¯̟ū1 + ū−1

1 dū1=


−Ā∗1 −iP̄1

iθ̄ Ā1

 , Ω̄1 := Ω̄ū1= ū−1
1 Ω̄ū1 = d ¯̟1 + ¯̟2

1 =


−(W̄∗1 −

f1/21) −iC̄1

iΘ̄ W̄1 − f1/21



ψ1 : = ū−1
1 ψ =

(
π1

ω1

)
, and D̄1ψ1 = dψ1 + ¯̟1ψ1 =


dπ1 − Ā∗1π1 − iP̄1ω1

dω1 + Ā1ω1 + iθ̄π1

 =

∇1π1 − iP̄1ω1

∇1ω1 + iθ̄π1

 (36)

As is usualD̄2
1ψ1 = Ω̄1ψ1. We notice thatf1 = −2 Tr

(
θ̄P̄1

)
= P1 ∧ θ is the antisymmetric part of the tensorP1.

The claim is twofold. First, we assert thatψ1 is a twistor and that the covariant derivativebD1 induced from the
dressed spin conformal Cartan connection ¯̟1 is a “generalized” twistor connection. Second, the composite fields
(36) are gauge fields of a non-standard kind - such as described insection3.2.2- w.r.t Weyl symmetry, but genuine
gauge fields - according to section3.2.1- w.r.t Lorentz symmetry. Both assertions are supported by the analysis of
the residual gauge transformations of these composite fields.

Residual gauge symmetries BeingK̄1-invariant by construction, the composite fields (36) are expected to display
a K̄0-residual gauge symmetry. This group breaks down as a directproduct of the (spin) Lorentz and Weyl groups:
K̄0 = SL(2,C)×W, whereSL(2,C) ≃ SL(2,C)⊕SL(2,C)∗. We focus on Lorentz symmetry first, then only bring our
attention to Weyl symmetry. Here again we could use the results found in [16] and map them via the isomorphism
(30), but to be complete we indicate how to reach the same resultsfrom first principles.

The residual gauge transformations of the composite fields (36) under the spin Lorentz gauge group, defined as
SL :=

{
S : U → SL(2,C) | S = γ̄0|z=1,SS′ = S′−1SS′

}
, are inherited from that of the dressing field ¯u1. Using (34)

to compute ¯qS = aS · (ēS)−1 = S̄∗q̄S̄, one easily finds that ¯uS
1 = S−1ū1S. This is a local instance of Proposition

2, which then allows to conclude that the composite fields aregenuinegauge fields w.r.t Lorentz gauge symmetry.

6Beware of the fact that in this index free notationa is the set of components of the 1-forma. This should be clear from the context.

16



Hence, from Corollary3 follows that their residualSL-gauge transformations are

¯̟S
1 = S−1 ¯̟1S + S−1dS =


−

(
S̄∗Ā1S̄−1∗ + dS̄∗S̄−1∗

)
−i S̄∗P̄1S̄

i S̄−1θ̄S̄−1∗ S̄−1Ā1S̄ + S̄−1dS̄

 ,

Ω̄S
1 = S−1Ω̄1S =


−S̄∗(W̄∗1 −

f1/21)S̄−1∗ −iS̄∗C̄1S̄

i S̄−1Θ̄S̄−1∗ S̄−1
(
W̄1 − f1/21

)
S̄

 ,

ψS
1 = S−1ψ1 =

(
S̄∗π1

S̄−1ω1

)
, and (D̄1ψ1)S = D̄S

1ψ
S
1 = S−1D̄1ψ1. (37)

We notice in particular thatψ1 behaves as a standard section of aSL(2,C)-associated bundle:E1= Eū1= P ×SL C
4.

We repeat the analysis for the Weyl symmetry. The residual transformations of the composite fields under
the Weyl gauge group, that we define asW :=

{
Z : U → W | Z = γ̄0|S=1,ZZ′ = Z

}
, are inherited from that of the

dressing field ¯u1. Using (34) to compute ¯qZ = aZ · (ēZ)−1 = z−1(q̄+ Ῡ), with Υ := z−1∂z · e−1 → Υa = z−1∂µz eµa,
one easily finds that

ūZ
1 = Z−1ū1C(z) where the map C : W→ K̄1W ⊂ H̄ is defined by (38)

C(z) := k̄1(z)Z =

(
1 −iῩ
0 1

) (
z

1/2
1 0

0 z−
1/2
1

)
=


z

1/2
1 −i z−

1/2Ῡ

0 z−
1/2
1

 .

Notice that contrary to genuine gauge group members, elements of typeC(z) do not form a group:C(z)C(z′) ,
C(zz′). Actually (38) is a local instance of Proposition4 with C a 1-α-cocycle satisfying Proposition6. Indeed
one can check thatC(zz′) = C(z′z) = C(z′) Z′−1C(z)Z′, which is the defining property of an abelian 1-α-cocycle.
Furthermore, under a furtherW-gauge transformation and due to ¯eZ = zē, one has̄k1(z)Z′ = Z′−1k̄1(z)Z′, which
impliesC(z)Z′ = Z′−1C(z)Z′. So if ū1 undergoes a a furtherW-gauge transformation we have

(
ūZ

1

)Z′
=

(
ZZ′

)−1
ūZ′

1 C(z)Z′ = Z−1 Z′−1ū1C(z′) Z′−1C(z)Z′ = (ZZ′)−1ū1C(zz′).

This implies that the composite fields (36) are indeed instances of gauge fields of the new kind described in
section3.2.2. As a consequence, by Proposition5 we have that their residualW-gauge transformations are

¯̟Z
1 = C(z)−1 ¯̟1C(z) +C(z)−1dC(z) =


−Ā∗1 − (Ῡθ̄)0 −i z−1

[
P̄1 +

(
dῩ − ῩĀ1 − Ā∗1Ῡ

)
− Ῡθ̄Ῡ

]

i zθ̄ Ā1 + (θ̄Ῡ)0

 , (39)

Ω̄Z
1 = C(z)−1Ω̄1C(z) =


−

(
W̄∗1 −

f1/21
)
− ῩΘ̄ −i z−1

(
C̄1 − ῩW̄1 − W̄∗1Ῡ + f11Ῡ − ῩΘ̄Ῡ

)

i zΘ̄ W̄1 − f1/21 + Θ̄Ῡ

 , (40)

ψZ
1 = C(z)−1ψ1 =


z−

1/2
(
π1 + iῩω1

)

z
1/2ω1

 , and (D̄1ψ1)Z = D̄Z
1ψ

Z
1 = C(z)−1D̄1ψ1. (41)

First, notice that in (39) now the Lorentz part̄A1 of the composite field ¯̟1 indeed exhibits the known Weyl
transformation for the spin connection and thatP̄1 transforms as the Schouten tensor (in an orthonormal basis). But
actually the former genuinely reduce to the latter only whenone restricts to thenormal case ¯̟N,1, so thatĀ1 is a
function of θ̄ andP̄1 = P̄1 is symmetric and a function of̄A1. So f1 vanishes and we have

Ω̄N,1 = d̟N,1 +̟
2
N,1 =


−W̄∗1 −iC̄1

0 W̄1

 , and Ω̄Z
N,1 = C(z)−1Ω̄N,1C(z) =


−W̄∗1 −i z−1

(
C̄1 − ῩW̄1 − W̄∗1Ῡ

)

0 W̄1

 . (42)

We see that̄C1 = ∇1P̄1 := dP̄1 + P̄1Ā1 − Ā∗1P̄1 is the Cotton tensor - and indeed transforms as such - whileW̄1 is
the invariant Weyl tensor.

Notice that the first relation in (41) is - modulo thez factors - (26). So the dressed sectionψ1 is identified
with a twistor field, section of aC-vector bundleE1 = Eū1 = P ×C(W) C

4. The invariant bilinear form onE
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defined by the group metric̄Σ is also defined onE1:
〈
ψ1, ψ

′
1

〉
= ψT

1 Σ̄ψ
′
1. Indeed sinceC(z) ∈ K̄1W ⊂ H̄, we have〈

ψZ
1 , ψ

′
1

Z
〉
=

〈
C(z)−1ψ1,C(z)−1ψ′1

〉
= ψ∗1(C(z)−1)∗Σ̄C(z)−1ψ′1 = ψ

∗
1Σ̄ψ

′
1 =

〈
ψ1, ψ

′
1

〉
.

Moreover,D̄1 := d + ¯̟1 in (36) is a generalization of the twistor connection (25). But then the term “connec-
tion”, while not inaccurate, could hide the fact that ¯̟1 is no more a standard connection w.r.t Weyl symmetry. So
we shall prefer to call̄D1 a generalized twistorcovariant derivative. The usual twistor covariant derivative (25) is
recovered by restriction to the dressing of the normal Cartan connection:D̄N,1ψ1 = dψ1 + ¯̟N,1ψ1. Then we have
that D̄2

N,1ψ1 = Ω̄N,1ϕ1 is just (29). We note that ¯̟1 beingḡ-valued,D̄1Σ̄ = 0 andD̄1 preserves the bilinear form〈 , 〉.

In short, by erasing via dressing thēK1-gauge symmetry from the conformal Cartan gauge structure((P, ̟),E)
overM, we have recovered top-down the twistor bundle and twistor covariant derivative, (E1, D̄N,1), as a special
case of theC-vector bundle endowed with a covariant derivative (E1, D̄1). The link between the normal conformal
Cartan connection and the twistor covariant derivative as already been noticed by Friedrich [18], whose result we
thus generalize.

The actions ofSL andW on the composite fieldsχ1 are compatible and commute. Indeed, we have first that

SW = S so that on the one hand:
(
χSL1

)W
=

(
χS

1

)W
=

(
χW1

)SW
=

(
χ

C(z)
1

)S
= χ

C(z)S
1 . But then we also have

C(z)SL = S−1C(z)S, so on the other hand we get:
(
χW1

)SL
=

(
χ

C(z)
1

)SL
=

(
χSL1

)C(z)SL
=

(
χS

1

)S−1C(z)S
= χ

C(z)S
1 . We

should then refine our notation for the bundleE1 and writeE1 = P ×C(W) SL C
4.

As is suggested by the considerations at the end of section3.2.1, the fact that the composite fields (36) are
genuineSL-gauge fields satisfying (37) entitles us to ask if a further dressing operation aiming aterasing Lorentz
symmetry is possible. In [16] we showed that in the case of tractors, the vielbein could beused to this purpose.
But since there is no finite dimensional spin representationof GL, one suspects that in the case at hand the vielbein
cannot be used. This is indeed so. Furthermore, one just has to look at theSL(2,C) gauge transformation of the
vielbein to see that it is unsuited as a dressing field. So our process of symmetry reduction ends here.

4.3 BRST treatment

The spin representation of the gauge group of the initial Cartan geometry isH̄ , so the associated ghost ¯v ∈ LieH̄
splits along the grading of̄h,

v̄ = v̄0 + v̄ρ = v̄ε + v̄s + v̄ρ =

(
ε/2 0
0 ε/2

)
+

(
−s̄∗ 0
0 s̄

)
+

(
0 −iρ̄
0 0

)
. (43)

The BRST operator splits accordingly ass = s0 + s1 = sW + sL + s1. Then the BRST algebra for the gauge fields
χ = { ¯̟, Ω̄, ψ} is

s ¯̟ = −D̄v = −dv̄− [ ¯̟, v̄], sΩ̄ = [Ω̄, v̄], sψ = −v̄ψ and sv̄ = −v̄2, (44)

with the first and third relations in particular reproducingthe infinitesimal versions of (34)-(35) and (33). Denote
by BRST this initial algebra. As the general discussion of section3.3showed, the dressing approach modifies it.

We know from this general discussion that the composite fields χ1 = { ¯̟1, Ω̄1, ψ1} satisfy a modified BRST
algebra formally similar but with composite ghost ¯v1 := ū−1

1 v̄ū1 + ū−1
1 sū1. The inhomogeneous term can be found

explicitly from the finite gauge transformations of ¯u1. Writing the linearizations (where the linear parameters are
turned into ghosts) ¯γ1 ≃ 1 + v̄ρ andS ≃ 1 + v̄s, the BRST actions of̄K1 andSL are easily found to be

ūγ̄1
1 = γ̄

−1
1 ū1 → s1ū1 = −v̄ρū1 and ūS

1 = S−1ū1S → sLū1 = [ū1, v̄s].

This shows that the Lorentz sector gives an instance of the general result (15). Now, let us define the linearizations
Z ≃ 1 + v̄ε andk̄1(z) ≃ 1 + k̄1(ε), so thatC(z) = k̄1(z)Z ≃ 1 + c(ε) = 1 + k̄1(ε) + v̄ε wherek̄1(ε) :=

(
0 −i∂̄ε
0 0

)
with

∂ε := ∂µε eµa. The BRST action ofW is

ūZ
1 = Z−1ū1C(z) → sWū1 = −v̄εū1 + ū1c(ε).
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This shows that the Weyl sector gives an instance of the general result (17). We then get the composite ghost

v̄1 : = ū−1
1 (v̄ε + v̄s+ v̄ρ)ū1 + ū−1

1 (sW + sL + s1)ū1,

= ū−1
1 (v̄ε + v̄s+ v̄ρ)ū1 + ū−1

1
(
− v̄εū1 + ū1c(ε) + [ū1, v̄s] − v̄ρū1

)
,

= c(ε) + v̄s =

(
− (s̄∗ − ε/21) −i∂̄ε

0 s̄− ε/2

)
. (45)

We see that the ghost of conformal boosts ¯ρ has disappeared from this new ghost. This means thats1χ1 = 0, which
reflects theK̄1-gauge invariance of the composite fieldsχ1. The composite ghost ¯v1 only depends on ¯vs andε, it
encodes the residual̄K0-gauge symmetry. The BRST algebra for the composite fieldsχ1 is then explicitly

s ¯̟1 = −D̄1v̄1 = −dv̄1 − [ ¯̟1, v̄1] =


∇∗ s̄∗ − (∂̄εθ̄)0 −i

(
−εP̄1 − ∇(∂̄ε) − (P̄1s̄− s̄∗P̄1)

)

i
(
−εθ̄ + s̄θ̄ − θ̄s̄∗

)
−∇s̄− (θ̄∂̄ε)0

 ,

where∇s̄= ds̄+ [Ā1, s̄], ∇∗ s̄∗ = ds̄∗ − [Ā∗1, s̄
∗] and∇(∂̄ε) = d∂̄ε + ∂̄εĀ1 − Ā∗1∂̄ε.

sΩ̄1 = [Ω̄1, v̄1] =


−∂̄εΘ̄ + [W̄∗1, s̄

∗] −i
(
−εC̄1 + (∂̄εW̄1 − W̄∗1∂̄ε) + (C̄1s̄− s̄∗C̄1)

)

i
(
−εΘ̄ − s̄Θ̄ − Θ̄s̄∗

)
[W̄1, s̄] + Θ̄∂̄ε

 ,

in the normal case sΩ̄N,1 =


[W̄∗1, s̄

∗] −i
(
−εC̄1 + (∂̄εW̄1 − W̄∗1∂̄ε) + (C̄1s̄− s̄∗C̄1)

)

0 [W̄1, s̄]

 ,

sψ1 = −v̄1ψ1 =


(s̄∗ − ε/21)π1 + i∂̄εω1

−(s̄− ε/21)ω1

 , and sv̄1 = −v̄2
1 =


s̄∗ s̄∗ −i

(
∂̄εs̄− s̄∗∂̄ε

)

0 s̄s̄

 .

Denote this algebraBRSTW,L. Sincev̄1 = c(ε)+v̄s, it splits naturally as a Lorentz and a Weyl subalgebras,s= sW+sL.
The Lorentz algebraBRSTL , obtained by settingε = 0, shows the composites fieldsχ1 to be genuine Lorentz gauge
fields (compare with (37)). The Weyl algebraBRSTW , obtained by setting ¯s= 0, showsχ1 to be non-standard Weyl
gauge fields (compare with (39)-(41)).

4.4 The Yang-Mills Lagrangian of the spin conformal Cartan connection and Weyl gavity

In this section we first highlight the fact that the natural Yang-Mills Lagrangian for the twistor 1-form ¯̟N,1 actually
reproduces Weyl gravity. This gives a geometrically clear interpretation of the results of Merkulov [19] and shows
that local twistors and the twistor covariant derivative plainly define a Yang-Mills theory (see the foonote p. 133
of [6]). We also argue that the dressed spin conformal Cartan connection ¯̟1 is almost the “modified twistor
connection” introduced in [20] where is advocated an approach to describe both Weyl gravity and Electromagnetism
as a unified conformally invariant theory. But then we have tohiglight a drawback of this approach.

First let us define the invariant Killing forms forsu(2, 2) andso(2, 4). GivenĀ, B̄ ∈ su(2, 2), the Killing form
is Bsu(2,2)(Ā, B̄) := 1

2

(
Tr(ĀB̄) + Tr(B̄∗Ā∗)

)
. GivenA, B ∈ so(2, 4), the Killing form isBso(2,4)(A, B) := Tr(AB). The

same formulae hold forsl(2,C) andso(1, 3) and defineBsl(2,C) andBso(1,3)

Twistorial conformal gravity In a previous work [57] we showed that the Yang-Mills Lagrangian associated to
the dressed normal Cartan connection̟N,1 reproduces Weyl gravity,

LYM (̟N,1) := 1
2Bso(2,4)(ΩN,1, ∗ΩN,1) = 1

2Bso(1,3)(W1, ∗W1) = 1
2 Tr(W1 ∧ ∗W1) = LWeyl(θ),

where∗ is the Hodge star operator on differential forms onM, andW1 is the Weyl tensor. It is a fact that the only
true degrees of freedom of̟N,1 are those of the vierbeinθ since in the normal caseA1 is expressed as a function
of θ, andP1 as a function ofA1 throughR1 = dA1 + A1

2. So it is no surprise that the field equations obtained on
the one hand by varying the actionSYM (̟N,1) w.r.t̟N,1, and on the other hand by varying the actionSWeyl(θ) w.r.t
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θ, should coincide. In the first case we obtain the Yang-Mills equation for the (dressed) normal conformal Cartan
connection, and in the second case we obtain the Bach equation

δSYM (̟N,1)
δ̟N,1

= 0 → D1 ∗ΩN,1 = 0 ⇔
δSWeyl(θ)

δθ
= 0 → Bab = 0,

whereBab is the Bach tensor. The equivalence of the field equations wasfirst noticed by Korzyński and Lewandowski
[58]. The origin of this equivalence is clear from our perspective.

Now, consider the normal spin conformal Cartan connection ¯̟N as aH̄-gauge potential, the associated Yang-
Mills Lagrangian is

LYM ( ¯̟N) := 1
4Bsu(2,2)(Ω̄N, ∗Ω̄N) = 1

2Bsl(2,C)(W̄, ∗W̄)

Using proposition8 of section3.4, we know that since ¯u1 : U → K̄1 we have that

LYM ( ¯̟N) = LYM ( ¯̟N,1) = 1
4Bsu(2,2)(Ω̄N,1, ∗Ω̄N,1) = 1

2Bsl(2,C)(W̄1, ∗W̄1)

In other words, the actual symmetry of the theory is notH̄ = K̄0K̄1 with gauge potential̟ N, but K̄0, with gauge
potential the twistor 1-form ¯̟N,1. By the way, sincesl(2,C) ≃ so(1, 3), their Killing forms must coincide. As a
matter of fact, forA, B 7→ Ā, B̄ one hasBsl(2,C)(Ā, B̄) = Bso(1,3)(A, B). This means thatLYM ( ¯̟N) = LWeyl(θ). So, as
above, we have equivalence between the Yang-Mills equationfor the twistor 1-form and the Bach equation

δSYM ( ¯̟N,1)

δ ¯̟N,1
= 0 → D̄1 ∗ Ω̄N,1 = 0 ⇔

δSWeyl(θ)

δθ
= 0 → Bab = 0,

This equivalence was first noticed by Merkulov [19] and deemed surprising. We see that it is quite natural from
our perspective, according to which one just has to observe that the twistor 1-form ¯̟N,1 is the spin version of the
dressed normal conformal Cartan connection̟N,1 whose only true degrees of freedom are those of the vierbeinθ.

Attempt at a twistorial unification of conformal gravity and electromagnetism In our notation the usual

twistor 1-form is ¯̟N,1 =

(
−Ā∗1 −iP̄1

θ Ā1

)
, with Ā1 the spin Levi-Civita connection and̄P1 the symmetric Schouten tensor.

In [20] a twistorial unification of Weyl gravity and electromagnetism was proposed. To do so, a modification of the
twistor 1-form ¯̟N,1 was suggested, according to which toP̄1 is added a Weyl invariant antisymmetric component
f̄1, interpreted as the Maxwell-Faraday tensor. Let us writeP̄1 + f̄1 := P̄1 so that the modified twistor 1-form is

¯̟′1 =

(
−Ā∗1 −iP̄1

θ Ā1

)
, with curvature Ω̄′1 = d ¯̟1 + ¯̟2

1 =


−

(
W̄∗1 −

f1/21
)

−iC̄1

0 W̄1 − f1/2

 , (46)

where f1 = P1∧θ is the antisymmetric part ofP1, andC̄1 = C̄1+∇1 f̄1. From there, a natural Yang-Mills Lagrangian
is proposed

LYM ( ¯̟′1) := 1
4Bsu(2,2)(Ω̄

′
1, ∗Ω̄

′
1) = 1

2Bsl(2,C)(W̄1, ∗W̄1) + 1
4 f1 ∧ ∗ f1. (47)

It is indeed Lorentz and Weyl invariant since the curvature transforms as

Ω̄
′S
1 = S−1Ω̄′1S =


−

(
S̄∗W̄∗1S̄−1∗ − f1/21

)
−iS̄∗C̄1S̄

0
(
S̄−1W̄1S̄ − f1/21

)
 ,

Ω̄
′Z
1 = C(z)−1Ω̄′1C(z) =


−

(
W̄∗1 −

f1/21
)
−i z−1

(
C̄1 − ῩW̄1 − W̄∗1Ῡ + f11Ῡ

)

0 W̄1 − f1/21



which are special cases of (37) and (40). Variation ofSYM ( ¯̟′1) w.r.t ¯̟′1 gives the Yang-Mills equation with source

D̄1 ∗ Ω̄
′
1 = κT, whereκ is an irrelevant constant and the source term is the (Hodge dual of) the energy-momentum

tensor of the electromagnetic fieldTab =
1
4 fcd f cdηab + fbc f cdηda. The field equation infolds as the source-free

dynamical Maxwell equation,∇a fab = 0, and the Weyl gravity coupling to the electromagnetic field, Bab = κTab.
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All this would be satisfying is not for a hidden flaw. Notice that (46) is sort of in between the dressed spin
conformal Cartan connection ¯̟1 (36) and its normal version which is the twistor 1-form ¯̟N,1 (42). But are we
free to posit such an intermediate object? Actually no. Indeed, by requiring ¯̟′1 to be torsion free as in (46), one
an check that thēg−1-sector of the Bianchi identitȳD′1Ω̄

′
1 = 0 givesθ̄W∗1 +W1θ̄ = f1θ̄. The latter impliesf1 = 0

by virtue of the fact that the Ricci contraction of the Weyl tensor vanishes,W1
a

bac = 0. Then the modified twistor
1-form ¯̟′1 reduces to the standard one ¯̟N,1, the curvatureΩ̄′1 reduces toΩ̄N,1 and one is left with the Lagrangian
for Weyl gravity alone. This shows, we would argue, that the electromagnetic field cannot be introduced in the way
proposed in [20] because the underlying geometry is too rigid, so to speak.

5 Conclusion

Tractors and twistors are frameworks devised to deal with conformal calculus on manifolds. Whereas it has been
noticed that both are vector bundles associated to the conformal Cartan principal bundle endowed with its normal
Cartan connection, it is often deemed more direct and intuitive to produce them, bottom-up, from the prolongation
of defining differential equations, the Almost Einstein and Twistor equations respectively. In this paper we have
proposed a straightforward and top-down gauge theoretic construction of twistors via the dressing field method of
gauge symmetries reduction. Our scheme involves very little effort, and nothing beyond 2×2 matrix multiplication.

We started with the conformal Cartan gauge structure((P, ̟),E) overM with gauge symmetry given by the
gauge groupH̄ - comprising WeylW, LorentzSL and conformal boosts̄K1 groups - acting on gauge variables
χ = { ¯̟, Ω̄, ψ, D̄ψ} which are the spin representation of the conformal Cartan connection, its curvature, a section of
the associated spinC4-vector bundleE and its covariant derivative.

Applying the dressing field approach we showed thatK̄1-invariant composite fieldsχ1 could be constructed
thanks to a dressing field ¯u1 built out of parts of the Cartan connection ¯̟. In particular, the dressed sectionψ1 ∈ E1

was shown to be indeed a tractor andD̄1 = d + ¯̟1 a generalized tractor covariant derivative, the usual one being
induced by the dressed normal conformal Cartan connection:D̄N,1 = d+ ¯̟N,1. We have thus generalized the results
of [18] linking the twistor connection to the normal conformal Cartan connection.

Furthermore we stressed that, while the composite fieldsχ1 are genuine gauge fields w.r.t the residual Lorentz
gauge symmetrySL, they are gauge fields of a non-standard kind w.r.t the residual Weyl gauge symmetryW. Such
non-standard gauge fields, resulting from the dressing fieldmethod, implement the gauge principle of physics in a
satisfactory way but are not of the same geometric nature than the fields usually underlying gauge theories. The
trator bundle with connection (E1, D̄N,1), as a restriction of (E1, D̄1), is then seen to be an instance of non-standard
gauge structure overM.

The initial conformal gauge structure is encoded infinitesimally in the initial BRST algebra satisfied by the
gauge variablesχ. As a general result the dressing field approach modifies the BRST algebra of a gauge structure.
We then provided the new algebraBRSTW,L satisfied by the composite fieldsχ1.

We ended in showing that our approach allows to make clear theequivalence between Weyl gravity and the
Yang-Mills gauge theory of the twistor connection, first observed in [19]. We also formulated a critic of the twisto-
rial unification of Weyl gravity with electromagnetism proposed in [20], showing that the underlying geometry was
too rigid to allow a unification thus conceived.

We concluded that our scheme of symmetry reduction giving ustwistors had reached a final point since no
dressing field was available for further erasing either the Lorentz Symmetry - as is possible in the tractor case
thanks to the vielbein as dressing field - or the Weyl symmetry. But actually, one can conceive a conformal gauge
theory involving both twistors and tractors, where the Weylsymmetry is further reduced thanks to a dressing field
extracted from a tractor field, which then plays the role of a Higgs field. One would obtain a Lorentz-gauge theory
where Dirac spinors and operator could be extracted from invariant twistors and twistor derivative respectively. This
will be investigated in a forthcoming paper.
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