TIME FRACTIONAL LINEAR PROBLEMS ON L?(RY)
HASSAN EMAMIRAD AND ARNAUD ROUGIREL

ABSTRACT. In this paper, we propose a theory for linear time fractional PDEs on
L?(R9). The order of the time derivatives under consideration is less than 1. We
study well-posedness, regularizing effects and dissipative properties. In particular,
we give a necessary and sufficient condition for well-posedness. Regarding regular-
izing effects, we describe quite precisely the equations that have this effect or not.
We highligth that, in purely fractional settings, the regularizing effect acts always
only up to finite order; unlike to the standard case.

1. INTRODUCTION

Time fractional differential equations have been the subject of many research in
the recent years, both in terms of applications ((GARGBA*12|, [Las00], [BGTM10])
and mathematical studies (|[Kos15|, [GKMR14]).

The aim of this paper is to built a theory for linear time fractional PDEs on L*(RY).
It is about to extend the well-known theory of first order time derivative equations.
Surprisingly, to our knowledge, such extension has not been made yet. However,
there are many results regarding abstract time fractional equations: see for instance
[Kos14], [Baz98|, [KLW16].

For first order time derivative equations of the form
u = P(D)u, (1.1)

where u = u(x,t) and P(D) is a differential operator acting on the space variable x,
the well posedness is equivalent to the condition

sup Re P(§) < oo,
£eRd
where P is the symbol of P(D) (see Subsection 2.3 for notation and definitions).
For time fractional equations of the form

Dgu = P(D)u, (1.2)

with a € (0, 1), the above condition is sufficient (see [ER17]) but no more necessary
(see Example 4.3 below). In this paper, we give a quite simple necessary and sufficient
condition, namely (4.1), for the above fractional problem to be well posed in L*(R?).
See Theorem 4.2.

Roughly speaking, our results state that the critical angle for equation (1.2) is Ja
in a similar fashion that /2 is the critical angle for (1.1). Indeed, if |arg P(§)| < Sa
then the Cauchy problem corresponding to (1.2) is generally ill-posed. If |arg P(&)| >
5« then the problem is well-posed, has regularizing effects and dissipative properties.
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If | arg P(§)| = Zo then the problem is well-posed in L?(R?) but, has no regularizing
and dissipative properties.
For instance, the fractional Schridinger equation

D§u = —iAu, (1.3)

is hyperbolic for &« = 1 in the sense that it has a conservation law and no regularizing
effect. In this case, arg P(§) = 7/2.

When o € (0,1), the critical angle is Ja. Since 7/2 > Za, there results that
(1.3) has regularizing effect and dissipative properties (see Theorem 6.3). In order to
recover a hyperbolic behaviour for o € (0, 1), Equation (1.3) may be modified into

o o e
Dg,u = —i"Au,

see Example 4.6 for details. This equation appears in the poineer work of Naber
dedicated to fractional extensions of Schrédinger’s equation (|[Nab04]). It seems
that the proper way time fractional Schrodinger’s equation should be formulated is
still discussed ([INAYH13]). Let us notice that the same issue holds for transport
equations. We hope that the systematic analysis we have made in this paper will be
useful for modeling processes using fractional time derivatives.

Regarding the regularizing effect of (1.2), we would like to emphasize that, contrary
to the standard case, it acts only up to a finite order even if the right hand side of
(1.2) is the Laplacian operator (see Proposition 6.7 and Example 6.8).

In [ER17], we introduce some ‘“no-initial” value problems. These problems are
interesting since (1.2) can by no means be considerated as an autonomous equation
if @ € (0,1) (see [ER17] for details). In this paper, we continue the study of this
kind of problems. To our knowledge, this study has also not be made at that time.

The paper is organised as follow. In the next section we introduce some prelimi-
naries which are essential in our forthcoming discussions. This includes the definition
of fractional derivatives, mild and strong solutions and Fourier multiplier results.

The third section is devoted to analyse some asymptotic properties of Mittag-
Leffler functions. Sections 4 and 6 are devoted to the study of quantitative and
qualitative properties of the solutions to

DY u= P(D)u, u(s)="v,

where 7 and s are real number satisfying 7 < s. It has to be noticed that the
analysis of the above problem differs whether 7 = s or not. In the case 7 = s,
we give existence and uniqueness results when the initial condition v lies in L?(IRY).
That extends the results of [ER17| where v was supposed to be smoother— i.e. lying
in the domain of the operator P(D). Our qualitative results concern regularizing
effects and dissipative properties of the solutions.

In Section 5, we study the three time variable solution operator corresponding to
the above equation.

2. PRELIMINARIES

2.1. Fractional derivatives. In this subsection, we recall the required background
on Caputo’s fractional derivatives. Let us introduce the convolution of functions
defined on semi-infinite intervals.



FRACTIONAL LINEAR PROBLEMS 3

Definition 2.1. For each 7 € R, let g be a function of L ([0,00)) and f be an
element of L _([1,00),X). Then the convolution of g and f is the function of
Ll

be([T,00), X) defined by

g )= [ -9 f)dy,  ae telnoo).

Remark 2.2. (i) If 7 = 0 then we will write g * f instead of g *, f.
(ii) A function f belongs to Li ([0, c0), X) iff for each positive T, f liesin L'(0, T, X).

loc
The following kernel is of fundamental importance in the theory of fractional
derivatives.

Definition 2.3. For 3 € (0,00), let us denote by gs the function of L ([0, 00))
defined for a.e. ¢ > 0 by

95(t) = F(ﬁ)tﬂ_l
Let us notice that g; = 1 and for each o € [0,1), we have
1 —x
g1-a(t) = mt , a.e. t>0.

Moreover, for each a, 5 € (0,00), the following identity holds.
Ja * 98 = Gats; n Llloc<[07 OO)) (21)

Then we are able to introduce the well known fractional derivative of a function
in the sense of Caputo.

Definition 2.4. Let a € (0,1), 7 € R and f € C([1,00), X). We say that f admits
a (fractional) derivative of order o in L ([T,00), X) or that f is a-differentiable in
Lige ([T, 00), X) if

Ji-a*r [ € VVE;;([T, OO),X)
In that case, its (fractional) derivative of order a is the function of Li ([r,00), X)

defined by -
d
D2, f:= E{gka *r (f — f(T))}

If @ = 1 then D}, will denote the usual first order time derivative and f is said to
be 1-differentiable in L}, (|7, 00), X) if f belongs to W2 ([r, 00), X).

loc

Above, the vector space W, ([1, 00), X) is the set of functions u in LL (|7, 00), X)

whose time-derivative (in the sense of distributions) belongs to L ([r, 00), X).
Remark 2.5. (i) If f € C([r,00),X), a € (0,1) and
91—a *r f S VVlgcl([Tv OO)7X)

then clearly,
g1a 7 (F = f(7)) € Wil ({7, 00), X).
Hence Definition 2.4 makes sense.
(ii) It is well known that the space W (7, 00), X) is a subset of C([r,00), X).
(iii) Analog definition of fractional derivative in C([1,00),X) can be given; see
[ER17, Definition 3.3] for a precise statement.
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The following results will be useful in the sequel. The statement of Proposition
2.6 is closed to [ABHN11, Proposition 1.3.6] and can be proved in a same way.

Proposition 2.6. For any T > 0, let f € W'H(0,T,X) and g € L*(0,T). Then
g* f lies in WHY(0,T, X) and

d d :
Soxfh =g f 900, in LO.T.X) (22
By combining (2.2) and (2.1), we prove easily the well known following result.

Corollary 2.7. Let o € (0,1], 7 € R and f € C([r,00),X) be a a-differentiable
function in L ([1,00),X). Then

loc
Gox: D3 f = [ — f(7) i Llloc([T’ 00), X).

2.2. Abstract linear fractional Problems. Let A : D(A) C X — X be a closed
linear operator on a complex Banach space X, whose norm will be denoted by || - || x.
The domain D(A) is equipped with the standard graph norm, so that it is a Banach
space. For a € (0,1] and any real number 7, we consider the following homogeneous
linear fractional problem

DY u= Au, u(r)=v. (2.3)

Following [Prii93], we introduce the definition of strong and mild solutions.

Definition 2.8. Let a € (0,1], 7 € R and v be in D(A). We say that a function u
is a strong solution to (2.3) on [1,00) if

(i) u belongs to C([r,00), D(A)) and u(1) = v;

(ii) uw admits a derivative of order « in C([1,0), X);

(iii) D¢ u = Au in C([r,00), X).

Similarly to the case where o = 1, the fractional differential equation (2.3) can
be transformed into an integral equation. More precisely, we have the following well
known result, easily proved via Corollary 2.7.

Proposition 2.9. Let o € (0,1], 7 € R and v be in D(A). Then the following
propositions are equivalent.
(i) w is a strong solution to (2.3) on [T, 00).
(i) u belongs to C([r,00), D(A)), and
U =0+ gy *r Au, in C’([T,OO),X).

When v is no more restricted to live in D(A), we are led to consider solutions in
a weaker sense, the so-called mild solutions.

Definition 2.10. Let a € (0,1], 7 € R and v be in X. We say that a function wu is
a mild solution to (2.3) on [r,00) if

(i) u belongs to C([1,0), X);

(i) ga *, u belongs to C([r, 00), D(A));

(iii) u = v+ A(gq *, u) in C([1,0), X).

Clearly, A being closed, any strong solution to (2.3) is a mild solution to (2.3).
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Definition 2.11. Let o € (0,1] and 7 € R. We say that (2.3) is well posed on X
if for each v in X, (2.3) has a unique mild solution u on [r,00) and for all positive
time T,

lu®)llx < Crllvllx, Vte[r,7+T],

where C'r is a real constant independent of ¢t and v.

When the two time parameters problem
Dfu= Au, wu(s)=v (2.4)

is considered, we will use Definition 2.12 for solutions to (2.4). Problem (2.4) is a
“no-initial” value problems that is generally ill-posed when o = 1 and 7 < s. We
refer to [ER17] for a first approach to (2.4).

Definition 2.12. Let a € (0,1], s, 7 € R with 7 < s and v be in X. We say that a
function u € C([r,00), X) is a solution to (2.4) on [r,00) if

(i) u belongs to L ([r,00), D(A)) and u(s) = v;

(ii) u admits a derivative of order a in L ([7, 00), X);
(iti) D2,u = Au in Ly ([1,00), X).

loc

Let us notice that Definition 2.12 encapsulates a regularity effect when s = 7.
Indeed, the initial condition v belongs to X whereas u(t) lies in D(A) for almost
every t larger than 7.

By considering Problem (2.4), it appears that a time shift simplifies the situation
by reducing the study to the case 7 = 0. More precisely, for 7 < s, let us consider
the problem

Dgw = Aw, w(s—7T1)=n. (2.5)
Then we have the following result.

Proposition 2.13. Let a € (0,1], 7 < s, v € X, u € C([1,00),X) and w €
C([0,00), X). We suppose that

u(t+7)=w(t), Vt>0.

Then u is a solution to (2.4) on [1,00) if and only if w is a solution to (2.5) on
[0, 00).

The proof of Proposition 2.13 is easy and analog to the one of [ER17, Proposition
4.2], so we omit it. Notice that the latter is concerned with smoother solutions since
the initial condition is supposed to belong to D(A).

Remark 2.14. Statements analog to Proposition 2.13 hold for strong and mild
solutions.

When 7 = 0 and A = P(D) is a differential operator with constant coefficients on
X := L*(R?), the strong solution to (2.3) has a representation of the form

u(t) = Sa(t)v,
where the Fourier multiplier of the solution operator S,(t) : D(P) — D(P) is
explicitly computed (see [ER17]). From this computation, it is clear that S,(¢) can
be extended into a bounded operator on L*(R?)— see (5.3).
Since, for v in L*(R?), S, (t)v does not belong generically to D(P), S,(-)v cannot

be a strong solution. Thus the issue is to find an equation whose solution is S,(-)v.
Proposition 2.13 below brings an answer by means of mild solutions.
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Proposition 2.15. Let A : D(A) C X — X be a closed densily defined linear
operator on X . Let us assume that

(i) for each v in D(A), there exists a unique strong solution to
Dgu = Au,  u(0) = v; (2.6)
(ii) for each T > 0, there exists a constant Cr such that for all v in D(A) and t in
[0, T, the solution u to (2.6) satisfies

lu(®)llx < Crllvllx. (2.7)
Then for each 7 € R and v in X, (2.3) has a unique mild solution u on [T,00).
Moreover, if (v,)n>0 C D(A) converges toward v in X then for each positive time T,
uy(-—7) = u in C([r,7+T),L*RY), (2.8)

where u, denotes the strong solution to (2.6) with initial condition v,,.

Proof. 1t relies on (2.1), Proposition 2.13 and on arguments developed in |[Prii93|
after Definition 1.2. Let us notice that we do not need to use Titchmarsh’s Theorem
(see for instance [Dos88|) here. We use (2.1) instead. O

2.3. Pseudo-differential operators on L?(R?). The Fourier transform on L?(R%),
denoted by F, is defined for f € L'(RY) N L*(R?), by

FHQ = 1) = [ f@)e®*dn,  ac geR
Then its inverse F~! satisfies
FPa) = @0 [ ©esde ae seRe
R

Moreover, according to Plancherel’s identity, we have for all f,g € L?(R?),

~  —_— R

» F(€)3(€)de = (2m)* » f(x)g(w)dr. (2.9)

For any function P : R? — C continuous on R¢, let
D(P) :={u € L*(RY) | P(-)a € L*(R%)}

and P(D) : D(P) C L*R%) — L%*RY), the so-called pseudo-differential operator
with constant coefficients, defined for all u € D(P) by

P(Dyu = F ' (P(-)a).

The continuous function P is called the symbol of the pseudo-differential operator
P(D). In the literature, the symbol of a pseudo-differential operator is supposed
to be a smooth function on R?. In this paper, we extend this definition to any
continuous symbol P. That allows us to encapsulate the case of fractional Laplacian
operators, nowaday extensively studied— see Example 2.16 below.

The domain D(P) contains F~1(D(R?)), where D(R?) is the space of C*°-functions
on R? with compact support. Since F~1(D(R?)) is dense in L?(R?) (see the proof of
Lemma 2.17), there results that P(D) is a closed and densely defined linear operator
on L*(R%).

If P is a complex polynomial on R? i.e.

P:R'—C, & > pu’
[BlI<M
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with
B=(B,....0) N, [B|=PBi+-+Bs, MEN, pzeC,
then P(D) is a differential operators with constant coefficients. More precisely, let us

introduce Hormander’s notation for partial derivatives, that-is-to-say for k = 1,...,d,
put

1

l)k:::T6%k7 l):zz(l)h...,l)d%

where i? = —1 and ,, denotes the usual partial derivative in the direction z;. Then

P(D):= > psD”.

|Bl<M
Also
D(P) = {u € L*(R%) | P(D)u € L*(R%)} (2.10)

—{ue @Y | [ PO it < ).
R
In (2.10), P(D)u is understood in the sense of distributions.

Example 2.16. let 5 € (0,00) and
d

Py B C 6= (68— 16 = —(28)"

k=1
If 8 =1 then —P(D) is the Laplacian operator, i.e.

d d
—Py(D)=> Di=-> 02 =-A.
k=0 k=0

If 5 € (0,1) then the pseudo-differential operator —Py3(D) is called the fractional
Laplacian operator and is denoted by (—A)?. See for instance [DNPV12]. Its domain
is the fractional Sobolev space H??(R%) = W2»2(R9), and

D(= (=A)%) = D(Pys) = I (®Y = {u e I*RY | [ |1 la9)F de < ocl.

2.4. A Fourier Multiplier Result. We will use the following classical result in
Fourier multiplier Theory. Recall that D(R?) denotes the space of C*®-functions
on R? with compact support. Then F~}(D(R?)) is the space of L?>-functions whose
Fourier transform is in D(R?). Also, for X a complex Banach space, we denote by
L(X) the space of linear continuous maps from X into X.

Lemma 2.17. Let a : R? — C be a continuous function on R? and
A FHDRY) = LARY), v Av:= F (ad).
Then the following propositions are equivalent.
(i) A has a unique extension in L*(R?), still labelled A.
(ii) There exists C > 0 such that ||Av|r2ga) < C||v||12gay for all v in F~(D(R?)).
(iii) The Fourier multiplier a(-) belongs to L>(RY).
Moreover, if one of the above properties holds then

Al (22 ay) = sup |a(§)]. (2.11)
£eRd
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Proof. 1t is clear that (i) implies (i), with C := || A||z(z2(ra)). By [BTW75, Theorem
[.2.2 and proof], (ii) implies (iii) and supgcga [a(§)| < C. Finally, (iii) implies (i) and
Al (z2ray) < supgega [a(€)|. That follows from the fact that F~'(D(R?)) is dense
in L?(RY). Indeed, if a function f in L*(RY) satisfies

» Flo(x)f(z)dz =0, Ve e D(RY).

Then by Plancherel’s identity, we have
| efea o
Rd

Thus f = 0 and F1(D(R?)) is dense in L*(R?).
There results that the equivalences hold. Then (2.11) follows easily. O

3. MITTAG-LEFFLER FUNCTIONS

In fractional differential problems, Mittag-Leffler functions play the role of expo-
nential functions in differential equations. In this section, we will give all the material
on Mittag-Lefler functions needed to solve the time fractional problems under con-
sideration in this paper. For further information, we refer the reader to [Pod99| or
[GKMR14].

3.1. Definition and classical results.

Definition 3.1. For > 0 and § € R, we define the generalised Mittag-Leffler
function, E, 3 by

> k
z
Bas(2) = ZM Thatp €€

If B =1 then we put E, := E,; and E, is called the Mittag-Leffler function of order
a.

For all @ > 0 and A\ € C, the Mittag-Leffler function E, satisfies

DS, Ea(t®A) = AE,(t°N),  Vt>0 (3.1)
d 1

B (%)) = = Eao(t*)). 2
3 Ballt®A) = S Eao(tA) (3.2)

Moreover, the function E, is increasing and positive on R (see [Pol48]). Also we
have the following deep result that will be extensively used in this paper.

Theorem 3.2. [Pod99, Theorem 1.3 and 1.4] Let o € (0,1], 8 € R and &' € (o, 2).
Then

1 1 1
Eop(z) = T—a): + O(;), as |z| = oo, |arg(z)| > go/. (3.3)
Moreover, if o < 2« then
1 1= 1
E.p5(z) = S exp (21/0‘) +0(=), as |z| = oo, |arg(z)] < go/. (3.4)
a 2

In this paper, it is understood that the function arg(:) ranges in (—m, 7.
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3.2. Estimates of the Mittag-Leffler functions. For any continuous function
P :R? - C and a € (0,1], let us consider the following property: there exists
Mp > 0 such that for each ¢ € R? satisfying P(£) # 0, the following implication
holds:

if |arg P(€)] < ga then Re (P(£)Y*) < Mp. (3.5)
Of course, for z € C, we have set
o ._ {|z|1/a exp (i®22) if z2#0
0 if 2=0"
and Re (P(€)Y*) denotes the real part of P(£)'/e.

Lemma 3.3. Let P : R? — C be a continuous function on R and o € (0,1]. If
(3.5) holds then, for each T >0,

sup sup ’Ea (tO‘P(f’))‘ < 00. (3.6)
t€[0,T] ¢€Re

If for each & € R? satisfying P(€) # 0, one has
|arg P(§)] > Ta

then
sup sup |E, (t*P(£))| < oo. (3.7)
120 geRrd
Proof. Let t € [0,00) and o € (v, 2cr). By (3.3), (3.4), there exist B; > 0 and C' > 0
such that for each ¢ € R,

(t*P(&)| > Ry, |arg P(€)| < go/ = |E,(t*P(€))| < Clexp (LP(OV*)| + ta|]§(§)|
(3.8)

and o
PO > i, [arg PE)| 2 50" = [Ba(t PO < orprg (B9)

We will consider four cases.
(i) If t*P(§)| > Ry and |arg P(§)| > 5o’ then by (3.9), one has

| Ea(t"P(9)| < -
(ii) If [t*P(§)| > Ry and |arg P(§)| € [Fa, 5a’) then

| exp (tP(f)l/o‘)‘ = exp <t|P(§)|1/a cos (%P(OD

However,

thus

Going back to (3.8), we get
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(i) If [t*P(&)| < Ry then by continuity of the Mittag-Leffler function, we may find
a constant C'(R;) such that

|Eo(t*P(£))] < C(Ry).

Hence (3.7) follows from (i), (ii) and (iii).
(iv) Finally, if t € [0, 77, [t*P(£)| > Ry and |arg P(£)| < Sa then, according to (3.5),

| exp (tP(ﬁ)I/O‘)’ = exp (tRe (P({)l/a)) < exp(TMp).

Hence, with (3.8),

C
|Ea(t*P(€))] < Cexp(TMp) + R
1
Hence (3.7) follows from (i)—(iv). O

It turns out that (3.5) and (3.6) are equivalent if P is continuous. In that case,
the following result is the converse of Lemma 3.3.

Lemma 3.4. Let P : R? — C be continuous on R? and o € (0,1]. Suppose that
there exists a sequence (&,)n>0 C R such that for each n >0, one has P(&,) # 0,

|arg P(&,)] < goz and  Re (P(&,)"*) — oo

n—oo

Then for each t > 0,
sup | E, (t*P(§))| = <. (3.10)

£eRr
Proof. We have
’ exp (tP(fn)l/a)’ = exp (tRe (P(fn)l/a)) — 00.

n—oo

Moreover, Re (P(£,)Y*) — oo implies |P(&,)| — co. Thus, with (3.4), we deduce
|Ea(t*P(&0))| — oo

That proves (3.10). O
Remark 3.5. (i) If =1 then (3.5) is equivalent to
sup Re (P(&)) < oo. (3.11)
£€Rd

That is the usual assumption on symbols of differential operators with constant
coefficients.

(ii) If o € (0,1) then (3.11) implies (3.5). Indeed, for each ¢ € R? with P(£) # 0,

assuming

Re (P(§)) <M and |arg P(§)| < Ea,

2
IP(6)] < My /1 +tan2(ga).

Thus, for some finite constant Mp,

Re (P(&)Y*) < Mp.

we deduce

(iii) In general, (3.5) does not imply (3.11): see Example 4.3 below.
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In order to obtain a polynomial decay of Fourier multipliers at infinity, we will
assume instead of (3.5), that P satisfies the following stronger assumption: for each
a in (0, 1], there exist Ry > 0 and o’ € («,2) such that for each £ € R?, one has the
following implication:

if |P(¢)| > Ry then |arg P(€)| > go/. (3.12)

Lemma 3.6. Let P : R? — C be continuous on R?, o € (0,1] and B € R. If (3.12)
holds then for all T > 0, there exists a constant Cp such that

a Cr
|Ea,ﬁ(t P({))| < H—tQ—W’

Moreover, if Ry =0 in (3.12) then there ezists a constant C' such that

N C
’Ea,ﬁ(t P(f))’ < HtO‘—W@V

Proof. We start to prove (3.13). Let T > 0 be fixed. If t € [0,T] and £ € R? are
such that t*|P(£)| > RyT* then (3.12) implies

™
|arg P(§)] = Fa.

vt €0,T], V¢&eR (3.13)

vVt >0, V&eRL (3.14)

Then, by (3.3), there exists a positive number R; r larger than R T such that for
t*|P(€)| > Ry 1, one has

o C
|Eap(tP(€))] < STPE)

Besides, if t*|P(£)| < Ry r then, for some constant C(Ry ),
|Eas(t*P(E))| < C(Rup).

Combining the two above estimates, we get (3.13) by choosing

CT = max (C( . + 1), (1 + Rl,T)O(Rl,T))~
L,
If Ry = 0 in (3.12) then R;7 can be choosen independently of 7. Hence, Cr
becomes independent of 7" and (3.14) follows. O

4. MILD SOLUTIONS AND WELL-POSEDNESS ON L?(IR%)

For P : R? — C, a continuous function on R¢, we consider the pseudo-differential
operator P(D) whose symbol is the function P as defined in Subsection 2.3. The
fundamental hypothesis on P is (3.5) i.e. there exists Mp > 0 such that for all ¢ € R?
with P(£) # 0, one has

if |arg P(€)] < goz then Re (P(&)Y*) < Mp. (4.1)

Theorem 4.1. Let a € (0,1], s € R and P : R? — C be a continuous function on
Re. Then for each v € L*(R?), the problem

Dfu = P(D)u, u(s) =", (4.2)
has a unique mild solution uw. Moreover, u admits the following representation for

all t in [s,00),

u(t):ﬁ‘l(Ea((t—s)o‘P(f))@(g)), in L*(RY). (4.3)
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Proof. Let us start to show that, for each v in D(P), the function u defined by

u(t) = 7 (Ba(t°P(©)0(6)) (4.4)
is the unique solution on [0, c0) to

{ u € C([0,00), D(P))

U =10+ gy * P(D)u, in C([0,00), L*(RY)). (4:5)

The uniqueness can be established as in the proof of [ER17, Theorem 6.1]. Regarding
the existence of solution to (4.5), we may prove with Lemma 3.3 that the function u
defined by (4.4), belongs to C([0,00), D(P)). In order to show that

u=v+goxP(D)u, in C([0,00), L*(RY)),
we introduce for each ¢ € R, the function w : [0,00) — C defined for all ¢ > 0 by
w(t) = F(u(t)(§) = Ea(t*P(£))0(8).
With (3.1) and Proposition 2.9, we have
w(t) = 0(6) + (9o x P(Ow)(t), V¥t >0.

Then the issue is to pass from the above equality which holds in [0, 00) to an equality
in C([0,00), L*(R?)). This is done by using the facts that

ew(t) —o(§) = (F(u(t)) —9)(€)
® (go * P(E)w)(t) = {ga * PF(u(-)) }(t)(§)
e F(u()) — 9 € C([0,00), L*(R?))
e go * PF(u(-)) € C([0,00), L*(R?)).
Hence we deduce
F(u()) =0 = ga* PF(u(-)), in C([0,00),L*R?)).

Consequently, u satisfies (4.5).
Then Proposition 2.9 implies that the function u defined by (4.4) is the unique
strong solution to

Dgu = P(D)u, u(0)=w.

Moreover, the estimate (3.6) in Lemma 3.3 implies that u satisfies the assumption
(2.7) in Proposition 2.15. The later proposition gives existence and uniqueness of
the mild solution u to (4.2) on [s,00). Finally, the estimate (3.6), (4.4) and the limit
process (2.8) yield (4.3). O

In the case where P is continuous, the assumption (4.1) is necessary to have a well
posed problem in the sense of Definition 2.11.

Theorem 4.2. Let a € (0,1], s € R and P : R* — C be a continuous function on
Re. Then (4.2) is well posed if and only if (4.1) holds.

Proof. W.l.o.g. we may assume that s = 0. Let us assume that (4.1) holds. Then
Theorem 4.1 yields that (4.2) has a unique mild solution. The estimate for well-
posedness follows from (4.3) and (3.6).
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Conversely, for any v € F~1(D(R?)), we obtain by Fourier transform that the mild
solution u to (4.2) satisfies for all ¢t > 0,

ult) = ]—"’1<Ea(to‘P(§))ﬁ(§)), in L2(RY).

By the estimate for well-posedness and Lemma 2.17, we deduce that E,(t*P(-)) is
bounded on R?. Then, by Lemma 3.4, we must have (4.1). Recall that for convinence
of reading, (4.1) is just a rewriting of (3.5). O

Example 4.3. For d =1, a > 0 and 0 € R, let us put
P(&) :=iae¢, VEER.

Then, in view of Subsection 2.3, the polynomial P is the symbol of the operator
P(D) with domain D(P) = H*(R) and defined by

P(D) = iae®D = ae*d,.
We claim that if
0] < gu —a) and ac€(0,1]
then the problem
Dgu = iae Du = ae?O,u, w(0) =v € L*(RY), (4.6)
has a unique mild solution v whose Fourier transform satisfies
F(u(t))(€) = Eq(t"iae®€)0(¢), Vvt >0, VEeR™
Indeed, by Theorem 4.1, it is enough to check (4.1). For, we observe that

O+I  if €0
pe)=4""> .
arg P(¢) {e—g if <0

Thus we deduce easily that
arg P(§) = Za,  VEAO.
Hence (4.1) holds.

Let us notice that if @ = 1 and # = 0 then we recover the usual transport equation
on L?(R%), namely
u; = iaDu = adyu.

More generally, if o € (0,1] and § = —%(1 — «) then the equation in (4.6) reads
D§ u = ai® Du = ai®" ' d,u.
Besides, if a € (0,1) then

Re P(&) = acos (ga)f — 0.

E—o0

Thus (3.11) does not hold. That shows that (4.1) (or (3.5)) and (3.11) are not
equivalent— see Remark 3.5 (iii). Also let us notice that, in view of Lemma 2.17, the
problem

uy = ai® 'ou,  u(0) = v.

is not well posed on L?(R%) in the sense of Definition 2.11.
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In the standard case o = 1, linear hyperbolic equations like transport equations or
Schrédinger equations induce conservation laws. The symbol P of these equations
satisfies |arg P(§)| = mw/2. This is the critical angle since, roughly speaking, if
|arg P(£)| < m/2 then the problem is generally ill-posed. If |arg P(£)| > 7/2 then the
problem is well-posed, has regularizing effects and dissipative properties i.e. u(t) — 0
as t — oo. If |arg P(£)| = 7/2 then the problem is well-posed in L?(R?) but, has no
regularizing and dissipative properties; in particular ¢ — wu(t) oscillates.

When o € (0,1], we will highlight that the critical angle is Ja. Indeed, we
have seen in Theorem 4.2 that this angle characterizes the well posedness. Also, if
|arg P(§)| = Fa, Theorem 4.4 below states that the solution oscillates at infinity,
like in the case a = 1.

For simplicity, we will consider w.l.o.g. the problem

D§,u= P(D)u, u(0)=ve L*(R?). (4.7)
Theorem 4.4. Let o € (0,1], v € L*(R?) and assume that

(i) P is continuous on R%;
(ii) for almost every & € R, one has P(£) # 0 and

T
jarg P(6)] = "o (43)
Then the mild solution u to (4.7) satisfies
u(t) — w(t) — 0 in L*(RY), (4.9)
—00
where w : [0,00) — L2(RY) is the function with Fourier transform
1 .
F(w()() = —~exp (tP())0(¢), V€ € R (4.10)
In particular,
1
lu()l 2@ty ——— EHUHH(Rd)- (4.11)

Let us notice that the function w above is the mild solution to

d 1
—w = PY*D = —v.
i (D)w, w(0) "

Also, combining (4.8) and (4.10), we may write

F(w(®)(©) = exp (£ PEO[)ile), Ve € R

Proof. According to Theorem 4.1, we know that (4.7) has a unique mild solution
given by (4.3) with s = 0. Let us first show that

a(t) () — 0  in L*(RY). (4.12)
—00
For, let ¢ € RY, with P(£) # 0. Then

(1)(©) ~ D(E) = (FaltP(©)) — - exp (HP(0)))i(c)

= 01
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according to the asymptotic expansion (3.4) and (4.8). Thus, since P(£) # 0 for a.e.
£ € R?, we get
u(t) — w(t) — 0 ae inR%
—00

Moreover, by estimate (3.7) in Lemma 3.3, there exists a constant C' such that
a(t)(€) —w(t) ()] < Clo(€)], Vt>0, ae &R

Then Lebesgue’s convergence Theorem implies (4.12); hence (4.9) follows.
In order to prove (4.11), denoting by (-, -}, the inner product of L?(R%), we observe
that

w(t), (u(t) — w(t)) + 2w(t))s|
Jut ) w(t) 2y + 2llu(t) — W)l 2@ lwE)]]2za)-
By (4.9) and [|w(t)| z2ra) = Z[|v||p2(ray, we obtain (4.11). O

H|U ||L2 (R~ [Jw(t )||L2 Rd)|
I
|

IN

In the critical case where |arg P(§)| = Ja, we cannot expect that the equation in
(4.7) possesses a regularizing effect. More precisely, the following result holds.

Proposition 4.5. Let o € (0, 1] and assume that

(i) P:R% — C is continuous on R? and satisfies (4.1);
(ii) there exists a sequence (&,)n>1 C RY and B € N? such that

€8] = 00,  |P(&)] = oo as n — 0o

and _
[PE)I#0,  Jarg P(&)] = 5, Vn=>1

Then for each t > 0, there is no finite constant C = C(t, ) satisfying
1Dl aqay < Cllvllan, o € F(DRY), (4.13)
where u is the mild solution to (4.7) with initial condition v.
Proof. For each t > 0, let us set
a(§) == EPE,(t"P(€)), VEeR™

Then a,(+) is continuous on R? and, for each v in F~}(D(R?)), the function &
a;(€)9(€) belongs to L2(RY). Moreover, by (4.3),

DPu(t) = F ' (ai(+)0),

so that || DPu(t)||p2(ray is well defined in (4.13).
Let t > 0. Since |arg P(&,)| = S, we have thanks (3.4),

B
ai(&,) = { (exp (tP(gn)l/a) + O(taPl(fn))>

B
f <exp ( + 1t|P(§n)|1/a) + O(tO‘Pl(fn)))

Moreover, |P(&,)| — oo, hence

154
()] ~ 2,

when n — oo.
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Since |7 — oo by assumption, we obtain

sup |a;(§)] = 00, VYVt >0,
£cRd

and the impossibility of (4.13) follows from Lemma 2.17. O

Example 4.6. Let us consider the following fractional Schrodinger equation intro-

duced in [Nab04]
Dju = —i"Au = —i*Py(D)u. (4.14)

By setting P(§) = —i%P,(£) = i%[€|?, we see by Theorem 4.1 that for each v € L?(R?),
Equation (4.14) supplemented with the initial condition «(0) = v has a unique mild
solution w. Since

arg P(§) = S, VEAD,
Theorem 4.4 gives
1
[[u()]| 2 gy = EHUHLQ(Rd)-
This result was originally stated in [Nab04|. More precisely, Theorem 4.4 yields
u(t) —w(t) — 0 in L*(RY),
—00

where
F(w(®) (&) = éexp (it]&[**)o(8), ae. &R

Moreover, we claim that Equation (4.14) has no regularizing effect, that is, for
each f € N%, 3+ 0, there is no finite constant C' such that

1D%u(®)l 2y < Clolleey, Yo € FH(DRY)).

Indeed, by setting &, := n(1,...,1) € R% we see that (£,),>1 C R? satisfies the
assumption (ii) in Proposition 4.5. Then the claim follows by Proposition 4.5.

The results featured in this example are well known and easily proved in the case
a = 1. Thus (4.14) is a suitable generalization of Schrédinger’s equation.

5. SOLUTION OPERATORS AND REGULARIZING EFFECTS

For a € (0,1], 7 < s, a symbol P and v € L*(R%), we will study the solution
operator of the following fractional problem

DY u= P(D)u, u(s)=wv. (5.1)

Our main tool is Fourier multipliers. Regularizing effects are obtained by assuming
(3.12). The study of solution operators to (4.5) differs whether s is equal to 7 or not.
We will start with the simpler case 7 = s.

5.1. The case where 7 = s. In Proposition 4.5 below, D, denotes the subset of R?
defined by

Dy :={(t,s) e R* | t > s}. (5.2)

Proposition 5.1. Let a € (0,1] and P be a continuous function on R? satisfying
(3.12). Then for t, s in R with t > s, the operator T,(t,s) defined, for each v in
L*(RY) by

To(t, s)v = ]—"‘1<Ea((t . s)aP(-))@(-)) (5.3)
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belongs to L(L*(RY)). Moreover, T, is continuous on Dy with values in
L(L*(RY), D(P)), and for each T > 0, there exists a constant Cr such that

HTa(t, S)Hg([g(Rd)) < CT, VO <t—s< T (54)

IP(D)Ta(t, 5)|| 2y < Vo<t—s<T (5.5)

(t=s)

Remark 5.2. According to Theorem 4.1, we know that if v € L?(R?) then T,(-, s)v
is the unique mild solution to

Dfu = P(D)u, u(s)=wv. (5.6)

For all purposes, we recall that £(L?(R?)) denotes the complex Banach space of
linear and continuous maps from L?*(R?) into itself.

Estimate (5.5) shows that the solution operator T,(t, s) has a regularizing effect.
In the case where o = 1 and s = 0, (5.5) holds for (abstract) analytic semi-groups.
Let us notice that when P # 0 and « € (0,1), S,(+) := T,(+,0) is never a semi-group:
see [ER17|. However, by (5.3), T, is translation invariant for each a € (0,1] i.e.

T.(t,s) =T,(t—s,0), Vt>s.

is a consequence of Lemma 2.17 and (3.6).

Proof of Proposition 5.1. Estimate (5.4)
Hand 0 <t —s<T,

Regarding (5.5), we have for v € L*(R
|P(D)To(t, s)0| r2ay = (2m) V2| P(&) Ea((t — 8)*P(£)) ]| 12(ra)

Cr o

< G o) Y210]| 12 ey (by (3.13))
Cr

- WHUHLQ(H@)-

Hence (5.5) follows.

There remains to prove that T, belongs to C (D, L(L*(RY), D(P))). For, we will
first show that P(D)T, lies in C(Dy, L(L?(R?))). By translation invariance of T, it
is enough to show that

P(D)T,(-,0) € C((+,T), L(L*(RY))),

for ecach T' > 1. For, let t € (,T) and (t,)n>0 C (3,7) be a sequence converging
toward t. Fourier multiplier Theory yields that

I1P(D)(Ta(t, 0) = Taltn, 0)) l cizz(ray = sup | (fe(t) = fe(t)) P(E).

where for each £ € R, f¢ denotes the function
fe:0,00) = C, t— E,(t*P(E)). (5.7)
Thus there remains to prove that

sup | (fe(t) = fe(ta)) P(§)] ——= 0. (5.8)

n—o0
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For, by the mean value theorem, we have for each ¢ € R?,

| (fe(t) = fe(t) P(E)] < sup [fUT)P(E)|[t —tn]

TE[T }
< sup ‘EQ’O(TQP<£>)P(§>‘|t—tn| (by (3.2))
TG[%,T} T
Cr|P(¢)|

< sup
rel&,T] T(1+ 7| P(¢)])

< OpTH |t —t,].

Hence (5.8) follows. Thus P(D)T,(,-) lies in C(Dy, L(L*(R?))). In the same way,
we may prove that T, (-, ) belongs to C(D,, L(L*(R%)). That completes the proof of
the proposition. O

|t — t,] (by (3.13))

5.2. The case where 7 < s. In that case, the Fourier multiplier is

Ea((t —1)*P(¢))

£ ACELDEO) (5.9)

In order to control this multiplier, we will need the following assumptions.
P:R? - R is continuous on R? (5.10)
P(&) < Mp for each ¢ € RY. (5.11)

The fact that P is real valued warrants that the denominator in (5.9) does not vanish.

Under assumptions (5.10) and (5.11), we deduce from (3.3) the following funda-
mental estimates about the Mittag-Leffler function: for each a in (0, 1), there exists
Ry > 0 such that for t*P(£) < — Ry, one has

1 1
V2I(1 = a) t*[P(E)] —

It is essential that a # 1 since the latter inequality is obviously false when o = 1.
The following result gives estimates on the Fourier multiplier (5.9).

V2 1
I'(1—a)t|P()]

< E,(t°P(¢)) < (5.12)

Lemma 5.3. Let o € (0,1). Under assumptions (5.10) and (5.11), one has

Ea(t"P(S)) _ .
gseuRd E,(s*P(¢ ) C max (( )51, Ealt Mp)>, Vt, s >0 (5.13)
sup E, (t*P(€)) = Eo(t*Mp), YVt >0, (5.14)

£€Rd
where the constant C' in (5.13) is independent of s and t.
Proof. Equality (5.14) is a straightforward consequence of (5.10), (5.11) and the
monotonicity of Mittag-Leffler’s function on R. Let s and ¢ be positive and ¢ € R%.
In order to establish (5.13), we will consider four cases.
() 5°P(€) < — Ry, t*P(€) < —Ry. Then, by (5.12),
E,(t*P o
E,(s*P(¢))
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(i) s*P(§) < =Ry, t“P(£) > —Ry. Then, by (5.12),

m < VAD(1 - a)s*|P(€)]. (5.15)

Moreover, in the present case, we have —Rt~* < P(§) and
S\a o
—Rl(g) < s"P(§) < —Ry.
Thus, with (5.15),
1 S\«
— < \/EF(l —a)Ri (=) .
(P (©) )

Regarding E, (t*P(€)), we notice that s*P(¢) < —R; implies that P(£) < 0. Thus
E,(t*P(£)) < 1. Then

E ( P(S)) S\«
m < \/§F(1 — oz)Rl(;) )
(iii) s*P(§) > — Ry, t© P( ) < . Then, since F, is increasing on R,
E,(t"P(¢)) < E,(s*P()) > Eo(—Ry).
Thus : )
E,(t*P(§)
E(P@©) =

(iv) s*P(§) > —Ry, t*P(§) > —R;. Then, in view of (5.11),
E,(t*P(¢)) - Eo (t*Mp)
Ea(sap(é“)) B Ea<_R1)
By gathering these four cases, we get (5.13). O

By Fourier multipliers Theory and Lemma 5.3, we easily obtain the following
result. In Corollary 5.4 below, Ds is the subset of R? defined by

Dyi={(t,s,7) ER® [t >7, s>7}U{(t,s,5) €R® | t > s}. (5.16)

Corollary 5.4. Let o € (0,1) and P satisfy (5.10), (5.11). Then for (t,s,7) in Ds,
the function

Ea(<t - T)O‘P(f))
Eoz((s - T)QP(S))
is a Fourier multiplier on L?*(R?). Hence the operator T o(t,s,T) defined by

Eo((t—7)*P(")) U)
Eo((s —7)*P(-))

belongs to L(L*(R?)). Moreover, for some constant C, one has

&

Tolt,s,7)v = §‘1< in LA(RY), (5.17)

85— T\a o
1T ot s, 7) | cize@ey gcmax((t_T) 1B ((t—7) Mp)), Vi>r1, s>7
(5.18)

| T alt,s,8) || cr2rayy < Eo((t —s)*Mp)), Vi>s.  (5.19)
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For o € (0, 1), let us assume that P satisfies (5.10) and (5.11). Then, with (5.12),
we may prove that there exists a constant ¢’ > 0 such that for each v in D(P) and
each (t,s,7) in D3, we have

Bu((t-P©), a - d
‘Ea((s — 7)o P(€)) D) < CEa((t = 7)°Mp) (s = 7)°|P©)i(E)], Ve R,
Thus setting
a1 Ea((t - 7'>ap(')) .
T(t, s, T =7 (Ea((s —F0) u), Yo € D(P), (5.20)

we define a linear and continuous operator T (¢, s, 7) from D(P) into L?(R?). More-
over,

1T (¢, s, T) |l eoipy 2wy < CEL((t—7)*Mp)(s — )%, (5.21)

where C' is independent of ¢, s and 7.
Of course,
T(t,s,T)v="Tut s 1)v,
for each (t,s,7) in D3 and v in D(P); we refer to Corollary 5.4 for the definition of
T .. Hence
T :Ds x D(P) — L*(RY),  T,:Dsx L*(RY) — L*(RY)
and
T=T. on Dsx D(P).
Let us also precise that Ds is the closure of Ds, that is
Dy={(t,s,1)eR’ |t >7, s>T}.

The next result states that the operator 77, has no continuous extension on Dj
when P(D) is unbounded.

Proposition 5.5. Let us assume that P satisfies (5.10), (5.11) and is unbounded
from below. Then, for a € (0,1) and s > 7,

[T a(t, SvT)HE(L?(Rd)) — 00 as t— 7. (5.22)

Proof. By translation invariance, it is enough to prove (5.22) for s > 0 and 7 = 0.
For any number M greater than |Mp| and £, where R; is the positive constant
involved in (5.12), let & € R? be such that P(&) = —M (recall that P is continuous
and unbounded from below). Let also tg > 0 be such that t§A = 1. Then for each
t € [0,to], one has

Ea(tap(fo))
Ea<SO‘P(€0))
Since s*M > Ry, (5.12) implies that
E.(t*P (%)) 1
et S0 S p
Eo(+P(&)) ~ V2

Ea(-1)
Eo(— soM)’

Vv

(1 —a)E,(—1)s*M.

Thus, since s > 0,

Eo(t*P(€))

sup ————+L =00 as t— 0.
£ER E, (Sap(g))

Then (5.22) follows by Fourier multiplier Theory (see Lemma 2.17). O
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The following lemma will be useful in the definition of weak solution to Problem
(5.1).
Lemma 5.6. Under assumptions (5.10) and (5.11), let s, 7 € R be such that 7 < s.
Then the operator T (1, s,7) : D(P) C L*(R%) — L?(R%) is self-adjoint.

Proof. In view of the representation (5.20), it is enough to consider the operator
T(0,s,0) for s > 0. Let us first show that the domain of the adjoint operator
T(0,s,0)* is equal to D(P). For, let ¢ be in D(T(0,s,0)*). Then by Definition of
D(T(0,s,0)*), there exists a constant C' such that for each v € D(P), one has
[(T(0,5,0)0, )5 | < Cll]l12(ra)- (5.23)
In view of (5.20) and Plancherel’s identity (2.9), we get
- (&)
T(0,s,0)v, ), = (27 d/ _—
< ( ) >2 ( ) Rd Ea(sap(g))

Since P is real valued, we deduce from these two later relations that

P(E)dE. (5.24)

~

¥ 2 (Tpd
P [ARY). (5.25)
Eo(sP("))
Thus with (5.11), (5.12) and the constant R; involved in (5.12), we have
IGEGR Y max(Ry, 5 M) 0(6) g
[~ R1<s2P(€)]

2
e e
(s P(€)<—Ri] )

Cpl e@ay + C“WHL2R‘1)

E

/\

There results that ¢ € D(P) since s > 0.
Conversely, let ¢ € D(P). Then, by the monotonicity of F,,
S Y (2
Ry aeypTey = pdd+C |s“P()@()[dE
/Rd E, (saP [—R1<s®P(£)] Eo(—R1)? [s*P(§)<—Rui]
1 R ol n
< m”ﬂ’%z(ﬂxd) + O™ PRl 72 gay-
Thus (5.25) holds, and then (5.23) too, which yields that ¢ belongs to D(7T (0, s,0)*).
We have proved that D(7(0,s,0)*) = D(P).
Finally, since P is real valued, (5.24) yields
<T(O7570>Ua<10>2 = <U?T(07S70)(70>2a VU,QO € D(P)
Then the proof is complete. O
6. REGULARIZING EFFECT FOR SOLUTIONS
6.1. The case where 7 = s. The problem under consideration becomes

D¢u= P(D)u, u(s)=ve L*RY, (6.1)

where P : RY — C is the symbol of some pseudo-differential operator. In order to get
a regularizing effect, we have to strengthen our assumptions on P (see Proposition
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4.5). So we will replace (4.1) by (3.12). That will allow us to get that u(t) belongs
to D(P) for t > 0 even if u(0) does not belong to D(P).

Theorem 6.1. Let o € (0,1], s € R, v € L*(R?) and assume that P is continuous on

R? and satisfies (3.12). Then (6.1) has a unique solution u on [s,00), in the sense
of Definition 2.12. Moreover, u lies in C((0,00), D(P)) and admits the following
representation fort > s:

u(t) = 7 (Ba((t = 5)°P())0()). (6.2)

Proof. By Proposition 2.13, we may assume w.l.o.g. that s = 0. Existence of so-
lution is proved via a continuity argument. More precisely, let (v,),>0 C D(P) be
a sequence converging toward v in L?(R%). Recalling the definition of T, given in
Proposition 5.1, we set

u:="To(,0)v, Uy :=Ty(-,0)v,, on [0, 00).

By (5.5),
P(D)u, — P(D)u, in L'(0,T, L*(R%)). (6.3)
n—oo
By [ER17, Theorem 6.2], we know that w,, is the strong solution to
D§ un, = P(D)u,,  un(0) = v, € D(P). (6.4)
Hence u,, lies in C([0, T, L*(R%)). Besides, Lebesgue’s Theorem and (5.4) yield that
u belongs to C([0,T], L*(R%)) and
Up, — U, in C([0,T], L*(R%)).
Then
G1—a * (Up — up(0)) = g1-a * (u —v), in L'(0,T, L*(R%)).

Moreover, by (6.4) and (6.3),

i{gl_a * (up — un(0))} = P(D)u, — P(D)u,  in L'(0,T,L*(RY).

Since the operator < with domain W'(0,T, L*(R?)) is closed in L*(0,T, L*(R%)),
the two latter limits yield that g;_, * (u — v) belongs to W11(0, T, L*(R)) and
D¢,u= P(D)u, in L'(0,T,L*(R%).

There results that u is solution to (6.1) in the sense of Definition 2.12.

Since T, (-, 0) belongs to C'((0, 00), L(L*(R?), D(P))) by Proposition 5.1, we derive
easily that u lies in C'((0,00), D(P)).

Finally, in view of Corollary 2.7, each solution u to (6.1) satisfies

u=v+goxP(D)u, in Ly ([0,00), L*(R?)).

Hence uniqueness is proved as in the case where the initial condition belongs to
D(P), so we refer to the uniqueness part of the proof of Theorem 6.1 in [ER17] for
details. ]

Example 6.2. Let « € (0, 1] and py € C. Under the notation of Example 2.16, we
set

P(§) = Pap(&) +po = —|€[*" +po,  VE€R™
We consider the following fractional heat equation

D§,u = P(D)u = Pyg(D)u+ pou = —(—A)"u + pou. (6.5)
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Then P satisfies the assumption (3.12). More precisely, it is geometrically clear that
for each o € (1,2), there exists Ry = Ry(a’) such that

|P(§)| > Ry = |arg P(&)| > go/.

Also, if py is a non positive real number then Ry = 0.
Thus Theorem 6.1 yields that Equation (6.5) supplemented with the initial condi-
tion u(0) = v € L?(R?) has a unique solution u. Moreover, u belongs to

C((0, 00), H?(R?)) and
F(u()(©) = Ea(t*(— €% +po))8(€), >0, ae. &€RL

If the initial condition is more regular then the corresponding solution gains reg-
ularity. For simplicity we will state this property in the case s = 0, that is we will
consider the problem

Dgu= P(D)u, u(0)=v. (6.6)

Theorem 6.3. Let a € (0,1], and P, Q : R? — C be continuous on R, Besides,
assume that P fufills (3.12). Then for each v in D(Q), the solution u to (6.6) belongs
to

C((0,00), D(PQ)) N C([0,00), D(Q))
and, for each T > 0, there exists a constant Cr independent of v such that for all
t € (0,7], one has

C

[PRID)u(t)|| 2(e) < t_aTHQUHL?(Rd)- (6.7)

Moreover, if Ry =0 in (3.12), that is
|arg P(¢)] 2 o

for each & € R with P(€) # 0, then there exists a constant C' independent of v such

that

C
IPQ(D)u(t)| 12y < t_a||QU||L2(Rd): vt > 0. (6.8)

Proof. By Theorem 6.1, we know that (6.6) has a unique solution w. In particular,
u lies in C([0, 00), L2(R%)). Let us show that for each T' > 1,

PQ(D)u e C((+,T),L(L*(RY))), VYve D(Q). (6.9)
For, by (3.13), we have
PO E(PI©)0(6)] < ST1Q(©0(€) (6.10)

< CrTQ(&)o(8)], Vte (3,T), ae R

Thus we deduce with Lebesgue’s Theorem, that (6.9) holds. Hence u belongs to

C((0,00), D(PQ)). In the same way, we prove that u lies in C(]0,00), D(Q)).
Estimate (6.7) is a consequence of (6.10). (6.8) is obtained as (6.7) by using (3.14)

instead of (3.13). That completes the proof of the theorem. O

Example 6.4. Under the notation of Example 6.2, any solution u to (6.5) on [0, co)
satisfies for each T" > 0,

C
IP(D)u(t)l] L2y < t_j||u(0>||L2(Rd)a vt € (0,T].
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Hence Equation (6.5) has a regularizing effect. Moreover, if py is a non positive
real number then Ry = 0 according to Example 6.2; hence the following dissipative
estimate holds.

C
|P(DYu(t) ) < (Ol zzgey, ¥t >0,

That results from Theorem 6.3.
Example 6.5. Let us consider the fractional transport equation
Dgu = iae' Du = ae0,u, u(0) =v € L*(RY).

Under the notation of Example 4.3, let a € (0,1) and o € (a,1]. Regarding the
angle 6, we assume that

o] < S(1-a).

Then the symbol P(£) := iael’¢ satisfies (3.12) with Ry = 0. Thus Theorem 6.3
yields that

C
||8zu(t)||L2(Rd) S t—a||v||L2(Rd), Vt > 0.

Thus the above fractional transport equation has a regularizing effect and fullfils a
dissipative estimate for « € (0,1). In particular, by choosing o = 1, we deduce that
the equation

Dg,u = ad,u

is dissipative and has regularizing effect. That contrasts with the case a = 1, since
it is well known that the standard transport equation has no regularizing effect.

The following result states that if the order of derivative is small enough, then the
partial derivatives of the solution satisfy some dissipative estimates.
Proposition 6.6. Let us assume that

(i) a € (0,1]; P is continuous on R and satisfies (3.12) with Ry = 0;

(ii) there exist m € N* and ¢ > 0 such that

clg|™ < |P)], VEeRY (6.11)

(iii) the initial data v belongs to L*(RY) and u denotes the solution to (6.6);

(iv) the multi-integer B = (B1,. .., 4) € N¢ has his length denoted by |f3].
Then, if |B| < m, one has

C
D u(t)|| 2y < — [Vl 2ge)- (6.12)

m

Moreover, if v € D(P) and m < |B| < 2m then

C
1D u(t)| p2ray <

)

IP(D)ol|p2@e, Vi >0, (6.13)
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Proof. Let us prove (6.12). For a.e. £ € RY,
€7a(n)] < €71 Ea(tPO))[[0(6)]

~—

<07 Rl 15(€)] (by (6.11) and (3.14)) (6.14)
GIZG) e

<O gapyt P!

< Ot m (6| (since |8] < m).

Thus (6.12) follows. In order to prove (6.13), we put my := || — m. Then in view
of (6.14), we have

m

PG

< CT P [P(&)o(8)]
< Ctw |[P©)a(9)] (since my < m).

Hence (6.13) follows. O

[€7a(t)|

Unlike to the standard case a = 1, purely fractional equations lack of regularizing
effect for high order derivatives even if (3.12) holds.

Proposition 6.7. Let us assume that
(i) a € (0,1);
(ii) P is continuous on R? and satisfies (3.12);
(iii) there exists a sequence (£,)n>1 C R? and 8 € N¢ such that
|65l
[P (&)l
Then for each time t > 0, there is no finite constant C = C(t) satisfying
IDu(t) 2y < Clollzagu, W0 € FH(D(RY), (6.15)

where u is the solution to (6.6) with initial condition v.

|P(&n)| = 00, |

— 0 as n — Q.

Notice that the left hand side of (6.15) is well defined since, by applying Theorem
6.3 with Q(¢) = £, we get that DPu(-) belongs to C([0,00), L*(R%)), since v €
FHDR?) € D(Q).

Proof. Tt relies on the proof of Proposition 4.5. For each t > 0, let us set
a (&) = 7B, (1" P(€)), VEeR”

Then a;(-) is continuous on R? for each ¢ > 0. Thus, by Lemma 2.17, it is enough to
prove that a,(-) is unbounded on R
If ¢ = 0 then a;(-) is clearly unbounded since  # 0. Thus (6.15) can not hold.
If ¢ > 0 then the sequence (,),>0 satisfies by hypothesis
B
|P(&,)| — oo, &l — 00 as n — oo.

[P (&)
Thus recalling that P fullfils (3.12), we may use (3.3), to derive

cen

(o)~ )

— OQ, as n — oQ.
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Then a;(-) is unbounded. Hence (6.15) can not hold, which completes the proof of
the proposition. O

Example 6.8. Let us consider the following time fractional heat equation on R?,
D§,u=Au, u(0)=ve L*R?).
This equation has a regularizing effect up to order two when a € (0,1). Indeed,
Proposition 6.6 yields that, for all indices 4, j in [1, d|, one has
C
10, u(t)| L2may < WHUHL?(W)

C
1082, u(t) || L2(ray < t_aHUHH(Rd)’ vt > 0.

However, there is no regularizing effect at order three. Indeed, for all indices 7, 7, k
in [1,d], Proposition 6.7 with &, := n(1,...,1), yields that

sup ||a$izjzku(t)||L2(Rd) .
vEF~1(D(R?)), v£0 HUHB(Rd)

Remark 6.9. The lack of regularizing effect featured in Proposition 6.7 is specific to
time fractional (non integer) derivatives. Indeed, it is well known that the standard
heat equation has a regularizing effect at any order and that the following dissipative
estimate holds.

Cg
I DPu(t) || 2@ey < t‘m/QHU(O)HLQ(Rd),
for all multi-integer .

6.2. The case where 7 < s. The problem under consideration becomes
D%, u=P(D)u, u(s)=ve L*RY. (6.16)

If v belongs to D(P) then we may prove that T (-, s, 7)v is the solution to (6.16) on
[T,00) in the sense of Definition 2.12 (see the proof of [ER17, Theorem 6.1] and use
Lemma 5.3). The issue is to solve (6.16) when v belongs more generally to L?(IR%).
Of course the expected solution is T ,(+, s, 7)v (defined in Corollary 5.4).

Because of the behaviour of the Fourier multiplier (5.9) at high frequencies, solu-
tions to (6.16) have to be understood in a weak sense. In this respect, we adapt to
our framework Priiss” Definition of weak solutions (see [Prii93, Definition 1.1 Chap.

1)).

Definition 6.10. Let o € (0,1), s, 7 € R with 7 < s and P be a symbol satisfying
(5.10), (5.11). Let also v € L*(R?%) and u be in L{ ([r,00), L*(R?)). We say that the

loc
function u is a weak solution to (6.16) on [, 00) if

(u(),0)y = (0, T (7,8, 7))y + (9o *7 u, P(D)g), (6.17)
in L ([r,00)), for all ¢ € D(P).
Remark 6.11. In (6.17), T(7,s,7) is defined on D(P) by (5.20), and in view of
(5.21), T (,s,7)e belongs to L*(RY) if ¢ € D(P). It should be clear that, in
general, T(7,s,7)p # ¢ provided s > 7.

A priori, the adjoints of P(D) and T (7, s,7) should appear in (6.17). However,
these operators are self-adjoint since P is real valued (see Lemma 5.6).
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With Corollary 2.7 and Lemma 5.6, we may prove easily that, for each v in D(P),
the solution to (6.16) in the sense of Definition 2.12, namely T (-, s,7)v is a weak
solution to (6.16).

Theorem 6.12. Let a € (0,1), P : R? — R satisfy (5.10) and (5.11). Let also
7 < s andv € L*(RY). Then (6.16) has a unique weak solution u. Moreover,

E.((t—71)°P()) @)
Eo((s—7)P() /'

and T (-, s, 7)v belongs to C((1,00), L*(R%)).

u(t) =Talt,s, T)v = ff‘l< a.e t € (1,00), (6.18)

Proof. Let us start to prove the existence part. Let T' > 7 and (v,)n>0 C D(P) be a
sequence converging toward v in L?(R¢). By [ER17, Theorem 6.1], the function u,
defined for each ¢t > 7 by

Ea((t—7)*P()) . )
Eo((s—71)oP() "

is the solution to (6.16). Thus, by Remark 6.11, u,, is a weak solution to (6.16); that
is to say

(tn; 0y = (0, T(7,8, 7))y + (ga *7 un, P(D)p)y, Vo € D(P), (6.19)

in L'(7,T). By (5.18), the function u defined by (6.18) belongs to L'(r, T, L*(R?))
and

un(t) i= T(t, 8, 7)v, = y—l(

u, —u in L*(r,T, L*(R%)). (6.20)
Moreover,
9a *+ ull L1 2ayy < |9allzro.r—m 1wl L1 r i L2(RaY) -

Thus we may pass to the limit in (6.19) to get that u is a weak solution.
Regarding uniqueness, by linearity it is enough to show that any function u €
LY(7, T, L*(RY)) satisfying

(U, )y = (ga *r u, P(D)g),, Vo € D(P), (6.21)

vanishes. Since P(D) is self-adjoint, we deduce from (6.21), that g, *, u lies in

LY (7, T, D(P)) and
u= P(D)(go *;u), in L'(7,T,L*(RY).
Taking the Fourier transform, we deduce
a(t, &) = P(€)ga *, 0(-,€)(t)  ae te[r,T], ae &R (6.22)

Since u € LY(7, T, L*(R%)), we know that a(-,€) lies in L'(7,T) for each ¢ € R<.
That fact together with (6.22) allows us to show that u = 0: see [ER17, Proof of
Theorem 6.1] for details.

Finally, by Lebesgue’s Theorem and (5.18), we prove that T ,(-, s, 7)v belongs to
C((r,T], L*(R%)). That completes the proof of the Theorem. O
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