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In [1], we studied the response of a thin homogeneous piezoelectric patch perfectly bonded to an elastic body. Here we extend this
study to the case of a very thin heterogeneous patch made of a periodic distribution of piezoelectric inclusions embedded in a linearly
elastic matrix and perfectly bonded to an elastic body. Through a rigorous mathematical analysis, we show that various asymptotic
models arise, depending on the electromechanical loading together with the relative behavior between the thickness of the patch and
the size of the piezoelectric inclusions.
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1. Introduction

As the essential technological interest of piezoelectric patches is the monitoring of a deformable body they are bonded
to, here, in the same spirit as [1], we intend to propose various asymptotic models for the behavior of the body through the
study of the system constituted by a very thin patch made of a periodic distribution of piezoelectric inclusions embedded
in a linearly elastic matrix (studied in [2,3]) perfectly bonded to a linearly elastic three-dimensional body.

A reference configuration for the linearly elastic body is a domain €2 of R3 assimilated to the Euclidean physical space
with basis {eq, ez, e3}. The set Q lies in {x3 <0} and a part of its Lipschitz-continuous boundary 92 is a nonempty domain
S of {x3 =0} such that S x (—L,0) is included in @ for some positive real number L. The patch perfectly bonded to the
body occupies B" = S x (0, h) and is made of a periodic distribution of linearly piezoelectric inclusions perfectly bonded to
a linearly elastic and electrically insulated matrix. More precisely, let Y = (0,1)2 and Y* be a subdomain strongly included
inY and I, = {ie 7% e(i+Y)C S} then if s = (g, h) is the pertinent couple of geometrical parameters of the patch, the
piezoelectric inclusions occupy Bj = S7 x (0,h), S§ = Ujej,£(i + Y*), while the elastic matrix occupies the remaining part
of B". Let O" := QU S UB". The body is clamped on a part I'g of 92\ S with a positive two-dimensional Hausdorff measure
H2(To) and subjected to body forces and surface forces on I'1 := 92\ (S UTp) of densities f and F. The whole patch is
free of mechanical loading and no electric charges lay in the inclusions. We define S8 := S + Ses, V8 € R and, if uf, e(u®)
and o denote the fields of displacement, strain and stress in O" and ¢°, DS stand for the electric potential and the electric
displacement, then part of the equations describing the electromechanical equilibriums read as:
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divesS=finO" u$=00nTy on=Fonl; on=00nS"UdS x (0,h)
divD$=0in B} DSn=00n3S{ x (0, h) (1)
oS=ae(’)inQ (o5, D% = %Ms(e(us), V¢®) in B"

f is the extension of f to B" by 0, n is the unit outward normal, a denotes the elasticity tensor, which satisfies:

aeLl®(Q; Lin(S3)), dc > 0; c|e|2 <a(x)e-e Vee SPaexeQ (2)
where Lin(SV) is the space of linear operators on the space SN of N x N symmetric matrices where the inner product and
the norm are noted - and |- | as for R3. If K:=S® x R3 is equipped with an inner product and a norm also denoted as
previously and Xy« and Lg°(Y; Lin(K)) denoting the characteristic function of Y* and the space of Y periodic elements of
L®(RZ%; Lin(K)), respectively, then M¢ is defined by:

(3)

ME(x) = M(X/e)Vx € BY M e LP(Y; Lin(K)) s.t. M = [ « _X"*ﬂ]

XyBl Xyey
with
Ik >Os.t./c|k|2§M(y)k~k ae.yeY, VkeK (4)
and, in all the sequel, for any function w of L2(Y*; RN), Xy«w is the function defined by Xy«w =0in Y \ Y* Xy:w=w
in Y*.
The models indexed by p = (P, p3), p = (p1, p2) € {1,2}%, p3 €{1,2, 3} will be distinguished according to the additional

necessary boundary conditions on S7 and Sj:= S7 + he3. The case p; =1 corresponds to a condition for the electric
displacement on S3,

S

D’n=q¢* onS;, G

q* being a density of charges, while p; =2 corresponds to a condition of a given electrical potential:
¢*=¢; onsj (5)2

roughly speaking p; = 1 deals with patches used as sensors, whereas p; = 2 concerns actuators (see [4,5]). The index
p2 accounts for the states of the interface between the piezoelectric inclusions and the body, p, =1 corresponds to an
electrically impermeable interface, p» =2 corresponds to a grounded interface:

D’n=0 onS7 (6)1
¢*=0 onSj. (6)2

Finally, we assume that s takes a value in a countable set with a sole cluster point such that p3 =1, 2, 3 if and only if
lims_.o(h/€) =0, 1, +00, respectively.
It will be convenient to use the following notations

k=@ 8 é=(eaplapeliz) E=(g1.8) Yk=(e,g) €K

k . 1/ps. @3 1/ps (7
(1) =k(v,¥):=(e(v), V) Vr=(v,¥)e€H (B};R°) x H (B})
An electromechanical state will be an element r = (v, ) of

V= HE, (O R?) x Wy, Wty = Hy (BY). Wa) = Hge (B). Yo,1)=Hg (B, Yoo =Hge(B)  (8)

where for any domain G of R3, HL(G;R?) and HL(G) respectively denote the subspaces of H!(G;R?) and H!(G) of all
elements with vanishing traces on a part I of 3G, while Hﬂns(Bﬁ) = {(p e H! (BY); fE(HY*) px)dk=0Viel, }

One makes the following assumptions on the data:

(pg denotes the restriction to S of an element of H'/2({x3 = 0}) still denoted by (pg
(f, F,q%) € L2(2; R3) x L2(I'1; R3) x L2(S), Jetipys @R dX=0Viel, whenp=(1,1) (Hq)
q*(x+he3) = q°(x), pj(x+he3) =hg§(X) ae.xeS]

It is well known that for all ¢§ in H'/2({x3=0}), there exists an element of H'(S x (—L,0)) when p; =1, of

H;,L (S x (—L,0)) when p; =2, still denoted by ¢;, whose trace on S is ¢. Hence the element (pgp of W5 defined by
Pop®) = he§ (&, (x3 —h)L/h) satisfies

1
Pop = Po ON S, E[IWSPIZdXSC (9)
Bj



Thus, classically, seeking an equilibrium state 5; leads to the problem
(Py) = find s, = (u},, @) in V; + (p1 — 1)(O, gogp) such that M (s),, 1) = L, (r) VreV;
with
1
My (s, 1) = /ae(u) ce(v)dx+ A f M?k(s) - k(rydx Vs=(u, @), ¥r=(v,¥) € H/(O"; R®) x H'(B) (10)
Bh

Q

L;(r):=/f-vdx—i—/]—“-vd?—lz+(2—p1)/q3-¢d§c Vr=(,¥)eV; (11)
Q Iy S5

which, by Stampacchia’s theorem, has a unique solution.
2. The asymptotic models

We make the following additional assumption (H) and proceed in the spirit of [1], but with two-scale convergence
techniques instead of weak-convergence ones. Let us recall (see [6,7]) that a sequence of function w, in L%(S) is said to
two-scale converge to a limit wg belonging to L2(S x Y) if, for any  in C5°(S; Cg°(Y)), we have

lim / We QP . 3/€) di = f f wok Y)Y &, y) didy, (12)
S SY

C°(Y) being the set of infinitely differentiable functions in R? that are periodic of period Y, while Hj(Y) and Hj(Y;R?)
are the subsets of H'(Y) and H!(Y;R?) made of all elements whose traces on the opposite sides of Y are equal. So, (H>)
reads as:

XS; @5 two-scale converges toward Xy«g in L%(S x Y) with @o independent of the “fast” variable y running in Y
(Hz2)

Note that this can be obtained by the strong convergence in L%(S) of @5 or by a physically realistic assumption of metal-
lization for the upper face of the piezoelectric inclusions (see [2,3]).
In the following, for any w in L2(BS; RN) we denote its extension by zero in B"\ B} by w.

Step 1: Convergences
By arguing as in [1], we have:

1 —
e 0; [ leu)P et 1 [ ety + (Vg5 dx < ¢ (13)
Q Bh
which implies that
) h
kih.sp) = (e(h.u}). g(h. @) = / (es), Vg3)(-. x3) dx3 (14)
0
satisfies
lk(h, sp)l2(s.x) < € (15)

thus (cf. [6,7]) there exists a not relabeled subsequence such that k(h, s3,) will two-scale converge toward some lzp = (ep, &p)

in L2(S x Y; K) with (8p)3 = Xy=@o when p = (2,2). In the case p3 =3, all the components of Izp may be identified. When
p3 =1 only some of them are clearly identified, hence, in this case, we introduce the following decomposition of K:

K=K, ®%K, @3K, (16)
e when p=(1,1):
'Kp={k=(e,2) eK;ei3=0,g3=0}, ’K, ={k=(e,g) €K;6=0,g3=0}, K, ={0}
e when p=(1,2) or (2,1):
'Kp={k=(e,2) eK;e;3=0,g=0}, ’Kp={k=(e,8) €K;6=0,§ =0},
’Kp={k=(e.g) €K;e=0,g3=0}



e when p = (2,2):
"Kp={k=(e,8) eK;e3=0,§=0}, ’Kp={k=(e,g) €K;6=0,g =0},
*Kp={k=(e,g) eK;e=0,g3=0}

Considering these averages in the transverse direction will be enough to deal with the cases p3 # 2. When p3 = 2, it suffices
to proceed to a change of unknown (a so-called scaling in the mathematical theory of Kirchhoff-Love plates, see [8,3]) for
the electromechanical state in the patch. Let IT" be the mapping

x= (% x3) e R3 > "x = (&, hx3) e R® (17)
which maps B! =S x (0, 1) onto B", then the scaling operator is defined by:
(S (MM~ 1x) = (Mv(x), o(x)) Vre H'(B"; R? x R) Vx € B" (18)

Let ssp = (Usp, Psp) 1= 5h5§3- we define

1
k(h,ssp) = (e(h, ssp), g(h, 55p)), e(h, ssp) = Ine(ssp)lp, In=e1®e;+ex;@ex + He3 ®e3, gh,ssp) =1 Vs
(19)
Then k(h, sp) is bounded in L?(B'; K) and, up to a subsequence, two-scale converges in L?(B! x S) to some k, = (€p-8,)

in L2(B! x Z;K). In that case, one will use the additional notations:

avi  avd

Z=Yx(0.1). Z*=Y*x(0,1), z=(y.x3). k(v.9):=(e;(v). Vo), 2(en)ij(v):= % + % (20)
j i

VgL = { ve H' (BL; R?): 3(wM, vy e HI(S; R?) x H3(S) s.t. v(x) = vM &) — x3 Vv R), va(0) = vi (®) ] (21)

By arguing as in [2,3], we have Proposition 2.1.
Proposition 2.1. Let V := { ve H}O(Q; R3); y5(v) € H'(S; R?) } with ys the trace operator on S

i) the restriction to Q ofu;J converges weakly in H}O(Q; R3) toward up which belongs to V;
ii) when p3 #2,if (US, CD;) = %f; (u;, (}E) dx3 then UAf, converges weakly in H!(S; R?) toward @)' (Uf,)3 converges strongly
in L2(S) toward (iip)3, @3, converges strongly to zero in L%(S);
when p3 =2, there exists u, in Vi such that ug, weakly converges toward u,, in HY(B!; R3) and yg/’ = @);
iii) when p3 =3,
there exists (E, G) in L?(S; R?) x L2(S) and (U, w!, @) in L%(S; HL(Y; R?) x HL(Y) x H'(Y*)) such that
P10 1
kp =kp +kp

kS = (€9, 29) eS=e(ysup), (€3 =Ei, 1<i<3, g3=0, (g0)3=GC, whenp=(2,2) G = Xy=@o

~

L=ey(UY), (ehaz =y, W', (e})33=0, gh=xyV,®', (g))3=0

)

kb= (el. gb)
when p3 =1,
there exists (U', ®1) in L%(S; HL(Y; R?) x H'(Y*)) with ®! = 0 when p # (1, 1) such that
C[Ceyst@p) + ey U, Xy V@) when p=(1,1)
Ykp) = { e(ys(iip)) +e,(UY) when p = (1,2) or (2, 1)
(e(ys(p)) +ey(U'), Xy=o) when p = (2,2)
when p3 =2,
there exists (u}, 1) in (LZ(B]; HL(Y: R3) N L2(S; H1(Z; R3))> x 12(S: H'(Z*)) such that

e, =8y +8:(up). (ey)iz = (e)ia(l,)

= X7x VZ(P;

p

(p}, vanishes on S when py = 2, 90; =o on S + e3 when p; = 2.



Step 2: Identification of i1, and u
The process of identification of &1, and u,, as the unique solutions to variational problems (which implies the convergence
of the whole sequences involved in Proposition 2.1) depends strongly on ps.

Case p3 =3 (i.e. h/¢ — +00): going to the limit in the variational formulation of (Pf,) with the test function r* = (v*, ¥*)
where

VR = {v(x) ae.xin Q (22)

T v +min{xs, &, h —x3} (vI(&, /) + 2(x3/6)F (), 2w (&, X/8) + (x3/€)F3 (X)) a.e.xin B"

with (v1, wl) in C§°(S; C3°(Y; R? x R), F in H!(S;R3) and for all v in V the same symbol v denotes the extension into
H, (O"; R3) by a Kirchhoff-Love displacement in B";

Y*(x) =min{x3, &, h —x3} (¥ (R, &/8) + (x3/&)HR)) a.e.xin BS with ¢! in C5°(S; C°(Y%)), Hin H'(S)  (23)
yields
fae(ﬁp)-e(v)dx—i— / M(y)l}p(&,y).(kg(m,F,H)+k},(v1,wl,wl))d&dy:/f-vdx+/f-vcm2
Q F]

Q SxY
(24)

where
kS (v.F, H)=(e),g0) (v, F, H) e Kst.
Q=e), @Q=F,1<i<3, g0=0, (gD3=aAy-H ¥(v,F,H)inH'(S;R?) x [2(S; R?) x LX(S)
ky(v'. 2l ) = (e, gp(v!. 2 Y eKsit.
e =ey (W), (€has =dy,2', (€))313 =0, gl =Xy Vyy', (g3 =0 V(v', 2",y
in T :=HL(Y; R?) x Hy(Y) x H'(Y*)

Let {'k,1<i <7} be a basis of Kgﬂ; =83 x {0} x {0} x R, and k* =k for 1 <i <6 and 7k* = Xy+"k, each cell problem

(iP) . find ‘o in  such that/ M(y)(k;("cr) + ik*) ~I<;(r) dy=0 VreX
Y

has a unique solution (up to a constant field) and let Mgff in Lin(]Kfff) be defined by
My = f M(y)ky(o +'k*) - (ky (o) + k) dy 1<i,j<7 (25)
Y

then we have:

/ae(ﬂp) -e(v) dx+/Mgffkg(@),E,c).kg(o,F,H)d&
Q S
:/f-vdx—i—f]—'-vd?—[z Y(v,F,H) € H'(S; R?) x L?(S; R3) x L%(S) (26)
Q I

The additional global variables E, G may be easily eliminated through the decomposition

Kjs ="K53 © "K'y (27)
with

ifp#(2,2), 'K = [k=(e.9) e KT e =0, g3 =0, 2Ky = [k= e, ) e K;; é=0] (28)

ifp =22, 'K = {k=(e.9) e K& e =0}, 2K = [k =(e.9) e KZf; =0, g3 =0 (29)

which induces a decomposition of Mgff on linear operators UM;“ mapping ‘Kfff into jK‘;,ff, and if



then u, is the unique solution to

find &1 in V such that forall v in V
[ et e ax+ / MET(e(ys(iip))) - e(ys (v) dk = / fovdx+ / Fovdty, ifp£2,2)

(Pp3) {1 @
f ae(iip) - e(v)dx + / M (e (y5 (1)), g0 e3) - (e(ys(v)), 0) dk = / fovdx+ / F-vdH,, ifp=(2,2)
Q S

Case p3 =1 (i.e. h/s — 0): By using successively test functions 'r = ('v, ¥), 1 <1 <3 and r* = (v*, ¥*) defined by:

(vx)i = x381:0" R0 (R/e)
¥ (X) =1(x3)0" R)O* (R/e)

X3 ifp=(1,1)o0r(1,2)
nix3)=1x3—h ifp=@2,1)
0 ifh=(22)

(01,6%) € C°(S) x CL(Y)

81i being the Kronecker symbol

and
vi=vinQ
vix)=v(x) + 8\/1(&, X/¢) a.e.in B" where v denotes the extension into H}O((’)h; R3)
of any element v of V by a Kirchhoff-Love displacement in B"
vr=eyl @ 3/e)
(v, ¥!) € CGO(S; Hy(Y; R?) x C5°(S; H' (Y*))
we obtain
/ae(up) e(v)dx + f Mp (kp) Te(v*, Yv*)dkdy = /f vdx-l-/]—" vdH, (31)
Q SxY

where Tk(v*, ¢*) = (le, g) is the element of 'K, such that:
Te=e(ys(v) +ey(v')
Tg=vyy' ifp=(1,1)
('g)3=0 if p=(2,2)

and
Mp — ”Mp . ]sz(zsz)_] 21Mp (32)

JM), being the elements of the decomposition of M in linear mappings from 'K, into /K, 1 <1, J <3. Let {k', 1 <i <3}
be a basis of S when p # (2,2), and {k',1<i <4} be a basis of S* x {0} x {0} x R when p = (2,2), each cell problem

find (w', ') in HL(Y; R?) x H'(Y*) such that, for all (w, ¥) in HL(Y; R?) x HI(Y*)
(P /Mp(lkp(w",w") +k'y - ky(w, y)dy =0

has a unique solution (up to a constant field) and let I\N/lf,ff in Lin(S?) be defined by

(g 1= [ pCepwi, 1)+ - (Chp(wl, ) 4K dy (33)



so that i1, is the unique solution to

find i1, in V such that, forall v in V
/ae(up) e(v)dx+/Meffe(ys(up)) e(ys(v))dx_/f vdx—i—/f vdHsy, ifp#(2,2)

Pp1) 4@
f ae(iiy) - e(v)dx + / W (e (atiip)). po e3) - (e(7a(v). 0) di = / fovdedt / FovdHy, ifp=2,2)
Q S

Case p3 =2 (i.e. h/e — 1): as only local unknowns u},, goll, enter k,, it suffices to eliminate the space variable by introducing
suitable oscillating test functions in the variational formulation of (77159) and to go to the limit as in [3]. Let Z = {1,2}3 U {%}
with {x} =@ if p#(2,2) and k! €S2 x R3, [ € Z, and W be defined by

k= ((—x3)* e, ®ser,, 0)if I € {1,2)°, k' := (0, e3) if I € {#} (34)
W= (H](Z; R3) N L2((—1,1); HA(Y; R3))) x ! (35)
1 :={weHl(Z*);W=Oor1$ifp2=2,1p=00n5+e3 if p1 =2] (36)

each cell problem

(P"y: find o' in W such that / Mp(y) (k' + k(")) -k, (0)dz=0, VYpeW
has a unique solution (up to constant fields) and let Mlejff be defined by
(M5 = / My (K +ko(ah) - (k) +kz(0)))dz, 1<, ] <8(T) (37)

then (iip, u,) is the unique solution to

find (i1, u,) in V= [ (¥, v) in Hf,, (2 R?) x Vi (BY) stys(v) = (M ] such that, for all (v, v) in V
/ae(ﬂp)~e(\7)dx+/MEff(e(L_lpM),th_lg)-(e(\_/M),DZ\_/F)dx:/f-\7dx+/.7-"-\7d7-12, ifp+£(2,2)
1 Q

(Pp2) 1
/ae(ﬂ,»~e<\7>dx+/Meff(e<u£,”),Dzuﬁ,woeg) -(e(v™), D?vF, 0) dx
Q Bl

= Jof -vdx+ [ F-VdH, ifp=(2,2)

Hence, we have the following convergence results
Theorem 2.1. When s goes to zero, u; weakly ionverges in H 11_0({2; R3) toward up, while, when p3 = 2, us, weakly converges in
H'(B'; R?) toward u,,, the unique solution to (Pp).

3. Concluding remarks

Hence our limit models described by 51, correspond to the equilibrium of the genuine body subjected to loading (f, F)
and reinforced along S, this reinforcement being nonlocal when p3 = 2. The characteristics of this elastic reinforcement
may depend on the dielectric or piezoelectric coefficients inasmuch as these terms appear in the expression of I\N/If';ff or M[e,lcf
(see [4], where the systematic influence of crystal symmetries has been carried out). When p = (2, 2), the applied electric
potential creates a source surface term and the patch acts as an actuator. The piezoelectric inclusions being disconnected,
the patch cannot act as a sensor.

References

[1] C. Licht, S. Orankitjaroen, P. Viriyasrisuwattana, T. Weller, Bonding a linearly piezoelectric patch on a linearly elastic body, C. R. Mecanique 342 (4)
(2014) 234-239.

[2] E. Canon, M. Lenczner, Modelling of thin elastic plates with small piezoelectric inclusions and distributed electronic circuits. Models for inclusions that
are small with respect to the thickness of the plate, J. Elast. 55 (2) (1999) 111-141.


http://refhub.elsevier.com/S1631-0721(17)30016-5/bib4C696368742D4F72612D5669722D57656C31s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib4C696368742D4F72612D5669722D57656C31s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib43616E6F6E2D4C656E637A6E657231s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib43616E6F6E2D4C656E637A6E657231s1

[3] E. Canon, M. Lenczner, Modelling of thin isotropic elastic plates with small piezoelectric inclusions and distributed electric circuits. Models for inclusions
larger or comparable to the thickness of the plate, Math. Methods Appl. Sci. 38 (1) (2015) 66-86.

[4] T. Weller, C. Licht, Asymptotic modeling of thin piezoelectric plates, Ann. Solid Struct. Mech. 1 (3) (2010) 173-188.

[5] J.N. Reddy, On laminated composite plates with integrated sensors and actuators, Eng. Struct. 21 (7) (1999) 568-593.

[6] G. Nguetseng, A general convergence result for a functional related to the theory of homogenization, SIAM ]. Math. Anal. 20 (3) (1989) 608-623.

[7] G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 (6) (1992) 1482-1518.

[8] P.G. Ciarlet, Mathematical Elasticity, volume II: Theory of Plates, vol. 27, Elsevier Science B.V., 1997.


http://refhub.elsevier.com/S1631-0721(17)30016-5/bib43616E6F6E2D4C656E637A6E657232s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib43616E6F6E2D4C656E637A6E657232s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib57656C6C65722D4C69636874s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib5265646479s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib4E6775657473656E67s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib416C6C61697265s1
http://refhub.elsevier.com/S1631-0721(17)30016-5/bib436961726C6574s1

	Heterogeneous linearly piezoelectric patches bonded on a linearly elastic body
	1 Introduction
	2 The asymptotic models
	3 Concluding remarks
	References


