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Abstract

We show in this paper a sufficient condition for the existence of
solution, the synchronized and the periodic locked state in abstract
mean field models.

Keywords: Coupled oscillators,mean field, synchronization, desynchroniza-
tion, periodic orbit.

1 Introduction

This article is a generalization of the result obtained in [8]. The class of
abstract mean field systems that we study in this article is given by the next
systems. The periodic not-perturbed system

ii:F(Xaxi)y i=1,.,N, t=to, (PNP)
and the perturbed system
;= F(X,2;) + Hi(X), i=1.,N, t>t, (P)

where N > 2 and X = (z1,...,zy) is the state of the system.
F:RVN xR —=Rand H = (Hy,...,Hy) : RN — RY are a C! functions.
The function H is a perturbation of the system (PNP). We note ®' the
flow of the system (P) (in particular of the system (PNP)). We have sep-
arated between periodic not-perturbed and perturbed system because the
results seem not trivial for the periodic not-perturbed system. We prove in
this article the existence of solution in one hand and in the other hand the
existence of synchronized and periodic locked solution.
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1.1 Notations and definitions

In this section, we introduce some notations and definitions. For ¢,p € N*
let G be a function from RY to RP. Put G = (Gy,...,G)) we consider the
quasi-norm on the space of continues functions from R? to RP defined by the
next quantity

Gllg = Gi(Y
|Gl B 32%%2?;;' (Y,

where B ={Y = (y1,...,¥q) € R?: max|y; —y;| < 1}

This quasi-norm is a norm on the space of continues functions from B to
RP. We note d'G, i = 1,2,..., the i** differential of G. We define

||dG||p = IHSl%;HajGi(Y)HBa |1d°G||s = fmax 10k0;Gi(Y)]| B-
1<5<q 1<5,k<q

Let G:RY xR =R, Y = (y1,...,yn) € RN and 2z € R, We note

gG(Y,z) if i=N+1,
G (Y, z) := g
a—in(Y,z) if ie{l,...,N}

A function G : R? — RP is called 1-periodic in the sense of the following
definition

Definition 1. [1-periodic function] Let G : R? — RP be a function and note
1:=(1,...,1) € R%. The function G is called 1-periodic if

G(Y +1) =G(Y), VY eRd.

Remark that the previous definition do not imply that the function G
is periodic relative to each variable. This allows us to get a large class of
mean field systems as a linear system given in a numerical example in the
Section ??. Now we define a positive ®!-invariant set,

Definition 2. Suppose that the flow ® of system (P) exists for every ¢ > t.
We say that a open set C' C RY is a positive ®!-invariant if ®*(C) c C for
all t > t,.

Synchronization and locking may have several meanings or definitions
depending on the authors. We choose the following definitions.
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Definition 3 (Dynamical oscillator). The oscillator z;(t) of a solution
X(t) = (x1(t),..,xn(t)) of system (P) is called dynamical if there exists
to € R such that

tnzatfo &i(t) > 0.

Definition 4 (Synchronisation). We say that the oscillators {z;(t)}Y, are
synchronized if they are dynamical and if sup; <; ;< [7i(t) —2;(t)| is bounded
from above uniformly in time ¢ > .

Definition 5 (Periodic locked solution). We say that the oscillators
{z;(t)}}X, are periodically locked to the frequency p > 0 if they are syn-
chronized and if there exist a periodic functions W;(¢) such that

xi(t):pt—i—\lli(t), Vlle, Vtzto.

1.2 Synchronization Hypothesis (H) and (H.)

The goal is to prove the existence of the synchronization stateof the systeme
(P) when ||H||p =~ 0. Consider the following hypotheses

(H) Fis C?, and max{||F||s,||dF||B,||d*F||g} < +oo,
F is 1-periodic and mingep 1) F'(s1,s) > 0,

1
On41F(s1,5)
) [ PR <o

We call the hypothesis (H,) the synchronization hypothesis. The particu-
larity of the hypothesis (H,) is the fact : H ~ 0 and x; = z;(= z) implies
that the system (P) is equivalent to

%:pi ~ F(z1,z), and %(:17Z —xj) R ONp1 F (21, x)(x; — ).

The condition mingcp 1) F'(s1,s) > 0 is a sufficient condition to get a dy-
namical oscillators as defined in definition 3.

1.3 Main Results

The following main result I shows the existence of the solution and a syn-
chronized state as defined in Definition 4
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Main Result (I). We consider the system (P). Suppose that F satisfies
the hypotheses (H) and (H,) then there exists Dy > 0 such that for all
D € (0, D,] there exists r > 0 and a open set C, of the form,

C, = {X = (z)N, eRY : WeR, mlax\xi —v| < A,(V)},

where A, : R — (0,D] is a C' and 1-periodic function, such that for every
C! function H satisfying ||H||p < r we have

1. Existence of solution. The flow ®' of the system (P) exists for all
initial condition X € C, and for all t > ty.

2. Synchronization. The open set C., is positive ®-invariant . Further,
for every X € C, we have

. . d t t t . .
— Pt [ — Pt < < > to.
1£I§nNt12ntfo dtq>’(X) >0 and [®;(X)—®3(X)[ <2D,V1 <i,j <N, Vt > tg

The next main result IT shows the existence of a periodic locked solution
as defined in definition 5

Main Result (II). We consider the system (P). Suppose that F satisfies
the hypotheses (H) and (H,) then there exists Dy > 0 such that for all
D € (0, D,] there exists r > 0 such that for every C' and 1-periodic function
H satisfying ||H||p < r, there exists an open set C, (same in main result
(1)) and a initial condition X, € C, such that

PUX) =pt+ VU, x. (1), Vi=1,.,N, Vt>tg,
where p >0 and ¥; x, : R — R are a C' and %—periodz’c functions.
Remark. The result I can be generalized to a function H(t, X) which de-
pend on time t.

1.4 Remarks and motivation

The results can be applied to the model of coupled oscillators as the Winfree
[13] and the Kuramoto model [11].

Example 6. [Winfree and Kuramoto Models] Winfree [13] proposed a
model describing the synchronization of a population of organisms or os-
cillators that interact simultaneously. The Winfree model is also studied in
[10, 6, 12, 5, 2, 7, 9]. Kuramoto model is a refined model of the Winfree
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model . The Kuramoto model is applied for example in the Neurosciences
to study the synchronization of neurones in the brain [3, 4]. We call natural
frequency, the frequency of each oscillator, as if it were isolated from the
others. The explicit Winfree [1] and Kuramoto model are defined by the
following equation respectively

j:i:wi—FWin(X,a;i), i=1...N ,t > 1o, (W)

T =w; + Kur(X,z;), i=1...N, t>tp, (K)
where for (w,k) € RE, Win(Y,2) = w — s+ Z;V:l[l + cos(y;)] sin(z) and
Kur(Y,z) = w — k4 Zjvzl sin(y; — 2) for all Y = (y1,...,yn) € RY and
z€ R X(t) = (z1(t),...,xn(t)) is the state of the systems, and x;(t) is the
phase of the i®"-oscillator. The parameter x > 0 is the strong coupling; the
vector (w1 + w,...,wy +w) € RY is the vector of the natural frequencies.
In order to applied the main result I and II to the Winfree and Kuramoto
models we need only shows that the functions (W) and (K) satisfies the

synchronization hypothesis (H,) and the hypotheses (H) as proved in the
following proposition.

Proposition 7. There exists an open set of parameters (k,w) € [Ri, such
that the functions Win and Kur of the systems (W) and (K) respectively,
satisfies both hypotheses (H) and (H*).

Proof. The function Win is C? and 27l-periodic. Further

1%1121 }Win(sll,s) >0 <= Yw> (1+ cos(%))sin(%)/i, Vs € [0, 27].
se (0,27

For every w > (1 + cos(3))sin(§)s we have

/27r On+1Win(sl, s) s — /2” K[1 4 cos(s)] cos(s)
0 Win(s1, s) 0 w— k(14 cos(s))sin(s)

_ /2” K sin?(s) ds <0
0 w— k(14 cos(s))sin(s) ’

Same for the Kuramoto model, we have Kur is 27l-periodic, and

n%ig ]Kur(sll, s)>0, Yw>0, Vse]l0,2n],
se€|0,27

For every w > 0 and x > 0 we have

/27r On+1Kur(sl,s) /2”
ds = —
0 Kur(sl, s) 0
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2 Dispersion curve

The strategy to prove the mains results is to use the comparison theorem of
differentials equations. We assumed a priori that the distance between the
oscillators is small and find some differential equation estimation to deduce
that the distance between oscillators is bounded uniformly on time. We call
the “upper-solution” the dispersion curve. We have the following lemma

Lemma 8. Let 1 = (11,72,m3) € R3./{(0,0,0)}. Let Pi(a,b) = ma + nzb?
a polynomial defined for all (a,b) € R xR and let A : R — R a C' and
1-periodic function satisfying

/01 A(s)ds < 0.

Then for all (a,b) € R x (0,13) the following differential equation

d . Pl(a7b)

EZ(S) = b

+A(s)z(s), (1)

admits a positive solution C' and 1-periodic solution that we note Agp(s).
Further, there exists Dy n € (0,m3) such that for all D € (0,D, a] there
exists r > 0 such that the solution A, := A, p satisfies

max A,(s) < D.
s€[0,1]

Proof. Remark that for all (a,b) € R% x (0,n3), the differential equation (1)
admit a positive C? and 1-periodic solution A, p(s) of the form

 Puap) e ([ A ) at

Aa,b(s) -
=0 1 _exp (fol A(v)dv)
Put
1 1+s
AL = —/ A(s)ds and Ay = max A(v)dwv.
0 0<s,t<1 t

Pi(a,b)  exp(A2)
ns—b 1 —exp(—A1)
To get max,eo,1) A,(s) < D it sufficient to choose r and D such that

A,
max Bapl(s) <

Pi(r,D) exp(Ae)
N3 — D 1 —exp(—A1)

=D, (2)
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which is satisfied for all D € (0, D, 5] such that

D, s = 3 1 —exp(—A1)
"’ 2 1 —exp(—A1) +m2exp(Az)

where r > 0 is given by the following formula

Dr 1—exp(—X\1) 1—exp(—X1)
r=— -
m P exp(hg) exp(Aa)

+m2]D|.

0

Definition 9. Let D € (0, D, A]. We call the dispersion curve associated to
D the solution
Ar = Ar,D(S)v

of the differential equation (1) where r is defined by

D 1 —exp(— 1 —exp(—
r= a [773 eipl()ig)/\l) - eipl();g))\l) + 772]D}, (3)
and where
1 1+s
AL = —/0 A(s)ds et Ay = pnax t A(v)dv.

Definition 10. Let D € (0, D, a]. We call the synchronization open set
associated to D and we note C, the open set on RY defined by

C, = {X = (z)N; eRY . vy € R, max|z; —vx| < A,(VX)}, (4)
where A, is the dispersion curve associated to D.
Remark 11. Remark that

D < Dyp < 15 exp(—A2) and r< D@ exp(—A2).
21 m

3 Reduction of the system (P)

The goal of this Section is to prove that the perturbed system (P) in partic-
ular the periodic not-perturbed system (PNP) can be studied using a scalar
periodic differential equation such as equation (1) of lemma 8. Define the
following new system
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Definition 12. Let X € RY and let uo € R, we call the (NPS) system
associated to ®'(X) the not-perturbed following system

fix = F(®'(X), ux), telx, (NPS)

where Iy = [tg, Tx) is the maximal interval of the solution X(t) := ®!(X)
of the system (P) of initial condition ¢ (X) = X. We say that ux(t) is
the solution of the system (NPS) associated to ®!(X) of initial condition
px(to) € R.

We note

L:=||Fllp + [|dF||p + ||*F|lp, and o = I%nHF(Sll,S)- (5)
se|0,

Let X € RY and let pux(t) be the solution of the system (NPS) associ-
ated to ®!(X) of initial condition g € R. We also note X := ®!(X) and
wx = px(t) without loss of generality. We consider the following quantities

01 (X) i=a — px,  0i2(X) = px — x4,
and (X)) := 11;1%55\]|5i,1(X)| = lrgnizngi,g(X)L

We have the next lemma

Proposition 13. We consider the system (P). Suppose that the function
F satisfies the hypothesis (H) and suppose that ®'(X) is defined for all
t € [ti,t2]. Let D € (0, %) and suppose that 5(X) < D for all t € [t1,1s],
then

fix >—LD+a >0, Vte[t,ta].

In particular, t — px(t) is a diffeomorphism from [t1,ts] to [ux (t1), px (t2)].

Proof. The strategy is to use the Mean value theorem . Since §(X) < D we
get, |F(X,pux) — F(px1,px)| <||dF||gD < LD. Hence

fix = F(X, px) = [F(X, px) — F(px1, px)] + F(pxL, px) > —LD + o

Thanks to hypothesis 0 < D < ¢ to get fix(t) > —LD + a > 0 for all
te [tl,tg]. O

Proposition 14. We consider the system (P). Suuppose that F satisfies
the hypothesis (H) and suppose that ®'(X) is defined for all t € [t1,ts]. Let
D € (0,%) and r > 0. Suppose that

|H||p <r, and §(X) <D, Vtelt,ta].
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Then for all1 <i < N, k€ {1,2} and s € [ux(t1), ux (t2)] we have

d ., lLar+ LD*(L+2a)  OFn+1(sl,s)
%52‘,/&(3) < . o— LD + F(s1,9) k(8), (6)

where
7e(8) = 0in(X (px' (9)) and X (ux'(s)) = (w1 (ux'(s)), - on(px' ()))-

Proof. The strategy is to use several times the Taylor formula. Let
D € (0,%) and suppose that §(X) < D for all t € [t;,t2]. Use the Tay-

T
lor formula, there exists ¢; € [x;, px]| such that for all 1 <i < N
1
F(X,2;) = F(X, pux) = On1 F(X, pux)04,1 + §5N+1[5N+1F(X, )07 1
1
< ON1F (X, px)0i1 + §HdaN+1FHBD2
< Ont1F (X, ,ux)(si,l + LD?.
For k = 2 we also obtain
1
F(X,pux) — F(X,2;) = =On+1F(X, px )i — §8N+1[8N+1F(X7 ¢i)07 )
1
= ON1F (X, px)dip — §5N+1[3N+1F(X7 ¢i))67
< Oyt F(X, ,u)()(sig + LD?.

In other hand we have ||H||p < r. Use equations (P) and (NPS) we obtain
forall 1 <i< N and k € {1,2}

d

E@,k = Hy(X) + [F(X,2;) — F(X, ux)] < r+ LD? + On 11 F(X, pix) i -

(7)

Use again the Taylor formula to get

ON+1F (X, ux)0ik = [ON1F (X, pux) — Onp1 F(px L, px) + Onpr F(px L, px)] 0k
< ||dOn+1F||BD|d; ;| + Ont1F (x L, pux)0i i
< LD? 4 On 1 F(pux1, pix)6i k-

Equation (7) implies that for all 1 <i¢ < N and k € {1,2}

d
Eéi’k <r-—+ 2LD? + 6N+1F(MX1, ;Lx)(si,k.
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Thanks to proposition 13, px > a — LD. We consider the change of vari-
able : t — s = px(t) for t € [t1,t2]. Put 67 ,(s) = (X (1 ()
and X(ux'(s)) = (x1(px ()., 2n(ux (5))). We deduce that for all
s € [ux (t1), px (t2)]

d d d
—0i k(X)) = —07 ()= px (¢ 2L D? F(s1,5)8;
dt(s”k( ) ds5z,k(3)dtﬂX( ) <r+ + On41F (51, 8)0; 1, (s)
d r+2LD? 8N+1F(S]l S) r+2LD? 8N+1F(S]l S)
—071(s) = - + - 207 (s) < + - ~267 (s
o) = et (o) <« T+ B ()
r+2LD?  Oni1F(sl,s) F(sl,s) .,
=— + - k()
a—LD F(s1,s) [x

Use the Mean value theorem and the change of variable t — s := pux(t) we
get

|F(ux1, px) — fix| = |[F(ux1, px) — F(X, px)| < [|dF||pD < LD,
which is equivalent to

F(s1,s) LD
il et B |
L) 1), 1006 < o

Vs € [px (t1), px (t2)].
Finlay, since |8N1§1(+1(8;)1’8)| < L and since [§;4(t)] < 6(X) < D for all
t € [t1,t2] we obtain for all s € [ux(t1), px (t2)]
d r+2LD? 8N+1F(Sﬂ S)
Bl 5 LA *
ds z,k(s) < oa—LD F(sll,s) [ + (3)] z,k(s)
r+ 2L D? L?> D? 8N+1F(Sﬂ S)
L~ 15) 5x
S a—LD + a a—LD F(s1,s) ()
_ la(r+ 2LD?) + L2D? n On+1F(s1,s) ,
o« a— LD F(sl,s)

(s)-

We have the following proposition

Proposition 15. Let F' be a function satisfying hypotheses (H) and (H,).
Then there exists D, € (0,1) such that for all D € (0,D.], there exists
r > 0 and an open set C, (as in definition 10), such that for any function
H satisfying ||H||p < r we have

VX eC, : ®(X)eC,, Vtely.
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Proof. Use equation (5) and hypothesis (H)

2 N1 F (s, s)

max S
{tl F(s1,s) -

Let D, 5 the constant defined by lemma 8 such that 1 et A are defined by

I La v F(s1,s)

n= (E7Q+ 017 f)7 and A(S) - F(S]].,S)

Put D, := D, x. Let D € (0, D,] and the dispersion function A, associated
to D (See definition 9). The dispersion curve A, is solution of the periodic
scalar differential equation

d 1 ar+ LD2(L + 2&) FN+1(S]l, S)
_Ar = r )
ds () « a—LD + F(s1,s) ()

and satisfies the folioing estimation

max A.(s) < D.
s€[0,1]

Let C, be the synchronization open set associated to D, as defined in defi-
nition 10.

For any function H satisfying ||H||p < r, where r is given by formula (3),
let X(t) = (z1(t),...,2n(t)) := ®Y(X) be the solution of the system (P)
of initial condition X = (x1,...,2zn) € C,. There exists vx € R such
that maxi<;<n |z; — vx| < A, (vx) < D. Let ux(t) be the solution of the
system (NPS) associated to X (¢) of initial condition px(tg) = vx, then
5(X) < Ar(px(to). Let

T* :=sup{t € Ix : V tp < s < t, max|z;(s) — ux(s)] < A, (ux(s))}.

By continuity we have tg # T*. The proposition is proved if we shows
that T* = sup{t € Ix}. By contradiction, suppose that 7% € Ix. Using
the change of variable s = px(t) the proposition 14 implies that for all

s € [vx, p = pux(T)]

d .,
Eéi,k(s) <

lar+ LD*(L+2a)  Fnyi(sl,s)
— 5 X
py a—LD + F(s]l,s) z,k(s)a Vs € [IU'XHU'X]

Hence there exists 1 < i < N and k € {1,2} such that

|07 ko (X)) = Ar(uk). Suppose that 07 , (u%) = A, (pY) without loss
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of generality. We get

d Lar+ LD?*(L+2a)  Fyi1(uil, ph)
—07 Y) < — . * P
dS ’l(),k)()(luX) a o — LD F(,U}]].HU;() ’L(),k}()(luX)
Lar+ LD*(L+2a)  Fni1(phd, wh) . d .
o' a—LD F(uid, p%) ds
There exists s < py close enough to p% such that &7 , (s) > A(s)
or in other words there exists ¢ < T* close enough to 7™ such that

g ko (t) > Ar(px (t)). We have obtained a contradiction. O

4 Proof of main result I : Existence of solution and
the synchronized state

Theorem 16. Let F' be a function satisfying the hypotheses (H) and (H,).
Then there exists Dy € (0,1) such that for all D € (0, D], there exists r > 0
and an synchronization open set C, (as defined in the definition 10), such
that for any function H satisfying ||H||p < r, and for all X € C, we have
Ix = [to, +oo]. Further C, is positive & -invariant and

VX €C,, Jux €R ¢ |®HX) — ux(t)] < D,Vi=1,..,N, Vt > to,

where pux(t) is the solution of the system (NPS) associated to ®'(X) of
initial condition px(to) = vx.

Proof. Thanks to proposition 15, it is sufficient to prove that Ix = [tg, +oo].
By contradiction suppose that there exists {5 < tx < +oo such that the
solution X (t) is defined only on Iy = [tg, tx|[. Then lim;_,;, [|®'(t)|| = +o0.
Proposition 15 implies that

Foralli=1,..,N,

a—LD—-r< ia:, < max F(sl,s)+ LD+ r, Vtx >t >t.
dt s€[0,1]

Hence [|®Y(X)|| < +oo for all t € [to,tx], in particular
lim¢ ¢, ||P!(t)|] < +o0. We have obtained a contradiction. O
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5 Proof of main result II : Periodic locked solution

We use the fixed point theorem to prove the existence of periodic locked
state as follow

Lemma 17. Let F be a function satisfying the hypotheses (H)and (H.,).
For any 1-periodic C' function H satisfying ||H||p < r let C, the synchro-
nization ®'-invariant open set given by theorem 16. Let the set ¥ defined
by

> ={X eR", max lz;| < A(0)} C C..

Then there exists a C' function P : ¥ — X (the Poincaré map) and a C!
function 0 : ¥ — R (the return time map) such that

(I)tg-i—O(X)(X) — P(X) +1, 1 (1, R 71) € [RN7

RlIm

1
E<9(X)<

Proof. Let X € ¥ C C,. Let ux(t) be the solution of the system (NPS)
associated to X (t) of initial condition px(t9) = 0. Let 7x be the inverse
function of the function pux := px(t) . By the proposition 13 and the
theorem 16 we obtain

a—LD < fx(t) < L.

Remark (11) in the Section 2 shows that for all D < 57 we have

% < ax(t) < L.

Let 0(X) = 7y(1) — to Then [ ix(tdt = 1
which implies the second estimation of lemma. Recall that
maxi<;<n |PHX) — px(t)] < A(pux(#)) < D for all t > t,. Put
P(X) := @WoH0X)(X)—1, P = (Py,..., Py). Since ux(to+6(X)) = 1 then

0(X
max [Pi(X)| = max @ (X) — 1] < A(1) = A(0).

We have shown that P is a map from X into itself. O

Corollary 18. The Poincaré map P defined in lemma 17 admits a fized
point X, € 3.
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Proof. ¥ is compact and convex; P : ¥ — X is continuous. By Brouwer
fixed point theorem, P admits a fixed point in X, € ¥. We claim that
X, € 0%. Suppose by contradiction X, € 9%. There exists 1 < ig < N,
such that |z, .| = A,(0); Put

X, (t) = ®(X,), Xu(t) = (z1.(t),..., 2N (1))

Let px, (t) the solution of the system (NPS) associated to the solution X, (t)
of initial condition px, (t9) = 0. We note

05,1 (Xu(t)) = @iw(t) — px. (), and 6 2(Xu(t)) = pux. (t) — wi(D)-

There exists 1 < i < N, k € {1,2}, and t' > ¢y close to tg
such that &;, x(X.(t)) < A, (ux,(t)) for all ¢ > ¢t > to. By re-
peating this argument for every 1 < i3 < N and k € {1,2}
satisfying the equality 0;, x(X.(t)) = A,(ux,(t)) we obtain for
some t* > tg, O0(X«(t*)) < A, (ux,(t*)). But 16 implies that
maxi<i<n |Zi«(t) — px, ()] < A (px,(t)) for all t > t*. We have obtained a
contradiction with the fact that

e (@) — px (to + B(X0)] = max [+ 1 1]

= A(0) = Ay (px. (to + (X)),
knowing that ux, (to + 0(X.)) = 1 and L+0(X)(X,) = X, + 1. O
The main result IT is a consequence of the previous corollary.

Proof of the main result II. Corollary 18 implies the existence of a fixed
point X, € C, and return time 6, > 0 such that

Plotl(X,) = X, + 1.

Thanks to periodicity and uniqueness of solution of differential equation, we
obtain
dhH(X,) = DX, )+ 1, V>t

Let ¥ : RV — RY the function defined by

U(s) 1= O5(X,) — o1 = (Ty(s),- -, Un(s)), Vs>t

0.
The theorem is proved if we show that ¥; are ,-periodic. We have
U(s+0,) = &0 (X,) - 2 ; b i (x) +1- 8 ; Ot — w(s).

Lemma 17 implies that 6, is uniformly bounded. O
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Conclusion

We have generalized the result obtained in [8] to a class of abstract mean
field models. We have proved the existence of solution and the existence of
the synchronized solution under small perturbation. In addition, we have
proved the existence of periodic locked state for a periodic systems.
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